
FUNCTORIAL PROPERTIES OF GENERALISED STEINBERG
REPRESENTATIONS

JULIEN HAUSEUX, TOBIAS SCHMIDT, CLAUS SORENSEN

Abstract. Let G be a connected reductive group over a non-archimedean
local field F of residue characteristic p and R be a commutative ring. Let
P = LU be a parabolic subgroup of G and Q be a parabolic subgroup of
G containing P . We study the functor StG

Q taking an admissible smooth R-
representation σ of L which extends to a representation eG(σ) of G trivial on
U to the admissible smooth R-representation eG(σ) ⊗R StG

Q(R) of G where
StG

Q(R) is the generalised Steinberg representation.

1. Introduction

Let F be a non-archimedean local field of residue characteristic p. Let G be a
connected reductive algebraic F -group and G denote the topological group G(F ).
In a recent paper ([AHHV17]), Abe, Henniart, Herzig, and Vignéras have classified
the irreducible admissible smooth representations of G over an algebraically closed
field of characteristic p in terms of supersingular representations of Levi subgroups.
There are two functorial steps in the construction of the irreducible representations.
In this article, we study the behaviour of extensions and deformations under the first
step (extension to a larger parabolic subgroup and twist by a generalised Steinberg
representation). For the second step (parabolic induction), this has been done in
[Hau16, HSS16] when char(F ) = 0 and [Hau17] when char(F ) = p.

Let R be a commutative ring. We write Mod∞G (R) for the category of smooth R-
representations of G (i.e. R[G]-modules π such that for all v ∈ π the stabiliser of v is
open in G) and R[G]-linear maps. It is an R-abelian category. We write Modadm

G (R)
for the full subcategory of Mod∞G (R) consisting of admissible representations (i.e.
those representations π such that πH is finitely generated over R for any open
subgroup H of G). It is closed under taking extensions, thus it is an R-linear exact
subcategory.

We fix a parabolic subgroup P = LU of G and we let 〈GU〉 denote the normal
subgroup of G generated by U . A smooth R-representation σ of L extends to a
smooth representation eG(σ) of G trivial on U if and only if it is trivial on L∩〈GU〉,
in which case this extension is unique ([AHHV17, § II]). We fix a parabolic subgroup
Q = MN of G such that P ⊆ Q and L ⊆ M, and we write Q̄ = MN̄ for
the opposite parabolic subgroup. We let StGQ̄(R) denote the generalised Steinberg
representation of G over R relative to Q̄ ([GK14] when G is split, [Ly15] in general).
We obtain an R-linear exact functor StGQ̄ : Mod∞L/(L∩〈GU〉)(R) → Mod∞G (R) which
commutes with small direct sums by setting StGQ̄(σ) := eG(σ)⊗R StGQ̄(R).

Results. When R is noetherian and p is nilpotent in R, StGQ̄ respects admissibility
([AHV17, § 4.4]) and we prove that its restriction to admissible representations is
fully faithful (Corollary 6). When R is artinian and p is nilpotent in R, we prove
that StGQ̄ induces an isomorphism between the R-modules of Yoneda extensions
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(Proposition 9). We also extend the definition of StGQ̄ to I-adically continuous R-
representations where I is a finitely generated ideal of R. When R/I is noetherian
and p is nilpotent in R/I, StGQ̄ respects admissibility and we prove that its restriction
to admissible representations is fully faithful (Proposition 10). Finally, we prove
that StGQ̄ induces a bijection between the sets of deformations of admissible smooth
mod p representations (Propositions 11 and 13) and we deduce various results on
universal deformation rings and universal deformations (Corollaries 12, 14, and 16).

Notations. We keep the notations of the introduction. We fix a minimal parabolic
subgroup B ⊆ G contained in P and a maximal split torus S ⊆ B contained in
L. We let W (resp. WM) be the Weyl group of (G,S) (resp. (M,S)) and ∆
(resp. ∆M) be the set of simple roots of (G,B,S) (resp. (G,M′ ∩B,S)). We let
ZM denote the centre of M. We write Mod∞,ZM−l.fin

M (R) for the full subcategory of
Mod∞M (R) consisting of locally ZM -finite representations (i.e. those representations
σ such that for all v ∈ σ, R[ZM ] · v is contained in a finitely generated R-module).
Given an R-module σ, we set σp−ord :=

⋂
n∈N p

nσ.

2. Extension from L to G

We do not make any assumption on R. We recall the description of 〈GU〉 as in
[AHHV17, § II]. Let ι : Gsc � Gder ↪→ G be the simply connected cover of the
derived subgroup of G. Recall that Gsc is the direct product of its almost-simple
components. We let B be an indexing set for the isotropic almost-simple compon-
ents of Gsc and for b ∈ B we write G̃b for the corresponding component. We let
B(P) ⊆ B denote the subset consisting of those elements b such that G̃b 6⊆ ι−1(P).
By [AHHV17, II. 5 Proposition], we have 〈GU〉 = ι(

∏
b∈B(P) G̃b).

Lemma 1. The group 〈GU〉 is perfect.

