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Abstract. Let G be a connected split reductive group over a p-adic field. In the first
part of the paper we prove, under certain assumptions on G and the prime p, a localiza-
tion theorem of Beilinson-Bernstein type for admissible locally analytic representations
of principal congruence subgroups in the rational points of G. In doing so we take up
and extend some recent methods and results of Ardakov-Wadsley on completed universal
enveloping algebras ([4]) to a locally analytic setting. As an application we prove, in the
second part of the paper, a locally analytic version of Smith’s theorem on the canonical
dimension.
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1. Introduction

Let L/Qp be a finite field extension with ramification index e. Let G be a connected split
reductive algebraic group over L with group of rational points G(L). In a series of papers
([51],[52],[54],[55]) Schneider-Teitelbaum have developed a theory of admissible locally
analytic representations of the p-adic Lie group G(L) in p-adic locally convex vector
spaces. Originally constructed for the reductive group side in the emerging p-adic local
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Langlands programme ([50]) this theory has found diverse other arithmetic applications,
for example in the field of p-adic automorphic forms and p-adic interpolation ([20],[36]).
Motivated by the theory of Harish-Chandra modules for real reductive Lie groups one
may ask whether or not a good localization theory of Beilinson-Bernstein type exists for
such representations. We recall that the classical Beilinson-Bernstein localization theorem
([5]) asserts an equivalence of categories between representations of a complex reductive
Lie algebra with fixed central character and a category of twisted D-modules on the flag
variety. Among other applications - notably the proof of the Kazhdan-Lusztig multiplicity
conjecture - this theorem can be used to obtain a classification of the irreducible admissible
smooth representations of a given real reductive Lie group.

In the first part of this paper we make a modest step in this direction and prove a
localization theorem for representations of a prominent series of compact open subgroups
of G(L), namely the principal congruence subgroups. In doing so we take up and extend
some recent methods and results of Ardakov-Wadsley on completed universal enveloping
algebras ([4]) to a locally analytic setting. To give more details, we fix an extension
of G to a split reductive group scheme over oL and denote it by the same letter. Our
results are valid under three hypotheses on the geometric closed fibre Gs̄ of G which are
familiar from the theory of modular Lie algebras (cf. [26]): the derived group of Gs̄ is
(semisimple) simply connected, the prime p is good for the modular Lie algebra Lie(Gs̄)
and there exists a Gs̄-invariant non-degenerate bilinear form on Lie(Gs̄). A prominent
example satisfying these conditions for all primes p is the general linear group. Moreover,
any almost simple and simply connected Gs̄ satisfies these conditions whenever p ≥ 7 (and
assuming additionally that p does not divide n + 1 in case Gs̄ is of type An). Assuming
these hypotheses in the following, let g be the oL-Lie algebra of the group scheme G. For
any k ≥ 1 we have the k-th principal congruence subgroup

G := ker (G(oL) −→ G(oL/π
k
LoL)).

We fix a p-adic coefficient field K, a finite extension of Qp. Let U(gK) be the universal
enveloping algebra of gK = g⊗ZpK and let θ be a central character of U(gK). Let Rep(G)θ
be the abelian category of admissible locally analytic G-representations over K having
infinitesimal character θ. On the other hand, let T be a maximal split torus of G and
B ⊂ G a Borel subgroup scheme containing it. In accordance with the classical situation
our localizations will live on the flag scheme

X := G/B

of G. Let t ⊂ g be the Lie algebra of T. Up to a finite extension of K we may pick a
weight λ ∈ t∗K that maps to θ under the classical (untwisted) Harish-Chandra mapping.
Let ρ be half the sum over the positive roots. Suppose λ+ ρ is dominant and regular. In
this situations our main result is an equivalence of categories

CAλK
∼=−→ Rep(G)θ



ON LOCALLY ANALYTIC BEILINSON-BERNSTEIN LOCALIZATION AND THE CANONICAL DIMENSION3

where AλK is a certain sheaf of noncommutative K-algebras on X and CAλK is an explicitly

given full abelian subcategory of all (left) AλK-modules. The latter contains, for example,
all coherent modules. The functor is given essentially by the global section functor. A
quasi-inverse can be made explicit using the central reduction

D(G)θ := D(G)⊗Z(gK),θ K

of the locally analytic distribution algebra D(G) of G. We remark here that the category
Rep(G)θ is in natural duality with a full subcategory of D(G)θ-modules, the so-called
coadmissible modules ([54]). The sheaf AλK is a natural ring extension of a suitable Fréchet
completion, so to speak, of the classical λ-twisted differential operators DλK on the generic
fibre XL. In fact, there will be a canonical morphism j∗DλK → AλK inducing a commutative
diagram

U(gK)θ

⊂
��

' // Γ(XL,DλK)

��
D(G)θ

' // Γ(X,AλK)

where j : XL ↪→ X equals the inclusion of the generic fibre into X and the upper isomor-
phism comes from [5].

As in the case of real Lie groups, the above localization theorem can be used to obtain
significant information on the irreducible objects in the category Rep(G)θ. We hope to
come back to this in the future.

To sketch the construction of the sheaf AλK we let N be the unipotent radical of B and

put X̃ := G/N. Since T normalizes N the canonical projection

ξ : X̃ −→ X

is a right T-torsor for the Zariski topology on X. There are sheaves DX̃ and DX of

crystalline (i.e. no divided powers) differential operators on X̃ and X respectively, familiar
from the theory of arithmetic D-modules ([7],[8]). We denote by

D̃ := ξ∗(DX̃)T

the relative universal enveloping algebra of the torsor ξ in the sense of Borho-Brylinski
([10]). Recall that if U ⊂ X is an open affine subset trivializing ξ then a choice of such a
trivialization induces an isomorphism

D̃(U)
∼=−→ DX(U)⊗Zp U(t)

for the local sections of D̃ above U . The homomorphisms U(t)→ D̃(U) for varying U glue
to a central embedding U(t) −→ D̃ so that toral weights give rise to central reductions of
D̃.
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Let πK be a uniformizer of K and oK ⊂ K the ring of integers. In the following we
restrict to numbers m >> 0 such that λ(πmL t) ⊆ oK . For any such number m we put

n := (m− 1)e+ k and let D̂λn,K be the central reduction along λ of the p-adic completion

(with πK-inverted) of the n-th deformation of the sheaf D̃ as introduced by Ardakov-
Wadsley ([4]). Over an open affine subset U ⊂ X trivializing ξ its algebra of sections is
noncanonically isomorphic to a certainK-Banach algebra completion of D̃X(U)⊗oLK. The
Banach norm in question depends on the ’deformation parameter’ n. We remark in passing

that, in loc.cit., the sheaves D̂λn,K are used to establish a Beilinson-Bernstein theorem for

p-adic completions of the universal enveloping algebra U(g). We make heavy use of this
result. In this light our methods and results are simply a direct and straightforward
extension of the corresponding ones in loc.cit.

To go further, the natural G-equivariant structure of DX extends to D̂λn,K . Since the
latter sheaf is supported only on the special fibre of X and the latter is set-theoretically

fixed by G we have a group homomorphism σ : G→ Aut(D̂λn,K).

To simplify the exposition in this introduction we assume from now on k ≥ e. We then
denote by Hm the finite group equal to the quotient of G modulo its normal subgroup
generated by pm-th powers. A careful choice of a section Hm → G combined with results
of M. Lazard on p-valued groups ([32]) produces from σ a homomorphism

σm : Hm −→ Out(D̂λn,K)

into the group of outer automorphisms of the sheaf D̂λn,K as well as a 2-cocycle

τm : Hm ×Hm −→ Γ(X, D̂λn,K)×

with respect to σm. Sheafifying the usual construction from noncommutative ring theory
([43]) we obtain a crossed product sheaf

Aλm,K := D̂λn,K ∗σm,τm Hm

on X for any m >> 0. The latter is a sheaf of noncommutative associative K-algebras

naturally containing D̂λn,K as a subsheaf. The sheaves Aλm,K form a projective system with
well-behaved transition maps and the limit

AλK := lim←−
m

Aλm,K

is our promised sheaf. All sheaves Aλm,K are coherent and the abelian category CAλK arises

as a suitable projective limit construction involving the categories of coherent Aλm,K-

modules for all m. In this situation the nature of the inclusion coh(AλK) ⊂ CAλK measures,

so to speak, the failure of the limit sheaf AλK to be coherent. For more details we refer to
the main body of this article.
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In the second part of this paper we apply the methods of the first part to prove an
analogue of a classical theorem of S.P. Smith on complex universal enveloping algebras
([56]) in our locally analytic context. Let L/Qp be an arbitrary finite extension and G an
arbitrary Lie group over L. The theory of admissible locally analytic G-representations
provides a unified framework for studying finite-dimensional algebraic representations
(if G comes from an algebraic group) as well as the admissible-smooth representations of
Langlands theory. Apart from the latter two classes there are many representations which
are genuinely locally analytic. As a first coarse way to organize this situation and, more
specifically, to meisure the ’size’ of the vector space underlying a representation (which
usually is of infinite vector space dimension) one may introduce an Auslander-Gorenstein
style dimension function on the dual category C of coadmissible D(G)-modules (cf. [54]1).
It associates a well-defined number 0 ≤ dim(M) ≤ d to each nonzero coadmissible module
M where d equals the dimension of the Lie group G. In this way one obtains a filtration
by Serre subcategories

C = Cd ⊇ Cd−1 ⊇ ... ⊇ C1 ⊇ C0

where M lies in Ci if and only if dim(M) ≤ i. The modules corresponding to the afore-
mentioned algebraic representations and the smooth-admissible representations are con-
centrated in dimension zero.

Here, we investigate this situation under the additional assumption that the Lie algebra
Lie(G) equals the Lie algebra of a split reductive group G satisfying our three hypotheses
above. It turns out that, in this case, there is a large ’gap’ in the above filtration. Namely,
let G′C be the complex derived group of G and let r be half the smallest possible dimension
of a non-zero co-adjoint G′C-orbit. The value of r depends only on the root system of G′C
and is well-known in all cases according to work of A. Joseph ([28],[29]). Our main
result says that if M is a coadmissible D(G)-module which is not zero-dimensional, then
dim(M) ≥ r. Moreover, we show that a coadmissible module is zero-dimensional if and
only if its associated coherent sheaf (in the sense of [54]) consists of finite-dimensional
K-vector spaces.

In [4] Ardakov-Wadsley prove a version of Smith’s theorem for p-adically completed uni-
versal enveloping algebras and our version had its origin in the attempt to generalize their
result to locally analytic representations. The results on locally analytic distribution al-
gebras as obtained in [46] and [47] enable us to make a rather straightforward reduction
to the case treated in [4].

Acknowledgements: I wish to thank Konstantin Ardakov for kindly answering some ques-
tions concerning [4] and for providing a proof of a lemma. I thank the anonymous referee
for his helpful comments and suggestions.

1In [loc.cit.] the authors consider the associated codimension function.
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2. Preliminaries on crossed products and sheaves

All appearing rings in this section are unital.

2.1. Recall ([43]) that a (associative) crossed product of a ring R by a group H is
an associative ring R ∗ H which contains R as a subring and contains a set of units
H = {h : h ∈ H}, isomorphic as a set to H, such that

(a) R ∗H is a free left R-module with basis H;
(b) for all x, y ∈ H, xR = Rx and x · yR = xyR.

Given such a crossed product one obtains maps σ : H → Aut(R) (an action) and τ :
H ×H → R× (a twisting) by the rules

σ(x)(r) = x−1rx and x · y = xyτ(x, y).

It follows that σ defines a group homomorphism H → Out(R) and that τ is a 2-cocycle
for the action of H on R× via σ.2 Conversely, starting with a ring R, a group H, a group
homomorphism σ : H → Out(R) and a 2-cocycle τ : H × H → R× one can construct
an associative ring R ∗σ,τ H which is a crossed product of R by H having the prescribed
action and twisting ([43], Lemma 1.1).

Given a crossed product S = R ∗H we can and will always assume that 1 equals the unit
element in S (loc.cit., §1) and that the inclusion R ↪→ S is unital. Moreover, if R is left
(right) noetherian and H is finite, then S is left (right) noetherian (loc.cit., Prop. 1.6).

Let from now on K be a field of characteristic zero and H a finite group. Let S = R∗H be
a crossed product. We assume that R, S are K-algebras and that R ↪→ S is a K-algebra
homomorphism. The following lemma is due to K. Ardakov. I thank him for allowing me
to reproduce it here.

Lemma 2.2. Let R→ A be a ring homomorphism which is (left) flat and which factores
through the inclusion R ↪→ S. The resulting ring homomorphism S → A is (left) flat.

Proof. Let M be a right S-module. It suffices to show TorS1 (M,A) = 0. Let K[H] be the
usual group algebra. There is a ring homomorphism ∆ : S → S ⊗K K[H] induced by
h̄ 7→ h̄⊗ h. The tensor product M ⊗K K[H] is a right S-module via ∆. Now ∆ exhibits
R ↪→ S as a (right) K[H]-Galois extension (e.g. [3], 2.2). According to loc.cit., Prop. 2.3
(a) the S-module M ⊗KK[H] is therefore isomorphic to M ⊗R S. On the other hand, the
semisimplicity of K[H] together with loc.cit., Lemma 2.4 implies that M is an S-module
direct summand of M ⊗K K[H]. If N is a complementary submodule we therefore obtain

TorS1 (M,A)⊕TorS1 (N,A) = TorS1 (M ⊗KK[H], A) ' TorS1 (M ⊗R S,A) = TorR1 (M,A) = 0

where the last two identities follow from flatness of R→ S and R→ A respectively. �

2Note that we implicitly use the convention of loc.cit. for the multiplication in Aut(R) (and therefore
also in Out(R)): (αβ)(r) := β(α(r)) for r ∈ R and two automorphisms α, β.



