GLOBAL WELL-POSEDNESS FOR EULER-BOUSSINESQ
SYSTEM WITH CRITICAL DISSIPATION

T. HMIDI, S. KERAANI, AND F. ROUSSET

ABSTRACT. In this paper we study a fractional diffusion Boussinesq model which
couples the incompressible Euler equation for the velocity and a transport equa-
tion with fractional diffusion for the temperature. We prove global well-posedness
results.

1. INTRODUCTION
Boussinesq systems of the type

0w+ v-Vu+ Vp=fes + vDyv
0i0 +v - VO = KDyl

dive =0

Vit=0 = o?, e\t:O =¢°

are simple models widely used in the modelling of oceanic and atmospheric motions.
These models also appear in many other physical problems, we refer for instance
to [5, 3] for more details. Here, we focus on the two-dimensional case, the space
variable x = (x1,z2) is in R?, the velocity field v is given by v = (v!,v?) and the
pressure p and the temperature 6 are scalar functions. The factor ey in the velocity
equation, the vector ez being given by (0, 1), models the effect of gravity on the
fluid motion. The operator D, and Dy whose form may vary are used to take into
account the possible effects of diffusion and dissipation in the fluid motion, thus the
constants ¥ > 0, K > 0 can be seen as the inverse of Reynolds numbers.
Mathematically, the simplest model to study is the fully viscous model when v > 0,
k > 0 and D, = A, Dy = A. The properties of the system are very similar to the
one of the two-dimensional Navier-Stokes equation and similar global well-posedness
results can be obtained.

The most difficult model for the mathematical study is the inviscid one, i.e. when
v =k = 0. A local existence result of smooth solution can be proven as for symmetric
hyperbolic quasilinear systems, nevertheless, it is not known if smooth solutions can
develop singularities in finite time. Indeed, the temperature 6 is the solution of a
transport equation and the vorticity w = curl v = 910 — dav! solves the equation

(1.1) Ow +v-Vw = 010.
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The main difficulty is that to get an L* estimate on w which is crucial to prove
global existence of smooth solutions for Euler type equation, one needs to estimate
fOT [|010|| = and, unfortunately, no a priori estimate on 016 is known.

In order to understand the coupling between the two equations in Boussinesq type
systems, there have been many recent works studying Boussinesq systems with par-
tial viscosity i.e. with a viscous term only in one equation. For x > 0, v = 0 and
Dy = A, the question of global existence is solved recently in a series of papers. In [7],
Chae proved the global existence and uniqueness for initial data (v°,0°) € H® x H*,
with s > 2, see also [20]. This result was recently extended in [16] by the two first

2 2
authors to initial data v° € B]f;l and 0° € Bp’al NL",r > 2. More recently, the
study of global existence of Yudovich solutions for this system has been done in [14].
We also mention that in [15], Danchin and Paicu were able to construct global strong
solutions (still for K > 0, v = 0) for a dissipative term of the form Dy = ;16 instead
of Af. Recently the first author and Zerguine [19] proved the global well-posedness
for fractional diffusion Dy = —|D| for « €]1, 2] where the operator |D|* is defined
by
F(DIu)(€) = [€]*(Fu)(©).

In these works, the global existence result relies on the fact that the only smoothing
effect due to the transport-(fractional) diffusion equation

b +v-VO+|D|*0=0

governing the temperature is sufficient to counterbalance the amplification of the
vorticity. However the case o = 1 is not reached by their method. The main reason
is that this case can be seen as critical in the previous approaches in the sense that
the smoothing effect for the temperature equation does not provide the LL.(L*)
bound for 0160 which seems needed to control the amplification of the L norm of
the vorticity. Note that such an estimate is nevertheless almost true since 010 can
be estimated in the space L}.(L>) which has the same scaling (see below for the
definition). The aim of this paper is the study of the well-posedness for this case,
i.e., we focus on the system

0w+ v-Vu+ Vp = fey
00 +v-VO+ DI =0
divy =0

/U|t=(] = UO, 0\25:0 = 90.

(1.2)

Note that we have taken x = 1 which is legitimate since we study global well-
posedness issues. Indeed, we can always change the coefficient x into 1 by a change
of scale.

We also point out that at first sight, the system (1.2) contains the mathematical
difficulties of the critical quasigeostrophic equation introduced in [10]

(1.3) 0 +v-VO+|D# =0, v=V+D[ 10

which was much studied recently. Indeed, in (1.2) the link between v and 6 is not
given by the Riesz transform but by a dynamical equation, the first equation of
(1.2). Nevertheless, from this velocity equation one gets that v has basically the
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regularity of 6 as in the quasigeostrophic equation. The global well-posedness for
(1.3) was obtained recently by Kiselev, Nasarov and Volberg [21]. We also refer to
the work [6] by Caffarelli and Vasseur about the regularity of weak solutions. Other
discussions can be found in [1, 11, 12].

The main result of this paper is a global well-posedness result for the system (1.2)
(see section 2 for the definitions and the basic properties of Besov spaces).

Theorem 1.1. Let p €]2,00[, v° € Béo,l N WP be a divergence-free vector field
of R? and 0° € ng1 N LP. Then there exists a unique global solution (v,0) to the
system (1.2) with

ve LRy Bl nW'P), 0 € Lis, (Ry; BL, N L) N Li(Ry; By o)-
A few remarks are in order.

Remark 1.2. If we take § = 0 then the system (1.2) is reduced to the well-known
2D incompressible Euler system. It is well known that this system is globally well-
posed in H?® for s > 2. The main argument for globalization is the BKM criterion
[2] ensuring that the development of finite time singularities for Kato’s solutions
is related to the blowup of the L* norm of the vorticity near the maximal time

existence. In [26] Vishik has extended the global existence of strong solutions result

to initial data lying on the spaces BlJr /P Notice that these spaces have the same

scaling as Lipschitz functions (the space which is relevant for the hyperbolic theory)
and in this sense they are called critical. We emphasize that the application of the
BKM criterion requires a super-lipschitzian regularity (H® with s > 2 for example).

