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STABILITY AND INSTABILITY IN SCALAR BALANCE LAWS:
FRONTS AND PERIODIC WAVES

VINCENT DUCHENE AND LUIS MIGUEL RODRIGUES

We complete a full classification of nondegenerate traveling waves of scalar balance laws from the point of
view of spectral and nonlinear stability/instability under (piecewise) smooth perturbations. A striking feature
of our analysis is the elucidation of the prominent role of characteristic points in the determination of both
the spectra of the linearized operators and the phase dynamics involved in the nonlinear large-time evolution.
For a generic class of equations an upshot of our analysis is a dramatic reduction from a tremendously wide
variety of entropic traveling waves to a relatively small range of stable entropic traveling waves.
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Introduction

In the present contribution, we continue our study, initiated in [Duché&ne and Rodrigues 2020], of the large-
time asymptotic behavior of solutions to first-order scalar hyperbolic balance laws, which are of the form

du+0x(fw)=gw), u:RTxR—>R, (0-1)

in neighborhoods of traveling waves.

Let us first recall, that, prior to [Duchéne and Rodrigues 2020], under rather natural assumptions on f
and g — including the strict convexity of f and the strict dissipativity at infinity of g — it was already
known that starting from an L°° initial datum that is either spatially periodic or is constant near —oco and
near 400, the large-time dynamics is well-captured in the L°° topology by piecing together traveling
waves (constants, fronts or periodic waves). Indeed on one hand it is proved in [Fan and Hale 1993;
Lyberopoulos 1994; Sinestrari 1995; 1997a] that in a spatially periodic setting, every solution approaches
asymptotically either a periodic (necessarily discontinuous) traveling wave, or a constant equilibrium.
Moreover, periodic traveling waves are actually unstable and the rate of convergence is exponential in
the latter case, whereas for the atypical solutions that do converge to a periodic wave, convergence rates
may be arbitrarily slow. On the other hand it is proved in [Sinestrari 1996; Mascia and Sinestrari 1997]
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that, starting from data with essentially compact support on the whole line, the large-time asymptotics
may a priori involve several blocks of different kinds (constants, fronts or periodics). Yet again the
scenario generating periodic blocks is also nongeneric and unstable. Note that at the level of regularity
considered there, the strict convexity assumption on f plays a key role as it impacts the structure of
possible discontinuities. The few contributions relaxing the convexity assumption add severe restrictions
on g or on the initial data, for instance linearity of g in [Lyberopoulos 1992], Riemann initial data in
[Sinestrari 1997b; Mascia 2000] and monotonicity of the initial data in [Mascia 1998]. At a technical
level, in the proofs of the aforementioned series of investigations, generalized characteristics of [Dafermos
1977] play a pivotal role. They provide a formulation of the equation that is well-suited to comparison
principles and thus to asymptotics in the L°° topology.

Our goal was to complete the previous studies by providing stability/instability results in strong
topologies measuring the size of piecewise smooth functions, but assuming no localization on perturbations
and relaxing also convexity assumptions. In the companion paper [Duchéne and Rodrigues 2020] we
have already identified spectral stability conditions for traveling waves that are either constant states or
Riemann shocks, and proved a (dynamical) nonlinear stability result for (nondegenerate) spectrally stable
ones. Here we complete our program by providing

¢ a complete classification of nondegenerate traveling waves according to their spectral stability;

e proofs that for those waves spectral instability (resp. stability) yields dynamical nonlinear instability
(resp. asymptotic stability).

The notions of nondegeneracy, stability and instability we use here are precisely introduced in Section 1.
Yet we would like to emphasize already at this stage that the nonlinear instabilities we prove are dramatically
strong; they hold even if one is allowed to fully resynchronize before comparing shapes of solutions and
to lose arbitrarily much on Sobolev scales between topologies used to measure initial data and resulting
solutions.

The upshot of our classification is that though (0-1) may possess a tremendously huge number of (nonde-
generate) traveling-wave solutions! only very few of them are stable. To illustrate how strong the reduction
is, let us momentarily focus on the case where f” does not vanish and the zeros of g are simple, and con-
sider a continuous stable front, or in other words, a stable traveling wave solution with continuous profile U
connecting two distinct endstates. Then by piecing together parts of the profile U according to the Rankine—
Hugoniot condition, one may obtain nondegenerate piecewise smooth traveling waves with the same speed
as the original front, realizing as a sequence of discontinuity amplitudes any prescribed sequence.? Yet,
though they are built out of pieces of a stable profile none of those discontinuous waves is actually stable.

As stressed by the previous paragraph the spatial structure of traveling-wave profiles we consider is
extremely diverse. Yet an outcome of our analysis is that stability of nondegenerate traveling waves

In the present introduction, solution always means entropy-admissible solution.
zf Given as an element of (0, A)I , where [ is either [[0, m]| for some m € N, N, —N or Z, and A is the maximal jump amplitude
4% sup |u —v|, where the sup is taken over (1, v) € (min({#_ o, Uy oo }), max({u _o,, y+oo}))2 with f(u)—ou = f(v)—ov,

where o is the speed of the front and u_,, u 4 o, its endstates.
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of (0-1) is decided by conditions that are essentially local and involve only three kinds of points: infinities,
points of discontinuity, and characteristic points. More explicitly, a nondegenerate entropy-admissible
piecewise regular traveling wave of profile U and speed o (as in the forthcoming Definition 1.3) is
spectrally unstable if and only if it exhibits at least one of the following features:

e an endstate u , — that is, a limit of U at +00 or —oo — such that g’(u ;) > 0;
* a discontinuity point dg at which [g(U)]4,/[U]4, > 0 (with [-]4, denoting the jump at dyp);
e a characteristic value u, —that is, a value u, of U with f’(u,) = 0 — such that g’(u,) < 0.

The reader well-trained in stability of discontinuous solutions of hyperbolic systems may expect that
from the first or the second conditions stems spectral instability. The impact of characteristic points
seems, however, to be fully clarified here for the first time, and, to our knowledge, otherwise is only
(briefly) mentioned in [Johnson et al. 2019]. It is significantly more striking that any of these conditions
is also sufficient to bring nonlinear instability and even more that the absence of all these (again under
nondegeneracy assumptions) yield nonlinear asymptotic stability.

Before examining the consequences of the latter instability criteria let us pause to describe roughly the
nature of each instability mechanism. Concerning instabilities at infinity, a key simple observation is that
if U is continuous near +o0o (resp. —oo) with limit u, such that g’(u,) > 0 then® f/(uy,) < o (resp.
f'(us) > 0) so that a perturbation starting sufficiently near such infinity will move outward toward
the infinity at hand and keep growing exponentially as long as it has not reached some macroscopic
threshold (reversing the direction of propagation, canceling the pointwise linear growth rate or reaching a
discontinuity).

Instabilities created by bad jump signs are really driven by an instability of shock positions; in such
case an infinitesimally small kick in position will be exponentially enhanced (in one direction or the
other depending on the initial sign of the kick) up to some macroscopic threshold. Note that in the latter
case the instability manifests itself not so much in that the position of the discontinuity moves (since our
notion of stability allows for resynchronization of positions) but by the fact that as the shock location
moves on one side it erases a macroscopic part of the original profile and on the other side it unravels
some macroscopic shape not originally present.

Finally, instabilities at bad characteristic points are of wave-breaking type. Near a point x, such
that f/(U(x4)) = o and g’(U(x4)) < 0, we have f'(U(-)) — o is positive on the left and negative
on the right* so that a perturbation localized near x, will concentrate at x, and cause a finite-time
blow-up of derivatives. We stress that, though we prove that the latter scenario takes place, this is not
completely obvious from a purely formal point of view since one may expect that the sign condition
g'(U(x4)) < 0 will also bring some damping in values near x,. Thus one needs to prove that the
concentration phenomenon overtakes any possible damping.

In the foregoing discussion, we have repeatedly used sign information on f/(U(-)) — o deduced from
signs of ¢’(U(-)) and the profile equation. Under mild genericity assumptions (see Assumption 3.1

3See Proposition 1.4 and specifically (1-4) in its proof.
4See Proposition 1.4 and specifically (1-3) in its proof.
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(a) A traveling wave profile of class (2) (b) A traveling wave profile of class (3).
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(c) A traveling wave profile of class (4). (d) A traveling wave profile of class (5).
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(e) Functions f and g used to trace above profiles. Specifically, f(u) = — cos(%u) and g(u) = sin(mwu).

Figure 1. Classes of possibly stable nondegenerate piecewise regular traveling wave
profiles, U (constant states being omitted). The profiles represented in figures (b), (c)
and (d) pass through the characteristic value u, = 0 at the characteristic point x, = 0.
All the traveling waves represented have speed o = 0 and are spectrally and nonlinearly
stable by Theorem 3.2.

below), similar considerations show that, as opposed to the otherwise quite wild possibilities, profiles of
stable nondegenerate piecewise regular traveling waves enter in a relatively small number of classes that
we list now and, except for constant states, are shown in Figure 1:

(1) constant states (that is, U takes only one value);

(2) Riemann shocks (that is, U takes two values, one value on a half-line, another one on the comple-
mentary half-line);
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(3) continuous fronts (that is, U is continuous with distinct finite limits at +00 and —oco) containing
exactly one characteristic point;

(4) profiles that are constant on a half-line and jump to a continuous part with a bounded limit at infinity,
containing exactly one characteristic point;

(5) profiles that are constant near —oo then jump to a continuous part containing exactly one characteristic
point and then jump again to a constant value near +oo.

Moreover the last and second-to-last possibilities are ruled out in the convex/concave case when f” does
not vanish. Let us clarify that the former regularity structure is not sufficient to deduce stability and that
for each element of these classes one still needs to satisfy the aforementioned sign conditions at jumps,
endstates and characteristic values.

To complete this introduction we comment now on the part of our analysis proving nonlinear asymptotic
stability from the aforementioned sign conditions. There are at least three obstacles that single out the
problem at hand from even recent instances of more classical analyses [Henry 1981; Kapitula and
Promislow 2013; Johnson et al. 2014]:

¢ Background waves are typically discontinuous, which prevents a direct stability analysis relying on
naive Taylor expansions.

e Waves that are not piecewise constants contain a characteristic point so that the principal symbols of
corresponding linearized operators vanish at some points.

¢ Equation (0-1) is quasilinear and no (strong) regularization is present in the equation.

Though much less studied than corresponding questions for either semilinear equations of any type or for
quasilinear parabolic equations, the last point is the least challenging of our analysis and it is an issue
here mostly because we aim at and obtain results that are optimal in terms of regularity in the class of
(piecewise) strong solutions and do not require decay at infinity of perturbations, otherwise we could have
followed a more standard strategy involving energy estimates to close in regularity as in, for instance,
[Kawashima and Yong 2004; Mascia and Zumbrun 2005; Bianchini et al. 2007]. To achieve such sharp
results, as in [Duchéne and Rodrigues 2020] a key point in our analysis is the identification of a class of
perturbations of the linearized operators for which we may obtain decay estimates similar to those for the
linearized dynamics. The foregoing class of linear dynamics needs to be suitably small to retain the key
properties of the linearized dynamics and suitably large® to be involved in a Duhamel-like formulation
of (0-1) on which we may close a nonlinear estimate, lossless from both the points of view of regularity
and decay.

The first point is considerably more uncommon and only two instances have been dealt with so far, in
the very recent® [Duchéne and Rodrigues 2020; Yang and Zumbrun 2020]. Unlike [Yang and Zumbrun

3In particular, the class must include time-dependent generators.

6Note moreover that [Duchéne and Rodrigues 2020] was written as a companion paper to the present contribution and that
parts of the key arguments used in [Yang and Zumbrun 2020] actually originate in private communications of the second author
of this paper to the second author of that paper (see the Acknowledgments section there).
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2020] (that not only restricts to smooth perturbations but also assumes that these are supported away
from reference discontinuities) but as in [Duchéne and Rodrigues 2020] we make the challenge even
greater by authorizing perturbations introducing new discontinuities. Thus, since small discontinuities
may disappear in finite time, our analysis includes cases where the structure of discontinuities change with
time. To achieve this goal, as in [loc. cit.] we make the most of the scalar nature of the equations. Indeed
in the scalar case the Rankine—Hugoniot condition may be solved by adjusting the shock location so that
one strategy to analyze the piecewise regular case is to extend each smooth piece to the whole domain
and then glue them according to the dynamics of the Rankine—Hugoniot conditions. This essentially
breaks the study of the dynamics into two kinds of elementary problems: the analysis of whole domain
problems on one hand, the study of the motions of shock locations into known environments on the other
hand. Note that unlike the case treated in [loc. cit.], where background waves are piecewise constants,
here the extension to the whole line is in essence artificial since in general smooth parts of stable wave
profiles of (0-1) are not parts of a stable front of (0-1). Yet we may still modify7 (0-1) outside values of
interest to turn those parts into portions of stable fronts of an equation with the same structure as (0-1).
As in [loc. cit.] we stress that the notion of solution we use ensures uniqueness by the classical Kruzkov
theory [1970] and that the nonuniqueness in the extension part of our argument is compensated for by the
fact that no artificial part is revealed by the motion of the shock locations.

Finally, to our knowledge, the nonlinear analysis near waves with characteristic points is carried out
here for the very first time. It seems that even its impact on the spectral problem is fully analyzed here
for the first time, though some partial considerations were already present in [Johnson et al. 2019]. The
paramount importance to be able to include characteristic points in the development of a general stability
theory for hyperbolic systems originates in the fact that, as easily deduced from entropy constraints, any
solution containing two shocks must contain a characteristic point.

To provide the reader with some insight on the impact of characteristic points, let us first recall
the usual expectations for more standard waves with the simplest nontrivial spatial structure such as
single-bump solitary waves or monotonic fronts (as opposed to constants on one side or periodic waves
on the other). In general, for such stable waves, the best one may expect is that solutions arising from an
initial perturbation of the wave profile will converge to some spatial translate of the original wave. This is
known as asymptotic orbital stability with asymptotic phase. Thus part of the nonlinear analysis consists
in projecting out the nondecaying critical phase dynamics. This typically involves the spectral projector
of the linearized dynamics associated with the simple eigenvalue 0, with (right) eigenfunction the spatial
derivative of the wave profile. Separating the phase dynamics from shape deformations may thus be
interpreted as imposing some orthogonality with the dual eigenfunction of the adjoint operator. Note that
in general the resulting asymptotic phase depends in an intricate nonlinear way on the initial perturbation.

Characteristic points impact dramatically the critical phase dynamics in various striking ways. To begin
with, note that the singularity of the linearized operator is reflected in the fact that the element of the kernel
of the adjoint operator, dual to the derivative of the profile, is the Dirac mass at the characteristic point,

7The argument strongly echoes the classical reduction from the locally Lipschitz case to the globally Lipschitz case of the
Cauchy-Lipschitz theorem.
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so that the “orthogonality”” condition is both very singular and quite simple. Concerning the latter, note in
particular that taking the scalar product with a Dirac mass commutes with (local) nonlinear operations.
Consistently, at the nonlinear level the presence of a characteristic point pins the critical asymptotic phase.
More explicitly, solutions arising from a small initial perturbation converge to the translate of the original
wave whose characteristic point agrees in location with the one of the perturbed initial data. From this
point of view, in the generic case mentioned above the classes of nondegenerate stable waves of (0-1)
may be split further into three groups: constant states for which direct stability holds, Riemann shocks
that exhibits a nearby classical phase dynamics and the three other classes associated with a pinned phase
dynamics. We stress that, consistently with the elements of our strategy of proof sketched above, our
analysis requires the identification of a suitably large class of linear dynamics retaining the key elements
of the linearized dynamics expounded here.

