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Abstract

This paper is concerned with the spectral analysis of a Hamiltonian with a
8-interaction supported along a broken line with angle 6. The bound states with
energy slightly below the threshold of the essential spectrum are estimated in
the semiclassical regime 6 — 0.
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1. Motivation and results

1.1. Motivation

1.1.1. Why breaking the §-interaction? The §-interaction supported on various geometries
has attracted a lot of interest recently as an alternative to standard quantum graphs (see for
instance [4]). In particular the reader may consult the review by Exner [12] for an introduction
to leaky quantum graphs and the lecture notes by Post [23] for convergence results between the
two objects. Our aim is to investigate the spectrum of a broken §-interaction. Before defining
the main operator analyzed in this paper we shall present our initial motivation. In the paper
by Exner and Némcova [16, section 5] (see also their related paper [15]) the authors were
concerned by the existence and estimates of the discrete spectrum of a Hamiltonian with a
d-interaction supported on a star. In particular they analyzed the simple case of a star with
two branches in section 5.2 for which their general result establishes the existence of discrete
spectrum below the essential spectrum (see also [13] for the case when the §-interaction is
supported on a curve). What’s more is that they prove that the number of bound states tends to
infinity when the angle between two branches of their stars is small: they even get an explicit
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lower bound (see [16, remark 5.10]). Moreover they also provide numerical simulations of
the eigenvalues and eigenfunctions (see [16, figures 8 and 11] and also [15, figures 1 and 4]).
The spectral behaviors which show up there should be compared with recent results about
broken waveguides by Dauge, Lafranche and Raymond [9, figure 11] and [10] where similar
phenomena are observed. In this work, we will precisely quantify the number of eigenvalues
generated by the breaking of the support of a §-interaction and provide their asymptotic
expansions when the breaking is strong (such spectral questions are quite natural as we can
see in the related works [14] and [19]). We will complete the considerations of [16] (and also
[7]) when the number of branches is two thanks to the light of semiclassical analysis. At the
same time the present paper will provide some insight into Open problem 7.3 in [12].

1.1.2. Definition of the main operator. Let us now define our main operator. For « > 0, we
introduce the following quadratic form

Qg,a(w)zf |V¢|2dudv—a/ | (Is| cos @, ssinf)|>ds, V¢ € H'(R?), (1.1
R2 R

where 0 € (0, 1) is the breaking angle. This is well-known that Qg , is semi-bounded (see
[6]). In particular we may consider its Friedrichs extension Hy ,. We can formally write
Hoow = —A — 055):(,,
where
Y9 = {(|s| cos B, ssinh), se€R}.

The following characterization of the essential spectrum is well-known (see [13]).

Lemma 1.1. We have

0[2
Oess(Ho.o) = [_Z, +OO) .

We would like to describe the spectrum below the essential spectrum in the strong breaking
limit & — 0. For that purpose we shall perform the following rescaling:

sin 6

—u, y=«a
cos2 6 cosf

which permits to rephrase the problem into a semiclassical problem. We introduce the unitary
transform, defined for ¢ € L?(R?) by

cos’2 9 ( cos2@ cos@ )

v, (1.2)

U, ,y) = - ;
ba¥ (%) asin20 "’ \asind «
We have Hy o = (1 + hz)Ue_, ;ﬁhUg,a where $);, is the Friedrichs extension of the rescaled

quadratic form:

Qu(y) = / R 19> + 19,%|* dedy —f [ (sl, $)I*ds, Yy € H'(R?), (1.3)
R R
and where i = tan 6. Formally we may write
Oy = —h*0; — 3 — S5, . (1.4)
: 4

In particular, we notice that:

1
Oess (1) = [—m, +OO> .
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Notation 1.2. We denote by A, (h) the nth eigenvalue, if it exists, of 9;. More generally for
a semi-bounded quadratic form DE.’ we denote by ﬁi the corresponding Friedrichs extension
and by 1} (h) the nth eigenvalue, if it exists. Let us also recall the min-max characterization
of the nth eigenvalue. We have

. Q)
A(h)y = inf ’1(1’/’2) .
Gcbom(R;) ¥eG ”W ||
dim G=n
Here and below || - || denotes the standard L* norm on R? while || - || 2(R) IS the L? norm on R.

We will also denote by (-, -)12,) the partial scalar product defined by:

(V1. ¥2drewy) =/R Y1 (x, )P (x, y) dy

and by || - || 2w, the corresponding norm.

By using this semiclassical reformulation we will easily get an explicit lower bound

for Qp 4.
oy 2 .

