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Abstract

We study nilpotent groups acting faithfully on complex algebraic varieties. We use a method of base change.
For finite p-groups, we go from k, a number field, to a finite field in order to use counting lemmas. We show
that a finite p-group of polynomial automorphisms of k¢ is isomorphic to a subgroup of GLg4(k). For infinite
groups, we go from C to Z, and use p-adic analytic tools and the theory of p-adic Lie groups. We show that a
finitely generated nilpotent group H acting faithfully on a complex quasiprojective variety X of dimension d can
be embedded into a p-adic Lie group acting faithfully and analytically on Zﬁ; we deduce that d is larger than
the virtual derived length of H.
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1 Introduction

1.1 Minkowski’s bound for polynomial automorphisms.

Finite subgroups of GL4(C) or of GL4(k) for k a number field have been studied extensively. For instance,
the Burnside-Schur Theorem (see [BurlI] and [SBR11]) says that a torsion subgroup of GL4(C) is finite if it is
of bounded exponent or finitely generated. The Jordan-Schur Theorem (see [Jor77| and [SBR11|) shows that
any torsion subgroup of GLg(C) admits a normal abelian subgroup of index < F(d) for some F(d) € Z.
In particular, infinite finitely generated torsion groups do not have a faithful linear representation in finite
dimension. See [CR66] for a general reference for finite groups and especially §36 for reference for the results of
Burnside, Jordan and Schur.

Another interesting question is finding bounds on the order of finite subgroups of GLg4(k) for k a number
field.

Rational numbers.— Let p be a prime. A finite p-group is a group of size p* for some integer o > 0. For
d € Z4, define Mq(d,p) to be the integer

Ma(d.p) = LvilJ - Ln(pd— 1)J " L?Z(pd— 1)J i

(Here M stands for Minkowski). Let v, be the p-adic valuation; then Mq(d,p) = L’;ilJ + vp (L}%‘llJ !).

Theorem 1.1 (Minkowski 1887, see [Ser07]). Let d be a natural number and let p be a prime. If G is a finite
p-subgroup of GLq(Q), then vy(|G|) < Mq(d,p), and this upper bound is optimal: there are groups of order
pMa(dP) 4n GL4(Q).



Number fields.— Schur extended Minkowski’s result to the case of number fields. To state Schur’s result,
let us introduce some notation for cyclotomic extensions. Consider a number field k and fix an algebraic closure
k of k. Denote by z, € k any primitive a-th root of unity, for a any positive integer; for instance z4 = i, a square
root of —1.

o If p > 3, set t(k;p) = [k(zp) : k] and let m(k;p) be the maximal integer a such that k(z,) contains zpe;
note that m(k;p) is finite because k is a finite extension of Q. Then, define

My (d, p) := m(k;p) - L(ljp)J * {p.t(dk;p)J * {th(i;p)J *

o If p =2, set t(k;2) = [k(z4) : k] and let m(k;2) be the largest integer a such that zz« € k(z4). Define

Mifd2) =+ (02~ | i |+ | ey |+ | ey |+

This definition is consistent with the definition of Mq(d,p) given above.

Theorem 1.2 ([Sch05], [Sex07]). Let d be a natural number, and let p be a prime. If G is a finite p-subgroup of
GLq4 (k) then vp(|G|) < Mk(d,p) and this bound is optimal.

It is not difficult to find a subgroup G C GLg(k) such that |G| = p(4P). We recall how to do so in
Proposition 217

Polynomial automorphisms.— Let Aut(A{) be the group of polynomial automorphisms of the affine
space A%, over k. The group GL4(k) embeds naturally into Aut(A{). When d = 1, we get the group of affine
transformations. When d > 2, the group Aut(A{) is of infinite dimension and the degree of the formulas are not
bounded anymore. When the dimension d grows, the group becomes more complicated as the sequence of groups
(Aut(Ag))y is increasing. When d = 2, we know the structure of the group; Jung’s Theorem (see [Jun42)) states
that it is a free amalgated product of the subgroup of affine transformations and of elementary ones. When
d > 3 the structure is more complicated to describe. See [SU04] for the case d = 3. See [vdE12] for a general
reference on polynomial automorphisms of the affine space.

Surprisingly, even though the groups are much more complicated we are able to show that the Minkowski-
Schur bound still holds for subgroups of Aut(Af) and in fact the same finite subgroups appear.

Theorem A. Let k be a number field, let d a natural number, and let p > 3 be a prime. If G is a finite
p-subgroup of Aut(AY), then there exists a group embedding G — GLa(k). In particular, Schur’s bound still
holds:

up(|G|) < Mk(d, p),

and this bound is optimal.

The proof first shows the bound on the cardinal of the group G and we then find the group embedding
G < GL4(k) using a Sylow argument.

Remark 1.3. The case p = 2 is also dealt with in Section 2. But we don’t get an optimal bound. For example
for p = 2 and k = Q, we show that any 2-subgroup G of Aut(Ag) can be embedded into GL4(Q(z4)) and
therefore satisfies v2(|G|) < Mq(d,2) + |£]|. More precisely, Proposition defines three cases (a), (b) and
(¢) when p = 2. We get an embedding into GL4(k) in case (a) and (b) (this is the case for example if k
contains z4), but in case (¢) we can only get an embedding of G into GL4(k(z4)) and therefore we get the bound
02(|G]) < Mi(d,2) + | 2] = My(z4)(d, 2). See Theorempage@for the general statement.

In fact, Theorem [A] still holds when k is a finitely generated field over Q but the proof is less intuitive so
we will show the proof for k a number field and explain how to extend it to finitely generated field over Q in

Remark We then state the complete theorem for finitely generated fields over Q in Theorem [D] page

Our method of proof follows [Ser07], in which Serre bounds the order of the finite subgroups of H(k), for H
a semi-simple algebraic group; the phenomenon mentioned in Remark also appears for such groups H. The
general idea is to embed G into a group of linear automorphisms over a finite field, study the finite field case,
and use cyclotomic characters to find the optimal bound yield by this method.

Birational transformations.— The problem of the existence of uniform bounds on the size of finite p-
groups or finite simple groups in infinite dimensional groups such as Aut(Ad) or Bir(Ad) has been studied
extensively during the last decade (see [Ser09]). For an arbitrary complex projective variety X, one cannot
expect uniform bounds that would only depend on the dimension of X, since every finite group is the group of
automorphisms of a complex projective curve (see [Gre60]). But precise results have been obtained when X is
rationally connected. Recently, Jinsong Xu showed the following optimal result: Let d be a natural number and
let p be a prime > d+1. If X is a rationally connected variety of dimension d over an algebraically closed field of



characteristic 0, and G is a finite p-subgroup of Bir(X), then G is abelian and its rank is at most d (see [Xu20]).
Results of this type were first shown by Prokhorov, Shramov and Birkar in [PS14] for birational transformations
of any varieties and improvements were made for rationally connected varieties in [PS16].

These results are deeper than our Theorem [A] but our contribution has a few advantages: it may serve as
an introduction to the work of Prokhorov and Shramov, the techniques are more elementary, the precise bound
we obtain illustrates the interplay between the arithmetic of the field k and the size of the group, and the proof
shows why the upper bound of Minkowski and Schur is still valid in Aut(Ag).

Remark 1.4. The results of Prokhorov and Shramov rely on the BAB conjecture, which was proved by Birkar
in [Bir21]. The result of J. Xu relies on the work of Haution on equivariant cohomology and fixed points of finite
groups (see [Haul9)).

1.2 A bound for the action of finitely generated nilpotent groups
1.2.1 Nilpotent and solvable groups

Let H be a group. If a,b € H, we denote by [a,b] := aba™*b~" their commutator. If Hy, Hz are two subgroups
of H, then we denote by HiH> the subgroup generated by the set {h1h2 : h1 € H1,hs € H2} and by [Hi, H2] the
subgroup generated by the set {[h1, h2] : h1 € Hi,ha € Ha}. The lower central (resp. derived) series is defined
by D°(H) = H (resp. Do(H) = H) and D'V (H) = [H, D*(H)] (vesp. Diy1(H) = [D;(H), D;(H)]). A group H
is nilpotent (resp. solvable) when there exists an integer k such that D*(H) =1 (resp. Dy(H) = 1).

If H is nilpotent, its nilpotency class nilp(H) is the lowest integer such that D¥(H) = 1. For a solvable group
H, denote by dl(H) its derived length, that is the least integer k such that Dyx(H) = 1. The virtual derived
length is the minimum of dl(Hy) over finite index subgroups Hy of H. Similar definitions and notation will be
used for Lie algebras.

1.2.2 Upper bounds on the virtual derived length

Finite p-groups are nilpotent. We now look at infinite, finitely generated nilpotent groups, and their actions
by automorphisms and birational transformations. In [CX18|, Cantat and Xie used p-adic analysis to give
information on group actions on complex algebraic varieties by birational transformations, and sketched the
proof of the following result.

Theorem B. Let H be a finitely generated nilpotent group acting faithfully on a quasi-projective variety X by
algebraic automorphisms over a field of characteristic zero. Then,

vdl(H) < dim X

where vdl(H) is the virtual derived length of H. Furthermore, this bound is optimal.

Another goal of this paper is to give a complete proof of this result. Again, the main idea is to replace the
initial field of definition by another one, here Qp, and in fact by Z,, for a suitable prime p. Then, the initial
action of the discrete group H will be extended to an analytic action of a p-adic Lie group over Zgimx , so that
tools from p-adic analysis will be available, in particular p-adic analytic vector fields and p-adic Lie algebras.
Thus, Theorem@will follow from a similar theorem we prove over Z,. Section@is dedicated to the construction
of p-adic analytic tools needed for the proof of Theorem [B] such as infinite dimensional p-adic Lie groups or
Tate-analytic diffeomorphisms and Section [4]is dedicated to the proof of Theorem

2 Finite p-groups

2.1 Preliminaries

Primes and p-adic numbers In the rest of the article, p is a prime unless mentioned otherwise, Z, denote
the ring of p-adic integers and Q, is the fraction field of Z,. Recall that Dirichlet’s theorem states for any
integers a,n such that ged(a,n) = 1, there is an infinite amount of prime numbers ¢ such that £ = a mod n.

Maximal ideals and reduction If ¢ is a power of a prime, we denote by F, the field with ¢ elements.
Let A be a finitely generated Z-algebra. Then for every maximal ideal m C A, A/m is a finite field. This comes
from the Nullstellensatz for Jacobson rings which is proven in [Bou07al, chapter 5, §3, theorem 3 of section 4.



2.2 Groups of linear transformations over Q

To warm up, let us prove the theorem of Minkowski. For a ring A, we denote by A its subgroup of invertible
elements; for any prime p the group (Z/p®Z)* is cyclic.

Proposition 2.1. Let G be a finite subgroup of GL4(Q). For any prime ¢ large enough there exists an injective
homomorphism G — GLq4(Fy).

Proof. Since G is finite, there exists an integer N such that G C GL4(Z[1/N]). Now, for each g € G \ {id}
denote by I(g) the largest prime factor that appears in the prime decomposition of the rational numbers given
by the coefficients of the matrix g — id; denote by L the maximum of the primes i(g). If £ > max(N, L), the
homomorphism of reduction modulo [ is defined on G and is injective. O

Thus, if G C GL4(Q) is a finite subgroup, v,(|G|) < vp(|GL4(Fy)|) for any £ given by Proposition We
know that

d—1
(GLaR) = D I (¢ 1), 1)

for any prime £. Let us compute the p-adic valuation of such a product.
Lemma 2.2. Suppose p # 2 and let £ be a generator of (Z/p°Z)™.
1. If p divides ¢* — 1 then p — 1 divides %;
2. If p—1 divides i then v, (€' — 1) = 1 + v,(3).
Proof. Suppose p divides £* — 1. Note that £7 —1 = (¢* —1) Zf;; 09 since #* =1 mod p, we have Z?;S 09 =0
mod p, and then £7 = 1 mod p?. Since £ is of order p(p — 1) in (Z/p*Z)*, we have that p(p — 1) divides ip
therefore, p — 1 divides 4, which proves the first assertion.

