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ABSTRACT. We prove several new rigidity results for automorphisms of C2 with positive en-
tropy. A first result is that a complex slice of the (forward or backward) Julia set is never a
smooth, or even rectifiable, curve. We also show that such an automorphism cannot preserve a
global holomorphic foliation, nor a real-analytic foliation with complex leaves.

For mappings defined over a number field, we also study the fields of definition of multipliers
of saddle periodic orbits.

These results are used to show that under mild assumptions, two real-analytically conjugate
automorphisms are polynomially conjugate.
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1. INTRODUCTION

1.1. Rigidity problems. In our previous paper [16], answering a question of Friedland and
Milnor [31], we established the following result: if two polynomial automorphisms f and g of
C2 of positive entropy are conjugated by a biholomorphism of C2, then they are conjugate in
the group AutpC2q of polynomial automorphisms. In [31], the authors study more generally
what happens when f and g are conjugated by a real diffeomorphism, and prove that if f and g
are complex Hénon maps of degree 2 which are conjugated by a real C1 diffeomorphism then f
is conjugate to g or g in AutpC2q, where g is obtained from g by applying complex conjugation
to the coefficients. An obvious approach to this problem would be to show that the conjugacy
class of the differential dfn at periodic orbits of period n characterizes an automorphism modulo
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conjugacy in AutpC2q (possibly up to complex conjugation if the conjugacy class is considered
in the real sense). This is an instance of the classical multiplier rigidity problem, itself part of the
celebrated spectral rigidity problem. For instance, a Hénon map of small degree (say 2 or 3) is
indeed characterized by its eigenvalues (or multipliers) at fixed points, which allows Friedland
and Milnor to proceed with this case in [31]. But, despite recent advances in one-dimensional
dynamics [38, 39], this problem is essentially untouched in our two-dimensional context, so we
take a different path.

As a matter of fact, we solve the real-analytic conjugacy problem under a generic hypothesis.

Theorem A. Let f and g be polynomial automorphisms of C2 of positive entropy, which are
conjugated by a real-analytic diffeomorphism φ : C2 Ñ C2. Assume that f admits a saddle
periodic point p, of some period n ě 1, at which the two eigenvalues of dfnp are both non-real.
Then f is conjugate to g or g in AutpC2q.

Theorem A relies on a number of rigidity properties concerning a single map, which are
interesting for their own sake. In particular, we deal with the classical problem of smoothness
of the stable lamination which has been extensively studied in hyperbolic dynamics, notably in
connection with the classification of Anosov diffeomorphisms and flows: see for instance [29,
Chapter 9] for an introduction to this topic, and [51] for a recent contribution in a holomorphic
context. Another key step of the proof is the non-existence of automorphisms with smooth Julia
sets, a problem that was previously addressed by Bedford and Kim [3, 4]. The underlying
philosophy behind these results is that there is no “integrable” automorphism, which would play
a role analogous to monomial, Chebychev or Lattès mappings in one-dimensional dynamics.

1.2. Invariant foliations. Let us be more specific. From now on, a polynomial automorphism
of C2 of positive topological entropy will be called loxodromic; such an automorphism f is
conjugate, in AutpC2q, to a composition of Hénon maps. We denote the forward and backward
Julia sets of f by J` and J´, respectively. The closure of the union of all saddle periodic
orbits of f is denoted by J›, it is a subset of the Julia set J :“ J` X J´. The stable (resp.
unstable) manifold of any saddle periodic point is an immersed Riemann surface, biholomorphic
to C, which is dense in J` (resp. J´) and endows J` (resp. J´) with some kind of laminar
structure. When f is hyperbolic (that is, when J is hyperbolic as an f -invariant set) these are
actual laminations by Riemann surfaces. Most of these facts are due to Bedford and Smillie, and
we refer to the original papers [7, 8, 6] for details.

We shall say that J` is subordinate to a foliation if there is a neighborhood U of J` and a
foliation F of U by Riemann surfaces such that J` is saturated by F : if x P J`, the leaf Fpxq is
contained in J`. We allow foliations to have isolated singularities. Another possible definition
is that every disk contained in a stable manifold is contained in a leaf of F (see §4.1 for more
details).

