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ABSTRACT. We construct embeddings of surface groups into the group of
germs of analytic diffeomorphisms in one variable.

1. INTRODUCTION

1.1. The main result. Let C be the field of complex numbers and Diff(C,0)
the group of germs of analytic diffeomorphisms at the origin 0 ∈ C. Choosing
a local coordinate z near the origin, every element f ∈ Diff(C,0) is determined
by a unique power series

f (z) = a1z+a2z2 +a3z3 + . . .+anzn + . . .

with f ′(0) = a1 6= 0 and with a positive radius of convergence

rad( f ) =
(

limsup
n→+∞

|an|1/n
)−1

. (1.1)

We denote by Diff(R,0)⊂Diff(C,0) the subgroup of real germs in this chart, i.e.
with ai ∈ R for all i ∈ N (this inclusion depends on the choice of the coordinate
z). The main goal of this note is the following result, that answers a question
raised by E. Ghys (see [8], §3.3, or also [5], Problem 4.15).

Theorem A. Let Γ be the fundamental group of a closed orientable surface, or
of a closed non-orientable surface of genus ≥ 4. Then Γ embeds in the group
Diff(R,0) and in particular in Diff(C,0).

We shall present three proofs of Theorem A. For simplicity, in this introduc-
tion, we restrict to the case where Γ is is the fundamental group of an orientable
surface of genus 2, and we consider the presentation

Γ2 = 〈a1,b1,a2,b2 | [a1,b1] = [a2,b2]〉. (1.2)
1



SURFACES GROUPS IN GERMS OF DIFFEOMORPHISMS 2

Our proofs of theorem A are inspired by [3], where it is proved that a compact
topological group or a connected Lie group which contains a dense free group
of rank 2 contains a dense subgroup isomorphic to Γ2.

The surface groups considered in Theorem A are examples of limit groups.
Recently, and independently, A. Brudnyi proved a related embedding theorem:
limit groups embed into the group of (non converging) formal germs of diffeo-
morphisms (see [6])

1.2. Compact groups. Let us describe the argument used in [3] to prove the
following result.

Theorem 1.1 ([3]). If a compact group G contains a free group F of rank 2,
then there is an embedding ρ : Γ2→ G such that F ⊂ ρ(Γ2).

Proof. Denote by Fm the free group on m generators. The first ingredient is
a result by Baumslag [1] saying that Γ2 is fully residually free; this means
that there exists a sequence of morphisms pN : Γ2→F2 which is asymptotically
injective: for every g ∈ Γ2 \{1}, pN(g) 6= 1 if N is large enough.

To be more explicit, we use the presentation (1.2) of Γ2, and we note that the
subgroup 〈a1,b1〉 of Γ2 is a free group F2 = 〈a1,b1〉. Let p : Γ2→〈a1,b1〉 be the
morphism fixing a1 and b1 and sending a2 and b2 to a1 and b1 respectively. Let
τ : Γ2→Γ2 be the Dehn twist around the curve c= [a1,b1], i.e. the automorphism
that fixes a1 and b1 and sends a2 and b2 to ca2c−1 and cb2c−1 respectively.

Proposition 1.2 (see [3, Corollary 2.2]). Given any g ∈ Γ2 \{1}, there exists a
positive integer n0 such that p◦ τN(g) 6= 1 for all N ≥ n0.

Now, fix an embedding ι : 〈a1,b1〉→G such that ι(〈a1,b1〉) = F . Composing
p◦ τN with ι, we get a sequence of points pN := ι◦ p◦ τN in Hom(Γ2,G). Now,
consider the element h = ι(p(c)) of G, and let T be the closure of the cyclic
group 〈h〉 in the compact group G. For t ∈ T , define a morphism ρt : Γ2→G by

ρt(a1) = ι◦ p(a1), ρt(a2) = t ◦ ι◦ p(a1)◦ t−1, (1.3)

ρt(b1) = ι◦ p(b1), ρt(b2) = t ◦ ι◦ p(b1)◦ t−1; (1.4)

these representations are well defined and satisfy ρt = ι ◦ p ◦ τN when t = hN .
Moreover, on the subgroup 〈a1,b1〉, ρt coincides with ι◦ p, so F ⊂ ρt(Γ2). Thus,
(ρt)t∈T is a compact subset R (T ) ⊂ Hom(Γ2,G) that contains the sequence of
points pN . For every g in Γ2 \{1}, the subset R (T )g = {ρt | ρt(g) 6= 1} is open,
and Proposition 1.2 shows that it is dense because {hn | n≥ n0} is dense in T for
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every integer n0. By the Baire theorem, the subset of injective representations
ρt is a dense Gδ in R (T ), and this proves Theorem 1.1. �

The group Diff(R,0) contains non-abelian free groups (this is well known, see
Section 3.3), and one may want to copy the above argument for G = Diff(R,0)
instead of a compact group. The Koenigs linearization theorem says that if f ∈
Diff(R,0) satisfies f ′(0) > 1, then f is conjugate to the homothety z 7→ f ′(0)z;
in particular, there is a flow of diffeomorphisms (ϕt)t∈R for which ϕ1 = f . In
our argument, the compact group T introduced to prove Theorem 1.1 will be
replaced by such a flow, hence by a group isomorphic to (R,+). Also, in that
proof, h = ι(p(c)) was a commutator, and the derivative of any commutator in
Diff(R,0) is equal to 1 at the origin, so that Koenigs theorem can not be applied
to a commutator. Thus, we need to change pN into a different sequence of
morphisms: the Dehn twist τ will be replaced by another automorphism of Γ2,
twisting along three non-separating curves.

This argument will be described in details in Sections 2 and 3; the reader who
wants the simplest proof of Theorem A in the case of orientable surfaces only
needs to read these sections. Non orientable surfaces are dealt with in Section 4.

1.3. Lie groups. Now, let us look at representations in a linear algebraic sub-
group G of GL m(R). Assuming that there is a faithful representation ι : F2→ G
with dense image, we shall construct a faithful representation Γ2→ G.

The representation variety Hom(Γ2,G) is an algebraic subset of G4. Let R be
the irreducible component containing the trivial representation. Let pN : Γ2→
F2 be an asymptotically injective sequence of morphisms, as given by Baum-
slag’s proposition. When the image of ρ is dense, one can prove that ι◦ pN is in
R for arbitrarily large values of N. For g ∈ Γ2 \{1}, the subset Rg ⊂ R of ho-
momorphisms killing g is algebraic, and it is a proper subset because it does not
contain ι◦ pN for some large N. Then, a Baire category argument in R implies
that a generic choice of ρ ∈ R is faithful.

To apply this argument to G = Diff(R,0), one needs a good topology on
Diff(R,0), and a good “irreducible variety” R ⊂Hom(Γ2,G) containing ι◦ pN ,
in which a Baire category argument can be used. This approach may seem diffi-
cult because Hom(Γ2,G) is a priori far from being an irreducible analytic variety
but, again, the Koenigs linearization theorem will provide the key ingredient.

First, we shall adapt an idea introduced by Leslie in [17] to define a useful
group topology on Diff(R,0) (see Section 5). With this topology, Diff(R,0) is an
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increasing union of Baire spaces, which will be enough for our purpose. Denote
by Cont(R,0) ⊂ Diff(R,0) the set of elements f ∈ Diff(R,0) with | f ′(0)| < 1;
Cont stands for “contractions”. Consider the set R of representations ρ : Γ2→
Diff(R,0) with ρ(a1) tangent to the identity, and ρ(b1) ∈ Cont(R,0). Then, the
key fact is that the map

Ψ : R→Cont(R,0)×Diff(R,0)×Diff(R,0)

ρ 7→ (ρ(b1),ρ(a2),ρ(b2))

is a continuous bijection. Indeed, the defining relation of Γ is equivalent to
a1b1a−1

1 = [a2,b2]b1. Given (g1, f2,g2) ∈ Cont(R,0)×Diff(R,0)×Diff(R,0),
the germs g1 and [ f2,g2]g1 have the same derivative at the origin and, from the
Koenigs linearization theorem, there is a unique f1 ∈ Diff(R,0) tangent to the
identity solving the equation f1g1 f−1

1 = [ f2,g2]g1: by construction there is a
unique morphism ρ : Γ2 → Diff(R,0) that maps the ai to the fi, and the bi to
the gi, and this representation satisfies Ψ(ρ) = (g1, f2,g2). With this bijection Ψ

and the topology of Leslie, we can identify R with a union of Baire spaces, in
which the Baire category argument applies.

1.4. Other fields. Let k be a finite field with p elements. The group Diff1(k,0),
also known as the Nottingham group, is the group of power series tangent to
the identity and with coefficients in the finite field k. It is a compact group
containing a free group (see [26]). Thus, by [3], it contains a surface group.

Now, let p be a prime number, and let Qp be the field of p-adic numbers.
Consider the subgroup Diff1(Zp,0)⊂ Diff(Qp,0) of formal power series tan-

gent to the identity and with coefficients in Zp. First, note that all elements f
of Diff1(Zp,0) satisfy rad( f )≥ 1, so that Diff1(Zp,0) acts faithfully as a group
of (p-adic analytic) homeomorphisms on {z ∈ Zp ; |z| < 1}. So, in that re-
spect, Diff1(Zp,0) is much better than the group of germs of diffeomorphisms
Diff(C,0). Moreover, with the topology given by the product topology on the
coefficients an ∈ Zp of the power series, the group Diff1(Zp,0) becomes a com-
pact group. And this compact group contains a free group. By the result of [3]
described in Section 1.2, it contains a copy of the surface group Γ2. So, we get
a surface group acting faithfully as a group of p-adic analytic homeomorphisms
on {z∈Zp ; |z|< 1}. In Section 7 we give a third proof of Theorem A that starts
with the case of p-adic coefficients.
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1.5. Organisation. The article is split in four parts.

I.– Sections 2 to 4 give a first proof of Theorem A; Section 4 is the only
place where we deal with non-orientable surfaces. We refer to Theo-
rem B in Section 4.3 for a stronger result, in which the field R is replaced
by any non-discrete, complete valued field k.

II.– Section 5 and 6 present our second proof, based on the construction of a
group topology on Diff(C,0).

III.– Then, our p-adic proof is presented in Section 7.
IV.– Section 8 draws some consequences and list a few open problems, while

the appendix shows how to construct free groups in Diff(C,0), or Diff(k,0)
for any non-discrete and complete valued field.

Acknowledgement. Thanks to Yulij Ilyashenko, Frank Loray and Ludovic Mar-
quis for several discussions on this subject, and to the participants of the semi-
nars of Dijon, Moscou, Paris, and Toulouse during which the results of this paper
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– Part I. –

2. GERMS OF DIFFEOMORPHISMS AND THE KOENIGS LINEARIZATION

THEOREM

2.1. Formal diffeomorphisms. Let k be a field (of arbitrary characteristic).
Denote by kJzK the ring of formal power series in one variable with coefficients
in k. For every integer n≥ 0, let An : kJzK→ k denote the n-th coefficient func-
tion:

An : f = ∑anzn 7→ An( f ) = an. (2.1)

A formal diffeomorphism is a formal power series f ∈ kJzK such that A0( f )= 0
and A1( f ) 6= 0. The composition f ◦g determines a group law on the set

D̂iff(k,0) = { f ∈ kJzK | A0( f ) = 0 and A1( f ) 6= 0} (2.2)

of all formal diffeomorphisms.
For each n≥ 1, there is a polynomial Pn ∈Z[A1,B1, . . . ,An,Bn] such that if f =

∑anzn and g = ∑bnzn then f ◦g = ∑n≥1 Pn(a1,b1, . . . ,an,bn)zn. Similarly, there
are polynomials Qn ∈ Z[A1, . . . ,An][A−1

1 ] such that f−1 = ∑n≥1 Qn(a1, . . . ,an)zn

if f = ∑anzn; the polynomial function Qn is given by the following inversion
formula:

1
an

1
∑

k1,k2,...

(−1)k1+k2+... · (n+1) · · ·(n−1+ k1 + k2 + . . .)

k1!k2! · · ·
·
(

a2

a1

)k1
(

a3

a1

)k2

· · ·

where ai = Ai( f ) and the sum is over all sequences of integers ki such that

k1 +2k2 +3k3 + · · ·= n−1.

