Scattering and Localization Properties
of Highly Oscillatory Potentials

V. DUCHENE

Columbia University

I. VUKICEVIC

Columbia University
AND
M. I. WEINSTEIN

Columbia University

Abstract

We investigate scattering, localization, and dispersive time decay properties for
the one-dimensional Schrodinger equation with a rapidly oscillating and spa-
tially localized potential g¢ = ¢q(x,x/€), where ¢g(x, y) is periodic and mean
zero with respect to y. Such potentials model a microstructured medium. Ho-
mogenization theory fails to capture the correct low-energy (k small) behav-
ior of scattering quantities, e.g., the transmission coefficient 7€ (k) as € tends
to zero. We derive an effective potential well U:ff(x) = —eerff(x) such that
t9¢ (k) — 1% (k) is small, uniformly for k € R as well as in any bounded subset
of a suitable complex strip. Within such a bounded subset, the scaled limit of the
transmission coefficient has a universal form, depending on a single parameter,
which is computable from the effective potential. A consequence is that if e,
the scale of oscillation of the microstructure potential, is sufficiently small, then
there is a pole of the transmission coefficient (and hence of the resolvent) in the
upper half-plane on the imaginary axis at a distance of order €2 from 0. It fol-
lows that the Schrodinger operator Hy, = —3)26 + ge(x) has an L? bound state
with negative energy situated a distance ¢ (¢*) from the edge of the continuous
spectrum. Finally, we use this detailed information to prove the local energy time
decay estimate:

[(1+ |- ) Be " Hae poyrglpoo <

2 \—1
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where P denotes the projection onto the continuous spectral part of Hg, .
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1 Introduction

We investigate scattering and localization phenomena for the one-dimensional
Schrodinger equation, i, = (—d2 + V(x))¥, where V denotes a real-valued,
rapidly oscillating, and spatially localized potential. This equation governs the be-
havior of a quantum particle or, in the paraxial approximation of electromagnetics,
waves in a medium with strong and rapidly varying inhomogeneities. We find in-
teresting and subtle low-energy behavior and study its consequences for scattering,
localization, and dispersive time decay.

The scattering problem for the Schrédinger equation

(1.1 (Hy —k*u =0, Hy =-02+V(x),

is the question of the scattered field in response to an incoming plane wave e?5*:
ikx |4 —ikx

(12) u(xk) = eV +.2 (k)e , X —> —00,
t¥ (k)et™*, X — +o0.
tYV (k) and rY (k) are called reflection and transmission coefficients for the po-
tential V'; see Section [2| Considered as a function of a complex variable k, the
transmission coefficient ¢V (k) is meromorphic in the upper half k-plane, having
possibly simple poles located on the positive imaginary axis. If ip, p > 0, is a pole
of tV, then E = —p? is a discrete eigenvalue of Hy of multiplicity 1.

In this paper, we are interested in the case where V(x) is spatially localized and
highly oscillatory. A class of potentials to which our results apply are potentials of
the form:

(1.3) Ve(x) = qav(x) +q(x,x/€), €< 1.

Here ¢,,(x) denotes a spatially localized background average potential and g (x, y)
a potential that is spatially localized on the slow scale x and periodic and mean zero
on the fast scale y:

1
(1.4) g(x,y +1)=¢q(x,y) and fo q(x,y)dy = 0.
Thus,
(1.5) q(x.y) = qj(x)e*™ .
Jj#0

More generally, our theory admits potentials that are aperiodic. For example, we
allow for real-valued potentials:

(1.6) q(x.y) = qj(x)e? Y,
Jj#0
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where {1 };ez7\(0} s a sequence of nonzero distinct frequencies for which there is
a constant 8 > 0 such that

(1.7) nf A —Agl>60>0, inf |A|>6>o0.
ot 1A = A jeamt gy 1A

That ¢ is real-valued is imposed by

(1.8) qj (%) = q-j(x), A-j=—=A;, j €Z\{0}.
We ask the following:

What are the characteristics of solutions to the scattering prob-

lem (I.1)—(1.2) in the limit as € tends to 0?

For fixed k # 0, this is the regime where averaging or homogenization theory
applies; the leading-order behavior in € is governed by the average of V¢ over its
fast variations. To simplify the present motivating discussion we consider the case
where V¢ is periodic on the fast scale with vanishing mean, satisfying (I.4)). Then,
for any fixed k # 0, as € — 0, we have

tYetk)y > t°%%k) =1, r" k) > r’k) = 0;

see [6], which contains very detailed asymptotic expansions of ¢V (k) for a general

class of V, admitting singularities. Very generally, as k tends to infinity, t¥ (k) —
1; the large-k transmission behavior of V¢ (x) and its average ¢,y (x) agree.

However, the low-energy, k &~ 0, comparison between the scattering behavior
for gay(x) = 0 and Ve (x) is far more subtle. First of all, the potential V(x) = 0
has nongeneric low-energy behavior! Indeed, for generic localized potentials V/,
limy_,o t" (k) = 0; see the discussion of and references to genericity in Section
Thus we expect (and our analysis implies for small and nonzero €) that t V< (k) — 0
as k — 0; see Corollary 3.4}

It follows that the convergence of tVe(k) as € tends to 0 to the homogenized
transmission coefficient t9 (k) = t°(k) = 1 is nonuniform in a neighborhood
of k = 0. Figure displays plots of "< (k) for several successively smaller
values of €. Underlying this nonuniformity is a subtle behavior of tV< (k) in the
complex plane and an interesting localization phenomenon, which we now explain.

To fix ideas, stick with the case gay(x) = 0 and thus Hy, = Hy_, with g¢(x) =
q(x,x/€). We comment below on the case where ¢,, is nonzero. We clarify the
nature of low-energy scattering by proving that there is an effective potential well

(1.9) Ogr(x) = —€Aeqr(x)
such that
(1.10) 19 (k) —t%r(k) — 0 as e — O uniformly in k € R;

see Theorem[d.1] Corollary [4.4] and Theorem [3.3] proved by a “normal form” type
analysis in Section @ Here Acg(x) is a positive and localized function defined in
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FIGURE 1.1. Plots of (a) potentials V¢(x) and (b) the corresponding
effective potential o5(x). Transmission coefficients (c) tYe(k) and
(d) l“fff(k). Plots (e) and (f) show convergence of scaled transmis-
sion coefficients "< (¢2k) and % (e2k) to the transmission coefficent
P () = k/(k — ’5 J Aesr) associated with the Dirac delta potential
well of mass f Aegr. The cross markers in plots (e) and (f) correspond to

values of ¢Pira ().
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terms of the Fourier expansion of the two-scale potential g (x, y):

1 lg; (0)|?
(1.11) Aeﬁ(x)_(zn)zé e

For the periodic case, g(x,y +1) = q(x,y),A; = j, j # 0, and A is given by

1 lg; ()2 .
(1.12) Aeﬁ(x)z(zn)zj; sz :(—8y2q(x,y)»‘1(x,y))Lz(Syl).

This particular choice of effective potential well is anticipated by a formal two-
scale homogenization expansion. An example of a mean-zero potential Ve(x) =
qge(x) = q(x,x/e) and the associated effective potential is displayed in Fig-
ures and [I.1{[B). A clue to the source of nonuniformity in k is offered by
a result of Simon [14], applied to o &, which implies that for € small, the operator
Hge has a single negative eigenvalue:

4 2
(1.13) E% = —%(/ Aeff) + O(€%).
R

Since the eigenvalues of Hy are associated with poles of ¢V (k) located on the
positive imaginary axis (Section , the eigenvalue E % is associated with a pole at

2
(1.14) k% (e) = 1%(/ Aeff) + O(e%).
R

The estimates of Theorem [3.3|and Corollary comparing 1%¢ (k) to 1% (k), in a
complex neighborhood of k& = 0 for small € enable us to conclude, via Rouché’s
theorem, that #2¢ (k) has a pole k%< (¢) ~ k%(e). It follows that H,,_ has a bound
state, w7 (x), with energy

4 2
(1.15) Efe = —%(/ Aeff) + O(€°).

R

Moreover, uZ% (x) = (e VIE*lIxly as | x| - oo (Corollary . Furthermore,
by Corollary [3.6] there is a universal scaled limit depending on a single parameter,

Jr At

p .
tqé(ezk) — t*(/{;[Aeff) = ———— ase —> Oforx # %[Aeff.
R

i
K— 5 Aff
e e J
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Note that 1 * (K; f]R{ Aeff) is the transmission coefficient for the Schrodinger opera-
tor with a Dirac distribution potential well of total mass fR Aetr > 0:

t= ([ Aot x50,
R

Figures[I.1|(e) and [T.T|{f), as well as Figure[I.2] illustrate this behavior.
A further consequence concerns the large-time dispersive character of solutions
to the time-dependent Schrodinger equation:

(1.16) 199 = =039 +q(x,x/)Y,  ¥(0,x) = Yo

We have the following time decay estimate (Theorem [5.1)) for sufficiently localized
initial conditions v in the continuous spectral part of H,_,i.e., uk® L2 Yo:

(117 A+ |xP) Hyx, 1) <

T A /(1 Py,

Therefore the effect of the oscillatory perturbation on the rate of dispersion is only
seen on the time scale ¢ > €.

The above results follow from the nongeneric low-energy behavior of the aver-
age potential V' = 0. Thus we ask:

Are there nontrivial potentials V(x) = qu(x) with low-energy
behavior analogous to V. = 0 such that Ve = ¢ay(X) + ge(x)
exhibits similar behavior?

The answer is yes! Such examples need to exhibit the behavior
[t9 (k)| — [t9~(0)] #0 ask — 0.

How such nongeneric behavior arises is discussed in Section 3.2] The class of
reflectionless potentials, for which one has |t(k)| = 1 for all k € R, is a large
family of such examples. Our main Theorem [3.3] holds for general ¢,, and shows
that the low-energy behavior is determined by the effective potential:

Gav(x) + O—eeff(x) = Gav(x) — €2Aeff(x)-

Thus, if g,y is a reflectionless potential, then 195+ (k) has a pole ka0 (€) sit-
uated on the positive imaginary axis and of size ¢(¢?). An application of Rouché’s
theorem yields that 19+ 9¢ (k) has a pole near k4219 (¢) and a bound state

Edwtde (€) ~ Eqav+0§f(€) — [kqav-l—afff(e)]z <0

(see Corollary[3.§).
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1.1 Outline of the Paper

In Section 2] we review the prerequisite one-dimensional scattering theory. Sec-
tion 3] contains statements of our main results and is structured as follows:

(1) Detailed hypotheses on the class of potentials Ve (x) = gav(x) +q(x, x/€)
are given in Hypotheses (V) at the beginning of Section 3]

(2) We consider the case where ¢,y is generic and the case where ¢,y is non-
generic. As indicated above, the nongeneric case, i.e., ¢,y = 0, is of great-
est interest and we emphasize this case.

