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ASYMPTOTIC SHALLOW WATER MODELS FOR INTERNAL
WAVES IN A TWO-FLUID SYSTEM WITH A FREE SURFACE*

VINCENT DUCHENET

Abstract. In this paper, we derive asymptotic models for the propagation of two- and three-
dimensional gravity waves at the free surface and the interface between two layers of immiscible fluids
of different densities over an uneven bottom. We assume the thickness of the upper and lower fluids
to be of comparable size and small compared to the characteristic wavelength of the system (shallow
water regimes). Following a method introduced by Bona, Lannes, and Saut [J. Math. Pures Appl. (9),
89 (2008), pp. 538-566] based on the expansion of the involved Dirichlet-to-Neumann operators, we
are able to give a rigorous justification of classical models for weakly and strongly nonlinear waves,
as well as interesting new ones. In particular, we derive linearly well-posed systems in the so-called
Boussinesq/Boussinesq regime. Furthermore, we establish the consistency of the full Euler system
with these models and deduce the convergence of the solutions.
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1. Introduction.

1.1. General settings. This paper deals with weakly and strongly nonlinear in-
ternal waves in a two-fluid system. We consider the case of uneven bottom topography
and free surface, although the rigid-lid assumption is mentioned. The idealized system
studied here consists of two layers of immiscible, homogeneous, ideal, incompressible,
and irrotational fluids under only the influence of gravity.

The mathematical theory of internal waves, following the theory of free-surface
water waves, has attracted lots of interest over the past decades. We let the reader
refer to the survey article of Helfrich and Melville [16] for a good overview of the
ins and outs on this problem. The governing equations, which we call the full Euler
system, are fully nonlinear, and their direct study and computation remain a real
obstacle. In particular, the well-posedness of the equations in Sobolev space is chal-
lenging, as discussed in Remark 1.1. An alternative way is to look for approximations
through the use of asymptotic models. Such models can be derived from the full Euler
system by introducing natural dimensionless parameters of the system and by setting
some smallness hypotheses on these parameters (thus reducing the framework to more
specific physical regimes).

Many models for a two-fluid system have already been derived and studied. Sys-
tems under the rigid-lid assumption have first been investigated (see [27] or [23], for
example). Weakly nonlinear models in the free-surface case have been presented by
Choi and Camassa [10]. Nguyen and Dias [28] presented a great deal of numeric simula-
tions for such Boussinesq-type systems. Strongly nonlinear regimes have been derived
by Matsuno [24], Choi and Camassa [9], and Barros, Gavrilyuk, and Teshukov [3],
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generalizing the classical Green—Naghdi model (see [14]). A different approach has
been carried out by Craig, Guyenne, and Kalisch [11], using the Hamiltonian formu-
lation of the Euler equations. Most of these works are formal and are restricted to
two-dimensional flows or to the flat-bottom case. Finally, we refer to the work of Bona,
Lannes, and Saut [7] who, following a strategy initiated in [4-6], rigorously derived a
large class of models in different regimes under the rigid-lid assumption. This paper
is concerned with the more complex case where the rigid-lid assumption is removed
and replaced by a free surface.

The strategy consists of rewriting the full system as a system of four evolution
equations located on the surface and the interface between the two fluids (as opposed
to two equations in the rigid-lid case). The reformulation introduces a Dirichlet-to-
Neumann operator G[¢] and an interface operator H|[(], defined precisely below. The
computation of asymptotic expansions of these operators leads to the models presented
here. We focus here on shallow water regimes, allowing strongly nonlinear waves.

Our analysis gives a rigorous derivation of most of the models existing in the
literature and also interesting new ones. In particular, we derive a set of models
in the Boussinesq/Boussinesq regime, with coefficients that can be chosen so that
the system is linearly well-posed. We prove that the full Euler system is consistent
with each of our models, which roughly means that any solution of the full system
solves the asymptotic systems up to a small error. Then in the case of the shallow
water /shallow water model, using energy methods together with consistency, we also
prove that the solutions of our models converge toward the solutions of the full Euler
system, assuming that such solutions exist.

The paper is organized as follows. Section 1 is devoted to the reformulation of
the full system, from the Euler equation to the “Zakharov formulation,” written in
dimensionless form. In section 1.6, we focus on the linearized system, and its dispersion
relations are derived. From the asymptotic expansion of the operators G[¢] and HI(]
presented in section 2, the asymptotic models under different regimes are rigorously
obtained and are presented in section 2.3. The consistency of the full Euler system
with each of our models is proved. Then section 3 gives convergence results: we show
that the solutions of the full Euler system tend to associated solutions of one of our
models in the shallow water limit. Finally the links with different models already
existing in the literature are presented in section 4 for rigid-lid models [7] and layer-
mean equations [9,10]. The proof of Proposition 2.5 is given in Appendix A.

1.2. Notation. We use the Cartesian coordinates (X, z), where z is the vertical
variable and X is the d-dimensional horizontal variable: X = x when d = 1 and
X = (z,y) when d = 2.

The symbols V and A denote the gradient and Laplace operators in the horizontal
variables, respectively, whereas Vx ., and Ax , are their (d + 1)-variable version. For
w > 0, we also define the scaled version of the gradient and Laplace operators, namely,
Vi = (VT 0.)" and A | := pA + 92, respectively.

Given a surface I' := {(X,2),z = ((X)}, we denote by 9, the upward normal
derivative at I':

1

V14|V

If we consider an elliptic operator P = Vx , - PVx ,, then the conormal derivative
associated to P is

Op :=n-Vx  withn:= (*VQUT-

of .=n. PV,

n



ASYMPTOTIC SHALLOW WATER MODELS FOR INTERNAL WAVES 2231

which we simply denote d,, when there is no risk of confusion.

For any tempered distribution u, we denote by w its Fourier transform. We use the
standard Fourier multiplier notation f(D)u, defined in terms of Fourier transforms
by

The operator A = (1 — A)'/2 is equivalently defined using the Fourier multiplier
notation to be A = (1 + |D[?)'/2.
We denote by H*(R9) (or simply H* if the underlying domain is clear from the

context) the L?-based Sobolev spaces. Their norm is written | . and simply | .

|HS |2

for the L? norm.

Then, for 0 < T < oo, ¢ € N, Wo>([0,T]; H*(R?)) (or simply W% H* and
L>H?® when ¢ = 0) denotes the space of the functions f(t, X) defined on [0, T] x R,
whose derivatives up to the order ¢ in ¢ are bounded in H*(R?) uniformly with respect
to t € [0,T). Their norm is written ‘ . ‘Wq,ocHs-

Since it often appears, it is convenient to introduce for s and 7" > 0 the space
H*([0,T]), made up of the quadruplets ((1, {2, u1, u2) such that their components sat-
isfy uy, ug € WH([0,T); H¥+7/2(R1))?, ¢, € WHoo([0,T]; H¥+3/2(R%)), and finally
G € Wheo ([0, T]; H5+5/2(R%)). Their norm is written |- |HS.

Finally we denote by ST the planar strip R? x (0,1) and by S~ the planar strip
R? x (—1,0). We use the notation H . HHS for the usual norm of H*(S*) and simply
IE H2 for the L?(S*) norm. We also for s € R and k € N introduce the spaces

H*¥(8%) = {f € D'(SF) : || £ jyo < o0},

where |[£]]7.. = 3250 [[A992 ]l

1.3. The basic equations. We assume that each fluid is irrotational and in-
compressible so that we can introduce velocity potentials ¢; (i = 1,2), respectively,
associated to the upper and lower fluid layers. The velocity potentials satisfy

(1) Ax..¢; =0 in Q,

where ! denotes the domain of the fluid 4 at time ¢ (see Figure 1). Moreover, we
assume the fluids to satisfy the Euler equation and their respective density p; is
constant so that the velocity potentials satisfy the Bernoulli equation

1 P ) -
(2) Oidi + 5|Vx 20i]* = —— — gz in Q,

2 pi
where g denotes the acceleration of gravity and P is the pressure inside the fluid. The
kinematic boundary condition at the known, constant with respect to time, bottom
topography T'y := {z = —hgg + b(X)} is given by

(3> anQbQ =0on Fb-

It is presumed that the surface and the interface are given as the graph of functions
(respectively, (1 (¢, X) and (2(t, X)) which express the deviation from their rest po-
sition (respectively, (X, hip) and (X,0)) at the spatial coordinate X and at time ¢.
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hiof ==

F1a. 1. Sketch of the domain.

The assumption that no fluid particle crosses the surface or the interface gives the
following kinematic boundary conditions:

(4)
hG =14 |V |?0n¢1 onTly:={z=hio+G{X)}
6,{2 =4/1+ |VCQ|26n¢1 =+/1+ |VC2|26n¢2 onI'y := {Z = Cg(t,X)}.

Finally we close the set of equations by assuming that
(5) P is constant at the surface and continuous at the interface.