ON LOCALLY ANALYTIC BEILINSON-BERNSTEIN LOCALIZATION AND THE CANONICAL DIMENSION7

2.3. Let X be a topological space and B be a sheaf of not necessarily commutative rings
on X. Let H be a finite group. There is an obvious notion of (associative) crossed product
of the sheaf B by H by which we mean a sheaf B ∗ H of associative rings on X which
contains B as a subsheaf and has a distinguished set of global units

H = {h : h ∈ H} ⊆ Γ(X,B ∗H)×,

isomorphic as a set to H, such that

(a) B ∗H is a free left B-module with basis H (i.e. the natural map ⊕|H|B → B ∗H
given by the global sections h is an isomorphism of B-modules),

(b) for all x, y ∈ H, xB = Bx and x · yB = xyB.

Given such a crossed product one obtains maps σ : H → Aut(B) and τ : H × H →
Γ(X,B)× as before, i.e. by the rules σ(x)(s) = x−1sx and x · y = xyτ(x, y) for any
local section s. It follows that σ defines a group homomorphism H → Out(B) and τ
is a 2-cocycle for the action of H on B× via σ. Here, Out(B) refers to the quotient of
Aut(B) by its normal subgroup of automorphisms arising via conjugation by a global
unit. Furthermore, to match with our convention in the case of rings, we define here
(αβ)(s) := β(α(s)) for a local section s of B and automorphisms α, β.
Conversely, starting with a sheaf B, a group H, a group homomorphism σ : H → Out(B)
and a 2-cocycle τ : H × H → Γ(X,B)× one can construct a sheaf of associative rings
B ∗σ,τ H which is a crossed product of B by H having the prescribed action and twisting.
The construction is a straightforward sheafification of the usual argument and is left to
the reader.

Given a crossed product B ∗ H we will always assume that 1 equals the global unit
1 ∈ Γ(X,B ∗H)× and that the inclusion B ↪→ B ∗H is unital.

2.4. Let again B be a sheaf of not necessarily commutative rings on X. Recall ([21],
0.5.3.1) that a left B-module is coherent if it is of finite type and if for all open subsets
U ⊂ X and all morphisms ϕ : (B|U)b →M|U the kernel of ϕ is again of finite type. The
coherent B-modules form a full abelian subcategory coh(B) of all B-modules. We say B
is a sheaf of coherent rings if B is coherent as a left module over itself. If B is a sheaf
of coherent rings, then a B-module is coherent if and only if it is of finite presentation
(loc.cit., 0.5.3.7).

2.5. We suppose we are now given a projective system of sheaves Bn, n ≥ 0 of not
necessarily commutative K-algebras on X. We assume the following two local properties
hold for the sheaves Bn. Any point x ∈ X has a basis Sx of open neighbourhoods U ⊆ X
such that

(i) Γ(U,Bn) is a left and right noetherian K-Banach algebra,
(ii) the transition homomorphism Γ(U,Bn+1)→ Γ(U,Bn) is continuous and is left and

right flat with dense image.
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We remark here that a straightforward generalization of [11], Prop. 1.2.1/2 to the noncom-
mutative setting shows that the given norm in (i) can always be replaced by an equivalent
one which is submultiplicative.
The union S := ∪x∈XSx is a base for the topology on X. We let

B := lim←−
n

Bn

be the projective limit of the system (Bn)n. Note that Γ(U,B) = lim←−n Γ(U,Bn) for all

open subsets U ⊆ X ([21], 0.3.2.6). In the following we often abbreviate F(U) := Γ(U,F)
for a sheaf F on X and an open subset U ⊆ X.

2.6. Let Mod(B) be the abelian category of (left) B-modules on X. Our definitions allow
the following simple sheafification of the formalism of coadmissible modules as developed
in [54], §3. In particular, we will produce a certain full abelian subcategory

coh(B) ⊂ CB ⊂ Mod(B).

To do this consider the category of projective systems (Mn)n of coherent Bn-modulesMn

with the property that the transition maps induce isomorphisms

Bn ⊗Bn+1Mn+1

∼=−→Mn

of Bn-modules. With the usual notion of morphism these projective systems form a
category coh((Bn)n). As a consequence of the flatness requirement (ii) the base change
functor

(2.7) Bn ⊗Bn+1 (·) : Mod(Bn+1)→ Mod(Bn)

is exact. In view of the noetherian hypothesis in (i) the category coh((Bn)n) is therefore
abelian. We have an additive and left exact functor

Γ(Mn) := lim←−
n

Mn

into Mod(B). Borrowing terminology from loc.cit. a B-moduleM will be called coadmis-
sible if it is isomorphic to a module of the form Γ(Mn) for some (Mn)n ∈ coh((Bn)n).
We let CB be the full subcategory of Mod(B) consisting of coadmissible modules.

Proposition 2.8. The functor Γ is exact. For any (Mn)n in coh((Bn)n) and M = Γ(Mn)
the natural map

Bn ⊗BM
∼=−→Mn

is an isomorphism for any n ≥ 0. For any U ∈ S and for any n ≥ 0 the ring homomor-
phism B(U)→ Bn(U) is left and right flat.

Proof. This is a straightfoward adaption of the arguments in Theorem A and B and Cor.
3.1 of loc.cit. as follows. Given Mn and a point x ∈ X there is an open neighbourhood
U of x such that any Mn(U) is a finitely generated module over the noetherian Banach
algebra Bn(U). It therefore has a canonical Banach topology (loc.cit., Prop. 2.1). By
the density requirement in (ii) the projective system (Mn(U))n has the property that
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Mm(U) → Mn(U) has dense image for all m > n. In particular, the map M(U) →
Mn(U) has dense image where M := Γ(Mn). It now follows that, given a surjection
(Mn)n → (Nn)n in coh((Bn)n) the map M(U)→ N(U) is surjective and

Bn(U)⊗B(U)M(U)
∼=−→Mn(U)

is an isomorphism. Letting U run through a neighbourhood basis for x gives the first two
claims. The last assertion follows similarly (cf. loc.cit., Remark 3.2). �

Corollary 2.9. The functor

Γ : coh((Bn)n)
∼=−→ CB

is an equivalence of categories.

Proof. By definition the functor Γ : coh((Bn)n)→ CB is essentially surjective. According
to the preceding proposition it is fully faithful. �

Proposition 2.10. Any B-module of finite presentation is coadmissible. In particular,
coh(B) ⊂ CB.

Proof. Let V ⊆ X be an open set. By the local nature of our conditions imposed we may
apply the above construction to the projective limit sheaf B|V = lim←−n(Bn|V ) and obtain

the abelian category of coadmissible B|V -modules on V . Obviously, a given B-moduleM
is coadmissible if and only if this is true forM|V for all open sets V ⊆ X. SupposeM is
of finite presentation. Locally,M equals the cokernel of a morphism of the type Ba → Bb
for numbers a, b ≥ 0 and is therefore coadmissible. �

We finally suppose that our chosen base S for the topology on X is such that

(iii) for all U, V ∈ S with V ⊂ U the restriction homomorphism

Γ(U,Bn)→ Γ(V,Bn)

is left and right flat for all n ≥ 0.

According to (i) and [7], Prop. (3.1.1) the sheaf Bn is then a sheaf of coherent rings for
all n. Of course, this does not imply the coherence of the sheaf B.

2.11. We keep the notation of the preceding paragraph. For each n ≥ 0 we now assume
additionally that we are given a finite group Hn and a crossed product

An = Bn ∗σn,τn Hn

with the properties: Bn ↪→ An maps K into the center and for x ∈ X,U ∈ Sx and h ∈ H
the algebra automorphism

σn(h) : Bn(U)
∼=−→ Bn(U)

is an isometry of the Banach algebra Bn(U) with respect to a defining Banach norm on
Bn(U) which is submultiplicative (cf. 2.5). We further suppose that this collection of
sheaves (An)n of K-algebras forms a projective system and that the transition morphism
An+1 → An is compatible with the map Bn+1 → Bn for all n.
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Proposition 2.12. The system (An)n satisfies conditions (i), (ii) and (iii).

Proof. Let x ∈ X and U ∈ Sx. We have An(U) = Bn(U) ∗ Hn which is a noetherian
ring (cf. 2.1). Let |.| denote the chosen submultiplicative Banach norm on Bn(U). Then
An(U) has a natural Banach space norm given by the maximum norm q(·) with respect
to the Bn(U)-module basis {h : h ∈ Hn}. By assumption we have

|h−1
xh| = |σn(h)(x)| = |x| (∗)

for h ∈ Hn, x ∈ Bn(U). Let h̄1, ..., h̄s be an enumeration of the finitely many elements
{h̄ : h ∈ Hn}. Let us write µ =

∑
k λk(µ)hk for an arbitrary element µ ∈ An(U)

with coefficients λk(µ) ∈ Bn(U). In particular, q(µ) = maxk |λk(µ)|. Applying this
to the product h̄ih̄j ∈ An(U) defines coefficients λk(h̄ih̄j). For two arbitrary elements
µ, µ′ ∈ An(U) we now compute

µµ′ =
∑

i,j λi(µ)h̄iλj(µ
′)h̄j =

∑
i,j λi(µ)σn(hi)

−1(λj(µ
′))h̄ih̄j

=
∑

i,j,k λi(µ)σn(hi)
−1(λj(µ

′))λk(h̄ih̄j)h̄k.

For the value of q(µµ′) we therefore find

maxi,j,k |λi(µ)σn(hi)
−1(λj(µ

′))λk(h̄ih̄j)| ≤ maxi,j,k |λi(µ)| · |σn(hi)
−1(λj(µ

′))| · |λk(h̄ih̄j)|

≤ q(µ)q(µ′) maxi,j,k |λk(hihj)|

using (∗) for the last inequality. This shows that the ring multiplication on An(U) is
continuous with respect to the Banach topology coming from q(·). In other words, An(U)
is a noetherian Banach algebra which yields (i). We furthermore have a commutative
diagram of rings

Bn+1(U)

��

// Bn(U)

��
An+1(U) // An(U)

in which the upper horizontal arrow is flat with dense image and the vertical arrows are
finite free ring extensions. By definition of the Banach topologies the lower horizontal
arrow has dense image. According to Lemma 2.2 it is flat whence (ii). Applying loc.cit.
to the lower horizontal arrow in the commutative diagram

Bn(U)

��

res // Bn(V )

��
An(U)

res // An(V )

for U, V ∈ S with V ⊂ U finally yields (iii). �
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Let A := lim←−nAn. By the above proposition we therefore have an equivalence between
abelian categories

(2.13) Γ : coh((An)n)
∼=−→ CA

and each sheaf An is coherent. Moreover, coh(A) ⊂ CA.

3. Differential operators on homogeneous spaces

From now on we will use the following notation: p is a prime number in Z and Qp ⊆ L ⊆ K
denotes a chain of finite extensions of Qp. The absolute value |.| on K is normalized by
|p| = p−1. Let oL ⊆ L be the ring of integers and πL ∈ oL a uniformizer. Let κ := oL/(πL)
denote the residue field of L. Let [L : Qp] and e be the degree and the ramification index
of the extension L/Qp respectively. Also, oK ⊂ K denotes the integers in K and πK ∈ oK
a uniformizer. An oK-submodule of a vector space V over K is called a lattice if it contains
a basis of V over K.

We recall some notions and constructions related to differential operators on homogeneous
spaces ([4],[9],[10]) thereby fixing some notation.

3.1. Let G be a connected split reductive group scheme over oL. We denote its group of
oL-valued points by G(oL). Let T ⊂ G be a maximal torus with Lie algebra t. Let X∗(T)
and X∗(T) be the group of algebraic characters respectively cocharacters of T with the
usual perfect pairing

〈·, ·〉 : X∗(T)×X∗(T) −→ Z
defined by z〈a,b〉 := a ◦ b(z). Let Φ ⊂ X∗(T) denote the root system determined by the
adjoint action of T on the Lie algebra g of G. Let W denote the corresponding Weyl
group. For any w ∈ W we fix a representative ẇ in G(oL).

We choose a Borel subgroup scheme B ⊂ G containing T and let Φ+ ⊂ Φ be the associated
subset of positive roots. We write N for the unipotent radical of B. We identify, once
and for all, the torus T with the abstract Cartan subgroup B/N via the morphism
T ⊂ B → B/N where the second map equals the canonical projection. The group
W acts naturally on the spaces t∗ := HomoL(t, oL), t∗L := t∗ ⊗oL L and tL := t ⊗oL L.
Via differentiation d : X∗(T) ↪→ t∗ we view X∗(T) as a subgroup of t∗. We have that
X∗(T)⊗Z L = t∗L and, via 〈., .〉 and base change from Z to L, that X∗(T)⊗Z L = tL. Let
ρ = 1

2

∑
α∈Φ+ α. Let α̌ be the coroot of α ∈ Φ viewed as an element of tL. An arbitrary

weight µ ∈ t∗L is called dominant if

µ(α̌) /∈ {−1,−2,−3, ...}
for all α ∈ Φ+. The weight µ is called regular if its stabilizer under the W -action is trivial.