Proposition 1.3. For all ¢ € H'(R?) and 6 € (0, %):
o2
0s2 0
Remark 1.4. In fact this lower bound permits to define directly the Friedrichs extension
associated with Hy , without using the general result of [6]. This lower bound degenerates
when 6 goes to % but, as we will see, it is more and more accurate when 6 goes to 0. A

fine lower bound (independently from 6) is obtained in [20]. In the regime 8 — 0, an easy
corollary of one of our main results will provide a description of the optimal lower bound.

Qoa(¥) > —— Iy 2.

1.2. Main results and organization of the paper

Let us now state the main results of this paper. Our first result is an estimate of the number
of eigenvalues of §);, below the threshold of the essential spectrum. For this purpose we shall
introduce some notation.

Notation 1.5. We denote by W : [—e™!, +00) — [—1, +00) the Lambert function defined as
the inverse of [—1, +00) > w > we¥ € [—e™!, +00).

Notation 1.6. Given $) a semi-bounded self-adjoint operator and a < inf oess(9)), we denote
N(®,a) =#Leco(®) : A <a} < +oo.
The eigenvalues are counted with multiplicity.

Theorem 1.7. There exists My > O such that for all C(h) > Myh with C(h) h—>0 Cy = 0:

N (o -L —cm L e (M Awgen) ) a
Ty 0 Th J oy R CIE T L

with the notation f, (x) = max{0, f(x)}.

Remark 1.8. It is important to notice that in the above result, we estimate the counting
function below a potentially moving (w.r.t. /) threshold. In particular, the distance between
—}1 — C(h) and the bottom of the essential spectrum is allowed to vanish in the semiclassical
limit. Therefore our statement is slightly unusual as customary results would typically concern
N (9, E) with E fixed and satisfying E < —%, so as to insure a fixed security distance to the
bottom of the essential spectrum (see for instance the related work [22]).
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Remark 1.9. In the small angle limit, this result is a refinement of [16, remark 5.10].

Indeed, Exner and Némcova show that the number of bound states grows as n > % with
33/2

C = W5 ~ 0.290, whereas our result implies a better constant C &~ 1.379.

Our second result concerns the asymptotics of the low lying spectrum of §3;. Let us first recall
the definition of the Airy operator.

Notation 1.10. The Airy operator is the Dirichlet realization on L*((0, +00)) of —af + x. Its
nth eigenvalue is nothing but the absolute value of the nth zero (counted in decreasing order),
denoted by zpi(n), of the standard Airy function.

Theorem 1.11. For all n > 1, we have:

hn(h) = =1+ 22320 (m)h*? + O(h).

Remark 1.12. This asymptotic expansion explains the behavior of the spectral curves of
[16, figure 8] when the angle approaches zero: the behavior of the first eigenvalues is governed
by the Airy operator. Our result is a refinement (in the small angle limit) of [7] since we have
an accurate description of the first eigenvalues and not only an upper bound of the first one
(see also the upper bounds of the first eigenvalue obtained in [8] for star graphs).

From theorem 1.11 this is possible to deduce a quasi-tensorial structure of the first
eigenfunctions.

Theorem 1.13. For all Cy > 0, there exist hy > 0, C > 0 such that for all h € (0, hy) and all
eigenpairs (A, ) such that . < —1 + Coh?3, we have

/2 [ — Moy |* dxdy < Ch*||y |2,
R

where Ty = (Y, e’M)Lz(R‘_) e Pl

Remarks on §-interactions on crossing lines. Let us consider, as in [20] and after the rescaling
(1.2), the following quadratic form, defined for € H L(R?) by

D,?(x/f)=fthﬂaxwu|8yw|ZMdy—A(|w<—s,s)|2+|1//(s,s>|2) ds.

The strategy of our proofs can apply modulo straightforward modifications and we get the
following asymptotics

N(om-toem) ~ 2 (A g (b Aween) )
,—— — ~ — - = -+ — e~ .
Ty 10 7h ) ARG T i .
In the same way, we have, forn > 1,

15 (h) = =14 22P25 ()R> + O(h),

and
A5 (h) = =1+ 22 20 ()P + O(h),

where z,y (n) is the absolute value of the nth zero (counted in decreasing order) of the derivative
of the Airy function.
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Philosophy of the proofs. Let us now discuss the general philosophy of the proofs. As
suggested by the expression (1.4), the main ingredient in this paper is a dimensional reduction in
the spirit of the famous Born—Oppenheimer approximation (see [5, 18, 21]). Such dimensional
reductions where used by Balazard-Konlein in [3] in a pseudo-differential context (and thus
in a very regular framework) to estimate numbers of eigenvalues. Let us also mention the
paper by Morame and Truc [22] where this kind of questions appears (with a regular electric
potential). It turns out that our framework is strongly excluded by the assumptions of [3]
since the §-interaction is not even an electric potential. Nevertheless we will see that a pure
variational analysis can overturn this difficulty.