We refer to [14] where this is proved for f and g tangent to the identity; the
general case easily follows.

To encapsulate this kind of properties, we introduce the following definition.
Let m be a positive integer. By definition, a function Q : D̂iff(k,0)m → k is a
polynomial function with integer coefficients, if there is an integer n, and a
polynomial q ∈ Z[A1,1,A2,1, . . . ,Am−1,n,Am,n][A−1

1,1, . . . ,A
−1
m,1] such that

Q( f1, . . . , fm) = q(A1( f1), . . . ,An( fm)) (2.3)

for all m-tuples ( f1, . . . , fm) ∈ D̂iff(k,0)m; we denote by Z[D̂iff(k,0)m] this ring
of polynomial functions.
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Let Fm = 〈e1, . . . ,em〉 be the free group of rank m. To every word w =

en1
i1 . . .e

nk
ik in Fm, with exponents ni ∈Z, we associate the word map w : D̂iff(k,0)m→

D̂iff(k,0),

(g1, . . . ,gm) 7→ w(g1, . . . ,gm)
def
= gn1

i1 ◦ . . .◦gnk
ik . (2.4)

Since composition and inversion are polynomial functions on D̂iff(k,0), we get:

Lemma 2.1. Let w : D̂iff(k,0)m → D̂iff(k,0) be the word map given by some
element of the free group Fm. For each n ≥ 1, there is a polynomial function
Qw,n ∈ Z[D̂iff(k,0)m] such that

An(w(g1, . . . ,gm)) = Qw,n(g1, . . . ,gm)

for all g1, . . . ,gm ∈ D̂iff(k,0).

2.2. Diffeomorphisms and Koenigs linearization Theorem. Suppose now that
k is endowed with an absolute value | · | : k→ R+. Then k becomes a metric
space with the distance induced by | · |. We shall almost always assume that

• k is not discrete, equivalently there is an element x ∈ k with |x| 6= 0,1;
• k is complete.

Let k{z} be the subring of kJzK consisting of power series f (z) = ∑anzn whose
radius of convergence rad( f ) is positive (see Equation (1.1)). When k is com-
plete, the series ∑anzn converges uniformly in the closed disk Dr = {z∈ k | |z| ≤
r} for every r < rad( f ). The group of germs of analytic diffeomorphisms is the
intersection Diff(k,0) := D̂iff(k,0)∩k{z}; it is a subgroup of D̂iff(k,0).

A germ f ∈ Diff(k,0) is hyperbolic if |A1( f )| 6= 1. The following result is
proved in [21, Chapter 8] and [12, Theorem 1, p. 423] (see also [24, Theorem
1] or [15]).

Theorem 2.2 (Koenigs linearization theorem). Let (k, | · |) be a complete, non-
discrete valued field. Let f ∈Diff(k,0) be a hyperbolic germ of diffeomorphism.
There is a unique germ of diffeomorphism h ∈ Diff(k,0) such that h( f (z)) =
A1( f ) ·h(z) and A1(h) = 1.

3. EMBEDDING ORIENTABLE SURFACE GROUPS

3.1. Abstract setting. Our strategy to construct embeddings of surface groups
relies on the following simple remark. Let Γ be a countable group, and G be
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any group. Consider a non-empty topological space R , with a map Φ : s∈R 7→
Φs ∈ Hom(Γ,G). Given g ∈ Γ, set Rg = {s ∈ R |Φs(g) = 1}.

Lemma 3.1. Assume that R has the following 3 properties:

(1) Baire: R is a Baire space;
(2) Separation: for every g 6= 1 in Γ, Φs(g) 6= 1 for some s ∈ R ;
(3) Irreducibility: for every g ∈ Γ, either Rg = R or Rg is closed with empty

interior.

Then the set of s ∈ R such that Φs is an injective homomorphism is a dense Gδ

in R ; in particular, it is non-empty.

Proof. For any g ∈ Γ\{1}, one has Rg 6= R by (2), so Rg is closed with empty
interior by (3). By the Baire property, R \ (∪g∈Γ\{1}Rg) is a dense Gδ. But
R \ (∪g∈Γ\{1}Rg) is precisely the set of s ∈ R such that Φs is injective. �

3.2. Baumslag Lemma. As explained in the introduction, it is proved in [1]
that the fundamental group of an orientable surface is fully-residually free. We
need a precise version of this result; to obtain it, the main technical input is the
Baumslag’s Lemma (see [22, Lemma 2.4]):

Lemma 3.2 (Baumslag’s Lemma). Let n ≥ 1 be a positive integer. Let g0, . . . ,
gn be elements of Fk, and let c1, . . . , cn be elements of Fk \{1}. Assume that for
all 1≤ i≤ n−1, g−1

i cigi does not commute with ci+1. Then for N large enough,

g0cN
1 g1cN

2 . . .cN
n−1gn−1cN

n gn 6= 1.

Sketch of proof (I). The group PSL 2(R) acts on the hyperbolic plane H by isome-
tries, and contains a subgroup Γ such that (0) Γ is isomorphic to Fk, (1) every
element g 6= Id in Γ is a loxodromic isometry of H, and (2) two elements g and
h in Γ\{Id} commute if and only if they have the same axis, which happens if
and only if they share a common fixed point on ∂H. One can find such a group
in any lattice of PSL 2(R). To prove the lemma, we prove it in Γ.

Fix a base point x ∈H, denote by αi and ωi the repulsive and attracting fixed
points of ci in ∂H, and consider the word

g0cN
1 g1cN

2 g2.

For m large enough, cm
2 g2 maps x to a point which is near ω2. If g1(ω2) were

equal to α1, then c1 and g1c2g−1
1 would share the common fixed point α1, and

they would commute. Thus, g1(ω2) 6= α1 and then g0cm′
1 g1cm

2 g2 maps x to a
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point which is near g0(ω1) if m′ is large enough. Thus, g0cN
1 g1cN

2 g2(x) 6= x for
large N. The proof is similar if n is larger than 2. �

Sketch of proof (II). We rephrase this proof, using the action of Fk on its bound-
ary, because this boundary will also be used in the proof of Proposition 3.3.

Fix a basis a1, . . . ,ak of Fk, and denote by ∂Fk the boundary of Fk. The ele-
ments of ∂Fk are represented by infinite reduced words in the generators ai and
their inverses. If g is an element of Fk and α is an element of ∂Fk the concatena-
tion g ·α is an element of ∂Fk: this defines an action of Fk by homeomorphisms
on the Cantor set ∂Fk. If g is a non-trivial, its action on ∂Fk has exactly two fixed
points, given by the infinite words ω(g) = g · · ·g · · · and α(g) = g−1 · · ·g−1 · · ·
(there are no simplifications if g is given by a reduced and cyclically reduced
word). Then we get: (1) every element g 6= Id in Fk has a north-south dynamics
on ∂Fk, every orbit gn ·β converging to ω(g), except when β = α(g), and (2) two
elements g and h in Fk \ {Id} commute if and only if they have the same fixed
points, which happens if and only if they share a common fixed point on ∂Fk.
One can then repeat the previous proof with the action of Fk on its boundary. �

α0

η2

α1 α2

η1

η̄1

η̄2
a0 = a0 = α0

a1 = η1α1η
−1
1

ā2 = η̄2α2η̄
−1
2

t1 = η1η̄
−1
1

ā1 = η̄1α1η̄
−1
1

a2 = η2α2η
−1
2

t2 = η2η̄
−1
2

FIGURE 1. The fundamental group Γ2.– The αi are three loops, while
the η j and η j are four paths. The figure is symmetric with respect to
the plane cutting the surface along the loops αi.

Write the surface of genus 2 as the union of two pairs of pants as in Figure 1,
with respective fundamental groups

〈a0,a1,a2 | a0a1a2 = 1〉 and 〈a0,a1,a2 | a0a1a2 = 1〉. (3.1)
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This gives the presentation

Γ2 =

〈a0,a1,a2,
a0,a1,a2,

t1, t2

∣∣∣∣∣∣
a0a1a2 = 1,
a0a1a2 = 1,

a0 = a0, a1 = t−1
1 a1t1, a2 = t−1

2 a2t2

〉
(3.2)

which can be rewritten as

Γ2 = 〈a0,a1,a2, t1, t2 | a0a1a2 = 1, a0t−1
1 a1t1t−1

2 a2t2 = 1 〉. (3.3)

Denote by p : Γ2→〈a0,a1,a2〉 'F2 the morphism defined by p(ai) = ai, p(ai) =

ai, and p(t1) = p(t2) = 1. Let τ : Γ2→Γ2 be the (left) Dehn twist along the three
curves a0, a1, and a2, i.e. the automorphism fixing ai and sending ti to aitia−1

0
for i = 1,2. Note the following facts:

• τ sends ai to a0aia−1
0 ; in particular, if g is a word in the ai, then τN(g) =

aN
0 ga−N

0 ;
• p◦ τN fixes ai for every i = 0, 1, 2, and

p◦ τ
N(t j) = aN

j a−N
0 (3.4)

for j = 1, 2.

Proposition 3.3. For every g ∈ Γ2 \{1}, there exists a positive integer n0 such
that p◦ τN(g) 6= 1 for all N ≥ n0.

Proof. To uniformize notations, we define t0 = 1 so that for all i ∈ {0,1,2} the
relation tiait−1

i = ai holds, and τ maps ti to aitia−1
0 . Let A = 〈a0,a1,a2〉 and

A = 〈a0,a1,a2〉. Write g as a shortest possible word of the following form:

g = g0ti1g1t−1
i2 g2ti3 . . .gn−1t−1

in gn (3.5)

where n is even, ik ∈{0,1,2} for all k≤ n, gk ∈A for k even, gk ∈A for k odd, and
the exponent of tik is (−1)k+1 (we allow gk = 1). One easily checks that g can be
written in this form because all generators can (for instance t1 = 1 · t1 ·1 · t−1

0 ·1).
If k is such that ik = ik+1, then gk /∈ 〈aik〉 if k is even (resp gk /∈ 〈aik〉 if k is

odd) as otherwise, one could shorten the word using the relation tikaikt
−1
ik = aik .

First claim. If k ∈ {2, . . . ,n−2} is even, g−1
k aikgk does not commute to aik+1 .

If ik 6= ik+1, this is because gk ∈ A' F2 and no pair of A-conjugates of aik and
aik+1 commute. If ik = ik+1, then gk /∈ 〈aik〉 as we have just seen; since aik is not a
proper power in A, this shows that gk.(a+∞

ik ) 6= a+∞

ik in the boundary at infinity of
the free group A, so g−1

k aikgk does not commute with aik , and the claim follows.

Similarly, using the fact that gk ∈ A for odd indices, we obtain:
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Second claim. If k ≤ n−1 is odd, g−1
k aikgk does not commute to aik+1 .

We have τN(gk) = gk if k is even, and τN(gk) = aN
0 gka−N

0 if k is odd. After
simplifications, one has

τ
N(g) = g0aN

i1ti1g1t−1
i2 a−N

i2 g2aN
i3ti3 . . .gn−1t−1

in a−N
in gn. (3.6)

For k odd, denote by g′k ∈ Fr the image of gk under p. Applying p, we thus get

p◦ τ
N(g) = g0aN

i1g′1a−N
i2 g2aN

i3g′3 . . .g
′
n−1a−N

in gn, (3.7)

with g′i := p(gi). Let us check that the hypotheses of the Baumslag Lemma 3.2
apply. For k even, the first claim shows that g−1

k aikgk does not commute to
aik+1 , as required. For k odd, we use that p is injective on A and that A con-
tains g−1

k aikgk and aik+1 , and we apply the second claim to deduce that g′−1
k aikg′k

does not commute to aik+1 . Applying Baumslag’s Lemma, we conclude that
p◦ τN(g) 6= 1 for N large enough. �

3.3. Embeddings of free groups. The group Diff(R,0) contains non-abelian
free groups. This has been proved by arithmetic means [29, 11], by looking
at the monodromy of generic polynomial planar vector fields [13], and by a
dynamical argument [20]. We shall need the following precise version of that
result.

