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with v : (t,x) € Rt x R! = R! and f, g € C?(R;R).

Travelling waves : u(t,x) = U(x — ot), o0 € R.
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Shocks Composites

u

L

X

F(ur)—f(ur
U(x) e {u,ur}, o= % Possibly periodic.
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Travelling waves : u(t,x) = U(x —ot), o0 € R.
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U(x) € {un, u}, o = F)=fl)

u—u, Possibly periodic.
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Some litterature
State of the art.
@ Periodic setting [Fan&Hale '93, Lyberopoulos '94, Sinestrari '95&'97]
o Constant near infinity [Sinstrari '96][Mascia&Sinestrari '97]
@ Riemann initial data [Sinestrari '97][Mascia '98 & '00]
@ Monotone initial data [Mascia '98]

Result: Convergence in L>°(R) into a succession of traveling waves.
Tool: generalized characteristics of Dafermos, comparison principles.

Our result.

®

Initial data in a neighborhood of traveling waves.

®

Distinguish “stable” equilibria with sharp decay rate.
o Stronger topology: W*>(R), k > 1.
@ Use spectral analysis, resolvent estimates and semigroup theory.

in the spirit of
(among many others) for viscous conservation laws.
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Some litterature

State of the art.

@ Periodic setting [Fan&Hale '93, Lyberopoulos '94, Sinestrari '95&'97]

o Constant near infinity [Sinstrari '96][Mascia&Sinestrari '97]

@ Riemann initial data [Sinestrari '97]|[Mascia '98 & '00]

@ Monotone initial data [Mascia '98]
Result: Convergence in L>°(R) into a succession of traveling waves.
Tool: generalized characteristics of Dafermos, comparison principles.
Our result.

o Initial data in a neighborhood of traveling waves.

@ Distinguish “stable” equilibria with sharp decay rate.

@ Stronger topology: W5>(R), k > 1.

@ Use spectral analysis, resolvent estimates and semigroup theory.

in the spirit of [Kapitula&Promislow'13][Johnson,Noble,Rodrigues&Zumbrun'14]
(among many others) for viscous conservation laws.
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Conservation laws vs Balance laws

o Conservation laws Ot + udxu = 0.

t
Generation of shocks for any smooth
and decaying initial data.
uT >x

Algebraic decay at best.

X

o Balance laws Oru + udyu = —u.

t
l)// No shock provided dyu(t=0,-) > —1.
uT >x

Exponential decay.

X
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Some more litterature

Other works.

[Hanouzet&Natalini '03][Yong '04][Ruggeri&Serre '04]
[Bianchini,Hanouzet& Natalini '07][Kawashima&Yong '04&.'09]
[Xu&Kawashima '14] (and many others, e.g. [Bianchini&Natalini])

Result: Global existence of classical solutions (and asymptotic stability) of
constant states for partially dissipative multi-dimensional systems.
Tool: modified energy method, Shizuta-Kawashima condition, null forms...

Our hope.

@ Maybe provide sharper result (loss of decay or regularity)?
o Offer “black-box" results starting from spectral considerations.

@ Deal with more general asymptotic states, and in particular shocks.
See [Yang&Zumbrun '19] for inviscid shallow water system with inclination.
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Some more litterature

Other works.

[Hanouzet&Natalini '03][Yong '04]|[Ruggeri&Serre '04]
[Bianchini,Hanouzet& Natalini '07][Kawashima&Yong '04&.'09]
[Xu&Kawashima '14] (and many others, e.g. [Bianchini&Natalini])

Result: Global existence of classical solutions (and asymptotic stability) of
constant states for partially dissipative multi-dimensional systems.
Tool: modified energy method, Shizuta-Kawashima condition, null forms...

Our hope.

@ Maybe provide sharper result (loss of decay or regularity)?
o Offer “black-box" results starting from spectral considerations.

@ Deal with more general asymptotic states, and in particular shocks.
See [Yang&Zumbrun '19] for inviscid shallow water system with inclination.

