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ABSTRACT. We prove several new rigidity results for polynomial automor-
phisms of C2 with positive entropy. A first result is that a complex slice of
the (forward or backward) Julia set is never a smooth, or even rectifiable,
curve. We also show that such an automorphism cannot preserve a global
holomorphic foliation, nor a real-analytic foliation with complex leaves.

These results are used to show that under mild assumptions, two real-
analytically conjugate automorphisms are polynomially conjugate.

For mappings defined over a number field, we also study the fields of
definition of multipliers of saddle periodic orbits.
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1. INTRODUCTION

1.1. Rigidity problems. In our previous paper [19], answering a question of
Friedland and Milnor [38], we established the following result: if two poly-
nomial automorphisms f and g of C2 of positive entropy are conjugated by
a biholomorphism of C2, then they are conjugate in the group AutpC2q of
polynomial automorphisms. In [38], the authors study more generally the fol-
lowing rigidity problem: what can be said when f and g are conjugated by a
real diffeomorphism? They prove that if f and g are complex Hénon maps of
degree 2 which are conjugated by a real C1 diffeomorphism then f is conju-
gated to g or g in AutpC2q, where g is obtained from g by applying complex
conjugation to the coefficients. Our first goal will be to solve the real-analytic
version of this problem under a generic hypothesis.

Theorem A. Let f and g be polynomial automorphisms of C2 of positive
entropy, which are conjugated by a real-analytic diffeomorphism φ : C2 Ñ

C2. Assume that f admits a saddle periodic point p, of some period n ě 1, at
which the two eigenvalues of dfnp are both non-real. Then f is conjugate to g
or g in AutpC2q.

An obvious approach to this rigidity problem would be to show that the
set of conjugacy classes of the differential dfn at periodic orbits of period n,
for all n ě 1, characterizes an automorphism modulo conjugacy in AutpC2q

(possibly up to complex conjugation if the conjugacy class is considered in
the real sense). This is an instance of the classical multiplier rigidity problem,
itself part of the celebrated spectral rigidity problem. For instance, a Hénon
map f of degree 2 is indeed characterized by the real conjugacy class of Df at
its fixed points, which allows Friedland and Milnor to proceed with this case
in [38, Thm 7.5]. However, despite recent advances in one-dimensional dy-
namics [46, 47], this problem is essentially untouched in our two-dimensional
context, so we take a different path. Note also that, while this real-analytic
rigidity may seem quite far from multiplier rigidity, Sullivan’s rigidity theory
for conformal IFS’s shows that in the holomorphic case one may reduce the
latter to the former in certain situations (see [61] and [58, Chap. 10]). This
theory plays an important role in [46].

Our proof of Theorem A relies on a number of rigidity properties concern-
ing a single map, which are interesting for their own sake. In particular,
we deal with the classical problem of smoothness of the stable lamination
which has been extensively studied in hyperbolic dynamics, notably in con-
nection with the classification of Anosov diffeomorphisms and flows: see for
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instance [35, Chapter 9] for an introduction, and [65] for a recent contribution
in a holomorphic context. Another key step of the proof is the non-existence
of automorphisms with smooth Julia sets, a problem that was previously ad-
dressed by Bedford and Kim [4, 5]. The underlying philosophy behind these
results is that there is no “integrable” automorphism, which would play a role
analogous to monomial, Chebychev or Lattès mappings in one-dimensional
dynamics.

1.2. Invariant foliations. Let us be more specific. From now on, a polyno-
mial automorphism of C2 of positive topological entropy will be called loxo-
dromic; such an automorphism f is conjugate, in AutpC2q, to a composition of
Hénon maps. We denote the forward and backward Julia sets of f by J` and
J´, respectively. The closure of the union of all saddle periodic orbits of f is
denoted by J›. It is a subset of the Julia set J :“ J` X J´. The stable (resp.
unstable) manifold of any saddle periodic point is an immersed Riemann sur-
face, biholomorphic to C, which is dense in J` (resp. J´) and endows J`

(resp. J´) with some kind of laminar structure. When f is hyperbolic (that
is, when J is hyperbolic as an f -invariant set) these are actual laminations by
Riemann surfaces. Most of these facts are due to Bedford and Smillie, and we
refer to the original papers [8, 9, 7] for details.

We shall say that J` is subordinate to a foliation if there is a neighborhood
U of J` and a foliation F of U by Riemann surfaces such that J` is saturated
by F : if x P J`, the leaf Fpxq is contained in J`. We allow foliations to have
isolated singularities. Another possible definition is that every disk contained
in a stable manifold is contained in a leaf of F (see §4.1 for more details).

Theorem B. If f is a loxodromic automorphism of C2, then J` (resp. J´)
cannot be subordinate to a global real-analytic (in particular to a holomor-
phic) foliation.

We could also formulate this result as the non-existence of an f -invariant
real-analytic foliation with complex leaves (see Remark 4.5). Brunella [15]
proved Theorem B when the global foliation is defined by an algebraic 1-form,
and his theorem is actually a key step in the proof. The chain of arguments
runs as follows:

no invariant algebraic foliation (Brunella [15])⇝ no invariant holomorphic
foliation (Theorem 4.3)⇝ no invariant real-analytic foliation (Theorem B).
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Theorem B provides a partial answer to Question 31 in [64], which asks
whether J` can be locally subordinate to a holomorphic foliation. For in-
stance, for a dissipative and hyperbolic map, the stable lamination always ad-
mits a local extension to a C1`ε foliation with complex leaves (see [50, Lem.
5.3]). In § 4.3, we show in particular that for an automorphism with discon-
nected Julia set (e.g. a horseshoe), such a foliation is never holomorphic, nor
even real analytic, in a neighborhood of J› (see Theorem 5.1).

1.3. Smooth Julia slices. In one variable, it was shown by Fatou [33] that if
the Julia set is contained in a curve then it is contained in a circle, and that
in this case it is either a Cantor set, an arc of the circle, or the circle itself;
and these last two cases correspond to integrable maps. Our study leads to a
similar problem. Indeed, along the proof of Theorem B we have to consider a
local slice of J` by some holomorphic transversal (e.g. by some disk in the
unstable manifold of a saddle point) and to study the possibility that such a
slice is contained in a smooth curve. Such a slice is a kind of relative to a
one-dimensional Julia set.

To state an analogue of Fatou’s result in our situation, recall that if p is a
saddle periodic point of period n, then its unstable manifold W uppq is biholo-
morphic to C. Thus, we can fix a parametrization ψup : C Ñ W uppq. If
λu denotes the unstable eigenvalue of dfnp , then fn ˝ ψup pζq “ ψup pλuζq. The
unstable Lyapunov exponent of p is by definition χuppq “ 1

n
log |λuppq|.

It is not difficult to show that if a local holomorphic slice of J` is contained
in a C1 curve, then for any saddle periodic point p, pψup q´1pJ`q is contained in
a line (1); likewise if a local slice is a C1 curve, then pψup q´1pJ`q is a line. We
say that f is unstably real in the former case, and unstably linear in the latter.
Thus, in the previous analogy, unstably linear automorphisms correspond to
integrable one variable polynomials.

Theorem C. Unstably linear loxodromic automorphisms do not exist among
loxodromic automorphisms of C2.

This is an essential tool towards Theorem B. A weaker result was obtained
by Bedford and Kim in [4] (see also [5]), who showed that J` itself cannot be
a smooth 3-manifold. The contradiction in [4] comes from a global topolog-
ical argument together with the following multiplier rigidity statement: for a
generalized Hénon map of degree d it is not possible that d ´ 1 of its d fixed

1There is a subtle point about the exact definition of a local slice of J`, so we are abusing
slightly here, see § 2.1 for more details.
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points are saddles with the same unstable eigenvalue (for technical reasons, in
[4] it needs to be assumed that f is a composition of at least 3 Hénon maps).
This result also plays a key role in our proof. Another important tool in the
proof of Theorem C is the theory of quasi-expansion developed by Bedford
and Smillie in [12]. More precisely, the results of [12] show that an unstably
linear map is quasi-expanding; adapting an argument from [13], and using the
hyperbolicity criteria of [2], we obtain that it is actually uniformly hyperbolic.
Then, a generalization of [4] leads to the desired contradiction.

Coming back to Theorem A, the bulk of the proof is to show that φ must be
holomorphic or anti-holomorphic; then we invoke our previous result [19] to
conclude. Assuming, by way of contradiction, that φ is neither holomorphic
nor anti-holomorphic, then, pulling back the complex structure by φ gives an
“exotic” f -invariant real-analytic complex structure on C2. Analyzing this
complex structure at saddle points ultimately produces an f -invariant real-
analytic foliation with complex leaves, which contradicts Theorem B, and we
are done.

1.4. The multiplier field. The proof of Theorem A requires also a lemma on
the multipliers associated to periodic orbits shadowing a homoclinic orbit: see
Theorem 6.1. This statement is inspired by a one dimensional result due to
Eremenko-Van Strien [31] and Ji-Xie [46], which was used by Huguin [45]
to characterize rational maps on P1pCq whose multipliers belong to a fixed
number field. Adapting Huguin’s argument, we obtain the following (see The-
orems 8.1 and 8.3):

Theorem D. Let f P AutpC2q be a loxodromic automorphism. Assume that

– either f is hyperbolic and admits two saddle periodic points p and p1

with distinct Lyapunov exponents χuppq ‰ χupp1q;
– or f admits a saddle periodic point whose unstable Lyapunov exponent

is larger than that of the maximal entropy measure.

Then the unstable (resp. stable) multipliers of f cannot lie in a fixed number
field.

To prove Theorem D, we shall first assume that f is defined over a num-
ber field and then provide specialization arguments to reduce the general case
to this particular setting. These arguments, partly inspired from [29], are of
independent interest. Note that the first assumption of the theorem may also
be replaced by “f is hyperbolic with a non totally disconnected Julia set” (see
Proposition 8.9).
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The assumptions of Theorem D are easily checkable in a perturbative set-
ting, and it follows that its conclusion holds for Hénon maps with sufficiently
small Jacobian (see Theorem 8.7). A delicate issue is that the one-dimensional
result is not true for Chebychev and monomial mappings, and we have to un-
derstand how this obstruction vanishes when going to two dimensions.

1.5. Plan of the paper. In Section 2, we study unstably real and linear maps
and prove Theorem C. Several natural questions are discussed in § 2.5. In
Section 3, we push this study one step further and show that a holomorphic
slice of J` cannot be a rectifiable curve. A notable consequence of this study
is that the unstable Hausdorff dimension of a dissipative hyperbolic map with
connected Julia set is always larger than 1 (see Corollary 3.9).

Sections 4 and 5 are devoted to Theorem B, as well as some local versions
of it. In Section 6 we prove Theorem 6.1 on the multipliers of periodic orbits
shadowing a homoclinic orbit, and Theorem A is finally obtained in Section 7.

Lastly, in Section 8 we investigate the arithmetic properties of saddle point
multipliers, and establish Theorem D, as well as its application to perturba-
tions of one-dimensional maps (Theorem 8.7). In Appendix A, we establish
a stronger version of the equidistribution theorem for saddle periodic points
of [6], which is necessary for Theorem D.

1.6. Notation. We use the standard notation and vocabulary of the field, as
listed for instance in [10, §1] or [30, §2.1]. For instance, given a loxodromic
automorphism f of C2, we denote byG` its dynamical Green function (or rate
of escape function), and by T` “ ddcG` the associated current (in [10], the
invariant currents are denoted by µ˘ instead of T˘). The Jacobian determinant
of an automorphism f of C2 is constant: f is dissipative if |Jacpfq| ă 1,
volume expanding if |Jacpfq| ą 1, and conservative if |Jacpfq| “ 1.

By convention the Zariski (resp. R-Zariski) topology is the complex ana-
lytic (resp. real-analytic) Zariski topology. We sometimes refer to these simply
as the (real) analytic topology.

2. UNSTABLY REAL AND UNSTABLY LINEAR MAPS

2.1. Transversals. Let f P AutpC2q be a loxodromic automorphism. We
say that a holomorphic disk Γ is a transversal to J` if it satisfies one of the
following equivalent conditions:

(a) Γ X J` ‰ H and Γ Ć K`;
(b) G`|Γ is not harmonic;
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(c) G`|Γ vanishes and is not identically 0.

It follows from the work of Bedford, Lyubich and Smillie [7, §§8-9] that
for any saddle periodic point p, W sppq admits transverse intersections with
Γ (see [30, Lem. 5.1] and [29, Lem. 3.3] for more details). We set

J`
Γ “ SupppT`

^ rΓsq “ SupppddcpG`|Γqq “ BΓpK`
X Γq, (2.1)

where in the last equality BΓ refers to the boundary as a subset of Γ. Note that
J`
Γ Ă ΓXJ` but this inclusion could be strict. Indeed, Γ could a priori contain

a disk that is entirely contained in J`: such a disk would be part of Γ X J`

but not of J`
Γ . If in addition Γ “ ∆u

p is contained in the unstable manifold of
a saddle point p, we have (with the same caveat for reverse inclusions)

J`
∆u

p
Ă ∆u

p X J›
Ă ∆u

p X J`. (2.2)

The first inclusion follows from the fact that J`
∆u

p
is the closure of the homo-

clinic intersections contained in ∆u
p (cf. [30, Lem. 5.1]). Recall that a homo-

clinic intersection is a point ofW sppqXW uppqz tpu and that every homoclinic
intersection is contained in J› (see [7, Thm 9.9]).

As for Julia sets in one complex variable, the sets J`
Γ vary lower semicon-

tinuously in the Hausdorff topology, in the following sense:

Lemma 2.1. Let Γ be a transversal to J`. If pΓnq is a sequence of disks
converging in the C1 topology to Γ, then

(1) J`
Γ Ă lim infnÑ8 J

`
Γn

;
(2) J` X Γ Ą lim supnÑ8 J

` X Γn.

Proof. Property (1) follows from the continuity of G`: for any z P J`
Γ , pick a

small disk U Ă Γ around z, then by definition G`|U is not harmonic; so if we
lift U to some disk Un Ă Γn then for large n, G`|Un cannot be harmonic and
we are done. Note that we may extend this argument to the case where pΓnq

converges to Γ with some finite multiplicity (i.e. in the sense of analytic sets).
Property (2) follows directly from J` being closed. □

2.2. Unstably real automorphisms. Let p be a saddle periodic point of f ,
of exact period n. As in Section 1.3, we denote by ψup : C Ñ W uppq

a parametrization of its unstable manifold by an injective entire curve that
maps 0 to p. If a unit unstable vector eup is given, one may normalize ψup :

C Ñ W uppq by fixing some α P Cˆ and imposing pψup q1p0q “ αeup . The
parametrization ψup semi-conjugates fn to a linear map, that is, fn ˝ ψup pζq “

ψup pλuζq, where λu P Cˆ is the unstable multiplier.
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Proposition 2.2. Let f P AutpC2q be a loxodromic automorphism. Assume
that for some transversal Γ to J`, J`

Γ is contained in a C1 smooth curve.
Then for every saddle periodic point p, pψup q´1pJ`

Wuppq
q is contained in a line

through the origin. In particular λuppq is real and J`

Wuppq
is contained in a

real-analytic curve. In addition

– either J`
Γ is not a Cantor set, and pψup q´1pJ`

Wuppq
q is a line through the

origin for every saddle periodic point p;
– or J`

Wuppq
is a Cantor set and J`

Wuppq
“ J` X W uppq for every saddle

periodic point p.

If the assumption of the proposition holds, we say that f is unstably real.
Thus, for such a map, all unstable multipliers are real. By symmetry we have
a similar result for transversals to J´, yielding the notion of stably real auto-
morphism.

Proof. The argument goes back to Fatou [33, §46]. Pick a saddle periodic
point p, and replace f by a positive iterate to assume that p is fixed. As already
explained, W sppq admits transversal intersections with Γ, and more precisely
with J`

Γ . As in [29, Lem. 1.12], we can find holomorphic coordinates px, yq P

D2 near p in which p “ p0, 0q, W s
locppq “ tx “ 0u, W u

locppq “ ty “ 0u and

fpx, yq “ pλuxp1 ` xyg1px, yqq, λsyp1 ` xyg2px, yqqq , (2.3)

with |λs| ă 1 ă |λu|, and }g1}, }g2} as small as we wish. In these coordinates,
f |ty“0u is linear, so ζ ÞÑ pζ, 0q is an unstable parametrization near the origin.
Changing Γ in fmpΓq for a large positive integer m, and taking the connected
component of fmpΓq X D2 containing p, we may assume that Γ is a graph
over the first coordinate, of the form y “ γpxq. Let σ ÞÑ tpσq be a germ of
C1 curve at 0 P C, with t1p0q ‰ 0, such that J`

Γ is contained in the image
of σ ÞÑ ptpσq, γptpσqqq. With our choice of coordinates, Lemma 4.2 in [29]
asserts that for some δ ą 0, if |x| ď δ, then fn px{pλuqn, yq Ñ px, 0q as
n Ñ 8. Actually the proof says a little more: if |xn| ď δ and |yn| ă 1, then

fn
ˆ

xn
pλuqn

, yn

˙

“ pxn, 0q ` op1q. (2.4)

Fix a subsequence nj such that pλuq
nj

|λu|
nj Ñ 1. Since tp|λu|

´n σq “ |λu|
´n

pt1p0qσ`

op1qq, Equation (2.4) for sufficiently small σ P R implies

fnj
`

t
`

|λu|
´nj σ

˘

, γ
`

t
`

|λu|
´nj σ

˘˘˘

ÝÑ
jÑ8

pt1p0qσ, 0q . (2.5)
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Now we use the lower semi-continuity of J`
Γ : if z belongs to J`

ty“0u
, then

it must be accumulated by J`

fnj pΓq
, hence z P t1p0qR, and we conclude that

J`

ty“0u
is contained in a line, as asserted. We also get that if pn1

jq is any other

subsequence such that pλuq
n1
j{|λu|

n1
j converges to eiθ, then z P eiθt1p0qR.