Since our contribution answers most of the general questions concerning the large-time dynamics near
traveling waves of scalar first-order balance laws, we would like to conclude our introduction by pointing
out a question that we leave for further study. Concerning stable traveling waves of (0-1) whose profile
exhibits no characteristic points, we have already proved in [Duchéne and Rodrigues 2020] that they
are also nonlinearly stable as plane waves of multidimensional versions of (0-1). In contrast, for more
general stable waves we only prove that they are transversely stable under perturbations supported away
from characteristic points. The restriction somewhat echoes the restriction in [Yang and Zumbrun 2020]
where profiles have no characteristic points and perturbations are supported away from discontinuities
(but for a specific 2 x 2 system rather than a general scalar equation). We expect that solutions arising
from the multidimensional perturbation of general stable plane waves may converge to nearby genuinely
multidimensional waves but we leave this for further investigation. In another direction of extension, we
point out that even in the one-dimensional case, the derivation of a general framework for the stability
analysis of discontinuous solutions of hyperbolic systems of balance laws is still largely open.

The rest of the present paper is organized as follows. In the next section we gather pieces of information
on the structure of the wave profiles of (0-1) and introduce the precise definitions used throughout. In
Section 2 we state and prove all our instability results and deduce in Section 3 a precise classification of
spectrally stable waves. In Section 4 we analyze the nonlinear stability of spectrally stable continuous
fronts, thus obtaining the key element missing in the overall strategy towards nonlinear stability derived
in [Duchéne and Rodrigues 2020]. In Section 5 we complete our nonlinear stability analysis.

1. Preliminaries on traveling waves

Prior to tackling stability/instability issues, we set terminology and collect elementary pieces of information
on wave profiles. The reader is referred to [Kapitula and Promislow 2013] for general background on
traveling waves and to [Bressan 2000] for elementary background on hyperbolic equations.

1A. Structure of profiles. First we examine the structure of nondegenerate entropy-admissible traveling
waves. We assume henceforth that ' € C?(R) and g € C'(R).
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Definition 1.1. A piecewise regular traveling-wave solution to (0-1) is an entropy solution to (0-1) in
the form (¢, x) — U (x — ot), with (U, o) € L*°(R) x R, such that there exists a closed discrete set D
(possibly empty) such that U is C! on R\ D.

Note that for (U, g, D) as above, R\ D is a union of disjoint open intervals, and,
forall x e R\ D, (f'(U(x))—0)U'(x) = g(U(x)). (1-1

Since the latter ODE is scalar, a wealth of information on U may be derived from it provided it is
nondegenerate. In this direction note that if for some v € U(R\ D) we have f’(u) = o then necessarily
g(u) = 0 and the profile ODE is nondegenerate near this value provided f and g are sufficiently regular
at v and g vanishes at least as the same order as /' —o at u.

Proposition 1.2. Let (U, 0, D) define a piecewise regular traveling-wave solution to (0-1). Let X be a
connected component of R\ D such that,

forallu, eUX), f'u,)=0 = f"(u,)#0
and such that Fg : U(X) — R defined by

g)/(f'(w)—o) if f'(u)—o #0,
g'w)/ f"(u) otherwise

is locally Lipschitz near any of its zeroes. Then U is either constant or strictly monotonic on X. In

Fo(u) = (1-2)

particular, if this is true for any connected component then, at any d € D, U possesses finite right and
left limits, U(d ™) and U (d V), and if one of the connected component is not lower (resp. upper) bounded
then U possesses a finite limit at —oo (resp. at +00).

Proof. Under the foregoing assumption, we have,
forallx € X, U'(x)= Fs(U(x)).

The assumption on Fy, ensures that if U’ vanishes somewhere in X then it vanishes everywhere on X, and
hence the claim on monotonicity. The existence of finite limits stems from monotonicity and boundedness
of U. O

Reciprocally, note that if (U, o) are such that there exists a closed discrete set D (possibly empty) such
that U is C! on R\ D, and U possesses left and right limits at any point of D then (¢, x) — U (x —ot) is
an entropic solution provided that,

forall x eR\ D, (f'(U(x)—0)U'(x) = g(U(x))
and at any d € D stand both the Rankine—Hugoniot condition,
—o[Ula +[f(U)]a =0,
where we use jump notation [A4]; o A(d™) — A(d™) with

A Y lim Ad +8). AW E lim Ad —9).
()8%(+)()5%()
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and the Oleinik condition: for any v strictly between U (d ™) and U(d ™),
fW)-fUEY) _ f0)-fUET))
v-Ud~) ~ v=U@?)
Note that assuming the Rankine—Hugoniot condition, the Oleinik condition implies f'(U(d ™)) > o and
f'(u@h)<o.

This motivates the following definition.

Definition 1.3. Let (U, 0, D) define a piecewise regular entropy-admissible traveling-wave solution
to (0-1). We say that the corresponding traveling wave is nondegenerate provided that:

(1) Forany u, € U(R\ D),
flu)=0 = f"u,)#0
and, if g’(u,) = 0,% F; defined by (1-2) is locally Lipschitz near u, .
(2) Atanyd € D,
f'(U@)—0>0 and f'(U@d")—0<0
and for any v strictly between U (d ) and U (d ™)

S0) = fUET) _ [@) = f(U@)
v—U(d") v=U@*)

(3) If U possesses a finite limit? U at +00 or —oo, then

flUu) #0  and  g'(uy,) #0.

Note that the second and third conditions discard the possibility that U could be constant on a connected
component of R\ D with value a zero of ' —o; thus the first condition may be equivalently written as,
forany u, €e U(R\ D),

ffuy)y=0 = (f"(u,)#0 and g'(u,) #0).

Concerning the third point, note that the noncharacteristic condition f’(u.,) # o is sufficient to deduce
g(u,) = 0 so that the third condition is really the condition that u , is noncharacteristic and is a simple
zero of g.

Proposition 1.4. Let (U, g, D) define a nondegenerate piecewise regular entropy-admissible traveling-
wave solution to (0-1).

(1) If U possesses a finite limit u ., at +00 or —oo then g(u,) = 0.

(2) If u, € U(R\ D) is a characteristic value, that is, f'(u,) = o, then g(u,) =0, g'(u,) # 0, and on
connected components of R\ D where U takes the value u,, U is strictly monotonic with monotonicity

given by the sign of g'(u,)/ " (u,,).

8This possibility is eventually ruled out in Proposition 1.4.
9Recall that it amounts to U being defined in a neighborhood of +oco (resp. —oc), that is, one of the connected components
of R\ D not being bounded from above (resp. below).
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(3) If U is constant, with value u, on a connected component X of R\ D, then g(u) =0, X is unbounded
and if sup X < +oo (resp. inf X > —o00) f/(u) —o > 0 (resp. f'(u) —o <0).

(4) On a bounded connected component of R\ D,
e U passes through a characteristic value an odd number of times;
e the signs of g’ alternate along these characteristic values, starting with positive value;
e the signs of f' — o alternate between characteristic values, starting with negative value.

(5) On a connected component of R\ D bounded from above but not from below on which U is not

constant,
o U passes through an even (resp. odd) number of characteristic values if g'(u_..) < 0 (resp.
&' (u_g) > 0), with u_ the limit of U at —o0;
e the signs of g’ alternate along these characteristic values, finishing with positive value;
e the signs of f' — o alternate between characteristic values, finishing with positive value;
o f'(U_o)— O has the sign of g'(U_o).

(6) On a connected component of R\ D bounded from below but not from above on which U is not
constant,

* U passes through an even (resp. odd) number of characteristic values if —g'(u ) < 0 (resp.

8 (U o) > 0), with u o, the limit of U at 4-00;

e the signs of g’ alternate along these characteristic values, starting with positive value;

e the signs of f' — o alternate between characteristic values, starting with negative value;

o f'(u o) — 0 has the sign of —g'(u 1 o).
) IfD =2,

o U passes through an even (resp. odd) number of characteristic values if g’ (u_,,)g' (U o) < O (resp.

8 (U_o0)8 (U o) > 0), with uy o, the limits of U at F00;

o the signs of g’ alternate along u_,, characteristic values, and u  .;

e the signs of f' — o alternate between characteristic values;

o ['(Uypoe) —0 (resp. f/u_op) —0) has the sign of —g'(u o) (resp. §'(u_o).
Proof. Along the proof we use the vector-field Fy introduced in the proof of Proposition 1.2. Note that
the monotonicity of U in a given connected component of R\ D is given by the sign of Fy at any value
taken on the connected component under consideration. As we have already observed we also know that
if U is constant on a connected component of R\ D, its value there is not a characteristic value. This
proves the second point.

Likewise, in the first point, since u , is not a characteristic value, F,; extends to a neighborhood of u;
thus u, must be a zero of Fj; that is not a characteristic value, i.e., g(u,) = 0. This proves the first
point of the proposition.
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To prove the remaining points, since we already know the sign of f’(U(-)) — o near a discontinuity
of U, we only need to connect its sign near £00 or near a characteristic point (that is, a point x, where
u, défg(x*) is a characteristic value, that is, f’(u,) = o) to the sign of g’(U(-)). At a characteristic
point x., with u, = U(x.) we also have (f(U(-)))'(xs) = (U (x.))U'(x.) = g'(u,) # 0 so that

X—>Xx

fU@) =0 "~ g (u)(x —x4). 1-3)

Near +o0, if U is defined but not constant, U’ does not vanish and

U(x)) x—=oo U(x)—u

(W) —o = SN w0 ) \U0) ~los 1-4
Jlx)—o U 8 (Ueo) U (1-4)
from which stems the claim on signs near F-oo. ([

1B. Notions of stability.

1B.1. Nonlinear stability. We now introduce suitable notions of stability. Our stability results provide a
detailed description of the dynamics so that they can be read without much preliminary abstract discussion.
In contrast, much more care is needed to ensure that our instability results reflect a genuine instability
and not the misuse of a deceptive notion of stability.

With this respect, we recall that it is well known that the relevant notion of stability, even for smooth
traveling waves of smoothing equations, must encode control on deformations of shape but allow for
resynchronization of positions. As a preliminary we make two remarks illustrating the dramatic effect
of disregarding synchronization. The simplest observation is that since any nonconstant traveling wave
comes in a family of traveling waves obtained by translating it spatially, direct asymptotic stability cannot
hold if translation operates continuously on the background traveling wave for the topology at hand. Even
worse, if near the background wave lie infinitesimally close waves with infinitesimally close but distinct
speeds, a direct comparison concludes instability since an infinitesimally small initial perturbation will
result in a macroscopic shift, whereas the variation in shape remains infinitesimal. For waves with the
simplest possible spatial structure, it is sufficient to tune one position parameter and thus to investigate
the possibility for a solution u to be written in the form

u(t,x +ot+y () =Ux) +ul, x),

with (#(z, ), ¥'(¢)) small provided #% (0, - ) is sufficiently small initially. This encodes the notion of orbital
stability. When the spatial structure of the wave at hand is more complex, the notion of stability needs to be
even more flexible. The extreme case is well-illustrated by periodic waves for which there is essentially an
infinite number of positions to adjust. For specific discussions on those, the reader is referred to [Rodrigues
2013; 2015; 2018; Johnson et al. 2014]. Since here we are dealing with waves with possibly quite wild
spatial variations, we do need to use a notion of stability at least as versatile as in the periodic case.
Moreover, as already observed in [Johnson et al. 2019, Section 4], in a context where discontinuities
are present and one aims at using topologies controlling piecewise smoothness, it is even more crucial
to synchronize all discontinuities. Indeed, the relevant notion of stability is a close parent to the notion
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of proximity obtained with the Skorokhod metric on functions with discontinuities, which allows for a
near-identity synchronization of jumps.

With this is in mind, let (U, o, D) define a nondegenerate piecewise regular entropy-admissible
traveling-wave solution to (0-1) and introduce a relevant nonlinear stability framework. Adapting the
notion of space-modulated stability, coined in [Johnson et al. 2014] and already used for discontinuous
waves in [Johnson et al. 2019, Section 4], to a nonperiodic context, we investigate the existence of an
entropic solution u to (0-1) in the form

u(t,x+ot+y(t,x)=U(x)+u(t, x), (1-5)

with (%, dx v, d,¥) (¢, -) small provided they are sufficiently small initially. Note that we aim at a space
shift ¥ (z, - ) regular on R and a shape deformation #(z, - ) regular on R\ D with limits from both sides
at each d € D. We stress that our positive stability results, as those in [Duchéne and Rodrigues 2020],
allow for classes of initial perturbations even larger but they include such configurations as special cases.
Our instability results shall show that there does not exist any i able to bring u close to U in the sense
associated with (1-5).

1B.2. Spectral stability. We also want to exhibit spectral instabilities. To do so, we need to identify spec-
tral problems consistent with the foregoing notion of dynamical stability. First we insert the ansatz (1-5).

Definition 1.5. On a time interval / C R we say that an entropy solution to (0-1), u € LP° (I x R), is
piecewise regular with invariant regularity structure or invariably piecewise regular if there exist a closed
discrete set D and a local phase shift y € C! (I xR) such that, forany'®t € I, x e R+ x+ot+y (¢, x) R
is bijective and such that (t, x) > u(t,x + ot +¥(¢,x)) is C' on I x (R\ D).

For u as in (1-5) being an invariably piecewise regular entropy solution to (0-1) reduces to the interior
equation

9@ —yU) +0x((f'(U) —0) @i —yU") — g (V)@ —yU")

=—0x(f(U+a)— f(U) - f'(U)i) + g(U +i1) —g(U) — g’ (V)i
+0x ¥ (g(U + 1) — g(U)) — 8, (9x i) + 9x (9, Yra2)

on R\ D, and at any d € D the Rankine—Hugoniot condition
Wy [Ula = 1(f"(U) —o)iily = [f(U +i) = f(U) = f/(U)iD)]a — ;¥ [illa

and the Oleinik entropy condition (which we omit here). Since we only consider waves satisfying strict
entropy condition, entropy conditions do not show up at the linearized level.
The foregoing discussion suggests to consider at least a subclass of the linearized problem

(i —yU") + 35 ((f'(U) —0) @i —yU") — g’ (U)(ii —yU') = A+ 3x(B) onR\ D,
3 v[Uls —1(f'(U) —0)iily = —[Bla atany d € D.

100bviously in the present definition, the separation of of from ¥ (¢, x) is immaterial and done purely to match with (1-5).
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Since this linear problem is time-independent, it is natural to analyze it through the family of spectral
problems

A =y U") +0x((f'(U) —0) (i —yU") —g'(U)@i —yU') = A+ 0x(B) onR\D,
A [ULg = [(f"(U) —0)illy = —[Bla atany d € D,
(with new (¥, i) playing the role of the value at A of the Laplace transform in time of the old (v, i)).
For the sake of tractability we relax the above problem into the problem of the determination of the
spectrum of a given operator. To do so we choose X to be a functional space of (classes of) locally
integrable functions on R\ D and ) a space of functions on D. We enforce the rather weak!! condition
that for any w € X such that 9, ((f/(U) —o)w) — g’ (U)w € X we have (f'(U) —o)w possesses limits

from the left and from the right at any point!? d € D. Then one may define on X’ x ) the operator with
maximal domain

Lw, (ya)aep)Z

(—ax((f’(y)—a)w)+g'(l_])w, (yd [(f'(U)—o)U'lg | [(f'(U)—0o)wly )d D).

+
[Ula [Ula
Definition 1.6. We call (X x ))-spectrum of the linearization about the wave U the spectrum of £. We
say that the wave U is spectrally unstable if there exists an element of the latter spectrum with positive
real part.

Remark 1.7. Note that when relaxing the original problem to the spectrum of L, that is, when replacing
(@, ¥) with (W0, (yg)gep) = (@ — v U’, (¥ (d))zep), we have essentially reduced the role of ¥ to the
synchronization of discontinuities. The expectation is that the corresponding inaccuracy only blurs the
separation between algebraic growth/decay but does not impact the detection of exponential growth/decay
by spectral arguments.

For background on unbounded operators and their spectra the reader is referred to [Davies 2007]. We
simply recall that to prove spectral instability it is sufficient to find A with positive real part and

» either an associated Weyl sequence, that is, a sequence ((w", (y})dep))nen of elements of the

domain of £ such that w oon
(A —L)(w", (yd)deD)”XX)/ n—00

(W™, (y7)dep)llxxy

* or a nonzero element of the kernel of the adjoint of A — L.