(3) For nongeneric ¢,y, Theorem [3.3]and Corollary [3.5] give precise estimates
on the difference t9vv+4e (k) — 99 (k) for k in a complex neighborhood
of 0, and € — 0.

(4) For g,y = 0, Corollary [3.6 gives a universal form of the scaled limit of
t9vF4e (e2k) as € — 0. This limit depends on a single parameter, given by
the integral of the effective potential.

(5) For g,y = 0, Corollary states the potential g,y + ¢g¢ has a bound state
with negative energy ~ ¢'(¢*) near the edge of the continuous spectrum.

(6) In Section we present nontrivial (nonidentically zero) potentials gy,
which are nongeneric, for which the above results for g,, = 0 also apply.
We work out the details for “one-soliton” potentials

Gav,p(x) = —2p sech®(p(x — xp)),

for which Hg,, , has exactly one negative eigenvalue at Eo(p) = —p? and
continuous spectrum extending from O to positive infinity. In this example,
our result shows that Hy,,  +4. has an eigenvalue of order & (e*), which
bifurcates from the edge of the continuous spectrum. Specifically,

4 2
€
(1.18) Edwtde o _T( / tanh®(y) Aeff(y)dy) ;
R

compare with (T.T3). A second eigenvalue is &(e?) distant from Eo(p).
(7) In Section[3.3|we deal with the relatively simple case of highly oscillatory
perturbations of a generic potential g,y .

In Sectiond] we combine our precise analysis for bounded k with the relatively
simple analysis when &k € R is bounded away from 0 and obtain control on the
difference ¢9¢ (k) — 1% (k), uniformly for k¥ € R. In Section |5|our results on the
high- and low-energy behavior of ¢9¢ (k) are used to prove the local energy time
decay estimate (I.17), Theorem [5.1] The proof of Theorem[3.3]and the emergence
of the effective potential 05;(x) are presented in Section @ . Appendix [A| contains
detailed estimates on Jost solutions for general localized potentials in an appropri-
ate domain in the complex plane. Appendix [B|presents a discussion of the potential

Gav(x) + Ufff(x) = Gav(x) — 62Aeff(x)-
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1.2 Remarks on Related Work

(1) Detailed and rigorous asymptotic expansions of 9=%4¢ (k) were derived
in [6] by a method developed in [8]]. In this work, singular potentials were
also admitted. Potentials with singularities and, e.g., jump discontinuities
and Dirac delta singularities give rise to interface effects that require the
inclusion of interface correctors not captured by standard bulk homoge-
nization theory in the expansions. For generic potentials these expansions
hold for any fixed k € Rand ¢ | 0.

(2) As discussed, our results are related to those of Simon [14] on shallow-
depth potentials with negative or zero average. Our results can be viewed
as a generalization to a larger class of perturbations, admitting high-con-
trast and rapidly oscillatory potentials, i.e., potentials that converge only
weakly to their mean.

(3) We conjecture, motivated by [[14], that in dimension 2 there is a discrete
eigenvalue which is exponentially small in €, and that in dimension 3 there
exists no bound state for € sufficiently small.

(4) E. Schrodinger meets P. Kapitza: There is an interesting connection be-
tween our results and a phenomenon in mechanics known as the Kapitza
pendulum. Very generally, this refers to the stabilization of an unsta-
ble equilibrium of a dynamical system through time-dependent parametric
forcing, i.e., the stabilization of the classical inverted pendulum [9, [10].

1.3 Notation, Norms, and Function Spaces

Various norms are introduced in the analysis of the transmission coefficient, Jost
solutions, etc. These norms involve spatial weights of the potential that are alge-
braic when we analyze scattering properties for k € R, and exponential when we
consider these properties for k € C. Our convention throughout is that spaces
with algebraic spatial weights are denoted with calligraphic uppercase letters, e.g.,
Wyk’p , and spaces with exponential spatial weights are denoted with ordinary up-
percase roman letters, e.g., W; P The parameters y and B define the spatial

weight.
We denote by .,2”),1 (R) the space of measurable functions g such that

‘g{z)} = / lg(O)[(1 + |x])Y dx < oo.
R

The space of functions g whose derivatives up to order n are in .,2”1,1 is denoted
Wyn’l and the associated norm is

n
‘g%”" =2 |alg|$y"
I1=0
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For a fixed B > 0, we denote by Lgo the space of measurable functions g defined
on R such that

1glLee = lePllglroe = esssupyep #Flg(x)] < oo,

W; ’> denotes the space of the functions g defined on R whose derivatives up to
order n are in L%" with associated norm

n
_ 1
glwpoe = Y [0'glog.
=0

For a function V' of the form
V(x.y) = qa(¥) + ¢(x.3) = ga(x) + D g (x) 7Y,
JE€Z\{0}
we introduce the following norms:

exponentially weighted: |V | = |qav|Wﬁl,oo + Z |qJ~|W§.oo,
J€Z\{0}
algebraically weighted: || V || = ‘CIav|W21.1 + Z ‘qj|%3,1.
J€Z\{0}
2 Review of One-Dimensional Scattering Theory

In this section we briefly review some of the basics of scattering theory for the
one-dimensional Schrédinger equation,

d2
(2.1 ——— + V(x) = k% Ju(x;k) =0
dx?
for localized potentials V' (x), assumed to satisfy
Ve R) ={V:(+|x])*V(x) e L'"(R)}.

In particular, in Sectionn we discuss the Jost solutions fj‘:/ (x; k) and the reflec-
tion and transmission coefficients, respectively, rI (k) and ¢V (k). An extensive
discussion can be found in [, (11} [12]. Section [2.2] explains what is meant by a
generic potential. Finally, in Section [2.3] we introduce some important tools en-
abling us to compare the transmission coefficients of two different potentials. This
is based on the Volterra integral equation for the Jost solution for a potential V',
viewed as a perturbation of a second potential W.

2.1 The Jost Solutions, and Reflection and Transmission Coefficients
For k € R, introduce f f (x; k), the unique solutions of (2.1)) with

(2.2) fjl:/(x;k) ~ KX a5 x > too.

Observe from the asymptotics as x — oo that we have

V1Y k), £ =) = 2ik,
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where #[h1, h3] denotes the Wronskian of functions /7 (x) and /5 (x):
(2.3) Why, ha) = hy(x)h5(x) — ha(x)h](x).

Therefore, for k € R\ {0}, the set { fl/ (x:k), ff (x; —k)} is alinearly independent
set of solutions of (2.1).
The transmission coefficients II (k) and the reflection coefficients rI (k) are

defined via the algebraic relations among the Jost solutions f’ I (x:k):

V N = r_llf(k) V . V .
24) JE ik = G J2 b+ s S 0560,
Y (k
(2.5) £V (xsk) = % Y k) + % 1Y (k).

One can check that V/[fl/, Y = =2ik[tY ()7 = —2ik[t4‘f (k)]~!, and there-
fore we write

2ik

2.6 vV, V= -,
with 1V (k) = ¥ (k) = IK (k). Furthermore, one has

2.7) V@) + LR =1, keR.

The Jost solutions, ff, and scattering coefficients, tV and rI, can be analyt-
ically extended into the upper half complex k-plane. Note that if kq is a pole of
tV (k), with J(kq) > 0, then W[ff, FY1(k1) = 0. In this case, ff(x;kl) and
7Y (x; k1) are proportional and therefore decay exponentially as x — =oo. Thus,
k? is an L2-eigenvalue of Hy .

If the potential V' (x) is exponentially decaying as x tends to infinity, then the Jost
solutions can be analytically extended into the lower half complex k-plane. More
precisely, if V € L;}o (see Section , then ff(x;k) are defined for J(k) >
—f/2 as the unique solutions of the Volterra integral equations:

% sin(k(y — x))

VOV skody,

IV (k) = etk +/
(2.8) Y
i sin(k(y — x))
7Y ity = emibr [ SEEE D) £ iy,
—00

Detailed bounds on f- :E (x; k) and their derivatives are presented in Appendix

Finally, note the following consequences of V' (x) being real-valued, the unique-
ness of the Jost solutions as defined above, and (2.4)—(2.5):

29 fle—k)y=flk), V() =tVk), Lk =rlk).

In particular, f iV (x:0),£7(0), rj:/ (0) are real.
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2.2 Generic and Nongeneric Potentials

Using the decay hypotheses of potential V' € L;O and the method of [3, p. 145],

one can check that the transmission and reflection coefficients are well-defined
by 2.4)-(2.5) for |J(k)| < B/2 and satisfy the following important relations,

which follow from (2.6) and (2.8):
1 1
—— =1-——1"(k);
tV (k) 2ik *)
thus

v rl, Ytk = —2ik + 17 (k)
where IV (k) = f_oooo V(y)e_ikyff (v; k)dy. Equivalently, one has
2ik 2ik
w7 k) 2ik—1V (k)
Recall that if V(x) = 0, then ¢V (k) = 1. Moreover, if

(2.11) 1oy=»[rr. Vo = /_ V() fY (y:0)dy # 0,

then by continuity of ¢ (k) and (2.10), one has
(2.12) 1V (0) = lim ¢tV (k) = 0.
k—0

(2.10) Y (k) =—

The case where (2.11)) and therefore (2.12)) holds is typical. Indeed, it has been
shown in appendix 2 of [13] that for a dense subset of .Z}!, one has I'" (0) # 0;
see also [5, [11]. Thus we say that and hold generically in the space
of potentials.

DEFINITION 2.1 (Generic Potentials). We say that a potential V' is generic if one
has ¢V (0) = 0. Equivalently, V is generic if and only if

k —17(0)
0 k — 0.
TS — 57 # ask —

Note that in the nongeneric case, where #/[ f. l/ . £Y1(0) = 0, we have that Jost
solutions fiV(x;k) satisfy ff(x;O) ~ 1 as x — 400 and are multiples of one
another. Thus, nongenericity is equivalent to the existence of a globally bounded
solution of the Schrodinger equation at zero energy. Such states are sometimes
referred to as zero energy resonances. The simplest example is V' = 0 where
fj(t’(x;k) = eTkx 3nd fj(:’(x;O) = 1.

2.3 Relations Between f° I and f IV for General V and W

Our approach is based on associating with Ve(x) = gav(x) + ge(x) a more
accurate (than ¢,y) minimal model or normal form, Ve eft(X) = qay(x) + 05;(x), of
the asymptotic scattering properties for k bounded and € — 0. An important tool
will then be to compare the Jost solutions associated with the potential, V = V&,
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with those of some family of potentials, W = ¢,, + o, parametrized by o, which
is to be determined. This section develops the necessary tools for this comparison.