Proof. Since images and direct products of perfect groups are perfect, it is enough
to prove that G̃b is perfect for all b ∈ B(P). Let b ∈ B(P). We write G̃′b for the
(normal) subgroup of G̃b generated by the F -points of the unipotent radicals of the
parabolic subgroups of G̃b. Since G̃b is almost-simple and card(F ) ≥ 4 (indeed
F is infinite), G̃′b is perfect (cf. [Tit64, § 3.3]). Since G̃b is almost-simple, simply
connected, and isotropic, we have G̃b = G̃′b (this is the Knesser–Tits conjecture,
proved by Platonov over non-archimedean local fields, cf. [PR94, Theorem 7.6]).
Thus G̃b is perfect. �

Let σ be an R-representation of L. If σ extends to an R-representation of G
trivial on U , then any extension has to be trivial on 〈GU〉. In particular, σ has
to be trivial on L ∩ 〈GU〉. Since L〈GU〉 = G ([AHHV17, II. 5 Corollary (iii)]), we
deduce the converse: if σ is trivial on L ∩ 〈GU〉, then it extends uniquely to an
R-representation eG(σ) of G trivial on U . Moreover, eG(σ) is smooth, admissible,
or irreducible if and only if σ is (see the proof of [AHHV17, II. 7 Proposition]).
Thus we obtain an R-linear fully faithful functor

eG : Mod∞L/(L∩〈GU〉)(R)→ Mod∞G (R)

which commutes with all small limits and colimits (and in particular the finite ones,
so that it is exact) and respects admissibility.

Example 2. Assume that G is split and P = B is a Borel subgroup. Then L = T
is a maximal split torus and T ∩ 〈GU〉 = 〈imα∨〉α∈∆ where ∆ is the set of simple
roots of (G,B,T). Moreover, T/(T ∩ 〈GU〉) ' Gab by [Abe13, Lemma 3.2].
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3. Parabolic induction and ordinary parts

We do not make any assumption on R. Recall the smooth parabolic induction
functor

IndGQ̄ : Mod∞M (R)→ Mod∞G (R)

defined on any smooth R-representation σ ofM as the R-module IndGQ̄(σ) of locally
constant functions f : G → σ satisfying f(mn̄g) = m · f(g) for all m ∈ M , n̄ ∈ N̄
and g ∈ G, endowed with the smooth action of G by right translation. It is R-linear,
exact, and commutes with small direct sums. In the other direction, there is the
ordinary part functor ([Eme10a, Vig16])

OrdQ : Mod∞G (R)→ Mod∞,ZM−l.fin
M (R)

which is right adjoint to the restriction of IndGQ̄ to locally ZM -finite representations.
It is R-linear, left exact, and commutes with small inductive limits. If R is noeth-
erian, then both functors respect admissibility and the adjunction extends between
their restrictions to admissible representations.

Let σ be a locally ZM -finite smooth R-representation of L trivial on L ∩ 〈GU〉.
We assume R noetherian and σp−ord = 0. By [AHV17, Corollary 5.9], the unit of
the adjunction between IndGQ̄ and OrdQ induces a natural isomorphism

(1) eM (σ) ∼−→ OrdQ(IndGQ̄(eM (σ))).

Given a smooth R-representation π of G, the counit of the adjunction between IndGQ̄
and OrdQ induces a natural morphism

(2) IndGQ̄(OrdQ(π))→ π.

Applying IndGQ̄ to (1) and composing the result with (2) with π = IndGQ̄(eM (σ))
yields a natural composite

(3) IndGQ̄(eM (σ)) ∼−→ IndGQ̄(OrdQ(IndGQ̄(eM (σ))))→ IndGQ̄(eM (σ))

which is the identity of IndGQ̄(eM (σ)) by the unit-counit equations ([HSS16, (2.5)]).

4. Generalised Steinberg representations

We do not make any assumption on R. Given a smooth R-representation σ of
L trivial on L ∩ 〈GU〉, we define a smooth R-representation of G by setting

StGQ̄(σ) :=
IndGQ̄(eM (σ))∑

Q′)Q IndGQ̄′(eM ′(σ))

where Q′ = M′N′ runs among the standard parabolic subgroups of G (i.e. such
that B ⊆ Q′ and S ⊆ M′) strictly containing Q. There are natural isomorph-
isms IndGQ̄′(eM ′(σ)) ' IndGQ̄′(R) ⊗R eG(σ) for all standard parabolic subgroups
Q′ = M′N′ of G containing Q, which are compatible with the natural injections
IndGQ̄′(eM ′(σ)) ↪→ IndGQ̄(eM (σ)), hence a natural isomorphism

(4) StGQ̄(σ) ' StGQ̄(R)⊗R eG(σ)

and StGQ̄(R) is free over R ([Ly15, Corollaire 5.6]). Thus we obtain an R-linear
exact functor

StGQ̄ : Mod∞L/(L∩〈GU〉)(R)→ Mod∞G (R)
which commutes with small direct sums. If R is noetherian and p is nilpotent in
R, then StGQ̄ respects admissibility ([AHV17, Theorem 4.21]).
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Let σ be a locally ZM -finite smooth R-representation of L trivial on L ∩ 〈GU〉.
We assume R noetherian and σp−ord = 0. By definition, there is a natural surjection

(5) IndGQ̄(eM (σ)) � StGQ̄(σ).

