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Abstract

Let F be a p-adic local field and G = GLs over F. Let H" be the pro-p Iwahori-Hecke
algebra of the group G(F) with coefficients in the algebraic closure F,. We show that the
supersingular irreducible HMW-modules of dimension 2 can be realized through the equivariant
cohomology of the flag variety of the Langlands dual group G over F,.
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1 Introduction

Let F be a finite extension of Q, with residue field F, and let G be a connected split reductive
group over F. Let H = R[I \ G(F')/I] be the Iwahori-Hecke algebra associated to an Iwahori
subgroup I C G(F), with coefficients in an algebraically closed field R. On the other hand, let G
be the Langlands dual group of G over R, and B the flag variety of Borel subgroups of G over R.



~When R = C, the irreducible H-modules appear as subquotients of the Grothendieck group
KG (g)c of é—equivariant coherent sheaves on B. As such they can be parametrized by the iso-
morphism classes of irreducible tame é((C)—representations of the absolute Galois group Gal(F/F)
of F, thereby realizing the tame local Langlands correspondence (in this setting also called the
Deligne-Lusztig conjecture for Hecke modules): Kazhdan-Lusztig [KL87], Ginzburg [CG97]. The
idea of studying various cohomological invariants of the flag variety by means of Hecke operators
(nowadays called Demazure operators) goes back to earlier work of Demazure [D73] [D74]. The
approach to the Deligne-Lusztig conjecture is based on the construction of a natural H-action on
the whole K-group K G(B)C which identifies the center of H with the K-group of the base point
KG (pt)c. The finite part of M acts thereby via appropriate g-deformations of Demazure operators.

When R = F, any irreducible (A}(Fq)-representation of Gal(F/F) is tame and the Iwahori-Hecke
algebra needs to be replaced by the bigger pro-p-Iwahori-Hecke algebra

HO =F 1MW\ G(F)/1V].

Here, I(Y) < I is the unique pro-p Sylow subgroup of I. The algebra H(!) was introduced by
Vignéras and its structure theory developed in a series of papers [V04, V05| V06, V14l V15| V16
V17]. The class of so-called supersingular irreducible H(")-modules figures prominently among all
irreducible HM-modules, since it is expected to be related to the arithmetic over the field F. For
G = GL,, there is a distinguished correspondence between supersingular irreducible H("-modules
of dimension n and irreducible GL, (F,)-representations of Gal(F/F): Breuil [Br03], Vignéras
[VO04], [V05], Colmez [C10], Grosse-Klonne [GK16], [GK18].

Our aim is to show that the supersingular irreducible H M- modules of dimension n can_again
be realized as subquotients of some G-equivariant cohomology theory of the flag variety B over
F,, although in a way different from the C-coefficient case. Here we discuss the case n = 2, and
we will treat the case of general n in a subsequent article [PS2].

From now on, let R = Fq and G = GLy. The algebra H™) splits as a direct product of
subalgebras H” indexed by the orbits v of &3 in the set of characters of (F )2, namely the Iwahori
components corresponding to trivial orbits, and the regular components. Accordingly, the category
of HM-modules decomposes as the product of the module categories for the component algebras.
In each component sits a unique supersingular module of dimension 2 with given central character.

On the dual side, we have the projective line B = IP’% over IF with its natural action by fractional
q

transformations of the algebraic group G = GLy(F,).

For a non-regular orbit 7, the component algebra H” is isomorphic to the mod p Iwahori-Hecke
algebra H =TF,[I\G(F)/I] and the quadratlc relations in H are idempotent of type T2 = —Tj. The
G- equivariant K-theory K G(B)E of B comes with an action of the classical Demazure operator
at g = 0. Our first result is that this action extends uniquely to an action of the full algebra H on
KG (B)f which is faithful and which identifies the center Z(#H) of H with the base ring KG(pt) 7,
It is constructed from natural presentations of the algebras # and Z(#) [V04] and through the
characteristic homomorphism

ZIA] =5 KC(B)

which identfies the equivariant K-ring with the group ring of characters A of a maximal torus in G.
In particular, everything is explicit. We finally show that, given a supersingular central character
0 : Z(H) — F,, the central reduction K G(B)g is isomorphic to the unique supersingular H-module
of dimension 2 with central character 6.

For a regular orbit v, the component algebra H? is isomorphic to Vignéras second Iwahori-
Hecke algebra Ho [V04]. It can be viewed as a certain twisted version of two copies of the mod
p nil Hecke ring H™!' (introduced over the complex numbers by Kostant-Kumar [KK86]). In
particular, the quadratlc relations are nilpotent of type T2 = 0. The G- equivariant intersection

theory CH G(B)E of B comes with an action of the classical Demazure operator at g = 0. We show

that this action extends to a faithful action of H™! on CHE (E)Fq- To incorporate the twisting, we



then pass to the square B2 of B and extend the action to a faithful action of H; on C’Ha(l/S’\Q)Fq.

The action identifies a large part Z°(Hz) of the center Z(Hz) with the base ring CHG(pt)Fq. As
a technical point, one actually has to pass to a certain localization of the Chow groups to realize
these actions, but we do not go into this in the introduction. As in the non-regular case, the action
is constructed from natural presentations of the algebras Ho and Z(Hz) [V04] and through the
characteristic homomorphism ~

Sym(A) —» CHG(g)

which identifies the equivariant Chow ring with the symmetric algebra on the character group
A. So again, everything is explicit. We finally show that, given a supersingular central character
0 : Z(Hz2) — F,, the semisimplification of the Z°(Hz)-reduction of (the localization of ) C HS (52)F
equals a direct sum of four copies of the unique supersingular Hs-module of dimension 2 with central
character 6.

In a final section we discuss the aforementioned bijection between supersingular irreducible
H%l)—modules of dimension 2 and irreducible smooth G Ly (F,)-representations of Gal(F/F) in the

q
light of our geometric language.

Notation: In general, the letter F' denotes a locally compact complete non-archimedean field
with ring of integers op. Let F, be its residue field, of characteristic p and cardinality g. We denote
by G the algebraic group GLs over F' and by G := G(F) its group of F-rational points. Let T C G
be the torus of diagonal matrices. Finally, I C G denotes the upper triangular standard Iwahori

subgroup and I) € T denotes the unique pro-p Sylow subgroup of I. Without further mentioning,
all modules will be left modules.

2 The pro-p-Iwahori-Hecke algebra

Let R be any commutative ring. The pro-p Iwahori Hecke algebra of G with coefficients in R is
defined to be the convolution algebra

1Yy (q) == (RIV\G/ID], %)

generated by the I(M-double cosets in G. In the sequel, we will assume that R is an algebra over

the ring
1

Z[—q —

The first examples we have in mind are R = F, or its algebraic closure R = F,,.

a,uqfl]~

2.1 Weyl groups and cocharacters

2.1.1. We denote by
A =Hom(G,,,T)=Zm @ Zn: ~Z B 7L

the lattice of cocharacters of T with standard basis n;(x) = diag(z,1) and n(z) = diag(l, z).
Then a = (1,—1) € A is a root and

§=8a=581,-1):LDL — LSL

(nl,ng) — (ng,nl)

is the associated reflection generating the Weyl group Wy = {1, s}. The element s acts on A and
hence also on the group ring Z[A]. The two invariant elements

£ :=e10 1O and g =MD
in Z[A]* define a ring isomorphism
AT = Z[eDD, (eP)E] =z
e — g
6(1,1) — 52



where A* :=Z>((1,0) @ Z(1, 1) is the monoid of dominant cocharacters.