Remark 1.1. Unlike the water wave problem (air-water interface), the Cauchy
problem associated with waves at the interface of two fluids of positive different den-
sities is known to be ill-posed in Sobolev spaces in the absence of surface tension,
as Kelvin—Helmholtz instabilities appear. However, when adding a small amount of
surface tension, Lannes [22] proved that, thanks to a stability criterion, the problem
becomes well-posed with a time of existence that does not vanish as the surface ten-
sion goes to zero and thus is consistent with the observations. The Kelvin—Helmholtz
instabilities appear for high frequencies, where the regularization effect of the surface
tension is relevant, while the main profile of the wave that we want to capture is
located in lower frequencies and is unaffected by surface tension. Therefore, adding
a small amount of surface tension at the interface' in the Euler system guarantees
the well-posedness of the system and does not change our asymptotic models. For
simplicity, we decide to omit this surface tension term.

1.4. Reduction of the equations. In [32], Zakharov remarked that the surface
wave system can be fully deduced from the knowledge of the surface elevation and
the trace of the velocity potential at the surface. We extend it here for two fluids in

1The study of Lannes focuses on the two-layer fluid system with a rigid lid. However, we believe
that the theory in the free-surface case does not differ much from the one in the rigid-lid configuration.
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the free-surface case. Indeed, if we introduce the traces
V1(t, X) := ¢1(t, X, hao + Ci(t, X)) and ¥2(t, X) := d2(t, X, (2, X)),

then ¢o is uniquely given as the solution of Laplace’s equation (1) in the lower fluid
domain, with the Neumann condition (3) on I', and the Dirichlet condition ¢o = 1o
on I's. Then ¢, is obtained as the solution of Laplace’s equation on the upper fluid
domain, with the Neumann condition given by (4) as 9,02 = On¢1 on I'y and the
Dirichlet condition as ¢; = 1 on I';.

Following the formalism introduced by Craig, Sulem, and Sulem in [12], we first
define the Dirichlet—Neumann operators:

G1[C1, G2, b (1, 92) := /1 + [V [20nb1)2=h104¢ 5
GalC2, b2 := /1 + |V (2|?0n¢2|.=¢,-

We also define the following operator:

H[Cla 4.27 b](wla 1/}2) = V¢1|Z:Cz .

Using the chain rule and the last definitions in the relation (2) evaluated at the
surface, we obtain

1 (G1[C1, G2, b (%1, 92) + V(1 - Vb )? Py
6) O h = |V |2 — SLEL ’ =-——
(6) 01 +g( 10+C1)+2| 1| 20+ VG P o1
where P is the constant pressure at the surface. Using again the Bernoulli equation
for the upper and the lower fluids evaluated at the interface, we have

O(B11o—cs) + 9 + 3 HIGr Cor B0 62

(7) (Ga[G2, b2 + VG - H[G1, G2, U(Y1,92))2 P

2(1 + |VC2|2) P1
1 o (G2l b2 + VG - Vi) Py
(®) Dnips + gCo + 5| Vibaf* — TG =2

where P is the pressure at the interface, identical in (7) and (8), thanks to the
continuity assumption in (5).

Finally, using (4), the gradient of the equality (6), and a straightforward combi-
nation of (7) and (8), we obtain the system of equations

0¢C1 — G1[C1, G2, b] (Y1, 42) = 0,
(2 — G2[Ca, b2 = 0,
9) VY1 + gV + sV (Vi |?) — VNG, Gy b, 1, h2) = 0
O (Vip2 — yH[C1, G2, 0] (1, 2)) + 9(1 —7) V(2
+ 3V (IVp2|® — y|H[C1, G, ] (41, 42)[?) — VN2(Cr, o, b 1h1,1h2) = 0

where v = ‘Z—; and

Ni(Gry G by ) = (lneegilgarraTog,

Na(Cr, Go, by thr, 1p) = (GalatlvetVea Vyn) ggfj{%gﬂf)ﬁvcz'H[Cl’@’b](wl"”)) .

This is the system of equations that we use in order to derive asymptotic models.
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1.5. Nondimensionalization of the equations. In this subsection, we rewrite
the system (9) in dimensionless variables, introducing dimensionless parameters which
are crucial to study the asymptotic dynamics. We denote by a; the typical amplitude
of the surface deformation and by as that of the interface. A is a characteristic hori-
zontal length, say, the wavelength of the interface. Finally B is the order of bottom
topography variation.

We define the dimensionless variables

X .z .t o b(X)

=—, Zi=—, t:=———, b = ——r
A th /\/\/ ghlo ( ) B
and the dimensionless unknowns

G(X) = Ci(X)’ Gi(X) = »i(X)

a; ag)\\/g/hlol

Five independent parameters of the system are thus added to v = £L:

P2
2
€ : aq ¢ as " th th B
1 =7 2= T, = o =T, = .
h1o h1o 2 hao h1o

So, €1 and €5 are the nonlinearity parameters, and u is the shallowness parameter.
We also define the convenient notation
aq €1
o= —=—.
a2 €2

Remark 1.2. The scaling for nondimensionalization has been chosen considering
the solutions of the linearized problem that can be computed with the physical vari-
ables using the method of section 1.6 (see [30], for example). Using such a scaling,
we implicitly assume that the two layers are of similar depth (i.e., § ~ 1). Therefore,
the choice of hjp (and not hgg) as the reference vertical length and v/ghio as the
reference velocity are harmless. We refer, for example, to [18,19] for the investigation
of different situations such as the deep-water regime or the finite-depth regime.

In the same way, we decide to use the same scaling on v, and 9 in order to
simplify Definitions 1.3 and 1.4 and especially to keep the relation 9,¢1 = 0,¢2 on
the interface. We choose as instead of a; so that the expansions of section 2.2 hold
for a tending to zero. In that way, we are able to retrieve the shallow water/shallow
water with rigid-lid model in section 4.1.

Finally, as we choose a unique characteristic horizontal length, we focus on only
the case where the internal and surface waves have length scales of the same order
and hence do not consider phenomenons such as the resonant interaction between a
long internal wave and short surface waves, as studied, for example, in [13]. Moreover,
in the case of three-dimensional waves (d = 2), a unique characteristic horizontal
length means that there is no preferential horizontal direction so that we do not
study transverse waves.

We now rewrite the system in terms of dimensionless variables. First, we have to
define the dimensionless operators associated to the dimensionless fluid domains:

Q= {(X,2) R 60(X) < z < 1+ aG (X)),
0 == {(X, 2) € R, —% +Ab(X) < z < e2G2(X)}-
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In the following, we always assume that the domains remain strictly connected, so
there is a positive value h such that, for all X € R¢,

1

(10) 1+eG(X)—e@(X)>h>0 and 5

+ ex(a(X) — BH(X) > h > 0.

DEFINITION 1.3. Let (o and b € WH(RY) such that Qo satisfies (10), and
suppose that Vi € HY2(RY). Then, with ¢y the unique solution in H?(Q) of the
boundary value problem

A#X,z(bQ =0 in QQ,
(11) P2 = 1o on Iy :={z = e2(2},
Ont2 =0 on Ty :={z=—1% + b},
we define Gg’é[eggg, Bbly € HY2(RY) by

G leaCa, BBl := —peaVCo - Vo |omere, + 002 )2mercy-

DEFINITION 1.4. Let now (1, (2, and b € WL (R?) be such that Q1 and Qo
satisfy (10), and suppose Vipy, Vipy € HY?(R?). Let ¢1 be the unique solution in
H?(Qs) of the boundary value problem

Al .1 =0 in O,
(12) $1 =11 onTy:={z=1+e0},

O = chﬁ[@@, Bblihs  on Ty
Then we define G4’ [e1C1, €2Ca, Bb] (Y1, 42) € HY2(RY) by
G4 [erCr, €2Ca, BB (Y1, 92) i= —per V1 - Vot |omrieyc + 0201 )2=146.C,
and H"?[e1C1, €2Ca, Bb)(1,402) € HY/2(RY) by

H#ﬁ[elcla €2C25 ﬂb](i/}l, 1/}2) = (v¢1>|z:€242 .

In the following, when there is no possibility of mistake, we simply write

Gapg = G5’6[€2C2, Bblaa,
Gl(wl; 1/12) = Gﬁb,é[elgla €2<2’ ﬁb](wla 1/12))
H (1, 02) = H"?[e1(1, €2(a, Bb] (Y1, 12).

Remark 1.5. The existence and uniqueness of such solutions ¢2 and ¢; are given
by Proposition 2.1.

Using these last definitions, it is straightforward to check that the system (9)
becomes in dimensionless variables (where we omit the tildes for the sake of clarity)

(13)
ad(1 — %Gl("/)lﬂ/}Q) =0,
0iCa — %Gﬂ/fz =0,
Vi1 +aV{ + %VOV’I/&F) = ,LL€2VN1,
O (Viho — yH (P1,92)) + (1 =)V + EV(IVi2|* = y|H (¢1,¥2)[?) = pe2 VA2,
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where
(26100, w2) + VG- V)’
2(1+ pler VG ]?) ’

(iGzi/fz +eV(- V1/)2)2 - (%021/)2 + eV - H(y1, 1/12))2
2(1 + ple2VEa]?) '

1=

2 =
We derive the asymptotic models from this system of nondimensionalized equations,

corresponding to different sizes for the dimensionless parameters.