For that reason the question of global existence in the critical spaces Bp 2/P is hard

to deal with because these spaces have only a lipschitzian regularity and the BKM

criterion cannot be used.

Since B;f/p BN WL for all p € [1,4o00[ and 7 > max{p, 2}, then the space
14+2/p

B p,1

of initial velocity in our theorem contains all the critical spaces except the

biggest one, that is Béo,l‘ For the limiting case we have been able to prove the global
existence only up to the extra assumption Vo® € LP for some p €]2, co[. The reason
behind this extra assumption is the fact that to obtain a global L bound for the
vorticity we need before to establish an LP estimate for some p €]2, co[ and it is not
clear how to get rid of this condition.

Remark 1.3. Since Vv, V6 € Li (Ry; L) (see Remark 5.6 below for 6) then we

can easily propagate all the higher regularities: critical (i.e. vy € B;IQ/ P with p

finite) and sub-critical (for example vy € H?, for s > 2).

The main idea in the proof of Theorem 1.1 is to really used the structural properties
of the system solved by (w,#), w = curl v = d1v? — dyv!. Indeed, if we neglect the
nonlinear terms for the moment, one gets the system

Htw = 819, 8t0 = —|D‘9
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and we notice that its symbol given by

ao=(o )

is diagonalizable for £ # 0 with two real distinct eigenvalues which are 0 and —|¢|.
By using the Riesz transform R = 0;/|D|, one gets that the diagonal form of the
system is given by

9RO =|D|RO, ;(w+RH) =0.

This last form of the system is much more convenient in order to perform a priori
estimates. To prove Theorem 1.1, we shall use the same idea, we shall diagonalize the
linear part of the system and then get a priori estimates from the study of the new
system. The main technical difficulty in this program when one takes the nonlinear
terms into account is to evaluate in a sufficiently sharp way the commutator [R,v -
V] between the Riesz transform and the convection operator. Such commutator
estimates are stated and proven in section 3 of the paper.

The diagonalization approach used in this paper also allows to prove global well-
posedness in different spaces for a ” Boussinesq-Navier-Stokes” system i.e. the system
which corresponds to Dy = 0 and D, = —|D|. This is discussed in a companion
paper [18].

The remaining of the paper is organized as follows. In section 2 we recall some
functional spaces and we give some of their useful properties. Section 3 is devoted
to the study of some commutators involving the Riesz transform. In section 4 we
study a linear transport-(fractional) diffusion equation. Especially, we establish
some smoothing effects and a logarithmic estimate type.

In section 5 we give the proof of Theorem 1.1 which is It is splitted into three parts.
We first establish some a priori estimates, then we prove the uniqueness and finally
we briefly explain how one can easily combine a procedure of smoothing out of the
initial data with the a priori estimates to get the existence part of the theorem. An
appendix is devoted to the proof of a technical commutator lemma.

2. NOTATIONS AND PRELIMINARIES

2.1. Notations. Throughout this work we will use the following notations.

e For any positive A and B the notation A < B means that there exist a positive
harmless constant C such that A < CB.

e For any tempered distribution u both @ and Fu denote the Fourier transform of

u.
e Pour every p € [1,00], || - ||Lr denotes the norm in the Lebesgue space LP.
e The norm in the mixed space time Lebesgue space LP([0, T], L™ (R%) is denoted by

I Ilzz L (with the obvious generalization to || - ||z x for any normed space X).

e For any pair of operators P and ) on some Banach space X, the commutator
[P, Q)] is given by PQ — QP.

e For p € [1, 0], we denote by W' the space of distributions « such that Vu € L.
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2.2. Functional spaces. Let us introduce the so-called Littlewood-Paley decom-
position and the corresponding cut-off operators. There exists two radial positive
functions x € D(R?) and ¢ € D(R?\{0}) such that

&)+ @(27%) =1; Vg>1,supp x Nsupp p(279) = @
q>0

i) supp ¢(277-) Nsupp p(27%) = @, if |j — k| > 2.
For every v € S’(R%) we set

A_jv=x[D)v;VgeN, Ajv=¢(27D)v and S; = Z Aj.

j=—1
The homogeneous operators are defined by
A = (279D)v SU—ZAU Vq € Z.

J<q-1

From [4] we split the product uv into three parts:
wo = Tyv + Tyu + R(u,v),
with
Ty = ZS’q,lquv, R(u ZAquA v and Aq = Z Agti.
q i=—1

For (p,r) € [1,4+0c]* and s € R we define the inhomogeneous Besov space Bj . as
the set of tempered distributions u such that

lulls, = (2 12gulr),, < +oc.

The homogeneous Besov space B;r is defined as the set of u € S'(R%) up to poly-
nomials such that

lullg, = (218gullr) < +o

er(Z)
Let T'> 0 and p > 1, we denote by L%Bfm the space of distributions w such that
g sy, = | (2 18gulzs) |, < +oo

We say that u belongs to the space E”TB;,T if

lullzg gy, = (271 8gullges ), < +oo.

By a direct application of the Minkowski inequality, we have the following links
between these spaces. Let ¢ > 0, then

LABs, — LhBS, «— LABSE if 1> p,

LABtE < L4BS, — L4BS, if p>.

We will make continuous use of Bernstein inequalities (see [8] for instance).
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Lemma 2.1. There exists a constant C' such that for ¢,k € N, 1 < a < b and for

f e LyRY,
sup 0°Soflly < CF 20tk G=D|IS, £l e,
|a|=k
CR2|Agfllre < sup [0°Agfllze < CF2F||AL S| 1o

|a|=k
3. RIESZ TRANSFORM AND COMMUTATORS

In the next proposition we gather some properties of the Riez operator R = 9;/|D|.

Proposition 3.1. Let R be the Riez operator R = 01/|D|. Then the following hold
true.
(1) For every p €]1,400],
IRl gzry S 1.