0

2. Instability mechanisms

In the present section, we prove that the criteria expounded in the Introduction do provide both spectral
and nonlinear instability.
Since the traveling waves we consider have very diverse global spatial structure, our instability analysis
must be infinitesimally localized near the point under consideration (jump, infinity or characteristic).
U1t is sufficient to know that dx ((f/(U) —o)w)—g’(U)w € X implies that 3 ((f/(U)—o)w) (defined on R\ D) is locally

integrable near any d € D.
128ince (f/(U) — o) possesses nonzero limits there this is equivalent to w possessing limits there.
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In particular, our arguments do apply to classes of waves that are actually larger than the class of
nondegenerate piecewise regular traveling wave we focus on.

In the following propositions, W¥-? denotes the Sobolev space of functions whose derivatives up to
order k are in L? and BUCK, the space of functions whose derivatives up to order k are bounded and
uniformly continuous.

2A. Instabilities at infinity. Though we have not found in the literature the exact instability results we
need, the mechanism for near-infinity instability is extremely classical.

Proposition 2.1. Lerk eNand f € CKt2(R), g e C2(R)NCKH1(R) and (U, 0, D) define a nondegenerate
piecewise regular entropy-admissible traveling-wave solution to (0-1).

(1) If U admits a limit u, at +00 or —oo then g'(uy,) + iR is included in the (X x Y)-spectrum of
the linearization about U provided for some neighborhood I of 400 (resp. —o0) the norm of X
restricted to smooth functions compactly supported in I is controlled by the wk.p (I)-norm and
controls the L (I)-norm for some 1 < p,q < oo such that (p, q) # (1, c0).

(2) In particular, if U admits a limit u, at +00 or —oo such that g'(us,) > 0 then U is spectrally
unstable in BUCK (R\ D) x £ (D).
Proof. Since the difference is purely notational, we only treat the case where the limit is at +00. We
first observe that the nondegeneracy of the profile ODE at +oco includes that f'(u,,) —o # 0 and, since
g’ (uo,) # 0, implies that U — u, and its derivatives up to the order k 4 2 converge exponentially fast to
Zero at +o0.
Now pick some y nonzero, smooth and compactly supported. Let & € R and define, for ¢ > 0,

) dep = (0)gep and

e . __/"(fx)—o 1
w R\D—->C, xt>e /@0 ylex 2):
Then

1((g' (oo) +8) — LYW, 3N xxy 50
Hw®, () | xxy

follows from the fact that if ¢ is sufficiently small, w® is supported in / and

(8" (o) + W +0:((f'(U) —0)w®@) — ' (W)w® gy S 677,

1

lw® ey 277

0

Hence (w®), (0)ep)nen With (€7)nen positive and converging to zero defines a Weyl sequence, and
the proof is complete. O

Proposition 2.2. Let f € C*(R), g € C*(R) and (U, 0, D) define a nondegenerate piecewise regular
entropy-admissible traveling-wave solution to (0-1). If U admits a limit u ., at +00 (resp. —o0) such that
g’ (Us) > 0, then U is nonlinearly unstable in the following sense. There exists § > 0, and a sequence
(Un)nen of piecewise regular entropy solutions to (0-1), each defined on [0, T,,] with T,, > 0, such that,
for any I C R neighborhood of +00 (resp. —00), one has for n sufficiently large:
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(1) un(0,-)—U is smooth and compactly supported in I, and, for any k e Nand 1 < q < oo,
llun (0, ')—Q||Wk,q(1) —0 asn— oo.

() (t,x) = up(t,- +0t)=U(-) € C1([0, T,] x R) has compact support in [0, Ty] x I, and for any
C! shift  : R — R such that (Idg + ¥ )(D) = D and 10x Y]l Lo < %, and any 1 < p < o0,
[un(Tn,- +0Tn + ¥ () =UllLrw) = 6.

The presence of constraints on possible shifts 1 is due to the fact that, when 1 < p < oo, we measure in
a norm that does not weight heavily wrong discontinuities, whereas we would like to keep the discussion
localized to the connected component at hand. One may obtain various weaker but easier-to-read
statements, for instance replacing the above with, for any ¥ : R — R,

[un(Tn.- +0Tn +¥ () = Ullwrr@ + 10xV lwr.r @y = 8,

after having fixed some (k, p) € N x [1, oo] such that k — 1/p > 0 and enforced accordingly regularity
on f and g. The latter variants hinge on the fact that the finiteness of the left-hand side of the latter
inequality implies (Idg + ¥ )(D) = D and that this left-hand side controls |[0x V|| 7,00 (w)-

Proof. Since the difference is purely notational we only treat the case where the limit is at 4oo.

To begin, we show how the ¥-dependent conclusion may be derived from a y-independent inequality.
Let ¥ : R — R be such that (Idg + ¥)(D) = D and [|0x¥||zom) < % Then Idgr + ¥ is strictly
monotonic with derivative everywhere at least % Since by assumption D is discrete and possesses
a maximum this implies that for any d € D we have ¥ (d) = 0 and the image of any connected
component of R\ D by Idg + ¥ is the same connected component. Let us denote X, the connected
component neighboring 4-o0o. Since U is either strictly monotonic or constant on X, we have either
U, = supy,_ U or u,, = infyx_, U. We will assume in the following that the former case holds, and
let the reader make the obvious modifications in the opposite case. Then if 7, and u, are such that
x> up(Ty,- +0T,)—U(-) € C1(R) and has compact support in X, then, for any 1 < p < oo,

1
|(un(Tn,- +0Ty) _Eoo)+||LP(Xoo) <272 ||[(un(Ty, - +0Ty +¥(-)) _k‘oo)+||LP(Xoo)
1
<27 |up(Tn. +0Tn + ¥ () =UlLrw):

where (-)+ denotes the positive part. Thus in the following we can concentrate on proving for some
8’ > 0 and a well-chosen family of solutions a lower bound

|(Un(Tn,- +0Ty) _k‘oo)—l- ”LP(XOO) = §

on the comparison with u .

Let us build such a family of solutions, which we find more convenient to parametrize by & > 0 instead
of n € N. We modify U only in X (defined as above) and use characteristics to study the effect of the
perturbation. To do so, we need both to prevent the formation of new shocks and to ensure the confinement
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of the perturbation in!3 X, on a time interval sufficiently long for the perturbation to grow. We choose
80 > 0 sufficiently small to enforce

3o "
emmm'“_ﬂw'fga‘) lg” (u)| < 2.

Pick y : R — R nonnegative and nonzero, smooth and compactly supported in (0, co) and set, for & > 0,
ug(0,-) =U + &2 y(s-—e~1). For e > 0 and x € (72, +00), we define vg(-,x) and X,(-,x) by the
initial data v, (0, x) = u¢(0, x) and X, (0, x) = x, and the differential equations

0rve(t, x) = g(ve(t,x)) and 0;Xe(t,x) = f/(vs(t’x))-

By a continuity argument, we have, for ¢ > 0 sufficiently small and any

1 28 :
0<t=<-— ln(2 0 )d=6tT8,
g (o) \ &% xllLee

that, forany 0 <s <t¢,
[Ve(s. ) = gl oo < 28 ¥o0l||ve (0. ) — U | oo < 850,
and hence, for any x > g2,
206(0. %) — g |€F ¥ < v, (£, %) — o] < 2006 (0. x) — U |8 ¥oo).

Moreover, differentiating spatially the defining differential equations and lowering ¢ if necessary,

|05 ve(t. x)| < 20506 (0, x)[e8 Weo"

08 (oot
Ox Xe(t,x) = 1=2[0x06(0, x)| ———  max_|f"(w)]= 3,
g (Uno) u—unsl<850
Xe(t,x)—ot >e>—(0— inf _ f'(u))t > sup(D).

[u—u oo |<880

Hence for ¢ > 0 sufficiently small a solution u, to (0-1) on [0, 7¢] x R is obtained by setting, for 0 <¢ < T,
and x € R,
U(x—ot) if x < Xe(t,672),

S PR A IR L A

and it satisfies, for any k € N and 1 < ¢ < oo,

_1
135 e (0, ) = U |La@y = €27 105 x| Lo )

and, for any 1 < p < o0,

1
[(ue(Te, - +0Te) —uoe)+llLrw) = T [(ve(Te, ) —Uoo)+ ||Lﬁ(e—2,+oo)
P
1 26
> T i We(0.) = U )+l Lo (=2, 100)-
25 ltllLeow o TP (e, 00)

13More accurately in Uit} X (Xoo +01).
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Lowering ¢ if necessary, one has
1060, ) o)+ | Lr (e, 400) = 1€ 2(6 = DL r (2 100) = IU =UoollLr (e, +00)

1 2—1 1.2
> 287 7 xllLe@ = 387 1 XL @w)-

8 =8y min (L—”X”LP(R)) O
1=p=oo\ 25 [l XllLoom)

Note that in the latter our instability result is in some sense constructive and positive. We prove that

This achieves the proof with

there does exist a family of solutions with explicit initial data and explicit guaranteed time of existence
whose growth encodes instability. A negative form showing that for some initial data there do not exist
solutions globally defined and suitably small would be somewhat simpler to prove but less instructive.

2B. Instabilities at characteristic points. Instabilities due to characteristic points seem to be pointed out
here for the first time. This is probably partly due to the fact that they are of wave-breaking type. They
manifest themselves in topologies encoding a sufficient amount of smoothness, and remain harmless in
the L°° topology. Moreover the condition yielding instability is somewhat counterintuitive as it amounts
to dissipativity of the source term near a characteristic value.

Proposition 2.3. Let k € N and f € CKt2(R), g € C*TY(R) and (U, 0, D) define a nondegenerate
piecewise regular entropy-admissible traveling-wave solution to (0-1).

(1) If x+ € R\ D is a characteristic point, that is, U (xx) = u, with f'(u,) = o, then —g'(u, )k belongs
to the (X x Y)-spectrum of the linearization about U provided that 8y, , .. ., 8)(6]? act continuously
on X.

(2) In particular, when k > 1, if at a characteristic point x« € R\ D, u, = U (xy) is such that g'(u,) <0
then U is spectrally unstable in BUCK (R\ D) x £ (D).

Note that the stronger the regularity encoded in &, the stronger the instability proved in the above
proposition. In the limit case where the norm of & would control an infinite number of derivatives at x,
the proposition yields ill-posedness (at the linear level).

Proof. 1t is sufficient to prove that there exists W a nontrivial combination of 8y, ..., 8)(61? such that
—&' (w )k — (f'(U)—0)dxw —g'(U)d =0

since then (10, (0)gep) provides a nontrivial element of the kernel of the adjoint of —g’(u, )k — L.
Now the claim follows recursively from the fact that

—(f'(U)—0)8) —¢'(U)éx, =0
and, forany £ e N, 1 <{ <k,

—(f'(U) —0)8D — ¢ (U)89 € £g' (u,)8L + span({éx, , ..., 6L D). m

Proposition 2.4. Let f € C2(R), g € C}(R) and (U, 0, D) define a nondegenerate piecewise regular
entropy-admissible traveling-wave solution to (0-1), and assume that there exists x. € R\ D such that
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g(u,)=0and g’'(u,) <0. Then U is nonlinearly unstable in the following sense. There exists a sequence
(Un)nen of piecewise regular entropy solutions to (0-1), each defined on [0, T,) with T, > 0, such that,
for any I C R neighborhood of x ., one has for n sufficiently large:

(1) un(0,-)—U is smooth and compactly supported in I, and, for any k e Nand 1 < g < oo,
[un(0,-) = Ullwr.ary >0 asn— oo.
() (t,x) > up(t,- +0t)—=U €C'([0, T) x R) N L>([0, T;,) x R) has support in [0, T,) x I, and
[0xun(t,- +0t)|poory > 00 ast—Ty.

Proof. Again we find it more convenient to parametrize our family of solutions by ¢ > 0 instead of n € N,
modify U only in a neighborhood of x, and use characteristics to study the effect of the perturbation.
We choose 8o > 0 sufficiently small to enforce
min_ | f7@) = £ )] < 51" @), min_|g'(u) —g'(u,)| < 518"(w,).
|u_ﬂ*|5250 |u_ﬂ~k|5280
Pick y : R — R smooth and compactly supported in (—1, 1) such that y(0) = 0 and y’(0) > 0 and set, for

e>0, n, def [In 8|_1, A def [Xsx — e, X + 1¢], and

us(0.) = U +sy/(x*>x(' ;x)

&

We may take ¢ sufficiently small to ensure that, for any x € I, |uz(0,x)—u,| <&y and d,u.(0, x) has
the sign of U’ (xy).

Now, for ¢ > 0 and x € I, we define v.(-, x) and X, (-, x) by the initial data v (0, x) = u,(0, x) and
X¢(0, x) = x, and the differential equations

0:ve(t, x) = g(ve(t, x)) and 9, Xc(t,x) = f'(ve(t, X)).
For ¢ > 0 sufficiently small, a continuity argument shows that v, and X, are globally defined, and that:

e Forany ¢t > 0 and x € I, ve(t,x) —u, has the sign of U’ (xx)(x — xx), 0xve(Z, x) has the sign of
U’(x4) and

3, 1,7
e28 @Iy (0, x) —u, | < |ve(t, x) —u,| <e28 @Iy, (0, x) —u

3 g/ L o (2-1)

380115, (0, )] = 0061, )] < €2 E 0,00, ).

* Forany 7 >0, dxv(t, xs) = axvs(oax)é’g/(y*)t, Xe(t,Xx4) =X+ 0t and
1
axXg(t’ X*) =1+ f/ (y*) axva(o, x*)(eg’(y*)t — 1)
g'u,)

! € € t—>+ £
= of () (1 + —X’(O)) — =40 5 —=x0). (2-2)

TIE 778 778

e > Xg(t, x4y —ng) — (x4 + 0t) is increasing and ¢ + X (¢, X« + n:) — (x» + 0t) is decreasing.
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This shows that for ¢ > 0 sufficiently small, with
def
T, = sup{t > 0:forall s € [0,¢], for all x € I, dx Xc(s,x) > 0},

a solution u, to (0-1) on [0, T;) x R is obtained by setting, for 0 <t < T, and x € R,

U(x—ot) if x < Xe(t, xe — 1) or x > X (8, Xu + 1),

U, X) = .
(1, %) Ue(l,Xs(t,‘)_l(x)) if Xe(t, X% — 1) <X < Xe(t, xu +1s),

and that it satisfies, for any k € N and 1 < g < o0,

18% e (0, ) = U) |l Lo = U el 135 21 e ).

[In(e k

_1
I
and, forany 0 <t < Tg and x € I,

dxve(t, x)

Bxus(l, Xg(t,X)) = m
xae\tbs

(2-3)

For any ¢ > 0 sufficiently small, it follows from the continuity of d, X, that Tz > 0 and from (2-2) that
Te < +00. Combined with (2-1) and (2-3) this yields the desired blow-up. O

2C. Instabilities of shock positions. For instabilities due to discontinuities it is crucial to use adapted
notions of stability, both at spectral and nonlinear levels. Additionally, within the framework already
introduced, it is trivial to detect spectral instabilities.

Proposition 2.5. Let f € C2(R), g € C}(R) and (U, 0, D) define a nondegenerate piecewise regular
entropy-admissible traveling-wave solution to (0-1).

(1) Forany do € D, [g(U)]a,/Ula, belongs to the (X x Y)-spectrum of the linearization about U.

(2) In particular, if, for some dy € D, [g(U)la,/IUla, > O, then U is spectrally unstable in
BUCK(R\ D) x £°(D) for any k € N.