1.6. The linearized equation. Linearizing the system (13) around the rest
state, we obtain

adiC — %Gﬁb’é[oa 0, 0](1% 1/12) =0,
(14) DGz — 1G5 [0, 042 = 0,
Vi1 +aV( =0,
0 (Vipg — vH™?[0,0,0](¢1,92)) + (1 =) V(2 = 0.

Now when the surface, the interface, and the bottom are flat, we have explicit expres-
sions for the operators G1, G2, and H. Indeed, taking the horizontal Fourier transform
of the Laplace equations in (11) and (12), we obtain that g/b; and 745; are solutions of
the following ordinary differential equations:

—p|DPy +y" =0.

Then, using the boundary conditions, we deduce
¢2(X, z) = cosh(y/p|D|z)12(X) + tanh (%|D|) sinh(y/u|D|2)y2(X)
so that we have
64100102 = D i (101 ) 2

Then we obtain
61(X, 2) =cosh(y/7ilD|) (mwm ~ tanh (D1} tanb( Dl X))

+tanh (% |D|) sinh(y/p|D|z)12(X)
so that we have

14,0 ,ﬂ sin an ﬂ
G1"°10,0,0](¢1, th2) = cosh (/710D < h(y/ul D))y + h( 5 >1/»2>

and finally

H“"S[O, 0, 0](’(/11,’¢2) = Vi (X) — tanh (4|D|) tanh(\/ﬁ|D|)Vw2(X)

1
cosh (/12| D|)
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Using these expressions in the system (14), we can easily calculate the dispersion
relations. Indeed, the wave frequencies w? (k), corresponding to plane-wave solutions
ek X—iwxt are the solutions of the quadratic equation
(15)

I tanh(\/ﬁ|k|)+tanh(%|k|) ) |k|2(1—fy)tanh(\/ﬁ|k|)tanh(4|k|)
_— w —_— =
\//71+7tanh(\/ﬁ|k|)tanh (4|k|) F 14 ~tanh(y/p|k|) tanh (%|k|)

This equation has two strictly positive solutions (and their opposite) if and only if
v < 1, corresponding to the case wherein the lower fluid is heavier than the upper one.
This expression also appears in [11] and [29]. Figure 2 shows the evolution of the wave
frequencies w+, —w+ as functions of the wave number k. We chose the parameters
w=010=1/3,v=2/3.

20

—=
B
151

10

FiG. 2. Full system dispersion.

Remark 1.6. We remark that setting v = 0 and § = 1, we recover the classical
dispersion relation for the one-fluid system
_ Kl

\/ﬁtanh(\/ﬁ|k|).

2. Asymptotic models. We derive asymptotic models for the system by ob-
taining explicit expansions of the operators. Following the method of [7], it is conve-
nient to first reduce the problems (11) and (12) to elliptic equations on a flat strip.

W2

2.1. Flattening of the domain. We define the mappings

_ Y = St ; = F )
Ry with r1 (X, 2) := 146G (X) —ei(X)’

(X,2) » (X,n(X,z2)
Q - S~ . . z — €2(2(X)
(X,2) = (X,ra(X,2) M0 ra(X,2) = 1/5 — Bb(X) + e2(2(X)’

Ry =

and we denote their inverse

g St — 0 PR S~ —
LT (X2) e (si(X,2) MYOTPT (X2) e (X s2(X2))
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with

s1(X;2) = (1 + e1G1(X) — €2Ca(X))z + €22 (X),
52(X, 2) = (1/8 = Bb(X) + €262(X))z + e202(X).

Introducing the (d + 1) x (d + 1) matrices
P 1 0:silqg 041 wlg 041 0.8ilg —Vxs;
v 0,8; *sziT 1 01,4 1 01,4 1

n0.silg —uVxs;
(16> = < —MVXSiT 1+u\szi|2 )7

zSi

where Oy, r, is the m X n zero matrix and I the d x d identity matrix, we can transform
the Laplace equations (11) and (12) into elliptic boundary value problems on flat
strips.

PROPOSITION 2.1. Let (1, (o, and b € W1°(RY) such that 0y and Qs satisfy (10),
and suppose Vi1, Vo € HY2(RY). Then there exists a unique solution ¢1 € H*(ST)
and ¢ € H*(S™) to the boundary value problems

Vx.: PVx.p2=0 inS~,
(17) P2 =2 on {z =0},
Onp2 =0 on {z= -1}

and

Vx,. -PiVx.$ =0 inST,
(18) o1 = U on {z =1},
On1 = Onp2 on {z =0},

where Op @ stands for the upward conormal derivative associated to the elliptic operator
involved:

6nq§ = €441 - PVX,Z(b.

Moreover, ¢; := (X,2) = 0;(X,ri(X,2)) (i = 1,2), respectively, solve the prob-
lems (12) and (11). Thus, the operators G1, Ga, and H can equivalently be defined
with

Gaa = eqy1 - P2V 2 ¢2).—0,
G1(Y1,vY2) = ear1 - PIVx 2121,
H(1,2) = V1 2=0-
Proof. The reduction of the problems (12) and (11) on the flat strip can be found

on [20] (Proposition 2.7). The coercivity condition is satisfied thanks to (10) and the
assumptions on (1, (2 (see Proposition 2.3 of [1]):

1
(19) W >0v0 RO PO > [0

Thus, we just prove here the existence and uniqueness of the HZ-solutions ¢;
(i = 1,2). Since, for all g € H-Y?(R%), h € HY?(R?), we can easily construct a
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function w € H'(S™) such that w,—; = h and d,w.—o = g, (18) and (17) clearly
reduce to the problem

Vx,. PVx.pr=f inSt,
(20) $1 =0 on I'y := R x {1},
On1 =0 on I'y := R4 x {0},

where f € H=}(ST) and P satisfies (19).
As a first step, we introduce the variational formulation of this problem. Let us
define the functional space

V= {ve H(S"),v(v) = 0 on R}

with v : H'(S1) — H'Y2(R?) the trace operator on I';. Since 7q is continuous, V,
equipped with the scalar product of H!(S*) and the corresponding norm, is a closed
subspace of H1(ST) and hence a Hilbert space. A solution of the variational problem
related to (20) is then a function v € V such that

(21) Yv € V,/ PVu-Vv=— fu.

S+ S+
Since V = {v € D(S*),v = 0on 1} is dense in V, a solution of the variational
problem (21) is a weak solution of the problem (20).

Now we can check that a(u,v) := [, PVu-Vu is a continuous bilinear form. The
coercivity of a is given by (19) and a generalized Poincaré inequality (see [2], Theorem
5.4.3). Finally, since b: v € V — — [, g+ fv is clearly continuous, the Lax-Milgram
theorem gives the existence and uniqueness of a solution u € V of (21) and thus a
weak solution of (20). Moreover, we have

el gn < Cl 1o

The last step consists in proving that the solution u lives in H?(S™) if we assume
that f € L2 We introduce for h > 0,

Thu(l',y, Z) - U(ZE, Y, Z) _ U(ZE + ha Y, Z) - U(,CE, Y, Z)
h N h '

Up = (x,y,z) =

Then uy, is the solution (20) with f; = ThJ;L_f and g, = 242 5o that
[unll g < Cllfnll -

Then we remark that, for any v € H'(ST), vp(z,y,2) = + f;”h d,v(t,y, z)dt so that

1 h
fonllzs < 5 [ 00l < ol
Thus, we have, thanks to the duality between H' and H},

f} f 2 ||V 2
HthH—l SUSEUBII)I |( h ’U)| M

§ ol ey ol

< |41l e-

We finally have

lenll g < ClF o
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Since V is a Hilbert space, we deduce that there exists w € V and a subsequence (up,,)
such that up, weakly converges toward w. Moreover, we know that wp, converges
toward d,u in D'(ST), so we deduce d,u € V C H!.

We prove in the same way that d,u € H' so that Axu € L?. Finally, thanks
to (19), we have

02u| < |Axu| + k|Vx . - PVxu| = |Axu| + k| f|

so that u € H?(S™), and the proposition is proved. o

2.2. Asymptotic expansion of the operators. We are looking for shallow
water models (u < 1) and therefore need to obtain an expansion of the operators in
terms of y. The method is the following. We first exhibit the expansion of the matrix
P; in terms of pu. Then we look for approximate solutions ¢;** (i = 1,2) under the
form

PP = @) + pd; + p oy

Plugging this ansatz into (17) and (18) and solving at each order of p gives the gb{ ,
from which we can deduce the expansion of the operators by computing the normal
derivative of ¢;*".

Since (17) is exactly the same problem as involved (in the case of the water wave)
in [1], we can directly apply Proposition 3.8 to the lower fluid.

PROPOSITION 2.2. Let to > d/2 and s > to + 1/2, Vipo € HT'/2(R?),
G € H*9/2(R?), and b € H*1/2(R?) such that (10) is satisfied. Then we have

(22) |Gatbz + puV - (ha V)| . < 1*Co,
(23) |Gty + puV - (haVipa) — pi°V - Tlha, Bb]Vabs| . < pCh,

with C; = C(%,ﬁ‘b‘l_]s+7/2+2j,62‘C2’H5+5/2+2j, ‘ng‘HS”/sz), and where we denote
by ho := % — Bb + €2(5 the thickness of the lower layer, and

1 1
Th,bV = —§V(h3v V) + i(V(hQVb- V) = h*VbV - V) + hVbVb - V.