We prove assertion 2 by induction on v, (4). To initialize the induction assume v (é) = 0. Then p and therefore
p(p — 1) do not divide 4; thus £* 1 mod p* because £ is of order p(p — 1). Thus, v,(¢* — 1) = 1. Now suppose
the assertion true for v,(i) = k with k& > 0 and suppose v,(i) = k 4+ 1. Write i = (p — 1)p" ™ m with m not
divisible by p and suppose the result true for v, (i) = k. Let s := P=D™ then

k1 k Pl
—1=s" —1=(s fl)Zs“’.

§=0

By induction, s?" is of the form s?* = 1 + up®tt where u is an integer not divisible by p. Therefore, for all
1<7<p—1, sjpk =1+ jp"u+ vjp2 where v; is some integer. , therefore we can write

p—1

& —1 -1
Zsjp :p+pk+1%u+p2‘/:p(l +pk+1pTu+pV)

7=0

where V = 3" v;. Since p is odd, %1 is an integer and this sum has p-adic valuation 1 since &k +1 > 1.

p—1
P (Spk 1) (1+pk Zu3>
j=0

since k > 1, we get vp(spk+1 — 1) =14uv(s"=1)=14(k+1). O
Equation and Lemma provide the following corollary.

Corollary 2.3. Let d be an integer, let p be an odd prime, and let £ be a prime whose image in (Z/p*Z)* is a
generator. Then

vp(GLa(Fr)) = Mq(d, p).
This proves also the fact that Theorem[1.1] "is optimal for GLa(F¢)" by Sylow.

To prove Theorem consider a finite group G C GL4(Q), then apply Dirichlet’s theorem and Proposition
2.1/ to embed G in GL4(F,) for some prime generator ¢ of (Z/p®Z)*. The corollary gives the desired upper
bound.

Remark 2.4. The case p = 2 is also treated by Minkowski and in fact the same bound applies. However the
proof is slightly different as it is required to embed G into an orthogonal group over a finite field. Indeed, If £ is
an odd prime then the best bound one can get is v2(GL4(F;)) < M(d,2) + |d/2] with equality with the right
choice of ¢ (see Proposition . To embed a finite group H of matrices over Q into an orthogonal group over
a finite field, one just need to look at the positive definite bilinear form ¢ := 3", . 'HH. For any prime £ large
enough such that ¢ does not divide det ¢, the group homomorphism of reduction mod £ induces an embedding of
H into an orthogonal group over F;, however this process does not generalize well when looking at polynomial
automorphisms (See Remark ,



2.3 The Minkowski’s bound for finite groups of polynomial automorphisms
with rational coefficients

To prove Theorem @ we adapt the proof of the Minkowski bound for linear automorphisms. Actually, to
conclude it suffices to show that Proposition [2:I] also holds for finite p-subgroups of polynomial automorphisms.

Proposition 2.5. Let d be an integer. Let G be a finite p-subgroup of Aut(A(dQ). Then, there exists a prime ¢
such that

1. £ is a generator of (Z/p*Z)*
2. There is an injective homomorphism G — GL4(Fy)

Lemma 2.6. Let d be an integer and p a prime. Let F be a finite field with char(F) # p. Let G be a finite
subgroup of Aut(A%) of order p®. Then G has a fized point xo € Ad(F) = F?% and the homomorphism

d: G — GL4(F)
g = Dagg
18 injective.
Proof. The group G acts on F? which is of size |F|*. Since |G| = p® and p does not divide |F|, the class
equations gives the existence of at least one trivial G-orbit in F'%; hence, the existence of a fixed point zg € F?.
Up to a translation we can suppose that xg = 0. Now to show the injectivity of ®. Take g in G such that
Dog = id, then
glwr, -y za) = g(x) =id+)  Aj(x)
jz2
where A; is the homogeneous part of g of degree j. Suppose that g # id, let jo be the lowest index j > 2 such

that A; # 0. We rewrite g as g = id +A4;, + B where B =3, A; and compute the second iterate

9 (%) = g(x) + A} (9(x)) + B(g(x))
=id+A4jo(x) + B(x) + Ajo (x + Ajo (x) + B(x)) + B(9(x))
=1id +2A4;,(x) + (terms of higher degree).

And for every k > 1 we obtain
g"(x) = id +kA;, (x) + (terms of higher degree).

Since, g is of order p' for a certain t > 0, replacing k by p’ in this formula we get p‘A;, (x) = 0, a contradiction
since char F' # p. O

Remark 2.7. If F is of characteristic 0 and z¢ is fixed by G, then the proof shows also that ® : g — Dg,g is
injective.
Proof of Theorem[A] when k = Q. As in the linear case, we can find an integer N such that G C Aut(A%[l/N]).
So, for £ > N prime , reduction modulo /¢ is well defined on G. Now, for ¢ large enough such that ¢ does not
divide any coeflicient of g — id for all g € G C Aut(AdZ[1 /~))» this homomorphism is injective and we can use
Dirichlet’s theorem to ensure that £ is a generator of (Z/p*Z)*. G is now embedded in Aut(A% ,) and we replace
it by its image in Aut(AdFZ). By Lemma there is a point o € F¢ fixed by G and we have an injective
homomorphism ® : G < GL4(F¢). This concludes the proof when p # 2.

O

2.4 Extension of Minkoswski’s bound to number fields

Strategy.— This part is dedicated to the proof of Schur’s bound for finite p-groups of polynomial automor-
phisms over arbitrary number fields. We will then prove Theorem [A] using a Sylow argument. As in the previous
section, we want to show the

Theorem 2.8. Let k be a number field, d an integer and p be an odd prime. Let G be a finite p-subgroup of
Auty (A?), then there exists a finite field F with char F # p and an injective group homomorphism G — GL4(F)
such that v, (|GL4(F)|) < M (d, p).

Indeed, this would prove that v,(|G|) < vp(|GLa(F)|) < Mk(d,p). The natural idea is to do an analog of
the proof for k = Q. Replace Z by the ring of integers L := Ok of k, then for any maximal ideal m of L lying
over a sufficiently large prime, there is an injective homomorphism G — Aut(A$ /m). By taking differentials at
a fixed point over L/m we would see G as a subgroup of GL4(L/m) and the order of GL4(L/m) would give a
bound v, (|G|) < Zle vp(|L/m|* —1). The remaining part is to choose m wisely so that we get the lowest bound
possible. To do this, we use cyclotomic characters.



Cyclotomic characters.— In this part, k is a finitely generated field over Q. We denote by p, the group
of n-th roots of unity in k. Recall that Aut(u,) = (Z/nZ)* because every automorphism ¢ is of the form
d(w) = w® where a € (Z/nZ)*.

Definition 2.9 (Cyclotomic character). Denote by I'x = Gal(k/k) the absolute Galois group of k. For every
n > 1, 'k preserves the group u, C k™ of n-th roots of unity, this induces a group homomorphism

Xn : Tk = Aut(u,) = (Z/nZ)*

called the n-th cyclotomic character of k. In particular, if p is a prime number, since the inclusion ppn C prynt1
induces a group homomorphism Aut(p,n+1) = (Z/p" ' Z)* — Aut(upn) = (Z/p"Z)*, we have a compatible
family of homomorphisms

Xpm : Tk = Aut(ppn).

This family of homomorphisms induces the p®-cyclotomic character
xpe : Tk — Zy =lim(Z/p"Z)™
—
where Z,, is the ring of p-adic integers. This homomorphism is continuous with respect to the profinite topologies

on 'y and Z.

We are interested in the image of xpeo which is a closed subgroup of Z;. Define t(k;p) and m(k;p) as in
Section The number m(k;p) is always finite if k is finitely generated over Q (see [Ser(07], §4.3). If s is an
integer, we denote by Cs the cyclic group of order s.

Proposition 2.10 ([Ser(07], §4).
1. If p is an odd prime, one has
Z; ~ (Cp-1 X (1+p' Zp).

The group 1+p-Zy is a procyclic subgroup generated by 1+ p as a topological group and isomorphic to the
additive group Z,. Its closed subgroups are the groups 1+ p’Z, with j > 1.

Furthermore, one has
Im xpe = Chaep) X {1 _|_pm(k;z7) .Zp}.

2. If p=2, then Z; = Ca X {1 +4-Zs}. There are 3 possibilities for ITm xaoo :
() Tm xaec = 14 275P) . Zy and then t(k;p) = 1.
(b) Im yaco = (—1+2m&P)=YY (the closure of the group generated by —1 42" P 1) and then t(k; p) = 2.
(c) Imx200 = Co X {1 + 2m(k”’>Zz} and then t(k;p) = 2.
Remark 2.11. Those 3 cases are distinct when m(k,p) # co. We will refer as k being in case (a), (b), or (c)
when Im y2o< is of the form (a),(b) or (c) of Proposition [2.10]

Recall that an integral domain L is normal if every localisation at a prime ideal of L is integrally closed. Let
L be a normal domain that is finitely generated over Z such that the fraction field of L is k. For any maximal
ideal m C L, the quotient L/m is finite by the Nullstellensatz for Jacobson rings and N(m) := |L/m| is the norm
of m. Recall that for a ring R, Spec R denotes the set of prime ideals of R and Specmax R the set of its maximal
ideals both with the Zariski topology. The following theorem is proven in [Ser07, §6 Theorem 7].

Theorem 2.12. Let L be a normal domain finitely generated over Z such that the fraction field of L is k. Let
n be an integer and ¢ an element of (Z/nZ)*. Denote by X. the set of elements v € Specmax(L) such that
N(z) =c¢ mod n. Then:

1. Ifc€Imyyn, X.=0.
2. If c € Im xn, then X, is Zariski-dense in Specmax(L). In particular, X. is infinite.

In particular, the ring of integers of a number field is normal because it is integrally closed and this property
is stable under localisation. So Theorem [2.12 holds for L the ring of integers of a number field.

Valuations.— We define the constant

d
My (d,p) = inf va(ui —1).
=1

uwelm
Xpoo 4

The next proposition is adapted from Proposition 4, §6 of [Ser07] to our context.

Proposition 2.13. One has



(a) Ifp#2orifp=2 and t(k;p) =1 (k is in case (a)), then

Mi(d, p) = Z m(k; p) + vy (i) = Mi(d, p).

\ i

(b) If p=2, t(k;p) =2 and k is in case (b), one has
Mi(d, 2) = 1 + (m(k; p) 71r0+2v2 = Mi(d, 2)

where r1 is the number of odd integers between 1 and d and ro the number of even integers in this range.

(c) If p=2, t(k;p) =2 and k is in case(c), one has

Mi(d,2) = r1 +m(k;p)ro + Y _va(i) = EJ + My (d, 2)

i=1
with the same definition for r1 and ro.
Proof. Set t = t(k; p),m = m(k;p). We start with the case p # 2. First if ¢ divides 4, then v, (u’ —1) > m+wv,(i).