Theorem B. If f is a loxodromic automorphism of C2, then J` (resp. J´) cannot be subordi-
nate to a global real-analytic (in particular to a holomorphic) foliation.

We could also formulate this result as the non-existence of an f -invariant real-analytic folia-
tion with complex leaves (see Remark 4.5). Brunella [14] proved Theorem B when the global
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foliation is defined by an algebraic 1-form, and his theorem is actually a key step in the proof.
The chain of arguments runs as follows:

no invariant algebraic foliation (Brunella [14])⇝ no invariant holomorphic foliation
(Theorem 4.3)⇝ no invariant real-analytic foliation (Theorem B).

Theorem B provides a partial answer to Question 31 in [50], which asks whether J` can be
locally subordinate to a holomorphic foliation. For instance, for a dissipative and hyperbolic
map, the stable lamination always admits a local extension to a C1`ε foliation with complex
leaves (see [42, Lem. 5.3]). In § 4.3, we show in particular that for an automorphism with
disconnected Julia set (e.g. a horseshoe), such a foliation is never holomorphic, nor even real
analytic, in a neighborhood of J› (see Theorem 5.1).

1.3. Smooth Julia slices. In one variable, it was shown by Fatou [27] that if the Julia set is
contained in a curve then it is contained in a circle, and that in this case it is either a Cantor set,
a segment, or the circle itself; and these last two cases correspond to integrable maps. Our study
leads to a similar problem. Indeed, along the proof of Theorem B we have to consider a local
slice of J` by some holomorphic transversal (e.g. by some disk in the unstable manifold of a
saddle point) and to study the possibility that such a slice is contained in a smooth curve. Such
a slice is a kind of relative to a one-dimensional Julia set.

To state an analogue of Fatou’s result in our situation, recall that if p is a saddle periodic
point of period n, then its unstable manifold W uppq is biholomorphic to C. Thus, we can fix
a parametrization ψup : C Ñ W uppq. If λu denotes the unstable eigenvalue of dfnp , then fn ˝

ψup pζq “ ψup pλuζq. The unstable Lyapunov exponent of p is by definition χuppq “ 1
n log |λuppq|.

It is not difficult to show that if a local holomorphic slice of J` is contained in a C1 curve,
then for any saddle p, pψup q´1pJ`q is contained in a line (1); likewise if a local slice is a C1

curve, then pψup q´1pJ`q is a line. We say that f is unstably real in the former case, and unstably
linear in the latter. Thus, in the previous analogy, unstably linear automorphisms correspond to
integrable one variable polynomials.

Theorem C. Unstably linear loxodromic automorphisms do not exist among loxodromic auto-
morphisms of C2.

This is an essential tool towards Theorem B. A weaker result was obtained by Bedford and
Kim in [3] (see also [4]), where it was shown that J` itself cannot be a smooth 3-manifold.
The contradiction in [3] comes from a global topological argument together with the following
multiplier rigidity statement: for a generalized Hénon map of degree d it is not possible that
d ´ 1 of its d fixed points are saddles with the same unstable eigenvalue (for technical reasons,
in [3] it needs to be assumed that f is a composition of at least 3 Hénon maps). This result
also plays a key role in our proof. Another important tool to prove Theorem C is the theory of
quasi-expansion developed by Bedford and Smillie in [11]. More precisely, the results of [11]
show that an unstably linear map is quasi-expanding; adapting an argument from [12], and using

1There is a subtle point about the exact definition of a local slice of J`, so we are abusing slightly here, see § 2.1
for the exact definition
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the hyperbolicity criteria of [1], we obtain that it is actually uniformly hyperbolic. Then, a
generalization of [3] leads to the desired contradiction.

Coming back to Theorem A, the bulk of the proof is to show that φ must be holomorphic or
anti-holomorphic; then we invoke our previous result [16] to conclude. Assuming, by way of
contradiction, that φ is neither holomorphic nor anti-holomorphic, then, pulling back the com-
plex structure by φ gives an “exotic” f -invariant real-analytic complex structure on C2. Ana-
lyzing this complex structure at saddle points ultimately produces an f -invariant real-analytic
foliation with complex leaves, which contradicts Theorem B, and we are done.