Since J`

ty“0u
is not reduced to t0u, this argument shows that eiθ “ ˘1 so

pλuqn{|λu|
n converges to t˘1u, and therefore λu is real.

To get the last assertion of the proposition, we observe that since G`|Γ is
continuous, J`

Γ “ SupppddcpG`|Γqq has no isolated points, so if it is contained
in a smooth curve, it is either a Cantor set or it contains a non-trivial arc. In
the latter case, by reducing Γ, we may assume that J`

Γ is a C1 curve, and in
this case the argument shows that J`

ty“0u
is a line through the origin. And if

J`

Wuppq
is a Cantor set, then J`

Wuppq
“ J`XW uppq, since in this case the unique

connected component of W uppqzJ`

Wuppq
must be contained in C2zK`. □

Remark 2.3. The proof shows more generally that if for some saddle periodic
point q, J`

Γ admits a tangent at some transverse intersection W spqq X Γ (see
the first lines of § 3.1 for a formal definition of having a tangent at some
point), hence in particular if J`

Wupqq
admits a tangent at q, then the conclusion

of the proposition holds at every saddle periodic point p. The same is true
for general hyperbolic measures and Pesin stable manifolds, with a slightly
different argument (see Lemma 3.4).

2.3. Unstably linear automorphisms: multipliers. In this subsection we re-
visit and extend some results of Bedford and Kim [4, 5]. These will be used
in the next subsection to prove the non-existence of unstably linear automor-
phisms.

Let p be a saddle periodic point of period n such that pψup q´1
`

J`

Wuppq

˘

is a
line through the origin. Then, by Proposition 2.2, the same property holds at
any other saddle point; in this situation, we say that f is unstably linear. Since
W uppq is not contained in K`, at least one side of J`

Wuppq
in W uppq » C

must be contained in C2zK`. In particular f is unstably connected in the
sense of [10]. Corollary 7.4 in [10, Cor. 7.4]) shows that a volume expanding
map cannot be unstably connected, hence necessarily |Jacpfq| ď 1. Lemma
4.2 in [4] shows that the unstable multiplier equals ˘dn. For convenience we
recall the argument: G` ˝ ψup is harmonic and positive in some half plane (of
slope, say, tanpθq) and zero on its boundary, hence in this half planeG`˝ψup pζq

is proportional to Impe´iθζq; in particular it is R-linear. Then the invariance
relation G` ˝ ψup pλuζq “ dnG` ˝ ψup pζq forces λu “ ˘dn. Note that λu “ dn
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(resp. λu “ ´dn) iff fn preserves (resp. exchanges) the two half planes. Let
us summarize this discussion in a lemma.

Lemma 2.4. Assume that f is unstably linear. Then for any saddle periodic
point p, of period n, pψup q´1pJ`

Wuppq
q is a line through the origin, which cuts C

in two half-planes. Moreover:

(1) each component of pψup q´1pC2zK`q is a half plane in which G` ˝ψup pζq is
proportional to Impe´iθζq, where tanpθq is the slope of the line pψup q´1pJ`

Wuppq
q;

(2) the unstable multiplier at p is equal to ˘dn, where d is the degree of f ; it
is equal to dn iff fn preserves the two half planes;

(3) f is unstably connected and |Jacpfq| ď 1;

Our primary focus in the next proposition is on unstably linear maps; nev-
ertheless, it may be useful to remark that it holds in the unstably real case as
well so we state it in this generality.

Proposition 2.5. Let f be a loxodromic automorphism which is unstably real
and dissipative. Then every periodic point p of f is a saddle. In addition,
in the unstably linear case, the two sides of W uppqzJWuppq are contained in
C2zK`.

Proof. The assumptions and conclusions of the proposition are not affected if
we replace f by some iterate. For technical reasons, we replace f by f 3 (while
still denoting its degree by d).

In a first stage, assume that f is unstably linear.

Step 1.– Assume that for some saddle point p, the two sides ofW uppqzJWuppq

are contained in C2zK`. We claim that the same property holds for every
other saddle periodic point q. Indeed, W sppq intersects transversally W upqq

at some point τ P JWupqq. By the inclination lemma, there is a sequence of
neighborhoods Un of τ in W upqq such that fnpUnq is a sequence of disks con-
verging in the C1 sense to W u

locppq. We may assume that Un is a topological
disk such that UnzJWupqq has two components. Since C2zK` is open, for large
n, the two sides of fn

`

UnzJWupqq

˘

intersect C2zK`, therefore they are con-
tained in C2zK`; pulling back by fn, we conclude that the same holds for
W upqqzJWupqq.

This discussion also shows that if for some saddle point p, one side of
W uppqzJWuppq is contained in K`, then the same holds for every other saddle
point.

Step 2.– We claim that f admits at most one non-saddle fixed point.
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The argument is similar to that of [27, §2.2]. Consider a non-saddle pe-
riodic point q. Without loss of generality, assume that q is fixed. Since f
is dissipative, q is a sink or q is semi-neutral. In the latter case, the neutral
eigenvalue is either a root of unity and q is said to be semi-parabolic, or it is
not and q is either semi-Siegel or semi-Cremer according to the existence of
an invariant holomorphic disk containing q. In all these cases, there exists an
invariant manifold through q which is biholomorphic to C and contracted by
the dynamics; for instance, when q has eigenvalues of distinct moduli we can
take the so-called strong stable manifold W sspqq, associated to the most con-
tracting eigenvalue. The theory of Ahlfors currents associated to entire curves
shows that this invariant manifold must intersect W uppq (see [27, Lem. 2.2]
for this very statement and [30, Lem. 5.4] for the details of the proof). If q is
a sink or if it is semi-Siegel, this stable manifold is contained in IntpK`q, so
it must intersect W uppq in a component of IntpK`q X W uppq. It then follows
that G` ” 0 on the corresponding component of W uppqzJ`

Wuppq
, which is then

a Fatou disk entirely contained in the Fatou component of q. Since this is true
for every such q, it follows that there can be at most one sink or semi-neutral
point.

If q is semi-parabolic, the argument is the same except that instead ofW sspqq,
we consider any entire curve contained in the semi-parabolic basin of q (such
curves exist since the basin is known to be biholomorphic to C2).

The last possibility is that q is semi-Cremer. Then by [34, 51], to any local
center manifold W c

locpqq of q we can associate a hedgehog H:

– H is not locally connected since it is homeomorphic to the hedgehog
of a non-linearizable one-dimensional germ.

– By [51, Thm E], H Ă J›, and every point in H admits a strong stable
manifold which is biholomorphic to C, and has uniform geometry near
H (because f |H admits a dominated splitting, see [34, Thm A]).

Therefore, as above, this strong stable manifold admits transverse intersections
with W uppq and we can transport by holonomy a non-trivial relatively open
subset of H to W uppq. The resulting piece is contained in J`

Wuppq
, as follows

from the proof of [51, Thm E](2). This is a contradiction because J`

Wuppq
is

2For the reader’s convenience we explain the argument of [51, Thm E]: if for some z P H,
some transverse intersection point of W sspzq X Wuppq were not contained in J`

Wuppq
, then

one side of WuzJ`

Wuppq
would be a Fatou disk Ω. It can be shown that if pnjq is a subse-

quence such that fnj pΩq converges to a holomorphic disk Γ (possibly reduced to a point),
then Γ should be contained in every local center manifold of q, hence in H (by definition of
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locally a smooth curve while H is not locally connected, which shows that
Semi-Cremer points cannot exist in this context.

Step 3.–We can now complete the proof of the proposition in the unstably
linear case. Since f is conjugated to a composition of Hénon maps of total
degree d, it admits d fixed points. By the second step, at most one of them
is not a saddle, and if such a non saddle point exists, for every saddle point
p, one of the components of W uppqzJWuppq is contained in K`. Therefore
by Lemma 2.4.(3), λuppq “ d. In particular f has d distinct fixed points and
at least d ´ 1 of them are saddles with unstable multiplier equal to d. Since
f is conjugated to a product of at least 3 Hénon maps and f is dissipative,
Proposition 5.1 in [4] shows that this is impossible. Thus, all periodic points
are saddles.

Then, by Step 1, if there is such a saddle point p for which a component of
W uppqzJWuppq is contained in K`, then the same is true for each of the fixed
points of f , so that the unstable multiplier at each of the fixed points is equal to
d. Again, [4, Prop. 6.1] provides a contradiction. Thus, the two components
of W uppqzJWuppq are contained in C2zK` for every periodic point, and the
proof for the unstably linear case is complete.

Step 4.– If f is unstably real but not unstably linear, then by Proposition
2.2, for every saddle point p, J`

Wuppq
is a Cantor set contained in a line. Thus

W uppqzJ`

Wuppq
is connected, hence contained in C2zK`. Applying the ar-

guments of Step 2 above shows that f cannot possess any sink, semi-Siegel
or semi-parabolic point for it would give rise to a Fatou disk contained in
W uppq X K`; in the case of a semi-Cremer point we would obtain a non-
trivial (connected) continuum contained in J`

Wuppq
, which again is a contradic-

tion. □

Corollary 2.6. A hyperbolic loxodromic automorphism is never unstably lin-
ear.

Proof. Assume that f is unstably linear and hyperbolic. By Lemma 2.4.(4),
f is unstably connected, so J is connected, and also |Jacpfq| ď 1. If f is
conservative and hyperbolic, then J cannot be connected (see [11, Cor. A.3]
or [25, Cor. 3.2]), so f is dissipative. By Proposition 2.5 all periodic points
are saddles. On the other hand, Theorem 3.1 in [25], asserts that f has an
attracting point. This contradicts Proposition 2.5. □

the hedgehog). So by [51, Thm C] the whole of Ω would be contained in W sspHq, which
contradicts the fact that H has relative zero interior in any center manifold of q.
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2.4. Unstably linear automorphisms: non-existence. We are now ready to
prove Theorem C.

Theorem 2.7. A loxodromic automorphism of C2 is never unstably linear.

Corollary 2.8. If Γ is a transversal to J`, then J`
Γ is never a C1 curve. More

generally, a non trivial component of J`
Γ does not admit a tangent line at any

transverse intersection of Γ with W sppq, for any saddle point p.

The remainder of this subsection is devoted to the proof of the theorem.
Henceforth we assume that f is an unstably linear loxodromic automorphism.
Throughout the proof, the unstable parametrizations ψup : C Ñ W uppq are
normalized by (see [12]):

ψup p0q “ p, max
|ζ|ď1

G`
˝ ψup pζq “ 1, and pψup q

´1
pJ`

Wuppq
q “ R. (2.6)

Lemma 2.9. Let p be a periodic point of f , and ψup be normalized as above.
Then up to replacing ψup pζq by ψup p´ζq, we have

G`
˝ ψup pζq “

#

Impζq for Impζq ě 0

c |Impζq| for Impζq ă 0

for some 0 ď c ď 1. In particular
␣

G` ˝ ψup ď 1
(

is the strip t´1{c ď Impζq ď 1u

(it is a half plane when c “ 0). In addition, when f is dissipative, c is non-zero.

Proof. We already know from Lemma 2.4 that G` ˝ ψup pζq is proportional to
|Impζq| on both sides of the real axis, say G` ˝ ψup pζq “ c` |Impζq| on the
upper half plane and G` ˝ ψup pζq “ c´ |Impζq| on the lower half plane. After
replacing ζ by ´ζ , we may assume c` ě c´ ě 0, and then c` ą 0 because
G` can not vanish identically on W uppq. Since maxDG

` ˝ ψup pζq “ 1, we
conclude that c` “ 1. The last assertion follows from Proposition 2.5. □

Remark 2.10. If p is of period n and λu “ ´dn, then the relation G` ˝

ψupλuζq “ dnG` ˝ ψupζq forces c “ 1.

The following result is essentially (but not exactly) contained in [12, Thm
4.8]. Before stating it, let us introduce the concept of quasi-expansion. Let S
be the set of saddle periodic points of f . This is a dense, f -invariant subset
of J›. Let ΨS be the set of parametrizations ψup , p P S, normalized as in
Equation (2.6). For p in S, there is a linear map of the form L : ζ ÞÑ λζ such
that f ˝ψup “ ψufppq

˝L. One of the equivalent definitions of quasi-expansion is
to require the existence of a constant κ ą 1 such that |λ| ě κ uniformly for all
p P S, and then κ is a quasi-expansion factor. We refer to [12] for this notion,
in particular to Theorem 1.2 there.
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Lemma 2.11. An unstably linear loxodromic automorphism is quasi-expanding,
with quasi-expansion factor κ “ d.

Proof. Fix p P S and consider the map L : ζ ÞÑ λζ introduced above. The
relation G` ˝ f “ dG` implies that L maps the closed unit disk to a disk
Dp0, rq such that maxDp0,rq G

` ˝ ψufppq
“ d. By Lemma 2.9, r “ d, so |λ| “ d

is uniformly bounded from below. □

In the next two paragraphs we assume that f is quasi-expanding and state
some general facts. Quasi-expansion implies that ΨS is a normal family (and
vice versa). We denote by pΨ the set of all its normal limits (i.e. pΨ is the closure
of ΨS with respect to local uniform convergence). For any x P J›, and any
sequence ppnq P SN converging to x, one can extract a subsequence such that
pψupnq converges towards an element pψ P pΨ with pψp0q “ x. It is a non-constant
entire curve because maxDG

` ˝ pψ “ 1, but it is not necessarily injective. For
x P J›, we let

τpxq “ max
pψPpΨ, pψp0q“x

ord0p
pψq, (2.7)

where ord0p
pψq “ min

␣

k ě 0 ; ψpkqp0q ‰ 0
(

ă 8 is the vanishing order of pψ

at 0. By [41, Lem 3.1], τ is uniformly bounded (in our setting, we give a direct
proof of this fact in Lemma 2.13 below).

For every x P J› we set Wupxq “ ψ̂pCq. It does not depend on the choice
of normal limit ψ̂ P pΨ with ψ̂p0q “ x in the above construction; it is contained
in K´, and, in fact, it is the image of an injective entire curve (see [3, §1]
3). If x is a saddle point, then Wupxq “ W upxq. As usual we denote by
ψux : C Ñ Wupxq an injective parametrization of Wupxq such that ψuxp0q “ x.
If we consider a sequence pn Ñ x as above, then the the limit pψ satisfies
pψ “ ψux ˝ h for some polynomial function h (see [12, Lem. 6.5], and [41, §3])
such that hpζq “ cζk ` h.o.t., k “ ord0

pψ. In particular, G` does not vanish
identically on Wupxq.

We now resume the proof of Theorem 2.7.

Lemma 2.12. If f is quasi-expanding, then for every x P J›, G` ˝ ψux does
not vanish identically in a neighborhood of the origin.

Proof. If p is a saddle periodic point, the maximum of G` ˝ψup on D1 is equal
to 1. Fix a radius r Ps0, 1r. Then, by Property (3) in Theorem 1.2 of [12],
there is a constant αprq ą 0 that does not depend on p such that the maximum

3This is essentially contained in [12] but a missing ingredient there was that Wupxq is
smooth at x.
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of G` ˝ ψup on Dr is at least αprq. Since the family pψup qpPS is normal and
G` is continuous, this property is satisfied by all ψ̂x in Ψ̂, and the lemma
follows. □

Second proof, specific to unstably linear maps. Pick a sequence ppnq in SN con-
verging to x. On the upper half plane H we have that G` ˝ ψupnpζq “ Impζq.
After possible extraction, with notation as above, ψupn converges uniformly to
pψ, so by continuity of G` we get that

G`
˝ pψpζq “ G`

˝ ψux ˝ h “ Impζq on H, (2.8)

so G` ˝ ψux takes positive values arbitrary close to 0. □

The following result is reminiscent from [13, Prop. 2.2].

Lemma 2.13. If f is unstably linear, then τpxq ď 2 for every x P J›.

Proof. Assume that x P J› is such that τpxq “ k. Then we have a sequence
ψupn converging to pψ “ ψux ˝ h with hpζq “ cζk ` h.o.t. at the origin. From
Equation (2.8), we have G` ˝ pψpζq “ Impζq. On the other hand, locally near
the origin,

!