This is because u can be ertten as zv with z° = 1 and v,(v — 1) > m, so vp(u’ — 1) = v,(v* — 1). So we have
an inequality My.(d,p) > Zz 1 (m +wvp(i)). To have the opposite one, choose u € Im xpoe such that v = zz with

z of order ¢t and vp(z — 1) = m This also works for p =2 and ¢t = 1.
Suppose now that p = 2 and ¢ = 2, Define m’ = m — 1 in case (b) and m’ = m in case (c). Then for every
z € Im xaeo,

va(z' — 1) > m' 4 va(i) if 4 is even.

va(z' — 1) > 1 if 4 is odd.

This gives
Mkd2 Zl—F Z /+U2(i)):T1+mlTo+ Z v2(1)
1 odd i even i even
To show the opposite inequality, we use the fact that z = —1 +2™" € Im x20c and we check that Zle Vg (:10Z —
1) =7 +mro+ 30 va(d).
Now, to show the different equalities, notice that for (a):

M) =m- |§] + %vp(m').

Now, since ¢ divides p — 1, one has v, (¢i) = vp(i) and the rest of the computation is similar as in the case k = Q.
For (b) and (c), we have ro = | ] and r1 = d — ro.

Mi(d,2) < d— EJ +m/ EJ —|—Zv2
—d+ (m —1) EJ +§v2(z)
=d+(m'—1) H +k>1 HiJ

We can now state Theorem 2.8 without assuming p odd.

Theorem 2.14. Let k be a number field, d an integer and p be prime. Let G be a finite p-subgroup of Auty(A?),
then there exists a finite field F with char F # p and an injective group homomorphism G — GLq(F) such that
vp(IGLa(F)[) < My (d, p).



Proof of Theorem m, Take G a finite p-subgroup of Aut(A{) with p prime.

Step 1. Reduction modulo [.— Set L = O. For every element a € k™ the fractional ideal generated by a is
of the form (see [Neu99], §3)

a O =(a) = H ri(a)

[eSpec L

and the prime ideals [ such that v((a) # 0 are in finite number. For such an [ there exists a unique prime ¢ € Z 4
such that (£) C [. We define for g € Aut(A{)

ly:=  max {prime ¢ € Z; :3l € SpecL, (?) C l,u(a) # 0}
a€coeff(g—id)
where coeff(g — id) is the set of coefficients of the polynomial transformation g — id. Set Mi = maxgeq g

(M; < +o0 since G is finite) and M = max(Mi, p), then for every prime £ > M and for every m € Specmax(L)
such that (£) C m, we have a well-defined injective homomorphism

UG — Aut(AL),

where F = L/m. Indeed, the homomorphism of rings ¢ : L — L/m induces the homomorphism ¢ : Ly :=
(L\m) 'L — L/m. By construction, G is a subgroup of Aut(A{ ), so ¢:G — Aut(A‘i/m) is well-defined and
it is injective by our definition of M.

Step 2. The group ¥(G).— Now, ¥U(G) is a p-subgroup of Aut(A%). Since p € m, we get char(F) # p. By
Proposition there is a point zo in A%(F) fixed by ¥(G) and by taking the differentials at 29, we obtain an
injective homomorphism G < ¥(G) < GL4(F). So, we get

d
(1G] < vy (N(mfz“ TV (m) ) va —1). 2)

i=1

Set X := {m € Specmax(L) : m|(s), for some s > M prime}, then (2) holds for all m € X and we obtain

vp(|G]) < infmex 3%, vp(N(m)" — 1). So, to conclude, all we have to prove is
inf Z vp(N(m)" — 1) < My(d, p). (3)

Step 3. Proof of (3).— The set X is open in Specmax L. For, X = (UlgM,l prime V(l))c with V(1) =

{m € Specmax(L) : (I) C m} and V(!) is closed. Take u € Imype. For j > 1, let u; be the projection of u in
(Z/p’Z)*. By Theorem the set of maximal ideals m such that N(m) = u; mod p’ is dense, therefore it
intersects the open subset X, so for every j > 1, we can find m; € X such that N(m;) = u; mod p’. Then, one
has limj_,o0o N(m;) = u in ZY, therefore v, (u’ — 1) = lim;_ 00 vp(N(m;)" — 1) so

d d
n}gﬁ(;vp(N(m §=: u' —1);

and this holds for every u € Im xp. Using Proposition [2.13] we get

d
inf va —1)< inf va(ui —1) = My(d, p).
mex uEImXpoo .

Proof of Theorem [A] and comments.—

Theorem C. Let k be a number field, let d be a natural number, and let p be a prime. Let G be a finite
p-subgroup of Aut(AL), then

1. Ifp>3 orp=2 and k is in case (a) or (b), there exists a group embedding
G < GLg(k).
2. If p=2 and k is in case (c), there exists a group embedding

G — GLd(k(Z4))

Remark 2.15. We do not state a Sylow-like property, saying that G is conjugated to a subgroup of GLg4(k),
we only state that we can find an isomorphism of abstract groups from G to a subgroup of GL4(k).



Proof. For 1, we know that v,(|G|) < Mx(d,p) and that there exists a subgroup H C GLg(k) such that
|H| = pM(@P) by Theorem Let L = Ok be the ring of integers of k. The proof of Theoremshows that
there exists an infinite number of maximal ideals m of L such that v,(GLq(F)) < Mx(d,p) where F = L/m. So
for any such maximal ideal m C L lying over a sufficiently large prime, there are embeddings Uy : H < GL4(F)
and ¥¢g : G — GLg(F). Looking at the size of H, we deduce that v,(GL4(F)) = Mk(d,p) and Uy (H) is a
p-Sylow of GL4(F'). By Sylow’s theorems, ¥ (G) is conjugated to a subgroup of ¥ (H) in GL4(F'). This implies
that G is isomorphic to a subgroup of H.

For 2, if k is in case (c) then one can check that k(z4) is in case (a) and that m(k(z4);2) = m(k;2), therefore
Mic(24)(d, 2) = Mi(d,2) + | £| and the same proof as 1 shows the result. O

Remark 2.16. Theorem @ and @ still hold for k finitely generated over Q. We just need to explain how the
proof of Theorem [2.14] works in that case.

We need to find a normal domain L finitely generated over Z such that G is defined over L and to define
the open subset X C Specmax L used for equation . Here is how to proceed: since G is finite, there exists a
finitely generated Z-algebra R such that the elements of G are defined over R, we can suppose that R contains
1/p. By Noether Normalization’s Lemma and more precisely by generic freeness (see [Eis95|, Theorem 14.4),
there exists t1,...,ts € R and an integer N such that R is a finite free module over Z[1/N][t1,...,ts]. We can
then take for L the integral closure of Z[1/N][t1,...,ts] in k, L is a normal domain over which G is defined since
R C L. We also have that L is finitely generated over Z because by [Eis95, Theorem 4.14] it is a finite module
over Z[1/N][t1,...,ts].

Now, let A be the set of coefficients of g — id for g € G. Set X = {m € Specmax L : ANm = @}. This is
an open subset of Specmax L as A is finite and X = (1,4 V(a)®. For any m € X we have an injective group
homomorphism G — Aut(Ai/m) and Equation ([2)) holds. The proof of Equation is the same as in the case
of number fields. This proves Theorem for finitely generated fields over Q.

To prove Theorem the key ingredient is that there exists subgroups of GL4(k) of size pMi(@P) a5 Theorem
s stated only for number fields we show for completeness how to construct finite p-groups of GL4(k) of size
p™Me(4P) when k is finitely generated over Q. The proof of Theorem |C] for finitely generated fields over Q is then
similar as in the case of number fields using Noether Normalization Lemma, we leave the details to the reader.

Proposition 2.17. Let k be a finitely generated field over Q and let p be a prime, there exists a finite p-subgroup
of GLa(k) of size pMie(dp)

Proof. Set t = t(k;p),m = m(k;p) and r = |d/t].

The case p > 3.— Let p = z,m € k(z,). Then, the group (Z/p™Z) acts on k(z,) via multiplication by p* for
all k € Z/p™Z. Now take r copies of k(zp); this is a k-vector space V of dimension ¢ - r < d and let .S, be the
r-th symmetric group, S acts on V' by permuting the r copies of k(zp) and therefore the group

G =8, % (Z/p"Z)"

acts faithfully by linear automorphisms on V' and has the desired size. Indeed, v,(|G]) =m - [ 4] + v, ([ 4]!).

The case p =2 and t = 1.— In that case, k = k(z4), then Myx(d,2) =m - | 2] 4 va(|£]!). Therefore, the
proof above works as well, with p = zm acting on k(z4) = k.

The case p =2 and t = 2.— The construction above yields that (Z/2™Z) acts linearly on k(z4). We twist
this action by the Galois automorphism o that sends z4 to —z4; o is an involution that sends p = z2m to another
primitive 2™-th root of unity. So we get that the group H := Z/2Z x Z/2™Z acts faithfully on k(z4). Now set
r = |d/2|, we have that G := S, x H acts faithfully and linearly on a k vector space V consisting of r copies of
k(z4). The vector space V has dimension 2 - |d/2] < d. Now, we have

v2(|G]) = (m +1) - [d/2] + v2([d/2]").

If d is even this is equal to Mx(d,2) and we are done. If d is odd then v2(|G|) = Mk(d,2) — 1 but then V is of
dimension d — 1 so the group G x {£1} acts faithfully on V @ k that is of dimension d and this group has the
desired size.

O

We can therefore state:

Theorem D. Let k be a finitely generated field over Q, let d be a natural number, and let p be a prime. Let G
be a finite p-subgroup of Aut(AL), then

1. Ifp >3 orp=2andXk is in case (a) or (b), there exists a group embedding G — GLq4(k) and v,(|G|) <
M (d; p).



2. Ifp =2 and k is in case (c), there exists a group embedding G — GLa(k(24)) and v2(|G|) < Mk (d,2)+|%].

Remark 2.18. We get the optimal bounds except when p = 2 and k is in case (c) (this includes k = Q). For
that case, following Remark to get the optimal bound one would need a result of the following type: Let k
be a number field in case (c) and G a finite subgroup of Aut(Aﬁ) of order 2%, then for m in the complement of
a finite set of Specmax Ok the group G embeds into an orthogonal group over Oy /m.

We know that for any maximal ideal m lying over a large enough prime, there exists an embedding G —
GL4(F) and a fixed point Z € (F)? of G where F = Oy /m. The problem is to find a symmetric matrix A such
that

AG = Z tDig . A . ng—g
geG
is non-degenerate. Such an A does not exist for every subgroup of GL4(F) precisely because v2(|GL4(F|) is
larger than the 2-adic valuation of the order of any orthogonal group over F. So we have to use that G comes
from a group over k and adapt m wisely.

Here is one way to attack this problem. Pick a fixed point Z of G with coordinates in Q; such a point exist
because otherwise let (Py) be the system of polynomial equations stating that G has a fixed point. If this system
has no solution over Q then by Hilbert’s Nullstellensatz, there is a relation of the form 1 = > Q;P; for some
polynomials ;. Now take a number field k' where this relation is defined. By the previous paragraph we can
reduce modulo a large enough maximal ideal m of Oy (i.e lying over a large enough prime) and this would
yield an injective group homomorphism G — Aut(Ad) where F' is a finite field with char F' # p. The relation
1 =3 Q;P; still holds in F but this is absurd since we know that G admits a fixed point over F. Let k’ be the
number field generated by the coordinates of T and k. We would like to find A such that Ag is non-degenerate.
If K’ C R we can use argument of positive definiteness to do so, but otherwise a first difficulty occurs. Now, even
if such an A could be found, the arithmetic of k’ leads to another difficulty: For any maximal ideal m’ C Oy
lying over a large enough maximal ideal m C Ok, the image ' of T in F' = Oy, /m’ is a fixed point of G, and
the reduction modulo m’ of A¢ is an invertible symmetric matrix over F'. But if the degree [F', F| is even, then
the 2-adic valuation of any orthogonal group over F’ will be too large to get the optimal bound.

