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1 Abstract.
Let 𝑘 be a field and let 𝑉 be a finite dimensional vector space over 𝑘. The group 𝐺𝐿(𝑉 )
acts on 𝑘[𝑉 ], and if 𝐺 is a subgroup of 𝐺𝐿(𝑉 ), it is natural to ask for a description of the
subalgebra of invariant maps, 𝑘[𝑉 ]𝐺. For example, S𝑛 acts on 𝑘𝑛 by permutation of the
coordinates, and the algebra of invariants 𝑘[𝑥1, . . . , 𝑥𝑛]S𝑛 is known to be 𝑘[𝜎1, . . . , 𝜎𝑛]
where the 𝜎𝑖 are the elementary symmetric polynomials.
The Chevalley-Shephard-Todd theorem gives a description of the subgroups 𝐺 ⊂ 𝐺𝐿(𝑉 )
such that 𝑘[𝑉 ]𝐺 is an algebra of polynomials. An automorphism of 𝑉 is called a pseudo-
reflection if it has an invariant hyperplane, and has finite order ≥ 2 (note that reflections
are merely pseudoreflections of order 2).
Theorem. (Chevalley-Shephard-Todd)
Let 𝐺 ⊂ 𝐺𝐿(𝑉 ) be a finite subgroup. Assume that the characteristic of 𝑘 does not divide
the order of 𝐺. Then the following conditions are equivalent :

— 𝐺 is generated by pseudoreflections,
— 𝑘[𝑉 ]𝐺 is an algebra of polynomials.

For example, this theorem applies in the case of the action of S𝑛 on 𝑘𝑛 (when the
characteristic of 𝑘 is > 𝑛) because S𝑛 is generated by the transpositions, and transposition
act as reflections of 𝑘𝑛.

The goal of the seminar is to provide a proof of the theorem, as well as some examples
and counterexamples. It will be possible to focus on the easier case of reflections as in [1],
or to go a little further and provide other characterizations of finite subgroups generated
by pseudoreflections as in [2]. The student may also want to look at the original paper
by Shephard and Todd [3].
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