Organization of the paper. This paper is organized as follows. In section 2 we introduce
the double §-well in dimension one and we recall their basic spectral properties. In particular
we will prove proposition 1.3. Section 3 is devoted to the dimensional reduction of §; to
model operators in dimension one (see proposition 3.5). Finally section 4 is concerned with
the analysis of one-dimensional operators and with the proof of theorems 1.7, 1.11 and 1.13.

2. Double §-well

For x > 0, we introduce the quadratic form g, defined for ¥ € H' (R) by

9 (P) = /R W 0P dy — [y (=0 = ¥ (x)]%. 2.1

This is standard (see [2, chapter I1.2] and also [6]) that g, is a semi-bounded and closed
quadratic form on H'(R). Therefore we may introduce the associated self-adjoint operator
denoted by ©, whose domain is

Dom(®,) = {¢ € H'(R) N H*(R \ {#x}) : 11{% (V' (Fx+e) =/ (Fx — ) = =y (+x)}
and defined as D, (y) = —v¢” (y). We can write formally
Dy =—0; — 8. — 4.
Let us describe the spectrum of ®,. The following lemma is obvious.
Lemma 2.1. For all x > 0, the essential spectrum of ©, is given by
Oess (D) = [0, +00).

Notation 2.2. For x > 0, we denote by 111(x) the lowest eigenvalue of ©, and by u, the
corresponding positive and L*-normalized eigenfunction.

In fact we can give an explicit expression of the pair (i1 (x), u,). The following proposition
is essentially well-known, except maybe its last two points.

Proposition 2.3. For x > 0, we have
(x) : + : W(xe™) 2
=—|=+= e .
I 2 T
The second eigenvalue |1, (x) only exists for x > 1 and is given by
11 :
o (x) = — (5 + EW(—xe‘ﬂ) .

By convention we set 1,(x) = 0 when x < 1. In particular we have the following properties
(see illustration in figure 1):
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Figure 1. The eigenvalues of ©, as functions of x: u; (x) (solid) and w,(x) (dashed).

(1) pi(x) = —142x+ 0(x?),
xX—
2 me) = —3— 5 +00e™), @) = -3+ 5 +00e™),

——+00 — 400
(3) Forallx >0, —1 < u1(x) < —}T and for all x > 1, pr(x) > —1,
(4) w1 admits a unique minimum at 0,
(5) Forall x > 0 and all f € H' (R), we have q.(f) > —||f||zz(R),
(6) R(x) := ||8Xux||i2(R‘v) defines a bounded function for x > 0,
(7) ||8yux||i2 ) deﬁne& a bounded function for x > 0.

Proof. Let us solve the eigenvalue equation

@xwx = _)"XWX-

Up to multiplicative constants and using the continuity of the elements of Dom(®,) we have
the alternative

wx = %,1 ory = 1/,.7(,2‘

where
eV ety) ify < —x
Y1 (y) = mh(]m cosh(v/Ay) if—x<y<x
eVhi(r=) ify>x
and
eVAs(xty) ify < —x
Uea(y) = m sinh(y/Ay) if —x<y<ux
_eVi(—y) ify > x.

In the case ¥ = 1, the condition at £x becomes

Ve — 1 eVhr = 1,
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and we see that \/A, | > % In terms of the Lambert function, we have
1 1
VA = 3 + ZW(XC_X) =: v/ —p1(x).
In the case ¥ = ¥, » we find in the same way, for x > 1,
1

1
Ve =5+ 5 Wixe™) = V=)

Recall that for x € (0, 1], we set /A, > = 0. In addition, we find \/A,, < 1 forx > 1.

This is very standard to establish the points (1), (2), (3). For the point (4), we notice that
n1(x) = —1 for x > 0 1is equivalent to W (xe™) = x which admits no solution for x > 0. The
point (5) is then obvious.

Let us now prove the point (6). We notice that v, ; (y) can be rewritten in the form

Vet (y) = H(—x — y)eY MO0 4 f(—x 4 y)eV H®e-)

cosh(v/—pu1 (x)y)
cosh(y/=p1 (X)x)’

where H (-) is the Heaviside function (with H(0) = %). Now, one easily checks that

+Hx+y)Hx —y)

< SOV TRDY) cosh(y/—pu1(x)y) <e /= ) () +e /=i @ — X)
cosh(y/—u1 (x)x)

so that

H(—x—7Y) eV mM0+y) 4 H(—x+y) eV ~H1)G—y)
<Y1 () < e~V Mx+yl + efvfm(X)\nyh

and therefore there exist positive constants ¢, C, independent of x, such that
0<c< ||1ﬁx1”L2(R) C < oo.

