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Abstract

Contrary to the finite dimensional case, Weyl and Wick quantizations are no more asymptotically equivalent in the infinite
dimensional bosonic second quantization. Moreover neither the Weyl calculus defined for cylindrical symbols nor the Wick calculus
defined for polynomials are preserved by the action of a nonlinear flow. Nevertheless taking advantage carefully of the information
brought by these two calculuses in the mean field asymptotics, the propagation of Wigner measures for general states can be proved,
extending to the infinite dimensional case a standard result of semiclassical analysis.
© 2010 Elsevier Masson SAS. All rights reserved.

Résumé

Contrairement au cas de la dimension finie, les quantifications de Weyl et de Wick ne sont pas asymptotiquement équivalentes
en dimension infinie. De plus, ni le calcul de Weyl, défini pour des symboles cylindriques, ni le calcul de Wick, défini pour des
polyndmes, ne sont préservés par un flot non linéaire. Néanmoins une utilisation attentive de 1’information apportée par ces deux
calculs, permet d’établir la propagation des mesures de Wigner pour des données initiales tres générales, ce qui étend a la dimension
infinie un résultat bien connu de I’analyse semi-classique.
© 2010 Elsevier Masson SAS. All rights reserved.
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1. Introduction

Our main result is briefly presented in this introduction. Accurate definitions will be found in Section 2.
Let H = I5(Z2) be the bosonic Fock space constructed over the complex separable Hilbert-space Z,
I(2)=@;2,\/" Z where \/" Z is the symmetric n-th Hilbertian tensor power of Z. Consider the Hamiltonian
r Wick
Hy =dI(A) + | D (%7, 0,;2%)
j=2
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defined for the self-adjoint operator (A, D(A)) on Z and Q ji= 0 j* € E(\/j Z). It is the Wick-quantized version of
the classical Hamiltonian:

h(z,2) = (z, A)+ Y (c¥/,0;2%7), zeD(A)CZ.
j=2

When Z = LZ(Rd), the operator H; is formally written

H, = / Alx, y)a* ()a(y) dx dy
de

+Z / Qj(xl,...,xj,y1,...,yj)a*(xl)...a*(xj)a(yl)...a(yj)dxdy,

J=2R2;j

with the e-dependent canonical commutation relations [a(x), a*(y)] = €8(x — y). Here A(.,.) and Q j(.,.) denote the
kernels of the operators A and Q ;- The mean field asymptotics is concerned with the limit as ¢ — 0, where é =N,
represents a large number of particles and where ¢ enters in the CCR-relations by:

Vf,gEZ, [a(f)va*(g)]=8<fag>l

The number operator is N = dI"(Iz), with Nz®" = enz®". For a normal state g, € £'(\/* Z) c £(H) with
Z = L>(R%), a standard tool considered in the mean field limit is the BBGKY hierarchy of reduced density matrices:

v (x,y) = f o:(x, X, y,X)dX, peN,
R2d(Ns—p)
and such a definition will be extended to general Z and normal states o, € L£!(H) fulfilling the condition
Tr{0:N¥] < +o0 for all k € N.

For a cylindrical function, b(z) = b(gz) for some finite rank projection g and b belonging to the Schwartz class
S(p2), the Weyl quantization can be given by

pel = f Flbl(z) W(v2rz) L p(d2),
Pz
where W (v/2mz) = ¢!7@@+¢"@) and where L p and F are respectively the Lebesgue measure on pZ and the

(e-independent) Fourier transform on S(gp Z). Associated with a family (0¢)cc(0,7), Wigner measures can be defined
by:

klim Tr[0s, 0™ = /b(z) du(z)
— 00
z

after extracting subsequences under the sole uniform estimate Tr[QgN‘S] < Cs for some § > 0.
The problem of the mean field dynamics questions whether the asymptotic quantities as & — 0 associated with

o o
0:(1) zeilgHsQaeilgHg, teR,

are transported by the flow F; generated by the classical Hamiltonian %(z, z) and given, after writing z, = F,_;(zs),
by
r . .
i020 = (0:1) (2. 20 = Az + Y j(zF 1 0528, (1)
j=2
The finite dimensional case enters in the standard framework of semiclassical analysis and has been studied extensively
in the 80’s and 90’s by various authors and with various methods ([48,35,29,42,18,43,24] and references therein).
It was first considered by Hepp in [36] and extended by Ginibre and Velo in [30,31] by the squeezed coherent states
method well-known as the Hepp method (see also [49,6]). More recently the question of the mean field dynamics has
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been tackled with the so-called BBGKY-hierarchy approach inspired by the BBGKY method of classical kinetic
theory (see [52,13,22,14,32,1,3,23] and also the related works [37,17]). In [25-27] a specific use of the structure of
the Wick calculus in the bosonic Fock space was used to make work truncated Dyson expansions for the mean field
dynamics of specific states. The aim of our work started in [7] was to restore the phase-space geometric nature of the
problem in the spirit of [11,33,38,39] and to extend as much as possible to the infinite dimensional case, the methods
well understood for the semiclassical finite dimensional problem. In this first article, we explained the construction
of Wigner measures, analyzed accurately the gap of information carried by Weyl observables and Wick observables
and use these Wigner (or semiclassical) measures to reformulate known propagation results. In [8], we reconsidered
the truncated Dyson expansion method of [25-27] in order to prove the propagation of Wigner measures for some
specific families of states. We are now able to state the following general result (still with a regular interaction term
contrary to many other works cited above).

Theorem 1.1. Let (0¢)¢c(0,5) be a family of normal states on 'H with a single Wigner measure 1o and such that

Va e N, lirr})Tr[QeN“] = / |z|2"‘ duog(z) < +oo. 2)
&—>
Z

Then for all t € R, the family (0. (t) = e*iéHé‘QgeigHs)ge(o,g) has a unique Wigner measure ; = (F;)y o, which is
the initial measure o pushed forward by the flow associated with (1).
Moreover the convergence,

lim Tr[0e (D" ] = / b o Fi(z) dpo(2),
Z

holds for any b € Paig(Z) = @5 o Pp.g(2).

Finally, the convergence of the reduced density matrices,
lim (”)t——/z@” W2®P | d e () =: P) (1),
8_)0)/3 ( ) f |Z|2pdﬂ,t(z) | ‘ I’Lf( ) V() ( )

holds in the L' (\/? Z)-norm for all p € N.

Comments. The existence of Wigner measures as Borel probability measures requires a uniform estimate
Tr[QSN‘S] < Cs for some § > 0, but such an assumption would be redundant with the existence of bounded limits
stated in (2).

The uniqueness of the Wigner measure 1 is not really a strong assumption since it suffices to replace the whole
family (0¢)s€(0,5) by a suitable extracted sequence (9¢, )keN, limy_, o &x = 0, in order to fulfill this requirement. Such
a reduction argument after extraction will often be used.

The fact that the quantities Tr[o,N®] are uniformly bounded w.r.t. ¢ € (0, €) is also very natural within the mean
field framework and satisfied by all known physical examples.

Actually the strong assumption which is not satisfied in all cases is that the limit in (2) equals [ |z|?* dwo. This
condition prevents from the phenomenon of “infinite dimensional defect of compactness” identified in [7] and which
was shown to appear in the physical example of the Bose—Einstein free gas (the non-condensated phase is responsible
for a discrepancy between the left- and right-hand sides of (2)). The analysis of this phenomenon is improved in
Section 2.

Finally our proof no more uses truncated Dyson expansions of the quantum flow and relies only on the good
properties of the classical flow, after exploiting all the a priori information given by the Weyl and Wick calculus.

QOutline. Section 2 introduces the various objects used for our analysis, Wick and Weyl calculuses, Wigner measures,
reduced density matrices. The conditions presented in [8] are reduced to the simple equivalent form (2) in Section 2.7.
After this Section 2.8 is devoted to the notion of states localized in a ball.

The dynamics is studied in Section 3. First a simple condition is proved to ensure, via some equicontinuity argu-
ment, the possibility of a common extraction process (g)kxen for all times ¢ € R. Then the propagation of Wigner



588 Z. Ammari, F. Nier/J. Math. Pures Appl. 95 (2011) 585-626

measures is proved for states localized in a ball. Then the truncation is removed and all the arguments are gathered for
the proof of Theorem 1.1 in Section 3.4. Finally, additional simple consequences are listed in Section 3.5.

Examples are presented in Section 4. It is recalled that the regular interactions are physically relevant within the
modeling of the rapidly rotating Bose condensates in the Lowest Landau Level approximation. Details are given about
the propagation of non-trivial Wigner measures supported on a torus, which shows the advantage of this formulation
compared to the BBGKY hierarchy method. Finally, the propagation of Wigner measures provides a nice formulation
of the Hartree—von Neumann limit.

2. Information carried by Wigner measures

After introducing the symmetric Fock space with e-dependent CCR’s and recalling some properties of the Wick
quantization, the connection between infinite dimensional Wigner measures and the BBGKY presentation of the many
body problem is explicitly specified. This section ends with the notion of states localized in a ball, which will be useful
in the proof of Theorem 1.1.

2.1. Fock space

Consider a separable Hilbert space Z endowed with a scalar product (.,.) which is anti-linear in the left argument
and linear in the right one and with the associated norm |z| = 4/{z, z). Let 0 = Im(.,.) and S = Re(.,.) respectively
denote the canonical symplectic form and the real scalar product over Z. The symmetric Fock space on Z is the
Hilbert space,

H=@O\/"z=rs(2>,

where \/" Z is the n-fold symmetric tensor product. Almost all the direct sums and tensor products are completed
within the Hilbert framework. This is omitted in the notation. On the contrary, a specific ¢ superscript will be used
for the algebraic direct sums or tensor products.

For any n € N, the orthogonal projection of )" Z onto the closed subspace \/" Z will be denoted by S,,. For any
(1,8, ...,8y) € Z", the vector & V& V -+ vV &, € \/" Z will be:
EVEHEV-VE=SE Q68 - ®F) =1, D ) @) @ ® Enin),s (3)

n.
eSS,

where &, is the symmetric group of degree n. The family of vectors (§; V -+ - V &,)g ¢ z is a total family of \/" Z and
thanks to the polarization identity,

n ®n
1
EVEV - VE=Z ) el'--en(Ze,-sj) : 4)
j=1

Tei=%1

the same property holds for (§ ®”)n€N’ EcZ-
For two operators Ay : \/"* Z — \//* Z, k = 1,2, the notation A V A, stands for:

i1+ Jit+j
A]VAZZSj1+j20(A1®A2)O ,'l+,'2€£<\/1 2Z‘f,\/1 22).

Any z € Z is identified with the operator |z) : \/0 Z=CosAt>AzeZ= \/l Z while (z| denotes the linear form
Z 2 &> (z,&) € C. The creation and annihilation operators a*(¢) and a(&), parametrized by ¢ > 0, are then defined
by:

a@)h\yz=VenE| @ I
a* @l z=Vem+DSu10(16) ® Iy z) =Ve( + DEV I z

and satisfy the canonical commutation relations (CCR):
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[a(ED).aE)] =[a*(&).a*(E)] =0, [a(6). a*(&)] = (&1, &)1 (5)
We also consider the canonical quantization of the real variables @(§) = % (@*&) + a()) and
NE)=d@(é) = ﬁi(a(é ) —a*(§)). They are self-adjoint operators on H and satisfy the identities:

(@), 2] =ico L eI, [@E), TE)]=ieSEL &I

The representation of the Weyl commutation relations in the Fock space,

WEDWE) = T2 ER W (E + &) = TEDW(E)W(E), (6)
is obtained by setting W (&) = ¢'?®  The number operator is also parametrized by € > 0,
Nl\/VLZ = 8I’ll|\/n =z
It is convenient to introduce the subspace,

alg

Hﬁnz@\/"Z,

neN

of H, which is a set of analytic vectors for N.
For any contraction § € L(Z), |S|g) < 1, I'(S) is the contraction in H defined by:

FSyrz=S858 - ®S.

More generally I"(B) can be defined by the same formula as an operator on Hy;, for any B € L(Z). Meanwhile, for
any self-adjoint operator A : Z D D(A) — Z, the operator dI"(A) is the self-adjoint operator given by:

e%dF(A) _ F(eitA)’

n
AL (A) |\ s 4 =a[21®-~-® A ®-~-®1}.
k=1 k

For example N =dI"(1).
2.2. Wick operators
The Wick symbolic calculus on (homogenous) polynomials as introduced in [7] is recalled with its basic properties.

Definition 2.1. For p,q € N, P, ,(2) denotes the set of (p, g)-homogeneous polynomial functions on Z which
fulfill:

b(z) = (z29,5z%7) withb € c(\/” z\/! z).
The subspace of Pp,(Z) made of polynomials b such that bis a compact operator be LN 2,\/1 2)

(resp. b € L7 (\/? Z,\/? Z)) is denoted by Py (2) (resp. P}, ,(2)).
On those spaces, the natural norms are:

blp,, =blgoyr 2,y 2z) and lblp; = blerogrz iy, 1<
The set of non-homogeneous polynomials, the algebraic direct sum @ZIZ eN Pp.q(2) (resp. @ZIZ en Pp.g(2) with
1 < r < 00), will be denoted by Py (Z) (resp. Pglg(Z)).