In the Volterra equation (2.8) we write f. iV (x; k) as a perturbation of the states
e*k* which lie in the kernel of —32 — k2. In the following proposition, we
generalize this formula by viewing fj‘:/ (x; k) as a perturbation of the Jost solutions

ff (x; k) for the problem
d? )

PROPOSITION 2.2. Let V, W € Lzo and let ff fiW denote the associated Jost
solutions. Then for |3(k)| < B/2, one has

FL k) = ar VWL (k) + B V. WY (x: k),
JY (k) = a [V, W] £ (k) + B[V, W1 £ (x: k),
withas [V, W]|(x; k) and B[V, W](x; k) defined by

2.13)

00 _W VW |4
ar[V, W] =1 —|—/x fW([fr/,fiV]}i_ dy,
(2.14) w )
0 vV -Ww
potvwi=- f;([ﬁv’f%* ay.
L E P —wy Y
e Y S L
(2.15) Wy
B-[V.W]=1+ o U

Equivalently, one has the Volterra equation
S k) = [ (k)
N /w 1 @R Y (k) = 1Y k) £ (k)
X

vV —w) Y (y:k)dy,
U] ( )L (v k)dy

(2.16)
I k) = ¥ (xik0)
- /x S kY (i) — £ k) 1 (k)
—oo AV

A very useful consequence is the following:

v —=w) £Y (y:k)dy.

COROLLARY 2.3. Let V,W € L‘Zf and let ff ij:V denote their respective asso-
ciated Jost solutions. Then for |3(k)| < B/2, one has

2.17) VY. k) =.alv.wiyw [ £ . (7).
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where [V, W](x; k) is constant in x and given by
MV W](k) = ay [V.W](x: k)B-[V, W](x: k)
— o[V, W](x:k)B+[V. W](x: k).
By [2:6) and by taking the limit as x — —oo of 2.14) and 2:13) in 2.18), one

has

(2.18)

kK k TV Wl(k)
Vi) k) o 2i

with IV (k) = /_ Y i)V —wy) £ (i k)dy.

Remark 2.4. Relation (2.19) applied for V = V and a judicious choice of W
provides the point of departure for the proofs of our main results.

(2.19)

PROOF OF COROLLARY 2.3l Equation (2.17) follows from substituting the ex-
pressions (2.13)) into the definition of #/| ff, £Y] and using that a4 [V, W] and
B+[V, W] satisty the identity (ai)’f_kv + (B+) ¥ = 0; see (2.21) below.

To prove (2.19), we begin by making use of relation (2.6). One has

k ave f_V](k).

V) 2i

We next relate 7| f_,‘_/, Yo [f _ZV . /7] by substituting the expressions (Z.13)
into the definition of #/[ /). f'] and using 2-14) and (2.13) to obtain

ko AR
m = —'//[V, W]()C,k) 2

. 0 . .
Now, since V, W € L, the estimates of Lemmayleld

lim B[V, W](x) < oo, lim oa_[V,W](x) =0,
X—>—00 X—>—00

xli}floo B[V, W](x) = 1.

Therefore,
ANV W](k) = 1im o [V, W](x).

Therefore, one deduces from Proposition [2.2] that

ko ko ok 1V 71(k)

TE) " ) <im, o+ VW = G (1 7RG ,f_W](k))
ok 1V-W(k)
Wk 2

where 11V-W1(k) is given in (Z.19). The proof of Corollary [2.3is complete. O
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PROOF OF PROPOSITION[2.2l The integral equation governing a Jost solution
for the potential V' may be written relative to the potential W as follows. Start with
the equation foruy = f f written in the form

2

(2.20) (Hw —k*>)u = (—d—2 + W - kz)u = (W =V)u.
dx

Treating the right-hand side of (2.20) as an inhomogeneous term, we now derive
equivalent integral equations for the Jost solutions. Thus, we seek solutions v
of (2.20) such that u 4 (x; k) ~ ff(x; k), x — £o0, of the form

u(x. k) = a(x, k) £V (k) + B k) £V (x. k)
withe £V + 8 7 =o0.
We obtain u’ = oszZV, + BV = a’fJZV, + B Y + (W —k?)u, and
eventually the following system for (o', f'):

o f LB Y =0,

(221) o —iI-/V, + ,B/f—W/ — _(—3)% + W — kz)u = (V - W)M

Solving for ’ and B’ we have

YWV = W)l k)
VLY. (k)
;e () — W) (x. k)
B VI k) '

The expressions for ¢4 and B4 in (2.14) and (2.15) follow by integrating and
imposing the asymptotic behavior of u4 ~ f f as x — =Foo. In particular, one

has_ ff(x;k) ~ ff’(x;k) ~ etk* when x — oo and fY (x:k) ~ W (x:k) ~
e7*kX when x — —oo. This completes the proof of Proposition g

’

p

3 Convergence of t9¢< (k) for k € C and Bifurcation of Eigenvalues
from the Edge of the Continuous Spectrum

In this section we state our main results for the Schrodinger equation (I.I)) with
potential of the form

3.D Ve(x) = V(x,x/e).

Recall the exponentially weighted norms |g|yyz.co introduced in Section
The potential V(x, y) is assumed to satisfy the following precise hypotheses:
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Hypotheses (V)
V(x, y) is real-valued and of the form

B2 V() =qu() + g y) = qu(x) + Y g (x) 2T,

J#0
There exist positive constants 0 > 0 and > 0 such that the sequence of nonzero
(distinct) frequencies {1} } jez\ (o} satisfies

3.3) inf [A; —Ag| =6 >0, inf |A;|>6>0,
( it sy !
and the coefficients {q;j(x)} ez satisfy the decay and regularity assumptions
(3.4) V1= ] + > 4 |30 < 0.
JE€Z\{0}

Remark 3.1. If V satisfies Hypotheses (V) and 0; is defined in (T.9) and (L.T1),
then Ve € L;;o, Gay + 05 € Wﬂl’oo and 0&; € W;’Oo, and there exists C(| V' |),
independent of €, such that

|VE|L%° EC(I VI)? |an+U§ff|W/31>°° EC(IV'),

2
|U:ff|WgsO° <eC(V]).

Our approach is to study the Jost solutions f V¢ (x; k) and scattering coefficients
tVe k), rf (k) for € sufficiently small, € € [0, €¢), and for k in a complex neigh-
borhood of 0. More precisely, we assume the following:

Hypotheses (K)
We assume that the wave number k varies in K, a compact subset of C such that

o K Clk, |S(h)| <a}, withO <o < B/2, and B is as in Hypotheses (V);
e K does not contain any pole of the transmission coefficient t9= (k).

It follows that 9= (k) is bounded, uniformly for k € K, and we define
(3.5) Mg = max (1, sup |19 (k)|) < oo.
keK

Moreover, if K C R, then Mg = 1; see (2.7).

Remark 3.2. We can relax the spatial decay assumptions of Hypotheses (V) if we
restrict Hypotheses (K) to the upper half-plane J(k) > 0. Our methods apply and
only require sufficient algebraic decay of V(x). Results of this kind for k € R are
presented in Section 4]

We now state our main theorem and its important consequences.

THEOREM 3.3 (Convergence of the Transmission Coefficient). Assume V¢(x) =
V(x, x/€) satisfies Hypotheses (V) and k € K satisfies Hypotheses (K). Then there
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exists €9 > 0 such that for all |€| < €g, t9519< (k), the transmission coefficient of
the scattering problem (1.1)—(1.2)) with

Ve(x) = qav(X) + ge(X) = gav(x) + q(x,x/€)
is uniformly approximated by the transmission coefficient t4+%s (k) for
Veir(X) = qav(x) + o),
where 05;(x) denotes the effective potential well,

2
(3.6) 05 (x) = —€2 Aegr(x) = _(;T)Z 3

JE€Z\{0}

g (x)]?
A2

Specifically, we have the estimate

k k
3.7 — <
( ) ]Slelg I‘Qav‘l‘(f;:f(k) {9avt4e (k) ' -

ESMgC(| V| . sup |k|),
kekK

with C(| V' | ) a constant, independent of €.

The proof of Theorem [3.3]is given in Section [6} we first present its conse-
quences. A simple outcome of (3.7) and the genericity of g,y + 0 for € suffi-
ciently small (which holds for g,, generic and nongeneric; see Corollary is
the following:

COROLLARY 3.4. Assume Ve = qu + qe satisfies Hypotheses (V). We allow q,y
to be either generic or nongeneric in the sense of Definition Then there exists
€9 > 0 such that for any 0 < € < €q, Ve is generic.

Theorem [3.3] holds for both generic and nongeneric potentials ¢a,. In the fol-
lowing section we explore consequences for the nongeneric potential, g,y (x) = 0,
ie., Ve(x) = q(x,x/€), with fol q(x,y)dy = 0. In particular, we explain the
nonuniformity and localization phenomena discussed in the Introduction. Results
for nontrivial ¢,y (x) are developed in Sections [3.2] and

3.1 Results for Mean-Zero Oscillatory Potentials: ¢g,y(x) = 0

The following corollary, comparing 19¢ (k) and ¢ % (k), is a consequence of The-
orem[3.3land Lemma

COROLLARY 3.5. Let oy = 0 5o that Ve(x) = qe(x) = q(x,x/€). Let K denote
the compact set of Hypotheses (K). There exists €9 > 0 such that if

- 2 o0
(3.8) ‘k—if Ait

>Ce", 1<3, keK, 0<e<e,
2 J-

I'Note that in the nongeneric case, the condition .[R Aeit (V) (f9= (;0))2 dy # 0 is always satis-
fied. Indeed, f9=(-;0) € R by (2.9) and is nonzero almost everywhere on the support of Aeg.
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then one has for 0 < € < €,

1% (k) .
3.9 —1=0 D).
(3.9 1= oE
If in addition to (3.8), the following condition holds:
i€2 [e’e)
(3.10) ‘k——/ Aegi| = Clk|, ke K, 0<e<ep,
2 )
then one has for 0 < € < €
¢ k
|t%n (k) —t9<(k)| = O(*™) and |t7(k)— — = 0(37°).
k=15 [Zo0 Aetr
In particular, if k = €2k, with #K* = —% f Aesr, then for 0 < € < €,
() — 10| = o — L) = o).
Ik — Kk*|?
3.11) .
19 (e®k) — ————| = O(e).
k= lf ffooo Actt
PROOF. Corollary [B.2]of Appendix [B] gives
(3.12) P € 7 Aus(y) dy + (Y 0
. =k—— "), €—0,
1% (k) 2 [ T
uniformly for k € K. By Theorem 3.3] one has
i€2 00 3
(3.13) 12 (k) =k— > . Aegt(y)dy + O(€”), uniformly for k € K.