But let’s go back to the unidimensional scalar case...
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Asymptotic stability of constant states

Oeu + O (F(u) = g(u) (*)
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Main result

Asymptotic stability of constants
Let f,g € C3(R;R), u, € R such that

g(u) =0, g'(u)<0.
For any Cp > 1, there exists ¢ > 0 such that for any vy € BUCY(R) with
o[ i <€

the classical solution to (x) and u(t = 0) = u, + v is global in time and
satisfies for any t > 0,

o= il < [0l Coo® @, ([0 < (12000 Coe¥ ).

Rmk: if f”(u,) # 0, we may assume only

Vol e + || (sgn(F” () xv0)— || ;o < €.

This covers initial discontinuities generating rarefaction waves.
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Sketch of the proof (1/2)
Denoting u = u, + v, the solution satisfies
Oev + (U 4 v)Oxv — g'(u)v = guy + v) — g(uy) — &' (u)v.
Hence we study the linear operator

Lap ™ —a()0 + b

with a € BUCY(R), a(x) > 0and b € R.  ~ solve 0v = L, pv. We have
L, p is closed, densely defined on BUC®(R) with domain BUC}(R).

b+ iR € Spec(L, ).
If () > b, then

B . b= Z\/(y)
A—Lop) tv = / el @92 0Y 0y,
( b) Jooo a(y)
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Sketch of th'ehproof (1/2)
Denoting u = u, + v, the solution satisfies
Orv + ' (uy + v)Oxv — g'(u)v = g(ux + v) — g(uy) — g’ (us)v.
Hence we study the linear operator

La,b déf —a(‘)ax + b

with a € BUCY(R), a(x) >0and b€ R.  ~ solve 9;v = L, pv. We have
o L, is closed, densely defined on BUC?(R) with domain BUC!(R).

e b+ iR € Spec(L,p).
o If R(\) > b, then

- . = zV(Y)
AL 1v:/ ey @Yy
( ) oo a(y)
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Sketch of the proof (1/2)

Lap ™ —a()ox + b

with a € BUCY(R), a(x) >0and b€ R.  ~ solve d;v = L, pv. We have

o L, is closed, densely defined on BUC®(R) with domain BUCL(R).
o If R(X\) > b, then

o ez vly)
()\ Lab) V—/_ooe ) a(y)dy.

In particular,
_ 1
[N = Lap) 7| o < WHVHLM

and if R(\) > b —inf(a’) and v € WL(R), then
1
— -1 <
La,b) VHLoo = RO\ — b+ inf(a/)HaXvHLoo

19x(A

(Hille_Yogida) —s La b generates a CO semi- group Sa b



Introduction Constants Shocks Fronts Composites
0000 ooe 000 000 o]

Sketch of the proof (2/2)

Denoting u = u, + v, the solution satisfies
Orv + Uy + v)Oyv — g'(us)v = gux + v) — g(uy) — g’ (ue)v.

Hence we study the linear operator L, def —a(-)0x + b with
a€ BUCYHR), a(x) >0and b€ R. ~ solve Oyv = L, pv.

, . L. generates a CO semi-group S, p
(Hille-Yosida) = catistying [[Sso(t)v]| < [[v] e @M.

There remains to
© ‘“unfreeze time": consider a € CO(R*, BUC(R)) N CH(R™T, L>(R)) and

def . - -
Ua_b(s. t) = lim Sa(t,’].~).b(()t) ce Sa(tg;).b(()t)

n—oo

t—s

with 6t = ==, t] = s+ kit . ~ solve Orv + adxv — bv = 0.

n
“ . " lef '
@ “go nonlinear: let U, = Uf(u, +v),g'(u,) @nd use Duhamel’s formula
t

v(t,) =U,(0,t)vo + '/0. Uy (s, t)(g(ux + v) — g(ue) — g'(u)v) (s, )ds.
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Sketch of the proof (2/2)

Denoting u = u, + v, the solution satisfies

Orv + (U + v)Oxv — g'(uy)v = g(us + v) — g(us) — g'(uy)v.

Composites

Hence we study the linear operator L, p def —a(-)0x + b with
a € BUC!(R), a(x) >0and b€ R.  ~ solve O;v = L, pv.