Owing to the condition b € L(\/? Z,\/ Z) for b € Pp.q(2), this definition implies that any Gateaux differential
i ok . k i .
821 9Xb(z) at the point z € Z belongs to L(\/" Z,\// Z) with,
p! q!
(p =k (g —j)!

(0. 8! *b(2)y) = (28977 v @, b8P F v ).
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In particular, we recover the operator b from b(z) via the relation,

b= ——81’8‘117( )eﬁ(\/ z\/! z)

With any “symbol” b € P, ,(Z), a linear operator bWk called Wick monomial can be associated according to:

bWiCk . Hﬁ s Hﬁn ,

Wi k vnln+q —p)! rta n+q—p
bl ic _1[p’+oo)(n)ﬁ (b\/l\/n Pz GE(\/ \/ ), (7)
with b = ( P gH 1’ 8gb(z). The basic symbol-operator correspondence:
(z,8) «— a™(§) V28(£,2) «— P(§) (z,Az) «— dI'(A)
(£.2) <= a®)  V20(¢.2) «— M) 2> <= N,
and more generally,
P q Wick
(H(z, ni) x [ 4.2 ) =a*(m)---a*(p)aEn) ---aE).
i=1 j=1
We have the following properties.
Proposition 2.2. The following identities hold true on Hg, for every b € Pp, 4(2):
(i) (bWick)* _ I;Wick
(i)) (CQRDEA@)YM = CHEPMLANL, if A € Py o(2), € € Pop(2).
>iii) €' AT (A) pWick ,—i £dI'(A) (b(e~"A)Wick if A is a self-adjoint operator on Z.
A consequence of (i) says that " is symmetric when ¢ = p and b* = b. Moreover the definition (7) gives:
(g=pandb>0) = (b"%>0o0nHzu), (8)

which is false for general non-negative polynomial symbols.! For an increasing net of non-negative operators (by)q»
by € LO\/? Z) (again ¢ = p), it also gives

(l; = sup by in E(\/p Z)) = (Yo € M, (@, 8"%p) = suplp, b)Y %9)). )
o o
When Z = L?(R?, dx), the general formula for 5"t with b € P, ,(2) is simply:

pWick / b(y1, e Vg XL xp)at(y) . a¥ (yga(xy) .. oa(xp)dxy - -dxpdy; - - dyg,

RA(p+q)

where l;( v, x) is the Schwartz kernel of b and where a(xy) = a(dy,) according to the usual convention.

Proposition 2.3. For b € P, ;,(Z2), the following number estimate holds:
4 wie _r
[(N) 2™ N2 4 5 <IIp,,- (10)

The relations (8) and (9) now become for b € P, ,(Z) or by € P), ,(2),

' This property should not be confused with the positivity of the finite dimensional Anti-Wick quantization which associates a non-negative
operator to any non-negative symbol.
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(g=pandb>0) = ((N)?2pMKN)=P12 > 0in L(H)), (11)
(5:sup5a in E(\/p Z)) = (<N>_p/2bVV[Ck<N>_p/2 :Sup<N)_p/2bZWCk<N)_P/2 in [-:(H)) (12)
o o

An important property of our class of Wick polynomials is that a composition of bYViCk ) b;v ick with by, by € Paig(2)
is a Wick polynomial with symbol in Py (Z). For by € Py, 4,(2), by € Pp,,4,(Z), k € N and any fixed z € Z,
3b1(2) € LO\/* 2;C) while 3 by (z) € \/* 2. The C-bilinear duality product 9*b;(z).95b>(z) defines a function of

z € Z simply denoted by aé‘bl .8§b2. We also use the following notation for multiple Poisson brackets:

(b1, b2}® = 85b1.05by — 85by.05b1, Kk eN,
{b1. ba} = {b1. o} V.

Proposition 2.4. Let by € Py, 4,(2) and by € Pp, 4,(Z). For any k € {0, ..., min{p1, g2}}, 8§b1.8§b2 belongs to
Ppy—k,q1—k (Z) with the estimate:

kp ok pi! 9!
%:br0blp,, < (1 =01 (@2 — 01 1P 1021y
The formulas,
min{p1,q2} £k Wick
. ; ; - Wick
(i) b}k o pYick = < > Fz}fl;l.a;‘ln) = (e*% %) by (D)br (@) |1=0) s
k=0 ’
. ' max{min{p1,q2},min{pz,q1}} ck Wick
i) o, by = ( 2 g{bl,bz}“‘)) ,
k=1 ’

hold as identities on Hgy,.
2.3. Cylindrical functions and Weyl quantization

Let P denote the set of all finite rank orthogonal projections on Z and for a given p € IP let L ,(dz) denote the
Lebesgue measure on the finite dimensional subspace pZ. A function f:Z — C is said cylindrical if there exists
p € P and a function g on pZ such that f(z) = g(pz), for all z € Z. In this case we say that f is based on the
subspace pZ. We set S¢y(Z) to be the cylindrical Schwartz space:

(feSu(2) <« ([ApeP, 3geS(p2). f(z)=g(p2).

The Fourier transform of a function f € S¢y/(Z) based on the subspace pZ is defined as

FIf1G) = f FE)eTEO L ()
pZ

and its inverse Fourier transform is
f@)= / FLf1(2)e* SO L (dz).
pZ

With any symbol b € S.,;(Z) based on pZ, a Weyl observable can be associated according to

Ml = f FIb) )W (V2 2) Ly (d2). (4
pZ

After the tensor decompositions

L
H=L@)=L(p2)@L(1~p)2) dietoZ=pZ&(1-p)Z ViepZ,
W 2rz) = sz(\/EﬂZ) ®Iri-pz
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where W, z denotes the reduced representation in I'y(p Z), one sees that the Weyl quantization of cylindrical observ-
ables based on pZ amounts to the usual finite dimensional Weyl quantization. Hence more general classes of symbols
can be considered.

For p € P, the symbol classes defined for O < v < 1 on the finite dimensional phase space pZ,

) alg . de
Syz=D (@2 5 ) 14)
nez <Z>pZ

where (z)f, =1+ |z|fJ z» are natural Weyl-Hormander algebras associated with the finite dimensional harmonic
oscillator Hamiltonian, N, = (IzliZ)Wid‘ = (Izliz)weyl — %
The associated class of Weyl-quantized operators after tensorization with I (1—p) z is denoted by Op S; . For a
cylindrical polynomial b € Py (Z) based on pZ, b(z) = b(pz), the asymptotic equivalence of the Weyl and Wick
quantization in finite dimension says for any v € [0, 1],

pYick = pWol L 0, (e) in Op Sz (15)

¢. They contain the polynomial functions on pZ.

Such polynomials have finite rank kernels and make a dense set in 212(2) but not in Py (2).
2.4. Wick observables and BBGKY hierarchy

When Z = L%(R?), mean field results are often presented or even analyzed in terms of reduced density matrices or

more precisely in terms of a sequence (yg(p )) peN with yg(p Ve ! (\/? Z). This follows the general BBGKY approach

of the kinetic theory and the y/ correspond in the classical case to the empirical distributions.
The basic example is when o, € L' (\/" Z), n = [%]: Forany peN, p<n, p\P e [! (\/? 2) is defined as the
partially traced operator with the kernel

yg(”)(xl,...,xp; Viseoos Yp)i= / (X1, .., Xp, X, Y15 ..., Yp» X) Lpaw-p (dX).
Rd(n—p)

With the polarization identity (4), the family (|1/f®”)(1/f®”|),/,E = forms a total set of £! (\V" Z). Hence the formal
identity

' [
WY@ YO - T O
=(a(y)...alyp)y®", a(x))...alx,)y®")
=Tr[a*(y1)...a*(ypla(x1)...a(xp)|v®" )y ®"|]

carries over to g, € L' (\/" 2):
n!
Vpell,...,n}, Spmyg(p)(xla ces Xpa V15 Yp) =Tr[a*(y1)- . -a*()’p)a(xl) . -a(xp)Qs]-

The correct meaning of this definition is:

1[p,+oo)(n)
elnin—1)...n—p+1)

Ti[yPb] = Tt[0:b"*], Vb e P, ,(2).
Moreover after noticing that the factor é?n(n — 1)...(n — p + 1) is nothing but Tr{o, (|z|??)"%] when Tr[g,] = 1
and g, € £!(\/" 2), it becomes:

(p)l;] _ Troe]

Wick
TyPb) = o ot ], ¥ e Py (2), (16)

with the convention that the right-hand side is 0 when Tr[Q8(|z|2p yWick] = (. The extension to general g, € L1 (H)
requires an assumption. Moreover it works for a general separable Hilbert space Z.
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Proposition 2.5. Assume that o, € L' (H) satisfies 0c > 0 and N¥/29.N¥/? € L1 (H) for all k € N. Then for any p € N,
the relation (16) defines a unique element ys(p) >0of £! \V7F 2).

Proof. Suppose Tr{o (]z|>?)i] > 0. Writing,
Tr[0:6"*] = Te[ (1 + N)?/20, (1 + N)P/2(1 + N)~P/2pWick (1 - N)~P/2],

with our assumptions and the estimates (10) ensures that b — Tr[ggbv‘/ic"] defines a continuous linear form on
L(\/p Z). The positivity comes from (11) and the normality of the associated state after normalization, which says

yg(p) e[l (\/? Z), is a consequence of (12). O
We end with this discussion with a natural definition:

Definition 2.6. When o, € £!(2) satisfies o, > 0 and N¥/29,N¥/2 ¢ £1(H) for all k € N, the reduced density matrix

ys(p), p €N, associated with g, is the element of £! (\/? Z) defined by:

- Trlo; | ‘
»mpl . ~lEed Wick
RO e L G R n

with y”) = 0 in the case when Tr{o, (|z|>?)"i] = 0.
2.5. Wigner measures
The Wigner measures are defined after the next result proved in [7, Theorem 6.2].

Theorem 2.7. Let (0:)sc(0,5) be a family of normal states on 'H parametrized by €. Assume Tr[0:N°] < Cs uniformly
w.rt. € € (0, &) for some fixed § > 0 and Cs € (0, 400). Then for every sequence (€,)neN with lim,_, &, = 0 there
exists a subsequence (&, )kenN and a Borel probability measure . on Z such that

im e, 5" = [ b duca).
k— 00 k
zZ

Jorallb € ,cp F~ (My(p2)).
Moreover this probability measure |4 satisfies fZ IZIZ‘S du(z) < 0.

Definition 2.8. The set of Wigner measures associated with a family (0¢)¢c(0,5) (resp. a sequence (0, )nen) Which
satisfies the assumptions of Theorem 2.7 is denoted by

M(ge. e €(0,8)) (resp. M(gg, . n € N)).

Wigner measures are in practice identified via their characteristic functions according to the relation
Mlee.e € 0.8) ={u} & lim Trlo:W(V276)] = F (1) (6).

The expression M (g¢, € € (0, €)) = {u} simply means that the family (0¢)¢c(0,7) is “pure” in the sense,

lim Tr[ngweyl] =/b(z) du,
e—0
Z

for all cylindrical symbol b without extracting a subsequence. Actually the general case can be reduced to this after
reducing the range of parameter to ¢ € {g,,, k € N}.

A simple a priori estimate argument allows to extend the convergence to symbols which have a polynomial growth
and to test to Wick-quantized symbols with compact kernels belonging to L?fg(Z ) (see [7, Corollary 6.14]).
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Proposition 2.9. Let (0;)sc(0,5) be a family of normal states on L(H) parametrized by e such that Tr[oeN*] < Cq
holds uniformly with respect to € € (0, €) for all @ € N and such that M(g., ¢ € (0, g)) = {u}. Then the convergence,

lim Tr[ g b9 emied] = / b(z)dpu(z). (18)
e—
zZ
holds for the Weyl quantization of any b € S; z with p € P and v € [0, 1], and for the Wick quantization of any
beP(2).
4

Wigner measures are completely identified by testing with Weyl-quantized observable and possibly by restricting
to some countable subset | J, .y Dn,p, Where D, p, is a countable dense subset of F T Mp(pn2)), and (Pn)nen
is a sequence of [P such that sup,.y pn = Iz (see [7]). One may question whether testing on all the bWick with
b e %(Z) also identifies the Wigner measures. When Z is finite dimensional, this amounts to the well-known
Hambiirger moment problem of identifying a probability measure v on R from its moments a, = fR x"dv(x),neN,
for which uniqueness fails without growth conditions on the sequence (a,),en [47,5], which can be translated in our
case to growth conditions of (supge(O’ 7) Trlo:N*])qen. We shall circumvent this difficulty, by identifying the Wigner
measures in two steps by approximating the states (0¢)sc(0,z) by states (Q?p P )ee(0,z) for which the growth condition
is satisfied. We shall reconsider the moment problem later, but the comparison argument is given below.