Remark 2.3. To obtain the estimate (22), we use the approximate solution

2

PP = 4y — pihy (hg (% + z) Atpy — 28Vb - V%) :

We need a higher order approximation to obtain (23), namely, ¢577* = ¢3! 4
u2¢3, where ¢3 can be obtained using the same method as in the following study.
Proposition 2.2 is then obtained following the path of Appendix A for the lower fluid
(see [8] for a rigorous proof).

The study of the upper fluid is different from the one of the lower fluid since we
have now a nonhomogeneous Neumann condition on the interface. In order to manage
this, we first decompose ¢1 := ¢ + ¢, where ¢ is the unique solution of

Vx: - PiVx.$1 =0 inST,
(24) $1 =11 on {z =1},
Onp1 =0 on {z =0}
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and ¢; is the unique solution of

VX2 -PiVx.61 =0 inST,
(25) $1=0 on {z=1},
Ong1 = Ga1po on {z=0}.

Again the system satisfied by ¢, reduces to the water-wave problem (where the to-
pography of the bottom would be given by €2(2), so we introduce as in Remark 2.3
the approximate solutions

_1\2
étllpp’l =11 — phy <h1 <% + (2 — 1>> Ay — (2 = 1)e2V(a - Vq/“) ’
B e G4 28,

It follows that Gt the contribution on the Dirichlet-Neumann operator from ¢
can be expanded as in the following proposition.

PROPOSITION 2.4. Let to > d/2 and s > to + 1/2, Vipy, (e € HT1/2(R?),
¢ € H592(R2) such that (10) is satisfied. Then we have

(26) |Gir + uV - (hi V)| . < 1*Co,
(27) |Gipr + pV - (hVipy) = p°V - Tlha, €20V | 4. < 1Ch

with C; = C(+, 62‘C2|H5+7/2+2j,61|<1|H5+5/2+2j, ‘Vl/JﬂHS”/HQj), and where we denote
by hy := 1+ €1(1 — €2(a the thickness of the upper layer, and T[h,b]V is defined as in
Proposition 2.2.

The last step consists in computing the contribution on the Dirichlet—Neumann
operator from ¢;. We first define ¢{*? = ¢° + up! + pu2¢?. It is straightforward that

. O0d,a 04,1 hilg —Vxs1
P, =P + P! with P° := < ’ ’ ) and P! := o112 )
' a 01,4 h% ~Vxsit —W},ill‘

where we have used the notations 0O, , for the m X n zero matrix and Iy for the
d x d identity matrix. Plugging these expansions into (25), using Proposition 2.2, and
solving at each order, we get the following:

At order O(1):

a02¢° =0 in ST,
=0 on {z =1},
h%@zqﬁo =0 on{z=0}

so that we have
(28) ¢ = 0.
At order O(p):

020! = —Vx . - P'Vx.¢"=0 in St,
=0 on {z =1},
h%@zqﬁl = —eqs1- P'Vx 8" — V- (haVihe) on {z =0},
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which gives immediately
(29) ¢t = —hV - (haViaho) (2 — 1).
At order O(p?):
h%ag 2 = hl((z — 1)h1V . VAQ — 261VC1 . VAQ — 61A41.A2) n 8+,
#* =0 on {z =1},
hLlazQﬁQ =V- T[hg, Bb]ng + V(- (h1VA2 + 61VC1A2) on {Z = 0}
with the notation As := V - (haV)2). This leads to the solution

3 2 1 P

2
22y —) M (2aVC - VA + e AGA) (— - 1)

2 29 z
¢ hl((hlv VA3) < 6 2 T3 5 "3

(30) +(V - Tlha, Bb]Vips + €2V (o - (VA2 + e1V(1A2)) (2 — 1))

This formal derivation of ¢{*” allows us to obtain the expansion of Gitz, the
contribution on the Dirichlet—Neumann operator from ¢;. Formally we have

(31) Givpa = —pAg + p2 (v - TTha, Bb] Vb — %v - (MVAy) — V- (hlelvclAg)).

Summing this expansion with the one of Proposition 2.4 gives immediately the
expansion of the full operator G1(t1,%2). The following proposition gives a rigorous
statement of this fact; its proof is postponed to Appendix A.

PROPOSITION 2.5. Let tg > d/2 and s > to + 1/2, Vi1, Vb € H*T1/2(R?),
G € HTT/2(R?), ¢ € HPY/2(R?), and b € H5H1Y/2(R?) such that (10) is satisfied.
Then we have

(32) ‘G1(7/1177/)2)+H(A1 +A2)|H5 S /’LQC’Ov
1
(G (W, v2) + (A1 + Aa) =22 (V- T+ V- T = 5V - (B3 Ag)
(33) -V (h1€1VC1A2)) |H5 S /f’Cl

with the constants

C'O =C (%a Blb’Hs+7/2562’C2‘Hs+5/2561’C1‘].]s+3/2a

C'1 =C (%a Blb’Hs+11/2a62’C2’Hs+9/2a61’C1‘Hs+7/2a

Vi ’Hs+7/2’ Vipo ’H5+7/2) )
Vl/fl ‘Hs+11/2? va ’Hs+11/2) )

and the notations

./41 =V (hlvwl), AQ =V. (thi/)Q),
Ti = Tlh1,€20]VY1, Tz :=Ths, Bb]Vis.

Remark 2.6. As in Remark 2.3, the proof of the estimate (32) requires the ap-
proximate solution ¢*”"" with

app,1 app,1
and he SeCODd eS(ima(e (33) uses

tllpp72 — étlzppﬂ + ¢0 + M¢1 + H2¢2-
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In Appendix A (Steps 4 and 5), we give estimates on ¢; — ¢77F, obtained thanks to
the trace theorem and an elliptic estimate on the boundary value problem solved by
¢1 — ¢1PP. This leads to the desired inequalities since

Gl(wlan) —On lllpp|,z:1 = an(¢1 - ¢(1lpp)\z:1-

The last expansion to obtain is the one of H(t1,2), which is given by the following.
PROPOSITION 2.7. Let tg > d/2 and s > to + 1/2, Vi, Vb € H*T1/2(R?),
G € HYT2(R?), ¢ € H*Y/2(R?), and b € H*'/2(R?) such that (10) is satisfied.

Then we have

(34) |H (1, 42) = V| ;. < pCo,
(1, 92) = Vb1 = 5V (B (A + A) - %hm}l
(35) ~haVé -V )|y < #2Cy
with
Co = C (5 B[b] yorrs2s €2|Ca| yovssas €[] oo [V fraveros V02| i)
¢, =C (%,ﬂ|b|H5+u/zv62|C2|Hs+9/za€1|C1‘Hs+7/2v |V¢1‘Hs+n/2v |V1/}2|H5+11/2) )

and using the notations of Proposition 2.5.

Proof. The proof uses the estimates (67) and (69) on u := ¢; — ¢{*”". Indeed,
we have to give an estimate for ‘VU|Z:0’H5, and a trace theorem (see Métivier [25]
pp. 23-27) gives, for all s > 0,

Cst

|Vup.zo| . < Cst(|[AT2Vul|,, + ||A*20.Vul|) 12 < 7

IA278 ]

Then the estimate (67) allows us to conclude:

|VU’|Z:0|H5 < C\S/%O (%; €1 |Cl ‘Hmax{t0+2,s+3/2} ) 62‘(2 ‘Hmax{t0+2,s+3/2}))(u2 HhHHS+1/2

+H‘/ﬁ\V’HS+1)-

Vi

The first estimate (34) follows from this relation, together with the estimates (62)
and (64).

As for the Proposition 2.5, the second estimate (35) requires the use of the higher
order approximate solution @ := ¢, — ¢%*”*  and the result is obtained in the same
way. 0

Remark 2.8. Using the same approximate solution as for the expansion of
G1(11,12), we obtain an estimate one order less precise in u than in (32) and (33).
This loss of precision is not seen at the formal level and comes from the Lu term

)

due to the horizontal scaling, which is necessary in order to have a uniformly elliptic
operator.

2.3. Asymptotic models. The expansions of the operators we obtained allow
us to derive asymptotic models from (13). The frame of this study is limited to shallow
water /shallow water regimes, that is to say, long waves and layers of similar depth
(1 < 1,and 6 ~ 1). However, the method could be extended to many different regimes,
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as it has been done in [7] with the rigid-lid assumption. As we see in section 4, we
recover most of the models which have been introduced in the literature, as well as
interesting new ones (the Boussinesq/Boussinesq model with coefficients (42) and the
higher order system (44)). Furthermore, we show rigorously that (13) is consistent
with all of these models in the following sense (see [6]).

DEFINITION 2.9. The internal-wave system (13) is consistent with a system S of
2d+ 2 equations, if any sufficiently smooth solution of (13) such that (10) is satisfied
solves S up to a small residual called the precision of the asymptotic model. Throughout
this paper, the precision is given in the sense of L°°H?® norms, which means that the
H?® norm of the residual is uniformly bounded with respect to t where the solution is
defined.