Applying OrdQ to (5) and precomposing the result with (1) yields a natural com-
posite
(6) eM (σ) ∼−→ OrdQ(IndGQ̄(eM (σ)))→ OrdQ(StGQ̄(σ)).

Lemma 3. The natural composite (6) is an isomorphism.

Proof. We deduce from [AHV17, Lemma 7.10] that there is a commutative diagram
of smooth R-representations of Q

c-indQ̄Q
Q̄

(eM (σ)) IndGQ̄(eM (σ))

c-indQ̄Q
Q̄

(eM (σ)) StGQ̄(σ)

where the right vertical arrow is (5). We deduce from [AHV17, Corollary 7.14] that
applying OrdQ to the horizontal arrows yields isomorphisms. Thus applying OrdQ
to (5) also yields an isomorphism. �

Applying IndGQ̄ to (6) and composing the result with (2) with π = StGQ̄(σ) yields
a natural composite
(7) IndGQ̄(eM (σ)) ∼−→ IndGQ̄(OrdQ(StGQ̄(σ)))→ StGQ̄(σ).

Lemma 4. The natural composite (7) is the natural surjection (5).

Proof. There is a commutative diagram of smooth R-representations of G

IndGQ̄(eM (σ)) IndGQ̄(OrdQ(IndGQ̄(eM (σ)))) IndGQ̄(eM (σ))

IndGQ̄(eM (σ)) IndGQ̄(OrdQ(StGQ̄(σ))) StGQ̄(σ)

∼

∼

∼

∼

where the upper and lower arrows are (3) and (7) respectively, the middle vertical
arrow is obtained by applying IndGQ̄ OrdQ to (5), and the right vertical arrow is
(5). The left square is commutative by definition and the right square is commut-
ative by naturality of (2). Since the upper horizontal composite is the identity of
IndGQ̄(eM (σ)), the lower horizontal composite is (5). �

Proposition 5. Assume that R is noetherian and p is nilpotent in R. The functor
StGQ̄ : Mod∞,ZM−l.fin

L/(L∩〈GU〉)(R)→ Mod∞G (R) is fully faithful.

Proof. We do not assume p nilpotent in R. The functor is faithful by (4), because
eG is faithful and StGQ̄(R) is free over R. Let σ and σ′ be two locally ZM -finite R-
representations of L trivial on L∩ 〈GU〉 and φ : StGQ̄(σ′)→ StGQ̄(σ) be a morphism.
Assume σp−ord = σ′p−ord = 0 (this is automatically true if p is nilpotent in R).
There is a commutative diagram of smooth R-representations of M

(8)
eM (σ′) eM (σ)

OrdQ(StGQ̄(σ′)) OrdQ(StGQ̄(σ))

∼

eM (ψ)

∼

OrdQ(φ)
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where the vertical arrows are (6) and its analogue for σ′, which are isomorphisms by
Lemma 3, and ψ : σ′ → σ is the unique morphism making the diagram commutative
(recall that eM is fully faithful). There is a commutative diagram of smooth R-
representations of G

IndGQ̄(eM (σ′)) IndGQ̄(eM (σ))

IndGQ̄(OrdQ(StGQ̄(σ′))) IndGQ̄(OrdQ(StGQ̄(σ)))

StGQ̄(σ′) StGQ̄(σ)

∼

IndG
Q̄

(ψ)

∼
IndG

Q̄
(OrdQ(φ))

φ

where the upper square is obtained by applying IndGQ̄ to (8) and the lower vertical
arrows are (2) with π = StGQ̄(σ) and its analogue for σ′. The lower square is
commutative by naturality of (2). By Lemma 4, the vertical composites are (5)
and its analogue for σ′. Thus φ = StGQ̄(ψ). �

Corollary 6. Assume that R is noetherian and p is nilpotent in R. The functor
StGQ̄ : Modadm

L/(L∩〈GU〉)(R)→ Modadm
G (R) is fully faithful.

Proof. There is a commutative diagram of R-linear categories

Mod∞,ZM−l.fin
L/(L∩〈GU〉)(R) Mod∞G (R)

Modadm
L/(L∩〈GU〉)(R) Modadm

G (R)

StG
Q̄

StG
Q̄

where the vertical arrows are the full inclusions (cf. [Vig16, Lemma 3.6] for the left
one). Since the upper horizontal arrow is fully faithful by Proposition 5, so is the
lower horizontal arrow. �

5. Bruhat filtration

We do not make any assumption on R. Let σ be a smooth R-representation of L
trivial on L ∩ 〈GU〉. We write QW for the set of representatives of minimal length
of the right cosets WM\W and wM,0 for the longest element in WM. We set

Q
0W :=

{
Qw ∈ QW

∣∣∣ wM,0
Qw 6∈ wM′,0

Q
W ′ for all Q′ ) Q

}
where Q′ = M′N′ runs among the standard parabolic subgroups of G strictly con-
taining Q. In [Hau16, § 2.2] is constructed a natural filtration Fil•B(IndGQ̄(eM (σ))) of
IndGQ̄(eM (σ))|B byR-subrepresentations indexed by QW such that for all Qw ∈ QW ,
there is a natural isomorphism

Gr
Qw
B (IndGQ̄(eM (σ))) ' c-indQ̄

QwB

Q̄
(eM (σ)).