Proposition 2.10. Let (Q;g)ge(o,g), Jj = 1,2, be two families (or sequences) of normal states on H such that

Tr[Q;gNa] < Cs uniformly w.rt. € € (0, €) for some 8 > 0 and Cs € (0, +00). Assume further M(ol, ¢ € (0,8)) = {mj}
for j=1,2. Then

.. 1 2
/ml — p2| <liminflo; — 07| 714y,

Proof. Forasymbol b € Sci(Z), the finite dimensional Weyl semiclassical calculus says |pWey| £H) < 1blloo+Op(e)
with [|b]leo = [|D| L (pz). This implies for a given b € Syi(Z),

‘ / b(2)d(i1 = p2)(@)| = lim | Tr[ (0 — 07)b""]| < blloo lim intlo; — 07 21 3¢y
Z

mi1tn
2

The measure @; — wo is absolutely continuous with respect to the Borel probability measure . Hence there

exists a Borel function A on Z such that i1 — o = A(2) & ];"2 with the additional property |A(z)| <2 %—almost
everywhere. But for any Borel probability measure v on Z, it was checked in [7] that S.,;(Z) is dense in L? (Z, v) for
p €[1, 00) on the basis of a general measurable version of Stone—Weierstrass theorem (see for instance [19]). Hence

there exists a sequence (B,),enN in Seyi(Z) such that

. |A]
lim ,3,, - —1{17&0} =0
n—00 A LI(Z,HI;MZ)
and after extraction limg_, o By, (2) = li—‘ (2) 10y (2), & ‘;““2 -almost everywhere. By setting by = 2%, we get a
i
sequence (bg)ren such that
. A(z +
VK €N, by € S and [lbelloc <1, lim be(2) = o (Lt #2
k—o00 A(2) 2

We conclude with

fml ~ =/|A(z>|d’“ ;”‘2@
Z

/ be@d(i! — 1) ()

lim
k— o0

. . 1 2
<1 x 11;n_)1(1)1f|g8 —Qgiﬁl(m. O
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When the two sets ./\/l(gf; , € € (0, £)) have more than one element, the extraction of subsequences, (¢;,),cN, can be
made simultaneously and the result has to be modified into:

inf /|m—uz|<1imsupel—92 L)+ (19)
(111,12 €M (0}, £€(0,8) x M (02,£€(0,)) 60 oz = ezl 217

2.6. Wigner measures and the BBGKY hierarchy

The compactness condition b € aol‘;,(Z) for the Wick quantization in Proposition 2.9 is not a technical restriction
and the convergence is no more true for a general b € P, (Z). It was identified in [7] as a “dimensional defect of
compactness” and illustrated with examples, one of them being related with the Bose—Einstein condensation of the
free Bose gas.

This terminology comes from the idea that this defect of compactness does not come from the infinity in the phase
space like in the finite dimensional case (see [53,28]) but from the non-compactness in the norm topology of balls in
infinite dimension. Actually this was made more accurate in [8]: under the assumptions M(o,, € € (0, &)) = {} and
Trlo:N¥] < 2K, we proved (T) = (P) with,

®) VbePu@). timTob"] = [ b duc).
£—>
z
(T) Vn>0,3P,eP, Ti[(1-TI(Pp)oc]<n.
where (T) appears as a quantum Prokhorov condition (or tightness condition in the strong topology).
The condition (P) which will be simplified in the next subsection, actually contains, for all @ € N, the uniform

bound w.r.t. & of Tr[o,N*] since N* = [(|z|>)"]*_ It implies actually a strong relationship between the Wigner
measure formulation and the convergence of reduced density matrices.

Proposition 2.11. Assume that (0¢)sc(0,5) is a family of LY(H) with g¢ >0, Tr[os]1 =1, M(0¢, € € (0, )) = {u} with
the condition (P) and assume | # &¢. Define for p € N,

””::%/ )P dp (). 20
& fz|Z|2”61M(z)Z|Z Je®P[dp(z) 0)

(p) (p)

Then for all p € N, the reduced density matrix yg’ converges to y," " in the L -norm.

Proof. For p =0, the result is nothing but 1 = [ & =1lim,_, Tr[o.] = 1.
For p € N*, the condition (P) with u # & says first,

lim Tr[o (127) "] = / 12?7 dp(z) > .
e—0
Z
Hence, the reduced density matrix ys(P ) is well defined according to Definition 2.6 for ¢ < &, small enough
(with Tr[o.] = 1). The condition (P) gives the general convergence:

- Tr{oeb"Wick b(z)du(z
lim e[ P5] = lim ——ee? L _ Jz @dn@ _
£—0 e—0 Tr[ge (1z|?P)Wick] [ 2|27 du(2)
forall b € P, ,(Z), where the last equality is a p-integration of the equality of continuous functions,
b@) = 57, 527 =Te[ 27| 5].

This proves the weak convergence of yg(p ) to yo(p ) in L£'(\/? Z). But since y e and yo(p ) are non-negative with

Te[y 5],

Ty =1= Tr[yép 1, this implies the norm convergence according to [50,4,20].2 0O

2 In a more general framework, it is said that ! (\/? Z) has a uniform Kadec—Klee property (see [40] and references therein).
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2.7. A simple criterion for the reliability of Wick observables

The proof of Proposition 2.11 can be adapted in order to make an equivalent condition to (P) with a weaker and
easier to handle formulation:

(PI) Vo eN, lirr(l)Tr[QgN"‘] = / 1212* dju(z) < +o0.
£—
zZ

Proposition 2.12. For a family (0¢)sc(0,5) in LY(H) such that o, >0, Trlos] = 1, M(0s, € € (0,8)) = {1}, the
conditions (P) and (PI) are equivalent:

(\m eN, m% Tr[0.N*] = / 12| du(z)) & (Vb € Pug(2), lin}) Tr[o:b"'*] = / bd,u).
E—> E—>
zZ
Proof. The condition (PI) is a particular case of (P). Let us prove (PI) = (P).
We start with two remarks:
e For k e N*, (|z]2)Wick = N(N —¢) ... (N — (k — 1)¢). Hence the condition (PI) is equivalent to:

Va €N, liH'(l)Tr[Qg(|Z|2a)WiCk] =/|z|2°‘ du(z).
£—

Z
e For p =0 (resp. ¢ = 0) the operators in L(C, \/? Z) (resp. in L(\/? Z, C)) are compact and Py 4(Z) = 73831 2)
(resp. Ppo(2) = ;?O(Z)). Hence the convergence lim,_.¢ Tr{obVick] = f bdu, is consequence of

Proposition 2.9 when p =0 or g =0.

According to Proposition 2.11, there are two cases.
If 11 = 8: Then for b € Pp ,(2), p € N*, such that b > 0, the inequality 0 < b < |b|p, ,I\/» z and the positivity
(11) says:

0< 1imOTr[ngWf“’<] < lim 1Bl Tr[Qg(|z|2p)WiCk] - / 1212780(2) = 0.
E—> E—>
Z

For a general b € P, ,(Z), p € N*, the decomposition b=bgy —bg_ +iby —ib; _ with all the by > 0 now
gives:

Vp e N¥, Vb e Py o (2), 1in6Tr[gngick] =0.
£—>
For p #q, p, q € N*, write
|Tr[Q8bWick]| — |Tr[Qé/2(Q;/2leck)]| < TI'[QE]I/2 TI'[ng‘/ViCkaViCk’*]l/z_

Proposition 2.4 says that bWickpWickx = 30 %afb.a;fz; belongs to @I Pr ik (2) with an O(e) term in Py o(Z).
We have proved,
Vp,q eN*, YbeP, ,(2), lir%Tr[gngiCk] =0= / b(2) 80(2),
E—>
zZ
while the cases (0, ¢) and (p, 0) are already known.

If v # 80 Then we know by Proposition 2.11 that limg_, ¢ || yg(p) — yép) | .1 = 0, which implies:

: Wick] _ s ; )
Vb ePpp(2),  lim Tr[o.h" "] = gg%Tr[y;P)b] ="Tr[y,"b] = / b(z)du(2).
z
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Let us consider the general case b € P, 4(Z). The above convergence is still true when the kernel b is compact
by Proposition 2.9. Consider now a general b € P, ,(Z). Since fZ |2%P)(z®4| du(z) is nuclear (or trace-class in

ViZ ® \/"2), for any n € N there exists a compact operator b, € L>(\/"Z,\/?2) such that
bulp, , = 1bnlcoyr 2z 2) = blooyr 2,0 2) = 101, ,» and

Tr|: /|Z®p><z®q|du(z)[l~7 _En]” < L
Z

‘ / (b(2) — bu(2)) du(2) —
zZ

The Lebesgue convergence theorem with,

VneN, |bz)—b.()| < (2lblp,,) |2I"PT, f 2P du(z) < oo,
Z

Vze Z, lim b,y(z) = lim (z%7,5,2%7) = b(2),
n—o0 n— o0
yields

Jim [16G) = b, @) duc) =0.
zZ

Set ny(n) = [ 2 |b(z) — by (2)|" du(z) and use again the Cauchy—Schwarz inequality,
|Tf[Qs (bWick _ bXVick)” < Tr[gg (bWick _ b}lliVick) (bWick,* _ byl:Vick,*)]lﬂ.
Owing to the result valid when p = g we deduce:

‘ . 1/2
lim sup|Tr[ o, (bW — b)V¥)]| < |: /’b(z) - bn(z)|2du(z):| =)'/
z

e—0

Since for n € N fixed, lim,_, ¢ Tr[ng,‘fWCk] = fz b, (2) du(z), we deduce:

1
<——+mm)'/?,

VneN, limsup 1
n

e—0

Teob"™] - [ b duce)

while the right-hand side goesto O asn — co. O
2.8. States localized in a ball

The condition, Tr[p,N*] < A* for all « € N, used in [8] is actually equivalent to

0e = 110,21 (N) Q¢ 110, (N)

(locate the spectral measure of o, for the self-adjoint operator N). Such an assumption remains an important step in
the present analysis, and N = (|z|) Vi suggests that such a state is localized in ball of the phase-space.

Definition 2.13. A family (0:)sc(0,z) (or a sequence (0g, )nen) of normal states on 7, is said to be localized in the ball
of radius R > 0, if 0. = 1|y g2;(N)0e 1[0 g2)(N) for all & € (0, &).

The meaning of the geometric intuition contained in the terminology “localized in a ball of radius R”, can be made
more accurate.

Lemma 2.14. For a family(0:):c(0,5) (or a sequence (Qg,)neN) of normal states on 'H localized in a ball of radius
R > 0, all its Wigner measures are supported in the ball {|z] < R}.
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Proof. A family (0¢)ec(0.z) localized in a ball of radius R satisfies Tr[0:N°] < R? for all § > 0. Therefore the set
of Wigner measures M (g,, € € (0, &)) is well defined and the convergence after extraction can be tested with Weyl-

quantized cylindrical functions in the symbol class Sl‘j introduced in (14) for any p € P. Let u € M(o,, € € (0, €)) be
associated with the sequence (g,),en. For any finite rank projection p € PP, the Wick-quantized operator (| pz|?)Wick is
N, ® I'r,((1-p)z) where N, is the number operator on I';(pZ) and equals (Izli z—C pa)Weyl in the finite dimensional

framework of pZ. For any cut-off function x € Cj°(R) such that x =1 on [0, R?], the finite dimensional Weyl
semiclassical calculus tells us (1 — x)(N,) = (1 — X)(|z|iz)weyl + Op(e) in L(Is(pZ)). Further the commutative
decomposition N=N, ® I'r,(1-p)2) + Ir,(p2) ®N—-p) 2 Np ® I, (1—p)2) and choosing x decreasing on [0, +00)
implies:

) Weyl

A= (pzl +O0pe) <= X)Np ® Ir(1-pz) <1 —x)N).

We deduce
0< /(1 = x(Ip2l)) du@) = Jim Tee(1 = x(1p2*))"™']
zZ
< nlgrolo Tt[0e, Lo, g2y MN) (1 = x(N)) | = 0.

Hence the measure p vanishes outside a cylinder {|pz| > R}. This yields the result. O
With such localized states we can solve the moment problem.

Proposition 2.15. Let (0¢)s<(0,5) be a family (or a sequence (0g,)nen) of normal states on 'H, localized in the ball of
radius R > 0. If there exists a Borel measure i on Z such that

Vb € Pp(2),  lim Tr[och™ ] = / b(@)du(2),
E—>
zZ
then

M(oe, € € (0,8)) = {u}.