Remark 2.10. The consistency does not require the well-posedness of (13) and
concerns only the properties of smooth solutions of the system. However, if we assume
the existence of such functions, we can prove that they are approximated by the
solutions of consistent systems, as we see in section 3.

2.3.1. The shallow water/shallow water regime: p < 1. We assume here
that both layers are in the shallow water regime (¢ < 1), whereas strong nonlinearity
is allowed (e1,€2 = O(1)). We use the first order expansions (22), (32), and (34), and
we plug them into (13). We obtain, discarding the O(p) terms, the following system:

ad 1+ V - (hVip1) + V - (haVihy) = 0,
01G2 + V - (haVipe) =0,
(36) Vi +aVii+ 2V (Ve f?) =0,

BV + (1 — 1)V + 7aVEr + %v (IVel?) =0,

where h,l =1+ €1§1 — €2§2 and h,2 = % — ﬂb+ €2§2.

Remark 2.11. This system has already been introduced in the flat bottom case
in [11] and equivalently, although under a different form, in [10]. We say more about
this in section 4.2.

PROPOSITION 2.12. The full system (13) is consistent with (36), at the precision
[LC(), with

Co = C(%, /6|b‘Wl,ooHs+7/2 s 62‘§2 |W1,ooHs+5/27 €1 ‘Cl ‘Wl,aoHs+S/2) ‘v"/)l‘wl,ooHs+7/2v

’va ’le“H5+7/2) .

Proof. Let tg > d/2 and s > tg + 1/2. Let U := (1, (2, Vb1, Vo) be a solution
of (13) such that (10) is satisfied and U € H®. It is straightforward to check that we
have
(37)

adiG+ V- (Vi) + V- (ha Vi) = V- (V1) + V - (haVi2) + G (41, 2),
OiCa + V- (haViha) = V - (haViha) + 5 Gatha,

€
atV’l/Jl =+ OéVCl + ;V (|V1/)1|2) — luegv./\/i,

0V + (1= 7)Y + 70V + TV (IVeal?) = y0,(H (1, 02) = Vi)
+ 2V ([ H (Y1,92)* — |V1]?) 4+ pea VN2 + pyea VAL
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Except for 0;(H (11, 12) — Vip1), the right-hand side is immediately bounded by uCy,
thanks to the estimates (22), (32), and (34). The estimate on the derivative is obtained
as in the following.

We use the study of Appendix A; we derive (61) with respect to ¢ on both sides
and get

V&,z . P”V§7z(8tu) = /L2 vi,z . 8th — V&,z . 8t(P“)V§,zu in SJr,
(38) Ou =0 on {z =1},
On(Opu) =V - 0V + p2eqy1 - Oh — eqyq - at(P“)V’;(ﬁzu on {z = 0}.

We now need estimates on the right-hand side of the system. Directly from the defi-
nition of h, we have

(39) HathHHsM/z,l < Co.
Thanks to Step 4 of section A.2, we have
||at(PM)vl;(,zu"Hs+s/2,1 < CO-

Finally we can obtain the estimate on 0;V, using the same method as here on the
lower layer:

1
0V, <u?C (Evﬂ‘b’WLwas/z, |(€1€1, €2, Vi, V1/)2)‘H51) :

Then we use the study of Appendix A and obtain the estimates of Steps 4 and 5 for
Oiu, and we use them as in Proposition 2.7 in order to obtain the desired inequality:

|0 (H (¢1,2) — V1) . = |VOu| ;. <pCo. O

Conservation laws. The first two equations of (36) reveal the conservation of mass
since a straightforward linear combination gives

{ Othi + €V - (V) =0,

(40) Oths + €2V - (haVhg) = 0.

We can play with the system to obtain other conservation laws. The conservations of
total momentum and energy are given by
O¢(Yhiut + houz) + Vp + (vhi + h2) BV + V - (yhiui & uy + haug ® ug) =0,
Oy (% (7h1|U1|2 + h2|u2|2) +p) + %V - (yhalug Puy + holua*uz)
+V - (yhiug + h3ug + yhiha(ur +uz)) + (Yhiuy + haus) BV = 0,

with the notations Ay = 1+ €1(1 — €2(2, ho = % — Bb+ e2(a, u; = &V (i = 1,2),
and the “pressure” p := %vh% + %h% ~+ ~vhihs.

Dispersion relations. When we calculate the linearized dispersion relations as in
section 1.6, we obtain that w? (k) satisfy

14+0++/(1—-106)2+4v6

Wi

This dispersion relation is not the same as the one of the full system (it corresponds
to the first order of the expansion in p of the solutions of (15)), but we still have
the condition v < 1 for the system to be linearly well-posed. Figure 3 presents shal-
low water/shallow water model dispersion, compared with the dispersion of the full
system, with the parameters p=0.1,§ =1/3, v =2/3.
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F1G. 3. The shallow water/shallow water model dispersion.

2.3.2. The Boussinesq/Boussinesq regime: p ~ ez ~ €; < 1. In this
regime, the shallowness and the nonlinearity are supposed to be small and of the
same size. This time, we use the second order of the expansions and obtain

(41)
a0ty + V- (V1) + V - (haVipe) = p(FEAV - Viby + V - T [ha, 6] Vi,
— LAV - Vi),
02+ V- (h2V1P2€) = u (V- Tlhe, Bb]V2) ,
Vi +aVe + gv (IV¥]?) = 0,

XVY2 + (1 =7V + VG + %QV (IV2]?) = v (3V Atpg + $V Ay )

with T[h,b]V defined as in Proposition 2.2.
Remark 2.13. If the bottom is flat, then T [hg, 8b]Vs is simply 555 VA;.
Model with improved frequency dispersion. This model is linearly ill-posed. For-
tunately, following [4, 6], we can easily derive asymptotically equivalent models with
coefficients which can be chosen so that the system is well-posed. For simplicity, we
assume now to be in the case of a flat bottom (see [8] for the varying bottom case).
We rewrite the system (41) with new variables: u; := V¢;(z;) (i = 1,2). From the
calculations of section 2.2, we obtain

(z —1)?

PPN (2) = by — < 5+ (- 1)> Ay — Hl(z — 1Ay,

4]

B () = o — 1(2—2+z) Ay
2 27 M5z (g 2

We then define u; and us as in the following;:
1

up = Vi (21) = Viby — pbi AV — i

a1 AV’L/JQ,

1
GQAV’L/JQ,

up 1= Vo5 () = Voo — g5
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with z; € (0, 1) for the upper fluid, 22 € (-1, 0) for the lower fluid, and the coefficients

2 2
ay =z —1€[-1,0], ap:= %2 o€ [-1/2,0, b= % +ap € [-1/2,0].

We plug this into (41) and obtain
adiC1 + V- (hiur) + V- (hougz) + 1 (%V WANTA

+ (M3 4+ L) V- Aug) =0,
0o+ V - (haug) + p 32V - Auy = 0,

42
(42) (14 pub1A)drur + p% Adrus + aV{ + %QV (|u1|2) =0,
(14 p(5 — $)A)0uz — p3Adur + (1 — 7))V + ay V(G
+2V (Juzl?) = 0.
Remark 2.14. If we choose a1 = —%, as = —%, and by = —%, we obtain the

classical “layer-mean” model (59), introduced by Choi and Camassa in [10]. As we see
below, this system is linearly ill-posed. One of the interests of (42) is to offer a large
class of equivalent models with parameters which can be chosen so that the system is
linearly well-posed.
PROPOSITION 2.15. The full system (13) is consistent with (42), at the precision
2 .
w?Cy, with

c1=C (%a /8|b|Wl,ooHs+ll/2 > 62‘<2|W1,00H5+9/2 ) €1 |§1‘W1,00H5+7/27 |V’l/)1 |W1,00H5+11/25

‘vw2‘wl,ooHs+11/2) .

Proof. Let tg > d/2 and s > tg + 1/2. Let U := ({1, (2, Vb1, Vib2) be a solution
of (13) such that (10) is satisfied and U € H5*2.

We first give the proof for a3 = by = as = 0 corresponding to the original
system (41). We just have to plug U in (41), as in the proof of Proposition 2.12. Since
€2 ~ u, we have ’MEQVNl‘HS + ‘MGQVNQ‘HS < p2Cy. The other residuals are bounded
by u?C1, thanks to the estimates (23), (33), and (35) with ez < 1 and the equivalent
estimates on the derivatives which are obtained as in the proof of Proposition 2.12.