3.2. We write N for the unipotent radical of B and denote by N− the unipotent radical of
the Borel subgroup scheme opposite to B. The schemes B and N act via right translations
on G and we put

X̃ := G/N, X := G/B
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for the corresponding quotients. These are smooth and separated schemes over oL. The
canonical projection ξ : X̃ −→ X is a smooth morphism. Since T normalizes N the
scheme X̃ has a right T-action making ξ a T-torsor for the Zariski topology on X (in
the sense of [40], III.§4). Indeed, a covering of X which trivializes ξ is given by the open
subschemes Uw, w ∈ W where

Uw := image of ẇN−B

under the canonical projection G→ G/B ([27], II.(1.10)). We let S denote the collection
of affine open subsets of X over which ξ becomes trivial. By what we have just said it is
a base for the Zariski topology on X.

3.3. Let OX̃ be the structure sheaf of X̃ and let TX̃ = DeroL(OX̃) be the tangent sheaf of

X̃ ([23], 16.5.7). Using the natural action of TX̃ on OX̃ by derivations we have the semi-
direct product OX̃ ⊕ TX̃ of TX̃ with the abelian Lie algebra OX̃ , a sheaf of Lie algebras
over oL. The corresponding universal enveloping algebra is called the sheaf of crystalline
differential operators (of level zero) on X̃ ([8], [9]). Following [4], 4.2 we denote it by DX̃ .
It is a sheaf of oL-algebras and, at the same time, an OX̃-module through the map

OX̃ −→ OX̃ ⊕ TX̃ , f 7→ (f, 0).

There is a positive increasing Z-filtration on DX̃
0 ⊂ F0DX̃ ⊂ F1DX̃ ⊂ F2DX̃ ⊂ · · ·

consisting of coherent OX̃-submodules, such that

F0DX̃ = OX̃ , F1DX̃ = OX̃ ⊕ TX̃ and FmDX̃ = F1DX̃ · Fm−1DX̃ for m > 1.

Given two local sections ∂ and f of TX̃ and OX̃ respectively we have

∂ · f − f · ∂ = ∂(f)

for their commutator in DX̃ . This means that the associated graded sheaf of DX̃ is
canonically isomorphic to the symmetric algebra of the locally free OX̃-module TX̃ ,

(3.4) gr•DX̃
∼=−→ SymOX̃TX̃ .

We have an obvious morphism of DX̃ to the sheaf of usual differential operators on X̃

([23], 16.8). Since char(L) = 0 it is an isomorphism over the generic fibre of X̃.

By the same token there are corresponding sheaves of crystalline differential operators
DX and DT on the smooth oL-schemes X and T respectively.

3.5. We let
D̃ := (ξ∗(DX̃))T

denote the Borho-Brylinski relative enveloping algebra of the T-torsor ξ ([10], §1). Again,
this is a sheaf of oL-algebras and, at the same time, an OX-module through the map

ξ] : OX −→ (ξ∗OX̃)T.
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It has a positive increasing Z-filtration

FmD̃ := (ξ∗(FmDX̃))T

induced by the filtration F•DX̃ . Given an open subset U from S a choice of trivialization

ξ−1(U) ' U ×oL T

over U induces an isomorphism of oL-algebras

D̃(U)
∼=−→ D(U ×oL T)T = DX(U)⊗oL U(t)

where the right-hand side is the usual tensor product of oL-algebras and where we use
the symbol D to denote the crystalline differential operators on the smooth oL-scheme
U ×oL T. The last identity follows here from

D(U ×oL T)T = (DX(U)⊗oL DT(T))T = DX(U)⊗oL DT(T)T

using ([27], I.2.10(3)) together with the well-known isomorphism U(t)
∼=−→ DT(T)T for

the split torus T (loc.cit., I.7.13).

3.6. The group G acts on X̃ and X by left translations and ξ is G-equivariant. The sheaf
DX̃ has a natural G-equivariant structure inherited from the usual equivariant structures

of OX̃ and TX̃ . Since the right T-action on X̃ commutes with the left G-action the sheaf

D̃ is naturally G-equivariant.

In the following we denote the constant sheaf with fiber U(g) on X̃ again by U(g) (and
similarly in other cases). Differentiating the left G-action on X̃ gives a homomorphism
U(g)→ DX̃ which is G-equivariant with respect to the adjoint action of G on U(g) ([16],

II.§4.4.4). Whenever the open set V ⊂ X̃ is right T-stable the section of this morphism
over V has image in DX̃(V )T. Letting V run through the subsets ξ−1(U) for U ∈ S one
obtains a morphism

(3.7) ϕ : U(g) −→ D̃

which is G-equivariant with respect to the adjoint action of G on U(g). Similarly,
differentiating the right T-action on X̃ induces a homomorphism

(3.8) ψ : U(t) −→ D̃

which is a central embedding. Its image lies in the G-invariants of D̃ ([38], §3).

4. Deformations and completions

We keep the notation from the preceding section and recall a Beilinson-Bernstein type
equivalence of categories for p-adically completed universal enveloping algebras as con-
structed in [4].
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4.1. Let as above g and t be the oL-Lie algebras of the group schemes G and T re-
spectively. Fix a number n ≥ 0. We denote by U(·) the universal enveloping algebra of
whatsoever Lie algebra we wish to consider. Choosing an oL-basis for g the algebra U(g)
is endowed with a positive filtration F•U(g), its usual PBW-filtration ([17], 2.3). The
associated graded algebra equals the symmetric algebra S(g) on g. According to these
properties U(g) is therefore a deformable oL-algebra in the sense of [4], Def. 3.5. Its n-th
deformation (loc.cit.) is the oL-submodule

U(g)n :=
∑
i≥0

πinL FiU(g)

of U(g). It is easily seen to be equal to U(πnLg) and is therefore even a subalgebra of U(g).
We denote by

Û(g)n = lim←−
m

U(g)n/p
mU(g)n

its p-adic completion. In the same way we have the algebra U(t)n and its p-adic completion

Û(t)n.

4.2. As already recalled above the group G acts on U(g) by the usual adjoint represen-
tation. The ring of invariants U(g)G has the induced PBW-filtration from U(g) and we
may form

(U(g)G)n :=
∑
i≥0

πinL FiU(g)G.

It is a subalgebra of U(g)n. Let n and n− be the Lie algebras of N and N− respectively.
The triangular decomposition g = n− ⊕ t ⊕ n induces the linear projection U(g) → U(t)
with kernel n−U(g) + U(g)n. As in characteristic zero one shows that its restriction
to the zero weight space with respect to the adjoint action of T on U(g) is an algebra
homomorphism. We therefore have an algebra homomorphism

φ : U(g)G → U(t)

(cf. also [26], §9 for the corresponding construction over a field of positive characteristic).
It extends to a homomorphism

(4.3) φn : (U(g)G)n −→ U(t)n.

For all that follows we fix a linear homomorphism

λ ∈ HomoL(πnLt, oK)

and view it as a character U(t)n → oK . Using φn we may form the algebra

Uλn := U(g)n ⊗(U(g)G)n,λ oK

and its p-adic completion Ûλn . We let Ûλn ,K := Ûλn ⊗oK K. Since U(πnLg) is left and right

noetherian, the rings Ûλn and Ûλn ,K are left and right noetherian ([7], (3.2.2) (iii)).
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Remark: In [4] the authors consider only the case λ(πnLt) ⊆ oL. However, all constructions
of loc.cit. immediately generalize to the slightly more general case considered here.

4.4. Recall the relative universal enveloping algebra D̃ of the torsor ξ. Let U ∈ S and
choose a trivialization ξ−1(U) ' U ×oL T. The induced isomorphism

(4.5) D̃(U) ' DX(U)⊗oL U(t)

translates the positive Z-filtration on the source into the tensor product filtration on the
target (where the second factor in the target has its usual PBW-filtration). Thus, D̃(U)
is a deformable algebra and hence, there is a n-th deformation

(4.6) D̃(U)n :=
∑
i≥0

πinL FiD̃(U).

We remark in passing that (4.5) induces an algebra isomorphism

(4.7) D̃(U)n ' DX(U)n ⊗oL U(t)n.

The formation U 7→ D̃(U)n yields a presheaf on the basis S of X. The sheafification
functor produces therefore a sheaf D̃n on X whose algebra of sections over any U ∈ S
coincides with D̃(U)n (e.g. [11], last remarks in 9.2.1). Similarly, there is a sheaf ̂̃Dn on
X whose algebra of sections over any U ∈ S equals the p-adic completion of D̃(U)n, i.e.̂̃Dn(U) ' D̂X(U)n⊗̂oLÛ(t)n.

The formation of the sheaf ̂̃Dn is compatible with the homomorphisms ϕ and ψ (cf. (3.7)
and (3.8)) whence two homomorphisms

ϕ̂n : Û(g)n −→ ̂̃Dn and ψ̂n : Û(t)n −→ ̂̃Dn.
The second map remains a central embedding. We therefore may form the central reduc-
tion

D̂λn := ̂̃Dn ⊗Û(t)n,λ
oK .

It is a major technical result in [4] (loc.cit, Lemma 4.10) that these two maps are related
via the p-adic completion of the deformed ’Harish-Chandra homorphism’ (4.3)

φ̂n : ̂(U(g)G)n −→ Û(t)n.

This yields a morphism of sheaves of algebras

ϕ̂λn : Ûλn = Û(g)n ⊗ ̂(U(g)G)n,λ
oK −→ ̂̃Dn ⊗Û(t)n,λ

oK = D̂λn.

We denote the base change to K of these sheaves by D̂λn,K and Ûλn ,K respectively and

obtain a morphism ϕ̂λn,K : Ûλn ,K → D̂λn,K . In the following we will regard D̂λn,K as a module
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over Ûλn ,K via this map. Note that D̂λn,K is a sheaf of coherent rings (loc.cit., Prop. 6.5

(d)).

4.8. We have the abelian categories coh(D̂λn,K) and coh(Γ(D̂λn,K)) of coherent (left) D̂λn,K-

modules respectively Γ(D̂λn,K)-modules. Given a Γ(D̂λn,K)-module M we may form the

D̂λn,K-module

Locλ(M) := D̂λn,K ⊗Γ(D̂λn,K)
M.

Conversely, the module of global sections Γ(M) of a D̂λn,K-module M is of course a

Γ(D̂λn,K)-module. The functors (Locλ,Γ(·)) form an adjoint pair. The following result may

be viewed as a p-adically completed version of the théorème principal of [5], restricted to
coherent modules. It is one of the main results of [4]. The case n = 0 was already obtained
in an earlier paper by Noot-Huyghe ([41]). Recall that we have fixed a homomorphism
λ ∈ HomoL(πnLt, oK).

Theorem 4.9. (Ardakov-Wadsley, Noot-Huyghe) Suppose the weight λ+ ρ ∈ t∗K is dom-
inant and regular. The adjoint pair (Locλ,Γ(·)) induces mutually inverse equivalences of
categories

coh(Γ(D̂λn,K))
∼=−→ coh(D̂λn,K).

4.10. Let κ̄ be an algebraic closure of κ. Let us consider the following three hypothesis
on the geometric closed fibre Gs̄ = G ⊗oL κ̄ of G which are familiar from the theory of
modular Lie algebras (cf. [26], 6.3).

(H1) The derived group of Gs̄ is (semisimple) simply connected.
(H2) The prime p is good for the κ̄-Lie algebra Lie(Gs̄).
(H3) There exists a Gs̄-invariant non-degenerate bilinear form on Lie(Gs̄).

A prominent example satisfying these conditions for all primes p is the general linear group
(using the trace form for (H3)). Any almost simple and simply connected Gs̄ satisfies
these conditions if p ≥ 7 (and if p does not divide n+ 1 in case Gs̄ is of type An). For a
more detailed discussion of these conditions we refer to loc.cit.

The next theorem is a version of [4], Thm. 6.10. It is proved in loc.cit. under the
assumptions that G is semisimple and simply connected and that the prime p is very good
(in the sense of loc.cit., 6.8).

Theorem 4.11. (Ardakov-Wadsley) Assuming (H1)-(H3) the map ϕ̂λn,K induces an alge-
bra isomorphism

(4.12) ϕ̂λn,K : Ûλn ,K
∼=−→ Γ(X, D̂λn,K).

Proof. Let tZ denote the Lie algebra of the canonical extension of the torus T to a group

scheme over Z, and let ρ be the map Φ∨
∼=−→ Φ ⊂ t∨Z between coroots, roots and the dual

of the free Z-module tZ which comes from the root datum of G. The triple R = (tZ,Φ
∨, ρ)
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is then a système de racines (réduit) précisé in the sense of [15]. The assumptions in [4]
are made in order to be able to apply [15], §6. Corollaire du Théorème 2 and Théorème
3 to R and the commutative ring Fp as well as to be able to apply [9], Prop. 3.4.1.
However, these results are also available under the hypotheses (H1)-(H3). Indeed, let tR
be the torsion index of R ([15], §5) and assume (H1)-(H3). The discussion in [26], 9.6
shows that tR is invertible in Fp and that the existence of an α∨ ∈ Φ∨ with α∨/2 ∈ tZ
implies p 6= 2. Hence, [15], Corollaire du Théorème 2 and Théorème 3 apply to R and the
commutative ring Fp. Furthermore, the required statement from [9] extends to the case of
G since it depends only on the derived group of Gs̄. Using these inputs the argumentation
in [4], 6.9/10 goes through. �

Remark: Under the hypotheses (H1)-(H3) and λ+ρ being dominant and regular, the iso-

morphism (4.12) together with Thm. 4.9 implies an equivalence of categories coh(D̂λn,K) '
Modfg(Ûλn ,K) where the right-hand side denotes the finitely generated (left) modules over

the noetherian ring Ûλn ,K .

