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Context

I Provide a multivariate, multi-site SWG for the Mediterranean region of France
I Modeling of the space-time dependence structure, not only within each variable,

but also between the variables
I This requires models allowing for different range and smoothness parameters for

each variable
I With special care for rain
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Context

I 18 weather stations, two not exactly Mediterranean
I Variables: Rain, Tn, Tx, W speed, Total R
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Pre-processing

1. Box-Cox transforms: ⇒ Log-transform of Wind speed; no transformation of other
variables

2. Latent Gaussian transform for rain

Z (s, t) = ψ(Y (s, t)) = zm + b
(
exp{a(Y (s, t)− y0)c − 1}

)
if Y (s, t) > y0

and Z (s, t) = 0 otherwise, Y (s, t) being a latent Gaussian Random Field.

Occurrence and rainfall are modeled with a single Random Field
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Pre-processing

1. Box-Cox transforms: ⇒ Log-transform of Wind speed; no transformation of other
variables

2. Latent Gaussian transform for rain

3. Remove seasonal cycles for other variables

We now consider a p random vector (Y1(s, t), . . . ,Yp(s, t)).

What kind of spatio-temporal models for these residuals?
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Set-up and notations

I p-dimensional multivariate random field Y(x) = {Y1(x), . . . ,Yp(x)}>

I x = (s, t) ∈ D × T ⊂ Rd+1, d ≥ 1, with s ∈ D ⊂ Rd and t ∈ T ⊂ R
I Stationarity:

Cov
{

Zi (s, t),Zj (s + h, t + u)
}

= Cij (h, u)

C(k) =
[
Cij (h, u)

]
1≤i,j≤p , k = (h, u) ∈ D × T .

Goal
Elaborate valid, flexible parametric classes of space-time matrix-valued covariance
functions for Z(x), hence

λ>Σλ ≥ 0,

for any n ∈ N, for any finite set of points (s1, t1), ..., (sn, tn) and for any vector λ ∈ Rnp
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State-of-the-art

Full separability

C(k) = A ρS(h) ρT (u)

Then,
Σ = A⊗ CS ⊗ CT ,

Space-time separability

ρST (k) = ρS(h) ρT (u)

⇐⇒

Cov
{

Z (s, t),Z (s′, t ′)
}
∝ Cov

{
Z (s, t),Z (s′, t)

}
Cov

{
Z (s′, t),Z (s′, t ′)

}
,

I With separability, sophisticated interactions between space and time cannot be
captured

I In a multivariate framework, separability between variables and space-time
variations implies that all variables are characterized by the same space-time
correlation function

7 / 28



Introduction New class of models Estimation Mediterranean data sets References

Non separable space-time covariances

Gneiting class: (Gneiting, 2002; Gneiting et al., 2007)

G(h, u) =
σ2

ψ(u2)d/2
ϕ

(
‖h‖2

ψ(u2)

)
, (h, u) ∈ Rd × R,

where ϕ : [0,∞)→ R is completely monotone on the positive real line, with ϕ(0) <∞,
ψ is variogram +c > 0.
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Spatial covariance: Multivariate Matérn family

Matérn

M(h; r , ν) =
σ221−ν

Γ(ν)
(r‖h‖)ν Kν (r‖h‖) , h ∈ Rd ,

where ν > 0 is a smoothness parameter, r > 0 is a scale parameter.

Gneiting et al. (2010); Apanasovich et al. (2012)

Cij (h) = σiσjρijM(h; rij , νij ), h ∈ Rd ,

I Each covariance function Cii (h), has a different smoothness parameter
I Allows some cross correlations between the variables
I Restrictions on the parameters {rij , νij , ρij}i,j=1,...,p to ensure the validity of the

matrix-valued covariance function C(h) =
[
Cij (h)

]p
i,j=1 .