~

(2) Let x € D(R?). Then, there exists C > 0 such that
[IDEx (27D R z(zry < C2%,

for every (p,s,q) € [1,00]x]0, +oo[xN.
We notice that the previous results hold true if we change |D|* by V*
with s € N.

(3) Let C be a fixed ring. Then, there ezists 1) € S whose spectum does not meet
the origin such that
Rf = 20%)(29) % f
for every f with Fourier transform supported in 29C.

Proof. (1) It is a classical Calderén-Zygmund theorem (see [24] for instance).
(2) Let K € 8’ such that FK(§) = |£lsx(|£|)% K is a tempered distribution such
that its Fourier transform FK is C*°(R?\ {0}) and satisfies for every a € N¢

OEFE(€)] < Cal]* 1o,
According to Mikhlin-Hérmander Theorem (see [24] for instance) we have for every
a € N? and r € R?\ {0},
05 K ()] < Cgla| 7>,
Then, it ensues that
|K ()] < Cla|~%* vz #0.
Since FK is obviously in L', we also have that K € Co(R?). This removes the
singularity at the origin and gives
K (z)] <CQ+|z)~4® Ve e RY.
Therefore we get that the kernel K € L. Now for every u € LP we have |D|*Rx(|D|)u =
K % u. We can now conclude the case ¢ = 0 by using the classical Young inequality

for convolution products.
The case ¢ > 1 can be derived from ¢ = 0 via an obvious argument of homogeneity.
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(3) This is can be done easily by introducing a judiciously chosen cut-off function. [

The following lemma will be useful in the proof of many commutator estimates.
Lemma 3.2. Given (p,m) € [1,00]? such that p > m' with m’ the conjugate ex-
ponent of m. Let f,g and h be three functions such that Vf € LP g € L™ and
zh e L™, Then,
1+ (fg) = f(hx g)lle < [[xhll o [V £l o llg o
Proof. We have by definition and Taylor formula
hef)a) = e a)@) = [ b= n)gl)(7) - Fa)dy
1
= [ stwnte =) =) V1@ + by = a))]dye.

Using Holder inequalities and making a change of variables z = t(z — y) we get

1

1 1
e (o)) = fhx )@ < Ll [ ([ 00 @ VA @ = 2)d)

where we set h1(z) = |z||h(2)|. Using Convolution inequalities we obtain since p > m/

[hx (fg) = f(hxg)llLr

IN

R s
gl BTN E NIV 1,

m

gl lhall o [V f 20

IN

O

As explained in the introduction, the control of the commutator between R and the
convection operator v - V is a crucial ingredient in the proof of Theorem 1.1.

Theorem 3.3. Let v be is a smooth divergence-free vector field.

(1) For every (p,r) € [2,00[x[1, 00] there exists a constant C = C(p,r) such that
IR, v - V0llgy, < ClIVole([10lle,, + 10lLr),

for every smooth scalar function 0.
(2) For every (r,p) € [1,00]x]1,00[ and € > 0 there exists a constant C =
C(r,p,e) such that

IR, v V10lipg, , < Cllwllzee +llwllze) (19llBs, . + 10]lze),

T

for every smooth scalar function 0.
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Proof. We split the commutator into three parts, according to Bony’s decomposition,

[R,v-V]0 = D[R, Sim10- VAL + Y [R,Agu-V]Sg_10

qeN qeN
+ Y[R, A VA
q=>—1
= > L+ > I+ Yy I
qeN qeN g>—1
— I4II+IIL

We start with the estimate of the first term I. According to the point (3) of
Proposition 3.1 there exists h € S whose spectum does not meet the origin such
that
Iy(x) = hg * (Sq—1v - VAGD) — Sq—1v - (hq * VAH),
where h,(x) = 2%h(297). Applying Lemma 3.2 with m = co we get
Hallzr < ll2hgll L1V Sq-10]lr [ Ag VO Lo

(3.1) S (IVollrel|Agflze..

~

In the last line we’ve used Bernstein inequality and ||xhy| 1 = 279||zh| 1.
Combined with the trivial fact

Aﬂ‘zlq: Z Ig
q li—ql<4
this yields
1
sy, < (> Ili)
qg>—1
S Vol l6lsy -

Let us move to the second term II. As before one writes
I (x) = hg* (Aqu - VSy_10) — Aqu - (hg x V.S4_16),
and then we obtain the estimate
Mgllze S 27[AgVullze[|Sg-1 VOl Lo
S IVollee Y 2779146 e
J<q—2
Combined with convolution inequalities this yields
.

Let us now deal with the third term III. Using that the divergence of A,v vanishes,
we rewrite I1I as
I = > Rdiv(AwAL) — > div(AwRAL) + > [R, A - V]A,0
q22 q=>2 q<1
= Ji+Jo+ Js.



GLOBAL WELL-POSEDNESS FOR BOUSSINESQ SYSTEM 9

Using Proposition 3.1-(2), we get
18R v (Aqw Ag8) | S X110 [ Bg8l1oe-

Also, since ﬁqﬁ is supported away from zero for ¢ > 2 then Proposition 3.1 (3) yields
18div(AuRAB) < P Ag0l|ze|RAH]
< Y[1Agul|zellAgll e
Therefore we get

12 (I + B)le S Y P Agllell Al

g€eN
q>j—4
S IVellee Y 27 A0 o,
geN
q=j—4

where we have again used Bernstein inequality to get the last line. It suffices now
to use convolution inequalities to get

[J1+ Jallgo, S IVV2e10] o, , -
For the last term .J3 we can write

> R A VIAL(x) =) [div X(D)R, Agv]Agf(),

—1<¢<1 q<1

where Y belongs to D(R?). Proposition 3.1 ensures that div ¥(D)R is a convolution
operator with a kernel h satisfying

()] < (1 +Ja]) =

Thus
T3 = hx(Agv-Agh) — Agu- (hx Ayh).
q<1
First of all we point out that A;J3 = 0 for j > 6, thus we just need to estimate the

low frequencies of .J5. Noticing that zh belongs to L¥ for p’ > 1 then using Lemma
3.2 with m = p > 2 we obtain

1A Jsllze S D Nk o A Vol o l| Agh] o
q<1

S IVollze Y 1A 2.