By taking its image via (5), we obtain a natural filtration Fil•B(StGQ̄(σ)) of StGQ̄(σ)|B
by R-subrepresentations indexed by QW . We deduce from [AHV17, Lemma 7.10]
that for all Qw ∈ QW , there is a natural isomorphism

(9) Gr
Qw
B (StGQ̄(σ)) '

{
c-indQ̄

QwB

Q̄
(eM (σ))) if Qw ∈ Q

0W ,
0 otherwise.
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6. Higher ordinary parts

We assume R artinian, p nilpotent in R, and char(F ) = 0. The results of
[Eme10b] remain valid over R instead of A (in loc. cit. A is an artinian local
Zp-algebra with finite residue field; here R is naturally an artinian Zp-algebra but
need not be local with finite residue field). In particular, there are R-linear functors

HnOrdQ : Mod∞G (R)→ Mod∞,ZM−l.fin
M (R)

for all n ∈ N with H0OrdQ = OrdQ. They commute with small inductive limits,
respect admissibility, and form a cohomological δ-functor

H•OrdQ : Modadm
G (R)→ Modadm

M (R).

Likewise, the results of [Hau16] remain valid over R instead of A.

Proposition 7. Let σ be an admissible R-representation of L trivial on L ∩ 〈GU〉
and Q′ = M′N′ be a standard parabolic subgroup of G containing Q. We have
H1OrdQ′(StGQ̄(σ)) = 0.

Proof. Note that H•OrdQ restricts to Mod∞B (R) (cf. [Hau16, Definition 3.1.4]).
Using (9), it is enough to prove that

H1OrdQ′(c-indQ̄
QwB

Q̄
(eM (σ))) = 0

for all Qw ∈ Q
0W . Let Qw ∈ Q

0W and write Qw = QwQ′
wM′ with QwQ′ ∈ QWQ′

and wM′ ∈ WM′ (cf. [Hau16, § 2.1]). Let Q′′ = M′′N′′ be the standard parabolic
subgroup of G such that ∆M′′ = ∆M∩QwQ′(∆M′). Using [Hau16, Theorem 3.3.3],
it is enough to prove that

H1−[F :Qp]dQwQ′ OrdM∩Q′′(eM (σ)) = 0

(cf. [Hau16, Notation 2.3.3] for the definition of dQwQ′ ∈ N). If dQwQ′ = 0, i.e.
QwQ′ = 1, then H1OrdM∩Q′′ = H1OrdM = 0 by [Eme10b, Lemma 3.6.1]. If either
F = Qp and dQwQ′ > 1, or F 6= Qp and dQwQ′ > 0, then 1 − [F : Qp]dQwQ′ < 0

so that H1−[F :Qp]dQwQ′ OrdM∩Q′′ = 0. Now assume F = Qp and dQwQ′ = 1, i.e.
QwQ′ = sα for some α ∈ ∆1\∆M′ , so that ∆M′′ = ∆M ∩ {α}⊥. If α ⊥ ∆M, then
wM,0sα = wMα,0, where Qα = MαNα is the standard parabolic subgroup of G such
that ∆Mα

= ∆Mt{α}, and wM′ ∈ QαW (because wM′ ∈ M′∩QWM′ and α 6∈ ∆M′)
so that wM,0

Qw ∈ wMα,0
QαW , which contradicts the fact that Qw ∈ Q

0W . Thus
α 6⊥ ∆M so that M∩Q′′ ( M. Since eM (σ) is trivial on M ∩N ′′ (see the proof of
[AHHV17, II. 7 Corollary 2]), we deduce that OrdM∩Q′′(eM (σ)) = 0. �

7. Extensions

We do not make any assumption on R. Given two smooth R-representations π, π′
of G, we write Ext1

G(π′, π) for the R-module of extensions of π′ by π in Mod∞G (R).

Lemma 8. Let σ, σ′ be smooth R-representations of L trivial on L ∩ 〈GU〉. The
functor eG induces an R-linear isomorphism

Ext1
L/(L∩〈GU〉)(σ

′, σ) ∼−→ Ext1
G(eG(σ′), eG(σ)).

Proof. The morphism is well defined since eG is exact. It is R-linear since eG is,
and it is injective since eG is fully faithful. We prove that it is surjective. Let

0→ eG(σ)→ π → eG(σ′)→ 0



FUNCTORIAL PROPERTIES OF GENERALISED STEINBERG REPRESENTATIONS 7

be a short exact sequence of smooth R-representations of G. We prove that π is
trivial on 〈GU〉 so that π = eG(π|L). Taking the 〈GU〉-invariants yields an exact
sequence of R-modules

(10) 0→ eG(σ)→ π〈
GU〉 → eG(σ′)→ H1(〈GU〉, eG(σ))

where the rightmost term is the R-module of 〈GU〉-cohomology computed using
locally constant cochains (cf. [Eme10b, § 2.2]). Since 〈GU〉 acts trivially on eG(σ),
there is a natural isomorphism

H1(〈GU〉, eG(σ)) ' Homcont
Grp (〈GU〉, eG(σ))

where the right-hand side is the R-module of continuous group homomorphisms,
and it is trivial by Lemma 1 (because eG(σ) is commutative). Using (10), we deduce
that π〈GU〉 = π. �

Proposition 9. Assume that R is artinian and p is nilpotent in R. Let σ, σ′ be
admissible R-representations of L trivial on L∩ 〈GU〉. The functor StGQ̄ induces an
R-linear isomorphism

Ext1
L/(L∩〈GU〉)(σ

′, σ) ∼−→ Ext1
G(StGQ̄(σ′),StGQ̄(σ)).