3 p-adic analysis

To prove Theorem [B] we will show that any finitely generated nilpotent group acting on a complex quasiprojective
variety of dimension d can be embedded in a finite dimensional p-adic Lie group acting analytically on a p-adic
manifold of dimension d. The theorem will follow from a version of Theorem 1.1 of [ET79] in a p-adic context.
In this section, we introduce all the tools from p-adic analysis and p-adic Lie groups needed for the proof.

3.1 Tate-Analytic Diffeomorphisms
3.1.1 Definitions and topology

Let p be a prime. We denote by Z, the completed ring of Z with respect to the p-adic norm defined such
that |p| = 1/p. Denote by Q, the completion of Q with respect to this norm. Then Q, = Frac(Z,) and Z, is
the set of elements of Q, of absolute value < 1. We extend this norm to Qg by taking the maximum of the
absolute values of the coordinates. We will use explicitly the ring Z, and the field Q, but what follows can be
done with any complete valued ring or field of characteristic 0. The right setup would be to consider C, the
completion of the algebraic closure of Q, and D, the unit ball of C,.

For reference, check [CX18]. We denote by B(z,r) = {y € Qg : ||z — y|| < r} the closed ball of radius r and
center x. It is both open and closed. Such sets will be called clopen.

Tate analytic maps.— Classically, a function ZZ — Qp is analytic if it can be written locally as a converging
power series, we work with Tate-analytic functions which are converging power series of radius > 1 over Zg.

Take Z¢ with its standard coordinates x = 1, -+ , 4. On Qp[z1,- -+ ,7a] =t Qp[x] the Gauss norm is defined
by

Ve Qlxl, g= > arx’, |lgll = max|ai]
1czd

where I = (I1,--- ,I4) and x' := 2] .. méd; we denote by Qp{x1, - ,xq4) =: Qp(x) the completion of Qp[z1,- - - ,z4] with
respect to the Gauss norm. Q,(x) is the set of formal power series with coefficients in Q, such that a;r —
0 when I — oo (i.e when max(I) — o0). It is also the set of formal power series with coefficients in Q, con-
verging over Zg. This shows that Qp(x) equipped with the Gauss norm is an infinite-dimensional Banach space
over Q,. For all polynomials f,g € Qp[x], then |[f-gl| < [[f[|-[lg]l and this is also true in Q,(x), there-
fore Qp(x) is a Banach algebra over Q,, it is the Tate algebra over Q, in d variables (see [Rob00]). We also
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define Z,(x) which is the completion of Z,[x] for the gauss norm; it is in fact the set of elements of Q,(x) of
norm < 1.

Remark 3.1. For each f € Qp(x) there exists an element s € Z, such that s- f € Z,(x) and if g € Qp(x) is
such that g(0) € Z,, then there exist an integer N > 0 such that g(p"'x) € Z,(x). Moreover, if g € Q,[[x]] is
a formal power series with coefficients in Q, with a strictly positive radius of convergence, then there exists an
integer N such that g(p™ x) belongs to Q,(x).

Remark 3.2. There exist Tate-analytic maps with non-integer coefficients such that f (Zg) C Z,. For example,
take

Since for all # € Z,, 2 =z mod p, f induces a map f : Z, — Z,. However every element f € Q,(x)¢ induces
amap f: D% — C, and we have f(D%) C D, & f € Z,(x)%. This has to do with the residue field of Z, being
finite but not the residue field of D, (see [Rob00], Proposition of page 240).

For any m > 0, elements of Q,(x)™ are called Tate-analytic functions. If g € Qp(x)¢, then

Va,y € Zy, |lg(x) — gl < llgll llz - yl|- (4)

In particular, g is ||g||-Lipschitz.

Proposition 3.3 (Strassman’s Theorem, see [Rob00], chapter 6, section 2.1). Let f € Q,(t) be a Tate-analytic
function in one variable, if f is not the zero function, then f has a finite number of zeros over Zy.

Corollary 3.4. Let f € Qp(x), if there exists a non-empty open subset U C Zg such that fiy = 0 then f is the
zero function.

Remark 3.5. This is not true for analytic functions over Zg. For example define g by g(y) = 1 if ||y|| <
Ip| and g(y) = 0 otherwise. Then, g is analytic at every point of Z¢ because it is locally constant, it vanishes on
the open subset {z € Z{ : ||z|| = 1} but g is not the zero function.

Proof of Corollary[3.]} Take y € U and x € Z{I. Let ¢ be the function ¢ : t € Z, — f(tz + (1 — t)y).
Then ¢ belongs to Q,(t) and it vanishes for any sufficiently small ¢. By Proposition we have that ¢ is the
zero function, therefore f(x) = 0. O

Let f,g € Qp(x) and ¢ > 0, we write f = g mod p° if ||f —g|| < |p|® and we extend such notation
componentwise for Qp(x)™ for every m > 1.

Example 3.6. If c = 1 and f,g € Z,(x), then f = 3, arx’ = id(x) mod p means that f := 3, arx’ =
id(x) where a7 = a; mod p is the reduction of a; mod pZ,.

Tate analytic diffeomorphisms.— The composition determines a natural map

zp<X17"' 7Xn>m X Zp<Y17"' 7YS>n — Zp<Yl7"‘ 7)/S>m
(917“' ,gm) (hlv"'7hn) — (gl(hl,“',hn),“',gm(hl,“‘ 7h’ﬂ))

If the three integers n,m,s are equal to the same integer d, (Z,(x)?, o) becomes a semigroup. The invertible
elements of this semigroup are called Tate-analytic diffeomorphisms and form a group denoted by Diff“”(Zg).
Using Equation , we have that Diff‘m(Zg) acts by isometries on Zg.

Remark 3.7. Following Remark we see that Diff*™(Z¢) consists exactly of the elements of f € Q,(x) that
induces a Tate-analytic diffeomorphisms f : Dg — Dg.

The next proposition shows an easy way to construct Tate-analytic diffeomorphisms of small polydisks.

Proposition 3.8 (Local inversion theorem, see [Ser92]). Let ® € Z,[[ X1, - ., X4]]* be a power series with a
strictly positive radius of convergence. Suppose that ®(0) = 0 and det(Do®) # 0, then there exists a unique ¥ €
Qul[ X1, ., Xa)]?, with a strictly positive radius of convergence, such that ¥(0) = 0 and

PoV¥(x)=Vod(x)=x.

Furthermore, ||¥,|| < max(1, ||DOCI>_1H"), where ¥,, € Qup[X1,---,Xn]? is the homogeneous part of de-
gree n of ¥ and ||-]| is the Gauss norm over polynomials. Therefore, if ® belongs to Z, <X>d, then for any k such
that |p|* < ||Do® ||, we have that ﬁ@(pkx) and pik\ll(pkx) are Tate-analytic diffeomorphisms and are inverse
of each other.
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Group topology.— The following proposition shows that Diff‘”‘(ZZ) is a topological group with respect to
the topology induced by the Gauss norm.

Proposition 3.9. Let f,g,h € Z,(x)?, then
1. |lgo fll < llgll-
2. If f is an element of Diff*™(Z%) then ||go f|| = ||g||-
3. |lgo (id+h) — gl < [l
4. Hffl — id|| =||f —id|| ¢f f is a Tate-analytic diffeomorphism.
Lemma 3.10. Let f be an element of Dif'f‘m(Zz), if f =id mod p then fP° =id mod p°.

Corollary 3.11. Let ¢ > 0 be a real number, then the subgroup Diffe™(Z%) of Diff*"(Z%) consisting of all
elements f € Diff”"(Zg) such that f =id mod p° is a normal subgroup of Diff*" (ZZ).

Proposition Lemma and Corollary are proven in [CX18], section 2.1.

3.1.2 Analytic flow and Bell-Poonen theorem
Flows and vector fields.— As in real or complex geometry, we define vector fields and flows. Let d be an

integer:
A Tate-analytic vector field X over ZZ is a vector field of the form

X(x) = Z i (%)8;

where each u; belongs to Qp(x). The Lie bracket of two vector fields X and Y = Zle v;0; is the vector field

defined by
d

d
) ov; ou;
%, ¥) = 3 w0 with ws =3 (w5~ )

=1

The Qp-Lie algebra of Tate-analytic vector fields over ZZ is denoted by @(Zg) it is a strict subalgebra of the
Lie Algebra of analytic vector fields over Z¢. The Gauss norm of a Tate-analytic vector field X = > u;(x)0; is

defined as ||X|| = max; ||ui|| and makes ©(Z¢) a complete Lie Algebra over Q, isomorphic as a Banach space
to Qp(x)?.

A Tate-analytic flow ® over Zg is an element of Z, (X1, -, Xa4,t)? = Z,(x,t)¢ which satisfies the following
properties

(i) Vx€ZY Vst €Zy, ®(x,5+1t)=P(P(x,s),t).
(i) vx€Zi @(x,0) =id(x).
Set ®¢ := ®(-,t) € Zp(x). Then, &y = id and &, € Diff*"(Z%) since ®; ' = &_;. Then, t € Z, — &, €

Diff“"(Zg) is a continuous homomorphism of topological groups with respect to the Gauss norm. The main
point here is that flows are parametrized by the compact group (Z,+).

Example 3.12. If ¢ is a Tate-analytic flow, then we can define its associated Tate-analytic vector field X¢ :=

‘951;" i=0" In particular, X¢ is ®;-invariant, for all t € Z,.

From vector fields to Tate-analytic flows.— Since a Tate-analytic vector field X is analytic, it is a
general fact that it admits local analytic flows over Zg (see |BouO7b] for example), the next proposition shows
that if the norm of X is sufficiently small, then it admits a global Tate-analytic flow.

Proposition 3.13. If X is a Tate-analytic flow over Zg, then for any sufficiently small A\ € Z,,, there exists a
unique Tate-analytic flow ®* € Z,(x,t)¢ such that
9®7 (%)
ot

= AX(0) (x)).

In particular, let ¢ > 0 be such that ¢ > p—il, then every Tate-analytic vector fields X such that ||X]|] <
|p|® admits a global Tate-analytic flow.

