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ABSTRACT. In these notes, I present a result due to Yves de Cornulier. Ac-
cording to it, any finitely generated subgroup of the Cremona group has a
solvable word problem. This provides examples of finitely presented groups
that can not be embedded into any Cremona group Crn(k) (see [3]).

1.– Introduction. The Cremona group in n variables over a field k is the group
of k-automorphisms of the field of rational functions k(X1, ...,Xn), where the
Xi are n independent indeterminates. Equivalently, the Cremona group Crn(k)
is the group of birational transformations of the projective space of dimension
n over the field k: Crn(k)' Bir(Pn

k).
Not much is known concerning groups, let us say finitely presented groups,

that can be embedded into some Cremona group. For example, it is not yet
known whether there exists a finite group G which does not embed into Cr4(C).
In this short manuscript, we remark that the word problem is solvable for
finitely generated subgroups of Crn(k), for all integers n ≥ 1 and all fields k.
Thus, there are finitely presented groups that do not embed into any Cremona
group.

Remark.— There are 2ℵ0 non-isomorphic quotients of the free group of rank
2 (see Neumann’s Theorem, [6], Theorem 3.2 page 188). Since there is only
a countable family of pairwise non-isomorphic fields, there are only countably
many finitely generated groups that can be embedded into Cremona groups.
Thus, most finitely generated groups are not realized as groups of birational
transformations.

Remark.— When n = 1, the Cremona group Cr1(k) coincides with the group
PGL2(k) of automorphisms of P1

k. For n ≥ 2, Crn(k) contains finitely gener-
ated, non-linear groups (see [2, 3]).

2.– Word Problem. Let Γ be a group, and A = {a1, . . . ,ak} be a finite set of
generators for Γ; hence, Γ is a quotient of the free group F(A)'Fn by a normal
subgroup N < F(A).
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The word problem for Γ asks for the existence of an algorithm that decides
which elements w of F(A) are elements of N. In other words, the problem is
to decide whether N < F(A) is a recursive subset of the countable set F(A).
The existence or the non-existence of such an algorithm does not depend on
the finite set of generators that is chosen to generate Γ.

The following famous result is due to Novikov and to Boone (see [6], chap. IV).

Novikov-Boone Theorem . There exist finitely presented groups for which the
word problem is not solvable.

We refer to [10] for an account on the word problem in finitely generated
groups that includes an introduction to Turing machines and recursive sets (see
also [4] for introductory surveys).

3.– Linear Groups. The word problem is solvable for finitely presented linear
groups. For instance, Malcev’s Theorem says that finitely generated subgroups
of a linear group GLn(k) (k any field) are residually finite, and the word prob-
lem is solvable in all residually finite, finitely presented groups (see [6], Theo-
rem 4.6 page 195). We now describe a different proof, due to Rabin (see [9]),
which does not need finite presentation.

Theorem. The word problem is solvable for all finitely generated linear groups.

More precisely, given a subgroup Γ in GLn(k), for some integer n ≥ 1 and
some field k, generated by a finite number of matrices a1, . . . ,ak, there is an
algorithm that decides whether a given word w in the ai is, or is not, the identity
matrix Id ∈ GLn(k). To prove this, one can argue as follows.

First, the set of all entries of the matrices ai form a finite subset of k; the
subfield of k which is generated by these coefficients is a field of finite type k0.
Such a field is computable, in the sense of [9] (see also [8]). More precisely, the
field k0 is a finite extension of a transcendental extension k(x1, . . . ,xd), where
k is the prime subfield (k = Q or Fp for some prime p); hence, Γ can be written
as a finitely generated subgroup of GLm(k(x1, . . . ,xd)) for some multiple m of
n: Computing in GLm(k(x1, . . . ,xd)) amounts to compute sums and products of
rational fractions with coefficients in the prime field k.

Now, given such a set of matrices ai in GLm(k(x1, . . . ,xd)) , deciding whether
a word w in the ai is the identity is easy: One only needs to algorithmically
compute the corresponding product of matrices, and check whether it is equal
to Id or not.

4.– Cremona Groups. In the same spirit, one can prove the following theorem.



3

Theorem A. Let k be a field, and n ≥ 1 be an integer. If Γ is a group of
birational transformations of the Cremona group Crn(k), and if Γ is finitely
generated, then the word problem is solvable in Γ.

Let [x0 : . . . : xn] be homogeneous variables on Pn(k). To prove this state-
ment, let f1, . . . , fk be a finite, symmetric set of generators of Γ; each fi is
defined by n+1 homogeneous polynomial functions, of some degree di, in the
variables (x0, . . . ,xn):

fi[x0 : . . . : xn] = [Pi,0 : . . . : Pi,n].

The coefficients of the Pi, j generate a subfield of finite type k0 ⊂ k. Since this
field is computable, there is an algorithm which, given any word w in the fi,
computes the corresponding birational transformation gw = w( fi,1 ≤ i ≤ k):
The output is a list of n+1 homogeneous polynomial functions Q j, such that

gw[x0 : . . . : xn] = [Q0 : . . . : Qn].

Checking whether gw is the identity amounts to decide whether there exists a
homogeneous polynomial function Q such that

Qi = xiQ

for all 1 ≤ i ≤ n. In other words, one has to decide whether xi divides Qi and,
if yes, whether the quotient Qi/xi depends on i. This, again, can be decided
algorithmically.

As a corollary, one gets the following result.

Theorem B. There exist finitely presented groups with no faithful morphism
in any Cremona group. There exists a non-trivial finitely presented group ΓM

such that for every n ≥ 1 and every field k all morphisms from ΓM to Crn(k)
are trivial.

The first assertion follows from Novikov-Boone Theorem and from Theo-
rem A. The second assertion is a consequence the following construction, due
to Miller III (see [7]): There exists a non-trivial finitely presented group ΓM

such that the only quotient of ΓM having solvable word problem is {1}.

Remark.— Kharlampovich constructed a finitely presented, solvable group of
derived length 3 for which the word problem is not solvable. Such a group does
not embed into any Cremona group (see [5]).

Every countable group embeds into a simple group generated by six ele-
ments (see [6], Theorem 3.5 page 190). From this result, due to Hall, one
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obtains the existence of a finitely generated, simple group that does not embed
into any Cremona group.

The algorithm given in the proof of Theorem A solves the word problem
in exponential time for subgroups of Crn(k); in the case of linear groups, the
complexity is polynomial. Since there are finitely presented groups for which
the word problem is solvable but is not solvable in exponential time (see [11]
Theorem 1.3, and also [1]), there are finitely presented groups with solvable
word problem that cannot be embedded into Cremona groups. It is not clear
to us whether there does exist a procedure which solves the word problem
in polynomial time (for finitely generated or finitely presented subgroups of
Crn(k)).
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