Proof. The morphism is well defined since StGQ̄ is exact. It is R-linear since StGQ̄
is, and it is injective since StGQ̄ is fully faithful by Corollary 6. We prove that it is
surjective by induction on |∆\∆M|. If ∆M = ∆ (i.e. Q = M = G), then the result
is Lemma 8. We assume ∆M 6= ∆ and that we know the result for relatively bigger
parabolic subgroups. Let

(11) 0→ StGQ̄(σ)→ π → StGQ̄(σ′)→ 0

be a short exact sequence of admissible R-representations of G. Pick a simple root
α ∈ ∆\∆M and let Qα = MαNα (resp. Qα = MαNα) be the standard parabolic
subgroup of G such that ∆ = ∆Mα t {α} (resp. ∆Mα

= ∆M t {α}), so that
|∆Mα\∆M| = |∆\∆Mα

| = |∆\∆M| − 1.
Applying OrdQα to (11) and using [AHV17, Theorem 6.1 (ii)] and Proposition

7 (if char(F ) = 0) or [Hau17, Theorem 1] (if char(F ) = p) yields a short exact
sequence of admissible R-representations of Mα

(12) 0→ StM
α

Mα∩Q̄(σ)→ OrdQα(π)→ StM
α

Mα∩Q̄(σ′)→ 0.

By the induction hypothesis, there exists a short exact sequence of admissible R-
representations of L/(L ∩ 〈M

α

(Mα ∩ U)〉)

(13) 0→ σ → η → σ′ → 0

and a commutative diagram of admissible R-representations of Mα

(14)

0 StM
α

Mα∩Q̄(σ) StM
α

Mα∩Q̄(η) StM
α

Mα∩Q̄(σ′) 0

0 StM
α

Mα∩Q̄(σ) OrdQα(π) StM
α

Mα∩Q̄(σ′) 0

∼

where the upper row is obtained by applying StM
α

Mα∩Q̄ to (13) and the lower row is
(12).
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Now, we have a commutative diagram of admissible R-representations of G

(15)

0 0 0

0 StGQ̄α(σ) τ StGQ̄α(σ′) 0

0 IndGQ̄α(StM
α

Mα∩Q̄(σ)) IndGQ̄α(StM
α

Mα∩Q̄(η)) IndGQ̄α(StM
α

Mα∩Q̄(σ′)) 0

0 StGQ̄(σ) π StGQ̄(σ′) 0

0 0 0
whose rows and columns are exact. The lower row is (11) and the middle row is
obtained by applying IndGQ̄α to (12) and using the middle vertical isomorphism of
(14). The lower vertical arrows are induced by the counit of the adjunction between
IndGQ̄α and OrdQα (the left and right ones are the natural surjections by an analogue
of Lemma 4 and the middle one is surjective by the five lemma). The upper vertical
arrows are the kernels of the lower vertical arrows (the left and right ones are the
natural injections).

By the induction hypothesis, there exists a short exact sequence of admissible
R-representations of L/(L ∩ 〈GU〉)
(16) 0→ σ → κ→ σ′ → 0
and a commutative diagram of admissible R-representations of G

(17)

0 StGQ̄(σ) StGQ̄(κ) StGQ̄(σ′) 0

0 StGQ̄(σ) τ StGQ̄(σ′) 0

∼

where the upper row is obtained by applying StM
α

Mα∩Q̄ to (16) and the lower row
is the upper row of (15). Combining (17) with the upper and middle rows of (15)
yields a commutative diagram of admissible R-representations of G

0 StGQ̄(σ) StGQ̄(κ) StGQ̄(σ′) 0

0 IndGQ̄α(StM
α

Mα∩Q̄(σ)) IndGQ̄α(StM
α

Mα∩Q̄(η)) IndGQ̄α(StM
α

Mα∩Q̄(σ′)) 0

and passing to the N̄α-coinvariants yields a commutative diagram of admissible
R-representations of Mα

0 StM
α

Mα∩Q̄(σ) StM
α

Mα∩Q̄(κ) StM
α

Mα∩Q̄(σ′) 0

0 StM
α

Mα∩Q̄(σ) StM
α

Mα∩Q̄(η) StM
α

Mα∩Q̄(σ′) 0

∼

whose rows are exact by [AHV17, Corollary 6.2 (i)] (the left and right vertical
morphisms are the identities by taking a closer look at [AHV17, § 6.2] and the
middle one is an isomorphism by the five lemma). By the injectivity part of the
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statement, it is induced by applying StM
α

Mα∩Q̄ to a commutative diagram of admiss-
ible R-representations of L/(L ∩ 〈GU〉)

0 σ κ σ′ 0

0 σ η σ′ 0

∼

where the upper row is (16) and the lower row is (13). Applying StGQ̄ to the middle
vertical isomorphism and precomposing the result with the inverse of the middle
vertical isomorphism of (17) yields an isomorphism τ ' StGQ̄(η) via which the upper
middle vertical arrow of (15) is the natural injection. Indeed, there are natural
isomorphisms

HomG(StGQ̄(κ), IndQ̄α(StM
α

Mα∩Q̄(η))) ' HomMα(StM
α

Mα∩Q̄(κ),StM
α

Mα∩Q̄(η))
' HomL(κ, η)

(the first one is induced by the adjunction between (−)N̄α and IndGQ̄α together with
[AHV17, Theorem 6.1 (ii)] and the second one is follows from Corollary 6).