Expansions (3.12)) and (3.13) imply straightforwardly (3:9)—(3-11). O

A direct consequence of Corollary and the expansion of 1% implied by
Lemma [B.T]is the following result showing a universal scaled limit of #%¢, depend-
ing on the single parameter f]R Aefr.

COROLLARY 3.6 (Scaled Limit of t9¢). Let k = €k, with k # ’5 Jr Acir. Then
one has

(3.14) 19¢ (e?k) — t*(K; / Aeff) = X seso0
R

K= 5 Jg Aeit

Here, t*(k;m) is the transmission coefficient associated with the Schridinger op-
erator with attractive §-function potential well of total mass m > 0:

H_ 5 = —0% —m3(X).
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As observed in Section [2] the poles of the transmission coefficient in the upper
half k-plane, which must lie on the imaginary axis, correspond to the L? point
eigenvalues. From our estimates on the transmission coefficient #%¢ (k), we fur-
ther deduce the existence of a discrete eigenvalue near the edge of the continuous
spectrum.

COROLLARY 3.7 (Edge Bifurcation of Point Spectrum from the Continuum). If e
is sufficiently small, then the transmission coefficient t4¢ (k) has a pole in the upper

half-plane at

2

ke=i— ([ Aeff) +0(), e—0,
R

and therefore Hg,_ has the simple eigenpair

4 2
Ele = k2 = _% (/ Aeff) 1 O(), €0,
R

upae(x) = O(e VIE“IF) x> 1.

PROOF OF COROLLARY [3.7} Let us recall Rouché’s theorem: Let f and g de-
note analytic functions defined on an open set A C C. Let y denote a simple loop
within A that is homotopic to a point. If |g(k) — f(k)| < | f(k)| for all k € y, then
f and g have the same number of roots inside y.

Now let
i€2 [ele]
fk)y=k — > Aesr(y)dy,
—00
k k
k)= ———, k)= ——,
g1(k) o) g2(k) 12 ()

andy = {k : |k — % [ Aeii] = Ce3} C K. These functions are analytic in k;
see [5]] and our previous discussion. Theorem [3.3]and Corollary [B.2]imply, respec-
tively,

g2(k) = f(k) + O(e®) and  gi1(k) = f(k) + O(e*).

Therefore, there exist constants agx and bg such that for k € y:

|f(k) —g1(k)| < axe®, | f(k) = ga(k)| <bge’, and |f(k)| = Ce.

Taking € sufficiently small and choosing C sufficiently large, Rouché’s theorem
implies that both g; and g, have unique roots, poles of 1% and t9¢, in the set
{k: k- ’% [Ae] < C €3}. By self-adjointness, these poles lie on the positive
imaginary axis. Corollary [3.7|now follows. O
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3.2 Nongeneric and Nonzero ¢,y; Example of an Oscillatory Perturbation
of a Reflectionless Potential

As seen above, for the case where ¢,, = 0 the transmission coefficient #9¢ (k)
does not converge to °(k) = 1 uniformly in a neighborhood of k = 0, and the
obstruction to uniform convergence is the approach, as € — 0, of a pole of t9¢ (k)
toward k = 0. Such nonuniform convergence will occur whenever 9~ (0) # 0.
By and (2.11), we can have 19+ (0) # 0if and only if #/[ f*, f9~](0) = 0,
the case where ¢g,, is nongeneric; see Section

One may construct nongeneric potentials as follows: Let v(x) denote a potential
well, v(x) < 0, say a square well, having one eigenstate and which is generic, i.e.,
W[ fL. 121(0) # 0 and therefore £¥(0) = 0. Consider the one-parameter family
of Schrodinger operators defined as 7(g) = —92 + gv(x), g > 1. As g increases,
new eigenvalues of /1, appear as g traverses discrete values g1 < g2 < ---. These
eigenvalues appear via the crossing of a pole of 87 (k) in the lower half k-plane,
for g < gu, into the upper half-plane for g > gn. For g equal to one of these
transition values g 5, one has 18V (0) # 0. Thus g v(x) is a nongeneric potential.
Our analysis gives, for g,y taken to be any such nongeneric potential, a precise
description of the motion of the pole of 9= T4¢ as it approaches k = 0 for € small.

The following corollary, the analogue of Corollaries [3.5] and [3.6] follows as in
the case ¢,y = 0 from Theorem [3.3|and Lemma[B.1]

COROLLARY 3.8 (Oscillatory Perturbation of a Reflectionless Potential).

Let Ve(x) = qav + qe(x) = qav + q(x, x/€) satisfy Hypotheses (V), let g,y be
reflectionless, and finally let k € K satisfy Hypotheses (K). Assume in addition
that the following condition holds:

k ie2 [ .
(3.15) e /_ £ (k) A () £ (y: k)dy| >

tav (k) 2

C min(lk|,€%), <3,
then one has for € sufficiently small
(3.16) |40 () — 19 He (k)| = (e37F).

In particular, k = €2k satisfies (3.15), and therefore by Lemma there is a
universal scaled limit of 1914 (e%k),

tQav"f“Ie (€2K) — i tqav(O)K
K — 5199(0) fp f9(:0) At (y) S (v: 0)dy
dav
G.17) - j O ase — 0,

k= 5(1+7r2(0)) [g(f9(y:0))? Aer(y)dy
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provided k # k* = %t‘]i‘v 0) Jg S2(y; 0)Aetr(¥) f (ys O)dy. The last equality
in follows from (2.4).

The transmission coefficient 19t (k) has a pole in the upper half-plane at
kqav_l_gesﬁ, the solution of the implicit equation

2 o0
GI8) k=i k) /_ £ (1) At () 4 (i K)dy + O(*).

It follows that Hy, 1 o< has an eigenvalue at E O = (kqav+o§ff(€))2 < 0. Finally,

Lemma and an application of Rouché’s theorem imply that t9~149< (k) has a
pole near k%% (&) on the positive imaginary axis, and a bound state

Edwvtde (€) ~ Eqav+0:ff(€) — [kqav+ae€ff(€)]2 <0

We now consider this result in the context of a particular family of potentials.
Consider the family of operators (g) = —32 — g sech?(x). Let gy = N(N + 1),
N = 0,1,2,.... Forgy < g < gn+1, the operator i(g) has precisely N
bound states. At the transition values, #(gx) has a zero energy resonance and
th(gN)(O) = 0. The family of potentials for the values gy, N = 0,1,2,..., are
called reflectionless potentials since |t(k)] = 1 and r4(k) = 0, k € R; see [1].
These potentials are well-known for their role as soliton solutions of the Korteweg—
de Vries equation.

Consider the case of the one-soliton potential, corresponding to N = 1. Here,

Nkx) = —2,02 sech? (p(x —x0)) where xg satisfies C = 2pexp(2pxp).
In this case, the transmission coefficient satisfies
. Vig,. —ikx _ k—ip
Vi) xilm S+ (ke =
As for the Jost solutions, one has (setting xo = 0 for simplicity)
: 2i e
ix: k) = etk (1 — p
Jyik)=e ( k+ipex+e_x)'
Since the V7 is reflectionless, one has by (2.5)
1 1 ; 2ip e ¥
Mi(xsk) =0+ —— V(s —k) = e~k — )
J=1 k) MG (x =) V1 (k) —k +ipe* +e¥

In this case, there exists a pole of #V1 7% (k), and similarly a pole of V114 (k),
located around

2 [ee)
k = z%/ V10 £V (5:0) Aer (1) £ (v: 0)dy + O(e3),

—00

62 [ee)
= z?/ tanh?(y)Aegr(y)dy + O(3), € — 0.
—00

2 Note that «* lies in the positive imaginary axis. Indeed, £9(-;0) € R and r_(0) € R by 29).
and one has r—(0) + 1 > 0, since [r—(0)| < 1; see (2.7).
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Finally, Hy, 44, and Hy, ¢ have a bound state with energy

e 2
E = _T(/ tanhz(y)Aeff(y)dy) + O0(€), €—0.
R

3.3 Results for Generic Potentials ¢,y and Their Highly Oscillatory Pertur-
bations

In this section, we study the case where g,y is a generic potential in the sense of
Section In this case #9~F4< (k) converges uniformly to 9+ (k) in a neighborhood
of k = 0 [6]. More precise information is contained in the following corollary, a
direct consequence of Lemma|B.1} and Theorem 3.3

COROLLARY 3.9. Let Ve(x) = qav(x) + qe(x) = qav(x) + q(x,x/€) satisfy
Hypotheses (V) with q,y generic in the sense of Definition and k € K satisfy
Hypotheses (K). Then for k and € small enough, one has

(3.19) |9 (k)| < Colkl,
(3.20) |19 (k)| < Colk ],
(3.21) |19 (k) — 192+ (k)| < Co€® [k,

with Co = Co(Mk), Mg = max(1, supycg [t9(k)]).
PROOF. In the case of generic potentials g,y, we know from [35] that there exists
a constant ag,, such that
19 (k) = aq, k +o(k) ask — 0.

It follows that for k sufficiently small, there exists a positive constant Cy such
that |k (t9= (k))~!| > Co > 0. Estimate (3.19) follows then straightforwardly from
Lemma [B.T) when ¢ is sufficiently small. Now, applying Theorem [3.3] one has

k k tqav+a§ff(k)tqav+qe (k)

‘tqav'i'o':ff(k) _ IQav+QG (k)} —

l‘qav+(7:ff(k) N t9avtde (k) k
< C063|tqav+qe (k)|
Estimate (3.20) and then (3.21) follow easily. This concludes the proof. O

4 Behavior of the Transmission Coefficient, Uniformly in £ € R

In this section we focus on the properties of ¢9¢(k), which hold uniformly in
k € R. The results presented in Section [2| are valid for k € R, and under the less
stringent condition V' € .,%21 (R) = {V : (1 + |x|)?>V(x) € L'(R)}. Most of these
results can be found in [3]]. Our required bounds on the Jost solutions ff are given
in Lemmal[A ]l

Since k is constrained to the real axis, we find that we can relax the assumption
of exponential decay on the potential Ve = V(x, x/¢).
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Hypotheses (V')
V(x, y) is a real-valued potential of the form

V(x.y) = qay(X) + q(x.y) = qa(x) + Y _ g (x)e>™HY
j#0
such that the sequence of nonzero (distinct) frequencies {A; } jez\ (o0} satisfies (3.3),
and the coefficients {q; (x)}jez\ (0} Satisfy the decay and regularity assumptions

“4.1) Vi = |an|W21,1 + Z |qJ'|W33,1 < Q.