Theorem 3.4. Let (k, | · |) be a complete non-discrete valued field. For every
pair (λ1,λ2) in k∗, there exists a pair f1, f2 ∈ Diff(k,0) that generates a free
group and satisfies f ′1(0) = λ1 and f ′2(0) = λ2.

This result is proved in [2, Proposition 4.3] for generic pairs of derivatives
(λ1,λ2). We provide a proof of Theorem 3.4 in the Appendix, extending the
argument of [20]. We refer to Section 7.1 below for other approaches.

3.4. Embedding orientable surface groups. We can now prove Theorem A
for orientable surfaces:

Theorem 3.5. Let Γg be the fundamental group of a closed, orientable surface
of genus g. Then, there exists an injective morphism Γg→Diff(R,0).

The group Γ0 is trivial. The group Γ1 is isomorphic to Z2, hence it embeds
in the group of homotheties z 7→ λz, λ ∈ R∗+. If g ≥ 2, then Γg embeds in Γ2.
To see this, fix a surjective morphism Γ2 → Z, and take the preimage Λ ⊂ Γ2

of the subgroup (g− 1)Z ⊂ Z. Then, Λ is a normal subgroup of index g− 1
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in Γ2, and it is the fundamental group of a closed surface Σ, given by a Galois
cover of degree g−1 of the surface of genus 2. Since the Euler characteristic is
multiplicative, the genus of Σ satisfies −2(g− 1) = 2− 2g(Σ). Thus, g(Σ) = g
and Λ is isomorphic to Γg. Thus, we now restrict to the case g = 2.

By Theorem 3.4, we can fix an injective morphism

ρ0 : F2 = 〈a0,a1,a2 | a0a1a2 = 1〉→Diff(R,0) (3.8)

such that the images f1 = ρ0(a1), f2 = ρ0(a2), and f0 = ρ0(a0)= f−1
2 f−1

1 satisfy

f ′1(0) = λ1 > 1, f ′2(0) = λ2 > 1, f ′0(0) = λ0 < 1 (3.9)

for some real numbers λ1 and λ2 > 1 and λ0 = (λ1λ2)
−1. In particular, f0,

f1, and f2 are hyperbolic. For λ ∈ R∗, denote by mλ(z) = λz the correspond-
ing homothety. For i ∈ {0,1,2}, the Koenigs linearization theorem shows that
fi is conjugate to the homothety mλi: there is a germ of diffeomorphism hi ∈
Diff(R,0) such that fi = hi ◦mλi ◦ h−1

i . Thus fi extends to the multiplicative
flow ϕi : R∗+→Diff(R,0) defined by ϕs

i = hi ◦ms ◦ h−1
i for s ∈ R∗+; by contruc-

tion, ϕ
λi
i = fi and ϕs

i commutes with fi for all s > 0. We note that s 7→ ϕs
i is

polynomial in the sense that for all k ∈ N, s 7→ Ak(ϕ
s
i ) is a polynomial function

with real coefficients in the variables s and s−1.
Set R = (R∗+)3. As in Section 3.2, consider the presentation

Γ2 = 〈a0,a1,a2, t1, t2 | a0a1a2 = 1, a0t−1
1 a1t1t−1

2 a2t2 = 1 〉. (3.10)

Given s = (s0,s1,s2) ∈ (R∗+)3, we define a morphism Φs : Γ2→ Diff(R,0) by

Φs(ai) = fi for i ∈ {0,1,2} (3.11)

Φs(ti) = ϕ
si
i ϕ

s0
0 for i ∈ {1,2} (3.12)

This provides a well defined homomorphism because ϕi commutes with fi. As
we shall see below, this morphism Φs is constructed to coincide with ρ0 ◦ p◦ τN

for s = (λN
0 ,λ

N
1 ,λ

N
2 ) (see Equation (3.4)).

Remark 3.6. For every s ∈ R , the image of Φs contains f1 and f2, hence the
free group ρ0(F2). This will be used in Section 4.3.

To conclude, we check that the three assumptions of Lemma 3.1 hold for this
family of morphisms (Φs)s∈R .

Clearly, R is a Baire space.
To check the irreducibility property, consider g∈ Γ2 and assume that Rg 6=R :

this means that there exists a parameter s ∈ R and an index k ≥ 1 such that
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Ak(Φs(g)) 6= Ak(Id). The map s = (s0,s1,s2) 7→ Ak(Φs(g))−Ak(Id) is a polyno-
mial function in the variables s±1

0 , s±1
1 , and s±1

2 that does not vanish identically
on R , so its zero set is a closed subset with empty interior.

We now check that R has the separation property. As in Section 3.2, denote
by p : Γ2→F2 = 〈a0,a1,a2 | a0a1a2 = 1〉 the morphism obtained by killing t1
and t2. For the parameter s = (1,1,1), Φs is equal to ρ0 ◦ p. More generally, set-
ting sN = (λN

0 ,λ
N
1 ,λ

N
2 ) for N ∈ N, the morphism ΦsN : Γ2→ Diff(R,0) satisfies

ΦsN (ai) = fi for i ∈ {0,1,2} (3.13)

ΦsN (ti) = ϕ
uN

i
i ϕ

uN
0

0 = f N
i f N

0 for i ∈ {1,2}. (3.14)

This means that ΦsN = ρ0 ◦ p ◦ τN where, as in Section 3.2, τ : Γ2→Γ2 is the
Dehn twist along the three curves ai. By Proposition 3.3, for all g ∈ Γ2 \ {1}
there exists N ∈N such that p◦τN(g) 6= 1. Since ρ0 is injective, this implies that
ΦsN (g) 6= 1 which shows that R has the separation property.

4. NON-ORIENTABLE SURFACE GROUPS

Theorem 4.1. Let Ng be the fundamental group of a closed non-orientable sur-
face of genus g≥ 4. There exists an injective morphism Ng→Diff(R,0).

Remark 4.2. The fundamental group N3 of the non-orientable surface of genus
3 is not fully residually free, and our methods do not apply to this group. (See [18],
Proposition 9.)

4.1. Even genus. We first treat the case of an even genus g ≥ 4. In this case,
the group Ng embeds in N4. Indeed, the non-orientable surface of genus 4 is the
connected sum of a torus R2/Z2 with two projective planes P2(R). Taking a
cyclic cover of the torus of degree k, we get a surface homeomorphic to the con-
nected sum of R2/Z2 with 2k copies of P2(R), hence a non-orientable surface
of genus 2(k+1). Thus, it suffices to prove that N4 embeds in Diff(R,0).

The non-orientable surface of genus 4 is homeomorphic to the connected sum
of 4 copies of P2(R), and this gives the presentation (see Figure 2)

N4 = 〈a1,a2,b1,b2 | a2
1a2

2b2
2b2

1 = 1〉. (4.1)

Let p : N4→〈a1,a2〉 be the morphism fixing a1,a2 and sending b1 and b2 to
a−1

1 and a−1
2 respectively. Let τ : N4→N4 be the Dehn twist around the curve

γ = (a2
1a2

2)
−1, i.e. the automorphism that fixes a1 and a2 and sends b1 and b2 to

γb1γ−1 and γb2γ−1 respectively.
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b21

a1 a2

b2b1

a22

γ = b22b
2
1 = (a21a

2
2)

−1

a21

b22

FIGURE 2. The fundamental group N4.– The base point is represented
by •, the 4 generators are a1, a2, b1, b2, and the curve γ is used to
construct the Dehn twist τ.

Lemma 4.3. Given any g∈N4\{1}, there exists n0 ∈N such that for all N ≥ n0,
p◦ τN(g) 6= 1.

For the proof. The proof of this statement is completely analogous to the proof
of [3, Corollary 2.2], using Baumslag Lemma, we leave it as an exercise to the
reader. See also [9, Proposition 4.13]. �

Using Theorem 3.4, we fix two germs of diffeomorphisms f1 and f2 ∈Diff(R,0)
generating a free group and satisfying f ′1(0)> 1 and f ′2(0)> 1. We denote by

ρ0 : F2 = 〈a1,a2〉→Diff(R,0) (4.2)

the injective morphism sending ai to fi for i ∈ {1,2}. In particular,

ρ0(γ) = ( f 2
1 ◦ f 2

2 )
−1 (4.3)

is a hyperbolic germ: its derivative λ = (( f 2
1 ◦ f 2

2 )
′(0))−1 is < 1. The Koenigs

linearization theorem gives an element h ∈ Diff(R,0) such that ρ0(γ) = h◦mλ ◦
h−1. Consider the multiplicative flow ϕ : R∗+→Diff(R,0) defined by ϕs = g ◦
ms ◦ g−1. As above, ϕλ = ρ0(γ), ϕs commutes with ρ0(γ) for all s > 0, and
s 7→ ϕs is a polynomial map: for all k ∈ N, s 7→ Ak(ϕ

s) is a polynomial in the
variables s and s−1.

Set R = R∗+. Given s ∈ R∗+, consider the morphism ρs : N4 → Diff(R,0)
defined by

a1 7→ f1 a2 7→ f2

b1 7→ ϕ
s f−1

1 ϕ
−s b2 7→ ϕ

s f−1
2 ϕ

−s.

This gives a well defined homomorphism because ϕs commutes with f 2
1 f 2

2 .
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We now check the three assumptions of Lemma 3.1. Clearly, R is a Baire
space. The irreducibility is a consequence of the fact that for any g ∈ N4, and
any k ∈ N the map s 7→ Ak(ϕs(g)) is a polynomial function in the variables s±1.
The separation property follows from Lemma 4.3 together with the fact that
ρλN = ρ0 ◦ p◦ τN and that ρ0 is injective.

4.2. Odd genus. We now treat the case of a non-orientable surface of odd genus
g = 2k+1, k ≥ 2. One can write N2k+1 as (see Figure 3 below)

N2k+1 = 〈a1, . . . ,ak,c,b1, . . . ,bk | a2
1 . . .a

2
kc2b2

k . . .b
2
1 = 1〉. (4.4)

This group splits as a double amalgam of free groups

N2k+1 = 〈a1, . . .ak〉 ∗
a2

1...a
2
k=γ−1

〈γ,c〉 ∗
c−2γ=b2

k ...b
2
1

〈b1, . . . ,bk〉. (4.5)

We shall use the following notation to refer to this amalgam structure:

• A1 = 〈a1, . . .ak〉 and e1,2 = (a2
1 . . .a

2
k)
−1;

• A2 = 〈γ,c〉 and e2,1 = γ and e2,3 = c−2γ = δ;
• A3 = 〈b1, . . . ,bk〉 and e3,2 = b2

k . . .b
2
1.

So, each of the Ai is a free group and the amalgamation is given by e1,2 = e2,1

and e2,3 = e3,2.
Define a morphism p : N2k+1→〈a1, . . . ,ak〉 ' Fk by

ai 7→ ai for i≤ k c 7→ a−2
k

bi 7→ a−1
i for i≤ k−1 bk 7→ ak

(the structure of almagam shows that p is well defined).

Lemma 4.4. The morphism p : N2k+1→Fk is injective in restriction to each of
the three subgroups of the amalgam (4.5).

Proof. By construction, it is injective in restriction to 〈a1, . . . ,ak〉 and in restric-
tion to 〈b1, . . . ,bk〉. Then, note that p(〈γ,c〉) = 〈a2

1 . . .a
2
k ,a
−2
k 〉 is isomorphic to

F2 because it is a non-abelian subgroup of a free group. Since F2 is Hopfian, p
is necessarily injective in retriction to 〈γ,c〉. �

Consider δ = b2
k · · ·b2

1 = c−2γ and note that p(δ) = a2
ka−2

k−1 · · ·a
−2
1 . Let τ be the

Dehn twist corresponding to the decomposition above, i.e. the automorphism
fixing ai, sending c to γcγ−1 and sending bi to (γδ)bi(γδ)−1. Since τ is the
composition of the twists given by γ and δ and these two twists commute we get

τ
N(b) = (γN

δ
N)b(γN

δ
N)−1, ∀b ∈ A3.
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a1 a2 ak

b1 b2 bk

c
γ

c2δ = c−2γ

b21

a21 a2k

b2k

FIGURE 3. The fundamental group N2k+1.