We conclude that the middle and lower rows of (15) yield a commutative diagram
of admissible R-representations of G

0 StGQ̄(σ) StGQ̄(η) StGQ̄(σ′) 0

0 StGQ̄(σ) π StGQ̄(σ′) 0

∼

where the upper row is obtained by applying StGQ̄ to (13) and the lower row is
(11). �

8. I-adically continuous representations

Let I be an ideal of R. We write ModI−cont
G (R) for the category of I-adically con-

tinuous R-representations of G (i.e. I-adically complete and separated R-modules
π such that the R/In-representations π/Inπ of G are smooth for all n ≥ 1) and
R[G]-linear maps. We write ModI−adm

G (R) for the full subcategory of ModI−cont
G (R)

consisting of admissible representations (i.e. those representations π such that the
smooth R/In-representations π/Inπ of G are admissible for all n ≥ 1). If I is
nilpotent, then ModI−cont

G (R) = Mod∞G (R) and ModI−adm
G (R) = Modadm

G (R).
We assume I finitely generated. Given an I-adically continuous R-representation

σ of L trivial on L ∩ 〈GU〉, we set

StGQ̄(σ) := lim←−
n≥1

StGQ̄(σ/Inσ).

Using (4) with R/In and σ/Inσ instead of R and σ respectively for all n ≥ 1, we see
that (StGQ̄(σ/Inσ))n≥1 is an I-adic system of R-modules ([Yek16, Definition 1.1]).
By [Yek16, Theorem 1.8], StGQ̄(σ) is an I-adically continuous R-representation of G
and there are isomorphisms

(18) StGQ̄(σ)/In StGQ̄(σ) ' StGQ̄(σ/Inσ)

for all n ≥ 1. Thus we obtain an R-linear functor

StGQ̄ : ModI−cont
L/(L∩〈GU〉)(R)→ ModI−cont

G (R)

which respects admissibility when R/I is noetherian and p is nilpotent in R/I.
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Proposition 10. Assume that I is finitely generated, R/I is noetherian, and p is
nilpotent in R/I. The functor StGQ̄ : ModI−adm

L/(L∩〈GU〉)(R) → ModI−adm
G (R) is fully

faithful.

Proof. By induction, R/In is noetherian and p is nilpotent in R/In for all n ≥ 1.
There are natural R-linear isomorphisms

HomG(StGQ̄(σ′),StGQ̄(σ)) ' lim←−
n≥1

HomG(StGQ̄(σ′)/In StGQ̄(σ′),StGQ̄(σ)/In StGQ̄(σ))

' lim←−
n≥1

HomG(StGQ̄(σ′/Inσ′),StGQ̄(σ/Inσ))

' lim←−
n≥1

HomL(σ′/Inσ′, σ/Inσ)

' HomL(σ′, σ)

(the first and last ones follow from the fact that StGQ̄(σ) and σ are I-adically com-
plete and separated, the second one follows from (18) and its analogue for σ′, and
the third one follows from Corollary 6 with R/In instead of R for all n ≥ 1). �

9. Artinian deformations

Let E be a finite extension of Qp. We let O denote its ring of integers and k
denote its residue field. Given a local O-algebra A, we let mA denote its maximal
ideal. We write Art(O) for the category of artinian local O-algebras A such that the
structural morphism O → A induces an isomorphism k

∼−→ A/mA. The morphisms
A→ A′ are the (local) O-algebra homomorphisms.

A lift of a smooth k-representation π̄ of G over A ∈ Art(O) is a pair (π, φ) where
π is a smooth A-representation of G free over A and φ : π � π̄ is a surjection with
kernel mAπ. A morphism ι : (π, φ) → (π′, φ′) is a morphism ι : π → π′ such that
φ = φ′ ◦ ι. For A ∈ Art(O), we let Def π̄(A) denote the set of isomorphism classes of
lifts of π̄ over A. If (π, φ) is a lift of π̄ over A ∈ Art(O) and A→ A′ is a morphism
in Art(O), then (π⊗AA′, φ′) is naturally a lift of π̄ over A′, where φ′ : π⊗AA′ � π̄
is the morphism induced by φ. Thus we obtain a functor Def π̄ : Art(O)→ Set.

Let σ̄ be a smooth k-representation of L trivial on L∩〈GU〉 and set π̄ := StGQ̄(σ̄).
For A ∈ Art(O), we consider the set of deformations Def σ̄(A) of σ̄ over A as a
smooth k-representation of L/(L∩〈GU〉). We obtain a functor Def σ̄ : Art(O)→ Set.
Using (4) with R = A and the fact that StGQ̄(A) is free over A, we see that:

• StGQ̄(σ) is free over A if and only if σ is,
• StGQ̄ is compatible with base change: for any morphism A→ A′ in Art(O),

there is a natural isomorphism StGQ̄(σ)⊗A A′ ' StGQ̄(σ ⊗A A′).