Proof. One checks readily that (w, (yg)dep) = (0, (84.4,)aep) provides an eigenvector of L for the
cigenvalue [¢(U)]ay/[Ulay. O

Proposition 2.6. Let k € N* and f € CKt1(R), g € CX(R) and (U, 0, D) define a nondegenerate
piecewise regular entropy-admissible traveling-wave solution to (0-1) satisfying, for some dog € D,
[g(U)]ay/[Ula, > 0. Then U is nonlinearly unstable in the following sense. There exist § > 0, a sequence
(Un)nen of piecewise regular entropy solutions to (0-1), each defined on [0, T,,] with T, > 0, and smooth
phase shifts (Y )nen, each defined on [0, Ty, ], such that t — do + ot + Yy (¢, do) is constant equal to dy,
(t,x) > up(t,x + 0t +Yu(t,x)) = U(x) € CL([0, Ty] x (R\ {do})) and for any I C R neighborhood
of dy, one has for n sufficiently large:

(1) ¥n(0,-) and u, (0, + ¥, (0,-)) — U are compactly supported in I, and, for any 1 < g < oo,

[1n (0, + ¥n(0.-)) = Ullwr.ar\tdoy + 1¥n (0. ) lwr+1.a(y >0 asn — oo.
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(2) For any C! shift Y : R — R such that |, = Yn(Ty,-)|,, and 10x V[l ooy < %,andany 1<p<oo,

un(Tn.- +0Tw + ¥ () —UllLr®\{dop) = 6-
Proof. To begin, we introduce U +, the maximal solutions to U’, = F;(U+), where F; is defined
in (1-2), with U +(do) = U (dg). There exists 7 > 0 such that with I, & [do — 329, do + 32n] U_,
U4 €Cl(Iy) and, for any x € Iy, U(x) = U_(x) if x < dp and U (x) = U 4+(x) if x > dp. To analyze

the Rankine—Hugoniot condition near dy, lowering 7 if necessary, we also introduce the slope function

v L)~ fU-(x)

so: I, > R, )
! Us(x)=U—(x)
and observe that 2(U)]
g(Y)ld,
so(dg) =0 and s4(dy) = =",
0 Wla,
By continuity, lowering n again we may also enforce that
maxj, |S‘6/|

max [UL —~U'(dg)] < 31U/ (dg)]. ¢ o0 <2,
n
and, for any x € I, and v between U _(x) and U 4 (x),

1 1
/0 FU—(x) + s —U—(x))) ds > /0 FU4(0) + 50— Uy (1)) ds.

Once again we parametrize perturbed solutions with & > 0. For ¢ € (0, n), starting from v ¢(0) = & with

S def ([g(y)]do)“ln(g)
’ [Ula, e)

we may solve on [0, 7] the Rankine—-Hugoniot equation

0+ Vo = So(do + Vo,e(+))

and obtain that, for any ¢ € [0, T],

[g(Q)]dO / [g(L/)]dO ;
1 [Uly Wiy
z8€ 0 <Y e(t) <2ee 90

Then for ¢ € (0, 1), a solution u, to (0-1) on [0, T¢] x R is obtained by setting, for 0 <z < T, and x € R,

U_(x—ot) ifx—otel;andx—ot <do+ Vo),
ug(t,x) = Us(x—ot) ifx—otel,andx—ot>dy+ Yos(t),
Ux—ot) if x—oteR\I,

and, picking y : R — R smooth and compactly supported such that y(0) = 1, a suitable phase shift is
obtained by setting, for 0 <t < T, and x € R,

Ye(t,x) = Yo,6(t) x(IIn(e)[(x — do))

provided that ¢ is sufficiently small.
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Now we turn to the instability bound. Fix € € (0, n) sufficiently small. Let ¥ : R — R be a C! shift
such that ¥ |, = ¥¢(Te, )|, and ||0x V|| Loo(r) < % Then since, for x € [do — 21, do),

X +9(x) = do + V¥ (do) + 5(x —do) = do + 1,
we have, for 1 < p <o0

1 _
|ue(Te.+ +0Te + V() = UllLe(do—2n.doy) = 207 301U (dg)].

This achieves the proof with
def 1

= 20U’ (dg )| min({1, 2n}). O
2D. Specialization to periodic traveling waves. We conclude this section by briefly addressing on a
specific example the following question: when U possesses some global symmetry, is it possible to restore
some stability by constraining perturbations to share the same or a related symmetry? We discuss here the
case where the symmetry is periodicity, that is, invariance under translations by a discrete set of periods.
A direct inspection of the proofs of Propositions 2.3, 2.4, 2.5 and 2.6 shows that one may modify them to
enforce that perturbations share the same periodicity as the background wave. At the spectral level a more
relevant and somewhat more intricate question is: for which Floquet parameter does the instability occur?
To be more explicit, following [Johnson et al. 2019, Section 4.2] we introduce the relevant Bloch trans-
form/inverse Fourier series. Let (U, o, D) define a nondegenerate piecewise regular entropy-admissible
traveling-wave solution to (0-1) that is periodic with period X¢ € (0, +00). Choose xo € R a point of
continuity of U and set Dy def D N (xp, x0 + Xo) so that D = Dy + XoZ. For functions w on R and y
on D, we introduce representations

w(x):/_XO e EX W (€, x) dE, x €R,

ViXotd = e'87%X05 1 (8)dE, (j,d) € Z x D,

where each w (&, -) is Xo-periodic. For sufficiently smooth w and sufficiently localized (y;)4, the former
transforms are defined pointwise by

. def \— i2kzy  (27k Xo —iE(x+kXo)
w(E,X)Znge Xo w(X—0+§):ZZe Yw(x 4+ kXp),

kez
v def X0 —ijXo€
Ya(®) = —— D e YiXo+d:
jez

where ~ denotes (a suitable choice of) the Fourier transform, given by
A _ L —iéx
w() = 7 /Re w(x)dx, &£eR.

General definitions follow by a density argument in L2 (respectively, £2) based on Parseval identities

. Xo . Xo
”w”L2((—XLO,XLO);LZ((XO,XWFXO))) = P ”w”L2(R)» ”y”Lz((—XLO,xLO);@Z(Do)) = P (¥a)a ”£2(Z)-
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In particular the Bloch transform identifies L2(R) with L?((—m/Xo, 7/ X0); L?((x0, X0 + X0))), and this
may be extended, for k € N, to identify Hk([RR \ D) with L2((—x/ X0, 7/ Xo); Hlf‘er((xo, X0+ Xo)\ Do))
by observing

X
AR _ 092
10+ Dl L2 () 22(Gororx00) = | o 10502 £EN.

where Hé‘er((xo, xo + Xo) \ Do) is the H¥((xq, xo + Xo) \ Do)-closure of Xo-periodic functions of
C(R\ D), and hence is a set of H* ((xo, xo + Xo)\ Do) functions satisfying suitable periodic boundary
conditions as soon as k > %

Applying the above transformations to the resolvent problems for £ diagonalizes them into single-cell
problems parametrized by the Floquet exponent £. As a consequence, the spectrum of £ on H k(® \ D) x
£%(D) (for some k € N) is seen to coincide with union over £ € [—7/Xo, w/ Xo] of the spectra of Lg on

HE, ((xo0.x0 + Xo) \ Do) x £*(Do), defined with maximal domain by

Le(w, (yqa)deby)
def

= (_(ax +i&)((f'(U) —o)w) +&'(U)w, (yd

[WUla [Ula

Proposition 2.7. Ler k € N and f € CkT2(R), g € CKtY(R) and (U, 0, D) define a nondegenerate
piecewise regular entropy-admissible traveling-wave solution to (0-1) of period X¢o > 0.

[(f'(U)—0)U'la n [(f’(Q)—G)w]d) )
deDg

(1) If x« € R\ D is a characteristic point then every —g’(u,){ with £ € N and 0 < { < k — 1 belongs

to the (H;‘er((xo, x0 + Xo) \ Do) x £2(Dy))-spectrum of the Bloch symbol Lg of the linearization
about U at any Floquet £ € [—7/ X, 7w/ Xo].

(2) Forany do € D, [g(U)la,/Ula, belongs to the (H[f‘er((xo, x0 + Xo0) \ Do) x £?(Dy))-spectrum of
the Bloch symbol Ly of the linearization about U at any Floquet § € [—m/ Xg, 7/ Xo).

(3) Nonlinear instabilities of Propositions 2.4 and 2.6 may also be obtained under perturbations of
period Xy.

Since it is a relatively straightforward adaptation of the proofs expounded above we leave the proof!'#
of the above proposition to the reader. We point out, however, that in the spectral part related to
characteristic points, eigenvectors of the adjoint operators do depend on the Floquet exponent £, whereas
the corresponding eigenvalues do not.

The instability mechanisms identified in the previous subsections leave hardly any room for a stabiliza-
tion by the choice of a suitable topology (in the framework of piecewise smooth solutions). The only
reasonable exception we see is the stabilization of instabilities at infinities by the introduction of spatial
weights, essentially as monostable fronts of reaction-diffusion systems, are proved to be stable in suitable
exponentially weighted spaces. Note however that, though quite common, the latter choice breaks the
invariance by spatial translations of the original problem.

14Including the precise statements of the periodic versions of the nonlinear instabilities.
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3. Classification of traveling waves

The remaining part of the paper is essentially devoted to stability results. Yet, first, we anticipate those
and pause to combine them with the instability results obtained so far so as to obtain a full classification
of stable nondegenerate piecewise regular entropy-admissible traveling-wave solutions to (0-1) under the
following generic assumption on ( f, ).

Assumption 3.1. For any (u, v) € R?, if

gu)y=0, gw)=0, g'wm)=0, g'w=>0, and f'(u)=f"(v),

then u = v.

We stress that, for any (k, £) € N*, the set where Assumption 3.1 holds is indeed a dense Gy set in
Ck(R) x CY(R). To check that it is a G set, we observe that it coincides with Mnen+ @, 1((0, +00)),
where for n € N*,

Pn:(f8)— (1315 (Ig@)] +1g@)| + (&' W) + (&' ) - + (&' W)+ + .f () = f'W)]),
lul<n, |v|<n,
|u_U‘Zz

where (-)— denotes the negative part. The proof of the density claim is easy to derive from the density of
polynomial functions and is left to the reader.

Note that Assumption 3.1 is designed to ensure, in view of Propositions 2.3 and 2.4, that stable
nondegenerate waves take at most one characteristic value u, .

The following theorem proves the classification announced in the introduction and illustrated in
Figure 1.

Theorem 3.2. Under Assumption 3.1, for any (U, g, D) defining a nondegenerate piecewise regular
entropy-admissible traveling-wave solution to (0-1), spectral and nonlinear stability coincide and they are
equivalent to U taking one of the following forms:

(1) U is constant with value u such that g’'(u) < 0.

(2) U is a Riemann shock—that is, for some xo € Rand (u_,u ) € R? with u_ # uy, U is constant
equal to u_ on (—o0, Xo) and constant equal to u . on (xo, +00) — with values satisfying g’'(u_) <0
and g'(u ) <O0.

(3) U is a continuous front—that is, U is continuous with distinct limits u_, at —00, U o, at +00,
U_ oo F U oo — With endstates satisfying g'(u_o,) <0 and g'(u, o) <O0.

(4) U has only one discontinuity at a point dy, joining a constant part to a nonconstant part, with

endstates Uy o, at +00 satisfying g'(Uyo,) < 0 and jumps satisfying [g(U)]4,/[Ula, <O.

(5) U has two discontinuities at points d— < d, being constant equal to u_ on (—oo, d—), constant
equal to u_ on (d4, +00), and nonconstant on (d—, d ), with endstates satisfying g'(uy) < 0 and

jumps satisfying [§(U)la, /[Ula, <O,
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Proof. As announced, the proof of the stability part of the statement is postponed to later sections. We
only prove here that nondegenerate piecewise regular entropy-admissible waves that enter in none of the
above categories satisfy one of the instability criteria of the previous sections.

Let (U, 0, D) define a nondegenerate piecewise regular entropy-admissible traveling-wave solution
to (0-1). Since the nondegeneracy conditions imply that, on bounded connected components of R\ D,
U cannot be constant, we only need to prove that if near a discontinuity point do € D the profile U is
constant neither on the left nor on the right, then the wave is unstable.

Let dy be such a point and X_ and X be the neighboring connected components of R\ D, respectively
on the left and on the right of dy. We first show that the absence of characteristic point on either X_ or
X+ implies instability. Indeed it follows from Proposition 1.4 that if on X4 there is no characteristic
point then X is unbounded and the corresponding endstate u ., satisfies g’(u,) > 0.

Now, let x_ denote the largest characteristic point of X_ and x denote the smallest characteristic
point of X4. If g/(x4) > 0 and g’(x—) > 0, it follows from Assumption 3.1 and Proposition 1.4 that
Ukx-)=U(xy) défy* and g’(u,) > 0. On (x_, dp), since g(U(-)) does not vanish, it has the sign of

/ / (g'(u,))?
gUMK)NU(x-) = )
and likewise U (-) —u, has the sign of U'(x-) = g’(u,)/f" (u,). Similarly on (do, x+), g(U(+)) has

the sign of

1 2
U DY () =~
and U(-)—u, has the sign of —U’(x4+) =—g"(u,)/f" (u,). As a consequence, [g(U)]4, has the sign of
—(g'(,))?/f"(u,) and [Ulg, = [U —u,]4, has the sign of —g’(u,)/ /" (u,) so that [g(U)]4,/1Ul4,
has the sign of g’(u, ), and thus is positive.
In any case, U is spectrally (resp. nonlinearly) unstable by Proposition 2.1 (resp. 2.2), Proposition 2.3
(resp. 2.4) or Proposition 2.5 (resp. 2.6). O

Corollary 3.3. Assuming that f is either strictly convex or strictly concave, for any (U, o, D) defining
a nondegenerate piecewise regular entropy-admissible traveling-wave solution to (0-1), spectral and
nonlinear stability coincide and they are equivalent to U taking one of the following forms:

e U is constant with value u such that g’'(u) < 0.
e U is a Riemann shock with values u  satisfying g'(uy) <O0.
e U is a continuous front— with endstates u 4 o satisfying g'(uy ;) <O0.

Proof. First we point out that Assumption 3.1 is automatically satisfied when f is either strictly convex or
strictly concave. Thus it only remains to prove that under the latter assumption the last and former-to-last
cases of Theorem 3.2 cannot happen.

Let (U, 0, D) define a nondegenerate wave satisfying all the conditions of one of the two categories to
be discarded except for the jump conditions. Pick d € D. On one hand, we observe that since [ f/(U)]4 <0,
[U]a has the sign of — f”. On the other hand, a computation similar to the one at the end of the proof
of Theorem 3.2 yields that [g(U)]; has the sign of — f”. Thus [g(U)]z/[U]a > 0. Hence the result. O
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4. Stable continuous fronts

We begin the part of the paper devoted to stability results by the investigation of the dynamics near stable
continuous fronts. This is the key missing point to carry out the strategy introduced in [Duchéne and
Rodrigues 2020] and complete the stability analysis of more complex patterns.

4A. Detailed structure. Given the importance of the pattern under consideration, we find convenient to
store the detailed conditions on ( f, g) from which arises the existence of a stable continuous front.

Assumption 4.1. Assume that (u_,u,,u )€ R3, u_<u, < u , that on a neighborhood of [u_,u ],
£ is €3 and g is C2, and that the following conditions hold:
M gu)=0, gu,)=0 guy)=0,
g'w_)<0, g'wu,)>0 guy)<O0.
(2) Forany u € (u_,u )\ {u,}, we have g(u) # 0.
(3) f"(u,) # 0 and, for any u € [u_,u ]\ {u,}, we have f'(u) # f'(u,).

Then we set o &= Sf'(u,), label {u_ o, u o} = {u_,u_} according to

f/(y—oo) <o, f,(y—i-oo) >0,
and define U as the solution to U (0) = u, and, for any x € R,
U'(x) = F5(U(x)),
where Fy @ [u_,u ] — Ris asin (1-2).
Note that, without loss of generality by the translation invariance of the equation, we have enforced
that the single characteristic point of U is 0.

Notice also that the fact that U is indeed globally defined stems from a scalar phase-portrait argument.
Likewise, the following lemma follows from standard ordinary differential arguments.