4.13. We now study how the family of sheaves D̂λn,K on X varies in the deformation
parameter n ≥ 0. Let U ∈ S. The inclusions

FiD̃n+1(U) = π
i(n+1)
L FiD̃(U) ⊆ πinL FiD̃(U) = FiD̃n(U)

for all i ≥ 0 induce a morphism of sheaves of algebras D̃n+1 → D̃n for all n ≥ 0. It extends
to a morphism

(4.14) resD : D̂λn+1,K
−→ D̂λn,K

and yields a projective system (D̂λn,K)n, n ≥ 0.

Proposition 4.15. Let U, V ∈ S with V ⊂ U and n ≥ 0.

(i) Each Γ(U, D̂λn,K) is a left and right noetherian Banach algebra,

(ii) the transition homomorphism Γ(U, D̂λn+1,K
)→ Γ(U, D̂λn,K) is left and right flat with

dense image,

(iii) the restriction homomorphism Γ(U, D̂λn,K)→ Γ(V, D̂λn,K) is left and right flat.

Proof. Being a p-adic completion the ring Γ(U, D̂λn) is p-adically complete and separated.
According to [7], (3.2.3) (iv),(vi) it is flat over oK and left and right noetherian. In

particuar, it is a lattice in the K-vector space Γ(U, D̂λn,K) = Γ(U, D̂λn) ⊗oK K and the

corresponding gauge norm ([49], §2) makes the latter a (left and right noetherian) K-
Banach algebra. This shows (i). The flatness property (iii) follows from the proof of
[4], Prop. 5.9 (c) together with the last part of loc.cit., Prop. 6.5 (a). Let us establish
property (ii). Since X is smooth we may assume, by passing to a smaller U ∈ S, that
the tangent sheaf TX |U is a free OX |U -module. We choose local coordinates t1, ..., tr on U
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and let ∂1, ..., ∂r be the corresponding derivations. According to (3.4) we have an algebra
isomorphism

gr•DX(U)
∼=−→ OX(U)[T1..., Tr], principal symbol of ∂i 7→ Ti

onto the polynomial ring in the variables Ti with coefficients in OX(U). Now consider the
sheaf

Dλn := D̃n ⊗U(t)n,λ oK

on X. It follows from [4], Lemma 6.5 that the algebra of sections D̂λn(U) over an open set
U ∈ S equals the p-adic completion of Dλn(U). By general results on adic completions of
non-commutative rings (e.g [7], (3.2.3) (vii)) we are therefore reduced to prove that the
homomorphism Dλn+1(U)→ Dλn(U) is flat. To do this choose a trivialization

ξ−1(U) ' U ×oL T

of the torsor ξ over U . The isomorphism (4.7) is compatible with variation in n. Applying
the toral character λ we are reduced to prove that

DX(U)n+1 ⊆ DX(U)n (∗)

is a flat homomorphism. Now DX(U)m ⊆ DX(U) has the subspace filtration for all m ≥ 0
and the inclusion (∗) is therefore a filtered morphism. The induced PBW -filtration on
source and target is positive, hence complete. By general principles (e.g. [54], Prop. 1.2)
we are therefore reduced to prove flatness of the graded map

gr•Dn+1(U) ⊆ gr•Dn(U).

By choice of t1, .., tr this map equals the natural inclusion

OX(U)[πn+1
L T1, ..., π

n+1
L Tr] ⊆ OX(U)[πnLT1, ..., π

n
LTr].

Since source and target are flat over the discrete valuation ring oL the assertion follows
by a straightforward application of the fiber criterion for flatness ([22], 11.3.10). To prove
the statement about the image we consider the sheaf

DλK := Dλ0 ⊗oK K = D̃ ⊗U(tK),λK K.

It is obvious from (4.6) that D̃ ⊗oK K = D̃n ⊗oK K and thus DλK = Dλn ⊗oK K holds for
all n ≥ 0. We deduce that the canonical homomorphism

DλK(U) −→ D̂λn,K(U)

has dense image for all n and is compatible with variation in n. This proves the assertion.
�

Corollary 4.16. The projective system of sheaves (D̂λn,K)n≥0 on X satisfies the assump-

tions (i),(ii),(iii) of section 2.
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We have the inclusions U(g)n+1 ⊆ U(g)n and similarly for the algebras U(g)G and U(t).
The maps ϕ, φ and ψ are visibly compatible with these inclusions. We therefore obtain
an algebra homomorphism

resu : Ûλn+1,K
−→ Ûλn ,K

which fits into the commutative diagram

Ûλn+1,K

resu

��

ϕ̂λn+1,K// D̂λn+1,K

resD
��

Ûλn ,K
ϕ̂λn,K // D̂λn,K .

5. Locally analytic representations

5.1. We recall some definitions and results about distribution algebras of compact locally
L-analytic groups ([52], [54]). We consider a locally L-analytic group G and denote by
Can(G,K) the locally convex K-vector space of locally L-analytic functions on G as
defined in [52]. The strong dual

D(G) := D(G,K) := Can(G,K)′b

is the algebra of K-valued locally analytic distributions on G. The multiplication δ1 · δ2

of distributions δ1, δ2 ∈ D(G) is given by the convolution product

δ1 · δ2(f) = δ2(h2 7→ δ1(h1 7→ f(h1h2))).

Since G is compact, D(G) is a K-Fréchet algebra.

5.2. The universal enveloping algebra U(g) of the Lie algebra g := Lie(G) of G acts
naturally on Can(G,K). On elements x ∈ g this action is given by

(xf)(h) =
d

dt
(t 7→ f(expG(−tx)h))|t=0

where expG : g − − > G denotes the exponential map of G, defined in a small neigh-
bourhood of 0 in g. This gives rise to an embedding of U(g)K := U(g) ⊗L K into D(G)
via

U(g)K ↪→ D(G), x 7→ (f 7→ (ẋf)(1)).

Here x 7→ ẋ is the unique anti-automorphism of the K-algebra U(g)K which induces
multiplication by −1 on g.

5.3. We will occasionally write G0 for the same group G but with the locally Qp-analytic
structure induced by restriction of scalars. We point out that there is a canonical isomor-
phism of Qp-Lie algebras Lie(G) ' Lie(G0) ([12], 5.14.5) which we will use to identify
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both Qp-algebras from now on. The inclusion of locally L-analytic functions into lo-
cally Qp-analytic functions on G gives rise to a quotient map of topological algebras
D(G0)→ D(G) whose kernel ideal is generated by the kernel of the natural map

(5.4) L⊗Qp Lie(G0) −→ Lie(G), a⊗ x 7→ ax

([46], Lemma 5.1).

5.5. We will now specialize to uniform pro-p groups. We refer to [18] for an extensive
study of this important class of locally Qp-analytic groups. We assume for the rest of this
section that p 6= 2. So let G be a uniform pro-p group of dimension d := dimQpG. Let
h1, ..., hd be a set of topological generators. In particular, any element g ∈ G can uniquely
be written as g = hλ11 · · · h

λd
d with λ1, ..., λd ∈ Zp. According to [loc.cit.], Thm. 4.30 the

operations
λ · x = xλ,

x+ y = limi→∞(xp
i
yp

i
)p
−i
,

[x, y] = limi→∞(x−p
i
y−p

i
xp

i
yp

i
)p
−2i

for x, y ∈ G and λ ∈ Zp define on the set G the structure of a Lie algebra LG over Zp.
This Lie algebra is powerful in the sense that it is a free Zp-module (of finite rank d) and
satisfies [LG, LG] ⊆ pLG.

The logarithm map logG of the Lie group G induces an injective homomorphism of Zp-Lie
algebras LG ↪→ Lie(G) ([18], sect. 4.5/9.4). We will therefore view LG as a distinguished
Zp-lattice in the Qp-Lie algebra Lie(G).

5.6. Now let G be a compact locally L-analytic group of dimension d = dimLG. Following
[46],[42] we call G L-uniform if

(1) G is uniform pro-p,
(2) the Zp-submodule LG ⊂ Lie(G) is stable under multiplication by oL (and so is an

oL-submodule of Lie(G)).

We remark that any compact locally L-analytic group G has a basis of neighbourhoods
of 1 ∈ G consisting of open normal subgroups which are L-uniform ([46], Cor.4.4).

Let in the following G be a locally L-analytic group of dimension d which is L-uniform.
Then LG is a free oL-module of rank d. Let x1, ...xd be an oL-basis of LG and let v1, ..., v[L:Qp]

be a Zp-basis of oL with the additional property v1 = 1. Then the elements

hij := expG(vixj)

are a set of topological generators of G of cardinality [L : Qp]d = dimQpG0.

5.7. The underlying K-vector space of D(G0) admits the following description. Fix an
ordering of the generators hij. Let bij := hij − 1 ∈ Z[G] and bα :=

∏
ij b

αij
ij ∈ Z[G] (in the
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given ordering) for α ∈ N[L:Qp]d
0 . Then D(G0) equals the set of all convergent series

λ =
∑

α∈N[L:Qp]d
0

dαb
α

with dα ∈ K such that the set {|dα|r|α|}α is bounded for all real numbers 0 < r < 1. The
inclusion Lie(G0) ⊂ D(G0) is given on basis elements by

(5.8) vixj 7→ log(1 + bij)

where log(1 +X) = X −X2/2 +X3/3− · · · is the usual logarithm series. The family of
norms ||.||r, 0 < r < 1 where

||λ||r := sup
α
|dα|r|α|

and their quotient norms define the Fréchet topologies on D(G0) respectively D(G). The
norms belonging to the interval p−1 ≤ r < 1 where r ∈ pQ are multiplicative. In this case
the corresponding norm completions Dr(G0) and Dr(G) of D(G0) and D(G) respectively
are K-Banach algebras. Furthermore, we emphasize that the norms in this case do not
depend on the choice of minimal set of topological generators for the group G ([54],
discussion after Thm. 4.10).

5.9. Let r ∈ pQ such that p−1 ≤ r < 1. There is the following norm filtration on Dr(G0)
defined by the additive subgroups

F s
rDr(G0) := {λ ∈ Dr(G0), ||λ||r ≤ p−s},

F s+
r Dr(G0) := {λ ∈ Dr(G0), ||λ||r < p−s}

for s ∈ R with graded ring

gr•r Dr(G0) := ⊕s∈R grsrDr(G0)

where grsrDr(G0) := F s
rDr(G0)/F s+

r Dr(G0).

We may use the quotient norm of ||.||r to define a norm filtration on Dr(G) as above. It
coincides with the quotient filtration of F •rDr(G0). We denote the associated graded ring
by gr•r Dr(G).
Similarly, the absolute value on K induces a filtration and a graded ring grK as above.
The choice of uniformizer πK induces an isomorphism of grK with the ring of Laurent
polynomials in one variable over k. The rings gr•r Dr(G0) and gr•r Dr(G) are naturally
grK-algebras.

Now let additionally p−1 < r < 1. Then Thm. 4.5 of [54] shows that each gr•r Dr(G0)
equals a polynomial ring over grK in [L : Qp]d variables (the principal symbols of the
bij). Hence any gr•r Dr(G) will be a commutative grK-algebra.

5.10. Let {Gpm}m≥0 be the lower p-series of the uniform pro-p group G, i.e.

Gpm := {gpm : g ∈ G}



22 TOBIAS SCHMIDT

for m ≥ 0. Each Gpm is a characteristic open uniform pro-p subgroup of G of index
p[L:Qp]md. The set {Gpm}m constitutes a neighbourhood basis of 1 ∈ G. Because of L

Gp
m

0
=

pmLG0 each open subgroup Gpm , endowed with its induced locally L-analytic structure,
is L-uniform. By functoriality of D(·) ([31], 1.1) we obtain a series of subalgebras

D(G0) ⊃ D(Gp
0) ⊃ D(Gp2

0 ) ⊃ ...

which yields, by passage to quotients, a series

D(G) ⊃ D(Gp) ⊃ D(Gp2) ⊃ ...

of subalgebras of D(G). For each m ≥ 0 we may apply the above discussion to the group

Gpm and obtain a family of norms ||.||(m)
r on D(Gpm

0 ) as well as quotient norms qmr on
D(Gpm). Of course, these norms again induce filtrations and graded rings as explained
above whenever r ∈ pQ with p−1 ≤ r < 1.

To ease notation we put for m ≥ 0 from now on

rm := pm
√

1/p.

In particular, r0 = 1/p.

Lemma 5.11. The ring extension D(Gpm) ⊂ D(G) completes to a ring extension

Dr0(G
pm) ⊂ Drm(G)

and Drm(G) is a finite and free (left or right) module over Dr0(G
pm) on a basis any system

of coset representatives for the finite group G/Gpm.