In this situation, one can prove the following lemma in a similar way to Propo-
sition 3.3.

Lemma 4.5. Given any g ∈ N2g+1 \ {1}, there exists n0 ∈ N such that for all
N ≥ n0, p◦ τN(g) 6= 1.

Proof. Write g as a word in the graph of groups, i.e. g = s0 . . .sn with sk ∈ Ark

(we allow sk = 1) for some rk ∈ {1,2,3}, with rk+1 = rk± 1, and r0 = rn = 1.
We take this word of minimal possible length among words satisfying these
contraints. If k is such that rk−1 = rk+1, then sk /∈ 〈erk,rk+1〉 since otherwise, one
could shorten the word using the structure of amalgam (in particular sk 6= 1 in
this case). Now one easily checks that

τ
N(g) = s0dε1N

1 s1dε2N
2 s2 · · ·dεnN

n sn (4.6)

where dk = erk−1,rk ∈ {γ,δ}, and εk = rk− rk−1 ∈ {±1}.
We claim that s−1

k dksk does not commute with dk+1. If dk 6= dk+1, this follows
from the fact that γ commutes with no conjugate of δ in A2 = 〈c,δ〉. If dk = dk+1,
then rk−1 = rk+1, so sk /∈ 〈erk,rk+1〉= 〈dk〉. If [s−1

k dksk,dk] = 1, then sk preserves
the axis of dk in the Cayley graph of the free group Ark , so sk is a power of dk,
because dk ∈ {γ,δ} is not a proper power; this contradicts that sk /∈ 〈dk〉.

Denote by sk, dk ∈ Fr the images of sk, dk under p. Since p is injective on
each Ark , s−1

k dksk does not commute with sk+1, so the hypotheses of Baumslag
Lemma apply to the word

p◦ τ
N(g) = d

ε0N
0 s1d

ε1N
1 s2 . . .d

εn−1N
n−1 snd

εnN
n (4.7)
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so p◦ τN(g) 6= 1 for N large enough. �

Now consider k elements f1, . . . , fk of Diff(R,0) generating a free group of
rank k with f ′i (0)> 1 for all i ∈ {1, . . . ,k}, and f ′k(0)< f ′1(0). Such a set can be
obtained from two generators g1 and g2 of a free group of rank 2 with g′i(0)> 1,
as in Theorem 3.4, by taking fi = gi

1◦g2
2◦g−i

1 for i< k and fk = gk
1◦g2◦g−k

1 . Let
ρ0 : Fk = 〈a1, . . . ,ak〉→Diff(R,0) be the injective morphism sending ai to fi for
i≤ k. In particular, ρ0(γ) = ( f 2

1 ◦ · · ·◦ f 2
k )
−1 and ρ0(p(δ)) = f 2

k ◦ f−2
k−1 ◦ · · ·◦ f−2

1
are hyperbolic. Using Koenigs linearization theorem as above, there exists two
multiplicative flows ϕ and ψ : R∗+→Diff(R,0) and a pair of positive real numbers
λ and µ such that (1) ϕλ = ρ0(γ) and ψµ = ρ0(p(δ)), and (2) s 7→ ϕs and s 7→ ψs

are polynomial mappings.
Set R =(R∗+)2 and, for every (s,s′)∈R , define a morphism ρs,s′ : N2k+1→Diff(R,0)

by

ai 7→ fi for i≤ k c 7→ ϕ
s f−2

k ϕ
−s

bi 7→ ϕ
s
ψ

s′ f−1
i (ϕs

ψ
s′)−1 for i≤ k−1 bk 7→ ϕ

s
ψ

s′ fk(ϕ
s
ψ

s′)−1

(this is well defined because ϕs and ψs′ commute with ρ0(γ) = ( f 2
1 ◦ · · · ◦ f 2

k )
−1

and ρ0(p(δ)) = f 2
k ◦ f−2

k−1 ◦ · · · ◦ f−2
1 respectively).

The assumptions of Lemma 3.1 hold: R is a Baire space, and the irreducibil-
ity follows from the fact that the maps s 7→ϕs and s′ 7→ϕs′ are polynomials in the
variables s±1,s′±1. The separation property follows from Lemma 4.5 together
with the fact that ρλN ,µN = ρ0 ◦ p◦ τN , and that ρ0 is injective.

4.3. Embeddings in Diff(k,0). The proofs just given provide the following
statement.

Theorem B. Let (k, | · |) be a non-discrete and complete valued field.

(1) Let Γ be the fundamental group of a closed orientable surface, or a
closed non-orientable surface of genus≥ 4. Then, there is an embedding
of Γ into Diff(k,0).

(2) Let F ⊂ Diff(k,0) be a free group of rank 2, generated by two germs
f and g with | f ′(0)| > 1 and |g′(0)| > 1. Then, there is an embedding
of Γ2, the fundamental group of a closed, orientable surface of genus 2,
into Diff(k,0) whose image contains F.
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Proof. For the first assertion, we just have to replace R by k in the proofs of
Theorem 3.5 and 4.1. The parameter space is R = (k∗)3 or k∗ or (k∗)2, and it
is a Baire space because (k, | · |) is complete.

For the second assertion, we start with a representation ρ0 in Equation (3.8)
whose image is equal to F . Remark 3.6 shows that all the injective morphisms
Φs that we get satisfy also Φs(Γ2)⊃ F . �

– Part II. –

5. THE FINAL TOPOLOGY ON GERMS OF DIFFEOMORPHISMS

Let (k, | · |) be a complete field. This section introduces a new topology on
k{z} and Diff(k,0), which will be used in our second proof of Theorem A. The
reader may very well skip this section on a first reading.

5.1. The final topology over the complex numbers. Until Section 5.4, we fo-
cus on the case k = C. Let r be a positive real number. Consider the subalgebra
Ar of C{z} consisting of those power series f (z) = ∑n anzn which converge on
the open unit disk Dr (i.e. rad( f ) ≥ r) and extend continuously to the closed
unit disk Dr. When endowed with the norm

‖ f‖Ar = max
z∈Dr

| f (z)|, (5.1)

Ar is a Banach algebra. If s < r, the restriction of functions f ∈Ar to the smaller
disk Ds determines a 1-Lipschitz embedding Ar→ As.

The space C{z} is the union of the algebras Ar and can be thus endowed with
the final topology associated to the colimit

C{z}= lim−→Ar. (5.2)

This means that a subset U ⊂ C{z} is open if its intersection with Ar is open
for every r > 0. Equivalently, a map ϕ : C{z} → X to a topological space is
continuous if and only if its composition with the embedding Ar → C{z} is
continuous for all r. Unless we say it explicitly, open sets, neighborhoods, and
continuous maps refer, from now on, to this topology. A word of warning: for
r > s, the inclusion Ar→ As is not a homeomorphism to its image, and neither
is the inclusion Ar→ C{z}.

The goal of this section is to obtain several basic properties of this topology.
For instance, we are going to prove that there is a filtration of C{z} by compact
subsets Cc{z} so that the continuity can be checked in restriction to each Cc{z}.
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Remark 5.1. If s < r, the homomorphism Ar → As is compact: by Montel
theorem, the ball of radius 1 in Ar is mapped into a compact subset K1 of As.

Let K ⊂ Ar be a bounded subset. Then, the closure cls(K) of (the image of)
K in As is compact. If t ≤ s, the image of cls(K) in At is compact, hence closed;
this implies that cls(K) = clt(K) in C{z}. Thus, the closure K of K in C{z}
coincides with the closure cls(K) of K in As for any s < r. As a consequence, K
is compact.

We denote by BAr(ε) the open ball centred at 0 and of radius ε in Ar, which we
also view as a subset of C{z}. If s≤ r and ε≤ ε′, then BAr(ε)⊂ BAs(ε

′)⊂C{z}.
Given any finite set of such balls BAr j

(ε j), the sum ∑
n
j≥1 BAr j

(ε j) is the subset
of C{z} whose elements are sums f1 + · · ·+ fn with f j ∈ BAr j

(ε j) for all j.

Lemma 5.2. A subset U of C{z} is a neighborhood of 0 if and only if there are
decreasing sequences (rn) and (εn) tending to 0 such that U contains the set

B =
⋃
n

n

∑
j≥1

BAr j
(ε j).

Lemma 5.2 shows that the topology defined in this section is the same as the
topology introduced by Leslie in [17], except that we consider germs of ana-
lytic functions at the origin in C instead of real analytic functions on a compact
analytic manifold.

Proof. First we argue that any set B as in the statement of Lemma 5.2 is a
neighborhood of 0 in C{z}. To do so we need to check that B ∩Ar contains a
neighborhood of 0 for all r. The sum ∑

n
j=1 BAr j

(ε j) is a subset of C{z} which
is contained in Arn . It is open in Arn because one of the summands, namely
BArn

(εn), is itself open. Now, the continuity of the inclusion Ar→Arn for rn < r
implies that ∑

n
j=1 BAr j

(ε j)∩Ar is also open in Ar. Since ∑
n
j=1 BAr j

(ε j)∩Ar is
contained in B ∩Ar, the latter is a neighborhood of 0, as we needed to prove.

Suppose now that U is a neighborhood of the origin in C{z}, and fix a de-
creasing sequence (rn) tending to 0. For each n≥ 1, set Un = U∩Arn .

We first claim that there is a ball B1 in Ar1 such that B1⊂U. Since U2 is open
in Ar2 , consider ε > 0 such that BAr2

(ε) ⊂U2. Now let B1 = BAr1
(ε/2). Then

for all η > 0, B1 ⊂ B1 +BAr2
(η) so taking η = ε/2, we get B1 ⊂ BAr2

(ε/2)+
BAr2

(ε/2)⊂ BAr2
(ε)⊂U, which proves our claim.

We now construct by induction open balls Bn ⊂ Arn such that for all n, B1 +

· · ·+Bn ⊂ U. Given such a set of balls B1, . . . , Bn, the set K = B1 + · · ·+Bn
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provides a compact subset of Arn+2 contained in Un+2. Let ε be the distance
from K to the complement of Un+2 in Arn+2; by compactness, ε > 0, and K +

BArn+2
(ε/2) ⊂U . We then define Bn+1 = BArn+1

(ε/4). Then K +Bn+1 ⊂ K +

BArn+2
(ε/2)⊂U. This concludes the induction step and the proof. �

5.2. Coefficient functions. Recall that the coefficients of f ∈ Ar can be com-
puted via the Cauchy integral formula:

An( f ) =
1

2πi

∫
{|z|=r}

f (z)
zn+1 dz. (5.3)

This implies that the linear form An is continuous on each algebra Ar with op-
erator norm ‖An‖A∗r ≤

1
2π

r−(n+1), i.e. |An( f )| ≤ 1
2π

r−(n+1)‖ f‖Ar for all f ∈ Ar.
Since the maps An separate points in C{z}, we obtain:

Lemma 5.3. For each n ≥ 0, the map An : C{z} → C is continuous. The topo-
logical space C{z} is Hausdorff.

More generally, we have:

Lemma 5.4. If ∑n θnzn is a power series with infinite convergence radius, then
the quantity

Θ( f ) = ∑
n

θn|An( f )| (5.4)

is well defined for every f ∈ C{z} and the function Θ : C{z} → R+ is continu-
ous.

Proof. The estimate ‖An‖A∗r ≤
1

2π
r−(n+1) implies that the map

Ar→ C, f 7→∑
n

θn|An( f )| (5.5)

is continuous for any power series ∑n θnzn with convergence radius greater than
1
r . By definition of the topology on C{z} we get that this map is continuous on
the whole space if the power series in question has infinite convergence radius.

�

5.3. Another filtration. We now introduce another filtration of C{z}. If c is
any positive real number, we define

Cc{z}=
{

f ∈ C{z} with |An( f )| ≤ cn+1 for all n
}
. (5.6)

Then Cc{z} ⊂ Cc′{z} for c≤ c′, and C{z} is the increasing union of all Cc{z}.
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Lemma 5.5. Cc{z} is compact, and contained in Ar for all r < c−1. Every
compact subset Λ⊂ C{z} is contained in some Cc{z}.