Proof. The strategy is to solve this differential equation in the space of power series Q, [[x, t]}d and then to show
some properties on the radius of convergence of the solution. We first replace X by uX for some p € Zj, such
that ||X]|| < 1. Write X(x) = Y, ui(x)9; with u; € Z,(x). We look at the differential equations

0
H /i t) = uwil(f(x, 1) (5)
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with fi € Qp [[x,t]] and f = (f1,---, fa) such that f(x,0) = x. Write

fixt) =Y al (0", o € Q, [[x]]

k>0

then, the unique solution of this equation is formally given by the formulas af?(x) = %%’1{’ (x,0). We show

that for all integer £ > 0, 8{;{’ (x,0) belongs to Z,(x) by induction on k. We get a((f) = z; since f(x,0) =

id(x) and agi) (x) = ui(x) by Equation (5). Take k > 2 and suppose the result to be true for all I < k. By

k
differentiating both sides of Equation k — 1 times with respect to t and taking ¢t = 0, we see that aatii (x,0) is

obtained by sum and compositions of differentials of orders < k — 1 of the Tate-analytic function u; € Z,(x) and
the Tate-analytic functions Ba—tllfi (x,0) € Zp(x) with | < k. So %’;{j (x,0) belongs to Zy(x) by induction.
The solution f is then of the form

P 1) =idx) + Y0 2L 0) b

Now take A € Z,, such that [A| < |p|°. We have that for all & > 0, /}ij € Z, and \*/k! = 0 in Z, when
t
k — oo. Then, ® := f(-, \t) is a Tate-analytic flow such that %(X) = AX (9} (x)).
For the final statement, take X a Tate-analytic vector field such that ||X|| < |p|® and let s € Z, be such that
|s| = ||X[|, then Y := 1X has norm < 1. The proof shows that there exists a unique Tate-analytic flow ® such

2% _ _
that 8—;“:0 =sY =X.
O
Theorem 3.14 (local linearisation of vector fields). Let X1, -- , Xy be Tate-analytic vector fields over Zg such

that [X;,X;] =0 for all 1 < 4,5 < k. Suppose that there exists a point m € Z% such that the vectors X;(m) are
linearly independent. Then, there exists a clopen subset V C Zg containing m and an analytic diffeomor-
phism ¢ from Zg onto V such that o™ (X;y) = 0; and such that ¢ yields an injective Lie Algebra homomor-
phism ©(ZL)y — (V).

Remark 3.15. This theorem is well known in p-adic differential geometry with analytic regularity (see [BouO7b]),
what is important here is that when changing coordinates we keep the Tate-analytic regularity for vector fields.

Proof. By translation, we can suppose that m = 0. We pick Yy C TOZg such that TOZZ = Vect(X1(0),--- , Xx(0))®

Yo. Let ey, -+ ,eq—r be a basis of Yy. Pick local (analytic) coordinates (z1,- -+ ,Zk, Y1, - ,Ya—r) such that for
all 1 <j<d—k 5-(0)=¢;.
J

Define : f: Zﬁ_k — Zﬁ by
f(y1,~~~ 7yd—k) — (O’ ’O7y1’... 7yd—k)~
Take the local analytic flows o', - , " associated to Xi,--- , Xy at 0 (here we do not suppose these flows to
be Tate-analytic) and consider

g Zhxzih — zd
The function g belongs to Zj [[t1, - - ,tk,y]]d with a radius of convergence ry > 0, satisfies g(0) = 0 and its

differential at the point (0, 0) is

B
(z1, - ,xx;2) = 21X (0) + - - + 2 X5 (0) + ZziT(O)'

7 Yi
Therefore it is invertible. By Proposition g admits a formal inverse h € Q, [[t1,--- , tx,y]]* with a radius
of convergence rp, > 0. Denote by z the set of coordinates (t1,--- ,tk,y1, - ,yda—k). Pick integers K, L such

that |p|™ < ry and |p|” < ry such that g(B(0, [p|™)) C B(0, |p|"). Let V denote g(B(0, |p|*)); it is a clopen subset
of Z< because B(0, |p|™) is clopen. Set ¢ := p%g(pKz) and ¢ = p%(h(pLz), they both belong to Q,(z)? and
are inverse of each other and we have ¢*X; = ;. Finally, since ¢ € Q,(z)%, the map ¢* preserves Tate-analytic
vector fields. 0

Theorem 3.16 (p-adic version of [ET79] Theorem 1.1). Let b be a nilpotent Lie algebra of Tate-analytic vector
fields of Z¢, then d > d1(h).

Proof. We follow the proof of [Canl4]| Proposition 3.10 and proceed by induction on the dimension d. If d =0,
there is nothing to prove. Suppose d > 1 and that the result is true in dimension d — 1. Since b is nilpotent,
its center is not trivial. Let X be a nonzero central element of . Let m be a point where X(m) # 0, then
by Theorem there exists a small clopen subset V C Zg and an analytic diffeomorphism ¢ : V — Zg that
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yields coordinates x1,--- ,zq over V such that ¢.X = 94 and such that ¢, maps Tate-analytic vector fields to
Tate-analytic vector fields. By Proposition @ the morphism of restriction h — b}y is an isomorphism of Lie
algebras. We replace b by b|y, and work with the coordinates x1,---, x4 over V. Every vector field Y of b must
commute with X = 9y so it is of the form

d
Y = Zui(m, e ,:vd_l)c’)i.
1=1

Let m: V ~ Zg — ngl be the projection over the first d — 1 coordinates. This yields a Lie algebra homo-
morphism 7, : h — G(ngl). Denote by b the image of h under 7, and o its kernel. We have the exact
sequence

0—bho—bh—>0h —0.
Now, ho consists of Tate-analytic vector fields of b of the form w(z1, ..., z4-1)d4 so it is abelian and b is nilpotent
because § is. So we get dl(h) < dl(h1) 4+ 1 by the exact sequence and dl(h1) < d — 1 by induction. O

We discuss the optimality of Theorem [3.16]in Section 4]

The theorem of Bell and Poonen.— The following theorem first proven by Bell in [Bel05] then by Poonen
in [Poold] gives us an easy way to construct flows from analytic transformations. This is a very strong theorem
as it shows that, contrary to R, over Q, a lot of analytic diffeomorphisms are in a flow. See [Canl8§| for a more
precise discussion on Bell-Poonen theorem.

Theorem 3.17 (Bell-Poonen). Let d > 1 be an integer, and f € Z,(x)*. Take ¢ > p—il and suppose that f =id
mod p°¢, then

1. f is a Tate-analytic diffeomorphism.

2. There exists a unique Tate-analytic flow ® € Z,(x, t)d such that
Vn€Z, &(x,n)=f"(x).

In particular, &1 = f.
In fact, Poonen showed this theorem for the valuation ring of any ultrametric field K. So, Bell-Poonen

Theorem also holds over D, or over any finite extension of Q, for example.

Corollary 3.18. Let H be a subgroup of Diffim(Zg) with p > 3, then H is torsion-free.

Proof. Let h € H, suppose that h has order N < co. By Theorem [3.17] there exists an Tate-analytic flow ® such
that ®; = h. Then for all x € Zg the function ¢t € Z, — ®4(x) —x € Zg is analytic and has an infinite number
of zeros, so it is zero everywhere by Proposition Therefore ®1(x) = h(x) = x and h = id. O

The next proposition won’t be used in the proof of Theorem [B]but it gives useful information on the dynamics
of Tate-analytic flows.

Proposition 3.19. Let ® € Z,(x,t) be a Tate-analytic flow over Z%. IfU C Z% is a clopen set, then there exists
an € > 0 such that
Vi€ Zy,, |t|<e=oU)=U.

Proof. Fix x € Z% and 0 < r < 1. Since ®; — id as t — 0 in Diff*"(Z,), there exists ¢ > 0 such that for
all t € Zy, |t| < e = ||®: —id|| < r. Now for all z € Z,||®:(2) — 2|| < ||®¢ —id|| < r. Then, for all y such
that |ly —zf| <,

[1e(y) — zl| = [|®:(y) —y +y — ]
< max(|[®:(y) —yll, [ly —zl]) <7

So if |t| < e, we have ®(B(z,r)) C B(z,r) and ®_¢(B(z,r)) C B(z,r), so we get the equality.

Since U is clopen, by compactness, U = UiT:1 B(xz;,r;) for some finite set {z1, -+ ,xzr} C U and radii r; €
(0,1]. Thus, the results follows from the case of one ball. O
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3.2 Infinite-dimensional analytic manifold over Q,

The main goal of the next two sections is to show that the topological group Diﬁ“”(Zg) is in fact an infinite
dimensional Lie group over Q,.

We refer to [BouO7b| for reference on analytic functions and analytic manifolds over a Banach space. In this
section k is an ultrametric complete field and E, F' are Banach spaces over k (potentially of infinite dimension).
As we shall see, taking k = Q, and E, F = Q;l allows one to recover the definition of converging power series
and analytic functions over Q.

Basically, if A is a Banach algebra over Q,, then any map of the form f : AY — A such that locally at any
point z € A¢, there is a expression of f as a converging power series

flx+h)= Z arh’

d
Iczy

with ar € A,ar — 0 is an analytic map from A? to A. The problem is that if A is not finite dimensional, this
definition is not enough, as for example a continuous linear map is not necessarily described by an expression of
this form but still should be analytic.

Multi-indices, multi-linear maps.— If a = (a1, - ,aq) € Z$ is a multi-index, then |a| = 3, qi.
For 1 < j < |a|, we define

a(j)=max{k+1€Zy: a1+ - +ar<j}.
The sequence (a(j))1<;<|a| is the increasing sequence consisting of a; times the number 1, a times the number
2, ..., ag times the number d. For example, if « = (1,5,7), then d = 3, |a| = 13 and

(a(j))1§j§13 = (1527 272727273735373737353)'

For 1 < i < d, we denote by p; : E? — F the projection to the i-th coordinate. For a multi-index a € Zi, we
define
Pa = (Pa()1<j<ial : B = EI°.
If 3 € Z% is another multi-index, then we write a + 3 for the multi-index (o + B8i)1<i<da. We write a >
B if a; > B; for all 1 < i < d; in that case there is a unique multi-index « such that « = 8 + 7, and we
set a — B := v. We also define the binomial coefficient (g) = (gi) e (g:) Finally, if x = (21, ,xa),
then x® := 2 ---25? and if y = (y1,-- , ya), one has the identity

(x+y)* =(@1+y1)™" - (wa+ya)™

[e5] @ (e % @
1 — d _
_ 2 : <ﬂ1>xf1y?1 B1| ... § : <ﬁd>mgdy;¢d Ba
B1=0 Ba=0

ai Qd ) By Ba, a1—P1 aqg—PBd
<ﬁl) (ﬂd) vt v

0<p1<an 0<Bg<aq

()

BLa

For an integer k, let L (E, F) be the set of continuous multilinear maps from E* to F equipped with the topology
of uniform convergence over bounded subsets. The norm of an element ¢ € Li(E, F') is defined by

||¢H :inf{a’ >0:Vry, -,k € Ek7|‘¢(xla"' 7$k)HF < a||x1HE||kaE} .

Continuous polynomial maps and power series.— ([BouO7b| Appendix of §1-7) A continuous ho-
mogeneous polynomial map of multi degree o, is a map f : E* — F such that there exists u € Lo (E, F) for
which f = uo p,. We denote by P,(E, F) the vector space of continuous homogeneous polynomial maps of
multi-degree o equipped with the quotient topology from L (£, F'). The norm of a continuous homogeneous
polynomial map P € P,(FE, F) is defined by
[|P|] :== ueﬁm‘(El,I}*‘f;,P:uopa ||uHL‘Q|(E,F) :
Example 3.20. Set E, F' = Q,(x). Let P be the monomial x*, then the map P : g € Q,(x)% — P(g) € Q,(x) is
a continuous homogeneous polynomial map of multi-degree «. Indeed, let k = |a| and consider the multilinear
map
Ty : E* — F
(fi, 5 i) — frfu
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it is continuous as ||T%(f1, -, fi)ll < || f1ll---||fxl| and P =T} o pa.

Furthermore, for a multi-index 3, define ¢3 : Qp(x) — Qp(x) such that ¢(g) is the homogeneous part
of multi-degree 8 of g. Then, ¢p is linear and continuous, therefore if P(x) = x®, the map g € Q,(x)¢ —
P(¢p,(g1), - ,¢s,(ga)) is a continuous homogeneous polynomial map of multi-degree a for any multi-index (8;)1<i<a.

For an integer k, Pi(EY, F) is the direct sum of the P,(E,F) for a such that |a| = k, the elements
of P,(E? F) are the continuous homogeneous polynomial maps of total degree k.