Proof. Although this is shown in [7, Proposition 6.15], we provide here a different proof.
Let p € IP and consider the direct image by p of the measure u:

VEEB02). ()= [ 1,100 du)
Z

where B(pZ) denotes the Borel o-set on pZ.
For any b € ;’fg(Z), such that b(pz) = b(z) we have:

lim Tr[o:6"] = / b(2)dpp(2).
e—0
pZ
This holds in particular when b(z) = | pz|* with 6% =Nk 4+ O(e) <NF + O(e) with,

2%k : k : k 2%k
/IZI dpp(z) <811_I)I(1)Tf[Qsz] <$1£I})TT[Q8N ] < R*
pZ
Hence all the moments || pZ 12|k d p(2) are bounded by R?* and the finite dimensional moment problem applies
(see [47,5]): p is completely determined by the set of values { fp zbdp, b polynomial}. Let u' be a Wigner

measure of the family (0¢)¢e(0,7)- It is supported in the ball {z € Z, |z| < R} so that its direct image by p, ;L’p is
supported in the ball {z € pZ, |z| < R}. Moreover there exists a sequence (&,),¢N, such that

Vb e S;Z’ nlinoloTr[anbweyl] = / b(z) d,u;,(z),
pZ
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where the b can be replaced by b"* for any polynomial b such that b(z) = b(pz) according to the finite dimen-

sional comparison of the Weyl and Wick calculus in (15). We deduce u, = u;, Since this holds for all the p € PP, this
ends the proof. O

Let x be a continuous cut-off function supported in [0, 1], with 0 < x < 1 and such that x =1 in [0, %]. Within
the assumptions of Theorem 2.7 and especially Tr[p,N°] < Cj, the difference between the state o, and the localized

xR _ 1 N N . . .
state o7’ = Toe? (] % S x( %2 )osx ( R2) can be made arbitrarily small according to

K

_ R _
Ve € (0, ), |Qs—9§( |/;1(H)<(R/2)8_K6’

ey

where the right-hand side vanishes as R — oo. Actually the previous estimate comes from
[(N)*201 21 < I{N)Y20(N)*/?| 1 = Trlo(N)°] < C.

Then the comparison result in Proposition 2.10 or its variant (19) says that the Wigner measures (0¢):<(0,5) can be
identified by its approximation by states localized in balls:

Cs
inf /Iu—u’|<—- (22)
(111 EM (02 £€(0,8) x ML R £€(0,8)) (R/2)* = Cs

Then the question arises whether the family (Q?’R)ee(o, #), or an extracted subsequence, satisfies the condition (PI)
(or equivalently (P)) if the family (0¢)¢e(0,7) does.

Proposition 2.16. Assume that the family (0¢)cc(0,5) of normal states on 'H satisfies M(o¢, € € (0, €)) = {i} and the
condition (P1). Let the function f € C°([0, +00), R) be polynomially bounded such that the quantity Tr[os f>(N)] is
uniformly bounded from below for € € (0, €). Then the family (Qg)ge(o,g) given by ng = mf(N)ng(N) has

a unique Wigner measure M(Q;f ,e€(0,8) = {[{;Ellz%} and satisfies the condition (PI).

We will need the next lemma:

Lemma 2.17. Let the family (0¢)sc(0,5) (0or a sequence (0g,)neN) 0of normal states be localized in the ball of radius R
and assume the condition (PI) with M (o., € € (0, €)) = {}. Then the equality,

tim el N Np ] = [ ety ), 23)

Z
holds for all a1, a2 € C and all b € Pyie(2).

Proof. The right-hand side of (23) is the sum of the double series,

k k;
> e [P du,
zZ

k1lko!
ki kpeN 142

for wu is a Borel probability measure supported in {|z| < R} and b is a polynomial function.
Due to 0 = 0¢ 1{g g2)(N), the sum

(2N)™
Skok= 30— NY Ko keN
ky=0 ’

and the remainder term,

: (1—nke

(N e N+ N ar,
2!

Riy k= 0:” N1+ N)F — Sg, 4 =
0



600 Z. Ammari, F. Nier/J. Math. Pures Appl. 95 (2011) 585-626

satisfy

. 2 k
Lio. g2y MN)Skyk = Sk With Sk, | p13g) < €2 (1+ R?)",

and

|a2|R2(1 n Rz)k (Jaa| R K21
K2+ 1!

Repeating the same estimate on the left-hand side with Sk, x and Rk,  instead of o, implies that the LY (H) norm of,

Ky K >
(1+N)k|:eot1NQ€e Z Z (oz1N) g(azN) :|(]+N)k’

ko!
=0ky= 2

1[0,R2](N)RK2»]< = RKz,k with |RK2,k|£1(H) < e

is bounded by:

el Heal R (1 Rz)Zk[(|a1|R2)K'+1 (|| R K21 (|a1|R2>K1+1(|az|R2>K2+1}
Ki+ D! (Kt D! (Ki+ DKo+ D [
which vanishes as min(K, K») — oco. We conclude with a §/3-argument after noticing that (1 4+ N)~kpWick(1 4 N)=*
is bounded for k > k; and that the convergence as ¢ — 0 holds for b € Py (Z) fixed and for the finite sums
Z Ozkz >, owing to the condition (PI). 0O

Proof of Proposition 2.16. Let C; > 1 be a constant such that Tr[o, fz(N)] > Ci/ and

SUP,e[0.+00) J (8)(1 +5)7" < Cr. The inequalities,
Tr[o/N*] < C} Tr[o:N*(1 + N)?], €N,

ensure that the family (ng )ec(0,) admits Wigner measures without any way to identify them for the moment. So take
a sequence (&,)neN, such that lim,_, - &, =0 and M(Qg; ,neN)= {uf}. We first prove that the sequence (ngn YneN
satisfies the condition (PI), then check that u/ = _L2De in the cases when (0¢):c(0,5) 18 localized in a ball and

=[P dr
then when f is compactly supported, and finally conclude with approximation arguments.

1) The condition (PI) for the sequence: The uniform control of Tr[ng;,N“] < Cy, o € N, implies
[z 121** d/ (z) < +oo and Proposition 2.9 says that the convergence,

lim Tro] p"*] = f b@)du! (2),

n—oo

zZ
holds for any b € gfg(Z) with a compact kernel. In particular for b(z) = | pz|** with p e P and k € N,
Wicky k Wi k
Jim e, ((1pF) ") = fim e, (1pz*)" ] = [ 1p2Pd’ o 4
Z
while we assumed,
VbePu@).  lim To.,b" ] = [ b duco). 5)

Z

Fix a € N* and take § > 0. By Lebesgue’s convergence, there exists p € IP such that

/||z|2“ —|pzl*|du' (z) <8 and /||z|2“ —1pzlP|(1+ 12%)* dpx) < 8
Z

Remember that (|pz|
and we get:

)W’Ck N, ® Ir,1-pz) = Np with N‘[“, < N¥%, where both sides commute with f(N)
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0 < Tifef, (N* ~N)]
< CrTe[ f(N)(NY — NZ)I/ZQ% (N — )l/zf(N)]
<Crlfmha ~|—N)_”|2E(H) Te[(1+ N (N* — Nz)l/z
< €5 Tr[ee, (N = N3) (1 +N)*'].

Qs, (Na )1/2(1 +N) ]

But we know by (25) that the right-hand side converges as n — oo to

C}/('Z'h — pzP)(1+12P)* dp(z) < €30
Z

while (24) with (| pz|?)Vick = N, gives:
lim Tr[o/ N3] = / \pzl*™ dp’ (2).
Hence there exist ng € N such that

vn > ns, (Cf+1)8

Tr[of N] / Ipzl**du! (2)| <

From [ [|z** — |pz|**|du/ (z) < 8, we deduce:

lim sup
n—oo

< (€} +2)s.

Tr[o/ N*] - / 2> dpu(2)
zZ

Letting § — 0 ends the proof of this part.

2) Identification of 1./ when (0¢)e€(0,7) is localized in a ball: Assume that (0¢):¢(0,7) is localized in a ball of radius
R > 0. Lemma 2.17 tells us that for any 1, 72 € R and any b € Py (2),

lim Tr[eitzNQ&’eithbWick] :/ei(11+12)|1\2b(z)ﬂ(z)’

n—oo

zZ
while the uniform boundedness of (1 + N) % pWick(1 4 N)Y ko entails:

‘Tr[eitzNgsn e”leWiCk]‘ g Cb Tr[an (1 + N)2kh] g Cb(l + R2)2kb .
Hence for f € F~I(L'(R)), we get:
oo Tl (N)ge, fFNOBYY] [ £(2P?b (@) dp(2)
n—oo  Tr[f(N)oe, f(N)] [z fz1)?du(z)
We have proved:
R H2p(z)d
Vb € Pyg(2), lim Tr[gg bW‘”k] = fz Szl )2 Z(Z) A
n—00 " [z F(z))?du(2)
Part 1 and 1}y g2, (N)Qg” Lo, g2y (N) = an ensure that (an)neN satisfies the sufficient conditions for solving the moment

Uz

m in this case.

problem (Proposition 2.15) and ./ =

3) Identification of 1/ when f is compactly supported: Assume that f € C?([O, ~+00)) is supported in [0, Ry].
Consider for x € C?([O, 400)),0< x <1, x =10n[0, 1/2] and for R > 0, the truncated states,

O et v L v
0, =~ X| 55 Jee. x| 55 ), neN
T Trlge, x2(D)1 " \R? )T\ R?
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For R > 2R, we have:

1
* f__ - R
vneN*, o] = Triok 2N)] FMN)og, f(N).

By extracting a subsequence we can assume M(ng ,k € N) = {u®}, and Part 1 applied to (le . )keN ensures that the

pair (ank , Qé{i k) fulfills all the assumptions of Part 2 if f € C,?([O, +00)) N FILY(R). Thus the measure pcf equals

Lf (z[®)2u®

— . From the comparison (22) we know [ |uR — 1) = O(R™") and since f is a bounded function
Jz1f (2P du

/‘ ()PP << C
2)12
Iz P dp
Taking the limit as R — 0 gives the result when f € CO( 0, +00)) N }' lL (R). Removing the condition

f e F7'LY(R) is obtained by a comparison argument between st; and Q ! with f; € C? N F'L'(R) and
SUP; [0, 4001 |/ () — fe($)| < M,forﬂ eN.

4) Final approximation argument and uniqueness of 1/ : Consider now the complete problem with the extracted

sequence (an)neN We again use the cut-off X( 5>) but now to compare ng W1th Qf x(R™2

fx(R™

. After extracting a

subsequence, we can assume M(QfX(R ), keN)= {qu(R J}. The pair (0%,

By , an) fulfills the assumptions
of Part 3, and

ey LD R u
J A1z xRz dp
But from the inequalities f(s)(1— x (R725))(14s) """ < CR™?and Tr[g: (1+N)?"*2] < C, we deduce the uniform
estimate:

<

n R2
VkeN, o, —olX" | pigy < -

Again the comparison argument (22) gives:

/' p_ SR |6

[ 21z x2(R2)z[Hdu| ~ R

)

and we take the limit as R — oco. We have proved ,bLf = f{‘ﬂ% for any sequence extracted from (gZ )ee(0,8)

with a single Wigner measure. This proves M (gg, € € (0, €)) = {M%

Part1. O

} while the condition (PI) was checked in

3. Dynamical mean field limit

Let Q be a real-valued polynomial in Py (Z) given by:

Q:ZQ]-, with Q; e P; ;(2).

j=2
We consider the many-body quantum Hamiltonian for a system of bosons,
H, =dI'(A) + Q" (26)

with A a given self-adjoint operator on Z. Here Q"i¥ is the operator Z;’=2 Q;WC]‘ with Q;Wd‘ given by (7). Clearly,
H, acts as a self-adjoint operator on the symmetric Fock space . When Z = L?(R¢), the Schrodinger Hamiltonian
A = —A + V(x) and the semi-relativistic Hamiltonian A = ~/—A +m? + V(x) are among the typical examples
(e.g. [21]).
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3.1. Existence of Wigner measure for all times

The first step to prove Theorem 1.1 is to show the existence of Wigner measures for all times. This is accomplished
in Proposition 3.3 by following the same lines as in the proof of Theorem 2.7. For this task two useful lemmas are
stated below with the first one being proved in [7, Proposition 2.10].

Lemma 3.1. For any b € Pyy(Z) we have:

(i) bYick is g closable operator with the domain of its closure containing,
Ho = VeCt{W((p)I/f, Y € Hfin, ¢ € Z}.
(i) For any ¢ € Z the identity,
* 1 Wick ie ek
WE) b W(E) = (b(Z-l- 7 )) ,
holds on Ho with b(- + - E) € Pug(2).

Lemma 3.2. For any k € N there exists an e-independent constant Cy > 0 such that

W (E)* (NFW (&) < Cr(B)F (8) (N)K, 27)
for any & € Z and uniformly in ¢ € (0, €).

Proof. Since N is a self-adjoint operator, the functional calculus provides the inequality:
N <A+N-

Therefore, it is enough to prove (27) with (N) in the Lh.s. replaced by (1 4+ N). The Wick calculus in Proposition 2.4
tell us that (1 + N)* is a Wick operator with symbol b (z) in @I]C':o P (@), ie.:
k . ~ . . .
b =Y (2%.5:%7) withb)” € P ;(2).
j=0

Now, applying Lemma 3.1 yields:

. Wick
WE)* (1 +NEW (&) = WE) b w :<b< 18 )) .
EA+N)"W(E) €3] &) K Z+ﬁ

A Taylor expansion of the symbol gives us,

ie (ie)’
b — § ———DWpy
k<z+ﬁé> O]'\/— (@I&]

with D) is the jth derivatives and DU by (2)[€] € @m n—o Pm.n(Z). So, by the number estimate (2.3) we can derive
the following bound,

|(N) /2 (DD by (2)[£1) V" H (N) /2| < Crt)

with Cy only depending on k € N. Hence, we obtain:

(ie)’
oJ \/_

with Cy only depending on k € N. Thus, we conclude that W (§)*(1+ N)KW (&) asa positive quadratic form is bounded
by Ce (&) () (N, O

(N>—k/2

——— (Db )181) "N T2 < @),
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Proposition 3.3. Let (0¢)¢c(0,5) be a family of normal states on 'H satisfying the uniform estimate Tr[o:N"] < C, for
some r > 0.