1.4. The multiplier field. The proof of Theorem A requires also a lemma on the multipliers
associated to periodic orbits shadowing a homoclinic orbit: see Theorem 6.1. This statement is
inspired by a one dimensional result due to Eremenko-Van Strien [25] and Ji-Xie [38], which
was used by Huguin [37] to characterize rational maps on P1pCq whose multipliers belong to
a fixed number field. Adapting Huguin’s argument, we obtain the following (see Theorems 8.1
and 8.2):

Theorem D. Let f P AutpC2q be a loxodromic automorphism defined over a number field.
Assume that

– either f is hyperbolic and admits two saddle periodic points p and p1 with distinct Lya-
punov exponents χuppq ‰ χupp1q;

– or f admits a saddle periodic point whose unstable Lyapunov exponent is larger than
that of the maximal entropy measure.

Then the unstable (resp. stable) multipliers of f cannot lie in a fixed number field.

The assumptions of Theorem D are easily checkable in a perturbative setting, and it follows
that its conclusion holds for (most) Hénon maps with sufficiently small Jacobian (see Theo-
rem 8.4 for a precise statement).

1.5. Plan of the paper. In Section 2, we study unstably real and linear maps and prove The-
orem C. Several natural questions are discussed in § 2.5. In Section 3, which apart from some
technical lemmas is independent from the rest of the paper, we push this study one step fur-
ther and show that a holomorphic slice of J` cannot be a rectifiable curve. Sections 4 and 5
are devoted to Theorem B, as well as some local versions of it. In Section 6 we prove Theo-
rem 6.1 on the multipliers of periodic orbits shadowing a homoclinic orbit, and Theorem A is
finally obtained in Section 7. Lastly, in Section 8 we investigate some arithmetic properties of
saddle point multipliers, and establish Theorem D, as well as its application to perturbations of
one-dimensional maps (Theorem 8.4).

1.6. Notation. We use the standard notation and vocabulary of the field, as listed for instance
in [9, §1] or [24, §2.1]. For instance, given a loxodromic automorphism f of C2, we denote
by G` its dynamical Green function (or rate of escape function), and by T` “ ddcG` the
associated current (in [9], the invariant currents are denoted by µ˘ instead of T˘). The Jacobian
determinant of an automorphism f of C2 is constant: f is dissipative if |Jacpfq| ă 1, volume
expanding if |Jacpfq| ą 1, and conservative if |Jacpfq| “ 1.
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*By convention the Zariski (resp. R-Zariski) topology is the complex analytic (resp. real-
SC: Reprendre? Cf.
Huguin qui est gêné...analytic) Zariski topology. We sometimes refer to these simply as the (real) analytic topology.

2. UNSTABLY REAL AND UNSTABLY LINEAR MAPS

2.1. Transversals. Let f P AutpC2q be a loxodromic automorphism. We say that a holomor-
phic disk Γ is a transversal to J` if it satisfies one of the following equivalent conditions:

(a) Γ X J` ‰ H and Γ Ć K`;
(b) G`|Γ is not harmonic;
(c) G`|Γ vanishes and is not identically 0.

It follows from the work of Bedford, Lyubich and Smillie [6, §§8-9] that for any saddle periodic
point p, W sppq admits transverse intersections with Γ (see [24, Lem. 5.1] and [23, Lem. 3.3]
for more details). We set

(2.1) J`
Γ “ SupppT` ^ rΓsq “ SupppddcpG`|Γqq “ BΓpK` X Γq,

where in the last equality BΓ refers to the boundary as a subset of Γ. Note that J`
Γ Ă ΓXJ` but

this inclusion could be strict. Indeed, Γ could a priori contain a disk that is entirely contained in
J`: such a disk would be part of Γ X J` but not of J`

Γ . If in addition Γ “ ∆u
p is contained in

the unstable manifold of a saddle point p, we have (with the same caveat for reverse inclusions)

(2.2) J`
∆u

p
Ă ∆u

p X J› Ă ∆u
p X J`.

The first inclusion follows from the fact that J`
∆u

p
is the closure of the homoclinic intersections

contained* in ∆u
p (cf. [24, Lem. 5.1]). Recall that a homoclinic intersection is a point of

SC: Ajouté “contained
in ∆u

p , cf Huguin.W sppq X W uppqz tpu and that every homoclinic intersection is contained in J› (see [6, Thm
9.9]).