In the same way, one can check the following estimates:

10, (¥ O < (V=) W1x + 3] + v/ =1 (x)) eV HORD Iy <y
10, (V1IN < (V=) W) 1x — Y] + /=1 (x)) eV ORIy >

and, fory € [—x, x],

cosh(v/—p1(x)y) VTR 4 /=) — -
0 (cosh(JW)) < (e +e ) Cx|(V—=p1) )] + /=1 (x)).

Therefore, we deduce that there exists a positive constant, C’, independent of x, such that

” axwx,] HiZ(Ry) g C/ < Q.

Ve
1l 2 gy

”axwx 1 ”iZ(R )

”lﬁx 1 ”LZ(R )

By definition, u,(y) = . It follows by elementary computations that

R(x) <

and the point 6 is proved.
Finally, one obtains the point 7 by remarking

18yt ) = 11 () + [ () + | (=) = (x) + :
: ”wx 1||L2(]R) D

As a direct application of proposition 2.3, we have

7
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Proposition 2.4. For all v € H' (R?) and for all h > 0, we have:
Qu(Y) > / / (109 1P + i () [y [?) dydy,
R, JR,

where [11(x) = w1 (x), for x = 0 and 0 elsewhere. In particular, we have:

Q) = Iy

s

or equivalently, for all 6 € (0, 5):

O[2

Qo (W) > — Iy 12

cos2 6

Proof. For v € H'(R?), we have:

Qh(w=Azhﬂam%|ayw|2Mdy—A|w(|s|,s)|2ds

so that:

Qh(w)=/R+ (fR h2|3x1/f|2dJ’+/R |aywdy—|w(—x,x>|2—|w(x,x>|2) dx

+/ /h2|axw|2+|ayw|2dydx.
xeR~ JR,

We infer that:
Qi (¥) >f f(h2|axw|2+m(x)|x/f|2>dydx+f f W0, dy dx,
xeRt JRy xeR~ JR,
and the conclusions follow. O

3. Spectral reductions

Now we would like to use the spectral theory of ©, in order to compare the operator £, with
simpler operators.

3.1. Dimensional reduction
In order to deal with the singularity at x = 0, we introduce the following extension of u,.

Notation 3.1. Let us define

- _Juy) ifx=0
) = {uo(y) if x < 0.

We also introduce the projections defined for ¥ € L*>(R?) by
MY (x,y) = (¥, )2 (), Ty () = ¥ (x,y) — My (x, y).
If o = ¢(x,y), we denote ¢x(y) = ¢(x, y).
Lemma 3.2. For all v € Dom(1y,), the function T1yr belongs to Dom(2;,) and we have

Q,(My) = f R 0P + (0 ) + RIS @ dx,  with f(x) = (¥, i) 2z,)»

where A (x) = w1 (x) for x > 0 and 11 (x) = 1 for x < 0 and R(x) = R(x) for x > 0 and
R(x) =0forx <0.
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Proof. Recall that Dom(£Q;,) = H' (R?). By proposition 2.3, one has

~ 2
ess sup ||8xux||Lz(Rv) =supR(x) < o0
xeR x>0

and

~ 2 ~ 2
ess sup HBYMX”LZ(R),.) = sup ||8yux||L2(Rv) < 00.
xeR x>0 §

It follows immediately that, for any ¥ € H'(R?),
0(TIY) = )i () + f ()it (y) € L*(R?),

since ess sup f(x) < ess sup(yr, dyidy) 2w,y + €58 SUP(O W, ihx) 2R,y < 0O, and
xeR xeR ’ xeR ’

a(MY) = F()dyiir(y) € L*(R?).

Thus one has [Ty € H'(R*) = Dom(£);), and the calculations thereafter are valid. By
definition, one has

Qi (M) = fR 2h2|f(x>axﬁx<y> + @) + 1) 218yt ()]* dx dy — /R | £ (Is)its (5)]* ds

= [ RIF @R + B 0PIE 0 b+ /R P /R 10y (y) P dy dx

X

+ fR If(x)IZ/R |9yit, () |* — (|t (=) + i (x)[*) dx

= fR R\ f' ()] dx + /R RIFEPRE) dx + /R If@Pdr+ /R f@P i dr,

where we used Fubini’s theorem, and the following properties on i, (y):

e Vx € R, i, is normalized in L? (R,), and in particular, for any x # 0,

L~ d . .
2y, 8x"ﬂr)Lz(R},) = a(um ux)LZ(R_V) =0.

e Vx > 0, one has ¢, (i,) = u;(x).
e Vx < 0, one has fR |8yﬁx(y)|2dy = fR |oyuo () dy = 1.
Yy y -

The result is now straightforward. ]
We get the same result for the corresponding bilinear form ‘B,.