Proof. This is a slight generalization of [46], Lemma 7.4 using the fact that the norm

||.||(0)
rm on D(G0) restricts to ||.||(m)

r0 on the subring D(Gpm

0 ) ⊂ D(G0). This latter fact is
itself a mild extension of [loc.cit.], Prop. 6.2 which follows with the same proof given
there. �

5.12. Completely similar to the standard example of the group ring ([43]) the ring D(G)
is a crossed product of the ring S := D(Gpm) by the group H := G/Gpm with action and
twisting given as follows. Fix a set of representatives H ⊂ G for the group G/Gpm and
view it in D(G)× via the map δ (associated Dirac distribution). Then

σ(h)(s) = δ−1
h̄
sδh̄

for s ∈ S. On the other hand, given h1, h2 ∈ H we have

h̄1h̄2 = h1h2 · τ(h1, h2)

with some uniquely determined τ(h1, h2) ∈ Gpm and the resulting τ : H×H → Gpm ⊆ S×

equals the twisting.

As we have pointed out the norm ||.||(m)
r0 on S = D(Gpm) is independent of the choice

of topological generators for the group Gpm . This means that for g ∈ G the conjugation
automorphism on S = D(Gpm) given by x 7→ δ−1

g xδg is an isometry. Thus, σ extends to an
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action H → Out(Dr0(G
pm)). Likewise τ extends to a 2-cocycle with values in Dr0(G

pm)×

and we may form the crossed product

Dr0(G
pm) ∗σ,τ H.

Corollary 5.13. There is a natural K-algebra isomorphism

Dr0(G
pm) ∗σ,τ G/Gpm ∼=−→ Drm(G).

Proof. The preceding lemma gives a K-algebra homomorphism Dr0(G
pm) ∗σ,τ G/Gpm →

Drm(G) induced from the inclusion Dr0(G
pm) ⊂ Drm(G) which is bijective.

�

Remark: In the case L = Qp this responds to an issue raised in [4], 1.5.

5.14. We fix m ≥ 1 and consider the filtration on the Banach algebra Dr0(G
pm) induced

by the quotient norm qmr0 from 5.10. The [L : Qp]d elements hp
m

ij are a minimal ordered

set of topological generators for the group Gpm . Define the d elements cj := hp
m

1j − 1 and

let cβ =
∏

j c
βj
j for β ∈ Nd.

Lemma 5.15. Let m ≥ 1. The graded ring gr•r0Dr0(G
pm) equals a polynomial algebra

over grK in the principal symbols of the d elements cj. The K-vector space underlying
Dr0(G

pm) is given by all series

λ =
∑
β∈Nd0

dβc
β

with |dβ|r0
|β| → 0 for |β| → ∞. Moreover, the norm qmr0(λ) may be computed as

qmr0(λ) = sup
β
qmr0(dβc

β) = sup
β
|dβ|r0

|β|.

Proof. We have already remarked (proof of lemma 5.11) that ||.||(0)
rm restricts to ||.||(m)

r0 on

the subring D(Gpm

0 ) ⊂ D(G0) from which we obtain an inclusion of rings

grr0Dr0(G
pm

0 ) ⊂ grrmDrm(G0)

by left exactness of the functor gr. Since m ≥ 1 we have p−1 < rm. Thus the right-hand
side is a commutative ring. It follows that grr0Dr0(G

pm

0 ) is a polynomial algebra over

grK in the nd principal symbols of the hp
m

ij − 1. Arguing as in [46], Prop. 5.6/9 the

quotient grr0Dr0(G
pm) equals a polynomial algebra in the principal symbols of the cj and

the remaining statements follow from this.
�

Remark: The result generally does not hold for m = 0: let L = Qp and

Zp[[G]] = lim←−
N

Zp[G/N ]

be the completed group ring of the profinite group G. Here, N varies over the open
normal subgroups of G. There is an embedding Zp[[G]] ↪→ Dr0(G). By one of the main
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theorems of M. Lazard’s work on p-adic analytic groups ([33], Thm. III.2.3.3) the algebra
grr0Zp[[G]] equals the universal enveloping algebra of a certain Lie algebra associated to
the group G which, generally, is non-abelian.

Still assuming m ≥ 1 the preceding discussion shows that the oK-submodule F 0
r0
Dr0(G

pm)
of Dr0(G

pm) consists of all series

λ =
∑
β∈Nd0

eβ(c1/p)
β1 · · · (cd/p)βd

with |eβ| ≤ 1 and |eβ| → 0 for |β| → ∞. Mapping such a series to
∑

β(eβ mod πK)uβ11 ···u
βd
d

induces an isomorphism of k-algebras between

gr0
r0
Dr0(G

pm) = F 0
r0
Dr0(G

pm)/πKF
0
r0
Dr0(G

pm)

and the polynomial algebra over k in the variables u1, ..., ud. We see that the oK-subalgebra
F 0
r0
Dr0(G

pm) is a πK-adically separated and complete lattice in the K-algebra Dr0(G
pm).

Moreover, the πK-adic reduction of this lattice is endowed with a positive and hence
complete split Z-filtration given by total degree with respect to the variables uj. We
conclude that Dr0(G

pm) is a complete doubly filtered K-algebra in the sense of [4], Def.
3.1 with

(5.16) Gr(Dr0(G
pm)) := gr(gr0

r0
Dr0(G

pm)) ' k[u1, ..., ud].

5.17. Let G be a pro-p group which is L-uniform. The projective system of noetherian
K-Banach algebras Drm(G) for m ≥ 1 defines the so-called Fréchet-Stein structure of
D(G). Without recalling the precise definition from [54] this essentially means that the
natural map

D(G)
∼=−→ lim←−

m≥1

Drm(G)

is an isomorphism of topological K-algebras (where the right-hand side is endowed with
the projective limit topology) and that the transition maps in the projective system
are flat ring homomorphisms. This structure gives rise to a well-behaved abelian full
subcategory CG of the (left) D(G)-modules, the coadmissible modules. By definition, an
abstract D(G)-module M is coadmissible if

(i) Mm := Drm(G)⊗D(G) M is finitely generated over Drm(G) for all m ≥ 1;

(ii) the natural map M
∼=−→ lim←−mMm is an isomorphism.

The system {Mm}m is sometimes called the coherent sheaf associated to M . In fact,
the projective limit functor induces an equivalence of categories between the projective
systems (Mm)m of finitely generated Drm(G)-modules Mm with the property

Drm(G)⊗Drm+1 (G) Mm+1

∼=−→Mm
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and CG. To give an example, any D(G)-module which is finitely presented as D(G)-module
is coadmissible.

Remarks: The theory of Fréchet-Stein algebras is modelled according to the example
G = Zp, the additive group of p-adic integers. In this case, the Fourier isomorphism of Y.
Amice ([1]) identifies D(Zp) with the ring of holomorphic functions on the rigid analytic
open unit disc over K. The latter is a quasi-Stein space in the sense of R. Kiehl ([30]) and
the Fourier isomorphism identifies the category of coadmissible modules with the coherent
module sheaves on the disc.

5.18. For the definition of an admissible locally analytic representation as well as the
foundations of the theory of such representations we refer to [54]. However, we at least
recall ([loc.cit.], Thm. 6.3) that the abelian category Rep(G) of admissible locally analytic
G-representations over K is (essentially by definition of admissibility) anti-equivalent to
CG,

Rep(G)
∼=−→ CG.

The functor is given by sending a representation V to its so-called strong dual M := V ′b .
As a locally convex K-vector space V ′b equals the continuous dual of the locally convex
vector space V endowed with a certain strong topology (see [49] for all terminology from
non-archimedean functional analysis). The contragredient G-representation on V ′b extends
naturally to a D(G)-module structure giving the coadmissible module.

6. An application of an isomorphism of Lazard

In this section we assume p 6= 2.

6.1. Let G be a uniform pro-p group. Its integral Zp-Lie algebra LG was first mentioned
by M. Lazard ([32], Ex. III. 2.1.10). We require in the following some information on the
relation of LG with the group ring Zp[G] of G and we therefore recall parts of Lazard’s
notions and results. We, however, do not recall the standard definitions of filtrations,
valuations etc. (cf. loc.cit., I.1).

To start with, the group ring Zp[G] has a canonical filtration defined as the lower bound
of all filtrations ω of the Zp-algebra Zp[G] such that

ω(g − 1) ≥ ω(g)

for all g ∈ G (loc.cit., III.2.3.1.2). Since G is a uniform pro-p group ω is in fact a valuation
of the Zp-module Zp[G] which allows to define its so-called saturation Sat Zp[G] (loc.cit.,
I.2.2.11). The latter equals the completion of

{y ∈ Qp[G]| ω̃(y) ≥ 0}
in the topology defined by ω̃ and is an associative algebra containing Zp[G]. Note here
that the valuation ω on Zp[G] is extended to a map ω̃ on Qp[G] = Qp ⊗Zp Zp[G] by

ω̃(λ−1 ⊗m) := ω(m)− vp(λ)
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where vp(.) equals the p-adic valuation on Zp.

On the other hand, the Lie algebra LG is a finite free Zp-module. Fixing a basis and using
the valuation vp on coefficients it is a valued Zp-module. This valuation induces a valuation
on the universal enveloping algebra U(LG) (loc.cit., IV. 2.2.1) and the corresponding
saturation Sat U(LG) does not depend on the choice of valuation of LG. Put h := 1

p
LG.

This is a Zp-Lie algebra since LG is powerful. Let

Û(h) = (lim←−
i

U(h)/piU(h))

be the p-adic completion of U(h). The inclusion LG ⊂ h induces an isomorphism of

Sat U(LG) with Û(h) which, combined with the isomorphism loc.cit., IV. 3.2.5, gives an
isomorphism

(6.2) LG : Û(h)
∼=−→ Sat Zp[G].

By loc.cit., Cor. 3.2.4 it is given on elements g ∈ LG via LG(g) := Log(g) where

Log(X) = (X − 1)− (X − 1)2/2 + (X − 3)3/3− · · ·
is the usual logarithm power series (loc.cit., III.1.1.5.2).

Remark: A concise account of the integral Lazard Lie algebra and its various relations to
the group ring can also be found in [24].

Let
Û(h)Qp := Û(h)⊗Zp Qp.

Proposition 6.3. The map LG and the inclusion Zp[G] ⊂ D(G,Qp) induce an isomor-
phism of Qp-Banach algebras

(6.4) LG : Û(h)Qp
∼=−→ Dr0(G,Qp).

compatible with the canonical maps h ↪→ Lie(G) ↪→ D(G,Qp).

Proof. This reformulation of the Lazard isomorphism is essentially [2], Thm. 5.1.4 (com-
pare also [4], Thm. 10.4 and the remarks 10.5). Indeed, according to loc.cit. the map LG
induces an isomorphism between Û(h)Qp and the completion of QpΛG := Qp ⊗Zp Zp[[G]]

with respect to a certain norm on QpΛG constructed in [18], chap. 7. By the explicit
formulae given in loc.cit. this norm equals the restriction of ||.||r0 to QpΛG. But the latter
space is norm-dense in Dr0(G,Qp) which gives the first claim. The compatibility with the
inclusions h ↪→ Lie(G) ↪→ D(G,Qp) follows from (5.8).

�

Corollary 6.5. The inverse L−1
G induces an injective group homomorphism

L−1
G : G ↪→ Û(h)

×
.
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Proof. The inclusion Zp[G] ⊂ Sat Zp[G] identifies G with a subgroup of units of the ring
Sat Zp[G]. �

6.6. We now turn back to the setting of section 3. Recall the oL-Lie algebra g of the
connected split reductive group scheme G. Let g0 equal g but viewed over Zp and recall
that e is the ramification index of L/Qp. We assume that we are given a L-uniform pro-p
group G that satisfies the following hypothesis relative to G:

(HYP) LG = πkLg0

as Lie algebras over Zp for a natural number k ≥ 1. We additionally fix a number m ≥ 1.
In the following we are studying the Zp-Lie algebra

(6.7) h :=
1

p
LGpm =

1

p
pmLG = pm

1

p
LG = π

(m−1)e+k
L g0.

Abbreviating n := (m − 1)e + k ≥ 1, the Lazard isomorphism applied to Gpm is an
isomorphism

(6.8) L
Gp

m

0
: ̂U(πnLg0)K = Û(h)K

∼=−→ Dr0(G
pm

0 ).

Fix an ordered oL-basis y1, ..., yd of g and a Zp-basis v1, ..., v[L:Qp] of oL with v1 = 1. Given

α ∈ N[L:Qp]d
0 , we form the elements

Yα := (v1y1)α11 · · · (v[L:Qp]yd)
α[L:Qp]d

inside U(g). The K-Banach algebra ̂U(πnLg0)K = ̂U(πnLg0)⊗Zp K is given by all series

λ :=
∑

α∈N[L:Qp]d
0

dαY
α

where dα ∈ K with |dα| · |πL|−n·|α| → 0 for |α| → ∞. It contains the kernel J of the map

g0 ⊗Zp oL → g, x⊗ a 7→ ax.

If the set J injects into some algebra we denote by 〈J〉 the two-sided ideal generated by
J in this algebra. Reasoning as in (the proof of) [47], Prop. 2.4 the quotient algebra
̂U(πnLg0)oL/〈J〉 is given by the πL-adically complete algebra of all series

λ :=
∑
β∈Nd0

eβY
′β

where eβ ∈ oL with |eβ| · |πL|−n·|β| → 0 for |β| → ∞ and Y′β := yβ11 · · · y
βd
d . It therefore

coincides with Û(πnLg) = Û(g)n. Now taking into account the discussion preceding the
map (5.4), the Lazard isomorphism (6.8) factores into an isomorphism

(6.9) LGpm : Û(g)n,K = Û(g)n ⊗oL K = ̂U(πnLg0)K/〈J〉
∼=−→ Dr0(G

pm

0 )/〈J〉 = Dr0(G
pm)
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and the inverse L−1
Gp

m yields an injective group homomorphism Gpm ↪→ Û(g)n
×
. For future

reference we summarize this discussion in a proposition.