G` ˝ pψ “ 0
)

has k-fold rotational symmetry. This is possible
only if k ď 2. □

For i “ 1, 2, set J›
i “ tx P J› ; τpxq “ iu, which is an invariant set (de-

noted by Ji in [12]). Theorem 6.7 in [12] shows that J›
1 is open and dense in

J›, so J›
2 is closed. From the comments preceding Lemma 6.4 in [12], we see

that (in their notation) J 1
2 “ J2, so it follows from Lemma 6.5 there that for

every x P J›
2 , if pψ is a non-injective parametrization of Wupxq, then pψ is of

the form ζ ÞÑ ψuxpcζ2q with ψux injective (see also [13, Prop. 2.6] for a related
argument).

Lemma 2.14. If f is unstably linear, then J› “ J›
1 ; in other words τpxq ď 1

for every x P J›.

First proof of the lemma. Assume that J›
2 is non-empty. We claim that for

every x P J›
2 , pψuxq´1pJq is contained in a half line. Indeed, if pψ P pΨ is

a non-injective parametrization of Wupxq with pψp0q “ x, then as in Equa-
tion (2.8) we have G` ˝ pψpζq “ Impζq in H, and by the previous comments
G` ˝ pψpζq “ G` ˝ ψuxpcζ2q. If we rotate ψux so that c “ 1, we see that
tG` ˝ ψux “ 0u is the positive real axis, as asserted.

Since J›
2 is a closed invariant set, it supports an ergodic invariant measure ν.

By [12, Thm 6.2], ν has a positive Lyapunov exponent, hence also a negative
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one since |Jacpfq| ď 1. If y is a ν-generic point, its stable manifold inter-
sects transversally the unstable manifold of some saddle point p, and at such a
point J`

Wupyq
has a tangent line. Since y is recurrent, from Lemma 3.4 below,

pψuy q´1
`

J`

Wupyq
q is a line, which is a contradiction. □

Second proof of the lemma. As in the first proof, if J›
2 is non-empty, then it

supports a hyperbolic, ergodic, invariant probability measure ν. Theorem 6.2
in [12] asserts that the positive exponent of ν is not smaller that 2 log κ “

2 log d (see Lemma 2.11). It is a general fact from Pesin theory that the Lya-
punov exponents of hyperbolic measures are approximated by those of peri-
odic orbits (see [62]; in our setting we can directly adapt [48, Thm S.5.5]). But
all Lyapunov exponents of periodic points are equal to log d: this contradiction
finishes the proof. □

We are now ready to complete the proof of Theorem 2.7. The previous
lemma shows that if f is unstably linear, then J›

1 “ J›. Therefore the local
manifolds Wu

locpxq form a lamination in a neighborhood of J› (see [12, Prop.
5.3]). In the vocabulary of [2], every point in J› is u-regular. In addition by
Lemma 2.12, G` does not vanish identically along any of the Wu

locpxq, x P J›,
and Lemma 2.4 shows that |Jacpfq| ď 1. Therefore, [2, Prop 2.16] (or [2, Thm
2.18]) shows that f is hyperbolic. This contradicts Corollary 2.6, and the proof
is complete. □

2.5. Questions on unstably real automorphisms. Up to conjugacy, the only
examples of unstably real mappings that we know of are real automorphisms
with maximal entropy htoppf |R2q “ htoppfq. In particular they are stably real
as well.

Question 2.15.

(1) Is every unstably real automorphism conjugate to a real automorphism
with maximal entropy?

(2) If f is unstably real, then is Jacpfq real?
(3) Assume that all unstable multipliers of f are real, then is f unstably

real?

The second question is a weak form of the first one. We refer to [31] for a
positive answer to the third question in dimension 1.

2.6. Comments on other affine surfaces. Consider the affine surface S “

Cˆ ˆ Cˆ, i.e. the complex multiplicative group of dimension 2. The group
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GL2pZq acts by automorphisms on S: ifM “ p a bc d q P GL2pZq, the correspond-
ing automorphism is fM : px, yq ÞÑ pxayb, xcydq. Then, fM is loxodromic if
and only if M has an eigenvalue λ with |λ| ą 1 (the second eigenvalue is
detpMq{λ, and detpMq “ ˘1). Such a loxodromic monomial automorphism
has positive entropy, preserves a pair of holomorphic foliations, and has a Julia
set which is a real analytic surface, namely tpx, yq ; |x| “ 1 “ |y|u. A simi-
lar example is obtained by looking at the Cayley cubic surface S{η, where
ηpx, yq “ p1{x, 1{yq (see [18, 20]). Thus, Theorems B and C do not extend
directly to arbitrary affine surface. Following the arguments presented in this
article in view of such a generalization, the main missing input to character-
ize unstably linear automorphims of affine surfaces would be a version of the
Bedford-Kim theorem on multipliers of fixed points (Proposition 6.1 in [4]).

Question 2.16. Let f be an automorphism of a complex affine surfaceX , with
first dynamical degree λ1pfq ą 1. Assume that for every sadlle periodic point,
except finitely many of them, the unstable multiplier λup is equal to ˘λ1pfqn,
where n is the period of p. Is X isomorphic to Cˆ ˆ Cˆ or its quotient by
px, yq ÞÑ p1{x, 1{yq?

3. RECTIFIABLE JULIA SETS

Examples of automorphisms such that J`
Γ is locally a curve include pertur-

bations of 1-dimensional hyperbolic polynomials with quasi-circle Julia sets.
Here we push the techniques of the previous section one step further to show
the following result (see Section 3.4.1 for an introduction to rectifiability).

Theorem 3.1. Let f P AutpC2q be a loxodromic automorphism. If Γ is a
transversal to J`, then J`

Γ is not a rectifiable curve.

Since a Jordan arc has finite 1-dimensional measure if and only if it is rec-
tifiable (see e.g. [32, Lem. 3.2]), we obtain the following corollary.

Corollary 3.2. If Γ is a transversal to J` such that J`
Γ is a Jordan arc, then

its 1-dimensional Hausdorff measure is infinite.

This generalizes some results of Hamilton [42] in 1-dimensional dynamics
to plane polynomial automorphisms. In dimension 1, a deeper result states that
if a polynomial Julia set is not totally disconnected, then either it is smooth (a
circle or an interval) or its Hausdorff dimension is greater than 1. In the con-
nected case, this follows from Zdunik’s results in [67] together with Makarov’s
celebrated theorem [52] on the dimension of plane harmonic measure; the gen-
eral case is established by Przytycki and Zdunik in [59]. In our setting, one
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may expect that such an alternative holds for unstable slices (except that, as
we saw, smooth examples do not exist).

3.1. An extension of Proposition 2.2. Recall that a subset F Ă R2 has a
(geometric) tangent at x if for every θ ą 0 there exists r ą 0 such that F X

Bpx, rq is contained in a (two-sided) angular sector of width θ. This notion is
invariant under diffeomorphisms so it makes sense on any real surface. The
first step is a generalization of Proposition 2.2 (see also Remark 2.3).

Proposition 3.3. Let f P AutpC2q be a loxodromic automorphism. Let Γ be
a transversal to J`. If J`

Γ admits a tangent on a set of positive T` ^ rΓs-
measure, then f is unstably real.

Before starting the proof, let us fix some vocabulary. Since the canonical
measure µ “ µf “ T` ^ T´ is hyperbolic, by Pesin’s theory, µ-almost ev-
ery point admits a stable and an unstable manifold, biholomorphic to C (see
e.g. [7] for details). We choose a measurable family of unstable parametriza-
tions ψux : C Ñ W upxq, normalized by

ψuxp0q “ x and }pψuxq
1
p0q} “ 1. (3.1)

In these parametrizations, f acts linearly. We say that W upxq has size r at x
if it is a graph of slope at most 1 over the disk of radius r in Eupxq relative
to the orthogonal projection π from C2 to Eupxq. Then the Koebe distortion
theorem gives universal bounds on the distortion of π˝ψux on any disk of radius
ă r{4 (see [14, Lem. 3.7]). We denote by W u

r pxq the connected component of
W upxq X Bpx, rq containing x, and by eupxq a unit vector tangent to W upxq

at x.

Proof.
Step 1: an intermediate case.– In a first stage, we assume that for some µ-
generic x (that is, satisfying a finite number of full measure conditions to be
made clear below), pψuxq´1

`

J`

Wupxq

˘

has a tangent at x. We claim that f is
unstably real.

Indeed, set Ipxq “ pψuxq´1
`

J`

Wupxq

˘

, fix some ρ ą 0, and let Apxq Ă N

be the set of integers n such that W upfnpxqq has size at least ρ at fnpxq. For
generic x and sufficiently small ρ, the lower density of Apxq in N is arbitrary
close to 1. Fix such a ρ, and assume furthermore that }dfnx peupxqq} tends to
infinity, which again is a generic property.

Viewed in the unstable parametrizations, fn acts linearly; so, by the normal-
ization (3.1), it maps a disk of radius r in pψuxq´1pW upxqq to a disk of radius
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}dfnx peupxqq}r in pψufnpxq
q´1pW u

fnpxq
q. Thus, if Ipxq has a tangent at x, it fol-

lows that for every θ ą 0 and large enough n, Ipfnpxqq XDp0; ρq is contained
in an angular sector Sn of width θ.

Since Apxq has positive density, we may fix a subsequence nj in Apxq such
that fnjpxq converges to a Pesin generic point x0, whose unstable manifold has
size 4ρ1, with ρ1 ă ρ{4 and W u

ρ1pfnjpxqq converges in the C1 sense to W u
ρ1px0q.

Choose local coordinates pξ, ηq P Dp0, ρ1q2 such that W u
2ρ1px0q X Dp0, ρ1q2 “

tη “ 0u and W u
2ρ1pfnjpxqq X Dp0, ρ1q2 is a graph over the first coordinate,

and denote by π : pξ, ηq ÞÑ ξ the first projection. As explained above, since
nj P Apxq, by the Koebe distortion theorem, pπ ˝ ψu

fnj pxq
q is a sequence

of univalent mappings in some fixed disk, say Dp0, ρ1{10q. Upon extrac-
tion we may assume that it converges to some univalent holomorphic map
γ : Dp0, ρ1{10q Ñ Dp0, ρ1q, and extracting further if necessary, the images of
sectors π ˝ ψu

fnj pxq
pSnj

q converge to the analytic curve γpeiθRq. Exactly as in
Proposition 2.2, the lower semicontinuity of Γ ÞÑ J`

Γ implies that this limit
curve is unique: if not, we would get at point of J`

ty“0u
outside γpeiθRq, which

would prevent J`

Wu
ρ1{10

pfnj pxqq
to be contained in an arbitrary small angular sec-

tor for large j. Hence, J`

Wu
ρ1{10

px0q
is contained in a smooth curve, and since

W u
ρ1{10px0q is a transversal to J` we conclude from Proposition 2.2 that f is

unstably real.
For further reference, let us record a mild generalization of what we just

proved, where we incorporate an additional inclination lemma argument.

Lemma 3.4. Let ν be a hyperbolic, ergodic, f -invariant measure. There exists
a set E of full measure made of Pesin regular points, with the following prop-
erty. Let Γ be a transversal to J`, let x be an element of E , and assume that
for some sequence pnjq, fnjpxq converges to a point y P E. If J`

Γ admits a
tangent at a transverse intersection point t P W spxqXΓ, then pψuy q´1

`

J`

Wupyq
q

is a line.

Step 2: conclusion.– We first state a lemma which will be proven afterwards.

Lemma 3.5. Let Γ be any transversal to J`. For every subset A of full µf -
measure there exists E Ă Γ of full pT` ^ rΓsq-measure such that if t P E,
there exists x P A such that

– t P W spxq,
– W spxq intersects Γ transversally at t.
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Thus, if J`
Γ has a tangent at t for t in a set of positive pT` ^ rΓsq-measure,

applying Birkhoff’s theorem together with Lemma 3.4, we obtain that pψuy q´1
`

J`

Wupyq

˘

has a tangent at y for y in a set of total µf -measure. The conclusion then fol-
lows from the first step. □

Proof of Lemma 3.5. This is identical to [29, Lem. 3.3], except that the alge-
braic curveC in that lemma needs to be replaced by the transversal Γ. To adapt
the proof we make use of [9, Thm 3]: since

ş

T` ^ rΓs ą 0 and, reducing Γ

slightly if necessary, the trace measure σT` gives no mass to BΓ, the sequence
of currents d´nfn› rΓs converges to some positive multiple of T´. □

3.2. Proof of Theorem 3.1. Assume that for some transversal disk Γ, J`
Γ is a

rectifiable curve. We will show that f is unstably linear, which is impossible
by Theorem 2.7.

Let Ω Ă C be a domain. In what follows, we denote by ωpx,A,Ωq the
harmonic measure of a subset A Ă BΩ viewed from x in Ω. In all the cases
considered below, Ω will be a Jordan domain, and ωpx,A,Ωq is the value at x
of the solution of the Dirichlet problem in Ω with boundary value 1A. In other
words, if φ is a continuous function on BΩ and uφ is its harmonic extension
to Ω, then

ş

φpyqωpx, dy,Ωq “ uφpxq (see [39] for a detailed account). If ϕ :

Ω Ñ ϕpΩq is a biholomorphism that extends to a homeomorphism Ω Ñ ϕpΩq,
then ωpx,A,Ωq “ ωpϕpxq, ϕpAq, ϕpΩqq (conformal invariance).

Lemma 3.6. For any x0 P Γ such that G`px0q ą 0, there exists an open
subset Ω of Γ containing x0 whose boundary contains a relatively open subset
of the Jordan curve J`

Γ , an open subset U of Ω intersecting J`
Γ and a positive

constant c such that ωpx0, ¨,Ωq|UXJ`
Γ

ď c∆G`|U .

We provide below a proof of this lemma, which is certainly known to some
experts.

Let us complete the proof of the theorem. Since J`
Γ is a rectifiable curve, a

classical theorem of F. and M. Riesz asserts that the harmonic measure is mu-
tually absolutely continuous with the 1-dimensional Hausdorff measure H1

on J`
Γ (see [39, Thm VI.1.2]). In addition, J`

Γ admits a tangent at H1-almost
every point (this is due to Besicovitch, see [32, Thm 3.8] (4)). Thus, from
Lemma 3.6 and Proposition 3.3, we infer that for every saddle or Pesin generic
point p, pψup q´1pJ`

Wuppq
q is contained in a line. Furthermore, pψup q´1

`

J`

Wuppq

˘

has no compact component, for such a compact component would give rise to
4In [32], tangents are generally understood in a measurable sense (see § 3.4 below, but it is

clear that in Theorem 3.8 a geometric tangent is obtained.
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small components of J`
Γ under stable holonomy (see [25, Prop. 1.8]). There-

fore we conclude that pψup q´1
`

J`

Wuppq

˘

is a line, as asserted.

3.3. Proof of Lemma 3.6. To explain the idea, suppose for a moment that Γ
is a piece of unstable manifold of some saddle periodic point p. Since J`

Γ is a
rectifiable curve, pψup q´1

`

J`

Wuppq

˘

is a line that cuts C in two half-planes and
it follows from Lemma 2.4 that ∆pG` ˝ ψup q is proportional to the Lebesgue
measure on the line pψup q´1

`

J`

Wuppq

˘

. Now, if Ω is a domain with piecewise
smooth boundary intersecting pψup q´1

`

J`

Wuppq

˘

along a segment, then the har-
monic measure has a smooth density along this segment (see [39, §II.4], and
the result follows.

For a general transversal Γ we need a local and rectifiable version of this pic-
ture. Let Ω0 Ă Γ be a smoothly bounded simply connected domain containing
x0 such that Ω0 X J`

Γ is an arc separating Ω0 into two components; such a set
exists because J`

Γ is rectifiable. Let Ω be the component containing x0. Con-
sider a Riemann uniformization ϕ : H Ñ Ω that maps 8 outside J`

Γ . Since J`
Γ

is rectifiable, ϕ extends continuously to the boundary, and ϕ´1pJ`
Γ X BΩq “: I

is a segment of the real axis. Set G̃ “ G` ˝ ϕ. Since G̃ “ 0 on I , by Schwarz
reflexion, G̃ extends to a harmonic function across the interior IntpIq of I; the
extension is positive on one side and negative on the other side. Let ζ P IntpIq

be a point at which the differential of G̃ does not vanish. In some neighbor-
hood Ũ of ζ , the level sets

␣

G̃ “ ε
(

X Ũ , with ϵ ą 0, are graphs over the real
axis, converging in the C1 topology to Ũ X I as ε Ñ 0. We then shrink Ω as
in Figure 1 to insure that it coincides with ϕpŨq near ϕpζq.