—1<¢<1
This yields finally
1sllsg, S 190l 6120

This completes the proof of the first part of Theorem 3.3. The second part can be
done in the same way so that we will only give here a shorten proof. To estimate
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the terms I and II we use two facts: the first one is ||A;Vul/p ~ ||Aqw]| L~ for all
q € N. The second one is

q—2
IVSg-1vllee S IVA_10llzee + ) 1A, Vo) oo
§=0
S llwllze + qllwllze
For the remainder term we do strictly the same analysis as before except for J3: we
apply Lemma 3.2 with p = co and m = p leading to

185 Tsllr S D bl ol AgVollze | Agb] Lo
q<1
S IVellee Y 1AL
—1<¢<1
S lwllzell0] e

This ends the proof of the theorem.

4. TRANSPORT-DIFFUSION EQUATION

In this section we will give some useful estimates for any smooth solution of a linear
transport-diffusion model given by

o +v-VO+|D|0 =
t=0 = 0".

We will discuss three kinds of estimates: LP estimates, smoothing effects and loga-

rithmic estimates.

The proof of the following LP estimates can be found in [13].

Proposition 4.1. Let v be a smooth divergence-free vector field of R and 6 be a
smooth solution of (TD). Then we have for every p € [1, ]

t
16(8)l1ze < 1160 + /0 1£ ()| o

We intend to prove the following smoothing effect.

Theorem 4.2. Let v be a smooth divergence-free vector field of R® with vorticity w.
Then, for every p € [1,00] there exists a constant C' such that

sup 29| Ag| 3 » < CN0°N Lo + Cl6°|oe W] 13 Lo
geN
for every smooth solution 6 of (TD) with f = 0.
Proof. We start with localizing in frequencies the equation: for ¢ > —1 we set
64 := Ag40. Then

00y +v-Vl,+|D|8, = —[Ay,v- V]
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Recall that 6, is real function since the functions involved in the dyadic partition of
the unity are radial. Then multiplying the above equation by ]0(1]1’*26?(1, integrating
by parts and using Holder inequalities we get

1d - -1
5%”%”%” + /RQ(D’eq)eqp 2961513’3 < 10175 [Ag, v - VIO 1o
Recall from [9] the following generalized Bernstein inequality

20,1l < [ (DI 20yd

where ¢ depends on p. Inserting this estimate in the previous one we obtain

1d -1
];@H@qll’ip + 291041175 S N04lI70 1[Ag, v - VIO 1o

Thus we find
d
(4.1) g 10allze +e29)0glizr S [[[Aq, v - VO] Lo

To estimate the right hand-side, we shall use the following lemma (see the appendix
for the proof of this lemma).

Lemma 4.3. Let v be a smooth divergence-free vector field and 6 be a smooth scalar
function. Then, for all p € [1,00] and ¢ > —1,
I[Ag v - V]0llze S IVollze 10l 5, . -

Combined with (4.1) this lemma yields

d, . c
2 N0®l) S e IVo@)le 0@y, .

dt
S e w®lo16°] .

~

To get the last line, we have used the conservation of the L° norm of # and the
classical fact
IVollze S llwlle Vp€E]L, +o0.
Integrating the differential inequality we get
t
16,()[e S 116G llre " + ||9°||Lo<>/O e lw(7) | prdr.

Integrating in time yields finally

t
0l e S 16200+ 116%] /0 Jlw(r)l[zodr

t
S 1600z + 6% /O w(T)|| e dr,
which is the desired result. O

Let us now move to the last part of this section which deals with some logarithmic
estimates generalizing the results of [26, 16]. First we recall the following result of
propagation of Besov regularities.
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Proposition 4.4. Let (p,r) € [1,00)%,5 €] —1,1[ and  a smooth solution of (TD).
Then we have

t
HGHZtOOBg,T ,S@CV(t)(HGOHB;M +/0 6—CV(T)Hf(7')||B;de>,
where V(t) = ||V 1o

The proof of this result is omitted here and it can be done similarly to the inviscid
case [8], using especially Proposition 4.1.

Now we will show that for the index regularity s = 0 we can obtain a better estimate
with a linear growth on Lipschitz norm of the velocity.

Theorem 4.5. There exists C > 0 such that if K > 0, p € [1,00] and 0 a solution
of

(O +v-V+kD|)E=f,
then we have

t
100z, < €160y, + 17 0pmg, ) (1+ [ 1900 lur).

Proof. We mention that the result is first proved in [26] for the case kK = 0 by
using the special structure of the transport equation. In [17] the first two authors
generalized Vishik’s result for a transport-diffusion equation where the dissipation
term has the form —xA#. The method described in [17] can be easily adapted here
for our model.

Let ¢ € NU {—1} and denote by 6, the unique global solution of the initial value
problem

(4.2) { Ofq +v - Vg + [D|0g = Ayf,

0q|t:0 = A,0°.
Using Proposition 4.4 with s = i% we get

3 0 cV(t)
B0l ey S (1800 oy + 18I, ey )e .
where V(¢) = |[Vv|[ 1. Combined with the definition of Besov spaces this yields
for j,q = -1

- 1
(4.3) 18j04ll g e S 27200 (A8 Lo + 1A f | 3 1o) eV,
By linearity and again the definition of Besov spaces we have
(4.4) 10z o, < > 1A0gllerr + D 1140l e,
li—al=N li—gql<N

where N € N is to be chosen later. To deal with the first sum we use (4.3)
S UABdze S 2V Y (1A + 180 )

lj—al=N ¢2-1
_ C
27N (116% g0, + £ im0, eV .

N
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We now turn to the second sum in the right-hand side of (4.4).