2.1.2. We introduce the affine Weyl group W,g and the Iwahori-Weyl group W of G:

Wag = S Wo C W =™ x W,.
With

ui=e10g = 5601
one has W = Wog x Q where Q = u% ~ Z. Let sg = el Dg = se(-1:1) = ysu~L. Recall that the
pair (Wag, {so0, s}) is a Coxeter group and its length function ¢ can be inflated to W via £|q = 0.

2.2 Idempotents and component algebras

2.2.1. We have the finite diagonal torus
T :=T(F,)

and its group ring R[T]. As ¢ — 1 is invertible in R, so is |T| = (¢ — 1)? and hence R[T] is a
semisimple ring. The canonical isomorphism T ~ I/ (1) induces an inclusion
R[T) C HY(q).
We denote by TV the set of characters
AT — F
of T, with its natural Wy-action given by

A(t1,t2) = A(ta, t1)

for (t1,t2) € T. The number of Wy-orbits in TV equals qQQJ. Also W acts on TV through the
canonical quotient map W — Wj.

2.2.2. Definition. For all A € TV, define

ex= T Y ATy € R[T]
teT
and for all v € TV /Wy,
€y 1= Zs,\ € R[T.

Following the terminology of [V04], we call |y| = 1 the Twahori case or non-regular case and
|v] = 2 the regular case.

2.2.3. Proposition. For all A € TV, the element €y is an idempotent. For all v € TV /Wy, the

element € is a central idempotent in Hg)(q). The R-algebra Hg)(q) is the direct product of its
P 1 ;

sub-R-algebras Hy’ (q)e, i-e.

1= [ #H% (e,
y€ETY /Wo

Proof. This follows from [V04, Prop. 3.1] and its proof. O

The proposition implies that the category of "Hg)(q)—modules decomposes into a finite product

of the module categories for the individual component rings Hg)(q)sv.



2.3 The Iwahori-Hecke algebra
Our reference for the following is [V04], 1.1/2].

2.3.1. Definition. Let q be an indeterminate. The generic Iwahori-Hecke algebra is the Z[q]-
algebra H(q) defined by generators

H(q) := @ ZIQ)T iy ma) © Z[A)T oy ima)

(n1,n2)€Z?

and relations:
e braid relations

TwTw = Tww forw,w' € W if l(w) + L(w'") = £(ww")

e quadratic relations
T‘?U = (q - 1)T€0 + q.

2.3.2. Setting S := T, and U := T, one can check that
H(q) = Z[q)[S,U*"], S$*=(q—-1)S+q, U>S=SU?

is a presentation of H(q). For example, Sy := Ts, = USU~!. We also have the generic finite and
affine Hecke algebras

Ho(a) = Z[d][S] C Harr(a) = Z[d][So, S]-

The algebra Ho(q) has two characters corresponding to S +— 0 and S — —1. Similarly, H.gz(q)
has four characters. The two characters different from the trivial character Sy, S — 0 and the sign
character Sy, S +— —1 are called supersingular.

2.3.3. The center Z(H(q)) of the algebra H(q) admits the explicit description via the algebra
isomomorphism

Z(q) : Zlg| [AY] = Z[q] [eM?, (eP)F] = Z(H(q))
IO s (:=U(S —(q—1))+SU
ety Co = U?

In particular,
Z(H(q)) = Z[d|[US + (1 — @)U + SU,U*?] C Z[q][S,U*"] = H(q).

2.3.4. Now let v € TV /W, such that |y| = 1, say v = {\}. The ring homomorphism Z[q] — R,
q +— ¢, induces an isomorphism of R-algebras

H(q) Qzjq R = 'Hg)(q)&,, Ty — exTy.

2.4 The second Iwahori-Hecke algebra

Our reference for the following is [V04, 2.2], as well as [KK86] for the basic theory of the nil Hecke
algebra. We keep the notation introduced above.

2.4.1. Definition. The generic nil Hecke algebra is the Z[q]-algebra H™!(q) defined by generators

Hnil(q) = @ Z[q]Te(nlv"2) ¥ Z[q]Te(nl,ng)s

(n1,n2)€Z?

and relations:



e braid relations
TwTw = Tww forw,w' € W if l(w) + £(w'") = £(ww")

e quadratic relations

2.4.2. Setting S := T and U := T,,, one can check that
H"(q) = Z[q][S, U], 5% =q, U?S=SU?

is a presentation of H"!(q). Again, Sy := T, = USU!. The center Z(H"!(q)) admits the explicit
description via the algebra isomorphism

2" (q) : Z[a][AT] = Z[q) [V, ()] = Z(HY (@)
0y G :=US+SU

e G :=U>.

In particular, .
Z(H"(q)) = Z[d|[US + SU,U*?| C Z[q][S, U] = H" ().

2.4.3. Form the twisted tensor product algebra
Ha(q) = (Z[d] x Z[a]) @7 H"'(q).
With the formal symbols €1 = (1,0) and e3 = (0, 1), the ring multiplication is given by
(i ®Ty) (e @ Ty ) = (gi6wir @ TyyTuy)

for all 1 < 4,7 < 2. Here, W acts through its quotient Wy and s € Wy acts on the set {1,2}
by interchanging the two elements. The multiplicative unit element in the ring Z[q] x Z[q] is
(1,1) = &1 + &2 and the multiplicative unit element in the ring Ha(q) is (1,1) ® 1. We identify
the rings Z[q] x Z[q] and H"!(q) with subrings of Ha(q) via the maps (a,b) — (a,b) ® 1 and
a— (1,1) ® a respectively. In particular, we will write 1,2, Sy, S, U € Ha(q) etc.

We also introduce the generic affine Hecke algebra
Ha ast(a) = (Zld] x Zlal) @ ZLa] [0, S,

It is a subalgebra of Ha(q) and has two supersingular characters y; and y2, namely xi1(e1) = 1
and y1(e2) =0 and x1(So) = x1(S) = 0. Similarly for xs.

2.4.4. The structure of Hz(q) as an algebra over its center can be made explicit. In fact, there is
an algebra isomorphism with an algebra of 2 x 2-matrices

Hala) = M(2,2(q), Z(q) = Z[q][X,Y, 27]/(XY)

which maps the center Z(H2(q)) to the scalar matrices Z(q). Under this isomorphism, we have

)-
0 0 2
S»—>< ‘1X0>’ Un—><1 0),
s 1 0 s 0 0
“ 0 0 ©2 0 1)
The induced map Z(H2(q)) — Z(q) satisfies
X+Y 0 zg 0
ClH( 0 X+Y)’ C2*><0 z2>'

In particular, the subring

Z°(Ha(a)) = Zld)[G1, ;'] = Z(H" (@) € H™ () € Ha(a)
lies in fact in the center Z(H2(q)) of Ha(q).



2.4.5. Now let v € TV /W, such that |y| = 2, say v = {A\,* A}. The ring homomorphism Z[q] — R,
q +— ¢, induces an isomorphism of R-algebras

HQ(Q) ®7z[q] R =» ’Hg)(q)sy, €1 Ty — exTy, €Ty esp\Ty.

2.4.6. Remark. We have used the same letters Sy, .S, U, (1, (> for the corresponding Hecke oper-
ators in the Iwahori Hecke algebra and in the second Iwahori Hecke algebra. This should not lead
to confusion, as we will always treat non-regular components and regular components separately
in our discussion.

3 The non-regular case and dual equivariant K-theory

3.1 Recollections from algebraic K é’-theory

For basic notions from equivariant algebraic K-theory we refer to [Th87]. A useful introduction
may also be found in [CGI7, chap. 5].

3.1.1. We let R
G = GLz/Fq

be the Langlands dual group of G over the algebraic closure F, of F,. The dual torus
T := Spec F,[A] C G
identifies with the torus of diagonal matrices in G. A basic object is
R(G) := the representation ring of G,

i.e. the Grothendieck ring of the abelian tensor category of all finite dimensional é—representations.
It can be viewed as the equivariant K-theory K< (pt) of the base point pt = Spec Fq. To compute
it, we introduce the representation ring R('i‘) of T which identifies canonically, as a ring with
Wo-action, with the group ring of A, i.e.