Extension to spatio-temporal data
Combine space-time non separability of Gneiting class with non-separable multivariate
Matérn.
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Gneiting-Matérn

Theorem (Bourotte, Allard and Porcu, Spatial Statistics, 2016)

The multivariate Gneiting-Matérn space-time model CM =
[
CMij (·, ·)

]p

i,j=1
, with

CMij (h, u) =
σiσj

ψ(u2)d/2
ρijM

(
h

ψ(u2)1/2
; rij , νij

)
, (h, u) ∈ Rd × R, (1)

is a valid matrix-valued covariance function if, for all i, j = 1, . . . , p,

rij = {(r2
i + r2

j )/2}1/2,

νij = (νi + νj )/2,

ρij = βij
Γ(νij )

Γ(νi )1/2Γ(νj )1/2

rνi
i r

νj
j

r
2νij
ij

,

with ri , νi > 0, β =
[
βij
]p

i,j=1 a correlation matrix and ψ(t), t ≥ 0, a positive function
with a completely monotone derivative.
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Specific model used in the rest of this talk

Gneiting-Matérn

ψ(x) = (αxa + 1)b, x ≥ 0,

with α > 0, 0 < a ≤ 1, 0 ≤ b ≤ 1.

Cij (h, u) =
σiσj

(α|u|2a + 1)τ
ρijM

(
h

(α|u|2a + 1)b/2
; rij , νij ,

)
, (h, u) ∈ Rd × R,
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Simulation

Bivariate Gneiting-Matérn space-time Gaussian random field at 3 consecutive instants. Top row: smoother
component (ν1 = 1.5 and r1 = 1); bottom row: rougher component (ν2 = 0.5 and r2 = 0.5). The co-located
correlation parameter ρ12 is set to 0.5.
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Estimation of the parameters

Problem
I maximum full likelihood (FL) requires O

(
(np)3) operations (determinant and

inverse of np × np covariance matrix)
I There are (p + 2)(p + 3)/2 parameters to estimate, i.e. 15 parameters when

p = 3

Our solution: use composite likelihood
I products of smaller likelihoods
I defined on certain small subsets of data, such as marginal or conditional events
I easy to compute

See Varin et al. (2011) for an overview
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Pairwise Composite Likelihood

I Pairwise marginal Gaussian log-likelihoods computed on pairs of data (Bevilacqua
and Gaetan, 2015)

`(i, j, sα, sβ , tα, tβ ; θ).

I The Weighted Pairwise log-Likelihood (WPL) is thus (Bevilacqua and Gaetan,
2015)

wpl(θ) =
∑

(i,j,α,β)

`(i, j, sα, sβ , tα, tβ ; θ)wαβ , θ ∈ Θ,

I The computational cost is O
(
(np)2).

I Can be reduced by only considering pairs such that

(‖h‖, u) ≤ (dS , dT ).
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Previous results (Bourotte et al., 2016)

On a setting mimicking the conditions of the data set
I Considering only pairs such that

(‖h‖, u) ≤ (dS , dT ) = (500km, 2days)

was found sufficient
I Good relative efficiency (rre > 0.65), on most parameters
I Except on βij , where rre > 0.2
I Better prediction scores (RMSE, RMAE, LogS, CRPS) than simpler models either

separable and/or with equal spatial parameters (smoothness, range)
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Western France weather dataset (Bourotte et al., 2016

●

●

●

●

● ●

●

●

●

●

●

100km

France

Location of the 13 weather stations over western France. With stars: validation stations
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Model fitting: spatial
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Figure: Spatial direct and cross-covariance functions for R, T and H. Points: empirical values. Solid
line: model NS-D with parameters estimated using WPL. Left panel: u = 0. Right panel: u = 1.
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Model fitting: temporal
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Figure: Temporal direct and cross-covariance functions for R, T and H. Left panel: h = 0. Right
panel: ‖h‖ = 200 km.
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Back to Mediterranean data sets

I 18 weather stations, two not exactly Mediterranean
I Variables: Rain, Tn, Tx, W speed, Total R
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Covariance fitting – spatial domain
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Covariance fitting – temporal domain

t = 0 t = 1
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Precipitation
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Wet spells
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Other variables
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Wind densities
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Simultaneous Precipitations

26 / 28



Introduction New class of models Estimation Mediterranean data sets References

Discussion

I New class of model: fills an interesting gap between space-time non separable
model (Gneiting’s class) and multivariate Matérn

I WPL is an interesting estimation procedure, with mild loss of efficiency, and
almost no loss on b

I Very good prediction scores on weather data set
I Precipitations were modeled using truncated Gaussian latent model
I This multisite, multivariate Stochastic Weather Generator provides encouraging

results
I Next: introduce wheather types at the regional scale

Bourotte M., Allard, D. and Porcu, E. (On-line) A Flexible Class of Non-separable Cross-Covariance
Functions for Multivariate Space-Time Data, Spatial Statistics, 10.1016/j.spasta.2016.02.004. ArXiv
1510.07840
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