Lemma 3.3. For all yr{, ¥, € Dom(y,), we have
B, (Mg, M) = / REFL () () + ([ (x) + BPR()) f1 (x) f2 (x) dx,

Ry
with f(x) = (), lix)2(w,)-
Let us now use the orthogonal decomposition to bound £, from below.

Proposition 3.4. For all v € Dom(9Q,,) and all € € (0, 1), we have

QW) > / (1= R 1F O + () — 46 R f 0P d

R,

+ /R (1 = PRI Yl ) + (2 () — 4™ BRI 172, d,

where [1;(x) = pi(x) for x = 0 and j1;(x) = 0 for x < 0 (i € {1,2}); R(x) = R(x) forx > 0
and R(x) = 0 for x < 0.
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Proof. By definition, one has for any ¢ € Dom(£Q,,) = H' (R?),
2 = [ #pataays [ puPaars [ awoa
R? Ry xRy R}

Since ¥ € Dom(Q;,) = H'(R?), one has [Ty € H'(R?) and [T+y = ¢ — [Ty € H' (R?).
Moreover, for any fixed x > 0, recall that i, is an eigenfunction corresponding to an eigenvalue
of ®,, thus one has

Vx>0, () = (M), + a (M) > m @I R, + m@IT Yl ).
where we have applied the min—max principle to the quadratic form g, and to the functions
(ITy ), and (IT++), which are orthogonal in I? (Ry).
Now, one has (ITg, IT+¢) 2r,) =0, forany ¢ € L?(R?), therefore
19V 172,y = ITOW o,y + 1T 3 12w,
19 (M) = R Yo,y + 13:(TTH9) + RN 72, )

with

R(x,y) == [0y, MY = (¢, uthx) 2 (v, Ux (V) + (¥, tha) 12 (R,) it ().
It follows, for all € € (0, 1),
190 172,y = (1= B2,y + (1= BTV 2w,

=2(7" = DIRC M2, -

Now, notice, for any x > 0,
2 ~\2 ~ \2 ~ 112 2
IR (x, y)”LZ(Ry) = (¥, 8xux>L2(Ry) + (v, MX)LZ(R\‘) ||8xux||L2(Ry) < 2R(x) ”w,r”LZ(RV)»

where we used proposition 2.3; and for any x < 0, || R(x, y) ||i2
Altogether, we proved

QW) > /1; (1= &) (18T s, + 10T )

®,) = 0.

+ / . —4e" PR IVl fo ) + 1 NV 72y, + 2D I 172 g dx,
and the proof of proposition 3.4 is complete since (ity, dxit)2r,) = 0 yields

18 (M) 12, = 1F P + If @ P18 2 g, = 1/ @1 O

3.2. Reduction to model operators
The aim of this section is to prove the following proposition.

Proposition 3.5. For all f € H' (R), we let

quodl(f)Z/h2|f/(x)|2+ﬂ1(x)|f(x)|2dx’
R

Qo gy — / P11 @ + ()1 f @) dx,
R
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and we denote by ﬁ}TOdj the corresponding Friedrichs extensions. Set M' > M, where we

denote
2
M = sup R(x) = sup ||3xux”L2(]Rv):
x>0 x>0 :

bounded by proposition 2.3. Then there exists My, hy > 0 such that for all h € (0, hy) and all
Ch 2 Mo]’l.'

N (sa;”‘”“, —% —Cp— th) <N (fah, —}L - Ch>

1
-1_¢
<N (562“’“2, l“f" + (4M' + l)h)

h
and
(1 = W{AM2(h) — (4M' + Dh} < dy(h) < ATV (h) + K M.
Remark 3.6. M, must be such that My > 4M and % + M + 1h < _Tl, therefore one

can chose My = 4M' + %.

Let us now deal with the proof of proposition 3.5. Lemma 3.2 suggests we introduce the
following reduced operator.

Notation 3.7. For all f € H'(R), we let

Qe (f) = / R\ )P + (i1 () + PR f (@) d

X

and we denote by $/°%" the corresponding Friedrichs extension. We define (\®%1 (h), fredt)
the nth L*-normalized eigenpair which exists at least forn e {1, ..., N(.ijem, —%)}.

Proposition 3.8. For all n € {1,... . N (9", E)}, with E < —1, and all h > 0 the nth
eigenvalue of §);, exists and satisfies:

() < AR (h).
In particular, we have

N E) = NS E).

Proof. The proof relies on the introduction of suitable test functions. For any n €
,...,N (ﬁ;le‘“ , E)}, let us introduce the n-dimensional span

F, = span f7* (0, (y).
je(l,...n}

For all ¢y € F, we have, with lemma 3.3 and noticing that the f]fem are orthogonal for the
bilinear form associated with 79,

Qi) <A
The conclusion follows from the min—max principle and the fact that —4(1—J1rh2) > —i. (|
We shall now analyze the reverse inequality. This is the aim of the following proposition.