) ) L, generates a CO semi-group Sab
(Hille-Yosida) satisfying ||Sab(t)v|| < HvHe(b_i"f(a/))t.
There remains to
@ “unfreeze time™: consider a € CO(R*, BUC}(R)) N C}(R*, L>*(R)) and
def .
Ua7b(5, t) = n||—>n;o Sa(t{,’,-),b((st) s Sa(t&,)’b((st)

with t = =2 ¢ = s+ kdt [Pazy '83]. ~ solve d;v + adyv — bv = 0.

n

13 - ", d f ’
@ “go nonlinear™ let U, = Uf(u,+v),g'(u,) @and use Duhamel’s formula

v(t,) =U,(0,t)vo + /0 U,(s, t)(g(u* +v)—glu) — g’(u*)v) (s,-)ds.
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Asymptotic stability of shocks
Oru + Ox(f(u)) = g(u) (%)

uy if x<0
u(t = 0,x) ~ U(x) = { sy gl =glu) =0,
r
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Main result
Orbital asymptotic stability of strictly entropic shocks
Let f,g € C3(R;R), uj, u, € R such that
glu) =g(u)=0, g'(u)g'(u)<0.
For any Cp > 1, there exist ¢, C > 0 such that for any vy € BUCY(R*) with

HVOHWLOO(R*) =&

there exist ¢ € C?(R*), v € BUCH(RT x R*) with u(t =0,-) = U+ v
and u(t,-) = U(- +¥(t)) + v(t, - + ¥(t)) is a weak solution to (%), and

HVHLOQ(R:N:) < HVOHLOO Ri)coewitv HaXVHLOo (RE) = Ha VOHLOO(R:E)COe *
|9'(t) — f(uL/,,iZEUW = CHVOHLoo(R*)eM

with w_ € g/(u), wy < g'(ur), w € max{g’(u), g'(ur)}.
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Sketch of the proof

@ Extend the initial data: ~» uj + vo (), ur + vo ()
u u
A A

Composites
o]

>x
@ Use previous result ~ v(t,-), v.(t,-), exponentially decaying.
@ Set 1) through Rankine-Hugoniot: ¢(0) = 0 and
f(u+vi)—f(ur+v)
'(t) = t,(t
W) = JE = )
@ Define

U(t X): U/—I-V/(t./X) ifX<1/J(1.’),
’ ur+ v (t,x) if x > ().
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~ Comments on the proof

vi(t,-) and v,(t,-) are not uniquely de-
fined, but u(t,-) is unique as soon as

f'(u) < o< f(u).

If the shock is strictly entropic (Oleinik
condition), then u is the unique en-
tropy solution by [Kruzkov '70].

The same strategy allows to consider
perturbations with small shocks.

10/ 15
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Asymptotic stability of fronts
Oru + Ox(f(u)) = g(u) (%)

u(t=0,x)~ U(x),  (F(U)-o)U =g(U)
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Classification of fronts
(f'(U) —o)U' = g(U)

9(y 9(y
Lﬂ\/‘ug ug\/‘u_,, U u\/u2 U3 (N U
up A
ug U
uil i
15| ug"
T R
>y , X
o € R irrelevant. o= f'(u)
9(y a(y
”\/7-’2 M4 u L\/Q LM4 u
US u \
ugl ug
uil U3/
kn uit
X X

o ¢ f'([u1, wa]) o= f'(us)
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Main result
Asymptotic stability of (some) fronts

Let f,g € C2(R;R), uj, uy, u, € R consecutive zeros of g such that

g'(u),8'(ur) <0, () >0, (u)#0,f(w) & F([u, ul\{u.}).

Denote U : R — (uy, u,) the (strictly monotonic) solution to
(FU) = Fu))U =g(U) and U|_, = u.

There exists H H ~ H leoo such that for any (o > 1 and
w € (max(g'(v), g'(u,),—g'(uy)),0), there exists € > 0 and C > 0 such
that for any vo € BUCY(R) with

<,

HVOHWLOO(]R)
the classical solution to (x) and u(t = 0) = U + v is global in time and

Ve>0, |u—U(-— f(u)t—o)|, < |[|wol|, Coe*
where g € R with |¢g| < CHVOHLOO'
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Sketch of the proof

Linearizing around u(t,x) = U(x — ot) yields the linear operator

o U// U
LS —adc oy, axfI(U) =)= gEJ’)

Using weights, we can focus on the behavior

@ as x — 00 Lin = a0y + ﬁi, Q-+ 75 0, ﬁi = limy_ 400 (a%,/)(x)

f++iR C Sp(L:I:oo) . B ng/(ul)-/ B+ ng/(ur)

@ at x = x, such that a(x,) =0 : L, = x(,.0x + ), ax = 3 (x).