Lemma 4.2. Let (U, 0) be as in Assumption 4.1. Then (U, 0, @) defines a nondegenerate piecewise
regular entropy-admissible traveling-wave solution to (0-1), U € C*(R),

I A CO NN (UFE))
x—doo U'(x)  f(tseo) =0

and there exists C > 0 such that, for any x € R,

U @)~ ] < CeXp( 8 (t4o0) x).

f/(ﬂzl:oo) —0

Moreover, for any k € N such that f is ck+1 and gis ck, there exists C' > 0 such that, for any x € R,
andanyl eN, 1 <l <k,

O] < dmin({ﬂ?(%x)’exp(#jiox)})'
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Remark 4.3 (instability). It follows from Proposition 1.4 that nondegenerate piecewise regular entropy-
admissible traveling-wave solutions to (0-1) that are continuous are either constants or continuous strictly
monotonic fronts. Combining Section 2 with Proposition 1.4, one derives that such continuous strictly
monotonic fronts are unstable unless they are generated as in Assumption 4.1. Indeed, Propositions 2.1
and 2.2 yield that stable ones must have limits u_ ., at foo satisfying g’(u_.,) <0 and g'(u ) <0,
and thus by Proposition 1.4 they must also have an odd number of characteristic points with g’ alternating
sign on those characteristic values. Hence from Propositions 2.3 and 2.4 stems that such stable fronts
possess exactly one characteristic point.

4B. Spectral stability. Let (U, o) be given by Assumption 4.1. Specializing the discussion of Section 1B.2
to the simpler case where the discontinuity set is empty, we consider the operator

[t def u” 1
s (f(U)—o)D., DX ( —7) U'd, (U,.),
with maximal domain for various choices of functional space X'.
To serve as such functional spaces, we introduce for n € N

X"(R) ¥ {a € BUC"(R) : a(0) = 0}.

We shall mostly consider £ on X!(R). As a preliminary we first elucidate the interplay between this
constrained spectrum and the original unconstrained spectrum.

Lemma 4.4. Let (U, 0) be given by Assumption 4.1 and assume that k € N is such that f is C5*2 and g
is CK*1. Then the spectrum of £ on BUCK (R) is the union of {0} and the spectrum of L on X*(R).

Proof. For the sake of clarity, in the present proof we denote by £ the operator on BUCk (R) and by L, the
operator on X f (R). To begin with, note that 0 belongs to the spectrum of £ since U’ belongs to its kernel.

Now we fix A € C*. First consider the spectral problem (A — £)v = A. Evaluating at x = 0 shows
that it contains the constraint v(0) = A(0)/A so that if A is in the resolvent set of £, (A —£)~! leaves
X ,’f (R) invariant, and thus its restriction provides a resolvent for £,. Reciprocally, note that if A is in
the resolvent set of £, then a resolvent for £ is obtained through

!/

A—-0) 1A= —A(O)U/(O)

+A—=L) ! (A A(0) UI/J(O)) 4-1)

completing the proof. O

Remark 4.5 (spectral projector). Our subsequent analysis contains that indeed O does not belong to the
spectrum of £ on XX (R) when k > 1, so that considering the limit A — 0 in (4-1) gives that 0 is a simple
eigenvalue of £ on BUCK (R) when k > 1, with associated spectral projector IT given by

/

U
I1A = A(0) UT 0
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In particular it turns out that X ff (R) is simply (Id — IT) BUCK (R). Obviously these observations are
consistent with the fact that U’ lies in the kernel of £ (acting on any BUCK (R), k € N) and that §¢ lies
in the kernel of its adjoint.

To carry out our nonlinear analysis along the strategy in [Duché&ne and Rodrigues 2020], we need
to analyze a class of operators close to £, sufficiently large to induce no regularity loss in Duhamel
formulations but sufficiently small to retain the main features of £ expounded above. Our choice is to
analyze operators £, defined as £ but with formula

v’ 1
oo ) )

when a is sufficiently close to (f/(U) — o) in X! (R).

Unlike the analysis in [Duchéne and Rodrigues 2020], here the derivation of higher-order regularity
estimates requires a specific analysis. To perform it we introduce, for k € N, L, s operating on BUC’(R)
with maximal domain, defined by

U//
Lox & —a (ax - ?) —kad',

and note that when k € N is such that « € BUCK (R), f € Ckt3(R) and g € CFT2(R),

Lav Lav v

0x(L Lg10 ad

x(:av) _ a,l' x VU . )fv ’ (4-2)
(L) Lo xd5v B

where * denotes an operator strictly lower triangular and bounded on X ! (R) x (BUCO)k_1 (R).

Since it is simpler, we begin by considering spectrum problems for L, s, k € N. Elementary con-
siderations — for instance based on a direct comparison with —a’(0)x0d, —ka’(0) as in [Johnson et al.
2019, Appendix A]—show that if a € X!, a’(0) > 0 and R(A) > —ka’(0), there exists an open
interval Iy containing 0 such that, for any A € BUC? (1), there exists a unique v € BUC? (/) such that
(A—=Lgx)v=A, and v is given by

LO) X = 0
"+ ka(0)’ =5
v(x) - x e_fyx é(l—i-ka’—a%—/,/) (4-3)
/ T A dy. x40,
0 a(y)

Note that if moreover a does not vanish on R* then the uniqueness part (with associated formula (4-3)) of
the latter discussion may be extended from /o to R by standard ordinary differential equations arguments,
though the existence part may fail.

The nonvanishing of a when « is sufficiently close to ( f/(U) — o) in X !(R) follows from the lemma
below.
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Lemma 4.6. Let (U, 0) be given by Assumption 4.1. There exist ¢ > 0 and C > 0 such that, for any
aeXIR),

a(x) = (c = Clla=(f'(U) = 0)|wr.0c) min({L, |x[}),  when x >0,

a(x) <—(c—=Clla=(f(U)—=0)|lw1.co) min({1, |x|}), when x <O.

Proof. This immediately follows from

la(x) = (f"(U(x)) —0)| <min({[la — (f'(U) =o)L, |x[lla" = (f'(U)) | Lee}). [
From Lemma 4.6, we derive that when a is sufficiently close to (f/(U) — o) in X} (R),

a(x) > comin({1, |x|})  when x > 0,

there exists cg > 0 such that, for all x € R, (4-4)

a(x) < —comin({l,|x|}) whenx <0.

To complete the argument and provide resolvent bounds of contraction type, we introduce weights
independent of a according to the following lemma.

Lemma 4.7. Let (U, 0) be given by Assumption 4.1 and define for any k € N

O < min({kg'(u,), —g'(uy), —g' (w_)}). (4-5)

There exists Co > 0 such that, for any k € N, there exists x; € L'(R) N BUC®(R) such that, for any
a € CH(R) N WL2(R),

"

U
o L (e’ ~a 7 + ) = b= ol + D= (f W) = Dlyroeey @0

Proof. We define

! when x =0,
max(% (Qk—k(f’(l_]))’(x)+(f/(g(x))—o—)g (x))(f/((_](x))_a)—l’()%) when x > 0.
Xk (x) = U'(x)
Q//(x)

U'(x)

min({ (Qk—k(f’(Q))/(X)Hf/(l_f(X))—G) )(f’(Q(X))—U)_I,O} ) when x <0.
4-7)
Now we observe that
Tim k(f'(U))'(x) = kg'(u,),
and that the convergences

u” x—+o00 ,
KU 0 = () =) ) S22 s

are exponentially fast. Thus y; € L'(R) N BUC?(R). Since the function y is designed to ensure

4

U
k(f(U)' = (f'(U) —o)r Tt (f"(U)—0) xk = Ok.

the result follows. O
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Lemma 4.8. Let (U, o) be defined by Assumption 4.1, k € N and a corresponding yy is given by
Lemma 4.7. If a € X }(R) satisfies (4-4) then for any A € C such that

RA) > =04k,
with 8, i as in (4-6) and any A € BUCY(R), there exists a unique v € BUC®(R) such that
A—=Lgrv=A4
and, moreover,

le™J0 Xk y]| oo gy < lle™ 1o Xk A|| L oo gy

1
RA) + Ok

Proof. Thanks to (4-4) and (1) > —0, x > —ka’(0), one may rely directly on the arguments expounded
above and focus on (4-3), which yields for x # 0

—Jo Xk —
¢ U(X)/o ()

14
x e—fyx %(A+ka’—a%+axk)

e o 1k A(y) dy:

thus

e Jo Xy ()|

x = I E @) +ka'~ay +axi) U
”e—fd XkA”Loo(R) /0 a(y) (m(k)-i—ka’_a?—i—axk) (y) dy, x>0,
< X ” -
- RN+ 0 e—f;é(m(l)+ka’—a%+axk) U
_/ pres) (S}'i(k)+ka’—a?+a)(k) (y)dy, x<0
X =
_ lle™loxk Al ooy
= R+
Hence the result. O

Now we turn to the consideration of £, on X . The key observation is that

def 1 g//
DLav = U'dy (ﬁﬁav) =La1Dv =Ly, (8xv — 7v). (4-8)

To go further, we show that, when v € X!, ||v|lyy1.00 is controlled by a multiple of ||0,v—(U"/U’)v| L.

Lemma 4.9. Let (U, 0) be defined by Assumption 4.1 and a corresponding x def X1 be obtained from
Lemma 4.7 (with k = 1). Then || - ||+, given by

) "
e_fox(axv - Q—v)
Q/

defines a norm on X }(R) equivalent to || - | W 1.00(R)-

o]l & . ve XMR), (4-9)

Loo(R)

Proof. That | - || defines a seminorm is obvious. Since y € L!(R) and U” /U’ € L*°(R) by Lemma 4.2,
it is sufficient to prove that ||v]|zco(r) is controlled by a multiple of |0xv — (U"/U’)v||fe0(r) When
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v € X1(R). Yet, when v € X} (R), with w défaxv—(g”/g’)v = U'0x(v/U’), we have, for any x € R,

_[TUx)
v(x) —fo g/(y)w(y) dy. (4-10)

Thus, since U’ does not vanish, it is sufficient to prove that
*U'(x)
oy
o U'(y)
To prove the latter we observe that from Lemma 4.2 we have for Ry sufficiently large there exists ¢ > 0
such that

sup < +o00.

X€ER

U _

U"(x)
>1 whenx > Ry and Co >
U'(x)

U T

From this follows for x > Ry

* Ur) U
/RO Uiy ¥ =l RO( (t_f'(y)>2) dy = co

1 when x < —Ry.

and for x < —Ry

—Ro y(x) , ~Ror U (y)
/x Uiy =l (x)/x (‘(y’(y»Z)dy =co.

Hence the claim. O

Note that in particular the above lemma contains that for any (4, B) € (X1(R))?, A = B if and
only if d,A—(U"/U")A = dxB — (U"/U’)B. Reciprocally it follows readily from (4-10) that for any
w € BUC? there exists a v € X! such that d,v — (U"/U")v = w.

The derivation of the following lemma from (4-8) and Lemmas 4.8 and 4.9 is now immediate.

Lemma 4.10. Let (U, 0) be given by Assumption 4.1 and a € X }(R) satisfying (4-4). Let x &ef x1 be
obtained from Lemma 4.7 (with k = 1). For any A € C such that

ETt(A’) > _Qa,l,

with 04,1 as in (4-6), for any A € X 1(R), there exists a unique v € X2(R) such that

A=Lyv=A
and, moreover, |
< Al
vl = gy g 141

where ||-||« is defined by (4-9).

From the strictly lower triangular structure in (4-2) and Lemmas 4.4, 4.7, 4.8 and 4.10, stems spectral
stability in BUCK(R), k € N.

Proposition 4.11. Let (U, ) be defined by Assumption 4.1 and k € N be such that f € C*T3(R) and
g € CKY2(R). Then the spectrum of L on BUCK (R) is included in

{A:0RA) = -03U{0],



STABILITY AND INSTABILITY IN SCALAR BALANCE LAWS: FRONTS AND PERIODIC WAVES 1837

with
60 £ min({g'(u,), —&'(uy), —&' @_)}) >0, (4-11)

and 0 is a simple eigenvalue with eigenvector U'.

4C. Linear estimates. With the resolvent estimates of the time-independent operators obtained in
Lemmas 4.8 (with k = 0) and 4.10, we may apply general theorems on evolution systems. See for
instance [Pazy 1983, Chapter 5, Theorem 3.1] with X = X2(R) and Y = X} (R).

Proposition 4.12. Let (U, o) be given by Assumption 4.1. There exist eg > 0 and Cq such that if T > 0
and a € C1([0, T]; X L(R)) satisfies for any t € [0, T]

lat,-) = (f"(U) = 0)llw1.o@m) =< €0

then the family of operators L (;,.y generates an evolution system S on X 9(R) and, forany0<s <t <T,
Sa(s,1)(XL(R)) € X (R) and, for any vo € X} (R),

—8(t=9) ,Co [ la(@.)=(f" (W)=l 1.00 ) d7

1Sa(s. Hvollw1.com) = Coe v llw1.c0 (@)

with 0 as in (4-11).

Likewise our study of the decay of higher-order derivatives will be derived from the following lemma.
Here to use [Pazy 1983, Chapter 5, Theorem 3.1] with X = BUC?(R) and ¥ = BUC!(R), we rely on
Chapter 5, Theorem 2.3 of that work to reduce the verification of assumption (H3) there to another
application of Lemma 4.8, with index k + 1.

Lemma 4.13. Let (U, 0) be given by Assumption 4.1. For any k € N, there exists Cy > 0 such that if
T > 0anda € C' ([0, T]; X2(R)) are such that, for any t € [0, T], a(t,-) satisfies (4-4), then the family
of operators Ly .y x generates an evolution system Sy i on BUC®(R) and, forany0<s <t <T and
any vy € BUC’(R),

~01 (t=$) ,Ci J; la (@, )=(f' W)=l 1 .00 () 47

[1Sq,k (s, t)vollLoomy < Cre lvoll oo ()

with 0y as in (4-5).
4D. Nonlinear stability under shockless perturbations. To deduce nonlinear stability from Proposition 4.12

we still need a lemma ensuring that, thanks to invariance by spatial translation of (0-1), at the nonlinear
level one may also restrict to perturbations in X ! (R).

Lemma 4.14. Let (U, 0) be given by Assumption 4.1. For any Cy > 1, there exists gg > 0 such that, for
any vg € WH®(R) satisfying

lvollw1.00@m) = €0.

there exists a unique Xy, € R such that

Uxa,) +00(Xa,00) = Uy,
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and it satisfies

[Fanol = o ool

X ———||vo|lLoo(R)-

=wl =g ®
One has U +vo = (U + 00)(+ — Xxv,), With 9 € X} (R) and
Dol .00y < llvollw 1.0y + U w100 @y | X5,00]-
Proof. Since U is strictly monotonic and U’(0) # 0, we may fix r > 0 and § > 0 such that
\U'(x)| > Cy'|U'(0)] when |x| <r and |U(x)—u,|>8 when |x|>r.
Hence by choosing ¢ to enforce
0xvollLoo) < 3Co ' 1U'(0)] and  ||vg|lLoo(m)y < A6.

we have that the function U + vg — u, vanishes exactly once. Indeed the latter function has the sign
of U —u, on (—oo,—r] and on [r, c0) and is strictly monotonic and changing sign on [—r,r]. The

estimate on Xy, stems from x4y, € [—r, 7] and U (x4 y,) — U (0) = vo(X«,y,). The last estimate on
- def . .
Vo = U(+ + Xu09) —U +v0(+ + Xx,p,) is immediate. O

Theorem 4.15. Let (U, 0) be given by Assumption 4.1, assume that on a neighborhood of [u_,u ], f is
C*and g is C3, and as in (4-11) set

def .
0= min({g'(u,), =g (U 400), =& (U_o5)}) > 0.
There exist ¢ > 0 and C > 0 such that, for any ¥ € R and any vy € BUC!(R) satisfying
”vO”Wl.OO(R) 58, (4-12)

the initial datum u|,_, = U (- — ¥o) + vo generates a unique global classical solution to (0-1), u €
BUC! ([R?"‘ X R), and there exists Voo € R such that

[Voo — Vol < Cllvoll ooy (4-13)
and, foranyt >0,
u(t, ot +voo) =u, (4-14)
and
et + (@1 + Voo) = Ullwrcomy < Ce™ [|vollwi.com)- (4-15)

Proof. Translating spatially by o and replacing vy with vo(- + ) reduces the theorem to the case
Yo = 0. Then, assuming o = 0 and applying Lemma 4.7, show that the general case with Yoo = X« v,
may be deduced from the theorem restricted to perturbations vg € X ! (R) yielding asymptotic phase shifts
Voo = 0. From now on we restrict to ¥¢ = 0 and vy € X} (R).