Then for any sequence (g,),en in (0, €) such that lim,_, o £, = 0 there exist a subsequence (&, )kenN and a family
of Borel probability measures (jit):cRr Satisfying,

it i L
M(e™ w fen gy e' e fon € N) = {py},

for any t € R. Moreover, we have:

/ 2 dus (@) < G
Z

Proof. We set:

—iLH, igdr(A)e—igHg 'Lng—iédI‘(A).

i L ~
o) =e""eMeg e and g =e o'
(i) Consider for & > 0 the function:

G(t,8) =Ti[6: (OW (V218)].
Write for any (s, §), (¢,7) € R x Z,
Go(t, ) — Go(s,8)| < |Te[(8: (1) — 0:()) W(V2m) ]| + |Te[8e () (W (v27m) — W(V278))].

By differentiation, we get:

t

/ Tr[2: (1) [ @), W (v2rem)]] dr’ (28)

s

1
[Te{[2e () = 2e()]W (V2rm)]| < -

with Q(z) = Q(e”"/Az), while the second term is estimated by:

Tt () (W (V2mn) = W(V278))]| < (1 + C)|[W(V2rm) = W(V2r &) [N+ D7 1 - (29)

Now, we claim that there exists a constant ¢ > 0 such that the r.h.s. of (28) is bounded by:

r 2r
c|r—s|(2||Q,~||)Zs"—lmv‘. (30)
j=2 i=1
This can be proved by first writing,
Tr[e (H[ Q) W (V2rm)]]
=Te[(N) G (¢') (N)" ((N) " W (V2 (N) ) (N) " [W (V2 ) * Ok W (V2rem) — QN IN) ] (3D

and second estimating the r.h.s. of (31) using Lemmas 3.2 and 3.1(ii) so that

t

f Tr[8. (') [ )%, W (v2re)]] at’

. Wick
(N)_Y[Qt’<~+%fl) - ,W"C"]<N>—’

Thus, the bound (30) follows from the number estimate in Proposition 2.3.
We recall the inequality proved in [7, Lemma 3.1],

[W2rn) — W(2r8) | N+ 1)~ < Cln — &|[min(e|n]., £[£]) + max(1, £)].
This leads to the following bound on the r.h.s. of (29),

C(&)n —&(1++/Inl2 + &[2).

Lclt —s| sup

t'els,1] L(H)
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Thus, we conclude that V(s, £), (t,n) e R x Z,

|Ge(t,m) = Gels, )| < &(1r = sI(Inl + l)zr + |1 — &1y In> +1£1%), (32)

uniformly w.r.t. € € (0, ). Recall also that we have the uniform estimate |G (s, &)| < 1.
Now, we apply an Ascoli type argument:

e Since R x Z is separable, it admits a countable dense set N = {(t;,&;) £ € N}. For any £ € N the set
{Ge(te,80)}ec(0,5) remains in {o € C, |o| < 1}. Hence for any sequence (&,),eN such that &, — 0 there exists
by a diagonal extraction process a subsequence, still denoted by (&,),en, such that for all £ € N, G, (#;,&¢)
converges in {0 € C, |o| < 1} asn — o0. Set

G(te, &) I=nli>rgo Ge, (1, &)

forall £ e N.
e The uniform estimate (32) implies that the limit G is uniformly continuous on any set

Nn{@t,2) eRx Z: |t| +|z] < R}
Hence it admits a continuous extension still denoted G in (R x Z, ||rxz). An “epsilon/3”-argument shows that

forany (¢,8) e R x Z,lim,_, o Gg, (7, §) exists and equals G(z, ).

Finally for any r € R, G(t, .) is a norm continuous normalized function of positive type, since

G(t,0) = gngoTr[és(t)] =1,

N N
D kik G & — g = Tim Y ik Tefee, (OW (V27 (& — &) e’ 7G4 > 0.
i,j=1 i,j=1

The positivity in the last statement follows by Weyl commutation relations (6). Therefore, according to the Bochner
theorem (e.g. [12, Corollary 1.4.2]) for any t € R, G(¢, .) is a characteristic function of a weak distribution or equiva-
lently a cylindrical measure i, on Z (see [51] and also [7, Section 6] for specific information).
(i1) The fact that i, are Borel probability measures satisfying,
fu(121”) < € < oo, (33)

follows directly by [46, Theorem 2.5, Chapter VI] or by part (iv) in the proof of [7, Theorem 6.2].
(iii) Using (13) we see that for any b € S¢y(Z) based on a finite dimensional subspace pZ with p € IP,

Jim T, (00" = tim [ G, (0.6 F1616) L, (@)
pZ

= / G, 8)F[bI(E) Lp(dE) = / b(z)dfis (2).
pZ Z
Therefore, according to Definition 2.8 of Wigner measures we conclude that
VieR, M(0g, (1), neN)={i}.

(iv) Finally the family of measures p; which satisfy the claimed statement in the proposition are the push-forward
measures,

—itA)

He = (e */11‘-

Furthermore, an analogue of (33) can be easily checked for the measures ;. O
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3.2. Polynomial approximations of the classical flow

With the classical Hamiltonian
-

h(2) = (z,A2) + Q1) = (z, Ay + ) (%7, 0;2%), zeD(A),
j=2

the related nonlinear field equation is:

i0r7 = Azs + aZQ(Zt)a

Zt=0 = 20-
Actually this Cauchy problem is better studied when reformulated as an integral equation,

t
=e Mtz / e =945 0(z,)ds, forze Z, (34)
0

which admits a classical CO-flow F, : R x Z — Z: 1) since the 0 ;j are bounded a fixed point argument gives the local

in time existence and uniqueness; 2) then the conservation |z;| = |z, due to (z, 9z4(z)) € R, ensures the global in

time result. As a classical C%-flow, F is a C°-map satisfying F,;(z) = F, o F,(z), and F; (z) solves (34) for any z € Z.
Moreover, if z; solves (34), and Q,(z) = Q (e 4z), then w; = ¢!’z solves the differential equation:

d .
Ewt = —i0; Q¢ (wy).

Therefore for any b € P, ;,(Z), the following identity holds:

d
Eb(wt) = 8zb(w,)[—i85 Qt(wt)] + 3zb(wt)[—i32 Qt(wt)] =i{Q:, b} (wy).

Hence, we obtain the Duhamel formula:

t
b(er) = by(2) + i / (Qny. b4z, ) iy, 35)
0

A simple iteration in (35), using
5]
{Qll ) bt}(wtl) = {Qtl’ bl‘}(wo) + i /{lev {Qfl, bt}}(wlg)dIZ’
0
yields
t t 5]
b =t +1 [(Qnubd@dn + [[dn [ din[0n. (Qn b} 2s),
0 0 0
Therefore, by induction and after setting F;(z) = z;, we obtain for any K > 1:

K—1 t k-1
boF,(z):b,(Z)+Zik/dt1~-/dtk{Q,k,{...,{Q,l,b,}...}}(z)
k=1 % 0

+indt1-~~ / dtk{ Que. {- - AQu bi} . (" A zyy).
0 0

With the polynomial Q we associate the norm,

|| Q” = jGI{IZIaXr} |Q] |’Pj.j = jGI{IZIaxr} |Qj |£(\/] Z’\/j Z) (36)

..........
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and we note that || Q|| = || Q|| for all ¢ € R. Notice that the flow F; preserves the norm,
Vze 2, |Fi(@@)]=lzl,
and is gauge invariant,
Vze Z, VO eR, F,(e'2) =e"F,(2).

But for a given polynomial b(z), the map z — b(z;) does not remain a polynomial. Starting from a polynomial
b(z) € Pp,4(Z), we study polynomial approximations of b(z;).
Consider the expression:

K-1 | fit
bK<r,z)=bz(z>+Zik/dn---/dtk{gzk,. 100, bi}- @) = Zbka 2, 37)

k-1

RK(I Z)—l /dl‘] /dl[( QIK,{...,{Qzl,bt},.,}}(eitkAth). (38)

The two approximation results that we will use are given in the two next propositions.

Proposition 3.4. For b € P, ,(Z), the polynomial b, 2) = ,f;ol bi(t,z) defined in (37) belongs to
@f:(rl_l) Pjtp,j+q(Z) with the estimates:
rtq k —
|bi(t. 2)| <2200 (p + q) (4r°) 1 QI b, , 1t ()2 DHPHa (39)

Moreover, we have for RK (t, z) the estimates:
[RK (1, 20| <2255 (p + ) (43) N QUK blp, , 111K (2)2K D, (40)

Proof. With b€ P, 4(2) and Q; =3, Q. the polynomial,

bk(t)z(i)k/dtlm/dtk{Q,k,{...,{Qtl,b,}...}}(z)

is the sum of (r — l)k < ¥ monomials,

agl2,...,r}k
with
t Tk—1
bk,a(t)=(i)kfdt1 / dti] Qug s {- -+ AQu ity b} - }} € Pla—ktp.ja—k4 (2).
0 0

A consequence of Proposition 2.4 says for ¢ € P,y ,/(2),

[{Qur 1> YD <r (P + )| Qi Ip,, ,, lelp,, ()P FOHHD,

We deduce:
t T—1
bea(t, 9] < / dn - / dtr (p+ )+ (p+q +2kG — D)IQIFIblp, , ()P +a+el=2%
0 0

1||k 'a+k+2) 1

k _ )
<(p+ort2r-1) Fk+DI@+Da+k+1

Q14 Iblp,,, (z)PHat2C=D,
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with a = zf’r—tql) and I" denotes the Gamma function. Now, we notice the relation with the Beta function

1
rk+ DI (a+1) /k 1
Blk+1l,a+1)= = [ -0)"dt> ,
k+la+th=—rr""% =0 2 (g rk+ 1)
0
which yields (39).
The remainder
t k-1
RK(t,z)zi{Q,,bK}zindn-~- / dtg{ Que - AQu bi} . (" A2y
0 0

is analyzed like the term b (). O

Proposition 3.5. Let u be a positive Borel measure on Z supported in the ball {|z| < R}, R > 0, then for any
polynomial b € P, ,(2),

P

+q _ K
"D (p 4+ @)lblp, ,[4r° 1QI(RY V(]

[R5 0.2l dni) < (myron
zZ

Proof. It easily follows from (40). O
3.3. Transport for a state localized in a ball

The previous approximation result allows to prove partly Theorem 1.1 for states localized in a ball, introduced
according to Definition 2.13 and studied in Section 2.8.

Proposition 3.6. Let (0, )nen be a sequence of normal states on 'H localized in a ball with radius R > 0 and such
that

Vie[-T,T], M(eiiﬁHs"QSneiﬁHs",neN):{u,}, and

VaeN, lim Tr[o., N°] =/|z|2“ dpo(2).
k—o00 k
zZ

Then for all t € [T, T]), the probability measure |; is the push-forward by the flow F; of the measure o, i.e.,
ur = (Fy)so. Moreover the identity,

nl_i)ngOTl‘[e_iéHsn aneiiHS” bquantized] — / b(z)du,(z) = / b(Ft (z)) duo(z),
Z zZ

holds for Weyl-quantized cylindrical functions b € | peP F Y Myp(p2)) and general Wick-quantized polynomials
b € Pug(2).