Ω0

φ

x0

Ũ

φ−1(x0)

φ(Ũ)

{G̃ = ε}

I

ζ

Ω

FIGURE 1. Sets appearing in the proof of Lemma 3.6 (Ω is the
shaded region).
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Then, for small ε, the harmonic measure of
␣

G̃ “ ε
(

X Ũ viewed from
ϕ´1px0q is equivalent to the arclength measure on

␣

G̃ “ ε
(

X Ũ , and the
implied constants are uniform. Likewise, ∆pmaxpG̃, εqq is equivalent to the
arclength measure on

␣

G̃ “ ε
(

X Ũ , with uniform constants: indeed since G̃
is locally the imaginary part of a univalent holomorphic function, there is a
holomorphic coordinate z “ x ` iy in which maxpG̃, εq becomes maxpy, εq;
thus, its Laplacian is a multiple of the Lebesgue measure on ty “ εu and when
ε goes to 0, these measures converge to a measure supported on Ũ X I , which
is equivalent to Lebesgue measure, with uniform constants (see [39, Cor. 4.7
of Chapter II] for similar computations).

Now we transport this to Γ by ϕ. The conformal invariance of the Lapla-
cian and the harmonic measure shows that ∆pmaxpG`, εqq|ϕpŨXHq converges
to a measure equivalent to the harmonic measure ωpx0, ¨,Ωq on a piece of J`

Γ

(namely J`
Γ X ϕpŨq). On the other hand this limit is dominated by ∆G` (the

domination may be strict because we are considering only one side of the curve
andG` could be positive on the other side as well), and the result follows. □

3.4. Rectifiable curves vs rectifiable sets and measures. (5)

3.4.1. Rectifiable sets (see [32] for an introduction). A curve γ : r0, 1s Ñ X

drawn in a metric space is rectifiable if one of the following equivalent prop-
erties is satisfied: (a) there is a homeomorphism φ : r0, 1s Ñ r0, 1s such that
γ ˝ φ is Lipsccitz; (b) there is a uniform bound L such that

n´1
ÿ

i“0

distXpγptiq, γpti`1qq ď L (3.2)

for any finite sequence t0 “ 0 ă t1 ă ¨ ¨ ¨ ă tn “ 1. The supremum of
these sums is then equal to the length of γ. When X is a real vector space,
this means that the length of γ is the supremum of the lengths of the polyg-
onal approximations prγptiq, γpti`1qsqi. It is also equal to the 1-dimensional
Hausdorff measure H1pγpr0, 1sqq.

Now, let E be a subset of the place R2 “ C. One says that E is rectifiable
(6) if 0 ă H1pEq ă `8 and there exists an at most countable collection
of Lipschitz curves pCiqiPI such that H1 pEz

Ť

iPI Ciq “ 0. The following
properties are [32, Thm 3.14] and [32, Cor 3.10]:

5This section can be skipped on a first reading.
6Rectifable sets are called regular 1-sets in [32]. Here, we use the fact that regular 1-sets

are Y -sets up to subsets of H1-measure 0 (see [32], p. 33). And approximate tangents are just
called tangents in [32].
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(1) any compact connected subsetE Ă R2 with H1pEq ă 8 is rectifiable;
(2) if E is rectifiable, then at H1-almost every x P E there is an approxi-

mate tangent to E at x. That is, there exists a line L such that

lim
rÑ0

1

r
H1

ppE X Bpx, rqqzSpL, θqq “ 0 (3.3)

for every θ ą 0, where SpL, θq is the symetric angular sector of angle
θ about L.

Note that since E can be dense, we cannot expect to have a tangent in the
geometric sense.

3.4.2. Rectifiable measures (see e.g. [22, §4]). Closely related is the notion of
rectifiable measure. A positive measure m is rectifiable (or 1-rectifiable) if it
is of the form

m “ φH1|E, (3.4)

where E is rectifiable and φ : E Ñ R` is a Borel function.
To look at the local properties of such a measure, define τx,rpξq “ pξ´xq{r.

Then, for m-almost every x there is a line Lx Ă R2 and a constant cx ą 0

such that
1

r
pτx,rq›m ÝÑ cxH1|Lx (3.5)

weakly as r Ñ 0.

Remark 3.7. Observe that if cr ą 0 is any normalizing factor, chosen so that
crpτx,rq›m is a probability measure in some fixed neighborhood of 0, then
crpτx,rq›m Ñ c1

xH1|Lx for some positive c1
x.

3.4.3. Dynamical applications. Let f be a loxodromic automorphism of the
plane. By [7, Prop 3.2], for µf -almost every x, the unstable conditional µf p¨|W u

locpxqq

is induced by T`. That is,

µf p¨|W u
locpxqq “

T` ^ W u
locpxq

MpT` ^ W u
locpxqq

. (3.6)

The Hausdorff dimension of this conditional measure is µf -almost everywhere
equal to a constant denoted by dimu

pµf q. We also denote by χupµf q the posi-
tive Lyapunov exponent of µf , and recall Young’s formula:

dimu
pµf q “

log d

χupµf q
, (3.7)

where moreover logpdq “ hµpfq “ htoppfq. In particular, dimu
pµf q “ 1 if

and only if hµpfq “
ş

log
›

›Df |Eupxq

›

› dµf .
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Theorem 3.8. If f is a loxodromic automorphism of C2, then for µf -almost
every x, the unstable conditional µf p¨|W u

locpxqq is not a rectifiable measure.

The following consequence is in the spirit of the results of Przytycki and
Zdunik mentioned after Corollary 3.2.

Corollary 3.9. Let f be a loxodromic automorphism of C2. If the dynamics of
f is hyperbolic, |Jacpfq| ď 1, and the Julia set J is connected, then for every
x P J ,

dimHpJ X W u
locpxqq “ dimHpJ`

X W u
locpxqq ą 1.

Note that under these assumptions, by [11, Cor. A.3], f must actually be
dissipative.

Proof of Corollary 3.9. By hyperbolicity, we know that J X W u
locpxq “ J` X

W u
locpxq.
Since |Jacpfq| ď 1, f is unstably connected. Hence, by [11, Thm 3.5],

J X W u
locpxq has finitely many connected components, which are not points.

Thus
δu :“ dimHpJ X W u

locpxqq ě 1. (3.8)

Assume by contradiction that this unstable dimension δu equals 1. We now
rely on a few notions from thermodynamics formalism, for which we refer
to [57] and Chapter 20 of [48]. Following [57] (Appendix II and Section 22),
we denote by κu the equilibrium state associated to the geometric potential
φ “ ´ log

›

›Df |Eupxq

›

›. By definition, κu maximises the pressure

P pm, φq “ hmpfq `

ż

J

φ dm (3.9)

among all f -invariant probability measures m supported on J . By Ruelle’s
inequality, and Young’s Formula (3.6), the maximum is 0, and µf realizes this
maximum. Thus, by uniqueness of κu (see [48], Corollary 20.3.8), we have
µf “ κu, and the root of Bowen equation is tu “ 1 (see [57], Appendix II,
p. 106). Now, Theorem 22.1 of [57] implies that the unstable conditionals
µf p¨|J X W u

locpxqq have positive and locally integrable density with respect
to H1|JXWu

locpxq, thus they are rectifiable measures, and Theorem 3.8 yields a
contradiction. □

Proof of Theorem 3.8. Assume that µf p¨|W u
locpxqq is rectifiable for a set of

positive µf -measure. Since this property is f -invariant, by ergodicity this
holds for µf -almost every x. We will show that f is unstably linear, which is
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impossible by Theorem 2.7. For this, we reproduce Proposition 3.3 by keeping
track of the unstable conditionals.

Let x be Pesin-generic. Since f acts linearly in unstable parameterizations,
fn maps a disk of radius r in pψuxq´1pW upxqq to a disk of radius }dfnx peupxqq}r

in pψufnpxq
q´1pW u

fnpxq
q. Pick a subsequence pnjq such that W u

ρ pfnjpxqq con-
verges in the C1 sense to W u

ρ px0q for some generic x0. The invariance of µf
implies that pfnq›µf p¨|W u

locpxqq|Wu
locpfnpxqq is proportional to µf p¨|W u

locpf
npxqqq.

From Equation (3.5), the C1 convergence of unstable manifolds, and the con-
tinuity of the potential of T`, we get

µf p¨|W u
locpf

njpxqqq Ñ µf p¨|W u
locpx0qq (3.10)

as j goes to `8 (for this, we need to choose the radii of local unstable mani-
folds so that no mass is carried on the boundary).

By the rectifiability assumption, viewed in the unstable parameterizations
we have that

cnpψufnj pxq
q

´1
›

´

pfnjq›µf p¨|W u
locpxqq|Wu

locpfnj pxqq

¯

ÝÑ
jÑ8

cH1|L, (3.11)

where c ą 0, L is a line through 0 P C, and cn is a normalization constant
(which satisfies cn — dn due to the invariance property of T`, see Remark 3.7).

Fix local coordinates pξ, ηq such that W u
locpx0q “ tη “ 0u. For large nj ,

W u
locpf

njpxqq is a graph over the first coordinate. Then the Koebe distor-
tion theorem and the previous analysis show that SupppT` ^ rW u

locpx0qsq is a
smooth curve through the origin, and f is unstably linear, as asserted. □

4. INVARIANT HOLOMORPHIC FOLIATIONS

Let F be a foliation with complex leaves in some open set U Ă C2. We
allow F to have isolated singularities (see below). By definition, the leaf Fpqq

of F through a point q P U is reduced to tqu if q is a singularity, and otherwise
it is the leaf of the regular folitation defined by F in the complement of its
singularities. We say that a set S Ă C2 is subordinate to F in U if S X U

is not empty and is F-saturated, that is, for every q P S the leaf Fpqq of F
through q is also contained in S.

In this section we address the following question: is it possible that J` be
locally (resp. globally) subordinate to a holomorphic foliation? The case of
real analytic foliations will be considered in the next section.

4.1. Preliminary observations. Let us first gather a few general facts.
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Proposition 4.1. Let F be a continuous, regular foliation with complex leaves
in some connected open set U . The following properties are equivalent:

(a) the forward Julia set J` is subordinate to F in U ;
(b) for some saddle periodic point p, every holomorphic disk contained in

W sppq X U is contained in a leaf of F .

If these properties hold, then:

(1) in U , each of the three sets in the partition IntpK`q Y J` Y C2zK` is
F-saturated;

(2) F is f -invariant in the following sense: if x P J` X U and some iterate
fm of f maps x to another point x1 “ fmpxq of U , then fm maps the leaf
Fpxq to the leaf Fpx1q (as germs of Riemann surfaces).

Proof. Assume that J` is subordinate to F in U . Since W sppq is dense in
J`, it intersects U . Let L Ă W sppq X U be a holomorphic disk. Then L is
contained in a leaf of F , since otherwise its F-saturation

FpLq “
ď

qPL

Fpqq (4.1)

would have non-empty interior and be contained in J`, a contradiction. Con-
versely, assume thatW sppqXU is subordinate to F . Let q be a point of J` XU

and let U 1 be a flow box for F around q. By density of W sppq, the plaque L
through q is approximated in the C1 topology by plaques contained in W sppq.
Since J` is closed, L is contained in J`, as asserted.

For Assertion (1), we observe that if a leaf F in U intersects IntpK`q then
it cannot meet C2zK`, otherwise it would intersect J`, and be entirely con-
tained in it. For Assertion (2), note that, if fmpFpxqq were not contained in a
leaf, then its saturation, as in Equation (4.1), would produce an open subset of
J`. □

Proposition 4.2. Assume that, in the connected open set U , J` is subordinate
to a continuous foliation F by complex leaves. Then,

(1) the current T` is uniformly laminar in U , the laminar structure of T` is
subordinate to F , and T`|U is induced by a transverse measure on F;

(2) if Γ Ă U is a disk that is transverse to F , the transverse measure is given
by

T`
^ rΓs “ ∆pG`|Γq;

(3) if Γ1 is another disk transverse to F , the F-holonomy h : Γ Ñ Γ1 maps (on
its domain of definition) the measure T` ^ rΓs to the measure T` ^ rΓ1s.
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Proof. This is a version of [7, §8-9] in a simpler context. Shrinking U , we
may assume that U is biholomorphic to D2, with coordinates pz, wq, and for
U 1 Ă U intersecting J`, every leaf of F intersecting U 1 is a vertical disk in
U . We already know that the current T` is laminar (in a weak sense) and its
support equals J`. Moreover, by construction (see [7]), the disks constituting
its laminar structure are limits of (pieces of) stable manifolds. Since these
stable pieces are leaves of F , the asserted properties follow. □

4.2. No invariant global holomorphic foliation. In this subsection, we prove
the holomorphic version of Theorem B, which is an extension of Brunella’s
theorem [15, Corollary] to arbitrary (transcendental) foliations.

Theorem 4.3. A loxodromic automorphism f P AutpC2q does not preserve
any global singular holomorphic foliation.

We start with a lemma which is a variation on Proposition 4.1, Assertion (2),
when F is a global holomorphic foliation.

Lemma 4.4. Let F be a global, possibly singular, holomorphic foliation of
C2. If J` is subordinate to F in some open subset, then F is f -invariant.
Conversely, if F is f -invariant, then J` or J´ is subordinate to F .

Proof. Since there are infinitely many saddle periodic points in the compact
set J› and the singularities of F are isolated, there is a saddle periodic point
p that is not a singularity of F . Let n be its period. As observed in Proposi-
tion 4.1, the stable manifoldW sppq is a leaf of F , and so is the stable manifold
W spfppqq. Thus, W sppq is a common leaf of the foliations f˚F and F . Now,
observe that W sppq is dense for the complex analytic Zariski topology: this
follows from the fact that J` “ W sppq carries a unique closed positive cur-
rent which gives no mass to curves (see [37]). So we deduce that f˚F “ F .

For the converse, since F is f -invariant, Fppq is fn-invariant. But then,
Fppq must coincide with W sppq or W uppq near p, and by density of W sppq

in J` (resp. of W uppq in J´), we conclude that J` or J´ is subordinate to
F . □

Remark 4.5. In Theorem 5.6 below, we prove that J` is dense for the real-
analytic topology. It follows that the previous result holds for real-analytic
foliations with complex leaves (and possibly a locally finite singular set).

The key step in the proof of Theorem 4.3 is to compare the alleged invariant
foliation with the canonical f -invariant holomorphic foliation F` of C2zK`,
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given near infinity by the level sets of the Böttcher function φ` (see [43, §5]).
Recall that φ` is defined near infinity in C2zK` by

φ`
“ lim

nÑ8
pfnq

1{dn (4.2)

for some appropriate branch of the pdnqth root; then, by construction, G` “

log |φ`| there.

Lemma 4.6. Let f P AutpC2q be a loxodromic automorphism. If J` is sub-
ordinate to a holomorphic foliation F in some connected open set U then F
coincides with F` in UzK`.

Proof. In C2zK`,G` is positive and pluriharmonic, and each level set tG` “ cu,
c ą 0, admits a unique foliation by Riemann surfaces, given by F`; more pre-
cisely, if x belongs to tG` “ cu then the local leaf of F` through x is the
unique local Riemann surface in tG` “ cu containing x.

By analytic continuation it is enough to prove the result locally near J`.
Thus, shrinking U as in Proposition 4.2 we may assume that U » D2, with co-
ordinates pz, wq, the leaves of F are the disks tz “ Cstu, and Γ is a horizontal
disk. The current T` is uniformly laminar in U , and its transverse measure is
given by ∆pG`|Γ1q for any horizontal disk Γ1 of D2. Fix such a disk Γ1 and
let h : Γ Ñ Γ1 be the holonomy along F . Then h›pT` ^ rΓsq “ T` ^ rΓ1s

and h is holomorphic, thus HΓ1 :“ G`|Γ ´ G`|Γ1 ˝ h is a harmonic function
on Γ. Since J` is subordinate to F , HΓ1 vanishes on the infinite set J` X Γ,
so either HΓ1 vanishes identically on the disk Γ or tHΓ1 “ 0u is a real analytic
curve containing J` X Γ.

If HΓ1 vanishes identically for all Γ1 (or equivalently, for a dense set of
horizontals Γ1), then G` is invariant under holonomy, F coincides with F`,
and we are done.

Thus, we can assume that tHΓ1 “ 0u is a curve for a non-empty and open set
of horizontal disks Γ1. The intersection of these curves as Γ1 varies determines
a real analytic curve C in Γ (it can not be reduced to a finite set because
J` X Γ is infinite). If this curve contains a point x where G`pxq ą 0, then by
definition of C, the level set tG` “ G`pxqu contains the leaf of F through x,
so this leaf must coincide with the leaf of F`. Changing x in nearby points
x1 P C we see that F and F` have infinitely many leaves in common. Thus,
F coincides locally with F` in this case. Otherwise, G` ” 0 on the curve C
and we must have J`

Γ “ J` X Γ “ K` X Γ “ C. Indeed since F preserves
IntpK`q (Proposition 4.1), ΓX IntpK`q “ H, for otherwise C would contain
an open set. So J` XΓ “ K` XΓ. Then, since J` is locally foliated, J` XΓ
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must have empty interior, hence J`
Γ “ J` XΓ (see § 2.1). Thus, f is unstably

linear, which is impossible by Theorem 2.7. □

Proof of Theorem 4.3. Denote by F such a hypothetical invariant foliation. By
Lemma 4.4, replacing f by f´1 if needed, J` is subordinate to F . Hence by
Lemma 4.6, F coincides with F` outside K`. On the other hand, by [25,
Lem. 3.5], F` extends to a singular foliation of P2 by adding the line at
infinity as a leaf. Thus, F extends to a global singular holomorphic foliation
of P2. Such a foliation is automatically defined by a global algebraic 1-form,
hence this contradicts Brunella’s theorem and we are done. □

4.3. Local subordination. For the question of local subordination of J˘ to
a holomorphic foliation, we only have partial answers.