Thus the functor StGQ̄ induces a natural transformation

(19) StGQ̄ : Def σ̄ → Def π̄ .

Proposition 11. If σ̄ is admissible, then (19) is an isomorphism of functors
Art(O)→ Set.

Proof. Let A ∈ Art(O). We prove that (19) induces a bijection between the A-
points.

We start with injectivity. Assume that σ̄ is locally ZM -finite (this is automat-
ically true if σ̄ is admissible, cf. [Vig16, Lemma 3.6]). Let (σ, ψ) and (σ′, ψ′) be
two lifts of σ̄ over A such that there exists an isomorphism ı : StGQ̄(σ) ∼−→ StGQ̄(σ′)
such that StGQ̄(ψ) = StGQ̄(ψ′) ◦ ı. By [HSS16, Lemma 2.12 (1)], σ and σ′ are also
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locally ZM -finite. Thus applying OrdQ and using (6) and its analogue for σ′ yields
an isomorphism  : σ ∼−→ σ′ such that ψ = ψ′ ◦ .

We now turn to surjectivity. Assume that σ̄ is admissible. We proceed by
induction on the length of A. The base case A = k is trivial. Assume A 6= k and
that we know surjectivity for rings of smaller length. Pick a ∈ A non-zero such
that amA = 0 and set A′ := A/aA, so that `(A′) = `(A) − 1. Let (π, φ) be a lift
of π̄ over A and set π′ := π/aπ. We set π′ := π/aπ which is free over A′. Since
aπ ⊆ mAπ, φ factors through a surjection φ′ : π′ � π̄ whose kernel is mA′π′, so
that (π′, φ′) is a lift of π̄ over A′. The multiplication by a induces an isomorphism
π̄
∼−→ aπ, hence a short exact sequence of admissible A-representations of G

(20) 0→ π̄ → π → π′ → 0.
By the induction hypothesis, there exists a lift (σ′, ψ′) of σ̄ over A′ and an isomorph-
ism ι′ : StGQ̄(σ′) ∼−→ π′ such that StGQ̄(ψ′) = φ′ ◦ ι′. We deduce from Proposition 9
that there exists a short exact sequence of admissible A-representations of L
(21) 0→ σ̄ → σ → σ′ → 0
and an isomorphism ι : StGQ̄(σ) ∼−→ π such that the diagram of admissible A-
representations of G

(22)
0 StGQ̄(σ̄) StGQ̄(σ) StGQ̄(σ′) 0

0 π̄ π π′ 0

∼

ι

∼

ι′

where the upper row is obtained by applying StGQ̄ to (21) and the lower row is (20),
is commutative. In particular, StGQ̄(σ) is free over A so that σ is also free over A.
Since mAσ̄ = 0 and A 6= k, the image of the second arrow of (21) lies in mAσ.
Thus, if we define ψ : σ � σ̄ to be the third arrow of (21) composed with ψ′,
then ψ is surjective with kernel mAσ, i.e. (σ, ψ) is a lift of σ̄. Moreover, there is a
commutative diagram of admissible A-representations of G

StGQ̄(σ) StGQ̄(σ′) StGQ̄(σ̄)

π π′ π̄

∼

ι

∼

ι′

ψ′

φ′

where the left square is the right square of (22). By definition, the upper horizontal
composite is ψ, and the lower composite is φ, hence StGQ̄(ψ) = φ ◦ ι. �

10. Pro-representability

Let Pro(O) be the category of profinite local O-algebras A such that the struc-
tural morphism O → A is local and induces an isomorphism k

∼−→ A/mA. The
morphisms A → A′ are the continuous O-algebra homomorphisms. Note that
Art(O) is the full subcategory of Pro(O) consisting of (discrete) artinian rings.
Moreover, there is an equivalence of categories Pro(O) ' Pro−Art(O) ([Sch13,
Lemma 3.3]).

Let π̄ be a smooth k-representation of G. We say that Def π̄ is pro-representable
if there exists a universal deformation ring Runiv

π̄ ∈ Pro(O) such that there is a
natural bijection
(23) HomPro(O)(Runiv

π̄ , A) ∼−→ Def π̄(A)
for all A ∈ Art(O). If EndG(π̄) = k, then Def π̄ is pro-representable by [Sch13,
Theorem 3.8] whose proof works for any locally profinite group G.
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Corollary 12. Let σ̄ be a smooth k-representation of L trivial on L ∩ 〈GU〉 and
set π̄ := StGQ̄(σ̄). Assume that Def σ̄ is pro-representable (e.g. EndL(σ̄) = k). If
σ̄ is admissible, then Def π̄ is also pro-representable and there is an isomorphism
Runiv
π̄ ' Runiv

σ̄ in Pro(O).