Example 3.21. If P € Q,[x] is a homogeneous polynomial of degree k in d variables, then the map P :
g€ Qp (x)d — P(g) is a continuous homogeneous polynomial map of total degree k and for any sequence of
multi-index (8;)1<i<a, the map g € Qu(x)% = P(¢g, (9), -, ds,(g)) also is.

We denote by P(E?, F) the direct sum of the spaces P(E? F), its elements are the continuous polynomial
maps in d variables.

Proposition 3.22. Set E, F = Qp(x). Take a polynomial P € Qp[x]. Then, P induces a continuous polynomial
map E¢ — F and the linear embedding Qp[x] — P(E®, F) is an isometry.

Finally, the set ﬁ(Ed, F) of power series in d variables over E is the (infinite) product of the P,(E, F) (or
of the Pi(E% F)) for a € Z% (for k € Z4) equipped with the product topology of the discrete topology
over each factor; equivalently if f = > fo € ﬁ(Ed,F), then the order of vanishing at 0 of f is ord(f) =
min {|a| : fa # 0} and this is the topology induced by the norm ||f]| := 2~ °4(). The space P(E% F) is
complete Hausdorff for this topology. A converging power series is an element f = >  fo of ﬁ(Ed,F) such
that there exists R € (Rso)? satisfying sup, R* ||foc||Pa(E,F) < +4oo. If f =3 fa, then the polyradius of
convergence of f is

r(f) = sup{R € (R=0)?: R*||fa]| = 0 when |a| — oo}

Definition 3.23. Let U be an open subset of E%, a map f : U — F is analytic at a point a € U if there exists
a converging power series f, such that for all z in a small neighbourhood of a in U, f(a + z) = fa(z). The
function f is analytic if it is analytic at every point of U.

For any integer m > 1, a map f : U — F™ is analytic if each of its coordinates is analytic.

Example 3.24. Every continuous linear map Q,(x)¢ — Q,(x)? is analytic.
Proposition 3.25. The map Comp : (h, f) € Zp(x)? x Zp(x)* > ho f € Z,(x)? is analytic. In particular, it

is linear in h.

Proof. Tt is enough to show that the map ® : (h, f) € Zp(x) X Zp(x)? — ho f € Z,(x) is analytic. Let (h, f) €
Z,(x) x Zp(x)?, we show that ® is analytic at (h, f). Let g € Z,(x)? and write h(x) = 3" aax®, then

ho(f +9(x) = aa(f(x) +g(x)"

=3 Y (‘;‘) F)* (%)

a y<a

=2 Zaa@)f(x)a-ﬁ g9(x)”
B

azp

=Y Qps(h)(x) - g(x)”
5

where Qg5 : Qp(x) — Qp(x) is a continuous linear map and ||@Qg|| — 0 when 8 — oo, this is a converging power
series in the variables (h, g) of polyradius of convergence (+00, 1). Therefore @ is analytic at any point (0, f) and
by linearity in h, ® is analytic at any point (h, f). O

Analytic manifolds.— Let K be an ultrametric field and let X be a topological space. A K-chart of X is
a homeomorphism ¢ : U — ¢(U) C E where U in an open subset of X and E a Banach space over K. We say
that two K-charts ¢ : U — E,¢ : V — F are compatible if

1. ¢(UNYV)isopenin E and ¥ (UNV) is open in F.
2. Yop t:p(UNV)— F is analytic.
3. goyp ' p(UNV) — E is analytic.

An analytic manifold X over K is defined classically as a topological space equipped with an atlas of com-
patible K-charts. For a point x € X, the tangent space at x is denoted by T, X. A function f : X — Y between
two analytic manifolds is analytic if for every chart ¢ : U C X — E,¢»: V CY — F, the map o fo ¢ ' :
¢~ (U) — F is analytic. The differential of f at a point « will be denoted D, f.

16



Proposition 3.26. The topological space Diff”"(Zﬁ) is an analytic manifold over Qp, it is in fact an open subset
of the Banach space Qu(x)*. The subgroups Diffe"(Z%) for ¢ > -1 are diffeomorphic to Z,(x)* and they form

1
p—1
a basis of neighbourhood of id in Diﬁ“”(Zg).

Proof. Theorem shows that Diff¢™(Z¢) is the ball of center id and radius |p|® in Z,(x)?, using Proposition
Ewe see that for every f € Diff*"(Z%), the ball of center f and radius [p|° is included in foDiff*"(Z¢) therefore
it is an open set of Q,(x)%, so Diff*"(Z¢) is an infinite dimensional analytic manifold over Q. O

The implicit function theorem.— Let X,Y, Z be manifolds over K and let f : X x Y — Z be an analytic
map. Let (a,b) € X x Y, we write D4 f the differential map of f at (a,b) and let D((l)b)f be the differential

of the partial map z € X — f(z,b) at a and Dg?b)f the differential of the partial map y € Y — f(a,y) at b.
Then, one has T X x ¥ = ToX x T,Y and Dap)f(u,v) = D)y f-u+ D2y f - v.

Theorem 3.27 (Implicit function theorem, 5.6.1 of [BouO7b|). Suppose that Dgi?b)f s bijective, then there
exists an open meighbourhood U of a in X and an open neighbourhood V of b in Y and a unique analytic
map g : U =V such that

Ve eU, f(z,9(z))=f(ab)

and the differential of g at any x € U is given by

—1
_ (2) (1)
Drg=— (D<:c,g<x>> ) °Dilg@n

Proposition 3.28. The inversion map Inv : f € Diff*"(Z%) — f~' is analytic.

Proof. We write U = Diff‘m(Zg)7 we know that U is an analytic manifold over Q, by Proposition m By
Proposition the composition operation is analytic over Z,(x)¢ x Z,(x)%, therefore it is over U x U.

To show that Inv is analytic we only need to show that it is analytic at id. Indeed, take f € U, then Inv =
Ly—1olnvoR ;-1 where R;-1 is composition on the right by f'and L ;-1 composition on the left. Since L;-1 and Ry-1 are
analytic, Inv is analytic at f if and only if it is analytic at id. To show that Inv is analytic at id, we use the
implicit function theorem, since the map M : (f,g) € U XU — fog € U is analytic and the partial differ-
ential Di(j)idM = id, one has the existence of a unique function G : V — U with V an open neighbourhood
of id such that G is analytic at id and M(f,G(f)) = id for all f € V. Therefore Inv)y, = G and inversion is
analytic at id. O

3.3 p-adic Lie groups

We refer to [BouO6] for more details on the results provided in this section.

A p-adic Lie group G is a topological group with a structure of a p-adic analytic manifold such that the
multiplication map and the inverse map are analytic. The dimension of G is its dimension as an analytic
manifold. It can be infinite. Its Lie algebra g is the tangent space of G at the neutral element, it is equipped
with a Lie bracket [-,-] defined as follows. Let g € G and ¢, : h € G + ghg™!, then Ad(g) := Dty € GL(g) is
the adjoint representation of G. Define ad := D, Ad, then

VX, Y € g,[X,Y] := ad(X)(Y).

Theorem 3.29. The topological group Diff*" (Zg) is an infinite-dimensional Lie group over Qp. Its Lie Algebra
is O(Z).

Moreover, the subgroups Diff?"(Zg) are also Lie groups for ¢ > p%l and they form a basis of neighbourhood
of id in Diffe"(Z$).

Proof. The fact that Diff‘m(Zg) is a Lie group over Q, follows from Propositions|3.25|7 |3.26| and |3,28 where it was
shown that it was an analytic manifold and that composition and inversion are analytic maps. The statement
for Diff¢" (Zg) follows from the same propositions.

The tangent space at id is Q,(x)? that we identify with ©(ZZ) and under this identification the Lie
bracket between two Tate-analytic vector fields corresponds to the Lie bracket of the Lie algebra of the Lie
group Diff*"(Z¢) because if X,Y are of norm < |p|® with ¢ > -1, then they admit global Tate-analytic

p—1’
flows ®* and ®Y by Proposition and
_ 9 9 X Y X
X, Y] = zls:oa‘t:()@,s o®) o ®
_ 0 9 Y
- I\Szoau:obéﬁ ((I)t )

= Dia Ad(X)(Y) = ad(X)(Y).
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On the other hand, if f,g € Diff¢™(Z¢) with ¢ > plj , then %\S:O%n:o@is 0 ®Y o d! = [X;,X,] =

ad X ;(X,). O

Remark 3.30. Since Bell-Poonen theorem holds for any ultrametric field, the same proof shows that Diff“"(Dﬁ) is
a Lie group over C,. In fact, for any complete extension K of Q, with unit ball A, the group Diff‘m(Ad) is a
Lie group over K.

Theorem 3.31 (|[Bou06], §8, Theorem 1). Let G, H be Lie groups over Qp and ¢ : G — H be a continuous
homomorphism of topological groups. Then, ¢ is analytic and therefore a homomorphism of Lie groups.

Remark 3.32. The proof relies heavily on Q being dense in Q, and the theorem is false if we replace Q) by
any finite extension of Q,. Indeed, suppose for example that K = Q,(y/a) is a quadratic extension. Any
element z of K is of the form z = z 4+ y/ay. Then, the function

fiz=xz+Vay—z—Vay
is a continuous group homomorphism, it is Qp-analytic but not K-analytic as f}1.q, = id and fh/&-Qp = —id.

Let I' be a finitely generated group, the pro-p completion I', of I' is the projective limit of the quotient
of I" that are finite p-groups, it is a topological group with respect to the profinite topology. In particular, for
any v € I', the group homomorphism n € Z — " € T" extends uniquely to a continuous group homomorphism ¢t €
Z, " € T'p. In the context of Tate-analytic diffeomorphisms, if p > 3 and f =id mod p, then the extension
n € Z — f" € Diff{"(Z%) is the Tate-analytic flow t € Z, — o/ e Diff*"(Z¢) associated to f given by
Bell-Poonen theorem.

Proposition 3.33. Let p be a prime, let ¢ > 0 be such that ¢ > pi—l and let G be a compact Lie group over Qp.
Let T be a finitely generated subgroup of G such that G is the pro-p-completion of I' and let v : T" — Difff:m(Zg) be
a group homomorphism, then v extends uniquely to a Lie group homomorphism ¢ : G — Diff‘cm(Z;l) such that for

allt € Zy, all g €T, 1(g") = t(g)" and the map (t,x) € Zp x Z& — 1(g)*(x) is analytic.

Proof. Theorem 2.11 of [CX18| shows that ¢ extends uniquely to a continuous map. In [CX18§| this is only shown

when p > 3 and ¢ = 1 but the proof is identical with p > 2 and ¢ > p—il at it is only required that the image
of the elements of I' admits a Tate-analytic flow. Since G and Diffg"(Zg) are both Lie groups over Q,, ¢ is
automatically a Lie group homomorphism by Theorem [3.31 ]

Theorem 3.34 (|[Bou06], §8, Theorem 2). Let G be a finite-dimensional Lie group over Qy, then every closed
subgroup of G is a Lie subgroup of G.

Proposition 3.35 ([Bou06], §9, Corollary of Proposition 6). Let G be a finite-dimensional Lie group over Q, and g its
Lie algebra, there exists an open subgroup Go of G such that for alli > 0, the subgroups D*(Go) and D;(Go) are

Lie subgroups with Lie algebra D'(h) and D;(h) respectively.