Proposition 4.7. Let f be a loxodromic automorphism such that J` is sub-
ordinate to a holomorphic foliation in some open set U . Then f is unstably
connected. In particular J is connected and |Jacpfq| ď 1.

Corollary 4.8. If |Jacpfq| ă 1, J´ is not locally subordinate to a holomorphic
foliation.

Proof of the corollary. Indeed, by [10], a dissipative automorphism is not sta-
bly connected. □

Proof of Proposition 4.7. By Lemma 4.6, F coincides with F` outside K`.
Consider a flow box of F intersecting J`, together with a holomorphic transver-
sal disk Γ to this flow box.

We claim that G`|Γ has no critical points in Γ X pC2zK`q. Indeed, for
every x P ΓzK`, some iterate fnpxq belongs to the region V ` where φ` is
well-defined and defines a non-singular fibration. Since F` is transverse to
Γ, there is a neighborhood N of x in Γ such that φ`|fnpNq is univalent, hence
G`|fnpNq has no critical points, and our claim follows by invariance.

We now rely on the results of [10]. Lemma 4.9 below implies that f is
unstably connected. The remaining conclusions respectively follow from [10,
Thm 5.1] and the fact that a volume expanding automorphism is never unstably
connected, as follows from Theorem 7.3 and Corollary 7.4 in [10]. □

Lemma 4.9. If Γ is a transversal to J` such that G`|Γ has no critical points,
then f is unstably connected.

Proof. This is a mild generalization of some results of [10]. Assume by way
of contradiction that f is unstably disconnected. Fix a transverse intersection
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point of W sppq and Γ. Iterating Γ forward and applying the inclination lemma
and the continuity of G`, as in the proof of [25, Prop. 1.8], we construct
arbitrary many compact components of K` X Γ. None of these components
is isolated. Indeed, otherwise f would be transversely connected in the sense
of [25, Def. 1.5] hence unstably connected, by [25, Prop. 1.8]. But then, we
obtain a contradiction with Lemma 7.2 in [10] (7). □

Proposition 4.10. Let f be a loxodromic automorphism such that |Jacpfq| ă

1 and IntpK`q is either empty or a union of sink and parabolic basins. Then
J` cannot be subordinate to a holomorphic foliation in a neighborhood of J›.

Proof. The closing lemma of [27] (see Corollary 1.2 there) shows that the
orbit of every point of J` accumulates J›. So, by pulling back, F extends to
a holomorphic foliation on a neighborhood of J`. (Note that if x P J` and
n1, n2 are such that fnipxq are close to J›, then the local foliations obtained by
pulling back under fn1 and fn2 coincide, because they coincide on J›.) Thus
by Lemma 4.6, one can extend F holomorphically by F` to C2zK`.

Let now Ω be a component of IntpK`q. A first possibility is that Ω is the
basin of some attracting periodic point a. Since the domain of definition of
F contains a neighborhood of BΩ, by pulling back we see that F extends to
an invariant holomorphic foliation of Ωz tau, hence by the Hartogs’ extension
theorem F extends to a singular holomorphic foliation of Ω.(8) If Ω is the basin
of a semi-parabolic periodic point q, since p P J›, F is well defined in some
neighborhood of q, and again pulling back extends F to Ω. Altogether, we
have constructed an extension of F to C2, and we conclude by Theorem 4.3.

□

Remark 4.11. The only known examples for which J` is locally laminated
by stable manifolds near J› are hyperbolic maps or maps with a dominated
splitting on J›. For hyperbolic maps the assumption on IntpK`q holds by [8].
For maps with a dominated splitting on J› (with the additional hypothesis that
|Jacpfq| ă 1{pdegpfqq2), it follows from the structure theorem of Lyubich-
Peters [50]. See [2, §2] for sufficient conditions for hyperbolicity based on
the laminarity properties of J˘. Thus it is very plausible that the assumption

7This lemma is stated for an unstable manifold, but the proof evidently works in any
transversal.

8More precisely, on a small neighborhood of a, the foliation is defined by a line field
z ÞÑ Lpzq. Denoting by ℓpzq the slope of Lpzq, we obtain a meromorphic function ℓ on a
small neighborhood of a. By Levi’s extension theorem [56, p. 133], this function extends to a
meromorphic function on some neighborhood of a.
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that IntpK`q is a union of sink and parabolic basins is superfluous in Propo-
sition 4.10.

5. REAL-ANALYTIC FOLIATIONS

In this section we study the situation where J` is locally or globally subor-
dinate to a real-analytic foliation with complex leaves.

5.1. Proof of Theorem B. Recall the statement of Theorem B:

Theorem 5.1. Let f be a loxodromic automorphism of C2. Then J` is not
subordinate to a global real-analytic foliation (with a possibly locally finite
singular set).

The proofs goes by showing that J` is locally subordinate to a holomorphic
foliation near J›, which requires separate arguments in the unstably real and
non unstably real cases. Altogether, the theorem is a consequence of Theo-
rem 4.3, Corollary 5.3 and Proposition 5.5. The argument also implies that
Proposition 4.10 holds in the real-analytic case.

Proposition 5.2. Let f be a loxodromic automorphism of C2. Assume that

(i) f is not unstably real;
(ii) in some open set U intersecting J›, J` is subordinate to a real analytic

foliation F with complex leaves.

Then F is holomorphic and f is unstably connected.

Corollary 5.3. If f is a loxodromic automorphism which is not unstably real,
then J` cannot be subordinate to a global real analytic foliation with complex
leaves.

Proof of the corollary. By Proposition 5.2, F is holomorphic in a neighbor-
hood of J›. This property propagates to C2 by real analyticity, and Theo-
rem 4.3 finishes the proof. □

The proof of Proposition 5.2 relies on a variation on a well-known result
of Ghys [40]. The essence of Ghys’ argument is contained in the following
lemma.

Lemma 5.4. Let f be a loxodromic automorphism. Assume that in some open
set U intersecting J›, J` is subordinate to an f -invariant C1 foliation F with
complex leaves. Let p be a saddle periodic point in U and L be a leaf of F



RIGIDITY FOR POLYNOMIAL AUTOMORPHISMS OF C2 32

contained in W sppq. Let x, x1 be two points of L, τ and τ 1 be local holo-
morphic transversals to L, and hτ,τ 1 : pτ, xq Ñ pτ 1, x1q the germ of holonomy
along F . Then hτ,τ 1 is holomorphic at x.

Recall that the notion of invariance for a local foliation was explained in
Proposition 4.1, Assertion (2).

Proof of the lemma. Let k be the period of p. Fix a path γ in L X U joining
x and x1. For large enough n P kZ, fnpγq is contained in U and close to p.
By the inclination lemma, there are two disks Vn Ă τ and V 1

n Ă τ 1, containing
respectively x and x1, such that fnpVnq and fnpV 1

nq are close to W u
locppq. Then

the holonomy between fnpVnq and fnpV 1
nq is a C1 quasiconformal map whose

distortion is bounded by εn, with εn Ñ 0. Since f , τ and τ 1 are holomorphic,
it follows that the quasiconformal distortion of hτ,τ 1 in Vn is bounded by εn, so
by letting n tend to infinity we conclude that the distortion at x vanishes, that
is, hτ,τ 1 is holomorphic at x, as was to be shown. □

Proof of Proposition 5.2. By Proposition 4.1, if x and x1 belong to J` X U

and fn maps x to x1, then it must locally send Fpxq to Fpx1q. Let τ be some
transversal to F at x1. Since f is not unstably real, Proposition 2.2, shows that
the local F saturation of J`

τ is R-Zariski dense. Therefore we infer that F is
invariant (this is a real analytic version of Lemma 4.4).

To prove that F is holomorphic, we fix two holomorphic transversals τ , τ 1

in some flow box of F ; we have to show that the holonomy hτ,τ 1 between these
transversals is holomorphic. Fix a saddle point p P J› X U . Then W sppq X U

is dense in J` X U , so W sppq X τ is dense in J`
τ . By Lemma 5.4, hτ,τ 1 is

holomorphic at every such point. Since in addition J`
τ is R-Zariski dense in

τ , and hτ,τ 1 is real analytic, this entails that hτ,τ 1 is holomorphic everywhere.
Thus, F is holomorphic, and the unstable connectedness follows from Propo-
sition 4.7. □

In the unstably real case we readily get a contradiction.

Proposition 5.5. If f be a loxodromic automorphism which is unstably real,
then J` cannot be subordinate to a real analytic foliation F with complex
leaves in an open set U intersecting J›.

Proof. Let F be the alleged foliation and p be a saddle periodic point in U .
Since f is unstably real, J`

Wuppq
is contained in a real-analytic curve, therefore,

saturating by F , we deduce that J` is contained in a real-analytic hypersur-
face Σ, which must be Levi-flat. A classical theorem of Cartan [21] asserts that
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the Levi foliation of a real analytic Levi flat hypersurface locally extends to a
holomorphic foliation. Thus, in some neighborhood U of p, there is a holo-
morphic foliation F 1 extending F|Σ (which may not coincide with F), hence
J` is subordinate to F 1 in U . Then, Proposition 4.7 implies that f is unstably
connected, hence unstably linear, which is impossible by Theorem 2.7. □

5.2. An application. The idea underlying Proposition 5.5 leads to the follow-
ing result in the spirit of [4].

Theorem 5.6. Let f P AutpC2q be loxodromic. Then

(1) J` (resp. J´) is not contained in a proper real-analytic subvariety;
(2) the dimension of the R-Zariski closure of J› cannot be equal to 0, 1, or 3.

On the other hand, the R-Zariski closure of J› can be of dimension 2: this
happens for mappings with J› Ă R2 (or equivalently htoppf |R2q “ htoppfq)
and their conjugates. Therefore the R-Zariski closure of J› has dimension 2
or 4; it is easy to show that if one saddle point has a non-real stable or unsta-
ble eigenvalue, then it cannot be of dimension 2 (see below Propositions 6.5
and 6.6 for stronger results in this spirit). Thus, the second statement of the
theorem is an argument in favor of the implication “unstably real implies sta-
bly real” (see § 2.5).

Proof. Assume that J` is contained in a proper real-analytic subvariety V .
Only finitely many components of V intersect J›, so these components are
periodic and one of them has positive (not necessarily full) µf -measure9. Let
V1 be such a component. Since µf is hyperbolic, by Pesin theory, V1 contains
a flow box of positive measure Ls made of Pesin local stable manifolds. Since
Ls contains infinitely many holomorphic disks, it is R-Zariski dense in V1.
At every point x P Ls, since V1 contains a holomorphic disk through x, the
Levi form of V1 vanishes. By Zariski density, we conclude that V1 is Levi flat.
In addition, since TxW spxq ‘ TxW

upxq “ TxC
2 and V1 is smooth at xthe

intersection of V1 with a local unstable manifold W u
locpxq is contained in an

analytic curve, therefore f must be unstably real. Thus, Proposition 5.5 yields
the desired contradiction.

Now assume that the R-Zariski closure V of J› has dimension 3, and fix
a component V1 of V of dimension 3. By Zariski density, there is a saddle
point p together with an open subset U Q p such that J› X U Ă RegpV1q.
By the local fn-invariance of V1 at p, we see that either W s

locppq or W u
locppq is

9At this stage it could be that these components are strictly periodic, and intersect along a
2-dimensional subset which must be fixed because µf is mixing.
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contained in V1: indeed, if TpV1 does not contain the stable direction Esppq

(resp. the unstable direction Euppq), the Inclination Lemma shows that V1
contains W u

locppq (resp. W s
locppq). In this way we can find an R-Zariski dense

subset of V1 made of local unstable (resp. stable) manifoldsW u
locppq Ă V1, and

we complete the argument similarly as in the previous case.
To conclude, note that J› is infinite, so the dimension of its R-Zariski clo-

sure is ě 1. If its Zariski closure were a curve, a component of it would
be contained in the stable (or unstable) manifold of a saddle periodic point.
But then, this stable manifold would contain more than one periodic point, a
contradiction. □

6. HOMOCLINIC ORBITS AND THE ARGUMENTS OF PERIODIC POINT

MULTIPLIERS

In this section we extend to two dimensions a technical result which has
recently proven useful in certain multiplier rigidity results in dimension 1
(see [31, 46, 45]).

Theorem 6.1. Let f be a holomorphic diffeomorphism on a complex surface.
Assume that p is a saddle fixed point admitting a homoclinic intersection. Then
there exists a sequence of saddle periodic points pn of period n accumulat-
ing p, whose stable and unstable multipliers satisfy λsppnq „ cpλsppqqn and
λuppnq „ c1pλuppqqn for some c, c1 P C˚. Moreover, the sequence ppnq can be
chosen to be Zariski dense for the complex analytic topology

Recall that for a loxodromic automorphism of C2, every saddle periodic
point generates (transverse) homoclinic intersections (see [7, Thm. 9.6]).

Proof.
Step 1.– Horseshoes. By [28, Prop. 3.2], there is a point τ of transverse

intersection between W uppq and W sppq. If one adds tpu to the orbit of such a
point one gets a compact hyperbolic set Opτq Y tpu; and for any small enough
neighborhood V 1 of Opτq Y tpu, there exists a smaller neighborhood V such
that the invariant set

Λ “
č

nPZ

f´n
pV q (6.1)

is a hyperbolic set with positive entropy (see e.g. [60, §7.4.2]), which is locally
maximal by construction. We shall refer to it as a horseshoe Λ (adapted to τ ).
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Then for sufficiently large positive M , M 1,
␣

f´Mpτq, . . . , fM
1

pτq
(

is an ε-
pseudo-orbit, with ε “ Op|λu|

´M
` |λs|M

1

q, so by the Closing Lemma it is
shadowed by a unique periodic orbit of length M ` M 1 ` 1 contained in Λ.

Step 2.– Shadowing. As in the proof of Proposition 2.2, we consider local
holomorphic coordinates px, yq near p in which p “ p0, 0q and f is of the form

fpx, yq “ pλuxp1 ` xyg1px, yqq, λsyp1 ` xyg2px, yqqq . (2.3)

In these coordinates, the axes coincide with the local unstable and stable man-
ifolds. Renormalizing if needed, we assume that these coordinates are well
defined over the unit bidisk D2.

From Step 1, there is a point τ0 “ px0, 0q P W u
locppq, with x0 ‰ 0, a

neighborhood U of x0 in C, and an integer k ě 1 such that the piece of
unstable manifold fkpU ˆ t0uq

– intersects W s
locppq “ tx “ 0u transversally at fkpτ0q “ p0, y0q P D2,

with y0 ‰ 0, and
– is a graph (relative to the first coordinate) over some neighborhood of

the origin.

If we fix a small neighborhood V 2 of
␣

fpτ0q, . . . , f
k´1pτ0q

(

and put V 1 “

D2 Y V 2, the first step shows that, for every large enough N , there is a unique
saddle periodic orbit, of length n :“ 2N ` k, shadowing

f´N
pτ0q, . . . , τ0, . . . , f

k
pτ0q, . . . , f

k`N´1
pτ0q. (6.2)

We label this periodic orbit by q´N , . . ., q0, . . ., qN´1, . . ., qN`k´1 in such a
way that q´N , . . ., qN are in D2, q´N is close to fkpτ0q, q0 is close to the origin,
and qN is close to τ0. The period of q0 is equal to 2N ` k.

At the end of the proof, for a given large n, if n of the form 2N ` k (that
is n ” k mod. 2) we shall set, pn “ q0 where q0 is as above; otherwise, for
n of the form 2N ` k ` 1, the reader can reproduce the same proof with the
pseudo-orbit f´N`1pτ0q, . . . , τ0, . . . , f

k`N´1pτ0q.
Step 3.– Estimating the multiplier. In the following we study the action of

f on tangent vectors in D2 which are close to the horizontal direction. These
vectors will be written as v “ νp1,mq, where ν P C˚ and m P C is the
complex slope. In particular,

dfkτ0p1, 0q “ ν0p1,mq (6.3)
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for some ν0 P C˚, where p1,mq is tangent to fkpU ˆ t0uq at fkpτ0q. In other
words, if we write fk “ ppfkq1, pf

kq2q, ν0 is given by the partial derivative10

ν0 “
Bpfkq1

Bx
px0, 0q.

We will complete the proof of the theorem by establishing the following more
precise lemma. The estimate for λspq0q is obtained in the same way.