The general case is obtained when we substitute Vi, — ubi AV — ,U/%GJAV'(/JQ
for uy and Vg — Mé%agAvwg for us in (42). We obtain (41) up to additional terms
that are clearly bounded by p2Cj. O

Dispersion relations. As we have said previously, the coefficients can be chosen so
that the system (42) is linearly well-posed. Indeed, it is straightforward to check from
the linearized system that w? (k), corresponding to plane-wave solutions e X —iw+t
must be the solutions of the equation

(43) w! — A(ulk|*)[EPPw? + B(ulk[*)|k[* =0
with

- (1—B1Y)<1+76(al:#y)+v(%—(Oz1+a2)Y)(1—(b1+%)y)+(1—7)(%—a2Y)(1—b1Y)
T (1=b1Y)(1-252Y )+ Fa, V2 ’
(3—02Y)(1-51Y)

(1=b1Y) (1-22522Y )+ a, V2
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and the notations

1+2a1 a -714*3(12 ﬂ 71+3b1
25 27 g T

In order to have two positive solutions of (43), the coeflicients have to satisfy
2 < —1/3 and by < —1/2. We see that the original system (41) and the classical
layer-mean model (59) are ill-posed. However, there exist sets of parameters a1, as, by
such that the generalized system is well-posed. Moreover, we can choose the coefficients
such that the dispersions meet with the ones of the full system at the order 3 in u|k|*.
We present in Figure 4 the difference between the dispersion of the full system and
the one of the Boussinesq/Boussinesq model for three sets of parameters ap = by =
az = 0 corresponding to the original system (41); a1 = —%, as = 3, and by = —§
corresponding to the layer-mean system (59); and finally a; & 0.4714, ay =~ —0.3942,
and by = —1 corresponding to optimized parameters in (42). Moreover, we chose
w=0.1,5 =1/3, and v = 2/3. Note that except for the last set of parameters, the
system is linearly ill-posed so that the computation breaks for high wave numbers.

] =

x10° x10™

without coefficients without coefficients
0.8}{ —— layer-mean model ] — -~ layer-mean model
optimized coefficients optimized coefficients

+ K/ | *—/
3 o — 4 30 — 4

\
-1 L L L L L h L L L -1 L L L L L L L L L
0 0.1 0.2 03 0.4 OE: 0.6 0.7 0.8 0.9 1 0 0.1 0.2 03 0.4 OE: 0.6 0.7 0.8 0.9 1

F1G. 4. The Boussinesq/Boussinesq models dispersion error.

2.3.3. The higher order system. We are now back in the strong linearity
regime allowing large amplitude (€1, e = O(1)). But now we use the higher order
expansions (23), (33), and (35) and thus obtain the strongly nonlinear model
(44)
adiCi + Ay + Ay = u(v T4V -To— V. (h2VA) — V- (hlelvclAg)),

OrGo + Az = MV'Z-%
8V + aVe + gv (IVY1[?) = pea VS,

OVipy + (1 =)V +vaV( + %QV (|V2|?) = u(vatVH + 7€ V(Vpy - VH)
+€2VN2 + 'YGQVNl) ,

where we have used the following notations:

A=V - (mVir), A=V - (haVihy),

Ti = Tlh1, €8]V, T := Tlha, fb]V,

H = hi (V- (h V1) + V- (ha Vo) — LhiAgy — eV - Vi),
Ny = @¥a Ve -V (hlvwn v (hszz»z

Ny = (62V o -Vipa—V- (h2vw2)) —27(62V<2 le —V-(haVy2))”
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PROPOSITION 2.16. The full system (13) is consistent with (44), at the precision
2 .
w?Cy, with

Cl =C (%7 ﬂ‘b‘wl,ocHs+ll/2 ) €2 |C2‘W1,00Hs+9/2 ) €1 ‘Cl |W1,ocHs+7/2a ‘V¢1 ‘Wl,ocHs+11/27

|V1/}2‘W1,90H5+11/2) .

Proof. Let tg > d/2 and s > tg + 1/2. Let U := ({1, (2, Vb1, Vib2) be a solution
of (13) such that (10) is satisfied and U € H*T2. We plug U into (44), and, thanks to
the estimates (23), (33), and (35) and that the equivalent estimates on the derivatives
are obtained as in the proof of Proposition 2.12, we can check that the residuals are
bounded by p2C;. O

Dispersion relations. The linearized system is the same as the one of (41). So the
system is linearly ill-posed, and we should derive models with parameters to obtain
well-posed systems.

3. Convergence results. We show here how to use the consistency results ob-
tained in section 2.3 to prove convergence results, stating that solutions of (13), if they
exist, remain close to the solutions of the asymptotic models that are symmetrizable
hyperbolic systems.

Remark 3.1. It is not clear that each of our models can be written as a symmetriz-
able hyperbolic system. That is why we focus here on the shallow water/shallow water
model (36) in the flat-bottom case (8 = 0). We set d = 2, and the case d = 1 follows
immediately. The case of the Boussinesq/Boussinesq models will be discussed in a
later work.

The analysis is based on classical results for quasilinear systems, which can be
found, for example, in [26] and [17] and that we recall here.

LEMMA 3.2. Let s > g +1 andT > 0. We assume that A; are smooth functions
of u € R™ such that the system

d
(45) U + > A;(U)0,U = F(t,x,U)

j=1

is Friedrichs-symmetrizable. Moreover, we assume that uw — F(t,z,u) is a smooth
function of u € R™ and that F(t,x,u) is bounded in H® uniformly with respect to
t € [0,T]. Then, for g € H*(R%), taking values in R™, there exist 0 < T' < T and
a unique U € C°([0,T"); H*(RY))"™ such that U satisfies (45) and U(t = 0) = g.
Moreover, U belongs to U € C°([0,T"); H*)" N CL([0,T"); H*=1)", and if U satisfies

|U|W1’°°([O,T]><]Rd) =M

)

for M > 0, then there are constants C(M) and K(M) such that

t
Ut)],, < CKlg|, .+ C/o K9] £(s)] . ds

with f(t,x) = F(t,z,g).
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First we remark that the shallow water/shallow water model (36) in the flat-
bottom case (8 = 0) can be written as a quasilinear system

(46) 0U + A1(U)0,U + A2 (U)0,U =0
with the notation
U:= (h’lv h27 Uiz, Uly, U2z, u2y)

1
= (1 +e1(1 — e2(, 5 + €2C2, €20,91, €201, €202, GQayQ/JQ)

and the matrices

U1y 0 hl 0 0 0

0 U2y 0 0 h2 0

o 1 1 Uty ’U,ly 0 0
AU=109 0 0 0o o ol

84 1 0 0 U2 U2y

0 0 0 0 0 0

Uiy 0 0 h1 0 0

0 U2y 0 0 0 h2

0 0 0 0 0 0

AQ(U) o 1 1 Ulxy Uly 0 0

0 0 0 0 0 0

Yy 1 0 0 U2 U2y

We prove now that the Cauchy problem associated with (46) is well-posed un-
der some assumptions on the initial data since the quasilinear system is Friedrichs-
symmetrizable.

PROPOSITION 3.3. Let s > % + 1. Let Uy € H*(R%)® such that there exists h >0
such that for all X in R?, Uy(X) satisfies the assumptions
(47)
hi,ha > h, |u%z+u%y|, |u§m+u§y| <h, and (hy—u?, —’U/%y)(hg —u3, —ugy) > vyhiha.

Then there exists T' > 0 and a unique U € C°([0,T"); H*(R?))S such that U satis-
fies (46) and U(t = 0) = Uy.
Proof. We introduce the following matrix S, namely,

ol Y Yulz Yuiy O 0
84 1 0 0 U2 U2y
0 ~vhy 0 0 0
Yuiy O 0 ~vhy 0 0

0 U2y 0 0 0 h2

It is straightforward to check that S(U) and S(U)A(U,€) are self-adjoint with
AU, E) = & A1(U) + &A2(U). Then, using the Gauss reduction algorithm, we can
check that S(U) is definite positive if U satisfies (47). These requirements are satisfied
at time ¢t = 0 by Uy, and we define T as the maximum time such that they remain
satisfied for all ¢t < T'. We know that 7" > 0, thanks to a continuity argument. Then
since we have proved that S is a symmetrizer of (46), Lemma 3.2 gives 0 < T/ < T
such that U is uniquely defined on [0,7"). d
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The last step consists of proving that the solutions of (46) approximate the solu-
tions of the full system (13), assuming that the latter exist. This is obtained thanks
to the energy estimate of Lemma 3.2.

PROPOSITION 3.4. We fiz v € (0,1) and ¢ € (0,+00). For to > d/2 and s >
to+1/2, let U € CL([0;T); H*)°NCO([0; T); H5T1)C be a solution of (13) such that (10)
is satisfied and U is bounded in H*([0,T]), uniformly with respect to €, ea € [0,1),
and p € (0, ™). We denote by U := (C1,Ca, 1, U2) the solution of (36) with the
same nitial values that we assume to satisfy (47). Then we have

‘U70|H5 S,U’CO

with Cy = C(%,'y,(S, prer ‘U‘HS,T).
Proof. Thanks to the consistency result (Proposition 2.12), we know that U sat-
isfies (45) with F(t,z,U) = f(¢,z) and

| f] e < 1Co

with Cy = C(7, ‘U‘HS). Then the difference between the two solutions R¥ := U — U
satisfies (45) with the same f and

F(t,z, R*) := f(t,x) — A1 (R*)0,U — Ay(RM)0,U.
Taking a smaller T if necessary, we have

< M,

‘U‘(Wl’w([O,T]de))ﬁ + ‘U|(W1’°°([O,T]><]Rd))6

where M is independent of €1, €2 and p. Thus we can apply Lemma 3.2, and we have

K —S 1 max
|RM(t)|HS§C/O oKt )|f|HSds§,uC(E,%6,u ,|U|HS,T). 0

4. Links to other models.

4.1. Rigid lid in the shallow water/shallow water case. In [7], Bona,
Lannes, and Saut presented a model for internal waves in the shallow water regime
with the rigid-lid assumption. They showed that a nonlocal operator has to appear
for d = 2 (see observations in [15]). This operator cannot be seen in our model (36) so
that it is a purely two-dimensional, rigid-lid effect. However, we show in the following
how to make it appear from (36).