The local well-posedness at the level of classical solutions is well known so that we may focus on
proving global bounds, which also imply global existence. To begin with we point out that considering,
as in the proof of Proposition 2.4, the characteristic curve arising from the characteristic point 0 shows
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that a classical solution satisfying (4-14) initially satisfies it for any later time. Now, to study a solution u
on an interval I, we put it in the form

ut,x)=U((x—ot)+v(t,x—ot)
and observe that v satisfies for r € I, v(¢,-) € X} (R) and

Av(t, ) = Lo, n-ov(t, ) =N, ), (4-16)
where for any function w

"

Y U) £ (U-+w) g g U ) =g (U)~ (Uyw—(f (U +w)— 1 U)Wy

N(w) =

Choose 6 > 0 such that f € C4(m_—8,g+ +é8])and g € C3([y_—8,y+ +6]). Then there exists Cq such
that, for any w € X! (R) satisfying w00y <8, we have f'(U +w)—o € XIR), N(w) e X1(R)
and

ICf/(U +w)—0) = (f'(U) = 0)llwreomy < Crlwllp.comy

IN ) 100y < Crlw 1.0y

Moreover pick Cy > 1 and gg > 0 as in Proposition 4.12.

If vg € X1(R) satisfies
1 . >N)
||v0||W1.oo(R) < E mm({&, C—l})

then when 7' > 0 is such that the corresponding solution is defined on [0, T'] and satisfies, for any 7 € [0, T,

9t|

v ) lwr.omy < 2Coe™ " |lvollw1.0or)

there holds that, for any ¢ € [0, T],

t
v(t,+) = Seru+v)—o (0, l)(vo)+/0 St1(U+v)-o) (5, DN (v(s)) ds.

Thus, by the Gronwall lemma, for any ¢ € [0, T,

_ 2CyC 2CoCy
o0t = = Coe™ Ionlpr ey x exp( 20 Follrowgey 1+ F ol sum ),

By choosing C &f 2Cy and taking & > 0 sufficiently small to guarantee

1 2 2C0C
& < —— min 8,8—0 and exp COCIS 1+e g e <2,
2Cy Cq 0

one concludes the proof by a continuity argument. O

We also prove that the exponential decay in time holds for higher-order derivatives without further
restriction on sizes of perturbations.
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Proposition 4.16. Under the assumptions of Theorem 4.15, if one assumes additionally that f € C¥T3(R),
g € CKT2(R) with k € N, k > 2 then there exists Cy > 0, depending on f, g, U and k but not on the initial
data vo, such that if v € BUCK (R) additionally to constraints in Theorem 4.15, then the global unique
classical solution to (0-1) emerging from the initial data U (- — Vo) + vo satisfies u € BUCK (RT xR)
and, with the same Y as in Theorem 4.15, for any t > 0,

8%, - + (01 + Vo)) — U | Lo

k
<G (e—oltt(k—l)(?zko(l)”.UOHWLOO(R) + Z e_"”z(k_@‘gzko(‘f)IIchvollLoo(R)),
=2

where (0p)gen are as in (4-5), ko € N* is the smallest index such that Oy, = 0,41 and 8>, () = 1 if
> ko and 8>, (£) =0 if £ < ko.

Proof. Again propagation of regularity is classical so that we may focus on proving bounds. We use here
notation and reductions from the proof of Theorem 4.15.

Under the above conditions, by relying on (4-2), Lemma 4.13 and composition properties of Sobolev
norms, we obtain that there exist a constant C ,; > 0, depending on k, f, g, U and the choice of ¢ in
Theorem 4.15 but not on vy, such that, for any ¢ > 0,

t
1850 (t, )l Lo < CLe %195 vo | Loo () + Cj /O e =y (s, ) [l a0 () ds

t
G [ eI, |06, Maoegey .
Applying the Gronwall lemma and arguing recursively proves the result. O

4E. Nonlinear stability under perturbations with small shocks. Following the strategy already used
in [Duchéne and Rodrigues 2020], we may extend Theorem 4.15 to the case where the perturbation
contains a finite number of well-separated strictly entropic discontinuities under strict convexity/concavity
assumptions of the advective flux f. The basic tenet is that infinitesimally small discontinuities travel
approximately along characteristic curves of the background wave. Thus the motions of these small
shocks may be predicted accurately. In order to lighten the notational complexity, as in [Duchéne and
Rodrigues 2020], we limit our setting to the case of one discontinuity.

For stable continuous fronts, small shocks introduced in perturbed initial data persist forever but their
position drift toward infinity and their amplitude converge exponentially fast to zero. We provide a
description of the solution u as regular on

Q? LRy xR\ {(1, (1))t > 0},

where ¢ follows the position of the shock. In order for u to satisfy the equation in distributional sense we
require u to satisfy it in a classical sense on Q¢ and that it also satisfies the Rankine—Hugoniot condition,
for any t > 0,

fur@) = fu () = ¢ () ur (t) —us (1)), (4-17)
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where (1) = u(t, (1)) £ limss o u(t, (1) = 8) and u, (1) = u(t, $(1)*) = limss o u(t, (1) + ).
We will also enforce its admissibility as an entropy solution through the (strict) Lax condition

S i) > ') > f(ur ), (4-18)
which implies the (strict) Oleinik condition provided that /" does not vanish on [u; (1), u,(7)].

Proposition 4.17. Let (U, 0) be given by Assumption 4.1, assume that on a neighborhood of [u_,u ],
fis C* and g is C3, and that 8o > 0 (resp. 8¢ < 0) is such that " (U) does not vanish on [8o, +00) and
Sy o) # 0 (resp. on (—o0,8¢] and f" (u_o,) # 0) and as in (4-11) set
def .
0= min({g' (u,), —&' (Uoo), —&"(U_o0)}) > 0.

There exists € > 0 and C > 0 such that, for any Vo € R and any vy € BUC!(R*) satisfying

lvollwrco@ey <& f'(U o) +v0(07)) < f'(U (o) +vo(01)), (4-19)

the initial datum u|,_, = U (- — o) + vo(- — (Yo + 80)) generates a unique global entropy solution
to (0-1), and there exists ¢ € C2(R) with initial data ¢ (0) = Yo + 8¢ such that u € BUCY(Q®) and:

(1) There exists Voo € R such that
[Voo — Yol = CllvollLoo ).
and, for anyt >0,
u(t,ot +¥oo) =u,
and
lu(t, ) = U (- = (0 + Vo)) lwro@iseyn < Ce 0 voll.come)-
(2) There exists (¢oo» Pas,00) € R? such that

B0 — B%] < Cllvollwico@es).  |Pasool < Cllvollyi.come).
and, foranyt >0,

16(t) — (as,o0 + Gas ()] < Ce™ " vollpr.oo@eys  19(1) = (Poo + [/ (U))] < Ce™?",
16 (t) — ¢l ()] < Ce™ " lvo Iy 1.00 ey 16'(t) — ' (ugo)| < Ce™?",
With Uoy = Uy o, (resp. Uy = U_,), ¢as the solution to

$us(0)=Yo+8  and  (forallt =0, ¢ (1) = f'(U(gas(t) — (01 + Vo)),

and

+o0 ’ 8o /
0 & s (_f(u+oo>—o) ( (M_) )
L [ (- FgEe)e (e 4 (Foea )

We point out that (4-19) could be replaced with the more patently perturbative

lvollwt.co@sy <& sen(f"(U(80))U’ (80)) X (vo(07) —vo(07)) > 0.
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It is also clear from the proof that there also holds a higher-order version of Proposition 4.17, in the
spirit of Proposition 4.16.

Proof. Again, by using invariance by translation, we reduce to the case ¢ = 0. Furthermore, since both
cases are completely analogous, we restrict to the case §¢ < 0.

The strategy of the proof is the following. Given v satisfying (4-19), we define two extensions vg, +,
defined on R, satisfying vo,+ = vo(- —8o) on (8o, +00) and vg,— = vo(- —Jp) on (—o0, §p), and fulfilling
the hypotheses of Theorem 4.15. We may then consider u 4+ the two global unique classical solutions
to (0-1) emerging from the initial data u+|,_, = U + vg,+. The solution u is constructed by patching
together 4 and u_ along the curve ¢ — (¢, ¢(¢)) defined through the Rankine—Hugoniot condition.

We first provide an extension lemma.

Lemma 4.18. (1) There exists C' > 1 such that, for any 8¢ < 0 and any wy € BUC!((0, 4+00)), there
exists vo,+ € BUC! (R) such that

00,41 (59 40y = W0 (- =80),  [[vo,+llw1.comy = C'llwollw1.00((0,+00))-

(2) For any 8y < 0, there exists C' > 1 such that, for any vo € BUCH(R*) and any Voo > 80/2, there
exists vo,— € BUCY(R) such that

vO,—|(_oo.30) = (v0|(_oo,()))(' — o), ”vo,—”Wl’Oo(R) = C/”vOHWl»OO([R*)’

and vo,— (Vo) = V0(Voo)-

The above lemma is a variation on classical and easy-to-prove extension lemmas (see for instance
[Adams 1975]) and its proof is left to the reader. Now we apply its first part with wo = vo|, |, and
obtain some vg, 4. Then we apply Theorem 4.15 with initial perturbation v, 4 and receive a corresponding
solution ¥4+ and a corresponding (asymptotic) shift . Note that by taking ¢ sufficiently small we
may ensure |V¥oo| < §o/4. Afterwards we apply the second part of the extension lemma to v and
Yoo and receive some vg,—. At last we apply again Theorem 4.15 this time with initial perturbation
vo,— and receive a corresponding solution u_, with the asymptotic shift yo prescribed by vg 4+ since
UWoo) + v0,—~ (Vo) = U(Yoo) + v0,+ (Vo) = U,

We shall construct our solution, u, through the formula

u(t. x) = u_(t,x) if x <¢(1),
T lug(t,x) if x> ¢(1),

where the discontinuity curve, described by ¢, is defined through the Rankine—Hugoniot condition
W4t ¢(1) —u—(t. ¢O))NP' (1) = f(u+t, (1)) — fu-(t,¢())).

To this aim, we introduce the slope function associated with f,

(4-20)

1
spiRxR— R, (a,b)|—>/0 fa+t(b—a))dr. (4-21)
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Since 57 € CY(R x R), the map (¢, x) — sp(u—(t,x),u4(t, x)) belongs to BUC! (R4 x R); hence there
exists a unique ¢ € C%(R.) satisfying ¢(0) = 8y and for any ¢ > 0,

¢'(1) = sy (u—(t. (). u1 (. $(1))).

As a result we obtain that u defined by (4-20) satisfies (0-1) on Q9 the Rankine—Hugoniot condition

along {(¢,¢(¢)) : t > 0}, and thus is a weak solution to (0-1). By design, the initial condition #(0, -) =

U +vo(- —08p) also holds. It only remains to study the asymptotic behavior of ¢ and the entropy condition.
We now verify the claimed estimates on ¢. To begin with we study ¢,,. First note that since

sup f'oU <o,
(—e0.%30]
a continuity argument shows for some ¢ > 0 independent of vo (satisfying the assumptions of the
proposition) that for any ¢ > 0,

Ps(t) <0 —c,  Pus(t) <o+ (0 —0)t. (4-22)
Moreover it follows from Lemma 4.2, that for some C’ independent of vg, for any 7 > 0,
/ / , g (U_o)
|¢as([) - f (u—oo)l = C exXp ,—(¢as(t) - (WOO + UZ)) . (4'23)
fu_o)—o
Inserting (4-22) in (4-23) shows that for some Cy > 0 independent of vy, for any ¢ > 0,
Gas(t) <80+ Co+ f/(u_xo)t. (4-24)

Then by inserting (4-24) in (4-23) we deduce that for some C” independent of v, for any ¢ > 0,

|¢2/15(t) — f/(g_oo)| < C o8 W_co)t
In particular, integrating the latter shows for some C”” independent of vy, for any ¢ > 0,
|¢as(t) - (¢00,as + f’(y_oo)t)l < C///eg/(y_oo)t’

SO_WOO f,(ﬂ—oo) —0 .
(f/(l_f(é V) —o 1) &

with

¢oo,as = 80 +/

—00
so that
|Poo,as — Pool < C" [[vo [l oo (m%)-

Now, using again Lemma 4.2 shows that there exists a constant C;j > 0 independent of vq (satisfying
the assumptions of the proposition) such that, for any > 0,

gl(ﬂ—oo) ax _
16/ (1) = B ()] < Che ™ Vol 1,00y + CGl (1) = as (1) o 7 0u—oor—o M ({G@ 0D =01)

Thus for some constant C(/)/ > 0 independent of vy, the Gronwall lemma shows that, if ¢ is such that, for
any 0 <s <t, ¢(s) <8+ Co+ 1+ f'(u_o,)s, then

p(t) — pas(t)| < Cq llvollw1.00 @)

(4-25)
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Hence, enforcing C(;’ ¢ < 1, a continuity argument shows that, for any ¢ > 0,

(1) <o+ Co+ 1+ f'u_g)t.  |Pp(t) —Pas()] < Cy lvollw1.00 @)

Inserting the latter bounds in (4-25) provides the expected bound on |¢’ (1) — ¢/ (¢)|. Finally, integrating
this bound and combining with bounds on ¢,5 conclude the study of ¢.

To achieve the proof, we need to ensure that lessening ¢ if necessary, the constructed weak solution is an
entropy solution. By assumption there is a convex neighborhood of {U (x) : x < 8o} on which f”" does not
vanish and taking ¢ sufficiently small we may ensure that for any ¢ > 0, both v (¢, ¢(¢)) and u—(z, (7))
belong to this neighborhood. Thus it is sufficient to check that w () o up(t, y(t))—u—_(t,¥()) has
the correct sign for any 7 > 0. Since w takes the correct sign at # = 0, it amounts to checking that w
does not vanish. This follows from the Cauchy-Lipschitz theorem since w(0) # 0, and, for all ¢ > 0,
w’'(t) = ®(¢, w(t))) with @ such that, for all > 0, ®(z,0) = 0. Indeed the latter claim follows from a
straightforward computation with ® explicitly given by

(1, 2) = sg(ut (2, ¥ (1), u—(, ¥ (1)))z
+ (57 U Y () ug (09 (1) = 2) =5, U (6, Y (1)), us (1. Y (1)) dxus (1, ¥ (1))
= (87 =, ¥ (1) + 2. u—(t, Y (1)) = s (u—(t, Y (1)), u—(t, ¥ (1)) Ixru—(t, Y (1)),

and one readily checks that @ is jointly continuous, and uniformly Lipschitz in z. O

4F. Transverse stability in the multidimensional framework. In the present subsection we discuss
possible generalizations of Theorem 4.15 to multidimensional settings. In particular we temporarily
replace (0-1) with

deu +div(f(u)) = g(u), (4-26)

where the spatial variable x belongs to R4, d €N, and f:R— R4

Starting from spatial dimension 2 the range of possible geometries for discontinuities becomes too
wide to be reasonably covered here, even if one restricts to a few typical cases. Therefore, as in [Duchéne
and Rodrigues 2020], in the multidimensional case we only consider shockless perturbations.