Lemma 6.2. The unstable multiplier of q0 satisfies

λupq0q “ ν0pλ
u
ppqq

2N
p1 ` OpθNqq

for some θ ă 1.

Note that if instead of the pair pτ0, f
kpτ0qq we choose pf ℓpτ0q, f

k`ℓ1

pτ0qq,
then, as soon as these points remain in D2, the same result holds with ν0 re-
placed by ν0pλuppqqℓ

1´ℓ and pλuppqq2N replaced by pλuppqq2N`ℓ´ℓ1 .

Proof. For ´N ď j ď N , we single out the unit vector eupqjq “ p1,mjq as a
complex tangent vector to the unstable direction of qj , and write

dfqjpe
u
pqjqq “ µje

u
pqj`1q and dfkpeupqNqq “ νeupq´Nq. (6.4)

These quantities depend on N but we don’t mark this dependence for nota-
tional simplicity. With these conventions, the unstable multiplier at q0 is

λupq0q “

˜

N´1
ź

j“´N

µj

¸

ˆ ν. (6.5)

In terms of partial derivatives, we have

µj “
Bf1
Bx

pqjq ` mj
Bf1
By

pqjq. (6.6)

From Equation (2.3) we get

Bf1
Bx

px, yq “ λuppq p1 ` xyh1px, yqq and
Bf1
By

px, yq “ λuppqx2h2px, yq,

(6.7)
where h1 and h2 are holomorphic. Thus,

µj “ λuppq
`

1 ` xjyjh1pxj, yjq ` x2jmjh2pxj, yjq
˘

, where qj “ pxj, yjq.

(6.8)

10This quantity is intrinsic in the sense that it takes the same value in any system of coor-
dinates px, yq in which f is of the form (2.3). This can be shown by a direct calculation, but it
also follows a posteriori from Lemma 6.2.
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Since q0 admits N ´ 1 forward iterates and N backward iterates in D2, we
obtain the estimates

|xj| “ OpθN´j
q and |yj| “ OpθN`j

q (6.9)

for ´N ď j ď N and some θ ă 1 (any θ ą maxp|λsppq| , |pλuppqq´1|q will
do); in particular |xjyj| “ Opθ2Nq. When j ď 0 we also have

ˇ

ˇx2jmj

ˇ

ˇ “

Opθ2Nq.
It is known that on a compact hyperbolic set, the stable and unstable dis-

tributions are Hölder continuous (see [48, Thm 19.1.6]). Applying this result
to the horseshoe Λ, we deduce that when j ě 0 the slope mj of the unstable
direction at qj satisfies |mj| “ Op|yj|

α
q for some 0 ă α ď 1 and from this we

deduce that
ˇ

ˇx2jmj

ˇ

ˇ “ OpθαNq. Finally, we obtain
śN´1

j“´N µj

pλuppqq2N
“

N´1
ź

j“´N

p1 ` OpθαNqq “ 1 ` OpNθαNq. (6.10)

We conclude the proof by showing that ν is exponentially close to ν0. In-
deed, the precise form of the Anosov Closing Lemma given in [48, Cor. 6.4.17]
shows that qN is OpθNq close to τ0. Since the slope mN satisfies |mN | “

OpθαNq, we get
›

›dfkτ0p1, 0q ´ dfkqN p1,mNq
›

› “ OpθαNq, (6.11)

hence |ν ´ ν0| “ OpθαNq, and, replacing θ by some θ1 ą θα completes the
proof. □

Step 4.– Density. As said above, we choose pn “ q0 as above for each
n “ 2N ` k (resp. 2N ` k ´ 1). It remains to show that the points pn can be
chosen to be Zariski dense for the complex analytic topology.

Indeed, replacing pn (i.e. q0 above) by an appropriately chosen point in its
orbit (i.e. another qm), we can arrange that the (Euclidean) closure of ppnq con-
tains the whole negative orbit of τ0. Now assume for the sake of contradiction
that ppnq is contained in a complex analytic subvariety, which is decomposed
into irreducible components as V1 Y ¨ ¨ ¨ YVk. One of the Vi accumulates infin-
itely many points in tf´jpτq, j ě 0u, hence it contains them; therefore it must
locally coincide with W u

locppq. But since the pn are periodic, they cannot be
contained in an unstable manifold, which yields the desired contradiction. □

Remark 6.3. Since in our situation, the stable and unstable distributions of
the horseshoe are complex 1-dimensional, the bunching condition of [48, Thm
19.1.8] holds, so they are actually Lipschitz, and we could have chosen α “ 1
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in the above estimates. This shows that in Lemma 6.2, any θ ą maxp|λsppq| , |pλuppqq´1|q

is convenient.

Remark 6.4. If the complex analytic closure of P :“ tpn ; n ě 1u were a
curve, it would be an f -invariant, holomorphic curve. But a holomorphic dif-
feomorphism of a curve of infinite order has at most finitely many periodic
points, so only finitely many of the pn could be on that curve, a contradiction.
This gives a simple alternate proof that P is dense for the complex analytic
topology. Step 4, above, could also be proven along similar lines.

The following result will be used in the proof of Theorem A.

Proposition 6.5. Let f be a loxodromic automorphism of C2. If f has a saddle
periodic point p with non-real stable and unstable multipliers, then there is a
set of such periodic points which is dense for the real analytic topology.

Proof. Without loss of generality, assume that p is fixed. By [7], every saddle
point admits homoclinic intersections; furthermore, J`

Wuppq
is the closure of

homoclinic intersections (see [30, Lem. 5.1]). Since λuppq R R, f is not
unstably real, so J`

Wuppq
is not contained in a C1 curve. Likewise J´

W sppq
is

not contained in a C1 curve. For any transverse homoclinic intersection point
τ P W uppq X W sppq, by Theorem 6.1 we can construct a sequence of saddle
periodic points ppnq such that the closure of ppnq contains τ and λuppnq „

cpλuppqqn and λsppnq „ c1pλsppqqn. Thus, we have

- if argpλuppqq or argpλsppqq differs from ˘π
2
, then both λuppnq and λsppnq

are non-real for infinitely many n;
- otherwise, argpλuppqq “ επ

2
and argpλsppqq “ ε1 π

2
with ε and ε1 in t˘1u;

in particular, Jacpfq P R. Then it might a priori occur that λuppnq and
λsppnq are alternatively real, depending on the parity of n, so that exactly
one of them is always real; but such a case would imply Jacpfq R R, a
contradiction.

Altogether, we infer that λuppnq R R and λsppnq R R for all but at most
a proper periodic subsequence of indices n. Repeating this construction by
varying τ in W u

locppq and W s
locppq, we obtain a set of periodic points pn with

non-real multipliers that accumulates W u
locppq and W s

locppq on subsets which
are not contained in C1 curves.

To prove R-Zariski density, we apply this construction to a dense subset
of homoclinic intersections τj in J`

Wuppq
, getting for each j a sequence ppjnq,

and we denote by pqnq a sequence of saddle periodic points obtained from the
sequences ppjnq by a diagonal process, which accumulates all the τj .
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Assume first that V is a proper irreducible real-analytic subset containing
the qn. Then V contains a set of homoclinic points τ P W u

locppq (resp. W s
locppq)

which is not contained in a C1 curve, because J` X W u
locppq (resp. J´ X

W s
locppq) is not contained in such a curve. As in Remark 6.4, since none of the

qn belongs to W u
locppq Y W s

locppq we see that V properly contains W u
locppq Y

W s
locppq. In particular, dimpV q “ 3 and since TpW sppq ‘ TpW

uppq “ TpC
2,

V must be singular at p.
To conclude, we can apply the above construction at each of the qn instead of

p, getting periodic points qn,m with non-real multipliers accumulatingW u
locpqnq

and W s
locpqnq along subsets which are not contained in C1 curves. Let V “

V1 Y ¨ ¨ ¨ Y Vk be a proper real-analytic subset containing these points. Then
for one of the irreducible components, say V1, there exists an infinite family of
points qn, which is not contained in a C1 curve in both W u

locppq and W s
locppq,

and such that at each qn, V1 contains a set of homoclinic points in W u
locpqnq Y

W s
locpqnq which is not contained in a C1 curve in both W u

locpqnq and W s
locpqnq.

Therefore V1 has dimension 3 and is singular at each such qn. But the qn are not
contained in an analytic subset of dimension ď 2, so we get a contradiction.

□

Using Theorem 5.6 we get a version of Proposition 6.5 involving unstable
multipliers only.

Proposition 6.6. Let f be a loxodromic automorphism of C2. If f has a saddle
periodic point p with non-real unstable multiplier, then there is a R-Zariski
dense set of periodic points with the same property.

Proof. Arguing as in the previous proposition (and without taking stable eigen-
values into account) we can construct a sequence of saddle points (analogous
to the points qn,m from the previous proof), whose unstable multipliers are
non-real and whose R-Zariski closure has dimension at least 3. Let V be the
R-Zariski closure of the set of periodic points whose unstable multiplier is
non-real, and assume that dimRpV q “ 3. Note that by construction V con-
tains W uppq. The subvariety V is periodic, thus we can find an integer k ě 1

such that fkpV q “ V and fkppq “ p. By Theorem 5.6, J› is not contained
in V so there is a saddle periodic point q P J›zV . Fix t P W spqq X W uppq.
Since t P W uppq, t is in V , and since t P W spqq, fknptq converges toward q as
n goes to `8, hence q P V (because fkpV q “ V ), a contradiction. □
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7. REAL ANALYTIC CONJUGACIES

In this section, we prove Theorem A in the following slightly more precise
form.

Theorem 7.1. Suppose φ : C2 Ñ C2 is a real analytic conjugacy between
two loxodromic automorphisms f , g P AutpC2q. Assume that there exists a
saddle periodic point of f at which both stable and unstable multipliers are
not real. Then φ is a polynomial automorphism of C2, or the composition of
an automorphism with the complex conjugation px, yq ÞÑ px, yq.

Before starting the proof, let us make a few preliminary observations, which
do not depend on the assumption that there is a saddle point with non-real
eigenvalues. If p is a saddle fixed point of f then q “ φppq is a saddle fixed
point of g. Let ψf : C Ñ C2 be a parametrization of the stable manifold of f
at p, and let ψg : C Ñ C2 be a parametrization of the stable manifold of g at
q. Then φ ˝ ψf “ ψg ˝ rφ for some real analytic diffeomorphism rφ : C Ñ C,
ζ ÞÑ rφpζq, with rφp0q “ 0. Note that rφ is completely determined by its
restriction to a small neighborhood of the origin. Denote by λsp (resp. λsq) the
eigenvalue of dfp (resp. dgq) along the stable direction.

Lemma 7.2. Suppose φ : C2 Ñ C2 is a real analytic conjugacy between two
loxodromic automorphisms f , g P AutpC2q. With the above notation, we have
that:

(1) rφ is R-linear;
(2) either λsq “ λsp or λsq “ λsp, and in the latter case, rφ reverses the orienta-

tion of C;
(3) if λsp (or equivalently λsq) is not real, then either rφpζq “ αζ and λsq “ λsp

or rφpζq “ αζ and λsq “ λsp, where α is some nonzero complex number.

Proof. To see this, it suffices to write the Taylor expansion of rφpζq near the
origin as

ř

k,ℓ ak,ℓζ
kζ

ℓ
and write that rφ conjugates ζ ÞÑ λspζ to ζ ÞÑ λsqζ , which

gives a relation of the form
8
ÿ

k,ℓ“1

ak,ℓpλ
s
pq
k
`

λsp
˘ℓ
ζkζ

ℓ
“ λsq

8
ÿ

k,ℓ“1

ak,ℓζ
kζ

ℓ
. (7.1)

Equating the coefficients we first infer that

a1,0
`

λsp ´ λsq
˘

“ a0,1
`

λsp ´ λsq
˘

“ 0; (7.2)

hence, since rφ is a diffeormorphism, either λsp “ λsq or λsp “ λsq (or both). And
using that

ˇ

ˇλsp
ˇ

ˇ “
ˇ

ˇλsq
ˇ

ˇ ă 1, we obtain ak,ℓ “ 0 for k ` ℓ ą 1.
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Finally, if λsp is not real, then the R-linear map φ either commutes to ζ ÞÑ

λspζ and it is then C-linear or it conjugates ζ ÞÑ λspζ to ζ ÞÑ λspζ and it is then
the composition of a C-linear map with ζ ÞÑ ζ . This proves Assertion (3). In
other words, φ is holomorphic of antiholomorphic along the stable manifold
W s
p . □

Proof of Theorem 7.1. Since f has a saddle periodic point p with non-real sta-
ble and unstable multipliers, Proposition 6.5 provides an R-Zariski dense set
of such points. Therefore, from the previous lemma, we deduce that: either (a)
φ is holomorphic, or (b) φ is anti-holomorphic (since in these cases the dif-
ferential will be respectively C-linear or C-antilinear at on a R-Zariski dense
set) , or (c) there is a dense set of saddle periodic points pj for the real analytic
topology such that φ is holomorphic along W u

pi
and antiholomorphic along

W s
pi

or vice versa.
In case (a), we conclude with the Main Theorem of [19]. In case (b), com-

posing φ with the complex conjugation, we obtain a holomorphic conjugacy
φ between f and g. Again, the Main Theorem of [19] implies that φ is an
automorphism, as desired.

To complete the proof it remains to show that Case (c) leads to a contra-
diction. Denote by J the complex structure of C2 and by J1 the pull back of J

under φ. Then, exchanging the roles of the stable and unstable manifolds if
necessary, J1 coincides with J along W u

pi
and with ´J along W s

pi
, for a set of

saddle periodic points pi which is dense in C2 for the real analytic topology.
In particular for every such pi and every z P W s{uppiq, TzW s{uppiq is J and J1

invariant.
On the real tangent spaces TpiC

2 » R4, there is a plane on which J1v “ Jv

and another one on which J1v “ ´Jv. We claim that by density, this property
holds everywhere. To see this, we study the properties of J1J P EndpTzC

2q.
Observe that for ε “ ˘1 and v P TzC

2,

J1Jv “ εv ô Jv “ ´εJ1v ô J1v “ ´εJv ô JJ1v “ εv,

and in addition this property is invariant under J and J1, i.e. v satisfies it if
and only if Jv or J1v does. It follows that on an R-Zariski dense set of points
z P C2, the characteristic polynomial χzpXq of J1J is pX ´ 1q2pX ` 1q2; since
χzpXq depends analytically on z, this property holds everywhere. Likewise,
the minimal polynomial of J1J at each pi is pX ´ 1qpX ` 1q so again this
property holds everywhere. In this way, we obtain two distributions of planes
P˘pzq “ kerpJ1J ´ ˘ idq such that
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(a) TzC2 “ P´pzq ‘ P`pzq at each point z of C2,
(b) P´pzq and P`pzq are invariant under J and J1.

Furthermore, we claim that P´pzq “ TzW
u
pi

and P`pzq “ TzW
s
pi

as soon as z
is a point on W u

pi
or W s

pi
, respectively. Indeed, linear algebra shows that P´pzq

and P`pzq are the only JJ1- and J-invariant planes at z, so for z P W uppiq,
TzW

uppiq must be one of P´pzq or P`pzq (and likewise for W sppiq), and the
property follows by continuity.

These distributions of planes define two real analytic foliations, the leaves
of which are holomorphic. Indeed, if a k-dimensional distribution is not in-
tegrable, then there is an open set U in which there is a pair of vector fields
tangent to the distribution whose Lie bracket is everywhere transverse to the
distribution. Conversely, this property cannot be satisfied if there is a dense
set of points at which one can find a local submanifold of dimension k tangent
to the distribution. In the real-analytic case, to guarantee integrability, it is
enough to find such a set that is dense for the real-analytic topology11. Since
the W u

locppiq and W s
locppiq provide such local submanifolds, we conclude that

P´ and P` define two foliations F´ and F`. Since, by definition, P´ and P`

are J-invariant, the leaves are holomorphic.
This argument shows that f preserves two global real analytic foliations by

holomorphic curves, so that Theorem B completes the proof. □

8. MULTIPLIERS IN NUMBER FIELDS

8.1. Two criteria. Recall that the Lyapunov exponent of a saddle periodic
point p of period n, is by definition

χuppq “
1

n
log |λuppq| . (8.1)

We also denote by χupµf q the positive Lyapunov exponent of the unique mea-
sure of maximal entropy.

Huguin’s theorem [45] asserts that a rational map in P1pCq whose multipli-
ers lie in some fixed number field must be exceptional. Here we obtain two
partial generalizations of this result, under some –presumably superfluous–
additional assumptions.

11Let z ÞÑ P pzq Ă TzC
2 be a real analytic distribution of real planes. Given a real analytic

vector field z ÞÑ vpzq, its orthogonal projection vP pzq on P pzq for the standard euclidean
metric is also real analytic. In this way, we construct many real analytic vector fields which
are everywhere tangent to P . The integrability of P means that the Lie bracket of any pair of
such vector fields is again tangent to P . Thus, the integrability property propagates from any
R-Zariski dense subset to C2.
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Theorem 8.1. Let f P AutpC2q be a loxodromic automorphism. Assume that:

(1) f is uniformly hyperbolic;
(2) f admits two saddle periodic points with distinct Lyapunov exponents.