JEZ\{0}
We first investigate the difference between the transmission coefficients 19+ 9 (k)
and 1919 (k), where 05 1s defined as in Theorem The proof of the following
theorem is analogous to that of Theorem [3.3](Section[6). We omit the proof for the
sake of brevity.

THEOREM 4.1 (Transmission Coefficient 1Ve (k) for k € R). Assume Ve(x) =
V(x, x/€) satisfies Hypotheses (V'). Assume k € R, |k| < 1. Then the following
holds:
(1) There exists g > 0 such that for all |€| < €g, t9~149< (k) is uniformly ap-
proximated by the transmission coefficient 9% (k) for Hy, to¢. Here
05(x) denotes the effective potential well defined in (3.6).
Moreover, there is a constant C(|| V || ), independent of € and k, such
that

k
(4.2) sup eCl V.

— <
kGR,|k|§1 IQav+U:ff(k) [‘Lw"‘Qe (k) =
(2) Assume g,y = 0 so that Hy, = —32 + q(x, x/¢€), where y +— q(x, y) has
mean zero. Then, applying (&.2)) and Corollary[B.2} we have
k

k— 1€ [p Aeir + O(e3)

In the following, we are able to control the difference between 9+ 9¢ (k) and
1995 (k) for large real wave number, |k| > 1. This allows, in particular, control
of the difference between 1914 (k) and #9~F%u (k) when the averaged potential
qav = 0, uniformly in k € R.

4.3) 14 (k) =

PROPOSITION 4.2. Let Ve = V(x,x/€) = qay + qe with V satisfying Hypotheses
(V"), and let o€ (x) denote any potential for which

[ 1o o1+ yhay = ¢
Then, for k € R \ {0}, one has
(4.4) |[qav+q€ (k) — tqav+06 (k)! < €2|k|_1C( V1 .Co),
where || V || is defined in (@.1).
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Remark 4.3. We shall apply this proposition to 0€(x) = 0;(x), defined in (3.6),
for which one has Co = O(|| V || ).

PROOF. Recall the identity (2.19)), relating the transmission coefficients of any
potentials V,W € ,,2”21:

ko k I1V:Wl(k)
Vi) k)  2i

with 70°W1(k) = /_ £ G — W) £ (i kody.

4.5)

Since v tqe — (9 t0® = [pdatde _ pdn] 4 [t — 19997 we estimate the two
bracketed terms independently.

We begin by comparing the transmission coefficients for W = ¢g,, and V =
dav + 0€. We have by (@.3)

k k 1

10t (k) pda(k) | 2i

_ _% /_ SR ) sy,

I [Qav +0€ sqav] (k)

(4.6)

Using the estimates of Lemma[A.2] we obtain

oo €
4.7) ‘ / SE (ko () T (yikdy| < €Co.
—00
From (@.6) and we have
(4.8) 09279 (k) — 19 (k)| < €2[k| ™" Cq |19 (k)29 (k).

Using the general relation |t¥ (k)| < 1, for any k € R (see (2.7)), we obtain
|92 (k) — 19 (k)| < €2]k] 1 Co.

We now turn to the comparison of the transmission coefficients of V' = ¢,y + ge
and W = q,y. Proceeding similarly, we have

k B k _ _iI[Qaquav+qe](k)
t9xtde (k) 19 (k) 2i

oo
where 710suael () = [ £ (1K) ge(y) £ (y: k)dy.

—00

4.9)
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Two integrations by parts yield

] 9avsqavt4el (k)

-3 [ 47 ()R TRV f (3 ) F4EE )y
J#0

B Z(Zln)\ ) /_ - 02(q; (0) ST (yik) fIm 9 (ys k) )2 mHr Y€ dy,

Using the estimates of Lemmaand Hypotheses (V’), one sees that the integrand
is bounded. Indeed, one has

2 poo
‘I[qav,qavwe](k)}fz( < )/_ 185 (a7 () S92 (3 k) £ (v3 k) |dy

ize 2
(1+ [y])?
562c<|qav|gl)2[ 024, (0] 2
2 LBl
o (1+yh?
+/_‘y1()}1+|k|d

o0
[ mla ]
—0o0
< Cgalz) D lasly -
J#0
Arguing as in (4.8), we deduce
a0 k) — 92 Ry | < IO DI (o4 h)|
<k~ vin.
This completes the proof of Proposition [4.2] O

The following corollary follows from Theorem {.1|and Proposition 4.2

COROLLARY 4.4. Let Ve = g = q(x,x/€) (¢ = 0) satisfy Hypotheses (V').
Then

(4.10) sup [¢%1 (k) — t9¢ (k)| = O(e), € — 0.
keR
PROOF. The behavior for k small is controlled as in Corollary Condi-

tions (3.8) and (3.10) hold in particular when we restrict to real wave numbers,
k € R. Therefore, one sees from (3.12)) and (3.13) that the difference between



108 V. DUCHENE, 1. VUKICEVIC, AND M. I. WEINSTEIN

t9¢ (k) and 1% (k) is small, uniformly for |k| < 1,k € R:
‘ o€ q } 63

sup [t%i (k) —t9e(k)| = C 55—,

keR €2 + |k|

lkl<1

where C = C(Mg) and Mg = max(1,supgcg [t°(k)[) = 1. The difference is
controlled for |k| > 1 by Proposition 4.2} and Corollary {.4] follows. O

S Detailed Dispersive Time Decay of exp(—iH,_t)V;
Effect of a Pole of t9< (k) near k = 0

In this section we use our detailed results on ¢9¢ (k) to prove time decay esti-
mates of the Schrodinger equation:

(5.1) 10,9 = Hyy = =93y + V(x)y,  ¥(x,0) = o,

for initial conditions o, which are orthogonal to the bound states of Hy, .

LetV € .,2”11. Then it is known that Hy has no singular continuous spectrum, no
positive (embedded) eigenvalues, and its absolutely continuous spectrum is [0, 00);
see, for example, [3]]. In general, Hy may have a finite number of negative eigen-
values that are simple: Ey < --- < Eg < 0. We denote by u; the eigenvector
associated to the eigenvalue £, normalized to have L? norm equal to 1. By the
spectral theorem, the solution of (5.1]) can be decomposed as follows:

N

Yy = e yo =Y e Yo ujuy + Y Py,
j=0

where P, denotes the projection onto the continuous spectral subspace of H.

exp(—itHy) P: o is a scattering state that spatially spreads and temporally
decays: |e~Hv Pcyolpee — 0 ast — oo. In the case V(x) = 0, we have
V(x,t) = exp(itd2)o = K; % Yo, where |K,(x)| < (471)~1/2. 1t follows
immediately that |e_itH0Pcw0|L5go < C|t|_1/2|w0|L1. This |¢]~1/2 decay rate
is associated with the potential V' = 0 being nongeneric. For generic potentials
the decay estimate is more rapid: |e ™V Pcolpe = O(t=3/?); see [, [13].
In [2,[15] the time decay of spatially weighted L2 norms is studied.

Question: What is the precise behavior of the e ~"Hae P vy when
{e is a highly oscillatory potential, g (x) = q(x, x/€)? In partic-
ular, what is the influence of the low-energy bound state induced
by the effective potential well (equivalently, the complex pole of
t9¢ (k) near k = 0) on the dispersive decay properties?

Using the preceding analysis we can prove the following:
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THEOREM 5.1 (Dispersive Decay Estimate for exp(—iHy t)). Let Ve = qe(x) =
q(x, x/€) satisfy Hypotheses (V') with q,, = 0, and Yo € ,,2”31. There exists con-
stants C = C(|| V || ) > 0 and €¢ > 0 such that for 0 < € < €,

1 1
/2 14+ 64(fR Aeff)zt WOL%I

(5.2) |1+ |x]) e e Peyrg)(x,1)| < €

Remark 5.2. We expect that an analogous result holds for Ve = g, (x)+¢(x, x/¢€),
where ¢,y is any nongeneric potential.

Remark 5.3. As a consequence of our proof, a decay estimate like (5.2)) holds in
the case of small potentials: V = AQ, with [ Q # 0 and A sufficiently small:

1 1
PROOF OF THEOREM [3.1l We follow the method of [7, [13]]. In particular, the
starting point of our analysis is the spectral theorem for H: P.¢p = F*F¢,

with .% and .#* the distorted Fourier transform and its adjoint, bounded operators
on L2:

(1 + [x]) "3 (e7"H22 Poyrg) (x, 1) < €

Fp > FI)h) = / ¢ ()T B)dx,
R

ar*x . oo .
F* o (k)W (x; k)dk,
—0o0

and

Consider the representation for the continuous spectral part of ¥ (x, ), ¥ (x,1) =
Poyr(x,t):
Ve(t, x) = e Hac Py = 74T Ty
1

ZEO

léz(k)ffs(x;k), k>0,

2

e TR 19 () |2 F (x: k) dk,
with

o0 S — J—
F(x;k) = / [ S k) £ (i k) + fI9(xs k) f9< (v k) [wo(y)dy.
—00

This representation makes explicit the role of 4¢(k) in the time evolution.

We next decompose Y. (x, ) into its high- and low-frequency components, re-

spectively, i.e., components near and far away from the edge of the continuous
spectrum, respectively. Introduce the smooth cutoff function y defined by

0 for |k| > 2ko,

k) =
1 (k) {1 for |k| < ko.
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Here we set ko = 1+ || V|| , motivated by the high-frequency analysis of [13].
Using x(k), we decompose into high- and low-energy components Ypigh and Yiow:

Vel(t, x) = Yiow(x, 1) + 1r”high(X,l‘)

o0
— —ik?t).qc 2 . %
(5.3) —/0 xe |t9< (k)| F(x’k)zn

b . dk
+ / (1= e |14 (k) 2 F (k) .
0 27'[

Vhigh can be estimated without regard to whether V' is generic. We refer to propo-
sition 3 of [[7]] and theorem 3.1 of [[13] for the following estimate:

(14 XD ™ Wnignlzge = [ (1 4 [x) ™ e ™ Hoe (1 — y(H)) Pepo| oo
< Clt| 2|yl ;.

where C depends on |g¢|; ! and is bounded, independently of €.

To estimate the low-energy component oy, we make use of estimates on the
Jost solutions f,(x: k) and use the precise behavior of 79¢ (k) obtained in Corol-
lary We first obtain ¢(¢~'/2) decay, uniformly for €. In a second step, we
obtain the precise behavior in the statement of Theorem|[5.1]for € small.