By compactness, the topology on Cc{z} induced by Ar and by C{z} agree.

Proof. From Lemma 5.3, we deduce that Cc{z} is closed in C{z}. If f ∈Cc{z}
and r < c−1, then

‖ f‖Ar ≤∑
n

cn+1rn ≤ c
1− cr

(5.7)

This means that Cc{z} is a bounded subset in Ar. Since the inclusion Ar→ As

is compact for r > s, Cc{z} has compact closure in As, hence in C{z}. Since
Cc{z} is closed, it is compact.

To prove the second assertion, assume by contradiction that there is a compact
subset Λ⊂ C{z} such that for every integer m > 0 there exists fm ∈ Λ\Cm{z}.
By definition, there is an index nm ≥ 0 with |Anm( fm)| > mnm+1. By Lemma
5.4, each individual coefficient is continuous and thus bounded on the compact
Λ. It follows that nm goes to +∞ as m does. We can thus assume, passing to a
subsequence if necessary, that the nm’s are pairwise distinct.

Set θnm = ( 1
m)

nm , and θn = 0 if n is not one of the indices nm. Then θ
1/n
n

converges towards 0 as n goes to +∞, meaning that the power series ∑n θnzn has
infinite convergence radius. By Lemma 5.4, the map f 7→ Θ( f ) = ∑n θn|An( f )|
is continuous on C{z} and thus bounded on our compact set Λ. On the other
hand we have

Θ( fm)≥ θnm|Anm( fm)| ≥ m.

This yields the desired contradiction. �

Remark 5.6. Given r > 0, introduce

Br =

{
f ∈ C{z} | rad( f )≥ r, sup

Dr

| f | ≤ 1
r

}
. (5.8)

This is the closure in C{z} of a ball in Ar and is therefore compact (Remark 5.1).
There are functions c1, c2, r1, and r2 : R∗+→ R∗+ such that

Cc1(r){z} ⊂ Br ⊂ Cc2(r){z} and Br1(c) ⊂ Cc{z} ⊂ Br2(c).

It follows that one could equivalently state the results of this section in terms of
the filtration (Br)r>0 instead of (Cc{z})c>0.

The following corollary allows us to view the final topology on C{z} as the
weak topology associated to the filtration by the compact sets Cc{z}.
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Corollary 5.7. A subset F ⊂C{z} is closed if and only if for all c> 0, F∩Cc{z}
is closed. A map F : C{z}→ X to a topological space is continuous if and only
if its restriction to Cc{z} is continuous for all c > 0.

Proof. Clearly, it suffices to prove the first assertion. If F is closed, so is F ∩
Cc{z}. Assume conversely that F ∩Cc{z} is closed for all c > 0, and let us
prove that F is closed. By definition of the final topology, we need to prove that
given r > 0, its preimage j−1

r (F) under the inclusion jr : Ar→C{z} is closed. It
suffices to prove that for any R> 0, its intersection with the ball BAr(R) is closed
in Ar. Since BAr(R) has compact closure, there exists c > 0 such that BAr(R)⊂
Cc{z}. Since F ∩Cc{z} is closed, BAr(R)∩ j−1

r (F) = BAr(R)∩ j−1
r (F ∩Cc{z})

is a closed subset of Ar which concludes the proof. �

Although one can show that the topology on C{z} is not metrizable, each
space Cc{z} is a metric space. Being compact, the topology on Cc{z} can be
described in many equivalent ways:

Proposition 5.8. Let c be a positive real number. Let ( fm) be a sequence in
Cc{z} and let f∞ be an element of Cc{z}. The following are equivalent:

(1) ( fm) converges to f∞ in Cc{z};
(2) for some (any) r < c−1, ( fm) converges uniformly toward f∞ on Dr;
(3) ( fm) converges toward f∞ uniformly on every compact subset of Dc−1;
(4) for every index n, An( fm) converges toward An( f∞).

Proof. As seen before, Cc{z} is contained in Ar for all r < c−1 and the topology
induced by ‖·‖Ar agrees with the topology induced by Cc{z}. This proves the
equivalence of the first three assertions.

To prove the equivalence with the last assertion, consider the map Φ : Cc{z}→
[0,1]N defined by Φ( f ) = (An( f )

cn+1 )n∈N, where [0,1]N is endowed with the product
topology. This map being continuous and injective, it is a homeomorphism to
its image, and the result follows. �

5.4. The final topology on a field with an absolute value. In this section, we
explain that the final topology induced by the filtration Cc{z} makes sense for
every field k with an absolute value | · |; but the results based on Montel theorem
(Remark 5.1) may fail for fields k 6= C.

Let k be a complete field k with an absolute value | · | : k→ R+. By Os-
trowski’s Theorem, k is either R or C, or the absolute value is non-archimedean:
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|x+ y| ≤max(|x|, |y|) for all x,y ∈ k. The algebra k{z} of convergent power se-
ries is filtrated by the family of subsets

kc{z}=
{

f ∈ k{z} with |An( f )| ≤ cn+1 for all n
}

(5.9)

for c > 0. We endow kc{z} with the product topology, via the embedding f ∈
kc{z} → (An( f ))n ∈ kN: a sequence ( fk)k∈N of elements of kc{z} converges to
f∞ ∈ kc{z} if and only if An( fk)→ An( f∞) for all n. For c≤ c′, kc{z} is closed
in kc′{z} and the inclusion is a homeomorphism to its image. We then endow
k{z} with the topology associated to this filtration: a subset F ⊂ k{z} is closed
if and only if F ∩kc{z} is closed in kc{z}. Equivalently, a map ϕ : k{z} → X
to a topological space is continuous if and only if its restriction to kc{z} is
continuous for every c> 0. By construction, the maps f 7→An( f ) are continuous
on k{z}. Proposition 5.8 shows that, when k = C, this topology agrees with the
final topology defined in Section 5.1.

If k is locally compact, each kc{z} is compact. In general, since kc{z} is a
countable product of complete metric spaces, we get:

Proposition 5.9. If k is a complete field, then kc{z} is a metrizable complete
space. In particular, it is a Baire space.

On the other hand, k{z} is not a Baire space since it is a countable union of
kc{z}, each of which is closed and has an empty interior.

5.5. The topological group of germs of diffeomorphisms. Any f ∈Diff(k,0)
can be written as f = λ(z+ z2 f̃ ) for some f̃ ∈ k{z} or equivalently as

f = λ(z+ ã2z2 + · · ·+ ãkzk + . . .) (5.10)

for some λ ∈ k∗ and ãn ∈ k. Thus, we define the maps Ãn : Diff(k,0)→ k by

Ãn( f ) = An( f )/A1( f ) = ãn. (5.11)

Given two real numbers c > 0 and λ0 > 1, we define the two subsets

Diffc(k,0) =
{

f ∈ Diff(k,0) ; |Ãn( f )| ≤ cn−1 for all n
}

(5.12)

and

Diffλ0,c(k,0) =
{

f ∈ Diffc(k,0) ;
1
λ0
≤ |A1( f )| ≤ λ0

}
(5.13)
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Observe that if we denote by mα : z 7→ αz the multiplication by some scalar
α ∈ k∗ then we have

mαDiffc(k,0)m−1
α = Diffcα(k,0) (5.14)

and

mαDiffλ0,c(k,0)m
−1
α = Diffλ0,cα(k,0) (5.15)

Lemma 5.10. A map ϕ : Diff(k,0)→ X to a topological space is continuous
if and only if it is continuous in restriction to Diffc(k,0) (or equivalently to
Diffλ0,c(k,0)) for every c > 0 and λ0 > 1.

Proof. It suffices to check the continuity of ϕ on the open set Uλ0 = { f ; 1
λ0

<

|A1( f )| < λ0} for all λ0 > 1. By definition of the final topology, it suffices to
check its continuity on Uλ0 ∩kc{z} for every c > 1. But Uλ0 ∩kc{z} is a subset
of Diffλ0,c′(k,0) as soon as c′ ≥max(λ0,c3); since we know that ϕ is continuous
on Diffλ0,c′(k,0), this proves the lemma. �

Proposition 5.11. If k is a complete field, then Diffλ0,c(k,0) and Diffc(k,0) are
complete metric spaces. In particular, they are Baire spaces.

Proof. By definition, Diffc,λ0(k,0) is homeomorphic to a countable product of
closed subsets of k; so, k being complete, its topology is induced by a complete
metric. Since k∗ is homeomorphic to the closed subset {(x,y)|xy−1} ⊂ k2, the
same argument applies to Diffc(k,0). �

Theorem 5.12. Let (k, | · |) be a field with a complete absolute value. With the
final topology, Diff(k,0) is a topological group.

Lemma 5.13. For every real number c > 1, there exists a real number c′ > 1
such that the following holds: if f and g are in Diffc,c(k,0), then f ◦g and f−1

lie in Diffc′,c′(k,0).

Proof. Let f = λ(z+∑n≥2 ãnzn), g = µ(z+∑n≥2 b̃nzn) with |ãn|, |b̃n| ≤ cn−1 and
|λ|, |µ|, |λ|−1, |ν|−1 ≤ c. Let F = c(z+∑n≥2 cn−1zn) = cz

1−cz ∈ R{z} so that the
absolute value of the coefficients of f and g are bounded by the coefficients of
F . Then the absolute value of the coefficients of f ◦ g = ∑n≥1 an(∑m≥1 bmzm)n

are bounded by the coefficients of F ◦F = cz(1−cz)
1−cz−c2z . Since F ◦F has positive

convergence radius, there exists c′≥ c2 such that Ãn(F ◦F)≤ c′n−1 for all n≥ 2.
The first assertion follows.
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We now prove the second assertion. Let f = λ(z+∑n≥2 ãnzn), and let f−1 =

λ−1(z+∑n≥2 b̃nzn). The inversion formula from Section 2.1 gives

|b̃n| ≤
|λ|
|λ|n ∑

k1,k2,...

(n+1) · · ·(n−1+ k1 + k2 + . . .)

k1!k2! · · ·
· |ã2|k1|ã3|k2 · · ·

≤ cn−1
∑

k1,k2,...

(n+1) · · ·(n−1+ k1 + k2 + . . .)

k1!k2! · · ·
(c)k1(c)2k2 · · ·

= c2n−2
∑

k1,k2,...

(n+1) · · ·(n−1+ k1 + k2 + . . .)

k1!k2! · · ·
.

Thus, we have to bound the quantity

Kn := ∑
k1,k2,...

(n+1) · · ·(n−1+ k1 + k2 + . . .)

k1!k2! · · ·
.

But the numbers Kn are the coefficients of the power series expansion of the
reciprocal diffeomorphism g−1 of

g(z) = z− z2− z3− z4 · · ·= z
(

2− 1
1− z

)
=

z−2z2

1− z
.

In close form, we obtain

g−1(y) =
(1+ y)

4
− 1

4

√
1−6y+ y2.

Since g−1 has positive convergence radius, there exists c0 such that for all n≥ 2,
Kn ≤ cn−1

0 hence |b̃n| ≤ (c0c2)n−1 and the result follows. �

Proof of Theorem 5.12. By definition of the topology, given c > 0, one only
needs to check the continuity of the group laws in restriction to Diffc,c(k,0).

Since An( f ◦ g) and An( f−1) are given by polynomials in the coefficients
Ãi( f ), Ãi(g), A1( f )±1, A1(g)±1, the maps ( f ,g) 7→ An( f ◦g) and f 7→ An( f−1)

are continuous on Diffc,c(k,0). By Lemma 5.13 there exists c′ such that for all
f ,g ∈ Diffc,c(k,0), f ◦ g and f−1 lie in Diffc′,c′(k,0). Since the topology on
Diffc′,c′(k,0) is the product topology, the continuity of the coefficients implies
the continuity of the group laws. �

5.6. Other topologies. First, we would like to point out that there are other
reasonable and useful topologies on C{z}, but for which the group laws are not
continuous. This the case for the so-called Takens topology [20, 4]; this is the
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topology induced by the distance

dist( f ,g) = sup
n
|An( f )−An(g)|1/n. (5.16)

Note that in particular the convergence radius of f − g is large if f and g are
close to each other in the Takens topology, and this implies that the right trans-
lation R f : g 7→ g◦ f is not continuous if the radius of convergence of f is finite.
Indeed, a small perturbation g(z) + εz is mapped to R f (g+ εz) = g ◦ f + ε f ,
and the difference ε f is not small in the Takens topology because its radius of
convergence does not depend on ε.