3.4 Nilpotent groups and embedding into p-adic Lie groups.
3.4.1 Nilpotent groups

The main goal of this section is to show that if H is a finitely generated nilpotent group with generators h1, ..., hs,
then for any m > 1 the subgroup H,, of H generated by AT",..., h]" is a finite index subgroup of H. This will
be useful in the proof of Theorem [B| because if H C Diff{"(Z%) we will need to consider such a subgroup H,, to
get the desired result.

Recall the notation introduced in § for nilpotent and solvable groups and Lie algebras. We shall say
that an expression that involves k commutator brackets is a commutator of length k; for instance [[a, [b, c]], d] is
a commutator of length 3 and a single element can be viewed as a commutator of length 0. For k > 1, we denote
by [a1;- - ;ax] the commutator a1, [asz, -, [ak—1,ak] - -]; its length is k.

Let G,G’, G” be groups, amap ¢ : GXG' — G" is bilinear if for every g € G, g’ € G’, the maps ¢(g, -) and ¢(-, g’) are
group homomorphisms. More generally, a map G1 X - - - X Gy, — G is m-linear if fixing m — 1 coordinates yields
a group homomorphism. For any triple of elements x,y, z in G, we have

o [z,y]7" =y 2]
o [2,y2] = [2,ylly, [2, 2]][z, z].
o [zy,2] = [, [y, 2]]ly, 2][z, 2.

The image of the map (a,b) — [a,b] from G x D*}(G) to D*(G) generates D*(G). Tt follows from the last
three formulas that, for every k > 1, this map induces a bilinear map

cor : G x D" "H(@) = D¥(G)/D* T (G)

and the image Im coy generates D*(G)/D*1(G).
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Proposition 3.36. Let G be a group and S a set of generators of G.

1. for every integer k > 0, the subgroup D¥(G)/D**(Q) is generated by the commutators of length k consisting
of elements of S.

2. if G is finitely generated, then D*(G)/D*T(G) is finitely generated for every k > 0.

3. If G is nilpotent, then D™D ~Y(Q) is generated by the commutators of length nilp(G) — 1 in elements
of S.

Proof. Let us prove the first assertion by induction on k. Let X be the set of commutators of length & in elements
of S. The initialization k = 0 follows from Xy = S and the fact that S generates G. Now, suppose k > 1 and
that Xi_1 generates D*~!(G)/D*(G). The image of the map coy, generates D*(G)/D*(G); by induction and
since cox(a, b) is a homomorphism with respect to a and with respect to b, the elements [s, ;1] for s in .S and 1
Xj._1 generate D*(G)/D* (@), and these elements are exactly the commutators of length k in the elements
of S. The second and third assertions follow from the first one. O

Proposition 3.37. Let H be a finitely generated nilpotent group, then every subgroup Ho of H is finitely
generated.

For a proof see [Seg83] where this is actually shown for polycyclic groups, the result follows since finitely
generated nilpotent groups are polycyclic.

Proposition 3.38. Let H be a nilpotent group of nilpotency class t.
1. the map Bry : H* — D' (hy,--- s he) = [has ha; -+ 5 hye] is multilinear.

2. If {h1,--- ,hs} generates H, then for every m > 1, the subgroup generated by {h1*,--- ,h5'} is of finite
index in H.

Proof of the first assertion. Let us do an induction on ¢. The case ¢ = 1 being trivial, suppose the result true
for a nilpotent group of class t — 1 and consider H a nilpotent group of class ¢. Since D‘(H) = 0, one has that
the map co;—1 : (h1,h) € H x D'72(H)/D'*"'(H) v [h;2] € D*"'(H) is bilinear; thus, Br, is a homomorphism
with respect to the first factor h; € H. Let us show that Br; is a homomorphism in the second coordinates hg,
the other coordinates are dealt with in the same way. By induction, the map

Br//P" 0 (H/D' T (H)) T - D' (H) /D' (H)

t—1
is multilinear. Take hi,ho, hb, hs, -+ ,hy—1 € H, the multilinearity of Brf/lD ()

D'~ (H) such that

provides an element g €

[ha;hahs -+ sheo1] = [ha, [has -+ shaa] - [Rds -+ s heea] - g]

and the bilinearity of co;—1 gives the result since [h1,g] = 0.

O

Proof of the second assertion. We set S = {hi1,--- ,hs} and we denote by Hg,, the subgroup of H generated
by the set {s™ :s € S}. We show by induction on ¢ = nilp(H) that Hg,y, is of finite index in H.

If t = 1 then H is abelian and there is a unique surjective group homomorphism Z°® — H sending the
canonical basis to S = (h1, -+ ,hs). The subgroup Hg, ., is the image of mZ®. Therefore, there is a surjective
group homomorphism Z°/mZ°® — H/Hg,m and we get that H/Hg,» has at most m® elements.

Now suppose the result true for a group of nilpotency class t — 1 and assume nilp(H) = ¢, with ¢ > 2.
Set T := D'"(H), T is central in H. One has the exact sequence

1-T—H—H/T—1.

By induction, the image of Hg,, in H/T is of finite index; thus, one can fix a finite set A C H such
that H = |_|h€A hHs»T. To conclude, we only need to show that the index of T'N Hg,,m in T is finite.
Since, T N Hs,, contains the subgroup of ¢t — 1 commutators D*~'(Hsg ) it suffices to show that the index
of D' '(Hg,) in T is finite.

By Proposition [3.36] T is generated by the set S’ = {[x1;--- ;24-1] : @ € S} and D*"'(Hs,) is generated
by the set S = {[z1*;--- ;x{*1] : x; € S} furthermore, the first assertion shows that S” consists exactly of the
elements of S’ raised to the power m'~'. So by the abelian case, D' (Hg ) is of finite index in T

O
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3.4.2 Malcev’s completion of nilpotent torsion-free finitely generated group

Denote by Z = Hp prime Z, equipped with the product topology (the adelic topology). It is the profinite
completion of Z. Let H be a nilpotent torsion-free finitely generated group. It is known that H embeds
into Trii(n,Z) the group of upper triangular matrices with integer coefficients and 1’s on the diagonal for
some integer n (see for example [Seg83] Theorem 2 of Chapter 5). For the rest of this section, we fix an
embedding ¢ : H < Tri1(n,Z). There are two topologies that one can consider on ((H). First the adelic

topology induced by the inclusion Trii(n,Z) C Trii(n,Z), and second, the profinite topology where a basis of
neighbourhood for the neutral element are the subgroups of finite index in ¢(H).

Proposition 3.39. Let G C Trii(n,Z) be a subgroup of matrices with integer coefficients and 1’s on the diagonal,
then the profinite topology and the adelic topology on G are the same. In particular, the profinite completion of
G coincides with the closure of G in Trii(n,Z).

Proof. First, let K be a subgroup of GL,(Z) of the form K = {A € GL,(Z): A=id mod m} for some inte-
ger m, such groups K form a basis of open neighbourhood of id for the adelic topology. It is a normal subgroup
of GL,(Z) with finite quotient, therefore G N K is a finite index subgroup of G. Therefore the adelic topology
is finer than the profinite topology.

Conversely, G is a unipotent group of matrices over Q, therefore it is arithmetic (see [Seg83|] Exercise 13 of
Chapter 6). By the affirmative solution to the congruence subgroup problem for arithmetic soluble groups (see
[Cha&0]), we get that G is a congruence subgroup. This means that every finite index subgroup of G contains a
subgroup of the form GN{A € GL,(Z): A=id mod m} for some integer m. Therefore, the profinite topology
is finer than the adelic topology; thus, they are the same. O

A consequence of this proposition is that the profinite completion of t(H) is exactly the closure of +(H) in Tris (n, Z).

Proposition 3.40. Let G be a nilpotent subgroup of Trii(n,Z). The closure of G in Tri1(n,Zy) is the pro-p-
completion of G, in particular it is a p-adic Lie group.

Proof. Denote by G the profinite completion of G and for a prime ¢, G; the pro-f-completion of G. Since G is
nilpotent and a finite nilpotent group is a product of ¢-groups for some primes ¢ (see [Bou70] chapter 1, §7,
Theorem 4) we have that G= [, Ge. By Proposition we have a continuous injective homomorphism of
topological groups

G= HG@ — Trii(n, 2) = HTril(n, Zy).
¢ ¢

For a prime p, this induces a continuous group homomorphism G, — [], Tri1(n,Z,). But, G, is a pro-p-
group and for every prime ¢, Trii(n,Z;) = l’&nTriﬂm Z/0*Z) is a pro-f-group. Therefore, G, can be identified
with the image of G in Trij(n, Z,); this is exactly the completion of G in Tri;(n, Z,), meaning that G, is a
closed subgroup of the p-adic Lie group Trii(n,Zy), so it is a Lie group by Theorem m O

Theorem 3.41. Letc > 0 be such that ¢ > p%l and let H be a finitely generated nilpotent subgroup ofDifEZ"(Z;l),

then the closure H of H in Diff*" (Zg) is a finite-dimensional nilpotent Lie group.
Furthermore, denote by § the Lie algebra of H, then b is a finite-dimensional nilpotent Lie algebra and

di(h) > vdl(H).

Proof. Set G = o(H) and ¢ := ™' : G — Diffe" (ZZ). By Proposition and Proposition 1 extends to
a Lie group homomorphism v : G, — Diff¢"(Z¢) where G, is the closure of G in Trii(n, Z,); we show that the
image of ¢ is the closure of H in Diff*"(Z%).

Let K be the image of 9. Since Trii(n,Z,) is compact and G, is closed, G, is also compact and so is K.
This implies that the closure H of H is included in K. And K is included in H because of the continuity of .
This shows that H is a finite dimensional Lie group isomorphic to G,/ ker 1.

Now, we show the statement for h. By Proposition there exists an open subgroup H; of H, such
that D*(H,) is a Lie subgroup of H with Lie algebra D*(h). Since H; is open, by Theorem there exists an
integer ¢ > 0 such that DiffZ"(Zz) NH C Hy. Take f1,---, fs generators of H. Then by Proposition the
subgroup H’ generated by the f-pC ’s is a finite index subgroup of H and it is included in H; by Lemma ,

2

therefore dl(h) = dI(H,) > dI(H') > vdl(H). O

4 Finitely generated nilpotent groups

4.1 Base change from C to Z,: Good models

To prove Theorem [B] we shall ultimately apply Theorem Thus, we need a method to transfer problems
regarding groups of automorphisms defined over C to similar problems on groups of Tate analytic diffeomorphisms
over Z,, for certain primes p.
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Theorem 4.1 (Lech, see [Lech3|). Let K be a finitely generated field over Q and let S be a finite subset of K.
Then there exists an infinite number of prime numbers p with an embedding K — Q, such that all elements
of S are mapped to Z,.

Let X be an irreducible quasiprojective variety over C and I' a finitely generated subgroup of Aut(Xc).
e Let R be an integral domain. We say that (X, TI") is defined over R, if there exists an irreducible separated

reduced scheme Xpr over R and an injective homomorphism I' < Autr(Xgr) such that X and I' are
obtained by the base change X = Xr Xgpec r Spec C.

e Let p be a prime number. A model of (X,TI') over Z, is the data of

(i) A ring R C C over which (X,T') is defined and an embedding R < Z,.
(i) An irreducible variety X over Z, and an injective homomorphism p : I' — Autz, (X) such that

X ~ XRr Xspec R Spec Zyp.

is the base change of Xr and for all f € ", p(f) is the base change of f.

o A good model over Z, of (X,T') is the data of a model of (X,I') with the additional condition that the
special fiber XFP = X Xspec Z, SpecF,, is geometrically reduced and irreducible and of dimension

dimpp (XFP) == dime (-X XSpec R Spec Qp)

Proposition 4.2 (Proposition 4.4 of [BGT10|, Proposition 3.2 of [CX18|). Let X be an irreducible complex
quasi-projective variety, o € X(C) and T be a finitely generated subgroup of Autc(X). Then, there exists an
infinite number of primes p > 3 such that (X,T') has a good model X over Z, and such that o extends to a
section o : SpecZy, — X.