As for Julia sets in one complex variable, the sets J`
Γ vary lower semicontinuously in the

Hausdorff topology, in the following sense:

Lemma 2.1. Let Γ be a transversal to J`. If pΓnq is a sequence of disks converging in the C1

topology to Γ, then

(1) J`
Γ Ă lim infnÑ8 J`

Γn
;

(2) J` X Γ Ą lim supnÑ8 J` X Γn.

Proof. Property (1) follows from the continuity ofG`: for any z P J`
Γ , pick a small disk U Ă Γ

around z, then by definition G`|U is not harmonic; so if we lift U to some disk Un Ă Γn then
for large n, G`|Un cannot be harmonic and we are done. Note that we may extend this argument
to the case where pΓnq converges to Γ with some finite multiplicity (i.e. in the sense of analytic
sets). Property (2) follows directly from J` being closed. □

2.2. Unstably real automorphisms. Let p be a saddle periodic point of f , of exact period n.
As in Section 1.3, we denote by ψup : C Ñ W uppq a parametrization of its unstable manifold by
an injective entire curve that maps 0 to p. If a unit unstable vector eup is given, one may normalize
ψup : C Ñ W uppq by fixing some α P Cˆ and imposing pψup q1p0q “ αeup . The parametrization
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ψup semi-conjugates fn to a linear map, that is, fn ˝ ψup pζq “ ψup pλuζq, where λu P Cˆ is the
unstable multiplier.

Proposition 2.2. Let f P AutpC2q be a loxodromic automorphism. Assume that for some
transversal Γ to J`, J`

Γ is contained in a C1 smooth curve. Then for every saddle periodic
point p, pψup q´1pJ`

Wuppq
q is contained in a line through the origin. In particular λuppq is real

and J`

Wuppq
is contained in a real-analytic curve. In addition

– either J`
Γ is not a Cantor set, and pψup q´1pJ`

Wuppq
q is a line through the origin for every

saddle periodic point p;
– or J`

Wuppq
is a Cantor set and J`

Wuppq
“ J` XW uppq for every saddle periodic point p.

If the assumption of the proposition holds, we say that f is unstably real. Thus, for such a
map, all unstable multipliers are real. By symmetry we have a similar result for transversals to
J´, yielding the notion of stably real automorphism.

Proof. The argument goes back to Fatou [27, §46]. Pick a saddle periodic point p, and replace f
by a positive iterate to assume that p is fixed. As already explained,W sppq admits transversal in-
tersections with Γ, and more precisely with J`

Γ . As in [23, Lem. 1.12], we can find holomorphic
coordinates px, yq P D2 near p in which p “ p0, 0q, W s

locppq “ tx “ 0u, W u
locppq “ ty “ 0u

and

(2.3) fpx, yq “ pλuxp1 ` xyg1px, yqq, λsyp1 ` xyg2px, yqqq ,

with |λs| ă 1 ă |λu|, and }g1}, }g2} as small as we wish. In these coordinates, f |ty“0u is
linear, so ζ ÞÑ pζ, 0q is an unstable parametrization near the origin. Changing Γ in fmpΓq for a
large positive integer m, and taking the connected component of fmpΓq X D2 containing p, we
may assume that Γ is a graph over the first coordinate, of the form y “ γpxq. Let σ ÞÑ tpσq

be a germ of C1 curve at 0 P C, with t1p0q ‰ 0, such that J`
Γ is contained in the image of

σ ÞÑ ptpσq, γptpσqqq. With our choice of coordinates, Lemma 4.2 in [23] asserts that for some
δ ą 0, if |x| ď δ, then fn px{pλuqn, yq Ñ px, 0q as n Ñ 8. Actually the proof says a little
more: if |xn| ď δ and |yn| ă 1, then

(2.4) fn
ˆ

xn
pλuqn

, yn

˙

“ pxn, 0q ` op1q.