The formal character xy € Z[A]® of a representation V' is an invariant function and is defined by
xv(e') = dimg Vy
for all A € A where V), is the A-weight space of V. The map V + xy induces a ring isomorphism
Xe : R(G) =5 ZIA]°.
The Z[A]*-module Z[A] is free of rank 2, with basis {1,e(-1:0},
Z[A] = Z[A]® @ Z[A]Pe710,

3.1.2. We let R
B:= ]P’%

be the projective line over Fq endowed with its left G-action by fractional transformations

a b (x)iaanb
c d S cex+d

Here, x is a local coordinate on IP’% . The stabilizer of the point z = co is the Borel subgroup B of
q

upper triangular matrices and we may thus write B=G / B. We denote by

K¢ (l§) := the Grothendieck group of all é-equivariant coherent Og-modules.



Given a representation V and an equivariant coherent sheaf F, the diagonal action of G makes
F ®F, V an equivariant coherent sheaf. In this way, K< (B) becomes a module over the ring R(G).

The characteristic homomorphism in algebraic K CA""—theory is a ring isomorphism

-~

S 7[A] = KC(B).

It maps e* with A = (A1, A2) € A to the class of the G-equivariant line bundle Op: (A1 —A2) @det™?
where det is the determinant character of G. The characteristic homomorphism is compatible with

~

the character morphism ¥ , i.e. ¢© is Z[A]* ~ R(G)-linear.

3.1.3. For the definition of the classical Demazure operators on algebraic K-theory we refer to
D73, [D74]. The Demazure operators

D,, D}, € Endp g, (R(T))

are defined by:
a— s(a)

B a— s(a)eH>=1)
T 1— e(1,—1)

Dy(a) and Dl(a) = T (D)

for a € R(T). They are the projectors on R(T)%e¢(-19 along R(T)*, and on R(T)* along
R(T)%e("0) respectively. In particular D? = D, and D’? = D’.. One sets

Dy (q) =D, — qD; € EndR(T)s[q] (R(T)[QD
and checks by direct calculation that
Dy(q)* =q— (a—1)Dy(q).
In particular, we obtain a well-defined Z[q]-algebra homomorphism
o(a) : Ho(a) = Z[d][S] — End 5. (R(D))), S — —Dy(q)

which we call the Demazure representation.

3.2 The morphism from R(G)[q] to the center of #(q)
In the following we identify the rings

R(G)[a] = Z[q][A]* = Z[q][&1,&7']

via the character isomorphism y,. We have the Z|q]-algebra isomorphism coming via base change
from the isomorphism &%, cf.
&t zlg) [N, ()F] S Z[d[6, 657
6(170) — 61

6(1’1) — 52.

On the other hand, the source of £ is isomorphic to the center Z(H(q)) of H(q) via the isomor-
phism Z(q), cf. The composition

Z(@o () RG)d = Z(H(a)
& — =Ul—-(q-1)+SU
f — (=U?

is then a ring isomorphism.



3.3 The extended Demazure representation <7 (q)

Recall the Demazure representation <% (q) of the finite algebra #o(q) by R(G)|qg]-linear operators
on the K-theory KG(B), cf. We have the following first main result.

3.3.1. Theorem. There is a unique ring homomorphism

(q): H(q) — EndR(é)[q](Ké(g) [a])

which extends the ring homomorphism </ (q) and coincides on Z(H(q)) with the isomorphism

Z(H(@)) — R(G)[q]
G — &
G2 — &o.

The homomorphism </ (q) is injective.

Proof : Such an extension exists if and only if there exists

~

()(U) € End g )i (K€ (B)[al)
satisfying
1. o7(q)(U) is invertible ;
2. o (qQ)(U)? = (q)(U?) = (q)(¢2) = & 1d
3.
A (q)(U)(a)(S) + (1 —a)(q)(U) + #(a)(5)Z(q)(U) = Z(q)US+(1-qU+SU)

= (a)(C1)
= &1d.

To find such an operator &7 (q)(U), we write

KC(B)la] = R(D)ld] = R(T)*[a] & R(T)*[qle 1),

and use the R(T)*[q-basis {1, (19} to identify Endg g (K€ (B)|q]) with the algebra of 2 x 2-
matrices over the ring R(T)®[q]. Then, by definition,

(-1,-1) (-1,-1)
%(Q)(S):(g _01>_|_q<(1) 5160 )z(g qfle_l )

Hence, if we set

st =( 7 5 ),

we get
2 (1,1)
2 (1,1 a®+bc cla+d) \ [ e 0
F(QU)" =7 1d = ( ba+d) &E+be )=\ 0 e
and
A (q)(U)(q)(5) + (1 — )« (q)(U) + 4 (q)(5)« (q)(U) = & 1d
. (@t Datase=tVb qgeh D (a+d) (& 0
0 —(@+1)d+q&e="p )\ 0 & )7
These two conditions together are in turn equivalent to
a = —d
be = e g2
(@+1a = & —q&ehb,



Moreover, in this case, the determinant
ad — bec = —a® — (e(lvl) — a2) — —eL1)

is invertible. Specialising to q = 0, we find that there is exactly one R(é)[q}—algebra homomor-
phism

(q): H(q) — EndR(é)[q](KG(g) [a]),

extending the ring homomorphism % (q), corresponding to the matrix

(—1,-1)¢2 _
s = (5 )= dn T

Note that a,b,c,d € R(T)* C R(’f‘)s[q]. The injectivity of the map 7 (q) will be proved in the
next subsection. O

3.4 Faithfulness of 27/(q)

Let us show that the map 2/(q) is injective. It follows from that the ring H(q) is generated
by the elements
1, S, U, SU

over its center Z(H(q)) = Z[¢1,¢F[q]. As the latter is mapped isomorphically to the center
R(G)[q] = Z[¢1, 5 Y[q] of the matrix algebra Endgg)q (KS(B)[q]) by /(q), it suffices to check

that the images

1, #o(a)(S), Z(a)(U), “(a)(S) (a)U)

(
of 1,5,U, SU by 7(q) are free over R(G)[q]. To ease notation, we will write £ instead of &; in the
following calculation. So let «, 8,7, € R(T)®[q] (which is an integral domain) be such that

10 q qée=b-D c q qéel=LD a ¢
(o 1) (8 L) o0 ) (8 L) )

This is equivalent to the expression

o« 0, ( Ba face T\, (ra e ), ( daa+ &l Vba) dale - age—D)
0 )"\ o —B v —va —6b sa

being zero, i.e. to the identity

I R T o B L A

S Q

0 « 0 -0 ¥b  —va —ob da
Then
a+fq+ya+6(€—a) =0
(y—0)b = 0
Bace=tY 4 ye+0q(c —age"H7Y) = 0
a—B+(6—7)a = 0.
As b # 0, we obtain § =~ and
a+ fa+§ =0
BageH Y £ (@ +1)e—qgée""Ma) = 0
a—pf = 0.
Hence a = 8 and
a(q@+1) +7¢ =0
aqéet"h "D +y((g+1)e —qgéel""Ma) = 0.

10



The latter system has determinant

(@+ 1) ((q+1)c —qée1Va) — qe2e~17Y,

which is nonzero (its specialization at q = 0 is equal to ¢ # 0), whence a = v =0 = 8 = 4.
This concludes the proof and shows that the map 27 (q) is injective. We record the following two
corollaries of the proof.