Proof. We set:
éan (t) = ei ﬁdF(A)e—i ﬁﬂgn Qgei ﬁ Hy, e—i ﬁdF(A).
It is worth noticing that for all ¢ € R, the sequence (0, (f))nen is localized in the bal} with radius R.
For a fixed b € P, 4(Z), differentiating with respect to ¢ the quantity Tr[g, () bWick] we obtain:

1

Tt[3e, (1)6Y*] = Tr[&e, (0)b™] +8i / Tr[8s, () [ @K, Wik ] ds, (41)
8 0

and replacing b by b, we end up with,
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t

Tr[QS,, (t)bVViCk] — Tr[QS,, (O)b;’Vle] +i / Tr[égn (S){ QS; bt}WiCk] ds

0

r ] 1
+ZZ /Tr an(s)({stbl}(]))ka] : 42)

j=2

Consider now the case when b € P)°, (2) with a compact kernel, be £2(\/? Z;\/? Z). Then we know that the left-
hand side converges to f zb(2)du; (z). The number estimate of Proposition 2.3 with Tr[N%o,, ] < < R™ implies that
the last term of the right-hand side converges to 0 as n — oo. Finally the first term of the right-hand side converges to
fz b(z)duo(z), even when b is not compact.
We conclude that the limit of the second term of the r.h.s. exists with
t

/M@MM@=/h&ﬁmmm+££j/n@%mu;¢quw
zZ z 0

and this initiates our induction process.
Given K > 1, take the approximation bX (1) = Zf:_ol by (t) to b(F;(z)) given in (37), and assume:

/ b(z)d(z) = / bX(t,2)duo(2) (43)
Z Z
K —1
T lim i / - / i Te[Ge, (10 ({ Qrg - (0 ). ) "™, (44)

A simple differentiation with respect to tx gives for ® € Py (2),

154

Tr[8s, (t)© "] = Tr[5,, (0)© "] + / dtk 11 Tr[8s, (tk+1) ({ Qg sy OF)
0

Wick]

+i Z f Tr[Ge, (tk+1) ({ Qg 1. ©)9) "ty

Hence, choosing ® ={Qy,...{Qy, b:} ...} yields:

[ b@due =/bK(LZ)d,uo(z)+n1LrI;oiindt1 /deTr (66, O ([ Qe -~ (11 b1} .. }) "™
0 0

zZ zZ
r gjfl ! ¥ )
i S fane [ duco o, e ({Qure- 100 b )™
=2 7% 0

t 15¢
+ K+ / dt - / dti 11 Te[Be, (i) ({ QIKH,--.{Qn,bt}---})WiCk]}

=1+ lim (11 + I+ 1IV).
n—oo

For any K, when n — oo, the second term (II) converges to f 2 ©(2)duo(z) because the initial states g, (0) = g,
satisfies limg_,o Tr[og, cWick) = f 2 ¢(2) dpo(z) according to Proposition 2.12. Moreover, the third term (III) vanishes,
when n — oo, thanks to the number estimate in Proposition 2.3 and the fact that Tr[g,, N*] < R, Therefore, we
have:
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/ b(z)dp(z) = / X+, 2) d o (2)
Z Z

n—oo

t tx
+ lim %! /dn---/dtK+1Tr[éen(tKH)({Q,KH,...{Q,l,bl}...})MCk].
0 0

By Proposition 3.5 and the fact that 1 is supported in {|z| < R}, we deduce:

‘ / b(@) dpts(2) — / b(F,(2)) o
Z Z
< (RYPHI225 (p+ )lblp, , [4r31 QIR e]]F

+

n—oo

t k-1
lim /dr1-~- / dig Te[ge, () ({ Qi - 100 b1} ... )] (45)
0 0

The number estimate of Proposition 2.3 with the inequality (39) of Proposition 3.4 implies:

_g*K@=D) _p+KC=1)

g+K@=1) Wick AL K
(N2 ({ Qi 4Q i) )TN T T gy, <270 o+ (477) R 101K b1,
This provides for the last term in the r.h.s. of (45) the upper bound:

rtq _1)A2F K
(R) 2 TRU=D22=0 (p + g) (4r°) " Q11 ¥ b1, , 1115

For small times, |¢| < T} — with § < 1, taking the limit as K — 0o now gives:

_ 8
T @HICIR)

Vbeplf?q(Z), fb(z)dﬂf(z)Zfb(Ft(Z))dMO(Z).
=t Zz

But according to Proposition 3.6, the measure u; is a Borel probability measure supported in the ball {|z| < R} which
is weakly compact. Meanwhile cylindrical polynomials which are contained in Pg’l‘; (2), because they are associated

with finite rank kernels, make a dense set in the C°(B(0, R)yeat, C) and therefore in L' (Z, d ). Thus, we have proved
that

Vi e [T, T51, e = (F)«po.

Finally, since |F,(z)| = |z| and [ H¢, N] = 0, the pair ((0s, (t))nen, 1) satisfies the same assumptions as ((g, )neN, 10)-
Since the time 75 depends only on Q and R the result extendstoallr e R. O

3.4. Proof of the main result
Gathering all the information of Sections 2 and 3, we are now in position to prove Theorem 1.1.

Proof of Theorem 1.1. Let (0;)¢c(0,z) be a family of normal states satisfying hypothesis of Theorem 1.1 and let
X € C([0, 00), R) be a continuous cutoff function such that 0 < x<Lx(x)y=1lifx<1/2and x(x) =01if x > 1.
For R > 0, consider the family of normal states,
oF X (N/R*)ge x (N/R?)
f Trlx (N/R?)o:x (N/R?)]

localized in the ball of radius R. By Proposition 2.16, we know that

x2(zI*/R?) ,uo} ()
Jz x2(1z1?/ R?) d o or

(i) Va eN, lirr(l)Tr[QfN“]=/|z|2"‘d,u§(z).
e—
zZ

(i) M(gf,se(o,é))z{
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Next, we use the notations:

—ilH, —iLH; R ,itH;

0c(t) =e i Mg i and  oR(r) = e iR el

For any sequence (&,),en there exists by Proposition 3.3 a subsequence (&, )xen and a family of Borel probability
measures (/LtR )ter such that

@ Mol 0.k eN)={u},

(il Va eN, kl_i)n;OTr[Qs.kNa]=/|Z|2°‘du§(z).
zZ

Applying now Proposition 3.6 with (i)’—(ii)’, we obtain that

M(ef ), keN)={(Fo.ug}, (46)

for any time ¢ € R. Since for any sequence (g,),cN We can extract a subsequence (&, )ken such that (46) holds we
conclude that

M(R(®), e €(0,8) = {F)u). (47)

for any R > 0 and ¢ € R. Again applying Proposition 3.3 for (0¢)¢c(0,7), there exists for any sequence (&,),en 2
subsequence (&, )ren and a family of Borel probability measures (u;);er such that

M(oe,, (1), ke N) = {u).

The identification of the measures (u;);cr follows by a §/3 argument. For any b € S¢y(Z) based in pZ, p € P, we
write:

Tr[os,, (1)) — / b(@)d(Fp)spo| < [Trlee,, 0™ = Tr[of ©b"]] (48)

Z
+ |Tr[ef ()p"'] - f b(z)duk (49)
Z
+ ’ / b(F(2))duf — / b(F;(2)) dpuo|- (50)
Z Z

Each term (48)—(50) can be made arbitrarily small by choosing R and k large enough and respectively using the
bound (21), the relation (47) and the dominated convergence theorem. So, we conclude that y; = (F;). o and hence
we have proved:

M(ge. € €(0,8) = {(Fr)xpo}-
Finally, the use of Proposition 2.12 with o, (¢) yields,

lim Tefo (0)6"] = / boFi(2)dpuo(2).
£—
Z

since limg—, ¢ Trlos ()N*] = lim,_, o Tr[0:N®] = [ |z1**dpo = [ |z1** ds, for all & € N. The reformulation of
this result in terms of BBGKY hierarchy of reduced matrices is a consequence of Proposition 2.11. O

3.5. Additional results

Although it was not written in Theorem 1.1, remember that the existence of Wigner measures contains a result for
Weyl observables.
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Corollary 3.7. Let (0¢):c(0,5) be a family of normal states on 'H satisfying the hypothesis of Theorem 1.1.
The limit,

lim Tr[e ™" g el e e pMer!] — / boF,(z)duo,
e—0

zZ
holds for any b in the cylindrical Schwartz space Sey(2), any t € R and any b € S;Z, vel0,1], pel.

The next result shows that the class of observables can be extended to functions of Wick-quantized symbols.
Corollary 3.8. Let (0¢)sc(0,5) be a family of normal states on 'H satisfying the hypothesis of Theorem 1.1. Then

(i) The limit,

e—0

lim Tr[e ™" £/ g el £ 7 £ (%K) ] = / f(boFi(2)duao, (51)
zZ

holds for any f € F~'(My(R)) and any b € Py, p(2) such that b* =b.
(i) If additionally (0¢)sc(0,7) is a family of localized states on a ball of radius R > 0, then the limit (51) holds for any
entire function f(x) = Z,fio agx* over C and any b € Py p(Z) such that b* =b.

Proof. (i) Let x € CY([0, 00), R) be a continuous cutoff function such that 0 < x <1, x(x)=1if x < 1/2 and

x(x) =0if x > 1. Consider the family (g, (1) = e~/
o = XMN/R)osx (N/R?)

© Trlx(N/R*)eex (N/R?)]

Let b € Pp,,(Z) such that b* = b, then b"¥ extends to a self-adjoint operator on H satisfying [N, b"i€] = 0. We
claim that

iLge .
0e€' ) cc(0.5), with

. ick ° .k .
voeR, Trlof ™" ] =Y 0" Tr[of () (6"")]. (52)
k=0

Thanks to the estimate,

ick\k - j —p/\k
[ Telof (1) (0" )] | = [T (N)P*/20f (1) (N)PH/2 ((N) P26k (N) ~P/2) ]|
Pk k
<Rl (53)
the Lh.s. of (52) is an absolutely convergent series uniformly in ¢ € (0, ). Moreover, on can easily show the
strong limit,
N i* k Wick
: Z k (7, Wick igbWie
T 1\/11—I>nook_o a0 (M) T r2 (N =€ g gy (N

Therefore, we see that

This proves (52) and again by the uniform estimate (53) with respect to ¢ € (0, €), we obtain:

0 Lk
: Ry iopWicky _ Yok k — | o~ i0p(F:(2))
lim Tr[of (1)e ]_];HQ b(F;(2)) duo—/e (@ dpy.

N

Z
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Now, a similar §/3 argument as in the proof of Theorem 1.1

Tr[QS,lk (t)eiebWiCk] _ / €i9b(Ft (2) d“o‘
zZ

Tl "™ ]~ [ D g
Z

< |Q871k - Q‘f”k |EI(H) +

+‘ /eieb(F,(z)) d’u(l)?_/eié)b(Fr(z))duo,
zZ

using the bound (21), the relation (47) and the dominated convergence theorem, yields the limit,

. - 01, Wick :
gg;l}) Tr[ank (t)eleb ] — / eleb(Fz (@) d//LO
zZ

By integrating with respect to F(f) € Mp(R), we end the proof.
(ii) The proof is similar to (i). Indeed, one shows

Tr[oe (1) £ (0"%) ] = 3 a4 Tr[ e (1) (5"79) "], (54)

k=0

with an Lh.s. absolutely convergent series uniformly in ¢ € (0, ). Letting & — 0 in (54) yields the result. O
4. Examples

We review a series of examples. Firstly, the propagation of coherent states and Hermite states is recalled. Secondly,
bounded interactions occur naturally within the modeling of rapidly rotating Bose—Einstein condensates, owing to
some hypercontractivity property. Thirdly, the tensor decomposition of the Fock space allows to specify some Wigner
measures for which the propagation cannot be translated in terms of the reduced density matrices without writing all
the BBGKY hierarchy. Finally, the result of Theorem 1.1 provides a new way to consider the Hartree—von Neumann
limit in the mean field regime.

4.1. Coherent and Hermite states

The coherent states on the Fock space, I5(Z) are given by E(§) = W(l.—‘/gé )2 = e §2, where £2 is the

vacuum vector of Iy(Z), & € Z and [a(f), a*(g)] = &(f, g)I. The Hepp method [36,30,31] consists in studying the
propagation of squeezed coherent states a slightly larger class which includes covariance deformations. The normal

state made with E (§) is
V2 V2
ori= ()l ()|
ie ie
We proved in [7] that M (g (§), ¢ € (0, &)) = {3¢} and a simple computation shows that the property (PI) is satisfied:
lim Tr[ o, N¥ H—s
lim rloeN] = I£] ¢ (121%).

A second example is given by Hermite states, also well studied within the propagation of chaos technique or other
works (e.g., [44,13,23]). They are given by:

(55)

on (@) = [e®" (e
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with ¢ € Z, |¢|z = 1 and discrete values for ¢ = % We know from [7] that M(on(¢), N € N) = {% 02” 86,-% do}
where the rotation invariance is the phase-space translation of the gauge invariance of the Hermite states ¢ — ¢/%¢.
One easily checks the property (PI):

2
1
lim T M=1=_— ks do.
Jim r[on (9)N*] 2ﬂ[lzl ¢i0 4 (2)
0

It is convenient to introduce a notation for this Wigner measure.

Definition 4.1. For ¢ € Z, the symbol 83 " denotes the Borel probability measure:

2

Sl _ 1 )
55 = Z/ael%de.
0

Theorem 1.1 applies and the Wigner measures associated with,
;L L _;t S
(e lSHSQe(S)e’fHS)SE(O’g) and (e ZSH‘EQN(w)e’SHS)g:l/N’ NeN*

are respectively 8¢, and 83{1 , where & or ¢; evolves according to the classical flow.
For example, when
1
Hy =dI'(—A) + 3 / V(x —y)a*(x)a*(y)ax)a(y)dxdy,
R2d
with Z = L2(R?) the classical flow is the Hartree equation:
iy =—Ay + (Vx|y?)y.