It is clear that B B
> 1AOllerr S D 118gllngere-
li—ql<N li—al<N
Applying Proposition 4.1 to the system (4.2) yields

10gll g rr < 112g8° o + 1 Ag fll 13 -
It follows that

S 18l re £ N (1650, + 1 Fllsim0)-
li—al<N

The outcome is the following
100z5g, S (1071, + 171z, ) (277210 4 ).

Choosing

N [2CV(t)}
log 2
we get the desired result.

5. PROOF OF THEOREM 1.1

Throughout this section we use the notation ®; to denote any function of the form
®p(t) = Cyexp(... exp(Cot?)...),
———
ktimes

where Cj depends on the involved norms of the initial data and its value may vary
from line to line up to some absolute constants. We will make an intensive use
(without mentionning it) of the following trivial facts

[onir <o wa e[ auran) < )
0 0

The proof of Theorem 1.1 will be done in several steps. The first one deals with
some a priori estimates for the equations (1.2). In the second one we prove the
uniqueness part. Finally, we will discuss the construction of the solutions at the end
of this section.

5.1. a priori estimates. As we will see the important quantities to bound for all
times are ||w(t)||r~ and ||Vv(t)|z=. It seems that for subcritical regularities like
for example H® s > 2 or more generally By ., s > 1+ % we need only to bound
the quantity [[010]| 17, which in turn controls [[w(t)||r, due to Brezis-Gallotiet
logarithmic estimate, see for example [23]. Even though these quantities seem to
be less regular than [|[Vv|| 17, it is not at all clear how to estimate them without
involving the latter quantity.

When we deal with critical regularities which is our subject here one needs to bound
the Lipschitz norm of the velocity and this will require some refinement analysis,
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especially Theorem 4.5 seems to be very crucial. To obtain a Lipschitz bound we
will proceed in several steps: one of the main step is to give an L°°-bound of the
vorticity but due to some technical difficulties related to Riesz transforms this will
be not done in a straight way. We prove before an LP estimate with 2 < p < oo and
this allows us to bound the vorticity in L.

We start with recalling the LP estimate for the temperature function. It is a direct
consequence of Proposition 4.1.

Proposition 5.1. Let (v,0) be a smooth solution of (1.2), then for all p € [1,+o0]
10() ] Lo < [16°]| o

We intend now to bound the LP-norm of the vorticity and to describe a smoothing
effect for the temperature.

Proposition 5.2. If W’ € LP and 6° € LP N L™ with p €]2, 00], then
lw®lls + 107,y _ < ®1(0)

Proof. Applying Riesz transform R to the temperature equation we get

(5.1) 0RO+ v-VRO+ |DIRO = —[R,v-V]b.
Since |D|R = 0; then the function I' := w + R satisfies
(5.2) ' +v-VI = —[R,v- V].

According to the first part of Theorem 3.3 applied with r = 2 we have
[[R,v- V]9H332 SIVollee (10l so,, + 110]lze)-

Using the classical embedding B‘S,Z — LP which is true only for p € [2,00)
[[R,v- V10| 1, < IVlle (1910, + 101]2r)-
Since divv = 0 then we get from the transport equation (5.2)
t
IT@)ze < T Lo +/ IR, v V10(7)| Lodr.
0

Putting together the last two estimates we get

t
IT@lr < HFOIILP+/0 IVl (10Dl s, + 10]l2) dr

t
S lw’llze +116°] v +/0 lw() e (10 o, + 116°]| v ) dr-

We have used here the Calderén-Zygmund estimates: for p € (1, 00)
IVo|lr < Cllwllze and  |RE°| e < C|6°| s
On the other hand, from the continuity of the Riesz transform and Proposition 5.1
lw®llzr < ITE)ze + ROl e
S T e + 116°] e

~
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This leads to
t
lw(@) e S Nw®llze + [16°] 2o +/0 lw() e (10(T) 1 o, , + 16°]| o ) d.

According to Gronwall lemma we get

C|le
H HL%Bgo,Z_

(5.3) lw®)|rr < Coecote
Let N € N, then we have by Bernstein inequalities and Proposition 5.2
HQHLtlBgQ2 < HSNHHLtlBgQ2 +[|(Id — SN)GHL%BgOJ

S 600 VN + Z 1801 L1 oo

>N

2
S VNIt + > 270 |AG0] 1 -
q>N

Using Theorem 4.2 and p > 2 we obtain

t
2 2_
S Al s D 2TV (160e + 16 e /O ()l zrdr )

g>N-1 g>N-1
t
N(—1+2
< 160 + 2VCR)60) e / |l (7) || ol
0
Thus, we get

t
_ 2
100 i g0 . S VOO | oot + [16°] 2o + 2V 5160 o /0 lw(7) || odr.

t 00,2

We choose N as follows

. llog (e+J; yw(T)prdT)]

(1—-2/p)log2
Then it follows

1 t
1605350, S 10 rs + 16l tlog? (e + [ flo(r)limdr):
’ 0

Combining this estimate with (5.3) we get

Cl|é
1030, S 10%0serze + 6% ot logt (o4 Coetote”"5%2)

1
< Co(L+8%) + Cl6°||=t|6]1 7, 5o -
t 00,2
Thus we get for every t € R+
8llims , < Coll+#2).
It follows from (5.3)
(5.4) lw(®)llLe < P1(t).

15
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Applying Theorem 4.2 and (5.4) we get
(5.5) 2 Agbll e < B1(t),  VgeN
and thus
100725y < ®1(D).
This ends the proof of Proposition 5.2.
Remark 5.3. Tt is not hard to see that from (5.5) one can obtain that for every s < 1
(5.6 1601255, < 1011735 < B
Combined with Bernstein inequalities and the fact that p > 2 this yields
(5.7) 1015 pe, < ®a(t),

for every e < 1 — %.

We aim now at giving an L*°-bound of the vorticity.