3.4.1. Corollary. The ring H(q) is a free Z(H(q))-module on the basis 1,S,U, SU.

3.4.2. Corollary. The representation <7 (0) is injective.

3.5 Supersingular modules
In this section we work at g = 0 and over the algebraic closure F, of the field F,,.

3.5.1. Consider the ring homomorphism Z[q] — F,, q — ¢ = 0, and let

Mz, = H(a) ®z1q) Fq = Fy[S, U+,

The characters of Hﬁq are parametrised by the set {0, —1} x EJX via evaluation on the elements

S and U. Let (11,m) € F, x ﬁ;. A standard module over Hg —of dimension 2 is defined to be a
module of type

Ms(11,72) = F,m & F,Um, Sm=-m, SUm=mm, U?m = mom.

The center Z(HE) =F,[G, 211] acts on the module Ms(71,72) via the character ¢; — 71,2 — To.

The module M(7y,72) is reducible if and only if 72 = 7. It is called supersingular if 7, = 0. A
supersingular module is thus irreducible. Any simple finite dimensional H?q—module is either a

character or a standard module [V04] 1.4].

3.5.2. Now consider the base change of the representation < := &7 (0) to F,

"Q{Tq : HTQ — EndR(é)?q (KG(B)E) = Enqu[£17§2i1](Fq [e:l:m , e:l:m]).

Recall that the image of Z(Hg ) = F G, G is R((’i)ﬁq =TF, 61,651
Let us fix a character 0 : Z(Hz ) — F,. Following [V04], we call 6 supersingular if 6(¢;) = 0.
Consider the base change of %q along 0

RN =~ -~

Ho = Hz, @206, For KE(B)o = KE(B)g, ®201; )Fa = K% (B)g, ® ), (R(G)Fqé@zqu)l@q),

-~

<y : Hg —— Endg, (KG(B)y).

3.5.3. Proposition. The representation 7y is faithful if and only if 0(¢1)? # 0(C2). In this case,
Ay 1s an algebra isomorphism

<y - Ho > Endg (K (B)g).

Proof : The discussion in the preceding sectionshows that Hp has F,-basis given by 1, S, U, SU.
Moreover, their images

1, (S), p(U), 9(S)y(U)
by </ are linearly independent over F, if and only if the scalar ¢ = e(=1"D¢2 — 1 ¢ R((A})E does
not reduce to zero via 0, i.e. if and only if §2_1C12 — 1 ¢ ker 6. In this case, the map 7 is injective
and then bijective since dimg_ K& (B)g = 2. O
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3.5.4. Corollary. The Hg -module Ka(g)g is isomorphic to the standard module Ms(T1,T2)

where 71 = 0(¢1) and 72 = 6((2). In particular, if 6 is supersingular, then Ké(g)g is isomorphic
to the unique supersingular HE -module with central character 6.

Proof : In the case 77 # 7o, the module K G (g)g is irreducible by the preceding proposition and

hence is standard. In general, it suffices to find m € KG (E)e with Sm = —m and to verify that
{m,Um} are linearly independent. For example, m = €™ is a possible choice, cf. below. ([

A 7standard basis” for the module K é(g)g comes from the so-called Pittie-Steinberg basis
[St75] of F,[e*™, 2] over F, (&1, &5 . Tt is given by
ze = 1
zs = e,
It induces a basis of F [e® e®n2] OF, e1,621),0 F, over F, for any character 6 of Fq[ﬁl,gfl]. Let
T2 = 0(&). The matrices of S, U and Sy = USU ! in the latter basis are

(0 0 AN (=10
s=(0 ) v (5 ) w00 0)

The two characters of H5 = F,[S] corresponding to S + 0 and S + —1 are realized by z

and z,. From the matrix of Sy, we see in fact that the whole affine algebra H g F, = F,[So, 5]
acts on z. and z, via the two supersingular characters of 45 _, cf. @

3.5.5. We extend this discussion of the component v = 1 to any other non-regular component as
follows. Consider the quotient map
TV — TV /W.

For any v € TV /W, define the F,-variety

B :=Bx 1 ().

Suppose |y| = 1. We have the algebra isomorphism Hz 5 7-{,%1)&, from |2.3.4] It identifies the
a q

center Z(Hg ) with the center of 7{%57. In this way, we let the component algebra ’H%) €y act on

KS(B
nology, that any supersingular character 8 of the center of 7-[%1)57 gives rise to the supersingular
q

irreducible H\e,-module K£G(B)y.
q

)E and we denote this representation by K G (g"*)ﬁq. We may then state, in obvious termi-

4 The regular case and dual equivariant intersection theory

4.1 Recollections from algebraic CH a'-theory

For basic notions from equivariant algebraic intersection theory we refer to [EG96] and [Bri97].
As in the case of equivariant K-theory, the characteristic homomorphism will make everything
explicit.

4.1.1. We denote by Sym(A) the symmetric algebra of the lattice A endowed with its natural

action of the reflection s. The equivariant intersection theory of the base point pt = Spec Fy
canonically identifies with the ring of invariants

Sym(A)* ~ CHS (pt),

cf. [EG96, sec. 3.2]. Recall our basis elements 7; := (1,0) and 72 := (0,1) of A, so that Sym(A) =
Z[m,n2]. We define the invariant elements

§i=m+mn and  &:=mm

12



in Sym(A)®. Then
Sym(A)* = Z[¢1, &)

and, after inverting the prime 2, the Sym(A)®*-module Sym(A) is free of rank 2, on the basis
{1’ 7]1;7]2 }
4.1.2. The equivariant Chern class of line bundles in the algebraic CHé—theory of Bis a map

c?’ : Picé(g) — CHé(g)
which is a group homomorphism. Then, the corresponding characteristic homomorphism is a ring
isomorphism R ~

¢® : Sym(A) = CHS(B),
which maps A = (A1, A\2) € A to the equivariant Chern class of the line bundle Op1 (A1 — A\2) @ det™?
on B=PL | ie.

F, ~ ~
G = cC(Op1 (A1 — \a) ® det™?).

Note here that the algebraic group G= GLz/Fq is special (in the sense of [EG96 6.3]) and the map

€ is therefore already bijective at the integral level [Bri97, sec. 6.6]. The homomorphism ¢& is

Sym(A)® ~ CHE (pt)-linear.
To emphasize the duality and the analogy with the case of K-theory (and to ease notation),
we abbreviate from now on

S(T) :=Sym(A) and  S(G):= Sym(A)*.

4.1.3. For the definition of the classical Demazure operators on algebraic intersection theory, we
refer to [D73]. The Demazure operators

D,, D} € Endg . (S(T))
are defined by:
@) e - O @0 = =)
m—1n2 m =72
for a € S(T). Then D, is the projector on S(’T‘)SW along S(T)*, and (—D,) + D, =5 In
particular, D? = 0 and D2 = id. One sets
Dy(a) i= D, — D, € Endgg. . (S(P)lal)

and checks by direct calculation that Ds(q)? = q2. We obtain thus a well-defined Z-algebra
homomorphism

%" (a) : ' (a) = Z{allS] — Endg gy (SDlal), ar— o’ §+— ~Dila)

Dg(a) =

which we call the Demazure representation.

4.2 The morphism from S(G)[q] to the center of H"!(q)

The version of the homomorphism (£+)~! in the regular case is the Z[q]-algebra homomorphism

S(G)ld) = z[d)[¢]. &) —  Z[q][eM?, (eD)F]
&g — 0
& — b

which becomes an isomorphism after inverting ¢5. Its composition with 2(q), cf. therefore
gives a ring isomorphism

S@G)ale] = Z(H"(q)
1 — G=US+SU
b (o =U>



4.3 The extended Demazure representation <4"(q) at q =0

~

Recall the Demazure representation /(q) of the finite algebra H3!(q) by S(G)[q]-linear oper-

ators on the intersection theory C’Hé(g), cf. In this section we work at g = 0. We write
P for the specialization of #(q) at q = 0.