Indeed, the rigid-lid assumption means that ¢; = 0 when e remains > 0 so that
a = 0. The system (36) becomes

V- (hVi1) + V- (haVipg) =0,
G2 + V- (haVih2) = 0,
(48) Vb + 2V (|V41[?) =0,

€
Vs + (1 =)V + gv (IVYa?) =0,
where h1 =1 — e2(s and ho = % — Bb+ e2(s.

For simplicity, we restrict ourself to the case of a flat bottom (8 = 0), but we
could do the same calculations with 8 > 0. We first define the shear velocity

v = Vipy = yViy.
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From the first line, we deduce

+94 -1
AV (hQ’U) =-V- ((hl + ’th)Vi/}l) = *W—V 1+ 7 5€2§2 V1/11 .
) y+0
Then we define the nonlocal operator 9 as follows.
DEFINITION 4.1. Assuming that ¢ € L>®(R?), we define the mapping

2(d\d 2 (Rd\d
9[41::L$‘§> - L(E),

where V is the unique gradient vector in L*(R?)?, solution of
V-(14+V)=V - -W.

So from the definition, we have

v—1 )
V’l/11 Q[rij 5 €2C2] ( 7+5 2’())
We plug this expression into (48) and obtain immediately

e + 557 - (MDA 0er ) = 0

(49) O+ (1= )VG + 2V (v — 25A[23deaa] (hav)

7% |Q[%56242](h2v)|2) =0,

where h1 = 1 — €2(3 and hy = % + €2(2. This is exactly the system derived in [7].

Using the same method, we could derive rigid-lid models from (42) and (44). The
rigid-lid model in the Boussinesq regime has already been exhibited in [7], and a fully
nonlinear model is presented in [9].

4.2. The layer-mean equations. In the literature, the water-wave system is
often given by layer-mean equations (see, for example, [31]), using as unknowns the
depth-mean velocity across the layers:

1 1+e1Ca
ﬂl(X) = h_l/ ng)l(X, Tl(X,Z))dZ with hl =1 + €1§1 — €2§2,

2G2
_ 1 [ee . 1
ua(X) = — Vo (X, r2(X, 2))dz with hg := = — b+ e2(a.
ha J 175480 o

The systems under this form (obtained, for example, in [10] and [3]) are equivalent
to the system we derived since we can approximate u; and us thanks to our previous
unknowns ¢, and 2 (as we see in the following proposition) and conversely. Thus, our
study gives a rigorous justification of these models, and we are able to offer consistency
results.

PROPOSITION 4.2. Let tg > d/2 and s > to + 1/2, Vi1, Vb € H*T1/2(R?),
G € HYT2(R?), ¢ € H*9/2(R?), and b € H*'/2(R?) such that (10) is satisfied.
Then we have

(50) @1 = Vi | ess < pCo,
(51) iz — Vipa| yosa < pCo,
(52) [ty — Yoy — uD1(Vihr, Vipa)| 0in < p2Ch,
(53) |ty — Vipy — uDoVihs| .y < p2Ch,
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with
Cj=0C (%’5‘b‘Hs+7/2+2j’62|§2|Hs+5/2+2j ) €1|Cl‘HS+3/2+2j’ |V¢1|Hs+7/z+2w
‘VQ/Q ‘ Hs+7/2+2j)
and where D1 and Ds are defined by

Di(Vir, Viba) =~ (Ti = (13 A) — (e VG A2)),
DoVpy = —h—1275

with the notations of Proposition 2.5.
Proof. Using the Green formula with ¢; the solution of (12) and a test function
@ :=(X,z) = p(X), we have

Sﬁanléblder/ @O, P1dn2

I

/ GAY $1dXdz = — / VA 61 -V GdXdz + /
951

Iy

Q1
14+e1¢1
= *“/Rd w/ v¢1dde+/ @ (G1(¢1,92) — Garp2) dX.

2(2 R

Thus we deduce

(54) V- (han) = _71(01(1#1’1#2) — Gata).
Identically we have

(55) V - (hotla) = %Ggwg.

We now prove the estimate (50), and the others are obtained in the same way.
Using Propositions 2.2 and 2.5 together with (54), and since (10) is satisfied, we
have immediately

|V - (@ — V)| . < uCo

so that we have only to obtain an L?-estimate on u; — V1. Using the definition of
w1 and the mappings defined on section 2, we obtain

1
uy — Vi = / V(g1 — 1) + Vs10:41d2
0

with ¢1 : (X, %) € 8T — ¢1(X, 51(X, 2)). We deduce

T — Vi |, < Cler|G] s €2] Gy o) [ Vxz(d1 — 91,
The estimate follows now from Step 3 of section A.2, together with the estimates (62)
and (64). 0

4.2.1. The shallow water/shallow water regime: p < 1, € = O(1). We
use (50) and (51) in the system (36), and with a straightforward linear combination,
we obtain

8th1 + EQV . (hlﬂl) = 0,
Othe + €2V - (holiz) = 0,
(56) Oty + Vha + BVb+ Vhy + 2V ([m[2) = 0,
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PROPOSITION 4.3. The full system (13) is consistent with (56), at the precision
uCo, with

CO =C (%7 ﬂ}b}wl,st+7/2 ) €2 |C2}W1,00Hs+5/2 ) €1 }gl |W1,ocHs+3/2a }Vi/}l }Wl,ocHs+7/2’

’va ‘Wl,ocHs+7/2) .

Proof. We know from Proposition 2.12 that (13) is consistent with (36), at the
precision uCy. From (50) and (51), we deduce that ({1, (2, U1, u2) satisfies (56) up to
a residual of the same order. O

Remark 4.4. Note that the first two equations of (56) are equalities (where the
last two equations are first order approximations in p), as we can see from (13), (54),
and (55). They reveal the conservation of mass. Conservation of momentum and en-
ergy are the one obtained in section 2.3.1 when we substitute w; for Vi, (i = 1,2).
These conservation laws and the one of higher order systems have already been intro-
duced in the flat-bottom case in [3].

4.2.2. The Boussinesq/Boussinesq regime: p ~ €2 ~ €1 < 1. We now re-
strict ourself to the flat-bottom case since it considerably simplifies the notations, but
the following could be derived with 8 # 0 without any difficulty. The estimates (52)
and (53) with €2 ~ p and 8 = 0 give the following formal relations:

1 1
(57) uy = Vi1 + p (gVA% + 2—6VA1/12) ;

1
(58) Uy =~ Vipg + MWVA%-

Plugging this into (41), we obtain the system
(59)
Oih1 + eV - (hlﬂl) =0,
8th2 + EQV . (hQﬂQ) = 0,
€
osuy + aV{§ + év (|ﬂl|2) = [Lat (%Aﬂl + %Aﬂg) ,

Ottia + (1 =)V + ay V(i + %QV (|ﬂ2|2) = 110 ((3% + %) Ay + %Aﬂl) .

Remark 4.5. This set of equations had been revealed in [10]. It corresponds to (42)
with the choice of parameters: a; = —%, as = —%, by = —%. This particular choice of
parameters leads to a linearly ill-posed system. That is why it is interesting to obtain,
as in section 2.3.2, a larger class of models allowing linearly well-posed systems.

Since this system is a particular case of the Boussinesq/Boussinesq model (42),
we can apply Proposition 2.15.

PROPOSITION 4.6. The full system (13) is consistent with (59), at the precision
w2Cy, with

Cl =C (%a ﬁ‘b‘wl,ocHs+ll/2 , €2 ’CQ‘Wl,ooHs+9/2 , €1 ‘Cl ’Wl,ocHs+7/2) ‘Vl/il ‘Wl,ocHs+11/2’

’va ‘Wl,ocHs+11/2) .
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4.2.3. The higher order system. We now do the same study without assum-
ing any smallness on €1, e5. We plug (52) and (53) into (44), and we obtain

(60)
8th1 + EQV . (hlﬂl) = 0,
8th2 + EQV . (hQﬂg) = 0,
€
Osuy + OéVCl =+ év (|ﬂ1|2) = MEQVNl =+ ,LL€2V(§1 . Dl) =+ ,LLach
€
O¢tia + (1 — )V +vaV{( + ;v (Jazl?) = u(at(wH +D3) + eV (vur - VH

+Ug - Dy + Na + 7/\/1))

with the notations of Proposition 4.2 and (44) and when we substitute w; for Vi);
(i=1,2).
PROPOSITION 4.7. The full system (13) is consistent with (60), at the precision
2 .
w?Cy, with

Cl =C (%7 ﬂ‘b‘wl,ocHs+ll/2 ) €2 |§2‘W1,00Hs+9/2 ) €1 ‘gl |W1,ocHs+7/2a ‘V¢1 ‘Wl,ocHs+11/27
|V1/}2‘W1,00Hs+11/2) .