Then the unstable (resp. stable) multipliers of f cannot lie in a fixed number
field.

See below Proposition 8.9 for a sufficient condition for a hyperbolic auto-
morphism to satisfy Assumption (2).

Proof. Without loss of generality we work with unstable multipliers.
Step 1.– We first prove the result under the additional assumption:

(3) f is defined over a number field.

By this we mean that f is conjugated to a composition of Hénon maps with
algebraic coefficients.

Following [45], we argue by contradiction. Let L be a number field con-
taining the coefficients of f as well as all unstable multipliers. Let p be any
saddle periodic point. We will show that χupµf q “ χuppq, thereby contradict-
ing Assumption (2).

For this, let pqnq be the sequence provided by Theorem 6.1, associated to
some homoclinic intersection, which we assume moreover to be Zariski dense
by Remark 6.4. By a diagonal process (see e.g. [29, p. 3455]) we may extract a
subsequence pqnj

q that converges to the generic point for the Q-Zariski topol-
ogy. Without loss of generality rename pqnj

q into pqnq. Let Galpqnq be the
orbit of qn under the action of the absolute Galois group GalpQ{Lq. Yuan’s
arithmetic equidistribution theorem (see [66], and [49] for this application)
implies that the sequence of probability measures

µn :“
1

Galpqnq

ÿ

rPGalpqnq

δr (8.2)

converges to the equilibrium measure µf in the weak-‹ topology.
Since f is uniformly hyperbolic, the unstable line field is continuous along

J . For z P J , denote by }dfuz } the euclidean norm of dfzpeupzqq for any
unit vector eupzq tangent to the unstable direction at z; this does not depend
on the choice of eupzq. Then the map z ÞÑ log }dfuz } is continuous. For
any invariant measure ν, the average positive Lyapunov exponent is χupνq “
ş

log }dfuz }dνpzq. In particular, Yuan’s equidistribution theorem implies that
χupµnq Ñ χupµf q as n Ñ 8.
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Now, if we decompose µn as a sum of ergodic invariant measures along
periodic orbits, we see that all these periodic orbits are GalpQ{Lq-conjugate to
that of qn, so their multipliers are Galois conjugate as well. But by assumption
these multipliers lie in L so they are all equal and χupµnq “ χupqnq.

On the other hand, since λupqnq „ cλuppqn, it follows that χupqnq Ñ χuppq

as n Ñ 8. Altogether, we conclude that χuppq “ χupµf q, as asserted.

Step 2.– We treat the general case by using a specialization argument in the
style of [29, §5]. By [38], we may assume that f is a composition of complex
Hénon maps. By assumption at least one coefficient of f is transcendental. Let
R Ă C be the Q-algebra generated by the coefficients of f and f´1. Then,
there is an algebraic variety V defined over Q and a Zariski open subset S of
V such that K “ FracpRq is the function field of V and the elements of R
correspond to regular functions on S (we may assume S “ SpecpRq). In this
way, we may view f as a family over S, that is, for every s P S, by evaluating
the coefficients of f at s, we obtain a polynomial map fs on A2

s. By [29, Lem.
5.1], by replacing S by some Zariski open subset (still denoted by S), we may
assume that every fs is a polynomial automorphism of A2.

We actually view SpCq as a complex analytic variety endowed with its Eu-
clidean topology, so that fs is viewed as a polynomial automorphism of C2.
Then, there is a parameter b P SpCq (referred to as the base point) correspond-
ing to our initial automorphism f . By construction, tbu is Q-Zariski dense in
S, i.e. it corresponds to the generic point of S over Q. Let us suppose by
way of contradiction that there is a number field L containing all the unstable
multipliers of fb.

Lemma 8.2. Let pfsqsPS be such a family of automorphisms of C2, with b P

S being generic. Let qb be a saddle periodic point of fb, of period m. Let
N Ă S be a connected neighborhood of b in which the saddle periodic point
qb persists, i.e. qb extends as a holomorphic map s ÞÑ qs P C2 such that qs is
a saddle periodic point of fs of period m. If the unstable multiplier λupqbq is
algebraic, then the function s P N ÞÑ λupqsq P C is constant.

Note that this constancy propagates in a sense to the whole family fs (see
the proof of Proposition 8.6 below), but since the stable multiplier of q may be
transcendental, it may happen that qs bifurcates and ceases to be a saddle.

Assuming the lemma, we conclude the proof of the theorem as follows.
Since uniform hyperbolicity is an open property, there is a neighborhood N of
b such that
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– for s P N , fs remains hyperbolic, and
– the saddle points of fb can be followed holomorphically over N as

saddle points of fs.

For s P N , fs satisfies the assumptions (1) and (2) and all its unstable multi-
pliers belong to L. Choosing s P N X SpQq and applying the first step of the
proof to fs yields the desired contradiction. □

Proof of Lemma 8.2. To determine λupqsq, we first solve the equation fms pqsq “

qs and then do an extension of degree at most 2 to find the eigenvalues of
Dfms pqsq. Thus, λupqsq is algebraic over K (i.e. it is a branch of a multivalued
algebraic function on S). Let P pXq “

ř

k akX
k be a polynomial equation

with coefficients in R, of minimal degree, such that Pspλupqsqq “ 0 for all s
(where we write Ps “

ř

k akpsqXk). It is an irreducible polynomial over K.
By assumption, λupqbq is an algebraic number α. The equation Pspαq “ 0 is
an algebraic equation on S with coefficients in Q, namely

ř

k α
kakpsq “ 0,

and it is satisfied at the generic point b, hence it is satisfied everywhere. Thus,
P pαq “ 0, hence pX ´ αq is a factor of P , and P “ a1pX ´ αq since P is
irreducible. This implies that λupqsq “ α for all s P N . □

Theorem 8.3. Let f P AutpC2q be a loxodromic automorphism. Assume :

(1) f admits a saddle periodic point p such that χuppq ą χupµf q.

Then the unstable (resp. stable) multipliers of f cannot lie in a fixed number
field.

Remark 8.4. If f : P1pCq Ñ P1pCq is a non-exceptional rational map, a
result of Zdunik [68] guarantees that f admits repelling periodic points with
exponents greater than χupµf q. The contradiction in [45] is based on this
property.

Proof. Since χuppq ` χsppq “ log |Jacpfq| “ χupµf q ` χspµf q, Assump-
tion (1) implies

χsppq ă χspµf q ă 0 ă χupµf q ă χuppq. (8.3)

So changing f into f´1 replaces Assumption (1) by the equivalent inequality
χsppq ă χspµf q; this shows that the statements on the stable and unstable
multipliers are equivalent. Without loss of generality we show that the unstable
multipliers cannot lie in a fixed number field.

Step 1.– As for Theorem 8.1, we first prove the theorem under the additional
assumption:
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(2) f is defined over a number field.

The proof follows closely that of Theorem 8.1, the only difference being
that due to the lack of hyperbolicity, the unstable directions are a priori not
continuous, thus the function log }dfuz } migth be discontinuous, and we can-
not assert that χupµnq Ñ χupµf q as n Ñ 8. On the other hand, the upper
semi-continuity of Lyapunov exponents (12) shows that lim supnÑ8 χ

upµnq ď

χupµf q. But since χupµnq “ χuppq, by choosing p from the hypothesis (1), we
get the desired contradiction.

Step 2.– We use the same specialization formalism as in the proof of The-
orem 8.1, so we resume the notation from that proof. Again arguing by con-
tradiction, we assume that there is a number field L containing the unstable
multipliers of fb.

Lemma 8.5. There exists a neighborhood N of b in the parameter space S
such that any saddle periodic point qb of fb persists as a saddle point qs of fs
for all s P N .

Assuming this lemma for the moment, we complete the proof. By Lemma 8.2,
all unstable multipliers of saddle periodic points are constant in N , so they re-
main in L. We claim that the unstable Lyapunov exponent of the maximal
entropy measure also remains constant in N , so that assumption (1) stays sat-
isfied. Indeed, by [6, Thm 2], for any loxodromic automorphism g of dynam-
ical degree d, if SPern is any set of saddle periodic points of period n for g
such that #SPern „ dn, then

1

dn

ÿ

qPSPern

χupqq ÝÑ
nÑ8

χu pµgq . (8.4)

So if we fix such a set for fb, it persists in N , and (8.4) says that χupµfsq is
constant in N , as claimed. To conclude, we pick any parameter s P N XSpQq

and apply the first step to get the desired contradiction. □

The proof uses some basic facts from the stability theory of polynomial
automorphisms [30]. In particular we say that a holomorphic family pfλqλPΛ

of loxodromic automorphisms is weakly stable if its periodic points do not

12Recall the argument for upper-semicontinuity: for any invariant measure ν, the average
upper Lyapunov exponent χupνq is the limit of 1

k

ş

log
›

›Dfk
x

›

›dνpxq as k Ñ 8. Choosing a
submultiplicative norm and taking the limit along the subsequence k “ 2q realizes ν ÞÑ χupνq

as the limit of a decreasing sequence of continuous functions for the weak-* topology, hence
it is upper semi-continuous.
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bifurcate; equivalently, saddle points remain of saddle type and can thus be
followed holomorphically in the family.

Proof of Lemma 8.5. To ease notation set Jt “ |Jacpftq|. At the parameter b
we have χupµfbq ` χspµfbq “ logpJbq, hence χupµfbq ą logpJbq. Fix some
ε P R such that

0 ă 2ε ă χupµfbq ´ logpJbq. (8.5)
By Theorem A.1 (which is just a mild extension of [6]) we can construct a
family SPer`

“ SPer`
b of saddle periodic orbits which is dense in J›

b and for
every qb P SPer`

b , χupqbq ě χupµfbq ´ ε. Every q “ qb P SPer`
b persists as

a saddle point qt in some neighborhood N pqq of b, and by Lemma 8.2, χupqtq

is constant in N pqq, so χupqtq “ χupqbq ě χupµfbq ´ ε. On the other hand
χspqtq ` χupqtq “ logpJtq, thus from Equation (8.5) we get

χspqtq ď logpJtq ´ χupµfbq ` ε ď logpJtq ´ logpJbq ´ ε. (8.6)

From this we see that χspqtq remains negative on the open set tt ; logpJtq ă

logpJbq ` εu. This property holds in some neighborhood N of b, independent
of q, and we conclude that in N all periodic points from SPer` persist. Since
SPer`

b is dense in J›
b , by [30, Cor. 4.15], the family pftqtPN is weakly stable

and it follows from [30, Thm 4.2] that all saddle periodic points of fb persist
in N , as asserted.

There is actually a delicate point here: the results of [30] hold under the
assumption that the family pftq is substantial. This means that either

– all the members of the family are dissipative (i.e. Jt ă 1 for t P S),

or

– for any periodic point q, with eigenvalues α1, α2, there is no persistent
relation of the form αa1α

b
2 “ c on the parameter space S (a, b, c are any

complex numbers with |c| “ 1).

If |Jacpfbq| ă 1, by reducing N if necessary this property holds for every ft,
t P N and we are done. If |Jacpfbq| ą 1, we can simply apply the stability
results of [30] to the family pf´1

t q and we are done as well. On the other hand
if |Jacpfbq| “ 1, we cannot a priori guarantee that pftqtPN is substantial. This
assumption is used in [30] at exactly one point (see Lemma 4.11 there): as-
sume that ppnptqqně0 is a sequence of holomorphically moving saddle periodic
points, and qptq is a holomorphically moving periodic point which is a saddle
at some parameter t0 and such that pnptq Ñ qptq as n Ñ 8. We have to show
that qptq remains a saddle at all parameters. The substantiality assumption is
used in [30, Lem. 4.11] to exclude the possibility that the multipliers of qt both
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cross the unit circle at a parameter t for which |Jacpftq| “ 1. But in our sit-
uation, if there happens to be a persistent relation of the form αa1ptqαb2ptq “ c

between the multipliers of qptq, since near t0 the unstable multiplier (α1 say)
is constant by Lemma 8.2, so α2 is constant as well, and qptq remains a saddle
for all parameters. Thus in our case the substantiality assumption is useless,
and we are done. □

The proofs of Theorems 8.1 and 8.3 would be more natural if we were
directly able to show that the algebraicity of unstable mutipliers implies that f
is defined over Q (up to conjugacy). In [45] this corresponds to the first step
of the proof of the main theorem, which relies on McMullen’s theorem saying
that the unstable multipliers determine the conjugacy class of f up to finitely
many choices (see [54]). We obtain a partial result in this direction.

Proposition 8.6. Let f P AutpC2q be a loxodromic automorphism such that
all unstable multipliers of f are algebraic. Suppose that there is no non-trivial
weakly stable algebraic family through f . Then f is defined over a number
field.

Note that the non-existence of stable algebraic families is a key step in [54].
It is expected to hold in AutpC2q as well. Since here we only need the non-
existence of such a family passing through f , the approach is different from [45].

Proof (sketch). Normalize f as a product of Hénon mappings, and assume by
contradiction that f is not defined over Q. As in Theorems 8.1 and 8.3 we
construct a non-trivial algebraic family pftqtPS in which f “ fb corresponds to
a generic parameter. We claim that this family is weakly stable, which yields
the desired contradiction.

Indeed, for fb we consider the family of saddle periodic points SPer` given
by Theorem A.1 By Lemma 8.2, the unstable multiplier of the continuation
of any qb P SPer`

n is locally constant. In addition, exactly as in Lemma 8.5,
for large n0 we can construct a uniform neighborhood in which all points in
SPer`

n , n ě n0 persist as saddle points, depending only on the Jacobian. If
t P S is an arbitrary parameter, we can find a path joining b to t avoiding
the locus where the second multiplier hits the value 1 (see [16]), so qb can
be followed along that path, and we see that λupqbq is still an eigenvalue of
qt. However, it might be that qt is now a repelling or semi-repelling point.
We claim that Jacpftq is constant along the family and that this phenomenon
does not happen. Indeed if S Q t ÞÑ Jacpftq were not constant, then for some
parameter twe would have log |Jacpftq| ą χpµfbq`ε, and at such a parameter
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all the points of SPer`
n would have become repelling. But this is impossible

since by [6] the majority of periodic points of ft are saddles. So the Jacobian
is constant, and the points of SPer`

n , n ě n0 persist as saddles throughout the
family, which must then be weakly stable, as asserted. □

8.2. Examples. The assumptions of Theorems 8.1 and 8.3 can be checked on
certain perturbative examples. We illustrate this on the Hénon family but more
general close-to-degenerate examples could be considered. For d ě 2, let us
parameterize the space Hd of Hénon maps of degree d by pa, cq P Cˆ ˆCd´1,
where fa,cpz, wq “ paw ` pcpzq, zq, with pcpzq “ zd `

řd´2
j“0 cjz

j . Note that
pc is exceptional (or integrable) when it is conjugated to ˘Td, where Td is
a Chebychev polynomial, or when c “ 0, in which case p is monomial. We
obtain the extended parameter space Hd by adjoining the hypersurface ta “ 0u

of degenerate maps: f0,c maps C2 to the curve tz “ pcpwqu and the dynamics
on that curve is conjugated to that of pc. In this respect, a Hénon map fa,c with
small Jacobian a may be seen as a perturbation of pc.

Theorem 8.7. There exists a neighborhood N of t0u ˆ Cd´1 in the extended
Hénon parameter space Hd such that if f P N then the unstable (resp. stable)
multipliers of f are not contained in a fixed number field.

It is interesting that, as opposed to [45], Chebychev and monomial polyno-
mials do not play an exceptional role in this result.

Proof. Assume first that pc0 is neither monomial nor conjugate to a Chebychev
polynomial. Then by the above-mentioned theorem of Zdunik [68], pc0 admits
a repelling point r0 with χpr0q ą χpµpc0 q. For pa, cq close to p0, c0q, a ‰ 0,
r0 persists as a saddle point r “ ra,c with unstable Lyapunov exponent close
to χpr0q. Furthermore χupµfa,cq is close to χpµpc0 q (see [26, §3]; actually we
only need the “easy” inequality lim suppa,cqÑp0,c0q χ

upµfa,cq ď χpµpc0 q). So
Theorem 8.3 applies and we are done.

If pc0 is conjugated to ˘Td, we observe that all Lyapunov exponents of pe-
riodic points are equal to log d, except for the post-critical fixed points whose
exponent is 2 log d (see [55, Cor. 3.9]). Since ˘Td has a connected Julia set,
χpµ˘Tdq “ log d, so again the assumptions of Theorem 8.3 are satisfied (13).

The most delicate case is that of perturbations of zd, which is dealt with in
the following lemma. □

13The difference between the one- and the two-dimensional situations is that in the one-
dimensional case, the post-critical fixed points do not have transverse homoclinic intersections
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If pa, cq is close to p0, 0q, then fpa,cq is uniformly hyperbolic and its Julia set
is a solenoid. In particular for any x P J , JWupxq is an unbounded simple curve
(see [36, 44]). This property propagates by stability to the whole hyperbolic
component containing these parameters.