For better readibility we make a slight abuse of notation and denote the elements &} by &; in
this and the following sections. Moreover, p will always be an odd prime.

4.3.1. A ring homomorphism

™ —— Endg g (CHS(B))

which extends /™! and which is linear with respect to the above ring homomorphism S(G) —
Z(H"1) does not exist, even after inverting &. However, there exists a natural good approximation
(after inverting the prime 2). We will explain these points in the following.

4.3.2. An extension of @/l linear with respect to S(G) — Z(H™Y), exists if and only if there is
an operator

/" (U) € Endg gy 1) (CHE(B) (&)
satisfying
1. @™Y(U) is invertible ;
2. MU = " (U?) = & 1d, ie. MN(U)? =& 1d
3. "N U) PN (S) + o (8) ™ (U) = o™ (US + SU) =& 1d.

Tensoring by IF,,, we may write

CHS(B)s, = S(G)e, © S(G)r, 52,

and identify Endg g, (C’HG(E)FP) with the algebra of 2 x 2-matrices over the ring S(CA-})FD. The
p
analogous statements hold after inverting &s.

Then, by definition,
ni 0 -1
%,FIAS):_DS:<0 0 )

Hence, if we set

ni a c
%FPI(U) = < b d ) )

i _ a?+bc cla+d)\ (& O
MFPI(U)2_€QId<:><b(a+d) d2+bc)_(02 52)

we obtain

and . .
AENU)(~Dy) + (~Dy) AN U) = €, 1d

el = -
b = =&,

and then the first system becomes equivalent to the equation

a? — &1c = & € Fple, &5,

However, since & has no square root in the ring F,[¢"], this latter equation has no solution (take

&1 =01). Consequently, there does not exist any matrix %‘;ﬂ(U ) with coefficients in S (CA})]FP (€51
satisfying conditions 1, 2, 3, above.
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As a best approximation, we keep condition 1 and also condition 3 (up to sign), but, because
of the square root obstruction above, we modify condition 2 to MF‘;‘I(@) = ¢2. We can then state
our second main result.

4.3.3. Theorem. There is a distinguished ring homomorphism

%ml Hml*)End( G)r, 165 1] (CH (B ) [52 ])

which extends the ring homomorphism %“il and coincides on Z('H““)FP with the homomorphism

Z(HE)) = Fyle,6°] C S(G)g, 6]
G — =&
G — &
The homomorphism ,QfFr;ﬂ 18 injective.
Proof. The discussion preceding the theorem shows that the matrix
(& -%) <—1 - >
JZ{ml(U) - 2 2 15 4
& (%
does satisfy the three conditions
1. ,fo;“(U ) is invertible ;
2. PN (U)? = (&)°1d ;
3. %’;“(US +SU)=-&1d.
The injectivity part of the theorem will be shown in the next subsection. O

4.3.4. Remark. The minus sign before £; appearing in the value of M““ on (1 =US+ SU could

be avoided by setting #/!(S) := Dy instead of —Dj in the Demazure representatlon. But we will
not do this.

4.3.5. Remark. In the Iwahori case, one can check that the action of U coincides with the action
of the Weyl element e™s. In the regular case, the action of the element 7;s does not satisfy the
conditions 1-3 appearing in the above proof. However, the action of n?s does and, in fact, its
matrix is given by matrix < ““( ). So the choice of the matrix 7% “ﬂ( ) is in close analogy with

the Iwahori case. Our chosen extension 4! of 7 “]lFl seems to be distinguished for at least this
reason. This observation also shows that the action of U can actually be defined integrally, i.e.
before inverting the prime 2.

4.4 Faithfulness of 4!

Let us show that the map dﬁ“ is injective. It follows from that the ring ’Hn‘l is generated by
the elements
1, S, U, SU

over its center Z(HE!) = F,[¢1, ¢E']. The latter is mapped isomorphically to the subring

Fplé1, &% € S(G)r, [6 ']

of the matrix algebra Endg g [571](CH§ (l?)]yp) by %‘;ﬂ. For injectivity, it therefore suffices to
pLS2

show that the images

L ol (8), ANV, A, (S)eAD)
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of 1,5,U, SU under %FI;“ are free over S(a)]pp [€51]. To this end, let a, 3,7, 0 € S(é)[pp [€5'] (which
is an integral domain) be such that

(o 0) (o o) L) e () (0 5=

ie.
a 0 0 —p ya e —6b da
(o a)(0 )= ( 2 )+ (3 %)=

Then
at+ya—3db = 0
vb = 0
—fB+vc+da = 0
a—ya = 0,

with a, 8,7,0 € S(@)FP [€51]. Now recall our choice

) - (? Ca>==<(§f2) zg;— )>>.

In particular, b = £; implies v = 0, and then « = 0, § = 0 and § = 0. This shows that the map
/™! is injective and concludes the proof. We record the following corollary of the proof.

4.4.1. Corollary. The ring ’H“‘1 is a free Z(Hﬁl)-module on the basis 1,5,U, SU.

4.5 The twisted representation @,

4.5.1. In the algebra
Hy :=Ha(0) = (Z x Z) @ H™!

we have the two subrings H™! and Z x Z. The aim of this section is to extend the representation
%r;ﬂ from HfF‘;l to the whole algebra Hor, = Ha ®z Fp. To this end, we consider the Fg-variety

3\2 = B\l H gg,
where El and B\Q are two copies of B. We have
CHG(B?) = CHS(B,) x CHS (B,).

After base change to I, the ring H™! acts S(é)[ﬁ2 J-linearly on C’HG( )[{2 !1 through the map
2. We extend this action diagonally to CH G(B2)[¢; "], thus defining a ring homomorphism

diag(a™) : HE! —— Endgg), (¢ (CH (B?)s, [6571)).

Because of the twisted multiplication in the algebra Ho, we need to introduce the permutation
action of W

perm : W —» Wy —— Auts(é)(CHa(EQ))

which permutes the two factors of CHG(1§2)
On the other hand, we can consider the projection p; from CHG(BQ) to CHG (B ) as an S(G )
linear endomorphism of CH G (82), for i = 1,2. The rule ¢; — p; defines a ring homomorphism

proj : Zey X Zeg —— Ends(é)(CHé(EQ)).
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4.5.2. Proposition. There exists a unique ring homomorphism
o, Haw, — Endgq, o (CHE (B, [6)

such that

o,y (Tw) = diag(,efﬁfl)(Tw) operm(w) for allw e W,

o b, |F,e xFe, = PIOj.
The homomorphism </ w, is injective.

Proof. Recall that Wy acts on the set {1,2} by interchanging the two elements and then W acts
via its projection to Wy. As {&;Ty,(i,w) € {1,2} x W} is a Fp-basis of Ha,, such a ring
homomorphism is uniquely determined by the formula

o, (eiTw) = p; o diag(/7')(To) © perm(w).