We comment now on another important topology on Diff(C,0), but for which
the Baire property fails. Let Jets`(C,0) be the group of `-jets of diffeomor-
phisms a1z+ · · ·+a`z` mod (z`+1), with a1 6= 0; it can be considered as a solv-
able algebraic group and thus as a solvable complex Lie group. Let

j` : Diff(C,0)→ Jets`(C,0) (5.17)

denote the homomorphism that maps a power series f = ∑n anzn to ∑
`
n=1 anzn.

We can then define a topology on Diff(C,0) (resp. on D̂iff(C,0)): the weak-
est topology for which all projections j` are continuous. With this topology,
Diff(C,0) is a topological group, because the projections j` are homomorphisms.
Moreover, a sequence ( fm) converges toward a germ of diffeomorphism g if
and only if the coefficients An( fm) converge to An(g) for all n. In other words,
this is the topology of simple convergence on the coefficients. In particular,
Diff(C,0) is not a closed subset of D̂iff(C,0) for this topology. With this topol-
ogy, D̂iff(C,0) is a Baire space, but Diff(C,0) is not (Proposition 5.11 fails if
Diff(C,0) is endowed with this topology).

5.7. Continuity in the Koenigs linearization Theorem. A contraction f ∈
Diff(k,0) is an element with |A1( f )|< 1. In this case, Koenigs theorem says that
the unique formal diffeomorphism h f tangent to the identity that conjugates f to
the homothety z 7→ A1( f )z has positive convergence radius. The following result
shows that f 7→ h f is continuous for the final topology on the set of contractions

Cont(k,0) = { f ∈ Diff(k,0) | |A1( f )|< 1}. (5.18)

Theorem 5.14. Let k be a field with a complete non-trivial absolute value. For
every germ f ∈ Cont(k,0), the unique formal diffeomorphism h f such that

h f ( f (z)) = A1( f ) ·h f (z) and A1(h f ) = 1
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has positive convergence radius, and the map

h : f ∈ Cont(k,0) 7→ h f ∈ Diff(k,0)

is continuous for the final topology. The coefficients of h f are polynomial func-
tions with integer coefficients in the variables Ai( f ) and (A1( f ) j − 1)−1, for
i, j ≥ 1.

When k = C, it is shown in [21, Chapter 8] that h f is convergent and its
coefficients depend holomorphically on f . Theorem 5.14 is just a variation on
this classical result.

Proof. We refer to [24] for the real and complex cases, and to [12] for the non-
archimedian ones.

The coefficients of h f can be computed inductively and turn out to be poly-
nomials with integer coefficients in the variables Ai( f ) and (A1( f ) j−1)−1, for
i, j ≥ 1 (see for instance [24, Eq 4]). If |A1( f )| ≤ α for some α in the interval
[0,1[, then

|(A1( f ))n−1| ≥ 1−α (5.19)

for all n > 0. By [24, Theorem 1] and [12, Theorem 1] in the archimedean and
non-archimedean cases respectively, h f is convergent and for all c, λ > 1, there
exists c′ such that h f ∈ Diffc′(k,0) if f ∈ Diffλ,c(k,0).

The topology on Diffc′(C,0) is the product topology on the coefficients. Since
the coefficients of h f are continuous functions of f , it follows that the restriction
of f 7→ h f to Diffλ,c( f ) is continuous. By definition of the final topology, this
proves the continuity of h. �

6. A LARGE IRREDUCIBLE COMPONENT OF THE REPRESENTATION

VARIETY

This section describes our second proof strategy for Theorem A. For simplic-
ity, we consider only the fundamental group of a closed orientable surface of
genus 2, but we work over any field k with a complete absolute value | · |.

6.1. An irreducible set of representations. Using the presentation

Γ2 = 〈a,b,a,b | [a,b] = [a,b]〉, (6.1)

we get an idenfication

Hom(Γ2;Diff(k,0)) = {( f ,g, f ,g) ∈ D̂iff(k,0)4 | [ f ,g] = [ f ,g]}. (6.2)
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Let X⊂Hom(Γ2,Diff(k,0)) be the set of representations ρ : Γ2→Diff(k,0))
such that ρ(a) is tangent to Id and ρ(b) is a contraction. As in Equation (5.18),
we denote by Cont(k,0) the set of contractions. For c > 0, we let Xc = X∩
Diffc(C,0). Set

R = Cont(k,0)×Diff(k,0)×Diff(k,0), (6.3)

R (c) = Contc(k,0)×Diffc(k,0)×Diffc(k,0), (6.4)

and denote by π : X→ R the projection

π(ρ) = (ρ(b),ρ(a),ρ(b)) (6.5)

Proposition 6.1. The map π is a homeomorphism for the final topology, and its
inverse

π
−1 : (g, f ,g) 7→ ( f ,g, f ,g)

is a polynomial map, in the following sense: for each n∈N∗, the map (g, f ,g) 7→
An( f ) is polynomial in (finitely many of) the variables Ak(g), Ak( f ), Ak(g),
A1(g)−1, A1( f )−1, A1(g)−1 and (A1(g)k−1)−1 (k ≥ 1).

Proof. The projection π is continuous because both X and R come with the
topology induced by the same topology on Diff(k,0).

Consider a triple (g, f ,g) ∈ Cont(k,0)×Diff(k,0)×Diff(k,0). Since [ f ,g]
is tangent to the identity, the germs g and [ f ,g] ◦ g have the same derivative
λ = A1(g) at 0. Since |λ|< 1, we can apply Koenigs Theorem 5.14: we get two
germs h1 and h2 ∈ Diff(k,0) tangent to the identity such that

h1 ◦g◦h−1
1 = mλ and h2 ◦ ([ f ,g]◦g)◦h−1

2 = mλ (6.6)

where mλ(z) = λz is the multiplication by λ. Then, the map f := h−1
2 ◦h1 con-

jugates g to [ f ,g]◦g so

f ◦g◦ f−1 = [ f ,g]◦g and [ f ,g] = [ f ,g].

This means that one can define the preimage π−1(g, f ,g) ∈ Hom(Γ2,Diff(k,0))
by the 4-tuple ( f ,g, f ,g): the fact that π−1 ◦π = IdR follows from uniqueness
in Koenigs Theorem.

The continuity of π−1 is a consequence of the continuity of the conjugacy in
Koenigs Theorem 5.14 and of the continuity of the map (g, f ,g) 7→ [ f ,g]◦g. The
fact that An( f ) is polynomial in the given variables is a direct consequence of
the corresponding fact in Koenigs Theorem, and the fact that group operations
are polynomial mappings. �
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We denote the inverse map π−1 by Φ:

∀s ∈ R , Φs = π
−1(s). (6.7)

Thus, if s = (g, f ,g), then Φs is the morphism Γ2→Diff(k,0) such that Φs(b) =
g, Φs(a) = f , Φs(b) = g, and Φs(a) is the unique germ of diffeomorphism f
which is tangent to the identity and satisfies the relation [ f ,g] = [ f ,g]. To con-
clude the proof, our goal now is to prove that for every c > 0, the family of
morphisms Φs, for s ∈ R (c), satisfies the assumptions of Lemma 3.1. Proposi-
tion 5.11 shows that R (c) is a Baire space. The following corollary proves the
irreducibility of R (c).

Corollary 6.2. For any w ∈ Γ2, denote by R (c)w ⊂ R (c) the set of homomor-
phisms in R (c) that kill w. Then either R (c)w = R (c) or R (c)w is a closed
subset of R (c) with empty interior.

Proof. Since the functions s ∈ R 7→ Ak(Φs(g))−Ak(Id) are continuous, R (c)w

is closed. Now, assume that R (c)w 6= R (c): there exists k ≥ 1 and a point s =
(g0, f 0,g0) in R (c) such that Ak(Φs(w)) 6= Ak(Id). According to Proposition 6.1
the map s 7→ Ak(ϕs(w))−Ak(Id) is a polynomial function in finitely many of

• the coefficients An(g0), An( f 0) and An(g0) (n≥ 1),
• the inverses A1(g0)

−1, A1( f 0)
−1, A1(g0)

−1 and (A1(g0)
k−1)−1 (k ≥ 1)

(note that A1(g0), A1( f 0), A1(g0) and (A1(g0)
k− 1) do not vanish on R ). Our

assumption says that this function does not vanish identically on R (c). As-
sume that R (c)w contains a non-empty open subset U, and choose a point
s = (g1, f 1,g1) in U. If k = R or C, we denote by Bk the interval [0,1]⊂ R; in
the non-archimedean case we set Bk = {t ∈ k, |t| ≤ 1}. Then, we consider the
convex combination

st =
(
gt = t f1 +(1− t) f0, f t = t f 1 +(1− t) f 0,gt = tg1 +(1− t)g0

)
(6.8)

with t in Bk. According to Lemma 6.3 below, gt , f t and gt are in R (c′) for some
c′ ≥ c, and t 7→ st is continuous; thus {t ; st ∈U} is an open neighborhood of 1.

The function t 7→ An(ϕst (w))− An(Id) does not vanish for t = 0, it is the
restriction of a rational function of the variable t to the interval [0,1], and it
vanishes identically on the open set {t ; st ∈U}. This is a contradiction, which
shows that the interior of R (c)w is empty. �

Let Bk be the interval [0,1] ⊂ R if k = R or C, or the ball {t ∈ k, |t| ≤ 1} in
the non-archimedean case.
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Lemma 6.3. Let f0 ∈ Diffc0(k,0) and f1 ∈ Diffc1(k,0), and for t ∈ k, let ft =
(1− t) f0 + t f1. Let p ∈ k be the value of t (if any) such that f ′p(0) = 0.

If c0 ≤ c1 and c0| f ′0(0)| ≤ c1| f ′1(0)|, then for all t ∈ Bk \{p}, ft ∈Diffc1(k,0).

Proof. Denote λ0 = | f ′0(0)| and λ1 = | f ′1(0)|. By assumption, for all n ≥ 2,
|An( f0)| ≤ λ0cn−1

0 and |An( f1)| ≤ λ1cn−1
1 .

Consider first the case k = R or C. Since λ0c0 ≤ λ1c1, we get for all t ∈ [0,1],

|An( ft)| ≤ (1− t)λ0cn−1
0 + tλ1cn−1

1 (6.9)

≤ (1− t)λ1c1cn−2
0 + tλ1cn−1

1 ≤ λ1cn−1
1 . (6.10)

This shows that ft ∈ Diffc1(k) as soon as f ′t (0) 6= 0.
In the non-archimedean case, one has |t−1| ≤ 1 for t ∈ Bk. Similarly, we get

|An( ft)| ≤max{|1− t|λ0cn−1
0 , |t|λ1cn−1

1 } (6.11)

≤max{λ1c1cn−2
0 , λ1cn−1

1 } ≤ λ1cn−1
1 . (6.12)

This shows that ft ∈Diffc1(k) as soon as f ′t (0) 6= 0. Then, the continuity follows
from the continuity of the coefficients t 7→ An( ft). �

6.2. Separation. To conclude the proof, we fix c > 0 and prove that R (c) sat-
isfies the separation condition of Lemma 3.1. We thus fix g ∈ Γ2 \{1} and show
that R (c) contains a representation that does not kill g. Write the orientable
surface group of genus 2 as Γ2 = 〈a,b,a,b | [a,b] = [a,b]〉, and let p : Γ2→〈a,b〉
be the morphism fixing a and b and sending a and b to a and b respectively. Let
τ : Γ2→Γ2 be the Dehn twist around the curve c = [a,b], i.e. the automorphism
that fixes a,b and sends a and b to cac−1 and cbb−1 respectively. According to
Proposition 1.2, there exists a positive integer n0 such that p◦ τN(g) 6= 1 for all
N ≥ n0.