Proposition 5.4. Let (v,0) be a smooth solution of (1.2) such that w°,0° € LPNL>
and RO° € L™, with 2 < p < co. Then we have

(5.8) Jw(®)ll e + RO 1 < B (1)
and

(5.9) [o(t)][Le < P3(2).
Proof.

e Proof of (5.8). By using the maximum principle for the transport equation (5.2),
we get

t
IT() [z < [IT°) 1 +/O I[R,v- V]O(T)|| Lo dr.
Since the function R# satisfies the equation
(5.10) (O +v-V+D))RO=—[R,v- V]b,
we get by using Proposition 4.1 for p = oo that
t
[RO()|| L < [[RO(2)]| Lo +/0 [[R,v - VI]O(T)|| Lo dT.

Combining the last two estimates yields

t
Iz + ROz < [Tz + RO Low +2/0 IR, v - V10(7)| L dr

IN

t
co+/ IR, - V18(r)l| o dr.
; ,
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It follows from the second estimate of Theorem 3.3 and Proposition 5.2
t
lw@)llze + IRO@) [ < Co+/0 lw(T)lzeenze (10(7) ] 5s, , + 10(7) ] Lr)dr
< Co+lwllzgerr (101l e, + tl16°]20)
+ / () 2= (1615, , + 16°]]20) dr
Let0<e<1—2 then using (5.7) we get
[w(®)llzoe + [RO@) | Lo S Pa(t / lwo(m) Iz (10D B, , + 16°]]20)dr
Therefore we obtain by the Gronwall lemma and a new use of (5.7) that
lw(®)l[zee + IRO®)|| oo < Po(t).
e Proof of (5.9).

Let N € N to be chosen later. Using the fact that [|A,v|re & 279||A w1, we
then have

@l < IXEYDNo@)llz= + Y 27 Agw(t)]
q>—N
< [Ix@Y Do)z + 2" [lw ()] -

Applying the frequency localizing operator to the velocity equation we get
t ¢
x(2V|D))v = x (2 |D|)vg —I—/ Px(2N|D)6(r)dr + / Px(2V|D|)div(v ® v)(7)dr.
0 0

where P stands for Leray projector. From Bernstein inequalities, Calderén-Zygmund
estimate and the uniform boundness of x(2~V|D|) we get

t N yz [
/ @ D)PO) [pmdr < 27VF / 1607 dr
0 0
< 16
Using Proposition 3.1-(2) we find
t t
/ IPX(2Y D)) div(v ® v)(r) | pedr < 27N / lo(r) |3 wdr.
0 0

The outcome is

t
lo@l= < HvOIILoo+7f||90||Lp+2_N/O lo(P)|Zoedr + 2% [|w(t)] 2>

t
< oV /0 lo(r) 2o dr + 2V s (1)
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Choosing judiciously N we find

1

t 1
v(t)|| e < Pa(t)(1+ / o(T)|2edr)?).
o) (1 (] o))
From Gronwall lemma we get

o)L < P3(2).

O

Now we will describe the last part of the a priori estimates. Following the program
exposed in the beginning, the aim is to get estimates on Vu.

Proposition 5.5. Let (v,6) be a smooth solution of (1.2) and w°,6° € Bgo’I N LP
with p €]2,00[. Then

10@5o,, +llw®)llse, , + ll0@)lpr | < P3(?)-

Proof. By using the logarithmic estimates of Theorem 4.5 for the equations (5.1)
and (5.10), we obtain

(511) IT@lgy,, + IROOIs,, S (Cot [Ryw- 910 1m0 ) (14 190lss)-

Thanks to Theorem 3.3, Propositions 5.4, 5.2 and (5.7) we get

H[R,U'VWHL%B&J S /O(HW(T)HLOO+HW(T)HLP)(\|9(T)HB;,1+H9(T)HLP)dT
S Do)

By easy computations we get

Vol < [VA_10]zee + ) 1AV e

geN
S lwllze + ) 1AWz
qeN
(5.12) S @) + lw®llpo -

Putting together (5.11) and (5.12) leads to

J(Ollss, < PO, + RO 5, < 220 (1+ [ ol dr).
Thus we obtain from Gronwall inequality
(5.13) lw®llps, < @s(0).
Coming back to (5.12) we get
IVo(t)[[Le < P3(t).

Let us move to the estimate of v in the space Bc1>o,1- By definition we have

lo@llpy , S lv@®)llze + lw®)lpo, |-
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Combined with (5.9) and (5.13) this yields
lo(lpr , < ®3(t)

as claimed. To estimate ||0(¢)]| go . we use Theorem 4.5 and the Lipschitz estimate
of the velocity. ’

t
10Os, < 105, (1+ / |90 (r)l| <)
’ ’ 0

S Ps(t).
The proof of Proposition 5.5 is now achieved. O

Remark 5.6. Notice that the a priori estimates above imply that VO € LL (R, ; L*).

loc
Indeed, we can establish the following estimate by combining the smoothing effect

of the temperature equation with the logarithmic estimate described by Proposition
4.5,

101351, , < ClE N o, , (1 + VoIl e )-

Although we expect to use this estimate for the uniqueness part, it seems that this
is not sufficient for our purpose and some technical problems arise due to the fact
that Riesz transforms do not map continuously L> to itself. The crucial information
that we need for the uniqueness is 6 € L{ (Ry; B} ).

5.2. Uniqueness. We now show that the Boussinesq system (1.2) has a unique
solution in the class

Xp = (LB NLYBL 1) x (LPLP N LB ), 2<p< .
Let (v',0') and (v?, 6?) two solutions of (1.2) belonging to the space X7, and denote
v=0%—0l, 0=0%-0
Then we have the equations

O +v2-Vo=—-Vp—uv-Vol + fey
00 +v%- VO +|D|f = —v - VO
Vjt=0 = v’ O)¢=0 = 6°.

According to Theorem 4.5 we have

s, S Q+ViE) (10050, + 1900z, + o Fo'lzme, + 10llime ),

with Vi(t) = ||[Vo!|| iz~ A straightforward calculus using the incompressibility of
the flows gives
Vp = —VA v (v- V(o' +0v%) +VA~19,0
I+ 1II.