Let us decompose oy into contributions from frequencies in the ranges
k k
Ofkf—o and —0§k§2ko.
t t

In terms of the cutoff function y, we have
1 [ iy
Vi = 5 [ 0G0 G xR
1 [ .
i /0 (1 = 1 (k) x(kye ™59 o) F (s K dk

(5.5) =y x.t) + v D (x. 1),

A straightforward estimate of Wl(oi\?v gives

(5.6) Wf(i)(x | = 1 /21‘0/‘”“(1 (k)[>F (x; k)dk < ko | sup | F(x, k)|

. 9 J— ~ € ; _— T 1 /A u 9 .
low 2 0 g [1/2 keﬁ

@ii)

To estimate ¥, ",

we integrate by parts:

i -1 [ - _

Viw (0.1) = 7 — / T 0 (1 = 20D 2K 1% ()P F (x: K))dk.
0

Note that there is no boundary contribution from k = oo, since y(k) is compactly

supported, and no boundary contribution from k& = 0, since |t9¢(0)| = 0; g is

generic if € is small enough, by Corollary [3.4]
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Since y(x,k) = 0fork > 2kg and 1 — y(k+/t) = 0 for k < ko/+/t, it follows
that

ii C (%o 1 — y(k/t
i .| < = / |t46(k)|2F(x;k)ak[x<k>M]'
U Jko/t 2ik
gde 2 .
4 Ok [lt (k)kl F(x,k)]'dk
2ko /
<Caplreb [ i ESDE T
! keRr ko/ N7 k k
2k qe 2 .
+£/ ARG F(x’k)]‘dk,
U Jko/t k
Note that
2k / 2ko~/t |,/
ﬂ/ SVl (PTI DL
ko/vE Kk ko z

since y’(z) vanishes near 0 and is of compact support. Therefore,

” C(1+kyh
[Via (6. 0)] = ——73°= sup | F(x: k)|
t keR

5.7 C 2k

U Jko/t

Estimates (5.6) and (5.7) are bounded thanks to uniform (in €) control of #9¢ (k),
F(x; k), and their k-derivatives, which are given in (5.18)) and Lemma [5.4] below.
It follows then from (5.3)) that

O [|9< (k) [* F (x; k)]

dk.
k

1
(5.8) [+ D Wiow (. 01 = CULV D 775 Yol -

We now refine (5.8)) by carefully considering the e-dependence for € small at
¢ > 1. In order to achieve a &'(1~3/2) estimate, we first integrate by parts:

—1
dmit

—1 o i k2
= / e I G(x; k)dk.
0

View = /Ooo TR 01 (e (k) 9 (k) |2 F (x: k) dk

= 4wit

Note again, as above, that there are no boundary contributions from k = oo or,
for € small, from k = 0, by genericity of g.. We now decompose oy further into
contributions from frequencies in ranges 0 < k < ko/+/t and ko/~/t < k < 2kj.
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In terms of the cutoff function y, we have
—1 > —ik?t
Yiow = —— )((k\/;)e G(x:; k)dk
4mit Jo

(5.9

1 > —ik2t .
4,,”[0 (1 — x(k/1))e G (x: k)dk

1 2
= D) + P00,

Estimation of Wl(olvz gives

2ko/ Nt

1 k
(5.10) [yt 0| < |G(x:k)ldk < =2—— sup |G(x: k).
4t keR

1
n

To estimate wlow, we subject it to one further integration by parts:

o0
@ ikt x(k1)
wlow( ) 4]112/ e 3k|: 2k G(X,k) dk.
Since G(x; k) = 0 for k > 2ky, it follows that
2ko 11— yk 9 k
e B T R
Ko/ /T 2ik
2ko k
< = sup [G(x: k)| f'“ VOl L g
1 keR ko/T k
C [0 19,G(x;k
c kG (x; )‘dk
ko/t

Note again that

ko / kot |/
R PO g,

o/t k ko
since x’(z) vanishes near 0 and is of compact support. Therefore,
1 2ko .
) C(l+ky) ) C 0 G(x;k)
(5.11) |y oo(x, 1) —sup|G(x,k)|+— —|dk
‘ low ‘ 3/2 LR 12 Ko/ VT

We now use the followmg two bounds, proved below, to complete our estimation
of wl(ov&)/ (x,t) and wlow (x,1):

1 2
Gl = CUV DG t(ljcll\ff)z
(5.12) I+ x]? )
<Cc(IviH (A )2|wolgl,
1 3
(5.13) 10, G (x; k)| < C(| Vll)k(k2+:4|()}|,\ ff)Z)WoLs,ﬂ;-
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Using these bounds in (5.10) and (5.11)), we obtain

1
14 1 —1y (D VIS ———— %0l
Gl (DT Yoy (0] = CAVINT g lvol 4
and
A+ )y 2 x|
) 2ko 1
<C(WV It dk
=cavin [ e a vl
<cviH—— /“61 dal ol
kot1/2 12k312+€4(f/\eff)2l 0l
C ! 2ﬁ1 /
< —d ‘
=cUv i 1/zkz_ﬂz‘(“eﬁ)zt/ 15 dllYol 1
1

(515) =< C( " " ) 1/2 k2 64(.]\Aeff)2t|w0|$3l.

Finally, one has from @), (3:14), and (5.13) the estimate

-3/2

3 ‘
(5.16) [+ D Wow (0] = CANVID s ol 2y
Theorem 5.1]is a consequence of (5.4), (3.8)), and (5.16).

We conclude the proof by establishing (5.12)—(5.13)). This requires sharp esti-
mates on the transmission coefficient and the Jost solutions, as well as their deriva-
tives. These estimates are given in lemmata 3.6 and 3.9 of [2]] for any generic V
sufficiently decreasing at infinity. We shall adapt the estimates to Ve = V(x, x/¢).

The estimates concerning the Jost solutions are uniform with respect to €. In
particular, one has from lemma 3.6 of [2]]:

sup |8£(e—ikxf+e(x;k))‘ < C(|V€|$3l)(1 + max(0, —x))’ 1,
(5.17) RO |
sup |8]J€(ezkxf_Ve(x;k))] < C(|V€|Z31)(1 + max(0, x))/ 1,
keR

with j = 0, 1, 2. Therefore,
(5.18) |8, F(es k)| < C(IVel 1) (1 + |x|f+1)|1/f0|$j1+1, j=0,1,2.

Estimates (5.12)—(5.13) are now a direct consequence of the following lemma, to-
gether with (3.18).

LEMMA 5.4. Let Ve = V(x,x/¢€) satisfy Hypotheses (V'), with ¢,y = 0. Then
for € small enough, one has
k1-7

J Ve -
oe" 0] = cl v nﬂk+2wa

with j =0,1,2.
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PROOF. The estimate for j = 0 is a consequence of Corollary 4.4] with the
estimate (B.2)). Estimates on the derivatives are obtained by deriving identity (2.10)
with respect to k. We recall

L whereIVe(k)=/ooV( )e_ikyf “(y;k)d
2ik — 1V (k) ) Y e

Ve (k) =
so that
2i 2ik(2i — 31 V< (k))
2ik — IVe(k) ik — IV(k))?
tYe(k) (17 (k)*(2i — 31 (k)
Tk 2ik

Using (5.17), one controls uniformly 9 I V< (k), so that
|17 ( )]

OtV (k) =

0t ¥Ve (k)| < ——=(+Clt" ) <= CIVII )‘

k + ZfA

The second derivative in k follows in the same way.
This completes the proof of Theorem[5.1]. O

6 The Effective Potential o 5;(x); Proof of Theorem

As discussed in the introduction, for small |k|, t9~F4< (k) is not uniformly ap-
proximated by the transmission coefficient of the homogenized (averaged) poten-
tial gay(x) = fol V(x, y)dy for € small. In this section we prove for k bounded that
a uniform approximation can be achieved comparing 9 9¢ (k) to the transmission
coefficient of an appropriate effective potential well:

(6.1) V:ff(x) = ‘Zav(x) + O—eeff(x)
lg; (0)I?
where 05;(x) = — € Aei(x) = (271)2 Z jk 2
j#0
The point of departure for the analysis is the identity (2:19), with the choices
V =qa +ge and W = ¢ay + 0:
k k
tantde(k)  tanto(k) 2

(62) I[qav+q€’qav+0'] (k)

with
(6.3) [W¥wtaedntol(p) = /_ L9970 (31 k) (e () — o () £ (y; k)dy.

Here o (x) is unspecified and to be chosen so that [ [9xv+4e-4a+01 jg gufficiently
high order in €. The main step in the proof is the following:
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PROPOSITION 6.1. Let Ve = qav(x) + q(x, x/€) satisfy Hypotheses (V), and
k € K satisfy Hypotheses (K). Define the effective potential 05; € L;’f by the
expression in (6.1). Then there exists €9 > 0 such that the following bound holds
uniformly for (e, k) € [0,€9) X K:
64)  [Utodntad () < SC(| V| . sup k| max(L, sup |19 (K)]).
keK keK

Theorem [3.3]is then a consequence of the bound (6.4) applied to the right-hand
side of (6.2). We now turn to derivation of the effective potential well 05, and the
proof of Proposition [6.1]

6.1 The Heart of the Matter; Derivation of Effective Potential Well ae‘ff(x)
and Proof of Proposition [6.1]

To prove Proposition [6.1| we need to bound /s +r-qw+tdel given by the inte-
gral expression in (6.3). We seek a decomposition of the integrand into oscillatory
and nonoscillatory terms. Oscillatory terms can be integrated by parts to obtain
bounds of high order in €. Nonoscillatory terms are removed by an appropriate
choice of o (x).

We begin with f_ﬁ"‘v-"qe. Using the Volterra equation (2.16) with V = gay + ¢«
and W = q,y, one has

(6.5) fInFe (k) = fIN(xk) 4 T [Gavs gl (x5 K),

where

(6.6) J[qav,qel(§: k) =
[e3e] av ’k _Qav ,k _ _qav ,k av ’k
/ qe(y)f+ (81 k) fA~(ysik) — fA~ (k) f27 (v k)

avtde ’k dv.
W, fa] SE T (vik)dy

Therefore,
(@e(©) = o) LI TG k) = qe(©) £ (& k) — o () LI (¢ k)
+ 4e(8) T [gav- g€l (E: k).
implying that [ [9»+49x+4el given by (63)), can be written as

I[Qav+aaqav+46] — /

(e.¢]

f9F0 (L k)
6.7) X (qe@) £ 1@ k) — o Q) £ (&3 k)

+ qe(0)J [qav, gl (53 K))dE.

We next show that there exists a natural choice, 0 = 05;(x) = €(€?), such that
the contribution of

0 Q) 1T k) + qe(©)J [qav gl K)
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to the integral is of order 0'(€3) for € sufficiently small.