Proposition 6.10. Let G be a L-uniform pro-p group such that LG = πkLg0 for some
k ≥ 1. Let m ≥ 1 and put n := (m−1)e+k. The Lazard isomorphism induces an algebra
isomorphism

LGpm : Û(g)n,K
∼=−→ Dr0(G

pm)

whose inverse yields an injective group homomorphism Gpm ↪→ Û(g)n
×
.

6.11. Let us keep the assumptions on the group G appearing in the preceding proposi-
tion. Let Z(gK) be the center of the ring U(gK) and let θ : Z(gK) → K be an algebra
homomorphism. We suppose that Z(gK) ↪→ D(G) has image in the center of the ring
D(G). For example, this is true whenever G is an open subgroup in the group of rational
points of a connected algebraic group over L ([52], Prop. 3.7). We then have the central
reduction

D(G)θ := D(G)⊗Z(gK),θ K

and similarly for any Dr(G). We remark that, since the ring Z(gK) is noetherian, the
ideal of D(G) (and Dr(G)) generated by ker θ is finitely generated and hence closed ([54],
remark before Prop. 3.6). It follows from loc.cit., Prop. 3.6 that

(6.12) D(G)θ
∼=−→ lim←−

r

Dr(G)θ.

On the other hand, given a weight λ ∈ HomoL(πnLt, oK) we have the central reduction

Ûλn ,K of Ûn,K from section 4. We suppose that θ is related to λK ∈ t∗K via the (untwisted)
Harish-Chandra homomorphism

φK : Z(gK)
∼=−→ S(tK)W,•

([17], Thm. 7.4.5). Here, (W, •) refers to the usual dot-action

w • µ := w(µ+ ρ)− ρ

of the Weyl group W on a weight µ ∈ tK . According to ([16], II.§6.1.5) and since
char(L) = 0, we have U(g)G ⊗oL L = Z(gL) which means that φK comes by base change
via oL → K from the homomorphism φ : U(g)G → S(t) of section 4. This justifies our
notation.

Corollary 6.13. The isomorphism LGpm of the preceding proposition factores into an
isomorphism

Ûλn ,K
∼=−→ Dr0(G

pm)θ.
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Proof. Let R := (U(g)G)n. By [4], Lemma 6.5 we have the canonical isomorphism

Ûλn ,K = Û(g)n ⊗R̂K ,λ K (∗)
where the completions are taken, as always, with respect to p-adic topologies. We claim
that the induced topology on R = (U(g)G)n ⊂ U(g)n is again the p-adic topology. Indeed,
since G acts oL-linearly on U(g) via its adjoint action, this is obvious for n = 0. The
general case n > 0 is reduced to this case when we can show that the natural map

(U(g)G)n ↪→ (U(g)n)G

is onto. Let x ∈ U(g)n be G-invariant. Since the deformed PBW -filtration on U(g)n
is still a split filtration and since G necessarily acts by strictly filtered isomorphisms we
may assume that x ∈ πinL FiU(g) for some i ≥ 0. But then

x ∈ πinL (FiU(g))G = πinL Fi(U(g)G) ∈ (U(g)G)n.

By the claim the p-adic completion R̂ equals the closure of R inside Û(g)n. This means

that R̂K equals the closure RK of RK = Z(gK) inside Û(g)n,K . So we deduce from (∗)
and the preceding proposition the isomorphism

Ûλn ,K
∼=−→ Dr0(G

pm)⊗RK ,λ K = Dr0(G
pm)⊗RK ,λ K = Dr0(G

pm)θ

which proves the assertion. �

In the next section we will apply these results in the case where G equals a certain principal
congruence subgroup in the rational points of the group scheme G.

7. Congruence kernels in semisimple p-adic groups

We assume in this section that p 6= 2.

7.1. We return to the setting of section 4. Consider the group G(oL) of oL-valued points
of the split reductive group scheme G. For every k ≥ 1 we have in G(oL) the normal
congruence subgroup

G(πkL) := ker (G(oL) −→ G(oL/π
k
LoL)).

Lemma 7.2. Let k ≥ e. The locally L-analytic group G(πkL) is L-uniform. The corre-
sponding oL-lattice in Lie(G(πkL)) = g⊗oL L is given by πkLg.

Proof. The construction in [18], §13. Ex. 11 extends from the split semisimple case to the
case of G. In particular, G(πkL) is an oL-standard group in the sense of loc.cit. or [13],
III.§7.3 and the corresponding oL-lattice -mapping onto G(πkL) via the exponential map-
is given by πkLg. Since k ≥ e, the Zp-Lie algebra πkLg0 = p(πk−eL g0) is powerful (recall
p 6= 2) and therefore G(πkL)0 is a uniform pro-p group (cf. [18], Thm. 9.8). �

According to the lemma we have LG(πkL) = πkLg0 for all k ≥ e. Hence the hypothesis

(HYP) from (6.6) is satisfied. Applying Prop. 6.10 yields the following proposition.
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Proposition 7.3. Let G := G(πkL) with k ≥ e. Let m ≥ 1 and put n := (m − 1)e + k.
There is a canonical algebra isomorphism

LGpm : Û(g)n,K
∼=−→ Dr0(G

pm)

whose inverse yields an injective group homomorphism Gpm ↪→ Û(g)n
×
.

7.4. In the following we let G = G(πkL) be a congruence subgroup for k ≥ e. We have
the finite group

Hm := G/Gpm .

We define inductively a set Hm of representatives for Hm in G containing 1 ∈ G with the
property

(7.5) Hm+1 = {gh : g ∈ Hm,m+1, h ∈ Hm}

where Hm,m+1 is a set of representatives for the group Gpm/Gpm+1
. Let

sm : Hm −→ G

be the corresponding section of the canonical projection homomorphism G → Hm. As
usual we write h = sm(h) for h ∈ Hm.

As in 5.12 we have a map τ ′ : Hm ×Hm → Gpm by requiring

h1h2 = h1h2 · τ ′(h1, h2)

in Gpm for hi ∈ Hm representatives of the classes hi. As in the above proposition, we let
from now on

n := n(m) := (m− 1)e+ k

which is ≥ 1. The group G acts from the right via the adjoint representation g 7→ Ad(g−1)
on U(g).3 This action descends to the deformation U(g)n and extends then to the p-adic

completion Û(g)n. Since Û(g)G is fixed pointwise by this action we have an action on

Ûλn = Û(g)n ⊗Û(g)G,λ
oK

by letting G act on the left factor. We therefore have a group homomorphism G →
Aut(Ûλn ) and, consequently, the map

σu : Hm
sm−→ G −→ Aut(Ûλn ).

On the other hand, there is the composite map

(7.6) τu : Hm ×Hm
τ ′−→ Gpm

L−1

Gp
m

−→ Û(g)n
×
−→ Ûλn

×

where the final map is given by x 7→ x⊗ 1.

3We use the right action here to match later with our convention for the action map of a crossed
product, cf. 2.1.
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Lemma 7.7. The action map σu induces a group homomorphism

Hm → Out(Ûλn ).

The map τu is a 2-cocycle with respect to σu.

Proof. Let σ′ : G → Aut(Gpm) be the right action given by conjugation of G on the
normal subgroup Gpm , i.e. σ′(g) : h 7→ g−1hg. It is easy to check that the identities

τ ′(xy, z) · τ ′(x, y)σ
′(z) = τ ′(x, yz) · τ ′(y, z), σ′(y)σ′(z) = σ′(yz)η(y, z)

hold for all x, y, z ∈ Hm where η(y, z) denotes the automorphism induced by right conju-
gation with τ ′(y, z). It remains to observe that the homomorphism L−1

Gpm
intertwines the

conjugation action on the source with the adjoint action on the target. �

According to the preceding lemma we have, for each m ≥ 1, an associative crossed product

Aλm := Ûλn ∗σu,τu Hm

where n = (m − 1)e + k ≥ 1 and Hm = G/Gpm . We emphasize that the datum σu, τu

depends on m. We put Aλm,K := Aλm ⊗oL K so that Aλm,K = Ûλn ,K ∗Hm.

7.8. Recall the homomorphism

resu : Ûλn+1,K
→ Ûλn ,K

for all n from the end of section 4. Using it we may define a K-linear homomorphism

resa : Aλm+1,K −→ Aλm,K

compatible with resu as follows: by (7.5) the source is a finite free Ûλn+1,K
-module on basis

elements gh ∈ Hm+1 where g ∈ Hm,m+1 ⊂ Gpm and h ∈ Hm and we put

resa(gh) := Lu(g) · h

where Lu equals the map

Gpm
L−1

Gp
m

−→ Û(g)n
×
−→ Ûλn

×

used in the definition of τu. It will follow from the proposition below that the K-linear
map resa is actually an algebra homomorphism.

Consider the central character

θ : Z(gK) −→ K

that is induced from λK ∈ t∗K via the Harish-Chandrda map φK and recall the central
reductions Drm(G)θ. Recall (5.13) the canonical inclusion Dr0(G

pm) ↪→ Drm(G). Cor.
6.13 and Prop. 7.3 imply the isomorphism

LGpm : Ûλn ,K
∼=−→ Dr0(G

pm)θ.
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The two maps compose to an algebra homomorphism

Ûλn ,K −→ Drm(G)θ.

Proposition 7.9. The homomorphism extends to an algebra isomorphism

Aλm,K
∼=−→ Drm(G)θ

which is compatible with variation in m. In particular, there is a canonical algebra iso-
morphism

AλK := lim←−
m

Aλm,K
∼=−→ D(G)θ.

Proof. Source and target are crossed products involving the same group Hm. It can be
checked that the corresponding actions and twistings are intertwined by the isomorphism
LGpm . This yields the first assertion. The second assertion follows by inspection. The
final assertion follows from (6.12) together with the fact that rm ↑ 1 for m→∞. �

7.10. Recall that the sheaf D̃ is (left) G-equivariant and, a fortiori, left G-equivariant.
Since G acts oL-linearly this structure descends to the deformation D̃n and then to the

p-adic completion ̂̃Dn. Since the image of

ψ̂n : Û(t)n −→ ̂̃Dn
lies in the G-invariants of ̂̃Dn ([38], §3) we obtain an equivariant structure on the central
reduction

D̂λn = ̂̃Dn ⊗Û(t)n,λ
oK

by letting G act on the left factor. Let U ∈ S. The algebra D̂λn(U) equals the p-adic
completion of Dλn(U) where Dλn = D̃n ⊗U(t)n,λ oK . Since S is a base for the topology on

X, the sheaf D̂λn is therefore supported only on the special fibre Xs = X ×oL κ of the
oL-scheme X. However, the set Xs is fixed pointwise by the group

G(πL) = ker (G(oL) −→ G(κ)).

Since G ⊆ G(πL) the equivariant G-structure is actually an action of G on the sheaf D̂λn.
Precomposing with the involution g 7→ g−1 we have a homomorphism

σ̃ : G −→ Aut(D̂λn)

(we remind the reader another time of our convention regarding the multiplication in
automorphism groups, cf. section 2). Consequently, we have a map

σD : Hm
sm−→ G −→ Aut(D̂λn)

where sm is our fixed section of the projection map G → Hm. Recall that we have an
algebra homomorphism

ϕ̂λn : Ûλn −→ Γ(X, D̂λn)
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which intertwines the (right) adjoint action on the source with our right action on the
target (cf. [38], §3). We have a map

τD : Hm ×Hm
τu−→ Ûλn

× ϕ̂λn−→ Γ(X, D̂λn)×.

Lemma 7.11. The action map σD induces a group homomorphism

Hm → Out(D̂λn).

The map τD is a 2-cocycle with respect to σD.

Proof. Let σ := σD, τ := τD. We know that τu is a 2-cocycle with respect to σu. By

the intertwining property of ϕ̂λn mentioned above we obtain the first of the following two
identities:

τ(xy, z) · τ(x, y)σ(z) = τ(x, yz) · τ(y, z), σ(y)σ(z) = σ(yz)η(y, z),

x, y, z ∈ Hm where η(y, z) denotes the automorphism of the sheaf D̂λn induced by right
conjugation with the unit τ(y, z). Let us show the second identity. By definition of τ ′ we
have in G

y · z = yz · τ ′(y, z).
Applying the homomorphism σ̃ we obtain

σ(y)σ(z) = σ(yz)σ̃(τ ′(y, z)).

We are therefore reduced to show

η(y, z) = σ̃(τ ′(y, z)) (∗)

as automorphisms of the sheaf D̂λn. Since D̂λn is supported on Xs, it suffices to prove this

for the restriction of D̂λn to Xs ([25], Prop. 6.4) which we denote by the same symbol.
Choose an open subset V ∈ S and put U := V ∩ Xs. It suffices to check that both

sides of (∗) induce the same automorphism of D̂λn(U). This assertion is then seen most
conceptually by introducing a certain completed skew group ring as follows (cf. [44], §3).
To ease notation and to make the comparison with loc.cit. more transparent we will for
the rest of this proof only consider left actions. Since U is contained in the special fibre,
the induced action of Gpm on X fixes U pointwise whence Gpm acts on OX(U) by ring
automorphisms. The derived action g→ TX of G on X induces, by restriction, an action
of πnLg on OX(U) by oL-derivations. We may therefore form the skew group ring and the
skew enveloping algebra

OX(U)#Gpm , OX(U)#U(g)n.

with respect to these actions ([37], 1.5.4, 1.7.10). Both rings have natural Gpm-actions:
given g ∈ Gpm let

g.(f ⊗ h) := (g.f)⊗ (ghg−1)



34 TOBIAS SCHMIDT

for f ∈ OX(U), h ∈ Gpm and

g.(f ⊗ x) := (g.f)⊗ (Ad(g)(x))

for f ∈ OX(U), x ∈ U(g)n. We let

ι : U(g)n ↪→ OX(U)#U(g)n, x 7→ 1⊗ x.