Conversely, taking this formula as a definition of %7FP7 we need to check that the resulting F,-linear
map is a ring homomorphism, i.e.

o, ((1,1)) =1d

and
%JFP (‘%ﬂv s Eq w/) = %,]Fp (siT‘w) o %an) (5i’ﬂu’)~

The first condition is clear because (1,1) = &1 + €2 and p; + ps; = Id. Let us check the second

condition. If 7" # wfli, i.e. 7 # i, then both sides of the claimed equality vanish. Now assume
that 7 = *¢’. On the left hand side we find

%,]Fp (EiTw . 5i’Tw’) = '52{2,]17;, (giTwTw’)v
while on the right hand side, we find

%,Fp (EiTw) o %,]Fp (Ew—li w’)
= p;o diag(sszr;il)(Tw) o perm(w) © p,-1, © diag(szfﬁlpﬂ)(Tu,/) o perm(w'’)
= p;o diag(%r;ﬂ)(Tw) o diag(df;il)(Tw/) O Pury=1(w-1y)
= pio diag(%‘;ﬂ)(TwTw/) OP(ww!)=1;-

If L(ww') # L(w) + £(w’), then T, T, = 0 and both sides vanish. Otherwise T3, T, = Ty, SO that
the left hand side becomes

o w, (€Tww ) = pi © diag(%‘jl)(Tww/) o perm(ww'),

and the right hand side .
pio diag(%r;ﬂ)(Tww’) O Pww)=1;-

These two operators are equal. This proves the existence and the uniqueness of the extension
o, Its injectivity will be shown in the next subsection. O

4.6 Faithfulness of @,

Let us show that the map 2%, is injective. This is equivalent to show that the family
{%7]1713 (EiTw), (’i, w) S {1, 2} X W}
is free over Fp. So let {n;.} € FS" 2" such that

Z N w o F,(iTw) = 0.

i,W
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Let us fix ig € {1,2}. Composing by p;, on the left, we get
Y Nigw e, (€6 Tw) = 0.

The left hand side can be rewritten as

Y ig.wbiy 0 diag( (T,)) 0 perm(w) = Y nig,wpi, 0 diag(F (Tw)) 0 pu-1,,-

Now let us fix wg € Wy. Composing by p on the right, we get

wo L
0 19

> igwpiy 0 diag(A (Tw)) 0p,s1, =0.

weEAwg

Then, for each w € Awg, remark that

Pig © diag(WFr;,il(Tw)) Opw51i0 =Ll ,-1. © Fr;ﬂ(Tw) op,-1.

0,0 g Yo g
in End (CHé(gl)[fgl] X C’Hé(gg)[fgl]), where ¢ -1 is the canonical map
20, 0

. :CHS(B

19, 0 1

)[é3 1] == CHS(B,,)[&; | CHC(By)[&; !] x CHS (Ba)[€51].

’11171 .
0 19
As the latter is injective, we get

il il
0= Z nio,w‘Q{FIr (Tw) oDy, = MFIE ( Z nio,wTw) 0Py, -
weEAwo weEAwg
Finally, as p, -1 : CHS(B)& '] — CH@(EMEI‘ )[€; 1] is surjective, and as @ is injective, cf.
0 0
4.4 we get n;, ., = 0 for all w € Awg. This concludes the proof that % r, is injective.

4.7 Supersingular modules

In this section we work over the algebraic closure E] of the field IF,.

4.7.1. Recall from 2.4.4] that
HoF, = Hap, OF, Fq = (Fy x Fy) @ FolS,U*]

has the structure of a 2 x 2-matrix algebra over its center Z (Hzﬁq)- Since F, is algebraically closed,
Z(H, ?q) acts on any finite-dimensional irreducible #H,, ﬁq—module by a character (Schur’s lemma).
Let 6 be a character of Z(#H, Fq)' Then

rH279 = ,HQFq ®Z(7—L21ﬁ(1)79 Fq

is isomorphic to the matrix algebra M (2,F,). In particular, it is a semisimple (even simple) ring.

4.7.2. The unique irreducible H,, @q—module with central character 0 is called the standard module

with character 6. Its Fq—dimension is 2 and it is isomorphic to the standard representation Fjﬂ of

the matrix algebra M(2,F,). The image of the basis {(1,0), (0,1)} of F?z is called a standard basis.

A central character 6 is called supersingular if §(X) = 0(Y) = 0 (or, equivalently, if 6(¢;) = 0). If

6 is supersingular, then the affine algebra H, 7 acts on the standard basis of the module via

the characters y; respectively y2 and the action of U interchanges the two, cf. and
For more details we refer to [V04] 2.3].
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4.7.3. Now consider the base change of the representation <%y, to Fq

%,?QHqu*)Ends(é)ﬁq[gg ](OH ( ) [52 ]) Endg €1, gil]( [7711a772ﬂ]®2)

Recall that the image under the map %,Fq of the central subring

2°(My5) = FylC1, G € Z(Hy5)

is the subring of scalars

Folé1, &7 CFolér, &' = S(Qg, 1&5'):

4.7.4. Let us fix a supersingular central character # and denote its restriction to Z° := Z°(H, Fq)
by 8, too. Then consider the H, ﬁq—action on the base change

CHS(B)[&; "o = CHE (B)g, [&5 192:Fy = CHE (B)g, 16 195c,. 16 ](S<G>Fq[m®zom).

For the base ring, we have

S(G)g, (651 ®z0.0 Fy = Fylér,657"] Oty 5, Faltr (5110 L
where o, 5 (C1) = —& and 5 (G2) = £5. Now put 0((2) =: b € Ej. Then

S(G)g, 1651 @200 Fy = Fy[61,637)/(61,8 — ) = F[&]/(& —b) = A

and so
CHE(B%)g; "o =F Folni ' my 1% OF, (61,621 Fyl6a]/ (63 — b) = By, my '1®° ®F, (61,621 A-

Note that the ﬁq—algebra A is isomorphic to the direct product Fq X Fq (the isomorphism depending

on the choice of a square root of b in Fy). An A-basis of CHS (EQ) [52_1]0 is given by the four elements
{1;, P52 1;}i—1,2 where

1, € CH®(B;) c CHS®(B,) x CHS(B,) = CHS(B?)

is the equivariant Chern class of the structure sheaf on BZ-, for i = 1,2. The F,-dimension
of CHS(B2)[¢; Y] is therefore 8 and H, 5, acts A-linearly. The length of the H, g -module

CHEG (52)[52_ !]¢ is 4 and the central character of any irreducible subquotient is necessarily equal to
0, since this is true by construction after restriction to Z°. In the following, we compute explicitly
a composition series.

4.7.5. Proposition. The algebra H, g F, octs on 1; € CHé(gg)[fgl]g by the supersingular
character x;, fori=1,2.

Proof : The action of 1, 7 F, On CHEG (82) [52 !1is defined by the map %,Fq' Hence, by definition,

L =i
/M T 0 otherwise.

We calculate
S - 1; = diag(—D;) o perm(s)(1;) = diag(—D;)1s; = 0.

Moreover,
U™ 1; = diag(U™1) o perm(u=1)(1;) = diag(U 1) 1s; = s(n; %) 1s; = 15 215
and ) )
— Ny~ =N 2771 3 -2 &1
Dy(n;?) = 2——— = (mm mip) " (m + 1) = -
(2 7) pa— (1)771—772 (mmn2)~"(m + n2) e
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Therefore,

SU™ . 1; = diag(—D,) o perm(s) (15 *1+;) = —Dy(ny *)1l; = —251; = 0

since &, =0 in CHG( (€5 o Tt follows that Sp-1; = USU™! - 1; = 0. O

4.7.6. Proposition. A composition series with simple subquotients of the H,, F, -module

CHS(B”)& "o
s given by
{0}
CFLi @ Fg(U - 1;)
CAL, e AU -1;) = Al; @ Als,;

72 1i) @Fq(U- m — N2 1i)

C AL @ Als; @ Fy (L 5

c CHS(B)[& o-
Here the direct sums @ are taken in the sense of ?q—vector spaces.

Proof. First of all,
U -1; == diag(U) o perm(u)(1;) = diag(U)1s; = nils; = —&ls; € A% 1y

because 0 = & = n; + g and 0 = &2 = n? + 93 + 2& in CHG( )[52 9. Hence the three first
@ appearing in the statement of the proposition are indeed direct sums. These three sums are
U-stable by construction. Moreover, by the preceding proposition, H,, g F, acts by the character

x: on 1;, hence by the character ys:; on U - 1;. It follows that Fqli &) FQ(U - 1;) realizes the
standard H, Fq—module with central character 6, and that Al; ® A(U -1;) is an H, E—submodule of
CcHE (B2)[¢5 )¢ of dimension 4 over F,. In fact, if L C A is any F,-line, the same arguments show
that L1; ® L(U - 1;) realizes the standard H, 7, -module with central character 6. In particular, the
module Al; & A(U - 1;) is semisimple.