Example 4.3. For simplicity, suppose X is the affine space A% with its standard coordinates x1, - - - ,zqg and T' C
Aut(Adc) is a finitely generated group of polynomial automorphisms. This is already an interesting example.
Let S be a finite symmetrical (S™! = S) set of generators of I'. Let R be the ring generated by all the coefficients
of the elements of S and the coordinates of a. Then, (X,T") is defined over R. Plus, by Theorem there exists
a prime p and an embedding ¢ : R — Z,. Using this embedding, the base change X = A%p and p : [' —

Aut(Ade) show that (A%, T) is a good model over Z, and « extends to a Z,-point of X.

4.2 From algebraic automorphisms to analytic diffeomorphisms over Z,

In this section, we consider a scheme X of dimension d over Z,, where p > 3 is a prime number, such that
e X is a quasi-projective variety over Z,, and its generic fiber is geometrically irreducible over Q.
o X =X Xspecz, SpecFy, is the special fiber of X and is geometrically irreducible over Fy.
e f:X — X is an automorphism of Z,-schemes.
e f:X — X is the restriction of X' to the special fiber.
e 7:X(Z,) — X(F,) is the reduction map.
e <z is a smooth Fy-point and there exists a € X(Z,) such that r(a) = .

For the two next propositions, we refer to [BGT10]. They will enable us to go from algebraic automorphisms
to analytic diffeomorphisms.
Proposition 4.4. Let X be a quasi-projective scheme over Z,. There exists a function ¢ : Zg — X(Z,) which
induces an analytic bijection between Zg and the open subset of X (Zyp) consisting of the points 8 such that r(8) =
x.

Proposition 4.5. Suppose that f(z) = x. Let 1 : Z¢ — X(Z,) be the function defined in Proposition . Then
there exist analytic functions Fi,--- ,Fq € Zp(Th,--- ,Ta) such that

(i) One has
lrofor=(F1,-- Fy) = F € Zy(Tn,--- , Ta)".
(ii) if F is the reduction mod p of F, then F = Fo + Fi with Fo € (Z/pZ)* and Fi € GLy4(Z/pZ).
Furthermore F is a Tate-analytic diffeomorphism because f is an automorphism.

Example 4.6. Propositions and H are proven in [BGTI0]. We only do the proof in the case X = A%p.

Take standard coordinates x = x1,-- , x4 over X. Then, X = SpecZ,[x] and X = SpecF,[x]. The reduction
map 7 : X(Zp) = Z¢ — X(F,) = F{ is the reduction mod p coordinates by coordinates.

Take x € FY and z € Z¢ such that 7(z) = z, then the open subset of X'(Z,) of elements /3 such that r(3) = =
the ball of center z and radius 1/p. The analytic bijection ¢ is given by ¢:m € Z% — 2z +p-m € X(Z,) = ZZ.
This proves Proposition [£.4]
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Now, take a polynomial automorphism f, the map f is the polynomial automorphism over FZ obtained when
taking the coefficients of f mod p. Take a point x € FZ such that f(x) = x, up to a conjugation by a translation
(which does not change the result), we can suppose that x = 0 € Fg. This means that f preserves the ball of
center 0 and radius 1/p in Zg. Writing f in coordinates, we have

f(x) =pao + A1(x) + Az(x) + - -

where ag € ZZ and A; is the homogeneous part of degree i of f. Then,

lofou(x) = 1f(px) =ao + A1(x) + ZpkilAk(x).

p k>2

This is indeed an element of Z,(x)¢ and % f(px) is an invertible affine transformation of F¢, this proves Propo-
sition

Proposition 4.7. [Proposition 3.3 of [CX18]] Let T be a finitely generated subgroup of Autz,(X). There exists
a finite index subgroup T'o C T' and an open subset U C X(Zp) analytically diffeomorphic to Z;l such that U is
stable by the action of T'o on X and this action over U is conjugated to the action of a subgroup of Diff$™ (U).

Proof. Since r(a) = = € X(F}), the set X'(F},) is not empty and since & has finitely many F,-points, there exists
a finite index subgroup I'y C I that acts trivially on X'(F,). The point z is fixed by I'1, let ¢ be as in Proposition
and U the open subset of X(Z,) consisting of the points 8 such that r(8) = x. Therefore, I'1 preserves U and
by applying Proposition [£.5] to the elements of I'1, we get that conjugation by ¢ induces a group homomor-
phism I'y — Diff“"(Zg). Composing this embedding with the homomorphism of reduction mod p induces a
group homomorphism from I'; to the finite group of affine transformations of (Z/pZ)?. Denote by I'y the kernel
of this homomorphism and the theorem is proven. O

4.3 Proof of Theorem Bl

Take H a finitely generated nilpotent group acting by algebraic automorphisms on a quasi-projective vari-
ety X over a field of characteristic zero.

We are first going to show that we can suppose X to be irreducible in order to work on a Z,-scheme: X has
a finite number of irreducible components and H permutes them. So there exists a finite index subgroup H’ C
H that stabilizes every irreducible component X; of X. Call H; the restriction of H' to X;, then H' =
[1H: and vdl(H') = minvdl(H;). We replace X by one of its irreducible component of maximal dimension
and H by H’ restricted to this component, H' is also finitely generated by Proposition m

Let a € X(C), X is then an irreducible complex quasi-projective variety of dimension d, by proposition
there exists a prime number p > 3 such that (X, H) admits a good model X over Z, and such that a extends
to a Zp-point of X. Now, by Proposition there exists a finite index subgroup Ho C H which is isomorphic
to a subgroup of Diff{" (i), for U an open subset of X(Z,) analytically diffeomorphic to Zg. By Proposition
Hy is a finitely generated nilpotent subgroup of Diff‘f”(Z‘;). Using Theorem we get that the Lie
algebra b associated to Ho is nilpotent and dl(h) > vdl(Ho) > vdl(H). Applying Theorem we get d >
vdl(H).

4.4 Optimality of Theorem

An example from [ET79].— We will use the construction from [ET79] to find groups where Theorem
is optimal.

Let n be an integer and let A be the matrix such that A(e;) = ei+1,1 < @ < n where e; is the canonical
basis. Consider the subgroup of affine transformations G = {x € R" — exp(tA)z +b: ¢t € R,b € R"}, we will
write (¢;b) for the element (z — exp(tA)x + b). This is a real Lie group of dimension n + 1 of nilpotency
class n and derived length 2, diffeomorphic to R"!. The group law is given by

(t;b)(s;¢) = (t+ s;b+ € c).

Notice that the group law is given by polynomials with rational coefficients in s,t and the coordinates of b and
¢; thus G is in fact an algebraic group.

Lemma 4.8. Recall the notation of[5]-1 Let k < n be an integer. The map
((to3bo), -+, (ta; bi)) € G = ROFVEFD oy Bry oy ((t05bo), -+, (tks b)) € G = R

is a nonconstant polynomial map with rational coefficients from RMTDED o R+

Proof. The map is polynomial with rational coefficients because the group law is, and this map is not constant
because nilp(H) =n > k. O
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Consider the vector space generated by the translations T¢,,2 < ¢ < n. The Lie group S acts on the
variety G on the left and G/S is a variety diffeomorphic to R?. The diffeomorphisms are given by

[(t;0)] € G/S — (t,b1) € R?
and
(z,y) € R® = [(z;ye1)] € G/S

where the brackets mean that we take the orbit under the action of S.
The group G acts by right composition on G/S and this action is faithful. The formulas are given by

n k—1
Y(t;b) € G,V(z,y) € R? = G/S, (z,y)-(t;b) = <m+t,y+ Z (kt—l)'bk> .
k=1 ’

We see that the action is therefore by polynomial automorphisms. We will write (¢;b) on the left even though
the action is on the right because we view it as a polynomial automorphism of A%.

A group where theorem is optimal.— Now, take H a finitely generated subgroup of G such
that nilp(H) = n and H contains two elements (t;b), (s;c) such that ¢,s and all the coordinates of b,c are
algebraically independent over Q. The group H satisfies the condition of Theorem [B] it acts faithfully on the
quasiprojective variety A& and we have vdl(H) = 2. Indeed, if H admits an abelian finite index subgroup, then
there exists an integer N such that (¢; b)Y and (s;¢)" commute. But this would give a non-trivial polynomial
relation over Q between s,t and the coordinates of b,c by Lemma [£.8] this is absurd. Thus, the bound in
Theorem [B]is optimal for H.

Derived length versus nilpotency class.— In Theorem [Bl we suppose that H is nilpotent. One might
wonder if the bound can be improved using the virtual nilpotency class, i.e the minimum of nilp(H’) for H' of
finite index in H. We show that this is not possible with a similar counterexample as above. Take H a finitely
generated subgroup of G such that H contains (to;b0), - , (tn—1;bn—1) € G™ such that all the ¢;’s and the coor-
dinates of the b;’s are algebraically independent over Q. We show that every finite index subgroup H’ of H has a
nilpotency class equal to n. Indeed, there exists an integer N such that for all 0 <7 < n—1,h; := (&;; bi)N cH.
The coordinates of the h;’s are still algebraically independent over Q because the group law is given by poly-
nomials with rational coefficients and by Lemma [4.8] the bracket [ho;- - ; hn—1] of length n is not the identity,
because that would give a nontrivial polynomial relation between the coordinates of the h;’s.

Optimality of Theorem — We show that in Theorem we can’t replace the derived length with
the nilpotency class and that the theorem is optimal. In fact, the counterexample of [ET79] can be adapted
over Z, as follows. Consider the group G given by

G:= {XGZZ»—)exp(p-tA)x—i—b:tEZp,bEZg}.

The group law is now given by polynomials with coefficients in Z, and Lemma[£§still holds but the polynomials
are with coefficients in Z,,.

Then, G/S is analytically diffeomorphic to Zg and we have an embedding of Lie groups G — Diff‘m(Zf,) given
by

n pk—ltk—l
V(t;b) € G, (L) (z,y) = w+t,y+;mbk .

Let g C ©(Z2) be the Lie algebra of G, g is nilpotent and we show that nilp(g) = n. Let k = nilp(g), then by
Proposition there exists a small subgroup G’ of G which is a neighbourhood of id such that nilp(G’) = k.
Therefore k < n, suppose k < n. By Lemma[4.8| the map

(to;b0), -+, (tk; br), (z,y) € Zé"H)(kH) X ZZ — Brit1((to;bo), -+ (tk; b8)) (z,y) € Zf,

is polynomial. Let Pi(w), Po(w) be the first and second coordinate of this map where w is a multivariate
variable representing all the variables ¢;,b;,2z,y. Since, nilp(G) > k, the polynomials Q1(w) = Pi(w) — z,
Q2(W) = Py(w)—y are not zero. Notice that if (¢;b) € G, then the Gauss norm of (¢;b)—id € Z, (=, y)? is bounded
by the norm of (t;b) € Z", therefore there exists an integer N > 0 such that for all (t;b) € G, (p" t;p"b) € G';
thus
Q(p"w) =0, Qx(p"w)=0

and this implies that Q1 = 0, Q2 = 0, this is a contradiction.

By a similar argument, we can show there are no small abelian subgroups G’ C G neighbourhood of the
identity therefore dl(g) = 2 by Proposition and Theorem is also optimal.
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