We conclude by noticing that for such states (on (¢) and . (£)) the asymptotic one particle reduced density matrix
yo(l)(t) solves the equation:

iat)/o(l) = [—A + (V% I’lyél)), )/0(1)],

yg =0 =18)(| for 0 (®), (56)

(resp. 75 (1 =0) = ¢} {¢| for on (@),

. _ .M
with nyom(x) =y, (x,x).
4.2. LLL-mean field dynamics for rapidly rotating Bose—Einstein condensates

The case of bounded interaction terms occurs exactly in the modeling of rapidly rotating Bose—FEinstein conden-
sates in the Lowest Landau Level (LLL) regime. The (LLL) one particle states can be described (see [2]) within the
Bargmann space

ey
Z={feL*Cq.e” " Ldt)), 3, f =0},
where L(d¢p) is the Lebesgue measure on C, & > 0 is a parameter which is small in the rapid rotation regime and

where the norm on Z is given by,

2L 1 2
'f'zzz/if(“” e ((nif)l):ﬁmﬁz’ w(en = f(ee I
C

The multiparticle bosonic problem has been considered in [41] and the LLL-model has been justified for the stationary
states of such a system not only in the mean field asymptotics. The k-particle states are elements of,
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2
\/k2= [Fe Lz(c’g,e—% L(d)), 3 F =0, F(lo(1), -+ Loy) = F, Yo € ¢},

with the norm
_— 2 L(d})
|F|vk2—/|F(c)| P
Ck

2
With or without the symmetry condition, ®k Z and \/k Z are closed subspaces of L?(CF, e*% L(d¢)) and they are
the image of the orthogonal projection (add the symmetry for \/k Z)

co—lz? L(dr)
(m6)© = [T 6w Lo

Ck

Within the modeling of rapidly rotating Bose—Einstein condensates, the one particle kinetic energy term is A = h{10g,
and it is associated with,

0 < Ekin(f) = (f. h&10;, f) z-

The standard one particle nonlinear energy is given by,

g1

af L), u@)=fEe
C
where o > 0 is another parameter provided by the physics (see [2]), but more general energies can be considered:

¢ 12

ENL(f)=ZOlp/|M|2p L(d¢y), u(gn) = f(er)e 7, ap > 0. (57

p=2
The mean field Hamiltonian is thus given by:

Jdls

12
i L(dgy).

,
2p _
) = Bun) + B = (Fh1e )+ Yy [ 5o e
r=2
An important property of these nonlinear energies comes from the hypercontractivity of the semigroup (e~ h& o )i>0
proved in [16] which can be written as

k
g2
Ul < CpnalUlps U@ =F@)e™ 5, Fe@Z, pel2, +ocl. (58)

This implies that the nonlinear energy is a norm continuous polynomial with respect to f € Z and therefore the
nonlinear mean field, equation,

,
i f =ht10g, £+ pap Ty (lu*P~Vu) T, f. (59)
p=2
defines a nonlinear flow on the phase-space Z according to Section 3.2 (we refer the reader to [45] for a more detailed
analysis of the nonlinear dynamics of the LLL-model).

Let us consider the second quantized version H, of the energy & in I;(Z). The kinetic energy is nothing but
dr(A):

k
A (A)l\x z =) hejde; =ehs.dc,
j=1
and the quantum Hamiltonian H; is then,
,
He=dI'(A)+ ) a, Q) (60)

p=2
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with
rl

2 ~
0,(f) =/|u<;l>|2”L(d;1>=/|f(z)|2”e—§7” L(dg) =(f%7, 0, f%P). 61)
C C

The operator Q p 1s easily identified after removing the center of mass in multiple integrals (see [41] for details) as

p—1
; _ , 1 O+t a+tg
QpF(c)—n,,qj]:[la(;,)}F)(c)—(nh)pF( P )

with g“‘; =¢— w One easily checks as well, by using additionally the hypercontractivity estimate (58) with

p =+oo, that 0, € L(\/? 2).
The propagation result of Theorem 1.1 applies for such a model for all initial states which fulfill its assumptions
(boundedness of all moments and condition (PI)).

4.3. Fock tensorization

We have already used, and it is the basis of the introduction of cylindrical observables, the fact that Ii(Z) ~

1
I's(Z1) ® I'4(Z;) when Z = Z1 @ 2,. The definition of Wigner measures introduced via cylindrical observables,
yields the next result.

Lemma 4.2. Assume Z = 2 é_BZz and let (Q;)ge(oyg), (Qg)ge(o,g) be two families of normal states on I's(Z1) and
I's(Zy) such that TI‘[QgNg] < Cs holds uniformly for some § > 0 and M(Qﬁ, e€(0,8) ={ut} fort =1,2. Let o, be
the state on I's(2) identified with Qé ® Qg in the decomposition I'y(Z) ~ I'y(Z1) ® I';(Z3). Then the family (0¢)¢e(0,5)
admits the unique Wigner measure 1 = 1" x u? on the phase-space Z = Z1 x 2.

Before giving applications and variations on this result it is worth to notice that the identification of the “tensor”
state g, requires some care. It is not equal in general to Q; ® Qg since such a states does not preserve the symmetric
Fock space I§(Z).

Here is a simple example, take ¢ € 2| and ¢, € 2, with |g¢|z, =1, N1, N> € N, and set ot = |<p?Ne) ((p?N['l for
¢ =1,2. The tensor states o' ® o2 is the pure state |<pf9N1 ® <p§9N2) (go?Nl ® ¢£®N2| in Iy (21) ® I'y(2,). It suffices to
identify the vector ¢¥N1:N2) ¢ [ (Z) associated with (p{@N' ® go?Nz. It is the symmetric vector in \/"'*"2 Z made
with Nj-times ¢; and N-times ¢, and we can summarize the situation with,

N, 1 N times
op == a"(p0) " (@0) [20) in[(Z0), £=1.2,
eNeNy!
VN _ [ (N1 4 No)! 8N o ®N»
(p - €(N1+N2)N1!N2!SN1+N2 ((p] ® @2 )

Nj times N, times

1 * * * .. *
ma (p1)---a™(p1)a" (¢2)---a” (2) |£2)

The tensor decomposition is especially useful when Z is endowed with a Hilbert basis (e;) jen+. An Hilbert basis of
Iy(2)is (e\/“)aEUﬁO(N*)J- given by:

in I(2).

loe]! 1 P
eV = [ =80 (¢®) = ———=]a"()]"192),
al [elel|q !
with a natural multi-index notation o = (a1, ..., ax), || = o) + - - - + g, e®* = e?al R ® ez", and

[a*(@]" =a*(en) - a* (ex)™.
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For example, the identification between I;(Cej) ® I, ((Cep)t) and T(2) is done via the mapping defined by

e}/al ®eVY - V@) forall @) € N and all o € Uro N\ {0, 1})%. This can be iterated but remember that
the definition of infinite tensor products requires the additional specification of one vector per component which is
hopefully rather canonical for Fock spaces endowed with a vacuum vector (see [34]).

Below is a notation convenient to the definition of tensor states and which allows some extensions. Consider the
linear isometry C; on H = I'y(Z) defined by its action on the Hilbert basis (eV“)anZiO(N*)k,

1 1
CieVe=————a*(ej)eV = ——
J |a*(e.,~)e\/“| J Vel +1)

with |[1;] =1 and (1;); = 1. In the tensor decomposition Iy (Z) ~ I;(Ce;) @ I ((Cej)J-), this isometry C; is nothing

but the tensor product [%a*(ej)] 1.

VT

Definition 4.3. Let Z be endowed with a Hilbert basis (e;) jen+, for j € N*, and take the isometries (C;) jen+ defined
in H by (62). For j € N*, the operator E; is defined on L'(H) by:

a*(ej)e\/“ —eVtl), (62)

Ejo=C;oC%, YoeL'(H).

For A= () jen+ € £'([0, +00)) such that Z;)il Aj =1, the notation A.E means:
o
ME=)E;.
j=1

The operators E; and A.E transform normal states on \/k_l Z into normal states on \/k Z and they all commute.
After taking ¢ = e and ¢ = e; the tensor state on [';(Z) identified with Ql ® Q2 and studied above with Z; = Ce;
and Z, = (Ce;)* is nothing but

Ni N Ny N

ENND|0)(2) = B} EY?|2)(2] = E,°E| ' 12)(£2].
Moreover the multinomial formula holds:
N!
N _ aapa
.E)YN = Z AE. (63)
la|=N

We use these notion to formulate the propagation of nontrivial Wigner measures. The Hamiltonian is

r

Wick
H, =dI'(A) + (Z(z®j, Q,z®f)> . e=

j=2

]

1

N

with (A, D(A)) self-adjoint and 0;=0%eL( J Z). It is associated with the mean field Hamiltonian,
J J

h(z,2) = (z, A2 + ) 0;(2),

j=2

and the flow (F;);cr in the phase space Z.

Proposition 4.4. Let Z be endowed with an orthonormal basis (ej)jen+ and let the family (E;)jen+ be as in
Definition 4.3. Once 0, (0) is fixed 0 (t) is defined by 0x(t) = e~ £ He g, (0l ¢ e

(1) For k e N* and (vy,...,v) € [0, l]kﬁxed such that lezl ve = 1, assume that N, equals the integer part [vyN]
for £ €{l,...,k}. Then the family of states (0¢(t))e=1/n given by 0.(0) = EWNGNO| V(2| admits a unique
Wigner measure,

1

1
pe = F)apto = (F)s (8357, % o x 855, ).
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The reduced density matrices yg(p ) (t) converge in L VP 2) to

v (6) = f 227227 | d o ), (64)
Z

by setting z; = F,z.
(2) Let & = (Aj)jen+ € 21([0, +00)) be such that Z _1Aj = 1. Then the family of states (0¢(t))e=1/Nn given by
= (L.E)N|2)(82| satisfies the same properties as above, with

1
=¥X8 _ .
o /X:1 e,

Proof. Actually it suffices to identify the measure (o and to check the assumptions of Theorem 1.1 at time ¢ = 0.
(1) It is a simple application of Lemma 4.2 with the decomposition,
[(2)~ I(Cen) ® -+~ ® I5((Cex-1)) ® I((Cer - @ Cex—1)7).

BNey (

In this decomposition EV1--~N)| ) (2] is nothing but a tensor product of Hermite states. |e e?N“ | and the result

is a simple tensorization of the result for Hermite states with ¢ = Vz'
(2) The state 0.(0) = (A.E)N|£2)(£2| belongs to El(\/]V Z). It is therefore localized in the ball with radius 1.
According to Proposition 2.15, its Wigner measures are completely determined if we know the limits of,

Tr[ 0. (0)b"*],

for all the b € 52;(2)- Due to Pythagorean summation, the measure (o = Xc;o:1 (Si})\_e is supported in the ball of
- jei

radius 1. The estimates,

I Te[0e 0) (b — &) "] = | Tr[0e @) x N) (b — ') "

<Cpy |b - b/|7>m,

x|

and

‘/(b(z) —b'(2)) dpo(z)
zZ

= ‘ / (b(2) — ') x*(1z1*) dpo(2)
zZ
<Cpy |b - b/|73p,q’

with the first one deduced from the number estimate (10) in Proposition 2.3, hold for all b,b’ € 7?°° (2),
p,q € N, as soon as x € Cgo([O, +00)) is chosen such that x = 1 on [0, 1]. Hence it suffices to prove
limgﬁoTr[Qg(O)bW"Ck] = fzb(z) duo(z) for a total set of P2 (Z). With the compact kernel condition, any

alg
b e L2\’ Z,\/?Z) can be approximated by a linear combination of rank one operators of the form

VY ) (eV A = | L Siyi1e® 1 e®P|Sigy, 1B = p, Iy | = . With

(0. e)e 7)™ < 0" @ fa@)]” and 000 = 3 s rfeVeleVe]

la|=N

we can compute directly:
- !
Tr[0:(0)((z®4, e®7 )(e®P, 2®P)) ka] = Z i{k“(a(e)yev“, a(e)PeVe).
oy
Actually

a(e)PeVe = { 8P;¥_}!e\/a’ ifa=a'+8,

0 else,
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with a similar identity for y yields:

R R 1

ol
lo/|=N—p
=385,6? N(N —1)...(N — p+ DA%,

With ¢ = 1/N and (p, q) fixed, we obtain:

Tr[@e 0) (<Z®q, €®y>(6’®ﬂ, Z®p>) ka] = Sﬁ,ykﬁ

— f<z®q’ e®y><e®ﬁ, Z®p>dMO(Z)- 0
zZ

We conclude with two remarks:

e The tensorized Hermite state E N1+ Ne--) |2 (2| with Ny = [A¢N] and 2311 Aj =1 can be studied and behaves
asymptotically like (A.E)N [£2)(£2].

When those tensor states are not Hermite states, the reduced density matrices satisfy no closed equation and all
the hierarchy has to be considered. In the example leading to (56) for Hermite states the general equation for

yél)(t) writes,

(1)]

iatyél)(x, y)= [— (x,y)

+/ V(x —x/)yo )(x’, x,x, y) — yéz) (x/,x,x/, y)V(y — x’) dx’,
]Rd

and the equation for y, ( ) involves 7/0(3) and so on. The propagation of Wigner measures gathers all the asymp-

totic information in thls case. Geometrically it is interesting to notice that if the initial Wigner measure is
1 1

85 x 85 , with A A =1, it is supported by a 2-dimensional torus. After the action of the continu-

Vel Ve 1+ A2 1YY Yy

ous flow, the support of wu; remains topologically a 2-dimensional torus but in general deformed in the infinite
dimensional phase space with no exact finite dimensional reduction.