Now let us compute the action of Hzfq on the element 5721;, for i = 1,2. We have

7717721-_{ BB if i =
;=

Ty 0 otherwise.
Next
S - 77127772 = diag(S) o perm(s)(771 5 24 1;)=di ag(S)(m 5 2 1) = —1sy,
p-1.m—r2 . 2y ._ = diag(U ") o perm(u~ )(771 . 2 4 1;) = diag(U~ 1)(771 ;772 1) = ﬁ{z N2 ; m 1.;,
—272 = 1 oM = 2 — 2 & — 26
D,(n;? — =— ,
(15 5 ) = m— 772( 2 9 Uit 9 ) 262
2
- )
SU R, diag(S) o perm(s) (ny 22 ) = S22
2 2 283
m—1n2, 1 M2 . & —2& 28— 26
So - 5 1;,:=USU""- Tli = diag(U) o perm(u)(2——= 2 1;) = mWLi = 1s;
because £; = 0 and (hence) n? = —&; in CHG( )[52 19, and finally
UM — diag(U) o perm(u)(PS R 1) = diag(U)(P S B 1) = B
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which lies in A*(5221.;). Neither of the two elements Z21; and U - 5221; lies in the
(semisimple) module A1; ® A(U -1;). Hence the three last @ appearing in the statement are indeed
direct and they form a sub—’}-lzjq—module of dimension 6 over F,. So the series appearing in the
statement is indeed a composition series with irreducible subquotients. O

4.7.7. Remark. We see from the proof of the preceding proposition that the characters of #, ¢ 7
in the sub-#, 7 -module

m — 12

1;) @Fq(U .

m — 12 11')
2

are contained in A1;® Als;. Hence this submodule is not semi-simple. A fortior: the whole module
CHS(B?)[¢5']6 is not semisimple and, hence, has no central character.

4.7.8. Now we transfer this discussion to any regular component of the algebra ”H%l) as follows.
q

Let v = {\,*A} € TY/W, be a regular orbit and form the F,-variety

~ ~

B =B><7T_1(’)/> Zg)\ng)\,

|
n
=
o
2
=
@]
=

where B\,\ and B. A are two copies of B. We have the algebra isomorphism H, \ T
’ q
In this way, the representation %,?q induces a representation

o nggw —— Bndgg, (CHE(B7)g, &)

aq

We may then state, in obvious terminology, that any supersingular character ¢ of the center of
’H%ey gives rise to the H%t)sv—module CHS(B")[¢5 '] and that the semisimplification of the latter

module equals a direct sum of four copies of the unique supersingular H%l)sw—module with central
q

character 0.

5 Tame Galois representations and supersingular modules

Our reference for basic results on tame Galois representations is [V94].

5.1. Let w € op be a uniformizer and let f be the degree of the residue field extension F,/F,, i.e.
q = p/. Let Gal(F/F) denote the absolute Galois group of F. Let T C Gal(F/F) be its inertia
subgroup. We fix an element ¢ € Gal(F/F) lifting the Frobenius z +— z¢ on Gal(F/F)/Z. The
unique pro-p-Sylow subgroup of Z is denoted by P (the wild inertia subgroup) and the quotient
Z/P is pro-cyclic with pro-order prime to p. We choose a lift v € Z of a topological generator for
I/P. Let W C Gal(F/F) denote the Weil group of F. The quotient group W/P is topologically
generated by (the images of) ¢ and v and the only relation between these two generators is
ovp~! =04, There is a topological isomorphism

W/P ~ @F[fn

where the projective limit is taken with respect to the norm maps F;nm — IE‘;". We denote by w,

the projection map W/P — IE‘;" followed by the inclusion F;n C EIX . We shall only be concerned

with the characters wy and wgy. The character wy extends from W to Gal(F/F) by choosing a
root “/—w and letting Gal(F/F) act as

g q—ﬁ
AR pig—1(F)
followed by reduction mod w. The character

wy: Gal(F/F) — F
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depends on the choice of @ (but not on the choice of *+/—w) and equals the reduction mod wp
of the Lubin-Tate character xr, : Gal(F/F) — oy associated to the uniformizer . By changing ¢
by an element of Z, if necessary, we may assume wys(p) = 1. We normalize local class field theory
Wab ~ F* by sending the geometric Frobenius ¢! to . We view the restriction of w; to W as
a character of F'*.

5.2. The set of isomorphism classes of irreducible smooth Galois representations
p:Gal(F/F) — G = GLy(F,)

is in bijection with the set of equivalence classes of pairs (s,t) € G2 such that

(0 1 _(y O
S—(b 0) and t—(o yq)

with b € E;( and y € Fpe \ Fy. Here, two pairs (s,t) and (s',t’) are equivalent if s = s’ and ¢,t’
are Gal(F ;2 /F,)-conjugate. Note that det(s) = b and that sts~! = t9. The bijection is induced by

°—q
2

the map p — (p(p), p(v)). The number of equivalence classes of such pairs (s,t) equals and

hence coincides with the number of Wy-orbits in TV.

5.3. By the above numerical coincidence (the "miracle” from [V04]), there exist (many) bijections
between the isomorphism classes of irreducible smooth two-dimensional Galois representations and

the isomorphism classes of supersingular two-dimensional ’H%)—modules. In the following we discuss
a a certain example of such a bijection in our geometric language.

Let p be a two-dimensional irreducible smooth Galois representation with parameters (s,t).
Since the element wor(v) generates Fqﬁ, the element ¢ uniquely determines an exponent 1 < h <
g% — 1, such that

war (V)" =y.
Replacing p by an isomorphic representation p’ which replaces y by its Galois conjugate y? replaces

h by the rest of the euclidian division of gh by ¢ —1. We call either of the two numbers an exponent
of p.

5.4. Lemma. There is 0 <1 < g — 2 such that p ® w;i has an exponent < q — 1.

Proof : This is implicit in the discussion in [V94]. Let wof(v)" = y. Then h < ¢* — 2 since y # 1.
Moreover, ¢ —2— (¢—2)(q+1) = g. Since wg}'l = wy, twisting with wy reduces to the case h < q.
Replacing y by its Galois conjugate y4, if necessary, reduces then further to h < ¢ — 1. O

By the lemma, we may associate two numbers 1 < h < g—1and 0 < i < g — 2 to the
representation p. We form the character

W @wh  (FX)? — By, (fr,ta) = w1 (8w (t2)
and restrict to pq—1(F)?. This gives rise to an element A(p) of TV and we take its Wy-orbit ~,.

5.5. Lemma. The orbit v, depends only on the isomorphism class of p.

Jw) =t = (%q 2) .

By the preceding lemma, there is 0 < ¢ < ¢ — 2 and an exponent 1 < h < g—1of p® w;i. If
oy —i —q —(h—1
1<h, thep by definition wgf(v) = yw; (v), so that wg?(v) = y%w;"(v), and hence wgf( )(v) =
qu;(h71+l)(v), using gh = ¢g—(h—1)+(h—1)(g+1). Thenl1 <h' :=¢—-(h—-1) <q¢g-—-1
and taking 0 < ¢’ < g — 2 congruent to h — 1 4+ 7 mod ¢ — 1, we obtain that A’ is an exponent for

P w;i/. In particular, \(p’) := w?LHi/ ® w}/, which is s-conjugate to A(p). If h = 1, then by

Proof : Suppose p’ ~ p with

definition way(v) = qu;i(v), which implies A(p’) = A(p) in this case. O
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We call p (non-)regular if the orbit v, is (non-)regular. On the other hand, we view the element
s = p(p) as a supersingular character 6, of the center Z(H%”), ie. 0,(¢1) =0 and 6,(¢2) = b.