Let ÔX(U) be the p-adic completion of OX(U). Denote the base change to K of the p-adic

completion of the skew enveloping algebra by ÔX(U)K#Û(g)n,K . The Gpm-action extends

to this completion. There is a natural Gpm-equivariant surjective algebra homomorphism

pr : ÔX(U)K#Û(g)n,K −→
̂̃Dn,K(U)

compatible with the maps ι and ϕ̂n,K (cf. (4.5) and [39], Lemma C.1.3).

The Gpm-action on the Banach space ÔX(U)K is induced from the rational G-action on
X. It is therefore locally analytic as can be seen along the lines of (the proof of) [53],
Prop. 2.1’. According to [44], 3.2 there is a natural structure of topological K-algebra on
the completed tensor product

ÔX(U)K#Dr0(G
pm) := ÔX(U)K⊗̂KDr0(G

pm)

compatible with the two skew multiplication rings above via the maps

Gpm ↪→ Dr0(G
pm)×, LGpm : Û(g)n,K

∼=−→ Dr0(G
pm).

Note for the second compatibility that LGpm is compatible with the inclusions U(g) ⊂
Lie(Gpm) ⊂ D(Gpm) (prop. 6.3). The inclusion

OX(U)K#Gpm ↪→ ÔX(U)K#Dr0(G
pm)

has dense image ([52], Lemma 3.1) and the Gpm-action extends by continuity to the target.
We summarize this discussion in the following commutative diagram

̂̃Dn,K(U)

=

��

Û(g)n,K

ι

��

ϕ̂n,Koo
'

L
Gp
m

// Dr0(G
pm)

ι′

��̂̃Dn,K(U) ÔX(U)K#Û(g)n,Kpr
oo ' // ÔX(U)K#Dr0(G

pm)

where ι′(δ) := 1⊗̂δ. The lower horizontal arrows are Gpm-equivariant. Consider an element

g = LGpm (x) ∈ Gpm and λ ∈ ÔX(U)K#Û(g)n,K . We claim

g.λ = ι(x) · λ · ι(x)−1.

According to the right-hand part of the above commutative diagram this can be checked

in ÔX(U)K#Dr0(G
pm) where the identity reads

g.λ = ι′(g) · λ · ι′(g)−1.
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By a density argument using again [52], Lemma 3.1 it suffices to check this identity on
elements of the form λ = f ⊗ δh with f ∈ OX(U), δh ∈ Gpm , i.e. in the skew group ring
OX(U)#Gpm . Denoting by · the skew multiplication in the latter ring we have

g.(f · δh) = (g.f) · (gδhg−1) = g · f · g−1 · (gδhg−1) = g · (f · δh) · g−1

which is the assertion. Using the left-hand part of the above commutative diagram we

deduce that a group element g = LGpm (x) ∈ Gpm acts on ̂̃Dn,K(U) by conjugation with

ϕ̂n,K(x). Passing to central reductions via λ we see that such an element acts on D̂λn,K(U)

by conjugation with ϕ̂λn,K(x). Applying this to the element τu(y, z) ∈ Ûλn ,K and observing

that LGpm ◦ τu = τ ′ (cf. (7.6)) we see that τ ′(y, z) acts from the left on ̂̃Dn,K(U) by left

conjugation with the unit ϕ̂λn,K(τu(y, z)) = τ(y, z) which is what we want. �

To ease notation we abbreviate σ := σD, τ := τD in the following. By section 2 and the
lemma we have, for each m ≥ 1, a crossed product sheaf of associative K-algebras

Aλm,K := D̂λn,K ∗σ,τ Hm

where n = (m− 1)e + k and Hm = G/Gpm . We emphasize that the datum σ, τ depends

on m. Since D̂λn,K is a sheaf of coherent rings, so is Aλm,K .

7.12. Let us assume that the weight λ+ ρ ∈ t∗K is dominant and regular. Since Aλm,K is

a finite free (left) module over D̂λn,K , the equivalence of categories for D̂λn,K given in Thm.

4.9 admits the following straightforward version over the sheaf of rings Aλm,K . Recall

the functor Locλ of (4.11). Given a coherent Γ(X,Aλm,K)-module M we may form the

Aλm,K-module

Lλ(M) := Aλm,K ⊗Γ(Aλm,K) M.

Any element µ in this module can be written as∑
k,i

λk(µ)hk ⊗mi =
∑
k,i

λk(µ)⊗ hk.mi

with λ(µ)k ∈ Ûλn ,K ,mi ∈M . The natural homomorphism

Locλ(M) � Lλ(M)

of D̂λn,K-modules induced by the embedding D̂λn,K ↪→ Aλm,K is therefore surjective. Since

Locλ(M) is a coherent D̂λn,K-module (Thm. 4.9), Lλ(M) is a coherent Aλm,K-module. In

a similar manner we deduce that Γ(M) is a coherent Γ(Aλm,K)-module for any coherent

Aλm,K-module M. We therefore have the adjoint pair (Lλ,Γ(·)) between the abelian

categories coh(Γ(Aλm,K)) and coh(Aλm,K).
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Proposition 7.13. Suppose the weight λ + ρ ∈ t∗K is dominant and regular. The pair
(Lλ,Γ(·)) induces mutually inverse equivalence of categories

coh(Γ(Aλm,K))
∼=−→ coh(Aλm,K).

Proof. By Thm. 4.9 the functor Γ(·) is exact and has no kernel. By [6], Lemma 2.4
it suffices to check that the counit ηM : M → Γ(Lλ(M)) is an isomorphism for M ∈
coh(Γ(Aλm,K)). Since M is coherent, it has a finite free presentation as Γ(Aλm,K)-module.
Since ηΓ(Aλm,K) is obviously an isomorphism and Γ(Lλ(·)) is right-exact, the claim follows

from the Five Lemma. �

7.14. Let U ∈ S and h ∈ Hm. Since σ(h) preserves the unit ball D̂λn(U) of the K-Banach

algebra D̂λn,K(U) it acts on the latter by isometries. Recall (cf. (4.14)) the algebra
homomorphism

resD : D̂λn+1,K
−→ D̂λn,K

induced by D̃n+1 ⊆ D̃n. Using this homomorphism we may define a K-linear homomor-
phism

resA : Aλm+1,K −→ Aλm,K
compatible with resD by a procedure very similar to the one we used for the rings Aλn,K .

Indeed, the source is a finite free D̂λn+1,K
-module on basis elements gh ∈ Hm+1 where

g ∈ Hm,m+1 ⊂ Gpm and h ∈ Hm and we put

resA(gh) := LD(g) · h

where LD equals the composite of the map

Lu : Gpm
L−1

Gp
m

−→ Û(g)n
×
−→ Ûλn

×

used in the definition of τu and the map ϕ̂λn : Ûλn
×
→ Γ(X, D̂λn)×.

Lemma 7.15. The morphism resA is multiplicative.

Proof. Let g ∈ Hm,m+1 ⊂ Gpm , h ∈ Hm and λ a local section of D̂λn+1,K
. By definition

resA(h · σ(h)(λ)) = resA(λ · h) = resD(λ) · h

and the right-hand side equals, by equivariance of resD,

h · σ(h)(resD(λ)) = resA(h) · resA(σ(h)(λ)).

Similarly,

resA(g · σ(g)(λ)) = resA(λ · g) = resD(λ) · LD(g).
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We have shown in the proof of lemma 7.11 that the group element g operates on the local

section resD(λ) with respect to the G-structure on the sheaf D̂λn,K through conjugation

by the global unit LD(g) ∈ Γ(X, D̂λn,K)×. This implies

resD(λ) · LD(g) = LD(g) · σ(g)(resD(λ)) = resA(g) · resA(σ(g)(λ)).

Finally, we have to show that resA respects products of the form h1·h2 with h1, h2 ∈ Hm+1.
Since the map resa from 7.8 is multiplicative we have resa(h1) · resa(h2) = resa(h1 · h2).

Applying the multiplicative map ϕ̂λn,K and the preceding lemma yields the claim. �

We therefore have the projective system (Aλm,K)m of sheaves of K-algebras. By Cor. 4.16
and Prop. 2.12 it satisfies the conditions (i),(ii),(iii) of section 2. Hence, letting

AλK := lim←−
m

Aλm,K

be the projective limit we have the chain of full abelian subcategories

coh(AλK) ⊂ CAλK ⊂ Mod(AλK)

and the equivalence of categories

(7.16) Γ : coh((Aλm,K)m)
∼=−→ CAλK .

7.17. We shall need a simple lemma on the behaviour of the categories coh(Aλm,K) relative

to the restriction maps resA. Let (Mm)m be a projective system withMm ∈ coh(Aλm,K).

We have a natural map of Γ(Aλm,K)-modules

Γ(Aλm,K)⊗Γ(Aλm+1,K) Γ(Mm+1) −→ Γ(Aλm,K ⊗Aλm+1,K
Mm+1).

Lemma 7.18. Suppose the weight λ + ρ ∈ t∗K is dominant and regular. The above map
is an isomorphism.

Proof. The sheafAλm,K is a sheaf of coherent rings. TheAλm,K-moduleAλm,K⊗Aλm+1,K
Mm+1

is hence of finite presentation and therefore coherent (cf. (2.4)). According to the above
proposition, Γ(·) is exact on coherent modules over either Aλm,K or Aλm+1,K and therefore
both sides of our map are right-exact functors in Mm+1. By the above proposition, we
have a global finite presentation (Aλm+1,K)b → (Aλm+1,K)a → Mm+1 → 0. The Five

Lemma reduces us therefore to the case Mm+1 = Aλm+1,K which is obvious. �

7.19. We now compute the global sections of the sheaf AλK under the hypothesis (H1)-
(H3) of (4.10). To this end, recall the projective system

Aλm,K = Ûλn ,K ∗σu,τu Hm

where n = (m− 1)e+ k and Hm = G/Gpm . The algebra homomorphism

ϕ̂λn,K : Ûλn ,K −→ D̂λn,K
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extends to a linear map

Aλm,K −→ Aλm,K (∗)
preserving the basis elements h for h ∈ Hm on both sides.

Lemma 7.20. The linear map (∗) is multiplicative and compatible with variation in m.

Proof. The map (∗) respects the action maps σu, σ since ϕ̂λn,K intertwines the adjoint

action with the G-action on the target. Since moreover τ = ϕ̂λn ◦ τu the map (∗) is

multiplicative. The final assertion is obvious from LD = ϕ̂λn ◦ Lu. �

Corollary 7.21. If (H1)-(H3) hold, then (∗) induces a algebra isomorphisms

Aλm,K
∼=−→ Γ(X,Aλm,K)

for all m and, in the projective limit, an algebra isomorphism

D(G)θ
∼=−→ Γ(X,AλK).

Proof. The first statement follows from Thm. 4.11. The second statement follows then
from the preceding lemma and Prop. 7.9. �

7.22. Let now G = G(πkL) be an any congruence subgroup for k ≥ 1. The above
discussion for the case k ≥ e extends in an obvious way to the general case as follows.

Let G̃ = G(πk̃L) for k̃ ≥ max(e, k) and let Hm, A
λ
m,K , A

λ
K ,Aλm,K ,AλK be formed relative to

G̃ as described above. We have the finite group Gm = G/G̃pm containing Hm as a normal
subgroup. We choose a system of representatives R for Gm/Hm in G containing 1 ∈ G
and let Gm = Hm · R (in obvious notation) be the induced system of representatives
of Gm in G. This extends the maps sm and τ ′ from Hm to Gm. We therefore obtain

extensions of σu and τu to Gm and corresponding crossed products Bλ
m,K = Ûλn ,K ∗ Gm

and Bλm,K = D̂λn,K ∗Gm. According to [43], Lemma 1.3 these are actually crossed products

over Aλm,K and Aλm,K relative to the finite group Gm/Hm = G/G̃ respectively. Passing to
the limit over m we obtain crossed products

Bλ
K = AλK ∗ (G/G̃) and BλK = AλK ∗ (G/G̃).

Using D(G)θ = D(G̃)θ ∗ (G/G̃) one deduces, in case (H1)− (H3) hold, without difficulty

an algebra isomorphism D(G)θ
∼=−→ Γ(X,BλK) extending Cor. 7.21. Finally, if λ+ ρ ∈ t∗K

is dominant and regular, we have the analogues of Prop. 7.13 and Lem. 7.18 for the
projective system (Bλm,K)m which follow with the same proofs.

8. The equivalence of categories

Let in the following

G = G(πkL) = ker (G(oL) −→ G(oL/π
k
LoL))
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be a congruence subgroup for some k ≥ 1. We assume p 6= 2 and that the hypothesis
(H1)-(H3) of (4.10) are satisfied.