{0,0é*, 206*, o } - Sp(L*) = _g/(u*)'



Fronts

Sketch of the proof

Linearizing around u(t,x) = U(x — ot) yields the linear operator

de U// U
L, a0, + o amfU) -~ f(u) = ggj,)

Let a € X! = {v € BUCYR) : a(x.) =0, a'(x.) # 0}. For any
w € L1(R), there exists wi, wy such that for any A € C such that

/!
R\ > inf <a’ + a(w — Z,)) . Waws

one has (A — L) : X2 — X! is invertible and
_ 1
|(A = La)7Hv]|, < m“‘/“*

with [[v], < max ([|wa (v = Grv) | s [92 V] 1) = V]|
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Sketch of the proof
Linearizing around u(t,x) = U(x — ot) yields the linear operator
de U// U
L, —aOX—&—aﬁ, ar f'(U)— f'(u) = gEj’)

Let a € X! = {v € BUCYR) : a(x.) =0, a'(x.) # 0}. For any
w € LY(R), there exists wi, w» such that for any A € C such that

i
RN > inf <a’ +a(w — lLJj,)> def., Wa,ws

one has (A — L,) : X? — X! is invertible and

_ 1
IO = L) ], < wo) o VI

For any w > max(g’(u/), g’ (u,), —g'(uy)), there exists € > 0 such that if
£/ (U) — f'(u) — aHWLOO < ¢, there exists w € L}(R) such that w,,, = w.
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Asymptotic stability of composite waves

Oeu+ O (F(u) = g(u) (*)
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Instability mechanisms

If limy— 00 U = u, with g(u,) = 0 and
g'(ux) > 0, then U is linearly and non-
linearly unstable.

)\

if BE > 0at x. € R, then U is
linearly and nonlinearly unstable. -

Y
X



Conclusion

We studied the stability of piecewise regular traveling waves solutions to
Oru+ 0y (f(u)) = g(u). (%)

e Constants: asymptotically stable if g’(u,) < 0, linearly and nonlinearly
unstable if g’(u,) > 0.

@ (entropic) shocks: asymptotically stable if g’(v/) < 0, g'(u,) <0,
linearly and nonlinearly unstable if g’(u;) > 0 or g’(u,) > 0.

e Fronts: generically, only fronts connecting stable equilibria through a
sonic point (g(ux) = 0, g’(ux) > 0) are stable.

@ Composites: the only stable traveling waves with an entropic
discontinuity are piecewise-constant shocks or satisfy le (L]) < 0.



Conclusion
We studied the stability of piecewise regular traveling waves solutions to

Oru+ Ok (f(u)) = g(u). (%)

e Constants: asymptotically stable if g’(u.) < 0, linearly and nonlinearly
unstable if g’(uy) > 0.

@ (entropic) shocks: asymptotically stable if g’(u) < 0,g'(u,) <0,
linearly and nonlinearly unstable if g’(u;) > 0 or g’(u,) > 0.

@ Fronts: generically, only fronts connecting stable equilibria through a
sonic point (g(ux) =0, g’(ux) > 0) are stable.

@ Composites: the only stable traveling waves with an entroamc

discontinuity are piecewise-constant shocks or satisfy [g[(JU) < 0.

Thank you for your attention !



A few words on the multidimensional setting

Oeu+ V- (£(u)) = g(u). ()
with u: (t,x) € RT x RY — R and f € C?(R;RY), g € C?(R;R).
o Stability of constants
Lap=—a-V+b, b=g'(u), a=f'(u,+v).
If RA > b, then
(A= Lap)1v) () = [ el CXED=D97y(X (5, x)) ds
where X(0; x) = x and 9:X(s; x) = a(X(s; x)).
(to compare with (A — Ly ) M) (x) = [* el @ dz" dy when d = 1)

@ Stability of plane Riemann shocks
The extension-gluing procedure is available, with the position of the
discontinuity, {x = 1(t,y), y € R?71} being determined by

Dup(t, )+ (D) (e (e, ) V() = (L) (e (e, ).
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