Apply Theorem 3.4 to get a pair f1, f2 of germs of diffeomorphisms gener-
ating a free group 〈 f1, f2〉 of rank 2 and satisfying f ′1(0) > 1 and f ′2(0) > 1.
Define a morphism ρ : 〈a,b〉→Diff(k,0) by ρ(a) = [ f1, f2] and ρ(b) = f−1

2 .
Then ρ is injective, ρ(a) is tangent to the identity, and ρ(b) is a contraction.
Set ρN := ρ ◦ p ◦ τN . For N ≥ n0 ρN(g) 6= 1. Thus, π(ρN) lies in R \Rg; but it
might not lie in R (c).

Let cN > 0 be such that π(ρN) ∈ R (cN). Given α ∈ k∗, let adα be the inner
automorphism of Diff(k,0) given by f 7→ mα ◦ f ◦m−1

α . As noticed in Equa-
tion (5.12), we have adα(DiffcN (k,0)) = DiffαcN (k,0). Thus, the representation
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ρ′N = adα ◦ρN satisfies π(ρ′N) ∈ R (c) if α is sufficiently small. Since ρ′N(g) 6= 1
this concludes that R (c) satisfies the separation condition of Lemma 3.1.

6.3. Conclusion. The family of representations Φs, with s ∈ R (c) satisfies
the Baire property, the irreducibility property, and the separation property of
Lemma 3.1. This lemma implies that a generic element of s ∈ R (c) gives an
embedding Φs : Γ2→ Diff(k,0), proving Theorem A for the group Γ2.

– Part III. –

7. A p-ADIC PROOF

7.1. Free groups with integer coefficients. A theorem of White [29] shows
that the homeomorphisms of R defined by f : z 7→ z+1 and g : z 7→ z3 generate
a free group. Conjugating the maps f and g f g−1 by z 7→ 1

3z , as in [11]1, one gets
two formal diffeomorphisms

f0(z) =
z

1+3z
=

∞

∑
n=1

(−3)n−1zn

g0(z) =
z

(1+(3z)3)1/3 =
∞

∑
n=0

( −1
3
n

)
33nz3n+1

(7.1)

that generate a non-abelian free group 〈 f0,g0〉 ⊂ D̂iff(Q,0) ⊂ D̂iff(k,0). It is
remarkable that f0 and g0 are tangent to the identity at the origin and have integer
coefficients:

Theorem 7.1. The group D̂iff(Q,0) contains a non-abelian free group, all of
whose elements are tangent to the identity and have integer coefficients.

Thus, one can produce an explicit free group in D̂iff(k,0) for every field k of
characteristic 0. In characteristic p > 0, Szegedy proved that almost every pair
of elements in the Nottingham group D̂iff(Z/pZ,0) generates a free group [26].

7.2. Subgroups of Diff(Qp,0). In this section, p is a prime number, and Qp is
the field of p-adic numbers, with its absolute value | · | normalized by |p|= 1/p.

Let Gp denote the set of elements f = ∑n≥1 anzn in Diff(Qp,0) such that

an ∈ Zp ∀n and |a1|= 1. (7.2)

Every element f ∈ Gp satisfies rad( f ) ≥ 1. The ultrametric inequality and the
Inversion formula show that Gp is a subgroup of Diff(Qp,0). With the product

1This conjugacy is called the “Wilson trick” in [11].
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topology on coefficients (as in Section 5.6), it is a compact topological group,
and the morphism j` : Gp→ Jets`(Qp,0) is continuous for every integer ` ≥ 1.
The kernel of j` will be denoted Gp,`.

From Theorem 7.1, we know that Gp contains a free group of rank two gen-
erated by two germs f0 and g0 whose coefficients are in Z.

Corollary 7.2. Let p be a prime number and ` be a positive integer. The group
Gp,` contains a non-abelian free group. The group Gp contains a free group
〈 f ,g〉 of rank 2 such that A1( f ) is a transcendental number while g is tangent to
the identity up to order `.

Proof. Start with a non-abelian free group F in Gp. Since the group of jets
Jets`(Qp,0) is solvable, the restriction of j` to F is not injective. Its kernel is
a free group (as any subgroup of F), and if ` is large it is not cyclic. Thus, the
kernel is a non-abelian free group. This proves the first statement.

Set R = {t ∈ Zp ; |t|= 1}. Now, take a pair of generators f0 and g0 of a free
group of rank 2 in Gp,`, and for t ∈ R consider the family of representations
ρt : F2 = 〈a,b〉 → Gp defined by ρt(a) = mt ◦ f0 and ρt(b) = g0 (here, as usual,
mt(z) = tz). If w is an element of F2, and n is a positive integer, then An(ρt(w)) is
a polynomial function in t and 1/t (see Section 2.1). If w 6= 1, there is an integer
n≥ 1 such that An(ρ1(w)) 6= An(Id). Thus, the set Rw ⊂ R of parameters s such
that ρs(w) = Id is finite, the union ∪w 6=1Rw is at most countable, and there are
transcendental numbers in its complement. For such a parameter t, ρt is injective
and A1(ρt(a)) = t is transcendental. �

Now, we apply the result of [3] described in Section 1.2 to get:

Theorem 7.3. Let p be a prime number. Let Γ2 = 〈a,b,a,b | [a,b] = [a,b]〉 be
the fundamental group of a closed orientable surface of genus 2. Then

(1) For every integer `≥ 1, the group Γ2 embeds in the compact group Gp,`.
(2) There is an embedding ρ : Γ2 → Gp such that ρ(a)′(0) = ρ(a)′(0) is a

transcendental number while ρ(b) and ρ(b) are tangent to the identity
up to order `.

7.3. Back to complex coefficients. The field Qp, and thus the ring Zp, embeds
(although not continuously) into C; such an embedding induces an embedding,
coefficient by coefficient, of Zp[[z]] into C[[z]]. Thus, the surface groups con-
structed in Theorem 7.3 provide surface groups in D̂iff(C,0). This construction
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does not preserve the convergence of power series, but it preserves the order of
tangency to Id. Since there are transcendental complex numbers with modulus
< 1, we obtain:

Corollary 7.4. Let ` be a positive integer. There is an embedding ρ : Γ2 →
D̂iff(C,0) such that |ρ(a)′(0)|= |ρ(a)′(0)|< 1 while ρ(b) and ρ(b) are tangent
to the identity up to order `.

We can now prove the following version of Theorem A. This will be our third
and last proof of it.

Theorem 7.5. There is an embedding of Γ2 in Diff(C,0) such that |ρ(a)′(0)|=
|ρ(a)′(0)|< 1 while ρ(b) and ρ(b) are tangent to the identity up to order `.

Proof. The first step is to choose a sequence C = (a1,a2,a3, . . .) of complex
numbers such that

(a) the set {a1,a2, . . .} is algebraically free: if m≥ 1 and P ∈ Z[x1, . . . ,xm],
and if P(a1, . . . ,am) = 0, then P = 0;

(b) |an| ≤ 2−n for all n≥ 1.

Such a sequence exists because C is uncountable. Concrete examples can be
obtained from the Lindemann-Weierstrass theorem (see also [28] for the con-
structions of von Neumann, Perron, Kneser, and Durand of uncountably many,
algebraically free complex numbers). We shall consider the ai as indetermi-
nates for the field of rational functions Q(a1,a2, . . .). Armed with such a set we
consider the following three formal diffeomorphisms

g = a1z+
∞

∑
i=1

a3i+1zi+1, f̄ = z+
∞

∑
i=`

a3i+2zi+1, ḡ = z+
∞

∑
i=`

a3i+3zi+1. (7.3)

From the decay relation (b), these three power series have a positive radius of
convergence. Since |a1| ≤ 1/2, the Koenigs linearization theorem gives a unique
element f̄ ∈ Diff(C,0) with f̄ ′(0) = 1 such that

f g f−1 = [ f̄ , ḡ]g. (7.4)

The four elements ( f ,g, f̄ , ḡ) determine a representation ϕ of Γ2 into Diff(C,0).
Let us prove that this representation is faithfull. Fix a non-trivial element w

of Γ2, and write it as a word in a, b, a, b and their inverses. For every integer n,
the coefficient An(ϕ(w)) is a polynomial function Qw,n in the variables an (for
n≥ 1), a−1

1 , and the (ak
1−1)−1 (for k ≥ 1) with integer coefficients.
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Now, take a faithful representation ρ : Γ2→ D̂iff(C,0) that satisfies the con-
clusion of Corollary 7.4. There is an integer n≥ 1 such that An(ρ(w)) 6= An(Id).
This implies that Qw,n 6= An(Id) when we specialize the indeterminates ai to
the coefficients of the generators ρ(a), ρ(b), and ρ(b). Since Qw,n 6= An(Id),
ϕ(w) 6= Id and ϕ is the identity. �

– Part IV. –

8. COMPLEMENTS AND OPEN QUESTIONS

8.1. Takens’ theorem and smooth diffeomorphisms. To conclude this chap-
ter, we mention the following result which allows to realize any faithful repre-
sentation of a surface group in the group of formal germs as a group of C∞ germs.
Note that the p-adic method provides many embeddings of surface groups in
D̂iff(R,0) (see Corollary 7.4).

Recall that Γg denotes the fundamental group of the closed orientable surface
of genus g.

Theorem C. Let ρ̂ : Γg→ D̂iff(R,0) be a faithful representation of the surface
group Γg in the group of formal diffeomorphisms in one real variable. Then,
there exists a faithful representation ρ : Γg→Diff∞(R,0) into the group of germs
of C ∞-diffeomorphisms such that the Taylor expansion of ρ(w) coincides with
ρ̂(w) for every w ∈ Γg.

The proof will be a consequence of the following result (this theorem is easily
derived from the Sternberg linearization theorem and Theorem 2 of [27]):

Theorem 8.1 (Sternberg [25], Takens, [27]). Let f ,g : (R,0)→ (R,0) be two
germs of C ∞-diffeomorphisms, and let f̂ and ĝ denote their Taylor expansions.
Suppose that f is not flat to the identity, that is f̂ 6= Id. Then, if f̂ and ĝ are con-
jugate by a formal diffeomorphism ĥ, there exists a germ of C ∞-diffeomorphism
h : (R,0)→ (R,0) such that

• the Taylor expansion of h coincides with ĥ;
• h conjugates f to g.

Proof of Theorem C. Denote by âi, b̂i, 1≤ i≤ g the images of the standard gen-
erators of Γg by the representation ρ; they satisfy the relation

â1 ◦ b̂1 ◦ â−1
1 = (

g

∏
j=2

[â j, b̂ j])◦ b̂1. (8.1)
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By the theorem of Borel and Peano, one can find germs of diffeomorphisms
b1 and a j, b j, j ≥ 2, whose respective Taylor expansions coincide with b̂1, â j,
and b̂ j respectively. Then, Theorem 8.1 provides a germ of diffeomorphism a1

such that a1 ◦ b1 ◦ a−1
1 = (∏

g
j=2[a j,a j]) ◦ b1. Thus, one gets a representation

ρ of Γ2 into Diff∞(R,0) with Taylor expansion equal to ρ̂. Since the initial
representation ρ̂ is injective, so is ρ. �

8.2. Conjugacy classes. Two subgroups Γ1 and Γ2 of Diff(C,0) are topologi-
cally conjugate if there is a germ of homeomorphism ϕ : (C,0)→ (C,0) such
that ϕ ◦ Γ1 ◦ ϕ−1 = Γ2, and are formally conjugate if there is a formal dif-
feomorphism ϕ̂ such that ϕ̂ ◦Γ1 ◦ ϕ̂−1 = Γ2. A germ of homeomorphism ϕ is
anti-holomorphic if its complex conjugate z 7→ ϕ(z) is holomorphic.

Theorem 8.2 (Nakai, Cerveau-Moussu). Let Γ1 and Γ2 be two subgroups of
Diff(C,0) which are not solvable.

(1) If ϕ is a local homeomorphism that conjugates Γ1 to Γ2, then ϕ is holo-
morphic, or anti-holomorphic.

(2) If ϕ̂ is a formal conjugacy between Γ1 and Γ2, then ϕ̂ converges and is
therefore a holomorphic conjugacy.