Proof. Let tg > d/2 and s > to + 1/2. Let ({1, (2, Vb1, Viha) be a sufficiently
smooth solution of (13) such that (10) is satisfied. We know from Proposition 2.16
that ({1, (2, Vb1, Vibo) satisfies (44) up to a residual bounded by p?Ch. Then the
estimates (52) and (53) give that ({1, (2,%1,Us) satisfies (60) up to a residual of the
same order. 0

Appendix A. Proof of Proposition 2.5.

Our proof contains three parts. First we introduce u, the correction to the expan-
sion of ¢; formally obtained in section 2.2, and we present the system solved by u.
Then we use the elliptic form of the operator to obtain H® estimates on w. Finally we
use these estimates to prove the desired inequalities.

A.1. System solved by u. We first define the second order correction to the
formal expansion
z+1
2

U= ¢ — 1 +phi(z — 1)(h1( JAY1 — €V - Vb + V- (h2V1/12)) :

=l

From the computation carried out in section 2.2, we know that u satisfies the following
equalities:

Vx.. PiVx_.u = 1i?V - PV ¢! in ST,
u =0 on {z =1},
Ont = Gatpo + iV - (ha Vo) + p2(9% ¢") on {2 = 0}.
Moreover, we notice that (55) gives Gatpe + uV - (haVipe) = V - V with
V = pha(Vipe —u2).
Thus, using the definition of P; in (16), we finally have the system

Vi PPV u=p? Vi -h inST,
(61) u=0 on {z =1},
Opu=V -V +p2eqi1-h on {z = 0},
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where we have introduced the notation VY _ := (verVT,0.)T, h:= P“V§7Z¢1, and
hily —\//_LVSl
Pt .= sz |-
< —/aVs " Lﬂ\}: l

We now give the useful estimates of the right-hand side of the system. It is straight-
forward to check that

(62)

1
HhHH5+1/2,1 <C (Eaellcl‘Hers/za62‘(2’H3+5/2aﬁ‘b‘Hs+5/2a

ViPl ’H5+7/2) ‘va‘H5+7/2) .

Then, since we have Gatg + uV - (haVipe) = V-V, Proposition 2.2 immediately gives

1
(63) ‘V ) V‘Hs <p?C (Evﬂ‘b‘HS+7/2762‘42’H8+5/27 va’H5+7/2> :

We now seek a L2-estimate of V' = pho(Vps —Us). Using the definition of 7y and the
mappings defined on section 2, we obtain easily that

0
Uz — Vipy = / V(g2 — 12) + Vs20:¢2dz
-1

with ¢ : (X,2) € S~ — ¢2(X, 52(X, 2)). Then the method of our proof adapted for
the lower fluid (this is done, for example, in [8]) leads at Step 3 to a L*-estimate
on V“X72(¢2 — 1b9). We then plug this estimate into the previous equality, deduce the
desired estimate on ’V’LZ, and finally get with (63)

1
(64) ’V’Hs < :U/ZC (E’ﬁ‘b‘HS+5/2’62’€2’H5+3/2’ ‘va‘HHs/z) .

A.2. H%'-estimate (s > 0) on u. We follow the sketch of the proof of Propo-
sition 3 in [7], which contains five steps.

Step 1. Coercivity of the operator. Since (1, (2 € W1 and satisfy (10), we can
check (see Proposition 2.3 of [1]) that, for any © € R4*!,

1, 2
. pu 2z
S P®2k|@‘

with k = thuoo + %(1 + ,uHVsl Hio) The operator is uniformly coercive in pu.

Step 2. Existence and uniqueness of the solution. The result is given by the coer-
civity of the operator. From the assumptions on (1, (2, b, 11, and 12, we know that
h € gst1/21(§H)d+ and V € H*H(R?). For s > 1/2, the proof of Proposition 2.1
works for the system (61) so that we know that there exists a unique solution in
H?(8T). We now prove by induction that, for k € N,

(65) hec H*' and V € H* = w € H**2,

We assume that h € H¥t2 and V € H*t!. We thus know that v € H*+2 so that
v:=Au € H*t1 ¢ H'. Hence, v is the classical solution of

V. PPV v=p? Vi -h in St
(66) v=0 on {z =1},
Opv =V - AV + p?eqy1-0:h on {z =0}
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with p2h = p2Ah + [A, PHVY _u. Thanks to Theorem 6 of [21], for to > 4. we have
18, P17 cully < Cool]P [ 9%
so that h € H**1 and AV € H*. The inductive hypotheses are satisfied so that we

know that v € H¥*2. Finally we use the coercivity of the operator (Step 1) with the
n'h derivative of (61) and obtain

Jo20mul, < K. PPt o, + | Axnal,
It follows that u € H**3 and (65) is proved. The interpolation theory leads to the
final result: for s > 1/2, there exists a unique solution u € H*+3/2 of (61).

Step 3. L?-estimate on V§7Zu. We multiply (61) by u, integrate by parts on both
sides, and use the boundary conditions to finally obtain

/ Vi u- PPV u= ;ﬂ/ Vi.u-h +/ Vu- V.
S S {z=0}
From the coercivity and the Cauchy—Schwarz inequality, we deduce

[V ully < KGRIV ully + V] s [Vara=ol y2/0):

Then a trace theorem (see Métivier [25], pp. 23-27) gives
[Vate=ol /e < Cst([|Vul, +[|A710:Vull,)

< Cst(% +1)|| 9% ull,.

This finally gives the estimate

1 14+
O7) 9%l = (Fralilnmrealilyn ) (28l + V] )

Step 4. L*-estimate on A*V% u (s > 0). We define v = A®u. Multiplying (61)
by A® on both sides, we obtain

Vi PPV o=p* Vi -h inR?x(0,1),
(68) v=0 on {z =1},
Opv =V - AV + p2eqy1 - h on {z =0}
with z2h = g2ASh — [AS, PHIVY _u. We can use Step 3 with v and obtain
[ 20lly < € Goealal e e2lCelypne) (2AD, + A%, PV L,
Ve ) -

We obtain the commutator estimate thanks to Theorem 6 of [21]: for s > —% and

to > %l, we have

114%, Fglly < CoolIVF | prmasceo.os 19l o
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In our case, it gives

, 1 _
H[A‘S,Pl"‘]V§7ZuH2 < Cs,to (Ea61’C1’Hmax{t0+2,s+1}aGQ‘CQ‘Hmax{tO+2,s+l}) HAé 1V§7ZUH2.

We finally get an estimate on HASV“X72uH2 in terms of HAS*V‘)‘(’ZuH? Step 3 is the
case when s = 0. By induction and by interpolation when s € (0,1), we obtain the
following relation for all s > O:

1AV sully < Coto (v €21 prmasteo r2.e1y  €20G2 rmaxtrorzany ) (12[| AR

(69) 1+ i
+=% |V

Hs+1/2

Step 5. L%-estimate (s > 0) on A°0,V* _u. (61) gives the formula
X,z

H—M,Zkil—afu = [LQV;,Z ‘h—pV - (h1Vu—Vs10,u) + pd.(Vsy - Vu)

—a, <H_“\&E> .4,

h1
from which we deduce
1 )
[A*02ul|, < C (E,el\cliwl,w,@\@ywl,m) (h2l1A°V% . - Bl + V([ AV L))

Thus, we have the estimate

S 1 S S
HA azv;,zu”2 <0 <E761|C1|W1w°°762|c2|wl'°°) (MQHA Vl;(,z ’ h”2 + \/EHA +1V§(,zu”2) )

and Step 4 allows us to conclude

HASazvl)L(,zuHQ < Cis 1o (%; €1 ’Cl ‘Hxnax{t0+2,s+2} s 62‘C2 ’Hmax{t0+2,s+2}) (M’2H’h’
+ |V

Hs+1,1
Hs+3/2 .

A.3. Proof of the inequalities. To obtain the first estimate, we remark that

G1(¥1,¥2) + (A1 + Ag) = Opup—1 — pPuo
with Ug ‘= |61VC1|2(h1A’(/)1 - 62(2 . V’l/ll +V- (hQV’(/)Q)) It is straightforward to check

that
Hs+2 >

=~ We now use the trace theorem to get

Hs+10 ‘v’l/)l‘Hs+27 |V1/}2

|’LL0 H5+15€1|<1

1
Hs S C <E’/8|b|HS+1’E2‘<2

so that we just have to bound ‘8nu|221

|anu\z:1

1
g <C <E,61‘(1|W1,m,€2‘42‘wl,m> (1| Vupeza| o + 020221 4 )

Hs+1/2,0

<c <%vel»<1|wl,x,ez><z>wm> <ﬁHV‘>‘<,z“|

Hsl/z,o) .

(70) —|—H5ZV§7ZU‘
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The estimates obtained in Steps 4 and 5, together with (62) and (64), give immediately
the desired result.

To obtain the second estimate, we have to carry on the proof with the higher

order approximate solution obtained in section 2.2,

and

(1]
2]

~ 2
R

we would obtain the estimates exactly as above. We omit this technical step.
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