11
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Proposition 3.9. Let us consider the following quadratic form, defined on the product
H'(R) x H'(R?), by

QE(f, ) = /R (1= W OF + (i (0) = 4MI)|f (0 de

+/ (1 —W)R*|3ep)? + (fia(x) — 4MI)|g|* dxdy, Y(f,¢) € H'(R) x H' (R?).
RZ

If f_)}f”s denotes the associated operator, then we have, for alln > 1

dn(h) = WS ().

Proof. We use proposition 3.4 with ¢ = h and we get, for all v € Dom(£,,),

Q) > /1; (1= WI\FP + () (6) — 4MR)IfT? dx

+f (1 — WA BT Y * + (fia(x) — 4MA) [T |* dx dy.
RZ
Thus we have

Qu(¥) = QW i),y TV, 1P = 1fl2@ + T2 B
With notation 1.2 and (3.1) we infer

QIS (W, i) 2y TTHY)
(k) > inf  sup — wz L®) 21’// .
GerH'®)yec T2 + [ TI-y ||

dim G=n
Now, we define the linear injection
[H'R*) — H'(R) x H'(R?)
J '{w (W i) g, TTHY).

So that we have

. Q;,ens(<ws ﬁx)Lz(R‘.)’ HJ_W) . Q},lens(fs (P)
inf  sup 5 T = inf sup
GCH! () y<G ITIY1* + T+ Geg @' @) (r.9)e6 11w, + 12l
- dim G=n
and
. QP (f, @) . QP (f, 9)
i inf sup — Z n sup  —— .
GCJ(HJ (R?)) (faW)EG ||f||L2(R) + ”(p” GCHI(R)KH](RZ) (fa@)EG ”f”Lz(]R) + ”(p”
dim G=n dim G=n
We recognize the nth Rayleigh quotient of $!®"® and the conclusion follows. O

Notation 3.10. For all f € H' (R), we let

QR (f) = /(1 — WP f' @) + (i1 (x) — 4Mh)|f ()] dx
R

and we denote by S’J;ledz the corresponding Friedrichs extension.

Proposition 3.11. For any h > 0 and C, > 4Mh, one has
Ma(h) = MEB(h), Vne{l,...,N(9, —1—C)}
and

N (S =5 = G) SN(97 =3 = C).
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Proof. Notice that for any ¢ € H' (R?), one has
- 1
/ (1 = WA |3:0|” + (A2 (x) — 4Mh)|p|* dxdy > (‘Z - 4Mh> el
RZ

It follows that for any eigenstate of $}*"® below the threshold (—% — 4Mh) is of the form
(f,0), with f an eigenstate of ﬁzed? In other words, one has for any C > 4M,

[Aeo(9E™):n < —1 —Ch} = {) € 0is(DF®) : A < —5 — Ch},
and the result now follows from proposition 3.9. (|

Proposition 3.5 is a direct consequence of propositions 3.8 and 3.11, and straightforward
computations. In particular, we use

QIRE2(f) = (1 - h)/ 1 o2 P = AMh
R

2
G dy
> (1 —h)f R O + (1 () (1 + h) — 4Mh — Ch?)| f (x)|* dx
R

> (1 - h)/half’(x)lz + (1 (x) — (4M' 4+ DR)|f(x)|* dx,

which is valid for i € (0, hp) with kg sufficiently small, C sufficiently large, and any M’ > M
(the last inequality comes from proposition 2.3, item 3). It follows

1 -1-C
N(YJ?“Z, -1 _Ch> <N (ﬁ,ﬁ”m, —= "M+ 1)h>
and for any n < N (S’_)L"Odz, —% — Ch),
A2 (1) > (1 — W) {AM%(h) — (4M' + D)h}.

1
711_7hch + (4M' + 1)h < —1, thus the above

The condition C, > Myh > (4M’ + %)h ensures
quantities are well-defined.

4. Models in dimension 1

Thanks to section 3 we have reduced the spectral analysis of §j;, to the investigation of one
dimensional models. This section is devoted to the proofs of theorems 1.7 and 1.11.

4.1. Number of bound states

In order to prove theorem 1.7 we need the following extended Weyl’s asymptotics which is
not completely standard (see remark 4.2).

Proposition 4.1. Let us consider V : R — R a piecewise Lipschitzian function with a finite
number of discontinuities satisfying:

(1) V tends to £1oo when x — 00 with £y < €_n,

(2) /oo — V)1 belongs to L' (R).