Thus, (the images of) two embeddings of Γg in Diff(C,0) are topologically or
formally conjugate if and only if they are analytically conjugate.

8.3. Two questions.

8.3.1. It would be interesting to exhibit an embedding α of the group Γg, g≥ 2,
into the group of analytic diffeomorphisms of the circle R/Z fixing the origin
o ∈ R/Z. If such an embedding exists, the suspension of this representation α

gives a compact manifold Mα of dimension 3 that fibers over Σg, together with a
foliation Fα of co-dimension 1 which is transverse to the fibration π : Mα→ Σg

and whose monodromy is given by τ. The fixed point gives a compact leaf of
Fα with holonomy given by the same representation τ.

Question.– Does there exist an embedding of Γ2 into the group of analytic
diffeomorphisms of the circle fixing the origin ?

This question was the original motivation of Cerveau and Ghys when they
asked for a proof of Theorem A (see [8]).
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Remark 8.3. According to Theorem 7.3, there is an embedding ρ of Γ2 in
Diff(Qp,0) such that ρ(a)′(0) and ρ(a)′(0) have modulus 1 while ρ(b) and ρ(b)
are tangent to the identity. Conjugate ρ by the homothety a 7→ pNz for some pos-
itive integer N. If N is large enough, the coefficients an, n≥ 2, of all elements of
ρ(Γ2) have norm < 1, and the ultrametric inequality shows that ρ(Γ2) preserves
the open disks {z ∈Cp ; |z|< 1−ε} for every ε > 0. Thus, it preserves arbitrary
thin annuli {z ∈ Cp ; 1− ε|z| ≤ 1}. (Here Cp is the completion of the algebraic
closure of Qp.)

A related, but a priori simpler question is: does there exist an embedding of
Γ2 into the group of increasing, real analytic diffeomorphisms of [0,1] fixing
0 and 1 ? Here, we demand that the diffeomorphisms extend to germs of real
analytic diffeomorphisms on neighbourhoods of 0 and 1. If we replace real
analytic diffeomorphisms by C ∞ diffeomorphisms, interesting examples have
been constructed in [19]. We refer to the introduction of [19] for a description
of the difficulties in trying to apply the strategy of [3]: this is related to the
question of deciding when a diffeomorphism f of [0,1] is contained in the flow
of a smooth vector field, hence to Mather’s invariant (see [10, 30]).

8.3.2. The derived subgroup of Diff(C,0) is the kernel of the morphism j1 : f 7→
f ′(0):

Theorem 8.4. Let k be a complete, non-discrete valued field. An element f of
Diff(k,0) is a commutator if and only if f ′(0) = 1. All higher terms of the lower
central series coincide with the kernel of j1 : Diff(k,0)→ Jets1(k,0).

Proof. If f is a commutator [g,h] then f ′(0) = 1. If f ′(0) = 1, compose f with
the homothety mλ(z) = λz for some λ ∈ k∗ of norm |λ| 6= 1, and apply Koenigs
linearization theorem to find an element h ∈ Diff(k,0) such that mλ ◦ f = h ◦
mλh−1 and h′(0) = 1. Then f = [h,mλ]. This proves that the derived subgroup
of Diff(k,0) is the kernel of j1; since h is in the kernel of j1, all subsequent terms
of the lower central series coincide with the derived subgroup. �

Now, consider the upper central series. The first terms are Diff(C,0) and its
derived subgroup Diff(k,0)(1). Then comes

Diff(k,0)(2) := [Diff(k,0)(1),Diff(k,0)(1)]. (8.2)

The group of jets of order 3 which are tangent to identity, i.e. jets of the form
j(z) = z+ a2z2 + a3z3 modulo z4, is an abelian group; at the level of formal
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germs, it is known that the kernel of j3 in D̂iff(k,0)(1) coincides with the de-
rived subgroup D̂iff(k,0)(2) (see [7], §3, for the description of the upper central
series of D̂iff(k,0)). We don’t know if a similar statement holds for germs of
diffeomorphisms:

Question.– Does the kernel of j3 coincide with the second derived subgroup
of Diff(C,0)(2) ? More generally, what is the upper central series of Diff(C,0) ?

9. APPENDIX: FREE GROUPS

The following theorem, and its proof, are strongly inspired by [20]. The
proof given in [20] is somewhat difficult because it makes use of a topology on
Diff(C,0) which is not compatible with the group law. We adapt the same proof,
without reference to such a topology.

Theorem 9.1. Let (k, | · |) be a complete, non-discrete valued field. Let f and g
be elements of Diff(k,0) of infinite order. Let w be a non-trivial element of the
free group F2. Then, there is a polynomial germ of diffeomorphism h such that
w(h f h−1,g) 6= Id.

If w = an`bn`−1 · · ·an2bn1 , one can choose h of the form z+ εz2P(z) with an
arbitrarily small ε and a polynomial function P ∈ k[z] such that deg(P)≤ (2`)!
and |P(x)| ≤ 1 for all x ∈ D1.

Before proving this result, let us introduce some vocabulary and notation.
Write w as a reduced word in the generators a and b of the free group:

w = an`bn`−1 · · ·an2bn1 (9.1)

where the ni are in Z\{0}, except maybe if n1 or n` is zero, but conjugating w
by a power of a, we only need to consider the case n1n` 6= 0. Set N = max |ni|.

Let h be an element of Diff(k,0), and set fh = h−1 ◦ f ◦ h. Let r > 0 be
smaller than the convergence radius of h, f , g and their inverses. Choose R > 0
such that all these germs, and all their compositions of length ≤ 3N` map DR

inside Dr. If z is a point in DR, then its orbit under the action of fh and g stays
in Dr for all compositions of these germs given by words of length ≤ N` in F2;
in this situation, we say that the orbit of z is well defined up to length N`. In
particular, if we look at the composition w( fh,g), and pick a point z in DR, we
get a sequence of points

z0 = z, z1 = gn1(z0), z2 = f n2
h (z1), ..., z` = w( fh,g)(z0). (9.2)
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To prove the theorem, we construct a triple (h,R,z) such that the orbit of z is well
defined and the zi are pairwise distinct; in particular, z` 6= z0 and w( fh,g) 6= Id.

Proof. We do a recursion on the length `, proving the existence of a triple
(h,R,z) such that the zi are pairwise distinct for 0 ≤ i ≤ `. Since f and g have
infinite order, the union of all fixed points of f m and gm in Dr for −N ≤ m≤ N
is a finite set F . For j = 1, we just pick a point z0 sufficiently near the origin
with z1 := gn1(z0) 6= z0; the only constraint is to take z0 in the complement of F .
The points z0 and z1 will be kept fixed in the recursion.

Assume that a polynomial germ of diffeomorphism hk has been constructed,
in such a way that (a) the points z0, z1, z2, ..., z2k, and z2k+1 are pairwise distinct
(we just intialized the recursion for k = 0), and (b) hk(z) = z+εkRk(z) for some
small εk ∈ k and some element Rk ∈ k[z] of degree≤ (2k)! which is divisible by
z2. Consider a polynomial germ

Pk(z) = z+ηkz2
2k

∏
j=0

(z− z j) (9.3)

with a small ηk ∈ k; then

• Pk fixes z j for all j ≤ 2k,
• Pk(z2k+1) = akηk +bk for some pair (ak,bk) ∈ k2 with ak 6= 0,
• as ηk goes to 0, the radius of convergence of Pk and its inverse P−1

k go
to infinity.

If we compose hk with Pk then H = hk ◦Pk is a new polynomial germ such that
the orbit of z0 under fH and g gives the same sequence z0, z1, . . ., up to z2k+1.
The next point is

z2k+2 = f n2k+2
H (z2k+1) (9.4)

and we want to exclude the possibility z2k+2 ∈ {z0, . . . ,z2k+1}; since

z2k+2 = (P−1
k ◦ f n2k+2

hk
◦Pk)(z2k+1) (9.5)

we want to avoid the inclusion

f n2k+2
hk

(Pk(z2k+1))⊂ Pk{z0, . . . ,z2k+1}, (9.6)

and for that we just need to choose the parameter ηk in the definition of Pk in
such a way that f n2k+2

hk
(Pk(z2k+1)) is not in {z0, . . . ,z2k} and Pk(z2k+1) is not a

fixed point of f n2k+2
hk

. These constraints are satisfied for all small non-zero values
of ηk because f n2k+2

hk
is not the identity and the coefficient ak in Pk(z2k+1) =

akηk +bk is not zero.
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The next point is z2k+3 = gn2k+3(z2k+2) and we want it to be disjoint from
{z0, . . . ,z2k+1,z2k+2}. For this, we do a second perturbation of the conjugacy.
Let

Qk(z) = z+βkz2
2k+1

∏
j=0

(z− z j) (9.7)

with a small βk ∈ k; then

• Qk fixes z j for all j ≤ 2k+1,
• Qk(z2k+2) = ckβk +dk for some pair (ck,dk) ∈ k2 with ck 6= 0,
• as βk goes to 0, the radius of convergence of Qk and its inverse Q−1

k go
to infinity.

Now, we set hk+1 = Qk ◦H. This does not change the sequence zi for 0 ≤
i ≤ 2k + 1, but the last point z2k+2 is replaced by ckβk + dk. Since gn2k+3 6=
Id and ck 6= 0 any non-zero, small enough value of βk assures that z2k+3 /∈
{z0, . . . ,z2k+1,z2k+2}.

To sum up, if we set hk+1 = Qk ◦Pk ◦ hk then the sequence z0, . . ., z2k+3 is
now made of pairwise distinct points. Moreover, when the parameters ηk and βk

go to zero, the germ Qk ◦Pk and its inverse converge uniformly to the identity
on the disk D2R, so we can assume that the orbit of z0 is well defined for all
composition of hk+1, f , g, and their inverses of length ≤ 3N`. The germ Qk ◦Pk

is equal to z+Sk(z) where Sk is divisible by z2 and deg(Sk)≤ (2k+1)×(2k+2).
Thus,

hk+1(z) = z+Pk+1(z) (9.8)

where z2 divides Pk+1 and

deg(Pk+1)≤ deg(Pk)× (2k+1)× (2k+2)≤ (2k+2)! (9.9)

This proves the recursion and finishes the proof of the theorem. �

Theorem 9.2. Let (k, | · |) be a complete, non-discrete valued field. If f and g
are elements of Diff(k;0) of infinite order, there exists an element h of Diff(k;0)
such that fh := h◦ f ◦h−1 and g generate a free group of rank 2. One can choose
h such that h′(0) = 1.

Note that Theorem 3.4 is a direct corollary of that result; one just need to start
with f = λ1z or λ1z+ z2 if λ1 is a root of unity, and similarly for g.

Proof. Denote by an and bn the coefficients of f and g respectively. Let L ⊂ k
be the field generated by the an and bn. Since k is not discrete, it has no isolated
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point; being complete with no isolated point, it is uncountable (a simple con-
sequence of Baire’s theorem [23]), and it follows that its transcendental degree
over L is infinite: it contains an infinite sequence (ci) of algebraically inde-
pendent numbers (over the prime field of k, see [16, Chapter VIII]). We can
moreover assume that all ci are in the unit disk. Set h0(z) = ∑n≥1 cnzn.

Consider a non-trivial element w of F2. The N-th coefficient function

h 7→ AN(w(h◦ f ◦h−1,g)) (9.10)

is a polynomial function on D̂iff(k,0) in the sense of Section 2.1; this means
that it is a polynomial function in the coefficients of h and A1(h)−1 (here, f
and g are fixed). If AN(w(h0 ◦ f ◦ h−1

0 ,g)) vanishes (resp. is equal to 1), then
AN(w(h ◦ f ◦ h−1,g)) = 0 (resp. 1) for all formal diffeomorphisms h, because
the ci are algebraically independent over k. Thus, Theorem 9.1 implies that
w(h0 ◦ f ◦ h−1

0 ,g) 6= Id, and this shows that fh0 := h0 ◦ f ◦ h−1
0 and g generate a

free group of rank 2.
In this argument, we could start with h0 = z + ∑n≥2 cnzn, because we can

choose the germ h in Theorem 9.1 with the additional constraint h′(0) = 1. �
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