4.4. Condition (PI) for Gibbs states

For o (¢) € £!(Z), which is a non-negative strict contraction:

a(e)=Y_oi(e)|ei(®))e; 0<oi(e) <1, Y oi(e) <+oo,

i=1 i=1

where (e;j(g))ien+ is a Hilbert basis of Z, the operator I'(c(¢)) belongs to LY(H). Tt equals I'(o(¢g)) =

Yol 0 Sn(0(8))®"S, and the tensor decomposition gives:

re@) =g <*

i=1

Hence we can consider the quasi-free state:

1

=— 7T .
%= Tr@en @)
It is more convenient to write
v; (€) .
i(8) = ———— th v; e [0, ,
i (e) i) + e with v; (¢) € [0, +00)
and the condition ) ;2 0;(¢) < 400 is equivalent to ijl v; (&) < +o0.
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Lemma 4.5. For o () = Y70, &) _1¢,(e))(ei (¢)| € L(2), the quasi-free state 0, =

i=1 V(e)te F(G (e)) satisfies,

F(G(S))

VkeN, sup TI‘[QSNk] < 400,
£e(0,8)

if and only if there exists C > 0 such that ) ;2 | vi(¢) < C. In such a case, the quantity Tr{0:N¥], k € N, is equivalent to

k! Z v(e)®

lor|=k

as ¢ — 0, with the usual multi-index convention, v(g)* = 1—[;:0:1 vy (&)%.

Proof. Consider for x € [—c, c], ¢ > 0, the quantity:

e, —t—
Trfoe (1 +6x)" ] e ﬁ—l
r[o ex)e | = ,
¢ 172, ”1(58)‘*8 i 1 —v;(e)x

When Tr[QgNk] is uniformly bounded w.r.t. € € (0, &), for all k € N it is a C*° function around x = 0, with

05 Troe(1+ 6x) ¢ ]|,_y = Tr[0eN(N =) - (N = (k — D)¢)]
~Tr[:N*] ase— 0.

But the first derivative is nothing but,

Ox Tr[gg(l + ex)

Z vi (e),

which says that the uniform bound Y2, v;(¢) < C is a necessary condition.
Reciprocally when Zloil v; (¢) < C, then the function ]_[f’i 1 =v; (e)x)~! is analytic with respect to x in a disc
of radius R¢ and equals,

Hl—vj(s)x =1_[<Zv,(s)fxf>
i=1 i=1

which yields the result. O

Z [ > v(s)“}

k=0 lo|=k

A Gibbs state is a quasi-free state with o (¢) = e¢L(®) where L(¢) is a strictly positive operator assumed here with
a discrete spectrum:

o0
Le)=) ti@le)eil. Li(e) < Llipi(e), (65)
i=1
where the basis (e;) jen+ is assumed independent of ¢ € (0, €) for the sake of simplicity. There is a simple translation
of the assumptions of Theorem 1.1, the non-obvious one being the condition (PI) hidden in the assumption (2).

oge . _ F(e—sL(s))
Proposition 4.6. The Gibbs state o, = T oL

if and only if:

with L(g) given in (65) satisfies the assumptions of Theorem 1.1,

e For all i € N* the limit limg— o £; (¢) = €; (0) exists in (0, +00].
e [f J € N* U {00} denotes the largest element in N* U {00} such that £;(0) < +o0 for all i < J, the two conditions
are verified:

J

1
Z O +00, (66)

i=1
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and
ce—cti(e)

le»r(l), (1 —e—cti@) — 0. (67)
i>J

Proof. First of all, writing o(g) = e ¢L® allows to apply Lemma 4.5 with v;(e) = % From
e~eli® > 1 — gf;(¢) we deduce:
e—¢ti(e)
Lie)
Hence the uniform boundedness of Tr[QgNk ] for k € N, which is equivalent to Zfil v; (¢) < C implies:
Lj(e) =« >0. (68)

vi(e) 2

inf
jeN*,e€(0,¢)
We now use the assumption that the family (0¢)s¢(0,7) admits a unique Wigner measure (o. As a quasi-free state, g, is
given by its characteristic function (see for example [15] and [7] for the e-dependent version),

_g 14e—€L(©)
Tt[o:W(f)] =e * Voiteme ),

But the Wigner measure is characterized by its characteristic function,

G(&) = / eTHTSED () = lim Trfo. W (V2r6)]
e—
Z
By taking & = ¢;, i € N*, this implies that the limit,

—eli(e)
—eli(e)
9

_srrz Ite
2

1—e

lim e
e—0

exists in R. With the constraint (68) there are two possibilities: either lim,_,.o£; (¢) = £;(0) € [«, +00) and G(¢;) =
7.[2

e %O orlim,_¢;(e) =400 and G(e;) = 1. After recalling that the £;(g) are ordered and by introducing the index
J like in our statement, we get for & = Z,Oi 16iei € Z:

5

GE)=e ™ Zin T

The measure wq has to be the Gaussian measure:

! T4:(0) > >
no = X[—ln e 1Okl L(dZi)}, 2= e
i=1 =
Our assumptions imply that the integral [ |z|? d o (z) equals:
J

> f 2P dpo2) = lim TrigoN]
i=1
After Lemma 4.5 we know that
J —eli(e)

ce
w = ghm Z vi(e) = hm Z et

which enforces the two conditions (66) and (67).
Conversely assume that all the conditions are satisfied. Reconsidering the final argument in the proof of Lemma 4.5
says that the function,
o

[T (=)™,

i=J+1
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converges to 1 in a given neighborhood of x = 0. Hence

—eli(e) \¢«
. k1 1 \ ge — —a
lim Tr[o.N] = limkt - 37 (71_6_8&(8)) ke o™,
loe|=k, lo|=k,
;=0 for i>J ;=0 for i>J

which is easily checked to be equal to f =z 1z|* duo(z). O

In the Bose—Einstein condensation of the free Bose gas in dimension 3, considered in [7], the first eigenvalue is
tuned so that £1(0) € (0, +00) and all the other eigenvalues are such that ¢; (0) = 4o00. The condition which fails and
gives rise to a physical example of dimensional defect of compactness is (67).

4.5. The Hartree—von Neumann limit

Let oo be a non-negative trace class operator on L?(R?) satisfying Tr[gg] = 1 and let:
Q®N:Q®®Q
Consider the time-dependent von Neumann equation for a system of N particles

idon () =[Hy,on®)],

69
on(0) =02, ©

with gn (¢) is a trace class operator on L2RH®N ~ [2(RINY). Here Hy is the Hamiltonian of the N particles system,

N
1
HN221®"'®A®”'®1+NZV(XI'—xj),

i=1 i<j

with A is a self-adjoint operator and V € L>®(R?) real-valued satisfying V (x) = V (—x). As will appear in the proof,
more general interactions could be considered in the spirit of Theorem 1.1, but we prefer to stick to the usual presen-
tation for an example.

The next result concerns the limit of the von Neumann dynamics (69) in the mean field regime N — oo already
studied in [10,9]. We shall see that although the particles are not assumed to be bosons, our bosonic mean field result
apply to this case due to the symmetry of the tensorized initial state Q(?N .

Proposition 4.7. Let (o (¢)) denote the solution to (69), and consider the trace class operator a}f ) (1) € LY (L2 (RK))
defined by relation:

VB e L(L2(R')), Tr[o (1) B] = Tr[on (1)(B ® I 2ginv-n))]-
Then the convergence,

lim oy’ =o()®, 70
NI—IPOOUN o(t) (70)

holds in LY(L2(R9)) for all t € R and when o(t) solves the Hartree—von Neumann equation:

{iate(r) =[A+ (Vxno0). 0], 1)
0(0) = co,

withng(x,t) :=0(x; x, ).
Proof. The proof will be done in three steps: Bosonization, Liouvillian and mean field limit.

Bosonization. The phase space that we will consider is not the one particle space L2(R%) but,

2= 2(L2(R)),
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the space of Hilbert—Schmidt operators on L2(R¢). It is endowed with the inner product,
(w1, 02) z =Trp2[wfw],

where Tr;2[.] here denotes the trace on L*(R%) and a)’f is the adjoint of w;.
The cyclicity of the trace leads to,

Tr2y0n [oN (D) (B @ 112 gav—) ] = (¥ (1), (B ® I12gav-10)) ¥ (1)) zeon (72)

with Wy (1) = e N /g ®N eiHy
The important point is that at time t = 0, Y5 (0) = /00 N , is a Hermite state in \/N Z and that the evolution
preserves this symmetry so that

N
vieR Wy e\l Z. wy0) = 20®".

With any bounded operator B : L?(R%) — L?(R9¥), the action by left (resp. right) multiplication is defined by:

k k
Lp (resp. RB):\/ Z— \/ Z,
0® > Sk (Ba)®k) (resp. Sk (a)®kB)),
where Sy is the orthogonal projection from ®k Z onto \/k Z. Since (w®) ez is a total family in \/k Z this de-

fines a bounded operator Lp € E(\/k Z), (resp. Rp € E(\/k Z)) such that L% = Lp« (resp. R% = Rp+). When

B(X1,...,Xk, Y1,..., ) is the Schwartz kernel of B € L(L?(R%)), Ly (resp. Rp) is the left (resp. right) multi-
plication by the operator with kernel:

1
0 Z B(Xs(1)s s Xa ), Yo(1)s -+ s Yo(k))-

Toe6y
Hence the trace (72) equals:
Trp2yn [on()(B® ILz(Rdw—k)))] =(Un (1), L[3®1®<N—k)]‘1/N(l))\/N z-
With an operator B € L(L2(R*Y)), we can now associate a symbol:
bp(@) = (0%, Lgo®), i 5 =Trgae] (@) Bo®™] e P ().
Since L[B®I®(ka>] is nothing but L g Vv I\/N—k = we get (with e = %),

(N —k)!

Tr(L2)®N [QN (t)(B ® ILZ(Rd(Nik)))] = W

(e @), by *wy (t))vN -

Liouvillian. Let us now determine the appropriate Hamiltonian H, of this problem which is actually a Liouvillian.
The map,
Rat+— e_”Aa)e”A,
defines a continuous unitary group on Z with a self-adjoint generator,
L Z— Z,
o [A,w].

The interaction is a bounded self-adjoint operator Q : \/2 Z— \/2 Z given by Q = %(LV — Ry) € Ll(\/2 Z) and we
associate the symbol Q(w) = (0®2, Qw®2). For any » € Z the kernel of Qw®? € \/? Z is given by:
~ 1 1
(Qw®?)(x1, y1: 22, y2) = EV(M —x)(x1, y)w(x2, y2) — EV(Yl = y)o(x, yw(xz, y2).
After introducing the Hamiltonian:

Hy =dI(£4) + @WK,
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acting as a self-adjoint operator on I'y(Z), we get for & € \/N ZNDIr(La)),
¢ 'H,0 =[Hy,®] withe=1/N.
This implies:

. . Y N
lI/N(t) — e—ltHN (\/Q_())®NCHHN :e_lEHg (\/Q_O)®N e \/ z.

Mean field limit. The initial data o.(0) = |./00 N Y (/20 N | is a Hermite state which fulfills the assumptions of
Theorem 1.1, with

= S\S/L)—O.
The classical energy associated with the Hamiltonian H; is,
iuw>=<w,£mmz—%%@@%(Lv——me@%Z,
and the mean field flow F; is nothing but the one given by:
idw=dph(®) =[A, 0]+ (V*nl)o —o(V *nk),

where V x njy are multiplication operators and n}v(x) = fRd |ow(x, y)|2d)_), ni)(y) = fRd lw(x, y)|>dx when w(x, y)
denotes the kernel of w. Beside the invariance |F;(»)|z = |o|z and F, (e " w) = ¢ IF, (w), the flow F, also satisfies:

F, (%) = Fy()*. (73)

Thus previous equation becomes equivalent to the Hartree—von Neumann equation (71) with o(¢) = w(1)? when
w(0) = ,/0o. Theorem 1.1 says:

Vb € Pri(2), N]i_r)nooTrvNZ[|'IIN(1)><LI/N(I)‘bMCk] = / b(wl)Sf/l?O =b(vo®).
zZ

In particular when B € E(LZ(R‘”‘)), this implies:
Jim Tr[on ()(B ® I12gawv-—y) ] = Tt 2gar) [0()* B].

This proves the weak convergence in (70), but since it is concerned with non-negative trace class operator and

Tr[al(\f ) MHl=1= Tr[g(t)®k] the convergence holds in the Ll-norm. O

We end with three remarks:

e When g is a pure state, the result of Proposition 4.7 is the same as (56).

e When g is not a pure state Section 4.3 has already shown that one has to be very careful with tensor products.
Actually o®V € £! (®N Z) commutes with the symmetrization projection Sy (or the antisymmetrization Ay for
fermions) but the corresponding states in ! (\/N Z) (resp. L1( /\N Z)) are

SNQ®N8N (resp. ANQ®N.AN).

But as shows the formula Tr[ I (0)] = HAEJ(Q) I]TA (resp. Tr[I,(0)] = era(g)(l + A)), the trace of SNQ®NSN

(resp. Ayo®" Ay) converges to 0 as N — oo. We leave for subsequent works, the question whether normalizing
these states would lead to the same asymptotics as in Proposition 4.7.

e We recall that a tensorization based on the tensor decomposition of Fock spaces in Section 4.3 led to the evolution
of Wigner measures which cannot be translated in terms of Hartree—von Neumann equations.
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