11. Noetherian deformations

Let Noe(O) be the category of noetherian complete local O-algebras A such that
the structural morphism O → A is local and induces an isomorphism k

∼−→ A/mA.
The morphisms A→ A′ are the local O-algebra homomorphisms. If A ∈ Pro(O) is
noetherian, then the profinite topology is the mA-adic topology ([Sch11, Proposition
22.5]). Moreover, a morphism A → A′ between noetherian rings in Pro(O) is
continuous if and only if it is local. Thus Noe(O) is the full subcategory of Pro(O)
consisting of noetherian rings.

A lift of a smooth k-representation π̄ of G over A ∈ Noe(O) is a pair (π, φ) where
π is an mA-adically continuous A-representation of G orthonormalisable over A (i.e.
the A/mnA-modules π/mnAπ are free for all n ≥ 1) and φ : π � π̄ is a surjection
with kernel mAπ. A morphism ι : (π, φ) → (π′, φ′) is a morphism ι : π → π′ such
that φ = φ′ ◦ ι. If (π, φ) is a lift of π̄ over A ∈ Noe(O) and A→ A′ is a morphism
in Noe(O), then (π ⊗̂A A′, φ′) is naturally a lift of π̄ over A′, where the completed
tensor product is defined by

π ⊗̂A A′ := lim←−
n≥1

π/mnAπ ⊗A/mnA A
′/mnA′

and φ′ : π ⊗̂A A′ � π̄ is the morphism induced by φ. Thus Def π̄ extends to a
functor Noe(O)→ Set.

Let σ̄ be a smooth k-representation of L trivial on L∩〈GU〉 and set π̄ := StGQ̄(σ̄).
Likewise Def σ̄ extends to a functor Noe(O)→ Set. Using (18), we see that:

• StGQ̄(σ) is orthonormalisable over A if and only if σ is,
• StGQ̄ is compatible with base change: for any morphism A→ A′ in Noe(O),

there is a natural isomorphism StGQ̄(σ) ⊗̂A A′ ' StGQ̄(σ ⊗̂A A′).
Thus (19) extends to a natural transformation between functors Noe(O)→ Set.

Proposition 13. If σ̄ is admissible, then (19) is an isomorphism of functors
Noe(O)→ Set.

Proof. This is a formal consequence of Proposition 11 (see the proofs of [HSS16,
Lemma 3.14 and Theorem 3.15]). As in the proof of Proposition 11, we only need
to assume that σ̄ is locally ZM -finite for the injectivity. �

Let π̄ be a smooth k-representation of G such that Def π̄ is pro-representable. If
Rπ̄ ∈ Noe(O), then (23) extends to all A ∈ Noe(O) and there exists a universal
deformation (πuniv, φuniv) of π̄ over Runiv

π̄ such that (23) is induced by base change:

(Runiv
π̄ → A) 7→ (πuniv ⊗̂Runiv

π̄
A, φ),

where φ : πuniv ⊗̂Runiv
π̄

A� π̄ is the morphism induced by φuniv.

Corollary 14. Let σ̄ be a smooth k-representation of L trivial on L ∩ 〈GU〉 and
set π̄ := StGQ̄(σ̄). Assume that Def σ̄ is pro-representable and Rσ̄ ∈ Noe(O). If
σ̄ is admissible, then Def π̄ is also pro-representable and there is an isomorphism
Runiv
π̄ ' Runiv

σ̄ in Noe(O) via which πuniv = StGQ̄(σuniv).
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12. The case of a character

Let Λ be the Iwasawa algebra overO of the pro-p completion of the abelianisation
of G, i.e.

Λ := lim←−
H

O[G/H]

where H runs among the open normal subgroups of G such that G/H is an abelian
p-group. We let λ : G→ Λ× denote the natural continuous group homomorphism.
By [Sch11, Proposition 19.7], we have Λ ∈ Pro(O). Moreover,

Λ ∈ Noe(O)⇔ dimFp Homcont
Grp (G,Fp) <∞.

In particular, Λ ∈ Noe(O) when char(F ) = 0 by [Sch13, Proposition 3.12].

Example 15. Assume G = GLn(F ) so that det induces a topological group iso-
morphism Gab ' F×. Using [Neu99, II. Proposition 5.7], we deduce the following.

• If char(F ) = 0, then Λ ' O[µp∞(F )][[X1, . . . , Xd]] ∈ Noe(O) where µp∞(F )
is the group of p-power roots of unity in F and d = [F : Qp] + 1.
• If char(F ) = p, then Λ ' O[[X1, X2, X3, . . . ]] is the full O-algebra of power
series in countably infinitely many indeterminates, which is not noetherian.

Let χ̄ : G → k× be a smooth character. We let ˆ̄χ : G → O× denote the
continuous character obtained by composing χ̄ with the canonical lifting k× ↪→ O×.
We define a continuous character χuniv : G→ Λ× by setting

χuniv(g) := ˆ̄χ(g)λ(g)
for all g ∈ G. Proceeding as in the proof of [Sch13, Proposition 3.11] (note that Gab

need not be topologically finitely generated, but H has to be open in the definition
of Λ), we see that Λ is the universal deformation ring of χ̄ and χuniv is the universal
deformation of χ̄.

Corollary 16. The universal deformation ring of StGQ̄(χ̄) is Λ. If Λ ∈ Noe(O)
(e.g. if char(F ) = 0), then the universal deformation of StGQ̄(χ̄) is StGQ̄(χuniv).
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