Fix a subsequence nj such that pλuq
nj

|λu|
nj Ñ 1. Since tp|λu|

´n σq “ |λu|
´n

pt1p0qσ ` op1qq,
Equation (2.4) for sufficiently small σ P R implies

(2.5) fnj
`

t
`

|λu|
´nj σ

˘

, γ
`

t
`

|λu|
´nj σ

˘˘˘

ÝÑ
jÑ8

`

t1p0qσ, 0
˘

.

Now we use the lower semi-continuity of J`
Γ : if z belongs to J`

ty“0u
, then it must be accumulated

by J`

fnj pΓq
, hence z P t1p0qR, and we conclude that J`

ty“0u
is contained in a line, as asserted.

We also get that if pn1
jq is any other subsequence such that pλuq

n1
j{|λu|

n1
j converges to eiθ, then

z P eiθt1p0qR. Since J`

ty“0u
is not reduced to t0u, this argument shows that eiθ “ ˘1 so

pλuqn{|λu|
n converges to t˘1u, and therefore λu is real.
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To get the last assertion of the proposition, we observe that since G`|Γ is continuous, J`
Γ “

SupppddcpG`|Γqq has no isolated points, so if it is contained in a line, it is either a Cantor set
or it contains a non-trivial arc. In the latter case, by reducing Γ, we may assume that J`

Γ is a
C1 curve, and in this case the argument shows that J`

ty“0u
is a line through the origin. And if

J`

Wuppq
is a Cantor set, then J`

Wuppq
“ J` X W uppq, since in this case the unique connected

component of W uppqzJ`

Wuppq
must be contained in C2zK`. □

Remark 2.3. The proof shows more generally that if for some saddle periodic point q, J`
Γ

admits a tangent at some transverse intersection W spqq X Γ (so in particular if J`

Wupqq
admits a

tangent at q), then the conclusion of the proposition holds at every saddle periodic point p. The
same is true for general hyperbolic measures and Pesin stable manifolds, with a slightly different
argument (see Lemma 3.4).

2.3. Unstably linear automorphisms: multipliers. In this subsection we revisit and extend
some results of Bedford and Kim [3, 4]. These will be used in the next subsection to prove the
non-existence of unstably linear automorphisms.

Let p be a saddle periodic point of period n such that pψup q´1
`

J`

Wuppq

˘

is a line through the
origin. Then, by Proposition 2.2, the same property holds at any other saddle point; in this
situation, we say that f is unstably linear. SinceW uppq is not contained inK`, at least one side
of J`

Wuppq
in W uppq » C must be contained in C2zK`. In particular f is unstably connected

in the sense of [9]. Corollary 7.4 in [9, Cor. 7.4]) shows that a volume expanding map cannot be
unstably connected, hence necessarily |Jacpfq| ď 1. Lemma 4.2 in [3] shows that the unstable
multiplier equals ˘dn. For convenience we recall the argument: G` ˝ ψup is harmonic and
positive in some half plane (of slope, say, tanpθq) and zero on its boundary, hence in this half
plane G` ˝ ψup pζq is proportional to Impe´iθζq; in particular it is R-linear. Then the invariance
relationG` ˝ψup pλuζq “ dnG` ˝ψup pζq forces λu “ ˘dn. Note that λu “ dn (resp. λu “ ´dn)
iff fn preserves (resp. exchanges) the two half planes. Let us summarize this discussion in a
lemma.

Lemma 2.4. Assume that f is unstably linear. Then for any saddle periodic point p, of period
n, pψup q´1pJ`

Wuppq
q is a line through the origin, which cuts C in two half-planes. Moreover:

(1) each component of pψup q´1pC2zK`q is a half plane in which G` ˝ψup pζq is proportional to
Impe´iθζq, where tanpθq is the slope of the line pψup q´1pJ`

Wuppq
q;

(2) the unstable multiplier at p is equal to ˘dn, where d is the degree of f ; it is equal to dn iff
fn preserves the two half planes;

(3) f is unstably connected and |Jacpfq| ď 1;

Our primary focus in the next proposition is on unstably linear maps; nevertheless, it may be
useful to remark that it holds in the unstably real case as well so we state it in this generality.

Proposition 2.5. Let f be a loxodromic automorphism which is unstably real and dissipative.
Then every periodic point p of f is a saddle. In addition, in the unstably linear case, the two
sides of W uppqzJWuppq are contained in C2zK`.
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Proof. The assumptions and conclusions of the proposition are not affected if we replace f by
some iterate. For technical reasons, we replace f by f3 (while still denoting its degree by d).