Lemma 8.8. Any automorphism belonging to the hyperbolic component of
p0, 0q satisfies the assumptions of Theorem 8.1, that is, it admits two saddle
periodic points with distinct Lyapunov exponents.

This result is closely related to Corollary 3.9 but for convenience we give a
direct argument.

Proof. Let f “ fa,c be such an automorphism. In the hyperbolic component,
the modulus of the jacobian determinant is must remain smaller than 1, be-
cause there is a sink that does not bifurcate. Now, assume by contradiction
that all its unstable multipliers are equal. By Theorems 5.1 and 7.3 in [10]
(see page 733 for the detailed version of Theorem 7.3), since J is connected,
χupµf q “ log d, so by the equidistribution of saddle points and their expo-
nents [6, Thm 2], all unstable Lyapunov exponents are equal to log d.

We claim that the unstable dimension of f , that is, the Hausdorff dimension
of J X W u

locpxq “ J` X W u
locpxq for any x P J , is equal to 1. Indeed, the

unstable dimension δu is given by the formula

δu “ dimH pJ X W u
locpxqq “

hκupfq
ş

log
›

›Df |Eupxq

›

›dκupxq
(8.7)

where κu is the unique equilibrium state associated to δu log }df |Eu} and hκupfq

is its measure theoretical entropy (see the proof of Corollary 3.9 and Pesin’s
book [57, Thm 22.1]; this goes back to the work of Manning and McCluskey
[53]). Since all unstable multipliers are equal to log d, the Livschitz theorem
entails that x ÞÑ log

ˇ

ˇDf |Eupxq

ˇ

ˇ is cohomologous to log d, that is, there exists
a measurable function ϕ(14) such that

log
›

›Df |Eup¨q

›

› ´ log d “ ϕ ˝ f ´ ϕ. (8.8)

It follows that
ş

log
›

›Df |Eupxq

›

›dκupxq “ log d. On the other hand, hκupfq

is bounded by the topological entropy of f , that is by log d. This shows that
δu ď 1. But since f is unstably connected δu ě 1, and we are done.

14Actually ϕ is Hölder continuous, since by the regularity of the unstable lamination, x ÞÑ

log
›

›Df |Eupxq

›

› is Hölder continuous.
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In addition, J X W u
locpxq has positive and finite 1-dimensional Hausdorff

measure (see [57, Thm 22.1]). Being a curve, it is then rectifiable (see [32,
§3.2]), and Theorem 3.1 provides the desired contradiction. □

Pushing the argument of Lemma 8.8 further, we obtain a non-perturbative
sufficient condition for Theorem 8.1.

Proposition 8.9. Let f P AutpC2q be uniformly hyperbolic. If its Julia set J
is not totally disconnected, there exist two saddle periodic points with distinct
Lyapunov exponents.

Proof. We may assume that |Jacpfq| ď 1; equivalently χupµf q ` χspµf q ď 0.
Assume that the Lyapunov exponents of periodic points are all equal to some
χ.

If J is connected, then by Theorem 0.2 of [10], f is unstably connected,
and then by Theorem 7.3 of [10] (page 733), χupµf q “ log d. Arguing as in
Lemma 8.8, the Hausdorff dimension δu of J XW u

locpxq is almost surely equal
to 1, which contradicts Corollary 3.9.

If J is disconnected, then by Theorems 5.1 and 7.3 of [10] we have χupµf q ą

log d. Since χupµf q ` χspµf q ď 0, we obtain |χspµf q| ą log d as well. Thus
the Lyapunov exponent χ of periodic points is larger than log d and we infer
that for x P J ,

dimH pJ X W u
locpxqq “

hκupfq

χupκuq
ď

log d

χupκuq
ă 1 (8.9)

and likewise in the stable direction. Thus J X W u
locpxq and J X W s

locpxq are
totally disconnected. Since the uniform hyperbolicity shows that J has a local
product structure (of J` by J´), J is totally disconnected. This contradiction
concludes the proof. □

Remark 8.10. As a consequence of this proposition and [63] (see Theorem 4.2
there, and the remark following it), a dissipative and hyperbolic automorphism
whose Julia set is not totally disconnected does not admit a measure of full
dimension, that is, such that dimpνq “ dimHpJq.

APPENDIX A. EQUIDISTRIBUTION OF PERIODIC ORBITS AND LYAPUNOV

EXPONENTS

Let f P AutpC2q be a loxodromic automorphism of dynamical degree d.
Let SPern denote the set of saddle periodic orbits of f of exact period n. The
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equidistribution theorems for periodic orbits of Bedford, Lyubich and Smil-
lie [6] asserts first, that almost every periodic point is a saddle point, i.e.

lim
nÑ8

1

dn
#SPern “ lim

nÑ8

1

dn
#Fixn “ 1, (A.1)

and that these points equidistribute towards µf . More precisely,

lim
nÑ8

1

dn

ÿ

pPSPern

δp “ µ, (A.2)

lim
nÑ8

1

dn

ÿ

pPSPern

χuppq “ χupµq. (A.3)

Also, it is straightforward to adapt Theorem S.5.5 in [48] to the 2-dimensional
complex setting to show that given any ρ ą 0, and any finite set of continuous
functions pφiq

j
i“1, there exists a saddle periodic point p of period n such that

ˇ

ˇ

ˇ

ˇ

ˇ

1

n

n´1
ÿ

k“0

φipf
k
ppqq ´

ż

φi dµ

ˇ

ˇ

ˇ

ˇ

ˇ

ă ρ and |χuppq ´ χupµq| ă ρ (A.4)

for every 1 ď i ď j.
Here we reinforce these statements as follows: we obtain a version of (A.2)

and (A.3) in which the average is not on all saddle periodic points but on a
typical periodic orbit of period n instead; and we show that the estimate (A.4)
is typical among periodic points of period n.

Theorem A.1. Let f P AutpC2q be a loxodromic automorphism of dynamical
degree d. There exists a set SPer`

n of saddle periodic orbits of period n such
that

lim
nÑ8

1

dn
#SPer`

n “ 1 (A.5)

and if ppnq is an arbitrary sequence with pn P SPer`
n , then

lim
nÑ8

1

n

n´1
ÿ

k“0

δfkppnq “ µ and lim
nÑ8

χuppnq “ χupµq. (A.6)

Remark A.2. The method of [6] was implemented in other settings such as
automorphisms of complex surfaces [17] or birational maps [24], and this re-
inforcement holds in those cases too, with exactly the same proof.

To prove the theorem, we revisit the proof of (A.2) in [6] by showing how
to input the necessary additional arguments. Let us quickly review that proof,
by keeping the same notation. It requires some Pesin theory formalism, such
as Pesin boxes, which are closed subsets with product structure and uniform
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estimates on angles and expansion/contraction. An important idea is that if a
Pesin box P has small enough diameter, then one can construct a “common
Lyapunov chart”, that is, a topological bidisk B containing P that is nicely
contracted/expanded by fn for every x P P and n P Z. This being said, the
proof goes as follows.

Step 1. Fix some small ε ą 0 and cover a set of measure 1´ε by a finite set of
disjoint Pesin boxes of diameter ă ε. This constant ε will also imply
uniformity constants for angles, expansion, etc.

Step 2. By the Closing Lemma, for every Pesin box P , any n ě 0, and any x P

P X f´nP , there exists a saddle point α shadowing the orbit segment
tx, . . . , fnpxq “ yu, which is Ce´nθ-close to P , for some C “ Cpεq

and θ “ θpεq ą 0. More precisely, it is Ce´nθ-close to rx, ys, where
as usual rx, ys “ W s

locpxq X W u
locpyq.

Let An “ AnpP q be the set of all periodic points α constructed in this way
from P Xf´npP q. We want to estimate #AnpP q. To do this, we shall estimate
the measure of the set of points x P P X f´npP q that lead to the same periodic
point α P AnpP q.

Step 3. Denote by Lpzq the Lyapunov chart around a point z. Fix x and α as
in Step 2. Set

Bs
n,α “

č

kďn

f´k
pLpfkpxqqq

(this is the component of B X f´npBq containing x). Then,

T pαq “ P X f´n
pP q X Bs

n,α

is the set of points x1 in P such that Step 2 applied to x1 and n provides
the same periodic point α as x. Then, as shown in Lemma 5 of [6],
the product structure of µ and the invariance relation for the unstable
conditionals imply that

µpT pαqq ď µpP qd´n.

Step 4. Let An “ AnpP q be the set of all periodic points associated to P X

f´npP q as above, we get that µpP qd´n#An ě µpP X f´npP qq, hence
mixing shows that

lim inf
nÑ8

d´n#An ě µpP q.

Thus if ν is any cluster value of 1
dn

ř

pPSPern
δp, we get that νpP q ě

µpP q.
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Step 5. Since ν does not depend on ε nor on the choice of Pesin boxes, we
conclude that ν ě µ, hence ν “ µ. This gives the convergnece (A.2).
In particular, we obtain #SPern „ #Fixn „ dn, as stated in Equa-
tion (A.1).

Step 6. For Equation (A.3), note that the unstable directions are almost parallel
in each Pesin box. Hence, log |Dfαpeupαqq| is close to log |Dfxpeupxqq|,
so that taking the average on x or on α gives approximately the same
value. Since the average is over all saddle periodic points and does not
depend on ε we conclude that any cluster value of 1

dn

ř

pPSPern
χuppq

must be equal to χupµq.

Proof of Theorem A.1. If φ is a function and n a positive integer, we denote
by Snφ the Birkhoff sum 1

n

řn´1
k“0 φ ˝ fk.

Preliminaries.– For µf -almost every point x, the unstable direction Eupxq

is well defined by the Oseledets Theorem. We let eupxq be a unit vector in
Eupxq and we define φ0pxq “ log }Dfpeupxqq}. Thus, φ0 is defined µf -almost
everywhere. We also define φ0 at every saddle periodic point by the same
formula. For µ-almost every x, Snφ0pxq Ñ χupµq, and if α is a saddle periodic
point of period n, Snφ0pαq “ χupαq.

Let pφiqiě1 be a countable family ofC1 functions that is dense inC0pSupppµqq.
The following construction can be applied to pφiqiě1 or pφiqiě0.

By ergodicity, for every integer j and every ρ ą 0, there exists a sequence
δpj, ρ, nq converging to 0 as n goes to `8 such that

µ

ˆ"

x : Di P r1, js,

ˇ

ˇ

ˇ

ˇ

Snφipxq ´

ż

φi dµ

ˇ

ˇ

ˇ

ˇ

ą ρ

*˙

ď δpj, ρ, nq. (A.7)

Using the fact that δpj, ¨, nq is non-increasing, it follows that there exists ρn Ñ

0 and δ1 “ δ1pj, nq such that

µ

ˆ"

x : Di P r1, js,

ˇ

ˇ

ˇ

ˇ

Snφipxq ´

ż

φi dµ

ˇ

ˇ

ˇ

ˇ

ą ρn

*˙

ď δ1
pj, nq, (A.8)

and finally by a diagonal argument we get a sequence jn (slowly) increasing
to infinity and a sequence pδ2pnqq tending to zero such that µpEnq ď δ2pnq,
where

En :“

"

x : Di P r1, jns,

ˇ

ˇ

ˇ

ˇ

Snφipxq ´

ż

φi dµ

ˇ

ˇ

ˇ

ˇ

ą ρn

*

(A.9)

(see Remark A.3 below for a more explicit version).
Saddle periodic points.– Now, in Step 2 of the proof of (A.2), instead of

an arbitrary x P P X f´npP q, we take x P P X f´npP q XEA
n, which provides
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as in Step 4 a set of periodic points A`
n “ A`

n pP q with

µpP qd´n#A`
n ě µpP X f´n

pP q X EA
nq (A.10)

ě µpP X f´n
pP qq ´ δ2

pnq (A.11)

and as before lim infnÑ8 d
´n#A`

n ě µpP q.
If α “ αpxq is the saddle point obtained from x by the Closing Lemma, we

also have an estimate of the form

distpfkpxq, fkpαqq ď Cmaxpdistpx, αq, distpfnpxq, αqqe´θminpk,n´kq

(A.12)

ď CdiampP qe´θminpk,n´kq.

for all 0 ď k ď n (see [48, Thm S.4.13]). This guarantees that for every C1

function φ,

|Snφpxq ´ Snφpαq| ď
C

n
diampP q}φ}C1 . (A.13)

Therefore, replacing pjnq by minpjn, j
1
nq, where j1

n satisfies

C

n
diampP q max

1ďiďj1
n

}φi}C1 ă ρn, (A.14)

we deduce that, for every α P A`
n and every i P r1, jns,

ˇ

ˇ

ˇ

ˇ

Snφipαq ´

ż

φi dµ

ˇ

ˇ

ˇ

ˇ

ă 2ρn. (A.15)

For the function φ0, we can argue similarly by using the Hölder continu-
ity property of the unstable distribution. It holds not only on the Pesin box
P and its iterates, but it also extends to the approximating periodic orbit,
as follows e.g. from [1, Thm 5.20]. Together with (A.12), this shows that
|Snφ0pxq ´ Snφ0pαq| ď C

n
diampP qθ for some θ ą 0. By incorporating this

estimate, we can then ensure that (A.15) holds for i “ 0 as well.
At this stage we have constructed a set of good periodic orbits A`

n pP q as-
sociated to a given Pesin box. Since the Pesin boxes are disjoint, when n is
sufficiently large, the A`

n pP q are disjoint as well, and taking the union we ob-
tain a set A`

n “ A`
n pεq of saddle periodic points with lim inf d´n#A`

n ě 1´ ε

satisfying (A.15) for i P r0, jns.
It only remains to make one last diagonal extraction to construct a set SPer`

n

of saddle points independent of ε. We proceed as follows. By assumption
for every ε ą 0 we have a set A`

n pεq satisfying (A.15) for i P r0, jns and
d´n#A`

n ě 1´2ε for n ě Npεq. We simply put εn “ 1{n and define SPer`
n “

A`
n pεnq for every n P rNpεnq, Npεn`1q ´ 1s, which fulfills our requirements.
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Indeed by construction d´n#SPer`
n Ñ 1 and if ppnq is a sequence of periodic

points such that pn P SPer`
n , then for every fixed i, for large enough n we

have that i ď jn, so Snφippnq Ñ
ş

φi dµ, which precisely means that the
conclusions of the theorem hold. □

Remark A.3. The exponential decay of correlations for smooth observables
makes it possible to render the decay functions in (A.7)-(A.9) more explicit
for the family of smooth functions pφiqiě1. Indeed it was shown in [23] that if
φ is a C1 function with zero mean, then

ˇ

ˇ

ˇ

ˇ

ż

pφ ˝ fnq ¨ φ dµ

ˇ

ˇ

ˇ

ˇ

ď C}φ}
2d´n{8. (A.16)

where }φ} “ }φ}C1 . From this, it is easy to deduce by developing the square
(15) that

ż

pSnφq
2dµ ď

C

n
}φ}

2, (A.17)

hence
µ ptx, |Snφ| ą εuq ď

C

ε2n
}φ}

2. (A.18)

It follows that δpj, ε, nq “ Cmax1ďiďj }φ̃i}
2
pε2nq´1, where φ̃i “ φi´

ş

φidµ,
hence for εn “ n´1{4 one can choose δ1pj, nq “ Cmax1ďiďj }φ̃i}

2n´1{4, and
finally we can choose pjnq such that max1ďiďjn }φ̃i}

2
ď Cn1{8 and we reach

δ2pnq “ Cn´1{8. □
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and their applications. Astérisque, (416):213–251, 2020. Some aspects of the theory of
dynamical systems: a tribute to Jean-Christophe Yoccoz. Vol. II.

[52] N. G. Makarov. On the distortion of boundary sets under conformal mappings. Proc.
London Math. Soc. (3), 51(2):369–384, 1985.

[53] Heather McCluskey and Anthony Manning. Hausdorff dimension for horseshoes. Er-
godic Theory Dynam. Systems, 3(2):251–260, 1983.

[54] Curt McMullen. Families of rational maps and iterative root-finding algorithms. Ann. of
Math. (2), 125(3):467–493, 1987.

[55] John Milnor. On Lattès maps. In Dynamics on the Riemann sphere, pages 9–43. Eur.
Math. Soc., Zürich, 2006.
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STATISTIQUE ET MODÉLISATION (LPSM), F-75005 PARIS, FRANCE

Email address: romain.dujardin@sorbonne-universite.fr


	1. Introduction
	2. Unstably real and unstably linear maps
	3. Rectifiable Julia sets
	4. Invariant holomorphic foliations
	5. Real-analytic foliations
	6. Homoclinic orbits and the arguments of periodic point multipliers
	7. Real analytic conjugacies
	8. Multipliers in number fields
	Appendix A. Equidistribution of periodic orbits and Lyapunov exponents
	References