Finally, we have the F,-variety
BY =B x 771(y)
coming from the quotient map TV — TVY/Wy. These data give rise to the supersingular ’H%})_
module L
KS(B)g, if p non-regular
Mp) =3
HG(BV)[fgl]gp if p regular.

Recall that ’Hg) acts on M(p) via the projection onto ,HQ)E,Y followed by the extended Demazure

representation 42/ 7. Recall also that the semlslmphﬁcamon of M(p) is a direct sum of four copies

of the supersmgular standard module, if p is regular. By abuse of notation, we denote a simple
subquotient of M(p) again by M(p).

5.6. Proposition. The map p »—>7M(p) gives a bijection between the isomorphism classes of
two-dimensional irreducible smooth F,-representations of Gal(F/F) and the isomorphism classes

of two-dimensional supersingular H%l)—modules,
q

Proof : By construction, the restriction of w?_l to pg—1(F) ~ F is given by the exponentiation

2" Given0<i<g—2and1<h<qg—1,andbe qu, the parameter y := way(v)" lies in
Fg2 \F, and the pair (s, t) determines a Galois representation p having h comme exponent. Hence,

p®w} gives rise to the character w?‘Hi ®w;} The elements of type v, exhaust therefore all orbits

in TV/Wy. Since a two-dimensional supersingular 7—[ -module is determined by its y-component

and its central character, the map p — M(p) is seen to be surjective. It is then bijective, since
source and target have the same cardinality. O

5.7. Let F' be a finite extension of Q,. A distinguished natural bijection between irreducible
two-dimensional Gal(F/F)-representations and supersingular two-dimensional 7—[ )_modules is es-

tablished by Breuil [Br03] for F = Q, (see [Bell] for its relation to the p—adlc Tocal Langlands
correspondence for GL3(Q,)) and by Grosse-Klonne [GK18| for general F//Q,. In this final para-
graph we will show that the bijection p — M(p) from coincides in this case with the bijections
[Br03] and [GK18].

The case F = Q,, follows directly from the explicit formulae given in [Belll, 1.3]. For the general
case, we briefly recall the main construction from [GKIS§] in the case of standard supersingular
modules of dimension 2. Let Fy be the special Lubin-Tate group with Frobenius power series
o(t) = wt +t%. Let F/F be the extension generated by all torsion points of Fyy and let I' =
Gal(F./F). We identify in the following I" ~ o}, via the character x..

Let k/F, be a finite extension and let Hl(cl) = HW(q) ®zpq k via g — ¢ = 0. Let M be
a two-dimensional standard supersingular H(l)—module arising from a supersingular character

7-[( gr — k. Let eg € M such that 7—[( f, acts on eg via x and put e; = T,; eo (where

w=1u ~1 in our notation E| The character x determines two numbers 0 < ko, k1 < ¢ — 1 with

(ko, k1) #(0,0), (¢ — 1,¢ — 1). One considers M a k[[t]]-module with ¢ =0 on M. Let I = o} act
on M via

_ 1
,Y(m) o T”h (€] (m)
for v € o with reduction 7 € F)* and n, (3) ™' = diag(¥!,1) € T. The k[[t]][¢]-submodule V(M)
of
E[[t), T] @peyry M = E[[t]][0] @rpy M

LFor example, if M is an Hg-module on which U2 = (3 acts via the scalar 0(¢2) = 12, then U = U 1.mon M
and m := 7, 161 satisfies Um = T,e1 = eg, i.e. {m,Um} is a standard basis for M in the sense of
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is then generated by the two elements h(e;) = tfip @ T 1(e;) +1®e; thereby defining the relation
between the Frobenius ¢ and the Hecke action of T,,. Note that in the case of GLg, the cocharacter
e* of [GKI8, 2.1] is equal to 7.

The module V(M) is stable under the I'-action and thus the quotient

A(M) = (k[[t]][e] Ruey M) /V (M)

defines a k[[t]][, [']-module. It is torsion standard cyclic with weights (ko, k1) in the sense of [GK18|,
1.3], according to [GK18, Lemma 5.1]. Let A(M)* = Homy(A(M), k). By a general construction
(which goes back to Colmez and Emerton in the case F' = Q, and ¢(t) = (1 +¢)? — 1, as recalled
in [Brlbl 2.6]) the k((t))-vector space

A(M)* Qg k(1))

is in a natural way an étale Lubin-Tate (p,T')-module of dimension 2. The correspondence
M — A(M)* @k ((t)) extends in fact to a fully faithful functor from a suitable category of super-
singular ”H,(Cl)—modules to the category of étale (o, I')-modules over k((t)). The composite functor to
the category of continuous Gal(F'/F)-representations over k is denoted by M +— V(M). It induces
the aforementioned bijection between irreducible two-dimensional Gal(F/F)-representations and
supersingular two-dimensional 'H%)—modules.

5.8. Proposition. The inverse map to the bijection M — V(M) is given by the map p — M(p).

Proof : The correspondence M — V(M) is compatible with the twist by a character of F* and
local class field theory, such that the determinant corresponds to the central character restricted
to F*. By its very construction, the same is true for the correspondence p — M(p). It therefore
suffices to compare them on irreducible Galois representations having parameters b = 1 and i = 0.
Let k = F2 in the following. Let ind(wébf) be the Galois representation with exponent 1 < h < g—1

and b = 1 and ¢ = 0. Let D be the (¢,I')-module associated to p := ind(wg'f) and let M be a

supersingular H,gl)—module such that A(M)* @) k((t)) ~ D. According to the main result of
[PS3] for n = 2, the module D has a basis {go, g1} such that

Ygz) = o ()",

for all v € T and ¢(go) = g1 and p(g1) = —t~"4=Vg,. Here, f,(t) = wr(t)t/~(t) € k[[t]]*. Define
the triple (ko,kl,kz) = (h — 17q — h,h — 1) and let ij =q — 1-— ]{32_]‘, so that io = ig =q— h
and i3 = 2¢ — h — 1. Define the triple (ho, h1, ha) = (0,41,%0 + i19). Note that he = h(g — 1). Put
fj =thig; for j = 0,1 and let D¥ C D be the k[[t]]-submodule generated by {fo, f1}. Let (D*)* be
the k-linear dual. Define ¢} € (D*)* via e}(f;) = &;; and €] = 0 on tD*. Using the explicit formulae
for the -operator on k((t)) as described in [GK18, Lemma 1.1] one may follow the argument of
[GK16, Lemma 6.4] and show that D? is a 1)-stable lattice in D and that {e)),e}} is a k-basis of
the t-torsion part of (DF)* satisfying

tFp(ep) =€) and t0p(e}) = —ef,.

But according to [GK18| 1.15] there is only one v-stable lattice in A(M)* @y k((t)), namely
A(M)*. Tt follows that A(M) ~ (D#)* and so the weights of the torsion standard cyclic k[[t]] [, [']-
module A(M) are (ko,k1). Since kg = h — 1, one deduces from [GKI18, Lemma 4.1/5.1] that
€1 = h—1 mod (¢ — 1). This means X o a"(x)~! = 2"~ for the character A\ € TV of M. Since
i = 0 and hence a = 0 (in the notation of [GK16, 2.2]), we arrive therefore at

Mdiag(z1,22)) = Me* (z122)a (z2) 1) = e (z120) %™t = =1,

Hence the image of A in TV /W, coincides with 7,. This implies M ~ M(p), as claimed. O
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