For the sake of clarity and without loss of generality, we fix the direction of propagation of the reference
plane front, split spatial variables accordingly x = (&, y) € R x R4~ and correspondingly f = (fi, f1)-
We consider a plane wave u,

u(t,x) =U(E - (Yo +o01)),

with Yo € R, and (U, o) generating for nonlinearities ( f, g) a one-dimensional stable continuous front
in the sense of Assumption 4.1.

Note that the profile of the plane wave u takes the characteristic value ¥, on a hyperplane. A general
initial perturbation may bend this characteristic hyperplane, whereas the time dynamics cannot restore
the unperturbed shape so that the plane wave u cannot be asymptotically stable (even in an orbital sense).
The best one may expect is that:

(1) Near the plane wave under consideration there exists a genuinely multidimensional family of traveling
waves, continuously parametrized by the u, -level set.
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(2) This family is asymptotically stable in the sense that a solution arising from the perturbation of an
element of the family converges to a possibly different element of the same wave family.

We anticipate that the study of the latter would require arguments significantly different from the rest of
our other investigations. Yet the reader is referred to Section 5B for the analysis of a similar situation.

To bypass the above, we restrict here to initial perturbations that are localized away from the char-
acteristic hyperplane and thus do not alter its shape. Incidentally let us point out that this restriction is
conceptually similar to those made in [Yang and Zumbrun 2020], where perturbations are assumed to be
initially supported away from discontinuities.

Theorem 4.19. Let (U, 0y) be given by Assumption 4.1 with nonlinearities (fy, g), assume that on a
neighborhood of [u_,u ], f is C* and g is C3, and set
def . / /
0 = min({—g (U 400), =8 (U_00)}) > 0.

For any ro > 0, there exist ¢ > 0 and C > 0 such that, for any Vo € R and any vy € BUC! (R9) satisfying

[vollw1.coray <&, suppvo C{(€,y): |E] = ro},

the initial datum u|,_, = (U + vo)(- — Yo) generates a unique global classical solution to (4-26),
u € BUCYH (R x R?), such that, with o def f'(u,), foranyt >0,

supp(u(?,- + (a1 + o)) —U) C{(§. y) : [€] = ro}.
and
e, - + (@t +¥0)) = Ul oomay < Ce ™ [|voll oo ),
u@, - + (ot +v¥0) —Ullwi.coay < C€_9t||vo||W1-°<>(Rd)-
Proof. Since the details of the proof are completely similar to the ones involved in the proof of

Theorem 4.15, we only outline its main features.
To derive a formulation as perturbative as possible, we introduce first F} and & through

e (7100 = FLOL/ @) =00 ifu#u,. wr [f
O e © [ LW

so as to consider v defined from the solution to study, u, by
v(t,x) =ut,x +01+(0,2L(5)—-U().

Then we observe that from (4-26) stems

0v(t,) = L (U +vt, -0, FL U+ )~FL @)V ) = N ().

where for any function w

4

(W)= U+ 0) Gy w8 (U +w) =g (U) g (U)o (U +w)- ()~ (Qw)T’

N(w) =
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and for any functions a and A

v’ w
Lg.Aw déf—a(agw +A-Vyw— ?w) = —a(Q’Bg(ﬁ) +A-Vyw).

From the latter follows, for 1 <{ < (d — 1),

By v(t.)) = L {1 (U +v ()01, F1 (U0, )-FL (@) Oy V()
= Oy (N0 (0,1) — (U ) = 00)y 00 ) FL (U + () - By0(0.-) )
~ FC 00,00, (0000 (P 00,0 = FL)- Byt = 7.0

and

U(t,') U(t")
3t(Q'3s(—U, ))—Lf.’(U+v<t,.))—o|.,FL(U+u(t,~))—FL(U)(Q'as( U ))

(N(—v(y/’ .))) — 0 [(f{ (U +v)—o)(FL(U +v(t,-)) = FL(U)]- Vyu(t,-),

= U'd;
with

U//
Lg,aw &g (ng +A- Vyw) + (a? - 8ga)w.

To close the proof along the arguments of the proof of Theorem 4.15, it is sufficient to prove sharp
exponential decay for evolution systems generated by Ly (;,.), a¢,.) and Ly (s,.),A(z,-) acting on

BUC? (RY) &

0

{v € BUC*(R?) : suppv C {(£, ) : |&] = ro}}

when both a(z,-) — (f,/(U) —oy) and A(z, -) are sufficiently small uniformly in time. In turn the latter is
essentially a consequence of the following lemma. O

Lemma 4.20. Let (U, o) be given by Assumption 4.1 with nonlinearities (fy, g), assume that on a
neighborhood of [u_,u ], f is C* and g is C3, and set

def .
0 = min({—g'(U4.00), =& (U_o0)}) > 0.
For any ro > 0, there exist ¢ > 0, C > 0 and x, 7 € L'(R) N BUC®(R) such that, for any (a, A) €
CY(RY) N WL-°(R) satisfying

la = (£ (U) = o) lwr.co ey <&
the following hold with

def

0 =60—Clla—(fj(U) —on)llw1.coma)

(1) For any A € C such that
RA) > —0b,,

and any o € BUC?O (R9), there exists a unique v € BUC(r)0 (R9) such that

(A—=Lga)v=a
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and, moreover,
o > € H0 (@) ooy = g e K ()l oo
RA) + 0,4
(2) Forany A € C such that
RA) > —ba,
and any o € BUC(,)0 (R9), there exists a unique v € BUC‘r)(J (R?) such that
A—Lgav=a
and, moreover,
| x — e_fg iv(x)lILoo(Rd) < ;Hx = e_fg ZO‘(X)”LOO(R‘I)-
NRA) + 0,4

Proof. One may proceed as in the one-dimensional case, with generalized formula

& 0 0 u”_ =(r:x))— Z(s:x)
e Jo Xu(x) dzef/ ols (a7 ~axn)E () A)dte_fo Yo (X(s;x))ds in case (1),

—0o0

& - 0 0 (0 8. a—a?)(E(r-x))— E(six) 5
e Jo Xu(x) d=ef/ ols (a7 ~dea-ap)(E(x) A)dre_fo Xa(X(s;x))ds in case (2),

—00

where X(-;x) = (&, Y)(-;x) is such that X(0; x) = x and,
foralls e R, 0d;X(s;x) =a(X(s;x))(1, A(X(s;x))). O

5. General stable waves

In this section we extend our stability results initiated in Section 4 to stable waves of a more general
form. We first consider in Section 5A classes of stable waves involved in Theorem 3.2 and thus conclude
its proof. Then, relaxing Assumption 3.1, we consider in Section 5B some waves possessing several
characteristic points.

5A. Stable waves of generic equations. To begin, we recall some results from [Duchéne and Rodrigues
2020], namely Proposition 2.2 (for constant states) and'® Theorem 3.2 (for Riemann shocks).

Proposition 5.1 [Duchéne and Rodrigues 2020]. Let u € R and f, g be C? in a neighborhood of u such
that
gu)=0 and g'(u)<O0.

Then, for any Co > 1, there exists € > 0 such that, for any vo € BUCY(R) satisfying

lvollw 1.0y < €.

the initial data u|,_, = u + vo generates a global unique classical solution to (0-1), u € BUC! (Rt x R),
and it satisfies for any t > 0

(e, ) —ull ooy < ol Loo @) Coe® @7,

190 (t. )l oo @y < 19xvoll Loo @) Coe® @'

15Actually one of the variants of [Duchéne and Rodrigues 2020, Theorem 3.2] along the lines of [loc. cit, Remark 3.3].
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Assumption 5.2. Assume that (u_,u ) € R%, u_<u - that on a neighborhood of [u_,u ], f and g
are C2, and that the following conditions hold:
gu_)=0, guy)=0,

(D / /
gw_)<0, guy)<O0.

(2) With 0 = (f(uy) — f(_))/(uy —u_), we have (f'(uy) —0)(f"(uy) —0) < 0 and labeling
{U_oor Uy oo} = {u_,u } according to

ffu_o) >0, fluys) <o,

forany u e (u_,u,),

F) = o) SO0~ f(hse)

U—U_o U—U o
Then we define U as for any x € R,

Ux) = U_o 1fx <O,
T Uy ifx>0.

Theorem 5.3 [Duchéne and Rodrigues 2020]. Let (U, 0) be given by Assumption 5.2. For any Cy > 1,
there exist ¢ > 0 and C > 0 such that, for any Vo € R and vy € BUCY(R*) satisfying

”vO”Wl'OO([R{*) <e,

there exists r € C2(R™) with initial data v (0) = v such that the entropy solution to (0-1), u, generated
by the initial data u(0,-) = (U + vo)(- — o) is global, belongs to BUCY(QY) and satisfies, for any
t>0
e (. + Y (1)) = oo |l ooty < I1V0ll oo (gt Coe® Yoo)",
|03t - + ¥ ()| ooty < 10500 oo ity Coe® @,

and moreover there exists Voo such that

[¥oo — Vol < [lvollLeo®)C,
and, for any t > 0,

/() = (Voo +10)] < [ ow ur) CemX (1 rocd e e,

The reader is referred to [Duchéne and Rodrigues 2020] for other versions of the foregoing stability
results including perturbations with small shocks, higher-regularity descriptions and multidimensional
counterparts.

The remaining stable waves involved in Theorem 3.2 are neither continuous nor piecewise constant, and
as such involve both characteristic points and discontinuities. For this kind of pattern, even when initial
perturbations are smooth and supported away from discontinuities, we need to apply more than a simple
uniform translation so as to synchronize the perturbed solution with the background wave since both
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Ut U o}
U, /‘ i
Uy
ug | :
U, ’J
U oot U_oot
d d
(a) A profile satisfying Assumptions 5.4. (b) A profile satisfying Assumptions 5.5.
Utoot
Up  fmmm ‘
L |
U ot ‘
d_ d4

(c) A profile satisfying Assumptions 5.6.

Figure 2. Stable waves of class (4) or (5) in Theorem 3.2. The functions f and g used
to trace the profiles are as in Figure 1, specifically, f(u)=— cos(%u) and g(u) =sin(mu).

characteristic points and discontinuity locations require fitting. This leads to results of space-modulated
asymptotic stability instead of orbital asymptotic stability.

For the reader’s convenience, we collect in Assumptions 5.4, 5.5 and 5.6 the detailed conditions on
(f, g) from which arises the existence of such stable waves, and represent each case in Figure 2.

Assumption 5.4. Let (U_. U, , U, U )€ R* be four distinct values and assume that on a neighborhood
of [min({u_ oo, U, U4 o)), max({U_oo. Uy, U (o)), f 8 C* and g is C3, and that the following conditions
hold:

gU_o) =0, gu,) =0, gu,) =0,

g WU_oo) <0, g'u,)>0, g'ui,)<0.

(2) For any u € [min({y. 2 4o }) Max({2 1 oo D]\ 2, 2y o0}, We have g(a) # 0.

(3) f"(u,) #0, and, for any u € [min({u,, U 5 }), max({u,, U oo )]\ {1, }, we have f'(u) # f'(u,).

(4) With o déff’(y*), we have

)

g(u,)

U, —U_o

S = flu_o) =0, —u_o),

flu_0) >0, Flu) <o,

<0,
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and, for any u € (min({y_qo. %, }), max({u_.. 4, })),

fO) = flu o) f) = fa,)

U—U_q u—u,

Then we define

(1) U+ on an open interval / 4 as the maximal solution to U 4+ (0) = u, and, for any x € [ 4,

UL (x) = Fo(U+(x)),
where Fy is defined on a neighborhood of [min({u,,u o }), max({u,,u . })] as in (1-2);
(2) d € (=00,0)NI4+ by Ur(d) =u,;
and we set D = {d} and, for x € R,
v={5% i
Note that in Assumption 5.4 the fact that d is well-defined stems from the strict monotonicity of U 4+ and

sign considerations on f’—o. Likewise one may check that [d, +-00) C I 4 and limy—s oo U 4 (X) =u 4 .

Assumption 5.5. Let (U_.o, U, Uy, U o) € R* be four distinct values and assume that on a neighborhood
of min({u _ oo, Ug, U oo }), Max({U_oo, Ug, Uy oo )], [ 8 C* and g is C3, and that the following conditions
hold:

g_o) =0, gu,)=0 gy =0,

(1)
g'U_0) <0, g'u,)>0, g'Uio)<0.

(2) For any u € [min({u_ gy, 104}). max({u_oo, ug D]\ {1t u_o}, we have g(u) # 0.

(3) f"(u,) #0, and, for any u € [min({u_oo. ug}), max({u_oo. 1))\ {u, }, we have f'(u) # f'(u,).

(4) With o déff’(y*), we have

—g(uy)
Utoo — Uy
f'(uy) > o, fUio) <o,

SWUioo) = fug) =0(Uyoo—Uuy), <0,

and, for any u € (min({yg,eroo}), max({ye,y+oo})),

f) = fluy SO = flyoo)

U—Ug U—U,

Then we define

(1) U— on an open interval / _ as the maximal solution to U_(0) = u, and, forany x € I _,
UL(x) = Fo(U-(x)),

where Fy is defined on a neighborhood of [min({u_.,, u,}), max({u_o., u,})] as in (1-2);
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(2) d € (0,+00) N I_ by U_(d) = uy;
and we set D = {d} and, for x € R,

O
U_(x) ifx<d.

Assumption 5.6. Let (u Up Uy Up, Uy o) € R be five distinct values and assume that on a neigh-

_w’
borhood of [min({u_ . U, ug, U o)), max({u_oo, U, Ug, Uy o })], f s C* and g is C3, and that the
following conditions hold:

gU_o) =0, gu,) =0, gu;) =0,

(1) ; ) )
gU_oo) <0, g,)>0 g, <0

(2) For any u € [min({u,, up}), max({u,, ug})] \ {u,}, we have g(u) # 0.

(3) f"(u,) #0, and, for any u € [min({u,. u,}), max({u,, u )]\ {u, }, we have f'(u) # f'(u,).

(4) With o o f'(u,), we have

—g(uy)
Utoo Uy
f(ug) > o, f/(kl+oo) <o,

<0,

f@+oo) — fuy) = U(%+oo —Uuy),

and, for any u € (min({uy, ¥ oo }), max({uy, U oo })),

fO) = Sl | SO = flyoo)

U—uy U—Uio

(5) With the same o, we also have

g(u,)

U, —U_

SW) = flu_o) =0, —u_o),
fu_y) >0, f'(u,) <o,

and, for any u € (min({u_q. 1, }). max({_og.1u,})),

S = fU o) fO)— )

u_y—oo u_yr

<0,

Then we define
(1) Uiy on an open interval [, as the maximal solution to Uin(0) = u, and, for any x € /iy,
Ui (x) = Fo(Uin(x)),
where Fy; is defined on a neighborhood of [min({u,., u,}), max({u,, u,})] as in (1-2);
(2) d+ € (0, 4+00) N Line by Uin(d+) = uy;
(3) d- € (00,0) N Lin by Uine(d—) =
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and we set D = {d_,d4+} and, for x € R,

Uyoo if x >d4,
Ux)=qu_ if x <d_,
Uin(x) ifd- <x<ds.
Theorem 5.7. Let (U, 0, D) be given by either Assumption 5.4, 5.5 or 5.6 and set

0 défmin({g’(u*), 8 (o). —8 (U_o0)} U _% e DD -

There exist € > 0 and C > 0 such that, for any (o, vo) € BUCH(R) x BUCH(R\ D) satisfying

[0x¥0 — 1llLoow) + [lvollw1.com\p) = &

the initial datum u|,_, = (U + vo) o ¥y U generates a unique global entropic solution to (0-1) and there
exist Y € BUC?(Ry. x R) and Yoo € R such that

Yoo —¥0(0)| < C(|0x Vo — LlLoo@w) + llvollLoom))-
and, for anyt > 0,
w(t’o)szO+0t’ U(I’Woo‘f'(”):ﬂ*,

u(t,y(t,-)) e BUCY(R\ D) and

15 (2. )=l ooy +lu (. ¥ (&, ) =U lw1.co@ypy < Ce ™ (|19x 10— 1l oo @) + Vol .00\ )
10: 9 (2. ) =0 | ooy + 1Y (2. )= (- +01 +Yoo) | Loo@y < Ce™ " (|05 V0~ 1l ooy + Volly 1.0\ p))-

Moreover, increasing C if necessary, one may enforce that, foranyt > 0, ¥(t,-) — (- + 0t + ¥oo) is
supported in any prescribed neighborhood of 0.