In a first stage, assume that f is unstably linear.

Step 1.– Assume that for some saddle point p, the two sides of W uppqzJWuppq are contained
in C2zK`. We claim that the same property holds for every other saddle periodic point q.
Indeed, W sppq intersects transversally W upqq at some point τ P JWupqq. By the inclination
lemma, there is a sequence of neighborhoods Un of τ in W upqq such that fnpUnq is a sequence
of disks converging in the C1 sense to W u

locppq. We may assume that Un is a topological disk
such that UnzJWupqq has two components. Since C2zK` is open, for large n, the two sides of
fn

`

UnzJWupqq

˘

intersect C2zK`, therefore they are contained in C2zK`; pulling back by fn,
we conclude that the same holds for W upqqzJWupqq.

This discussion also shows that if for some saddle point p, one side of W uppqzJWuppq is
contained in K`, then the same holds for every other saddle point.

Step 2.– We claim that f admits at most one non-saddle fixed point.
The argument is similar to that of [21, §2.2]. Consider a non-saddle periodic point q. Without

loss of generality, assume that q is fixed. Since f is dissipative, q is a sink or q is semi-neutral. In
the latter case, the neutral eigenvalue is either a root of unity and q is said to be semi-parabolic,
or it is not and q is either semi-Siegel or semi-Cremer according to the existence of an invariant
holomorphic disk containing q. In all these cases, there exists an invariant manifold through q
which is biholomorphic to C and contracted by the dynamics; for instance, when q has eigenval-
ues of distinct moduli we can take the so-called strong stable manifoldW sspqq, associated to the
most contracting eigenvalue. The theory of Ahlfors currents associated to entire curves shows
that this invariant manifold must intersectW uppq (see [21, Lem. 2.2] for this very statement and
[24, Lem. 5.4] for the details of the proof). If q is a sink or if it is semi-Siegel, this stable mani-
fold is contained in IntpK`q, so it must intersect W uppq in a component of IntpK`q XW uppq.
It then follows that G` ” 0 on the corresponding component of W uppqzJ`

Wuppq
, which is then

a Fatou disk entirely contained in the Fatou component of q. Since this is true for every such q,
it follows that there can be at most one sink or semi-neutral point.

If q is semi-parabolic, the argument is the same except that instead of W sspqq, we consider
any entire curve contained in the semi-parabolic basin of q (such curves exist since the basin is
known to be biholomorphic to C2).

The last possibility is that q is semi-Cremer. Then by [28, 43], to any local center manifold
W c

locpqq of q we can associate a hedgehog H:

– H is not locally connected since it is homeomorphic to the hedgehog of a non-linearizable
one-dimensional germ.

– By [43, Thm E], H Ă J›, and every point in H admits a strong stable manifold which
is biholomorphic to C, and has uniform geometry near H (because f |H admits a domi-
nated splitting, see [28, Thm A]).

Therefore, as above, this strong stable manifold admits transverse intersections with W uppq and
we can transport by holonomy a non-trivial relatively open subset of H to W uppq. The resulting
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piece is contained in J`

Wuppq
, as follows from the proof of [43, Thm E](2). This is a contradiction

because J`

Wuppq
is locally a smooth curve while H is not locally connected, which shows that

Semi-Cremer points cannot exist in this context.

Step 3.–We can now complete the proof of the proposition in the unstably linear case. Since
f is conjugated to a composition of Hénon maps of total degree d, it admits d fixed points. By
the second step, at most one of them is not a saddle, and if such a non saddle point exists, for
every saddle point p, one of the components of W uppqzJWuppq is contained in K`. Therefore
by Lemma 2.4.(3), λuppq “ d. In particular f has d distinct fixed points and at least d ´ 1 of
them are saddles with unstable multiplier equal to d. Since f is conjugated to a product of at
least 3 Hénon maps and f is dissipative, Proposition 5.1 in [3] shows that this is impossible.
Thus, all periodic points are saddles.