Consider the operator by, = —h283 + V(x) and a function (0, 1) > h+— E(h) € (—00, {1)
such that one has:

(1) forany h € (0, 1), {x € R: V(x) < E(h)} = [Xmin (E(h)), Xmax (E (h))],

(2) B3 (Xinax (E (h)) — Xmin (E (R))) el 0,

(3) E(h) el Ep < £y
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Then we have: |
N (b Eh)) ~ —fmdx.
=0 wh Jg

Proof. The strategy of the proof is well-known but we recall it since the usual result does not
deal with a moving threshold E (k). We consider a subdivision of the real axis (s;(h%)) ez,
which contains the discontinuities of V', and such that there exists ¢ > 0, C > 0 for which, for
all j € Zand h > 0, ch® < sj41(h*) — s5;(h%) < Ch*, where a > 0 is to be determined. We
introduce

Jmin (h*) = min{j € Z : 5;(h") = xmin (E(h))},

Jmax (h*) = max{j € Z : 5;(h*) < xmax(E (h))}.
For j € Z we may introduce the Dirichlet (resp Neumann) realization on (s;(h%), sj4+1(h*))
of —h*3? + V (x) denoted by h,?" (resp. b5 Neu) The so-called Dirichlet-Neumann bracketing

(see [24, chapter XIII, section 15]) implies:
Jimax (™) Jimax (B*)+1
> NP EHh)) <N (b, E(h)) < > NG EM).
J=Jmin (h%) =Jmin (h*)—1
Let us estimate A/ (hD" E(h)). If q,?'r denotes the quadratlc form of hD" we have:

Sj1 (A"
G (W) </ WY 0 + Vispaly O dx, Yy € CP((s;(h*), 551 (h))),

j(h*)
where
Vj,sup,h = sup V(x)
xe(s;j(h*),sj41(h*))
We infer that
N (025 E(h)) > #{n >1: —(s,+1(h“) — 55 (EM) = Vi, h)+}
so that:
N (b8 E(h)) > (s,+1 (h*) = s;(h“N/(EHh) = Vigupn)+ — 1
and thus:
Jinax (%) . 1 Jmax (h%)
> NOFLEM) > Z (541 (h*) = 5;(h*))/(E ) = Visup)+
J=Jmin (h*) J=Jmin (h*)

- (Jmax(ha) - Jmin(ha) + 1)
Let us consider the function
Jo(x) = (E(h) =V (x))4
and analyze
Jinax (h*)

> i) = 5, (EG) = Vi), —[fh(x)dx
R

J=Jmin (h*)
mdx(h ) Sjp1 (h)
/ JED =Vigns), = Fror dx
in (A%) s (h*)
Xmax (E (h)) i (1)
+/ fh(x)dx+f Sn(x) dx

Simax (M Xmin (E (h))

Jmax(h )

sy (h%) -
f JE® = Vi), = fr(0) dx| +Che.

j= Jm.nw ()
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Using the trivial inequality |/ay — /b+| < +/|a — b|, we notice that

1) = (ER) = Vi) 1] < VIVE) = V.

Since V is Lipschitzian on (s;(h%), sj4+1 (h%)), we get:

Jinax (h*) i1 (B) ~
> / ER) —Visapi)s = Fi@) x| < Unnax (h) = Join ) + ERTH.
=i () ¥ 5 )

This leads to the optimal choice o = % and we get the lower bound:

-]max(hz/s)
Y. NORLEM) > % ( / i) dx = Ch(Jmax () = Jnin (B*) + 1) — éh”) :
R

J=min (h?/3)

Therefore we infer
N by, E(h)) > # ( / fi () dx — Ch'3 (xipax (E (1)) — Ximin (E (1)) — éh“) :
R

We notice that: f,(x) < /({100 — V(x))+ so that we can apply the dominate convergence
theorem. We can deal with the Neumann realizations in the same way. |

Remark 4.2. Classical results (see [11, 24-26]) impose a fixed security distance below the
edge of the essential spectrum (E (h) = Ey < [;o) or deal with non-negative potentials, V,
with compact support. Both these cases are recovered by proposition 4.1. In our result, the
maximal threshold for which one can ensure that the semiclassical behavior of the counting
function holds is dictated by the convergence rate of the potential towards its limit at infinity,
through the assumption

B s (ED)) = min (E(R))) . 0.

More precisely, assume that [_, > 1o SO that Xpmin (E(h)) = Xmin (Lo ) 1S uniformly bounded
for E (h) in a neighborhood of /, .. Then

o Ifl o —V(x) < Cx77 forany x > xy and given xo, C > O and y > 2, then one can choose
E(h) =100 — Ch? and xpmax (E(h)) < hrlY, provided p < y/3.

o If I o —V(x) < Cexp(—Cyx) for any x > xp and given xp, C;, C; > 0, then one can
choose E (h) = I, — Cy exp(Ch™ /3 x o(h)) and the assumption is satisfied.