LEMMA 6.2 (Cancellation Lemma). Let V(x, y) satisfy Hypotheses (V), and k €
K satisfy Hypotheses (K). Define
e 4 ()
(6.8) 0&(x) = ———= Y 49 2' = —€” Aesr(x).
(2m) 20 Aj

Then, there exists g > 0 and C(V,K) = C(| V| ,supxeg |k|) such that

~0ga(O) S TIE ) + 4e(9) T [gav- g (E:K)
_ 2 Z o (O)e2imhitle 4 2 Z G (£)e2im s +Ant/e
J#0 jijrllioo
+ €34 (DR (G k),
where the following estimates hold for any (¢, k) € [0,¢€9) X K:

> (17PN +17, 0PN + 177, (0P 1) < C(v. k),

J1#0
j+i#0

IR+ Y (17 P + 17 )P + 137 e 1)) <
J#0 C(V. K)Mg (1 + [¢]%)e,

for B > 2a. Therefore, one has

I [Qav+0'(fff,Qav+¢1€] (k)

= [ (ae @ @ Y g0

j#0
(69) +€2 Z aj’l(g)eZin’(lj-i-ll)C/e
J.l#0
JHI#0

+ 4R (E:K) ) dy.

Lemma|[6.2]is proved in the next section. We first apply it to conclude the proof
of Theorem [3.3] In succession, each term in (6.9) is controlled, for k € K, by the
bounds of the following:
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LEMMA 6.3. Let V(x, y) satisfy Hypotheses (V), and k € K satisfy Hypotheses
(K); then one has

/_ FIA () ge(€) 2 (¢ k)de| < €C(1 V] sup [k,

keK

2

J#0

/ FIFOs (£ ) (£)eX e dr| < Mg C(| V| . sup [K]),
—00 keK

2

J1#0
J+I#0

o0
/ S FO (g3 k)G (e R TR gil < 2C(| V| | sup [k]),
—00 keK

‘/_ JEFOE(E k) qe(DRE(G K)de| < MgC(] V| - Sup k).

where C(| V| ,supgex |k|) and Mg = max(l,supgcg |19 (k)|) are indepen-
dent of € € [0, €p).

We obtain the desired &(e3) bound on [ 9w +0rdntacl (k) by applying Lem-
mal6.3[to (6.9). Proposition [6.1]and therefore Theorem [3.3|follow. We now turn to
the proofs of Lemmatal6.2]and[6.3] in Sections [6.2]and [6.3] O

6.2 Proof of Lemmal(6.2]
For ease of presentation, we will use the simplified notation for the expression

in (6.6):
©10 Jlwgd@0 =Y [ w0 et pdz,
j#0 ¢
where ¢ = 27i, f(y) = f+‘“+qe (y: k), and
_ & k) [ (y; k) — fA (&5 k) [ (vi k)
WL fan] '

To make explicit the smallness of certain terms due to cancellations, we shall inte-
grate by parts, keeping in mind that we do not control more than two derivatives of
f= f_ﬁ‘”-"qe. To evaluate boundary terms that arise, we shall use that

{m(g, yik), dym(C, yik), dm(E, yik)}|,_, = {0,1,0}.

We now embark on the detailed expansion. From (6.10), using integration by
parts, one has

m(s, y; k)

2 00
JGav, 4] (C: k) = Z (c%) |:qu eChitle +/; ai(m qu)ec)tjy/e dy:|
j J
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Decompose the integrand by using 8§ (mg; f) = 8§ (mgj) f + 20y(mg;)0, f +
mg; 85 f. The first two terms can be integrated by parts once more. This gives,
for j # 0,

/E 03 (mg;) fehsV/e dy = _Wj/; 0y (95 (mg;) f)e* /€ dy

€ / CA;CJ€
2 GOS Qe

o0 o0
[ tstmapay e leay = = [ 0,0, mapay et ay
¢ cAj e

— (O £ ()bl

SUOF @

As for the last term, we use the equation for the Jost solution f to express 85 fin

terms of f: 85]’ = afff“-’-qe = (Gav + ge — kz)ff*”_’_qe. Thus we eventually
obtain

J[qav, qel(C: k)

2 [e¢]
€ X R
= E (K) |:CIJ' fed'/ e + /; Mg (Gav + e — kz)fecx'/y/e dy
j#o N

6.11 € * ,
( ) + CT% Z Clmn/; (almamqjanf)ecljy/e dy

l,m,n
~20g; el |

with0 <[I,m <3,0<n <2,and ¢;,,, € N.

We now study each of the terms of (6.11)) separately, beginning with an &'(¢3)
bound on the curly bracket terms in (6.11)). Using the estimates of Lemmata[A.2]
and[A.3] one has forany 0 </,m <3,0<n <2,

|0hm(g, y: k)3T q; ()3 1T (y: k)|
< MgC(1+ [k|I)(1+ 1y = I+ [yD(1 + [g])e*/te* )
(14 k") + [yDe®amq; ().

Therefore, the contribution to J [¢ay, ¢¢| of the sum over all integrals in curly brack-
ets in (6.11) is bounded by 3 Mx C(| V | .supgeg |k)(1 + |¢])2e*!%], uniformly
for k € K. The boundary term in the curly brackets satisfies a similar bound. Its
contribution is bounded by e3MgC(| V' | , suprek k).

We now turn to the first two terms, in square brackets, of (6.11). Using the
Fourier decomposition of ge(x), (I.5]), one sees that there are two types of terms:
(a) terms where Ay = —A; (I = —j), q—; e~2imAj¥/€ \where no oscillations re-
main due to phase cancellation, and (b) contributions from terms where A; +4; #
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0, which are highly oscillatory for € small. In these latter terms, an additional factor
of € is gained via one more integration by parts. Specifically, one has

o0
/z mq; (Gay + ge — k?) fec /€ dy
o
=/ mg;q—; f dy

1¢{0,—j}

The last terms can be integrated by parts; the resulting integral and boundary
terms are estimated as above. Finally, recalling that f = f9~14¢ we obtain

J[Gavs g€l (8 k)

(5 ) G

0
(6.12) s

+ /t m(C. y: k) (1) () f 94 (y;k)dy}

+ €3RE(L; k),
with [RE(¢:K)| = MicC (1gly2.00, supre k1) (1 + [¢[)e .

Now multiply (6.12) by ge(§) = ;.0 q1(§) exp(27iA;{/€) and then add the

result to —o f. +*‘V+q€ to obtain (decomposing again into nonoscillatory and highly
oscillatory terms and using the notation ¢ = 27i):

—0 Q) [ (L3 k) + qe(©) T [qav- gl (G )

- (- a(z)+§)( ) €050 ) £ k)

€ < j)C/€ avTqe
(6.13) + Z Z(E) [q19;¢ A+4,)t/ 1o +q]

1¢{0,-}j#0
+ZZ( ) [Clzecm“/ m(¢, y) Qj(y)q—j(y)fq“*qf(y;k)dy}

1540 j#0 ¢

+ 4 (OR (& ).

The first term on the right-hand side of (6.13) is nonoscillatory in ¢ for small €. We
remove it by choosing

2
6.14) o) = gff(g)zz(zi;.) 4-10;(0) = 22 Iq](é‘)l .
Jj#0 J j#0
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Then
050 £ k) + qe(©) T [qav. 4 (3 K)

262 qu(é-)eZiTr/llé'/€+€2 Z aj’l(g)eZiTt(lJ’-}—A/)é’/é
1#£0 J,l#0

j+I#0
+ €34 (O R85 k),
which we’ve written in the form of the statement of Lemma Here g;(¢) and
qj,1(¢) are given by

615) @) = QI(OZ( 1
J#0

2i7‘[)&j

2 pro0
)L m(&, yik)qiq—; (v) fE2 7 (v k)dy,

2
616 70 = (577 ) 600 O FF Gk
J

To conclude, we verify the necessary estimates on g; and ¢ ;(¢), and their first
and second derivatives.
As for (6.13)), we use Lemmata[A.2]and [A.3] and obtain

o0
‘ /; m(, y:k)qjq—; (y)ff"””f (y;k)dy‘ =<
MgC(1V | . sup [k])(1 + [¢[})e8.
kekK
For the derivatives, we use

e /§ (s y: g d—; (07) S22 (v k) dy

= /g O2m(, v k) q— () £ 8 (v )y,

o0
02 /§ m(E, i)y q—; () £2 0 (: )y

= /{ OFm(C. y:k)giq—; () fIT0 (vik)dy — qiq— (©) £ (¢ ko),

so that the integrals are uniformly bounded in the same way. As these objects are
multiplied by ¢;, g}, or g}, and since g; € WB2 "% it follows that

|§1(§)eﬂ|§|| + |?j;(§)e’3|§|| + W;/(;)e,gml <
Mg C(lg1lyy2.00. sup [k])(1 + 1€)%)e el
B keK

uniformly for k € K.
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As for (6.16), one has

19100 (©) L1 @ k)] < i (©)llgy £ (&3 o)
< e PRligy|Leelqy £ (- k) oo

< CU V1. sup [kDIgjleselarlLspe ™,
kekK

where we used Lemma to estimate ff““JrqE. The first and second derivatives

are bounded in the same way, and the double series converge.
This concludes the proof of the cancellation lemma, Lemma[6.2]

6.3 Proof of Lemmal6.3]
The last estimate of Lemma [6.3] follows from bounds on R€ (see Lemma

and f_q“+05ff( v; k) (see Lemma , and the decay Hypotheses (V) on g¢. One
has

‘ / f_qav+05ff(y;k)qe(y)Rf(y:kmy‘
—0Q

o0

<MgC(|V |, sup k) [ 1+ |yD3>|ge(y)|dy
keK —00

=MgC(|V] - Sup k1)
€

To prove the €2-smallness of the second estimate of Lemmal6.3] we integrate by
parts:

e}
/ fAnton (y; kg e A€ dy =

—00

2
6 / " Rg) (e dy,
2imA; oo

The estimate follows as previously from the bounds on g; (Lemma and the

€

ones on _q“+aeff(y; k) (Lemma , as well as the hypotheses on A;: (3.3) in
Hypotheses (V).
The third estimate follows as previously, as

o0
/ fAE Ty k)G e TR0 dy =

—00

2 ro0
< It (.- IVG 1) 2izhjy/e 4
(2m(/\,- ) [ e .



122 V. DUCHENE, 1. VUKICEVIC, AND M. I. WEINSTEIN

The estimate follows, using now the bounds on g;; (Lemma|6.2). Finally, we use
three integrations by parts for the first estimate of Lemma (6.3

2iﬂ/\j

/ LI (k) () LI (ke e dy =

—00

J 3 poo 2imA;y
L€ an+0§‘f g Wk " fj d
27.”\], _Oo(f— (- )QJf+ (3k)7(y)e Y,

which is estimated using the third item of Lemma[A.2] and Hypotheses (V).