Our strategy of proof is the same as in the proof of Theorem 5.3 in [Duchéne and Rodrigues 2020,
Theorem 3.2], or of Proposition 4.17 in the previous section. We first extend smooth parts of the initial
datum to the whole line, apply Theorem 4.15 and Proposition 5.1 to propagate in time these extended initial
data, and glue the obtained functions along the shock location determined from the Rankine—Hugoniot
condition. Yet here there is a priori no extension of U|, _ ., into a stable front of (0-1). Instead, we shall
first perform an artificial extension of the background profile itself, based on extensions of nonlinearities.
We first state and prove the simple relevant lemma.

Lemma 5.8. Leta” <a' <a<b, a <0andh : [a",b] — R be C3 such that h is negative on [@',a].
There exists h : [a",b] — R in C3 such thath|[ s = 8l h(a") =0, K'(a") = « and h is negative
on (d”,al.

Proof. Pick X R— [O,vl] smooth such that x|[4”4(2/3)(a’—a"),+00) = 1 and Y|(—00,a”+(1/3)(@'-a")] = 0.
Then define 4 through A(x) = (1 — y(x))a(x —a) + y(x)h(x). O

Now we prove Theorem 5.7.
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Proof. For the sake of brevity we only treat the case arising from Assumption 5.4. We stress that the
changes needed to deal with other cases are purely notational. Moreover we point out that one may
exchange Assumptions 5.4 and 5.5 by switching (x, f) to (—x, — f). Additionally, by using invariance
by spatial translation as we have done in proofs of the later section to reduce to the case Yo = 0, we may
enforce without loss of generality that o (0) = 0.

First, we choose a convex neighborhood of [min({u,,u . }), max({u,,u  ,,})] on which f is c4,
g is C3, f’ — o vanishes only at u, and g vanishes only at u, and Uy - Then we choose some
U_, in the foregoing neighborhood so that we may apply Lemma 5.8 with o = g’(u_ ) (and either
(h,a") = (g, 1_g) or (h,a") = (—g(—-), —_,,) depending on the relative positions of u, and u )
and obtain ¢ coinciding with g on a convex neighborhood of [min({u,, 4 ,}), max({u,,u ,.})] and
such that (f, &, u
particular, for some positive &9 and 8o, we have, for x € [d — &g, +00), Q+(x) = U 4+(x), and for any u
such that |u —Q+(x)| <eo, §(u) = g(u).

Now, we observe that if ||0x Yo —1|| oo (r) < % then for any x € R, |x|/2 <|¥o(x)| <2|x|. Combining
this with the exponential localization of U 4, we deduce that for some C’ (not depending on /o)

00> Uy U o) defines as in Assumption 4.1 a stable continuous front (_U 4,0). In

IU 0 %5 " = Ut lwioo(gro(d) o0y < C'10x%0 — | Loo(w)

provided that [|0x o — 1||zco(w) is sufficiently small. Then, as in Lemma 4.18, we may extend

(Uo Wo_l —Uyt +vgo wo_l)|(11/0(d).+oo)
into Vg,+ and (v © w()_1)|(—oo,w0(d)) into vg,—. Afterwards we apply Proposition 5.1 to (¥_,, o,—) and
Theorem 4.15 to (_U_,_, Uo,+). In this way, provided that ||0xv¥0 — 1]|Loom) + [[Vollw1.00g) is sufficiently
small, for some C’ (not depending on (¢, v9)), we receive u— solving (0-1) with initial datum u _  + o, —
and u 4+ solving (0-1) with g instead of g and initial datum _U 4+ Vo, + such that, for any ¢ > 0,

lu—(t.+) =u_go 1o < C'e& “= ug |l 1,00 @\ 1)
and
s (2, +01t+Vo0)—U 4 lly1.00 gy < C'e™ ™nUE W)= W00IDI (19 45— 1| oo ) + | Vol 100 ) D))
for some V¥ such that
Vool < C'([10x W0 — 1| Loow) + Vol Loow))-

Moreover in the above, for any ¢ > 0, u4(¢,0t + Vo) = U,.

As in the proof of Proposition 4.17, we consider the slope function s7 associated with f as in (4-21)
and observe that the map (¢, x) > s7(u—(z, x), u+ (¢, x)) belongs to BUC! (R4 x R), and hence there
exists a unique ¢ € C%(R4.) satisfying ¢(0) = ¥o(d) and, for any ¢ > 0,

P'(t) = s (u—(t, (1)), ut+(t, (1))).
We shall construct our solution, u, as in (4-20) through the formula

fu—(@.x) ifx<¢(),
U = ) x> B0,
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Note that [¢(0) —d| < |d|[|0x¥o — 1] and if we prove that ¢(¢) remains sufficiently close to
ot 4+ VYo + d we deduce that u is a weak solution to (0-1) (since the values of u 4 used in u lie where
g and g coincide). Likewise, the same condition yields that (u— (¢, ¢(¢)), u+ (¢, ¢ (¢))) remains close to
(U_so.U4(d)) = (U_. U,), thus proving that u satisfies Oleinik’s condition and is an entropy solution.

Therefore it only remains to study the asymptotic behavior of ¢ and to recast all the proved estimates so
as to fit the claims in Theorem 5.7. In order to study ¢, we introduce ¢ : R4 — R, t ¢ (1) —(d + VYo t+01t).

Note that
8W)la
[Ula

Combined with the asymptotic estimates on u_ and u, this implies that, for some C”,

9 (0)] < C"(19x V0 — Ll Loe ) + vollLoo )

SF(U_oorty) =0, dx(sr(_oo, Ut ()))(d) =

and, for any ¢ > 0,

[g(W)]y t le@)g (p
0] < p(0))e D" " +C” /0 e Wa T (g(5))ds

[e(U)]g

t
([ zoeqey a8 €7 esmnie )= o) - gy,

Thus a continuity argument shows that, provided that ||0x o — 1||Loo) + Vo[l w1.00(r\ by 18 sufficiently
small, for some C”” and any ¢ > 0,

o)) < C"e™ " (|9x 0 ~ Lo + [vollw.oo@ py).
This implies a similar bound on ¢’.

At this stage we only need to introduce ¥ to fit the claims in Theorem 5.7. We pick y : R — R
smooth and compactly supported, constant equal to 1 in a neighborhood of d and constant equal to 0 in a
neighborhood of 0. Then we set

YiREXR—>R,  (£,X) > X + Yoo + 0t + 1(X)0(2).
For some constant Cy and any ¢t > 0,
u(@, ¥ (2,+)) = Ullwico((—o0,d)) < Collu—(t.) —u_ollwi.om)

and
(@ ¥ (.-)) = Ullwr.co(d,+o00))

< Jur (9 () = U (@O C)llwoo @ +oop + 10+ @O2() = U 4 llw.oo (@00

< Collus (1. + 01+ Yoo) = U lw1.eomy + Colo ()],
completing the proof. O

To conclude the proof of Theorem 3.2, it only remains to observe that spectral stability of stable constant
states and of Riemann shocks as in Assumption 5.2 is also proved in [Duchéne and Rodrigues 2020] and
to show spectral stability of waves given by Assumptions 5.4, 5.5 and 5.6. The latter follows from the
spectral stability of stable constant states and stable continuous fronts through the extension-patching
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argument as in the nonlinear stability proofs. The details are left to the reader and the reader is referred to
Section 4 for some hints.

It is relatively straightforward to derive counterparts of Theorem 5.7, including perturbations with
small shocks, higher-regularity descriptions or multidimensional perturbations supported away from
characteristic points. The statement and proofs of those are left to the interested reader. Yet we give here
a brief description of the dynamics of the small perturbing shocks. When perturbing a stable Riemann
shock, the small shock merges in finite time with the background shock and thus somehow disappears.
For waves as in Theorem 5.7, small perturbing shocks either merge in finite time with a background
discontinuity if there is any on the same side of the characteristic point of the reference wave or move
towards infinity as in Proposition 4.17 if there is none.

5B. Stable waves with multiple characteristic points. In the present subsection we prove that for nonde-
generate piecewise regular traveling waves with a finite number of shocks the identification of instability
mechanisms in Section 2 is indeed comprehensive. Thus we relax Assumption 3.1 and prove nonlinear
stability for some waves possessing several characteristic points.

The main difference with analysis of the previous subsection is that such waves are not isolated, even if
waves coinciding up to a spatial translation are identified. Indeed they come as elements of continuously
parametrized families of waves. As a consequence, each wave is not asymptotically stable by itself but
these families are, in the sense that a solution arising from the perturbation of one such wave converges
to a possibly different element of the same wave family.

The following assumption formalizes the class of waves we consider.

Assumption 5.9. Consider a nondegenerate piecewise regular entropy-admissible traveling-wave solution
to (0-1) defined by (U, o, D). Assume that:

(1) D is finite and its limits ¥ o, =limyoo U and u_, = lim_oo U satisfy

g Uie) <0, g'(u_g) <O.
(2) Each characteristic value u, taken by U satisfies g’(u,) > 0.

(3) For any d € D, either, near d, U is constant on both sides or
[g(U)]a

—— <0

. [Ula
A few remarks are in order.

(1) By Proposition 1.4, the second condition could alternatively be stated as: each connected component
of R\ D contains at most one characteristic point.

(2) Since U is strictly monotonic on bounded connected components, in the third condition the first part
of the alternative happens only for Riemann shocks.

(3) Proceeding as in the element of proof below Theorem 3.2, one infers that if U has at least two
characteristic points, then it passes through at least two different characteristic values.

(4) The cases when U has less than two characteristic points are already covered by the results stated in
the previous subsection and Section 4.
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The following proposition proves that when there are at least two characteristic points there is nearby a
family of similar waves.

Proposition 5.10. Let (U, 0, D) define a wave satisfying Assumption 5.9 with at least two characteristic
points. Label the characteristic points as X1« <+ < Xp,x, Withn € N, n > 2, and the elements of D as
di—y_ <+ <dp—1+y, with (y-, y+) €10, 132, X1, <d1, Xn,» > dp—1. There exist &9 >0 and C >0
such that, for any Wi = (Y1,x, ..., ¥n,«) such that
”(xj,* —Xl,*)2§j§n - (Wj,* - 1ﬂl,at)2§j§n || < é&o,

there exist a unique (U Y*, D¥*) such that:

(1) (UY*, 0, DY*) defines a wave satisfying Assumption 5.9.

(2) Forany 1 < j <n, we have U+ (Vjx) =U(X) ).

(3) DY* has the same cardinality as D and, labeling its elements as dlq'_*yi <eee < d\p*l+y+, we have

Y14 < dl\y*, Yn,x > d,\lp_*1 and, forany 1 —y_ <k <n—1+ y,
| = (d + V1,0 —x1,0] < Cl(jw = X10)22j <1 — (i — V10)22j2n -
(4) There exists a C*° maps ¥¥* : R — R such that
¥ = G+ Y1s = x10llwres + 10 G () = Ullwre@p)
= Cll(xjx = X10)2<j<n = (Wjx — Y10)2<<nl-

Moreover, increasing C if necessary, one may enforce that y¥* — (- + Y1,+ — X1,+) is supported in any
prescribed neighborhood of D.

Proof. To begin, let (U, ..., Up) denote extensions respectively of U (oo 4,) to a neighborhood of
(=00, d1], of U\, ,d;,,) to a neighborhood of [dj,dj+1] for 1 < j <n—1, and of U(4,,+c0) t0 @
neighborhood of [d,, +00), obtained by solving the ODE associated with the profile equations. Note that
Uy (resp. U,) contains a discontinuity if y_— =1 (resp. y+ = 1).

For any W, satisfying the smallness condition of the proposition, we shall define U ¥+ as

Uo(x + X1, —V1,%) ifx<d1‘p*,
U () = QUk(x +Xpu —Viw) ifd* <x<dr 1<k<n—1,
Un(x+Xpx—Ynx) ifx> d:lp_*l,

with (d,f’ *)1<k<n—1 determined by the Rankine—Hugoniot conditions
[fU*)=oU™ ] pwe =0, 1=k =n—1,

and, if y_ =1 (resp. y4+ = 1), d(;l’* =do + Y1,« — X1, (resp. d,:p* =dp + Yn,» — Xn ). The existence
of (d ;’ *)1<k<n—1 follows from the implicit function theorem applied for 1 <k <n—1, to

RHy: (8,0, 0) > f(Uk41(dk+8+0")—0 U1 (di+8+n0)—(f (Ui (di+8+n)—0 Ui (di +8+1n))
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. v .
so as to determine §; = d; * — (di + Y1,» — X1,+) as a function of

(M M) = (e = X1,0) = (Wkeox = V10)s (k1,0 — X1,0) = (Ykg1,0 — Y1),
since

RH;(0,0,0) = [f(U)—0oUlg, =0,
d5(RH)(0,0,0) = [(f(U) —0oU) |a, =[g(U)]a, #0O.

The smallness condition implies that (U Y+ &, DY*) does define a wave of (0-1) satisfying Assumption 5.9.

We conclude essentially as in the proof of Theorem 5.7. Independently of W,, we pick y : R — R
smooth and compactly supported, constant equal to 1 in a neighborhood of D, and constant equal to 0 in
a neighborhood of {xx , : 1 <k <n}. Then, for any W, we define y¥* R — R by

0 if x <Y «,

(@) —(die + V1a =X A(x) i Vg <X < Yppre L<k<n—1,
(d,;ll* —(dn+ VY10 —x1))x(x) ifx>Ypu.and yyp =1,

0 if x > ¥y« and y4 =0.

YV () =X+ Y1 e—x1+

It is then straightforward to check the claimed estimates as in the proof of Theorem 5.7. O

Theorem 5.11. Let (U, 0, D) define a wave satisfying Assumption 5.9 with at least two characteristic
points and use notation from Proposition 5.10. Let 6 > 0 such that

0 = min({—g" (U4 o00) =8 (U_0)} UL (U(xk, ) : 1 <k <n—1}),

0 >min({—%:d eD%).

There exist € > 0 and C > 0 such that, for any (o, vg) € BUCH(R) x BUCH(R\ D) satisfying
10x¥0 — Ll Loo) + lvollw 1.0\ D) < €

the initial datum u|,_, = (U + vo) o ¥y 1 generates a unique global entropic solution to (0-1) and there
exist € BUC?(Ry x R) and Voo = (Vk «)1<k<n € R" such that

[Woo — (Yo (xk,x 1<k <n| < C(10x¥0 — 1]Loo@m) + l[vollLoomw))
and, for anyt >0,

V(. Yrs) =Vik+ot, 1<k<n, u(t, Y« +0t) =U(xg,), 1<k=<n,
u(t, ¥ (t,-)) € BUCH(R\ D¥>) and
19 (2, ) =Ll poogery 1 (. (2, -) U 0l oo @y pwooy < Ce 0 ([[0x Y0~ 1 ooy + Vo ll 1.0 @\ 2))-

109 (1) =0 | Loy + 1V (1, )= (- +01) || Loo(y < Ce ™ (| 8x¥o—1 ]| oo+ V0l w00 &\ p))-

Moreover, increasing C if necessary, one may enforce that, foranyt >0, ¥ (t,-)— (- + at) is supported
in any prescribed neighborhood of (Yo(X1,x) —X1,x) + D.
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Since the proof of Theorem 5.11 is nearly identical to the one of Theorem 5.7, we leave it to the reader.
Again, we point out that Theorem 5.11 possesses counterparts including perturbations with small shocks,
higher-regularity descriptions or multidimensional perturbations supported away from characteristic
points.
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