Proof of theorem 1.7.  In order to prove theorem 1.7 we apply proposition 3.5 with C, = C(h).
Then we apply proposition 4.1 to the operators ﬁ;nOdj . Increasing M if necessary, we have
E(h) < —j—‘ — Ch with any C > 0 and therefore the assumptions of proposition 4.1 are
satisfied. Indeed from proposition 2.3, ji; and [1; converge exponentially to —% as x — 00,

and i1, (11 > —% forx < 0.

4.2. Low lying spectrum
Let us now deal with the proofs of theorem 1.11 and 1.13.

15
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4.2.1. Proof of theorem 1.11. The following proposition provides the asymptotics of the

lowest eigenvalues of the models ﬁ;lnc’dj and is a direct consequence of the analysis of

[10, section 3].
Proposition 4.3. For j = 1,2 and for all n > 1 we have:
AMOd (hy = —1 4 2371 (m)R* + O(h).

With proposition 3.5 this implies theorem 1.11. In fact, it is possible to establish some
localization properties of the first eigenfunctions of £)j,.

Proposition 4.4. Let A € (—1,0) and § € (0, 1). For all h > 0 and all eigenpairs (A, ¥) of
Hn, we have

0
_ 1
/R /;oo eZ(l—&)ﬁh 1\X\|1/f|2 dxdy < (_)\)52 ”1/[”2 (41)

Moreover, for all Cy > 0, there exist hy > 0, C > 0 and gy > 0 such that for all h € (0, hy)
and all eigenpairs (7, V) such that & < —1 4+ Coh?/3, we have

e 2e0h 23 1x] |y 12 2
e ||~ dxdy < Clly ™ 4.2)
R, JO
Proof. This is a consequence of proposition 2.4 and of Agmon type estimates inherited

from the one dimensional operator —h? — 8)? + fi1(x) (see [10] and also the original
references [1, 17]). O

4.2.2. Proof of theorem 1.13.  Let us consider an eigenpair (A, ¥ ) such that A < —14Coh?/3.
We can write

Q,(¥) = Ayl
and
QW) = Qu+ (¥) + Qu— (¥),
where
Qh,_op):/ 1o + [0,v > dxdy,
R:XR),
Qh,+<w>=/ h2|ax1/f|2+|ay1/f|2dxdy—/ |w(x,x)|2dx—/ [ (x, —x)|* d.
Rf xR, R+ R+
We infer that

Qi+ () + Q- (¥) +/

|1ﬂ|2dxdy+/ [ |* dxdy < Cob* ||y ||
R xR,

Ry xR,
By point (5) of proposition 2.3, we deduce that

0< (W) + / W2 drdy < G2 P 43)
Ry xR,
and
0< Q:(¥)+ / || dxdy < Coh* ||y | (4.4)
R¥ xR,
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We recall the points (1) and (4) of proposition 2.3 to deduce from (4.4) that
[ wawrass [ amoo- [ P < e
Rf xR, R+ Rf xR,

where we recall that

0 = / Byl dy — 9 (e, 0 — 19, —0) .

R,

We have

() — NV L2,y = 6 = TY) — OV = MY 72,

and then, due to the min—max principle,

0 — (YD) = a1 = T 72, -
We get

fw . (12 (x) — 1 )| — Ty > dedy < Coh® ||y ||

Due to the simplicity of |, we can find &y > 0 such that for x € [0, 1] we have
M2 (x) — py(x) = .

Then for x > 1 we use the estimates of Agmon (4.2) and the boundedness of the i ; to get

/ (12 (x) — 1 ()| — Ty dedy < C/ / [y 2 dedy < Ce 200 |1y 2,
R, Jx>1 R, Jx>1

where we have used

L 2 2
”H w”LZ(RV) g ”w”LZ(R,)'

We deduce that
f W — Ty P dedy < CRP [y |
R xR,

We have proved (it follows from the point (vi) of proposition 2.3) that the application
[0, +00) > x > I, = (-, i) 2w, yitx € L(L*(Ry), L*(Ry)) is Lipschitzian (with Lipschitz
constant K > 0) so that

(T — Ho) Vel 2w,y < KXY llz2w,)-
Let us now consider for instance n € (O, fm). We infer that
f / ML, — Moy P drdy < K252y .
Ry JO<x<h?3—1n
Thanks to the estimates of Agmon, we have
/ / Tt — Mo |2 dxdy < Ce™20" |y 2.
Ry Jx>h?/3-n
We deduce that

f [ — Moy |* dxdy < CH* |y |12
Rf xR,
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and,

since

/ |w—now|2dxdy</ I drdy,
Ry xR,

R xR,

the conclusion follows from (4.3).
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