To estimate the first term of the RHS we use the definition
Mg, S VA~ div )div Ay (v @ (0! + %)z + o V(0! + 07|,
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From Proposition 3.1-(2) and Besov embeddings we have

||(VA_1diV )div A (v ® (vl + v2))||Loo < v (vl + v2)HLoo

~

< 1 2
< Iolls 0! + o2l

Using the incompressibility of v and using Bony’s decomposition one can easily
obtain

- V! + 0l | < lollpe 0"+ %5,
Putting together these estimates yields
(5.14) Mg, , < vl llv" + 0%l

Let us now show how to estimate the second term II. By using Besov embeddings
and Calderén-Zygmund estimate we get

Mg, < IVAT'20] -
oo,1 Bp
p,1
S 1ol ;-
p,l
Combining this estimate with (5.14) yields
lo@lp, <@+ (105, + / o) g, [t + 10" o2, Jar)
(5.15) L+ Vi(t ))HHH
t pl

We have now to estimate [|6|| .2 . Byapplying A, to the equation of § and arguing
LB},
similarly to the proof of Theorem 4.2 we obtain

t
18g(t)l|ze S e [16glle + /G_CQQ(M)IIAq(v‘V91)(T)||Lpd7
0

t
R
0

Remark, first, that an obvious Holder inequality yields that for every e € [0, 1] there
exists an absolute constant C' such that

¢
/ e~ dr < 271179y > Q.
0
Using this fact and integrating in time
2
26l e S 2600

b e [ (18- VOl + -, A0 i i
0

(5.16) — 2"(’“%)H€2Hm + 1, () + 11, (t).
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Using Bony’s decomposition we get easily
18w - VOB e S No@)llze D> 27146 (1)]n
J<q+2

+ 2Ol D 1856z

Jj2q—4

Integrating in time we get

—1+2
() S lolleer=2" 0 ] + 1160z

2
=+
+ 10l eroe 2P DT (180 g
jzq—4
—14+24
(5.17) S ol =2 gl + D10 gy -

To estimate the term II;, we use the following classical commutator (2/p < 1)

_g2
I[v* -V, A6l < 2 quIW2||LooII9”B

ST

1

Thus we obtain,

(5.18) Iy (t) S 20| Vo? | o< 0] 2

1By

We choose € > 0 such that —1 + % + ¢ < 0, which is possible since p > 2. Then
summing (5.16) and using (5.17) and (5.18) we get

ol

t S N0lze + vl 10"y + 155HW2|!L;><>L°°HGIIL1

2 2
P P
p,1 tp,1

For small t € [0, §] one can obtain

0 1
IIGHL% 2 SN0 Nee +Eollcger=l10"1 71 -
D,

Plugging this estimate into (5.15) we find

[ollpgeno | S eV <”UOHB&J + 6% e + tlollzgeno | + tE”UHLf"LOOHeluigB;m),
where V(t) := ”(Ul?UQ)HLtIBéO’l' If ¢ is sufficiently small then we get for ¢ € [0, J]
(5.19) lollzems, < 0, + 160

This gives in turn

(5.20) ol
L

t

s S lePlls + 1100z

p,1 '

This gives in particular the uniqueness on [0, §]. An iteration of this argument yields
the uniqueness in [0, 7.
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5.3. Existence. We consider the following system

O + vy - Vop, + Vp, = Ope2
040, + vy - VO, +|D|0, =0
divy, =0

Un|t=0 = SnU()? 9n|t:0 = Sneo

(Bn)

By using the same method as [16] we can prove that this system has a unique local
smooth solution (vy,#,). The global existence of these solutions is governed by the
following criterion: we can push the construction beyond the time 7' if the quantity
| Vo] r1re is finite. Now from the a priori estimates the Lipschitz norm can not
blow up in finite time and then the solution (v,, 6,,) is globally defined. Once again
from the a priori estimates we have for 2 < p < oo

lonllpgepr | + lwnllogerr + HGHHL%O(B&JOLP) < @3(T).

Then it follows that up to an extraction the sequence (v, 0,) is weakly convergent
to (v,6) belonging to LFBL, | x LE}O(BSQ1 N LP), with w € L¥LP. For (n,m) € N
we set Upm = Up — Up, and 6y, = 6, — 6, then according to the estimate (5.19)
and (5.20) we get for T'=§

H”n,mHL%OBgO’1 + ||9n,m||L1 2 < @3(75)(”*%”0 - *SWmUOHBgO,1 +[15,6° — SmQOHLP)'

T p,1

2
This shows that (vy,, 6,) is a Cauchy sequence in the Banach space L3® Bgo,l X LlTB;;1
and then it converges strongly to (v, €). This allows to pass to the limit in the system
(By,) and then we get that (v, 0) is a solution of the Boussinesq system (1.2).

APPENDIX: PROOF OF LEMMA 4.3

We have from Bony’s decomposition

[Ag,v-V]0 = > [AnSimv- VA + D [AgAju- V]S40
li—ql<4 li—ql<4
+ > [An A VIAG
Jj=q—4

= 1, + 11, + III,.
Observe first that
I,= > hgx(Sjav-VAH) — S v (hgx VA6)
li—ql<4
where ﬁq(f ) = ©(279€). Thus, Lemma 3.2 and Bernstein inequalities yield

lle S D NzhglalVS;-1v] e | VA; 0|
l7—q|<4

S AVolleelholl > 2777 A0 Lo
li—ql<4
S IVollzelfl e -



GLOBAL WELL-POSEDNESS FOR BOUSSINESQ SYSTEM 23

To estimate the second term we use once again Lemma 3.2

Ml < ) 2794Vl [ VSj-10] 1o

li—q|<4
S Vol D 259 Akl e
[7—al<4
k<j—2
S IVollzellfl e, -

Let us now move to the remainder term. We separate it into two terms: high
frequencies and low frequencies.