Appendix A Some Useful Estimates Used Throughout the Paper

We recall that the Jost solution is defined through the Volterra equation
; % sin(k(y — x))
b e = [TREEE ) gy,
X

A detailed discussion of Jost solutions f (x; k) applying to J(k) > 0 can be found
in [3)], where it is assumed that V' € .,2”21 We present in the following lemma the
results holding when k € R and deal with the analytic continuation in a complex
strip around the real axis afterwards.

LEMMA A.l. Ifk e RandV € .,2”21, then one has

(A2) |fY k)| <+ kDTN + |x)),
1+ k(1 +
A3 sk <c '1'+(|H D e,

(A.4) 102 £ (x: k)| < [V(x) = k2| £ (x: k)| < C(1+ kD + |x]).
where C = C(|V|Z21 ). Moreover, if 0,V € Zzl, then
02 £ k)| < CA + kD)1 + |x]) with C = C(IV]y0)-

PROOF. As for the first two estimates, equivalent bounds are given in [5, lem-
ma 1] for the function m4(x;k) = fi(x;k)eT > The results for fi(x;k)
follow straightforwardly. The last two estimates are a direct consequence of (A.T).

U

If e22IXly e L1 then fi(x;k) has an analytic continuation to J(k) > —a.
Some results are presented in [[12]]. In this section we review and obtain the required
extensions of these results. In order to simplify the results, we also restrict k to the
complex strip |J(k)| < «.

LEMMA A2. If|3(k)| <aand V € LY, with B > 2a > 0, then one has
AS5) | k)| = c + |xhe™,

(A6)  [dx /Y (k)| < CU+ kDA + [x]e™,

AT (31 k)| < Vo) = I £ (k)] < €A+ kP + |x]e™,
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where C = C(|V|L;;°)- Moreover, if V € Wﬂl’oo, then

02 £ (k)| < €+ k1P A + |x))e*™! with € = C(|V|W61,oo).

PROOF. We prove bounds for ff Analogous bounds 1Y (x; k) are similarly
proved and are obtained from the above by replacing x by —x and x > 0 by
—x > 0, etc.

The estimates follow from the Volterra equation satisfied by the Jost so-
lutions and make use of the following bounds: for k € C and for y > x, one
has

(A8)  |cos(k(y — x))| + Isin(k(y — x))| < Ce!S®IO=9) < Coxlxlpaly]

(Ag) BEG=XDI o V=X @I < oy — el
k| 1+ |k|(y —x)

By theorem XI1.57 of [[12]], one deduces from a careful study of the iterates of the

Volterra equation (A.T)) that for x > 0, one has

(A.10) | Y (k) — | < e@¥[eQc@) _ 1| < cool,
with Qg (x) = [° 1+4|J1;|y [V(y)| e2*¥ldy. Equation (A.3) follows for x > 0.

As for the case x < 0, (A.T) yields

. % sin(k(y —
1Y ity = [t [ =)

V) £ (s k)dy‘
< ol 4 / " = 0@yl 1Y (: k)| dy
<ol 1 /0 ye W) £Y (k)| dy

+ (—x) / e Plivinl| £ (y;k)|dy]

< el ¢y + (_x)/ ew|y||V(y)||ff(y;k)\dy].

We used (A.9) for the first inequality; the last inequality follows from (A.T0), with
_ IV @bl
 (Cot(—x))exxl”

gl <1+ / V() 1g(rik)I(Co + (—y))e®ldy.

X

x = 0. Therefore, one has with g(x)

By Gronwall’s inequality

e = exp [ Cot Cone v Olay) = C(VIug)
Finally, one has

f(x:k) = C(IVILge|)(Co+ (=x)e*™ < (1 + [x]e,
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with C = C(]V|po). This completes the proof of (A.3).

The proof of @ is similar; it is obtained by differentiation and estimation of
the Volterra integral equation (A.T)). The bound is a direct consequence of
aiff =V - kz)fr and the above bounds. O

LEMMA A3. Let go, € Wg'™ and k € K satisfy Hypotheses (K). Define

FE (k) £ (v k) — 9 (s k) £ (3 K)
WIfT, faa] '

m(x, y: k) =

Then one has, for0 <[ <3,

(A1) [dme, y; )] + [8hm(x, yi k)] <
CMg (1 + kD' (14 [y —x|(1 + [y + |xe e,
where C = C(lqaylwﬂl,oo) and Mg = max(1,supgcg |19 (k)|) < oo.

Restricting to k € R and assuming only ¢,y € 7/21’1, one has for0 <[ <3

[ m(x, yi k)| + [dm(x. yi k)| <
COL+ kD72 (1 + |y =211+ [y + |x]),
where C = C(|qav|%1,1).
PROOF. Let us start with the estimate (A.IT) when / = 0. One can always

assume that y > x, since m(x, y; k) = —m(y, x; k). Using Taylor’s theorem with
remainder in the integral form, one has

fE k) = [0k + 0 =0 @y S5 (3 0) |,

1 y 82 Wy k ”
+§/x (05 £ (i) |, (v = 1)dr.

It follows that
m(x, y;k) = (y —x)
I/y ff“"(x§k)fi’“(lzk)—f_q“(x;k)fﬁv(t;k)
+ 5 av qav
2 Jx WL, =]

1 y
=@—xr+5A1qumwwm—k%@—nw

(qav(t) — k) (y — 1)dt

— [mGyik)l
[x=yl >

y
f ()] — 1] gun () — K2||y — ¢]d
X

Therefore, one has with g, (y)

1
2[x — y|

gx(y) <1+

1 y
<145 [ el tllan( - Klar
X
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since |y —t| < |y — x| for ¢ € [x, y]. By Gronwall’s inequality, one has

1 Y
gx(y) < exp(E/ |x — 1]|qay (1) — k2|)dt < C(|an|L§°)e%k2(y—x)2‘
X

Therefore, we have an estimate on |m(x, y; k)| such that |k||x — y| < 1, uniformly
for k.
When |k||x — y| > 1, one has from Lemmal[A.2]

(1+ [xDeI(1 + [ype=b!
WIS, fan]

< CMg (1 + [x(1 + [y])

lm(x,y;k)| < C
alx| paly]
k|
< CMg (1 + [x)(1 + [yDlx — ylele®],

where we used that
1 _ IQav (k)

WL, fax]k)  —2ik
from and |9~ (k)| < Mg from Hypotheses (K). The estimate (A.TT)), when
[ = 0, is now straightforward.
Let us now look at d,m(x, y; k). Using

y
0y S48 (ik) = (9, S22 (3 R)),_, + / (82 4 (2 ), _, dr.
X
one has the identity
y
e i) = 1+ [ mix. £ ()~ ke
X

If |k||x — y| < 1, we use that m(x, y; k) is uniformly bounded and obtain

y
Bymee, yi k) < 1+ / [m (. £: ) [gav () — k2Idi

X

<C(+|x =yl +[kPlx —y]) < CA+ |x =y + [k]).
When |k||x — y| > 1, one uses the definition of m with Lemma and one
obtains as previously
[ym(x. k) = CME (1 + KDL+ x(1+ [yDlx = yle®leP.

Estimate (A.TT)) follows for / = 1 by using the symmetry m(x, y; k) = —m(y, x; k).

Estimate (A.T1) for / = 2 is straightforward when remarking that

Pmx, y:k) = (g (y) — K)m(x, y: k),

and the case [ = 3 follows in the same way.

The proof when k € R and ¢,y, 0xqay € 92”21 is identical, using the estimates of

LemmalA.T|instead of Lemma[A.2] Note that Mg = 1 for k € R, by using .7).
Il
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Appendix B Transmission Coefficient of o (x) = —e2A(x)

In this section, we study the transmission coefficient of potentials of the form
o(x) = —€?A(x), where A € Lgo is independent of €. We are particularly inter-
ested in the special case where o (x) is the effective potential

e |9; ()
O;ff(x) = _47T2 Z JA 2
j#o

derived earlier.

LEMMA B.1 (Transmission Coefficient tqav_ezA(k)). Let gy and A be any func-
tions in L%o. Then, for k € K satisfying Hypotheses (K), one has

k k ie2 [ . .
(Bl) tQav—EzA(k) = (an"(k) - 7/_00 f—q‘l (y’k)A(y)f-i- (y’k)dy) + ﬁ(€4)~

PROOF. We recall the identity (2.19), satisfied by the transmission coefficient
related to any potential V,W € L/°3°:

ko k I1V:W(k)
Vi) k)  2i

with 70°W1(k) = /_ ¥ G0 = £ (i kdy.

Now, in the case where W = ¢,y and V = g, — €2A(x), one has

k k ie?
- A )
IQav_GzA(k) [qav(k) 2 ( )

1Gk) = /_ £ (VA L2 (3 k) dy.

Then, the Volterra equation (2.16) with V = g,y — €A and W = qav leads to

qn—€2A Qay
£ @ = £ @)
oo qav . Gay . _ fdqay . qav .
_52/ A(y)f+ (x;k) f4 (y,k)q’f_ (s k) fL (s k)
X W[f+a‘,fi13"]

We can then use the estimates of Lemmata[A.2]and[A.3] so that

1€(k) — /_ £ (3 AG) £2 (v k) dy

—e2
FLam M (s k)dy.

—0o0

< ce? f £ (v )AG) / A@)m(y. 2 k) f9 7D (2 kydz dy
y

< e>MgC  uniformly for k € K.
This concludes the proof. O
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A simple consequence is the following:
COROLLARY B.2. Let g,y and A be functions in L%o. Then:

(1) If qav is generic, in the sense of Definition then qay — €2 is generic
for € sufficiently small.

(2) If qav is nongeneric and ffgo A (s 0))2dy # 0, then q.y — €2\ is
generic for € sufficiently small.

(3) If v = 0 and k € K satisfies Hypotheses (K), then

(B.2) £ k=T Ay + o)
. ——— =k — — €),
uniformly in k € K. It follows that if
i€2 0
k——/ A| > Cmax(e, |k|) fort <4, k€K,
2 Joso
then one has
2 k
(B.3) 1€ A(k) - 2—‘ = ﬁ(64_r).
k — % /‘_0000 A

PROOF. As discussed in Section [2.2] a potential V' is generic if and only if its
transmission coefficient satisfies ¥ (0) = 0 or, equivalently, if limg_,¢ thW # 0.
Items (1) and (2) are therefore a straightforward consequence of (B.I). As for
item (3), since gay(x) = 0, we have 19 = 1 and f["(x;k) = e*kX  The result
follows by substitution into (B.I]) and straightforward computations. O
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