8.1. Recall that Z(gK) equals the center of the universal enveloping algebra U(gK) and
that Z(gK) lies in the center of the ring D(G) ([52], Prop. 3.7). We fix a character

θ : Z(gK) −→ K

and the central reduction
D(G)θ := D(G)⊗Z(gK),θ K

of D(G). As we have explained the algebra D(G)θ = lim←−mDrm(G)θ is again Fréchet-Stein
and its coadmissible modules

CG,θ = CG ∩Mod(D(G)θ)

are in duality with admissible locally analytic G-representations having infinitesimal char-
acter θ.

Remark: Building on a p-adic version due to Ardakov-Wadsley ([4], §8) of the famous
Quillen’s lemma it is shown in the preprint [19] that any topologically irreducible admissi-
ble locally analytic G-representation admits, up to a finite extension of K, an infinitesimal
character.

Up to a finite extension of K there is an element λ ∈ t∗K that pulls back to θ under the
Harish-Chandra homomorphism φK . We fix such a λ. There is then a minimal m(λ) ≥ 0

such that λ(π
m(λ)
L t) ⊆ oK , i.e.

λ ∈ HomoL(πmL t, oK)

for all m > m(λ). We tacitly restrict in the following to numbers m > m(λ). According
to the final paragraph in the preceding section, we may associate to G a sheaf of rings
AλK on X which comes with an isomorphism

D(G)θ
∼=−→ Γ(X,AλK)

and an abelian category of coadmissible sheaves CAλK . It allows to introduce the functor

Lλ : Mod(D(G)θ)→ Mod(AλK), M 7→ AλK ⊗D(G)θ M.

It is left adjoint to the global section functor Γ(X, .) and therefore right exact. The two
units of the adjunction induce natural maps

(8.1) M −→ Γ ◦ Lλ(M), Lλ ◦ Γ(M) −→M

for any M ∈ Mod(D(G)θ) and M ∈ Mod(AλK). We do not know whether Lλ(M) ∈ CAλK
for a general M ∈ CG,θ. However, we still have following.

Theorem 8.2. Suppose the weight λ + ρ ∈ t∗K is dominant and regular. The functor
Γ(X, .) induces an equivalence of categories

CAλK
∼=−→ CG,θ.
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A quasi-inverse is given by the functor

L̃λ : M 7→ lim←−
m

(Aλm,K ⊗D(G)θ M).

If M is a finitely presented D(G)θ-module the natural morphism Lλ(M)
∼=−→ L̃λ(M) is an

isomorphism.

Proof. Let (Mm)m be a projective system with coherent Aλm,K-modulesMm. Put Mm :=

Γ(Mm) ∈ Modfg(Aλm,K). According to the Cor. 7.18 the natural map

Aλm,K ⊗Aλm+1,K
Mm+1 −→Mm

is an isomorphism precisely when the natural map

Aλm,K ⊗Aλm+1,K
Mm+1 −→Mm

is an isomorphism, i.e. precisely when (Mm)m ∈ coh((Aλm,K)m). This means that the

collection of category equivalences coh(Aλm,K)
∼=−→ Modfg(Aλm,K) induced by Γ(·) induces

a category equivalence
(Mm)m 7→ (Γ(Mm))m

between coh((Aλm,K)m) and the abelian category of families (Mm)m of finitely generated

Aλm,K-modules with the property Aλm,K ⊗Aλm+1,K
Mm+1

∼=−→ Mm. By definition the latter

equals the category of coherent sheafs for the distribution algebra D(G)θ. We therefore
have the equivalence

CAλK
∼=−→ CG,θ

given by the composite

M 7→ (Aλm,K ⊗AλKM)m 7→ (Γ(Aλm,K ⊗AλKM))m 7→ lim←−
m

Γ(Aλm,K ⊗AλKM)

and the right-hand term equals Γ(lim←−mA
λ
m,K ⊗AλK M) = Γ(M) according to Prop. 2.8.

From the definitions we read off that a quasi-inverse is given by the functor

L̃λ : M 7→ lim←−
m

(Aλm,K ⊗D(G)θ M).

We have a natural morphism f : Lλ(M) → L̃λ(M) induced by the maps AλK → Aλm,K
where the target is coadmissible. If M is finitely presented, the source is also coadmissible.
Since the morphism becomes an isomorphism for all m after applying Aλm,K ⊗AλK (·), it is
an isomorphism. �

Corollary 8.3. Let Rep(G)θ be the category of admissible locally analytic G-representations
over K with infinitesimal character θ. Let λ ∈ t∗K be a weight that corresponds to θ under
the (untwisted) Harish-Chandra homomorphism. Suppose λ+ ρ is dominant and regular.
There is an equivalence of categories

CAλK
∼=−→ Rep(G)θ
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given by M 7→ Γ(X,M)′b.

8.4. The completion Û(gK) of U(gK) with respect to all submultiplicative seminorms
is called the Arens-Michael envelope of the p-adic Lie algebra gK and was studied in the
papers [45],[48]. It is a Fréchet-Stein algebra and we have the abelian category C (Û(gK)θ)

of coadmissible modules over the central reduction Û(gK)θ at the infinitesimal character
θ. Arguing as in [45], Prop. 3.2.3 and using the formula (∗) in the proof of [54], Prop. 3.7

we see that Û(gK)θ is canonically isomorphic to the projective limit of the Ûλn ,K . On the

other hand, we may form the projective limit D̂λK of the D̂λn,K . According to Cor. 4.16
we have the chain of full abelian subcategories

coh(D̂λK) ⊂ CD̂λK
⊂ Mod(D̂λK).

The commutative diagram at the end of section 4 induces a map Û(gK)θ → D̂λK . According
to Thm. 4.9, it is an isomorphism on global sections in case (H1)-(H3) hold. Completely
similar to the above discussion one may prove in this case that, if λ+ ρ is dominant and

regular, then the functor M 7→ lim←−n (Ûλn ,K⊗Û(gK)θ
M) induces an equivalence of categories

C (Û(gK)θ)
∼=−→ CD̂λK

with quasi-inverse given by Γ(X, .). This equivalence is compatible with Thm. 8.2 in the
obvious way.

9. Dimension computations

As an application of the above methods we prove in this final section a locally analytic
version of Smith’s theorem ([56]). First, we have to recall some notation and properties
concerning the canonical dimension. The canonical dimension (or rather the codimension)
in the context of locally analytic representations appears first in [54],§8.

9.1. We recall (cf. [35], chap. III.) the notion of an Auslander regular ring. Let R
be an arbitrary associative unital ring. For any (left or right) R-module N the grade
jR(N) is defined to be either the smallest integer l such that ExtlR(N,R) 6= 0 or ∞. A
left and right noetherian ring R is called left and right Auslander regular if its left and
right global dimension is finite and if every finitely generated left or right R-module N
satisfies Auslander’s condition: for any l ≥ 0 and any R-submodule L ⊆ExtlR(N,R) one
has jR(L) ≥ l.

In the following the term module always means left module. Noetherian rings are two-
sided noetherian and other ring-theoretic properties such as Auslander regular are used
similarly.

Let R be an Auslander regular ring and M a finitely generated R-module. The number

dR(M) := gld(R)− jR(M)
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is called the canonical dimension of M . The map M 7→ dR(M) is a finitely partitive exact
dimension function in the sense of [37], §6.8.4 and §8.3.17. For this and more details on
the canonical dimension for finitely generated modules over an Auslander regular ring (or
more generally, an Auslander-Gorenstein ring) we refer to [34].

A commutative noetherian ring is Auslander regular if and only if it is regular ([35],
III.2.4.3). Let R be an associative ring endowed with a separated exhaustive Z-filtration
by additive subgroups such that R is complete in the filtration topology. If the associated
graded ring of R is Auslander regular of (left and right) global dimension d then R
is Auslander regular and has (left and right) global dimension ≤ d ([loc.cit.], II.2.2.1,
II.3.1.4, III.2.2.5).

9.2. Let now G be a locally L-analytic group which is L-uniform. Recall that the rings
underlying the K-Banach algebras Dr0(G

pm) and Drm(G) are noetherian ([54], Thm. 4.5).

Proposition 9.3. Let m ≥ 1 and let A denote one of the rings Dr0(G
pm) or Drm(G).

Then A is Auslander regular of (left and right) global dimension equal to d = dimLG. A
finitely generated A-module M is finite dimensional over K if and only if dA(M) = 0.

Proof. By Lem. 5.11 the ring Drm(G) is a finite free extension of Dr0(G
pm) on a basis a

system of representatives for the group G/Gpm . By [54], Lem. 8.8 and [46], Cor. 7.3 it
therefore suffices to prove the proposition in the case A = Dr0(G

pm). By Lem. 5.15 and
the discussion above the ring A is seen to be Auslander regular of global dimension ≤ d
and, at the same time, a complete doubly filtered K-algebra with Gr(A) = k[u1, ..., ud].
Furthermore, functoriality of D(·) gives a K-algebra homomorphism

D(Gpm)→ D({1}) = K

which extends to A and hence, A admits a nonzero module of finite K-dimension. Now
[4], Prop. 9.1 completes the proof. �

For future reference we repeat the following ingredient of the preceding proof.

Corollary 9.4. If M denotes a finitely generated Drm(G)-module M then

dDrm (G)(M) = dDr0 (Gpm )(M).

9.5. As before we now let G be a connected split reductive group scheme over oL with
Lie algebra g. We assume that (H1)-(H3) from (4.10) hold. Let G′C denote the complex
derived algebraic group of G and let g′C be its Lie algebra. It is known that there is a
unique non-zero coadjoint G′C-orbit in (g′C)∗ of minimal dimension ([14], Rem. 4.3.4) and
its dimension is an even integer ≥ 2. Let r denote half this dimension. According to
work of A. Joseph ([28]) the values of r are well-known. The following table is taken from
loc.cit. with the two corrections noted in [29].

Φ Al Bl Cl Dl E6 E7 E8 F4 G2

dim g′C l2 + 2l 2l2 + l 2l2 + l 2l2 − l 78 133 248 52 14
r l 2l − 2 l 2l − 3 11 17 29 8 3.
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9.6. Let G̃ be from now on a locally L-analytic group whose L-Lie algebra Lie(G̃) is
isomorphic to gL := L⊗oL g. Let us identify these Lie algebras via such an isomorphism.

Let d = dimLLie(G̃). Choose k ≥ 1 sufficiently large such that expG̃ is defined on
Λ := πkLg and such that

G := expG̃(Λ)

is an open subgroup of G̃ which is L-uniform. Then

LG = Λ = πkLg0

as Lie algebras over Zp where g0 equals g but viewed over Zp. In other words, the condition
(HYP) from 6.6 is satisfied. Let m ≥ 1. According to Prop. 6.10 we have a canonical
algebra isomorphism

LGpm : Û(g)n,K
∼=−→ Dr0(G

pm , K)

where n := (m− 1)e+ k ≥ 1. At this point we recall a deep theorem of [4].

Theorem 9.7. (Ardakov/Wadsley) Let A := Û(g)n,K. If M is a finitely generated (left)

A-module with dA(M) ≥ 1, then dA(M) ≥ r.

Proof. It is straightforward to check that the results of loc.cit., 9.3/4/5/6 extend from the
semisimple case considered there to the case of G. We may therefore assume, by passing

to a finite field extension of K, that M is a (finitely generated) Ûλn ,K-module for a weight
λ ∈ t∗K such that λ + ρ is dominant. There is a canonical decomposition as Lie algebras
g = a × g′ with abelian a and a semisimple algebra g′ 6= 0. The (completed deformed)

central reduction Ûλn depends only on g′. The claim follows now as in the proof of loc.cit.,
Thm. 9.10. �

Remark: Thm. 9.10 of loc.cit. is the analogue of Smith’s theorem for p-adically completed
universal enveloping algebras. It allows to prove a similar analogue for certain Iwasawa
algebras culminating in the main result of loc.cit.

By Cor. 9.4 we have

Corollary 9.8. If M is a finitely generated (left) Drm(G)-module with dDrm (G)(M) ≥ 1
then dDrm (G)(M) ≥ r.

As we have pointed out in section 5 the projective system of noetherianK-Banach algebras
Drm(G) for m ≥ 1 defines the Fréchet-Stein structure of D(G). By Prop. 9.3 the rings
Drm(G) are Auslander regular with global dimension equal to d. This implies ([54], §8)
that the category of coadmissible modules CG̃ is equipped with a well-behaved canonical
codimension function defined as codim(M) := jD(G)(M) for a coadmissible module M .
This number does not depend on the choice of G. Let dim(M) := d − codim M . Hence
0 ≤ dim(M) ≤ d if M 6= 0 and dim(0) = −∞.

Theorem 9.9. Let M ∈ CG̃ with dim(M) ≥ 1. Then dim(M) ≥ r.
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Proof. According to [54], Lem. 8.4 we have dim(M) := supm≥1 dDrm (G)(Mm) and hence
dim(M) = dDrm′ (G)(Mm′) ≥ 1 for a particular m′ ≥ 1. Now apply Cor. 9.8 to Mm′ . �

Proposition 9.10. Let M ∈ CG̃. Then M is zero-dimensional if and only if the coherent
sheaf of M consists of finite-dimensional K-vector spaces.

Proof. If M is zero-dimensional then dDrm (G)(Mm) = 0 for all m ≥ 1 and the claim follows
from Prop. 9.3. The other implication is [46], Thm. 8.4. �
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