IIIq = Z [ch‘)i, A]’Uz‘]ﬁje + [Aq, A_qv- V]A_le
j>q—4
JEN
I 1 2
= IIIq + IHq.
For the first term we don’t need to use the structure of the commutator. We estimate
separately each term of the commutator by using Bernstein inequalities.

M S > 2914 0|0l A6

jzq—4
JEN
S Vol D 2977 A;0) e
Jj>q—4
S Vol 6l -

For the second term we use Lemma 3.2 combined with Bernstein inequalities.

M2 S VA1l l|VA_ 16|~

~

S Vollze 10l s, -

~

REFERENCES

[1] H. ABIDI AND T. HMIDI:  On the global well-posedness of the critical quasi-geostrophic equation.
SIAM J. Math. Anal. 40 (2008), no. 1, 167-185.

[2] J. T. BEALE, T. KATO AND A. MAJDA: Remarks on the Breakdown of Smooth Solutions for
the 3-D Euler Equations. Commun. Math. Phys. 94, p. 61-66, (1984).

[3] H. Berestycki, P. Constantin, L. Ryzhik: Non-planar fronts in Boussinesq reactive flows. Ann.
Inst. H. Poincar Anal. Non Linaire 23 (2006), no. 4, 407-437.

[4] J.-M. BoNy: Calcul symbolique et propagation des singularités pour les équations aux dérivées
partielles non linéaires. Ann. de 'Ecole Norm. Sup., 14, p. 209-246, (1981).

[5] Y. BRENIER: Optimal transport, convection, magnetic relazation and generalized Boussinesq
equations, preprint 2008, arXiv:0801.1088.

[6] L. CAFFARELLI, A. VASSEUR: Drift diffusion equations with fractional diffusion and the quasi-
geostrophic equation. Ann. of Math, to appear.

[7] D. CHAE: Global regularity for the 2-D Boussinesq equations with partial viscous terms, Ad-
vances in Math., 203, 2 (2006) 497-513.

[8] J.-Y. CHEMIN: Perfect incompressible fluids. Oxford University Press 1998.

[9] Q. CHEN, C. M1AO, Z, ZHANG: A new Bernstein inequality and the 2D dissipative quasi-
geostrophic equation, Commun. Math. Phys. 271, 821-838 (2007).



24
(10]
(11]
(12]
(13]
[14]
(15]
[16]
(17]
18]
(19]
20]
(21]

22]
23]

24]

[25]
[26]

T. HMIDI, S. KERAANI, AND F. ROUSSET

P. CONSTANTIN, A. MAJDA, AND E. TABAK: Formation of strong fronts in the 2D quasi-
geostrophic thermal active scalar. Nonlinearity, 7, p. 1495-1533, (1994).

P. CONSTANTIN, D. CORDOBA, J. WU: On the critical dissipative quasi-geostrophic equation;
Indiana Univ. Math. J., 50,97-107, (2001).

P. CONSTANTIN, J. WU: Behavior of solutions of 2D quasi-geostrophic equations; STAM J.
Math. Anal, 30, p. 937-948, (1999).

A. COrDOBA, D. CORDOBA: A mazimum principle applied to quasi-geostrophic equations;
Comm. Math. Phys., 249, p. 511-528 (2004).

R. Danchin and M. Paicu, Global well-posedness issues for the inviscid Boussinesq system with
Yudovich’s type data. arXiv:0806.4081[math.AP] 25 Jun (2008).

R. DANCHIN, M. PAicu: Global existence results for the anistropic Boussinesq system in di-
mension two. arXiv:0809.4984v1 [math.AP] 29 Sep (2008).

T. HMIDI AND S. KERAANI : On the global well-posedness of the Boussinesq system with zero
viscosity, to appear in Indiana. J. Math.

T. HMmipI, S. KERAANIL: Incompressible viscous flows in borderline Besov spaces , Arch. for
Rational Mech. and Analysis 189 (2008), no 2, 283-300.

T. HMmipI, S. KERAANI, F. ROUSSET: Global well-posedness for Navier-Stokes-Boussinesq sys-
tem with critical dissipation, preprint 2009.

T. HMmIpDI, M. ZERGUINE: On the global well-posedness of the Euler-Boussinesq system with
fractional dissipation, Preprint.

T. Y. Hou, C. Li, Global well-posedness of the viscous Boussinesq equations, Discrete and
Continuous Dynamical Systems, 12, 1 (2005) 1-12.

A. KiseLEV, F. NASAROV, A. VOLBERG: Global well-posedness for the critical 2D dissipative
quasi-geostrophic equation; Invent. Math. 167, no. 3, 445-453, (2007).

J. PEDLOSKY: Geophysical Fluid Dynamics; Springer-Verlag, New York, (1987).

W. E AND C-W. SHU: Small scale structures in Boussinesq convection, Phys. Fluids, 6 (1),
49-58, 1994.

E. M. Stein: Singular integrals and differentiability properties of functions. Princeton Mathe-
matical Series, No. 30 Princeton University Press, Princeton, N.J. 1970.

H. TRIEBEL: Theory of function spaces. (Leipzig 1983).

M. VisHIK: Hydrodynamics in Besov Spaces. Arch. Rational Mech. Anal 145, p. 197-214,
(1998).

IRMAR, UNIVERSITE DE RENNES 1, CAMPUS DE BEAULIEU, 35 042 RENNES CEDEX, FRANCE
E-mail address: taoufik.hmidi@univ-rennesl.fr

IRMAR, UNIVERSITE DE RENNES 1, CAMPUS DE BEAULIEU, 35 042 RENNES CEDEX, FRANCE
E-mail address: sahbi.keraani@univ-rennesi.fr

IRMAR, UNIVERSITE DE RENNES 1, CAMPUS DE BEAULIEU, 35 042 RENNES CEDEX, FRANCE
E-mail address: frederic.rousset@univ-rennesl.fr