Then, by Step 1, if there is such a saddle point p for which a component of W uppqzJWuppq

is contained in K`, then the same is true for each of the fixed points of f , so that the unstable
multiplier at each of the fixed points is equal to d. Again, [3, Prop. 6.1] provides a contradiction.
Thus, the two components of W uppqzJWuppq are contained in C2zK` for every periodic point,
and the proof for the unstably linear case is complete.

Step 4.– If f is unstably real but not unstably linear, then by Proposition 2.2, for every saddle
point p, J`

Wuppq
is a Cantor set contained in a line. Thus W uppqzJ`

Wuppq
is connected, hence

contained in C2zK`. Applying the arguments of Step 2 above shows that f cannot possess
any sink, semi-Siegel or semi-parabolic point for it would give rise to a Fatou disk contained
in W uppq X K`; in the case of a semi-Cremer point we would obtain a non-trivial (connected)
continuum contained in J`

Wuppq
, which again is a contradiction. □

Corollary 2.6. A hyperbolic loxodromic automorphism is never unstably linear.

Proof. Assume that f is unstably linear and hyperbolic. By Lemma 2.4.(4), f is unstably con-
nected, so J is connected, and also |Jacpfq| ď 1. If f is conservative and hyperbolic, then J
cannot be connected (see [10, Cor. A.3] or [19, Cor. 3.2]), so f is dissipative. By Proposition 2.5
all periodic points are saddles. On the other hand, Theorem 3.1 in [19], asserts that f has an
attracting point. This contradicts Proposition 2.5. □

2.4. Unstably linear automorphisms: non-existence. We are now ready to prove Theorem C.

Theorem 2.7. A loxodromic automorphism of C2 is never unstably linear.

Corollary 2.8. If Γ is a transversal to J`, then J`
Γ is never a C1 curve. More generally, a non

trivial component of J`
Γ does not admit a tangent line at any transverse intersection of Γ with

W sppq, for any saddle point p.

2For the reader’s convenience we explain the argument of [43, Thm E]: if for some z P H, some transverse
intersection point of W ss

pzq X Wu
ppq were not contained in J`

Wuppq
, then one side of Wu

zJ`

Wuppq
would be a

Fatou disk Ω. It can be shown that if pnjq is a subsequence such that fnj pΩq converges to a holomorphic disk
Γ (possibly reduced to a point), then Γ should be contained in every local center manifold of q, hence in H (by
definition of the hedgehog). So by [43, Thm C] the whole of Ω would be contained in W ss

pHq, which contradicts
the fact that H has relative zero interior in any center manifold of q.
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The remainder of this subsection is devoted to the proof of the theorem. Henceforth we as-
sume that f is an unstably linear loxodromic automorphism. Throughout the proof, the unstable
parametrizations ψup : C Ñ W uppq are normalized by (see [11]):

(2.6) ψup p0q “ p, max
|ζ|ď1

G` ˝ ψup pζq “ 1, and pψup q´1pJ`

Wuppq
q “ R.

Lemma 2.9. Let p be a periodic point of f , andψup be normalized as above. Then up to replacing
ψup pζq by ψup p´ζq, we have

G` ˝ ψup pζq “

#

Impζq for Impζq ě 0

c |Impζq| for Impζq ă 0

for some 0 ď c ď 1. In particular
␣

G` ˝ ψup ď 1
(

is the strip t´1{c ď Impζq ď 1u (it is a half
plane when c “ 0). When f is dissipative, c ą 0.

Proof. We already know from Lemma 2.4 that G` ˝ ψup pζq is proportional to |Impζq| on both
sides of the real axis, say G` ˝ ψup pζq “ c` |Impζq| on the upper half plane and G` ˝ ψup pζq “

c´ |Impζq| on the lower half plane. After replacing ζ by ´ζ, we may assume c` ě c´ ě 0, and
then c` ą 0 because G` can not vanish identically on W uppq. Since maxDG

` ˝ ψup pζq “ 1,
we conclude that c` “ 1. The last assertion follows from Proposition 2.5. □

Remark 2.10. If p is of period n and λu “ ´dn, then the relationG`˝ψupλuζq “ dnG`˝ψupζq

forces c “ 1.

The following result is essentially (but not exactly) contained in [11, Thm 4.8]. Before stating
it, let us introduce the concept of quasi-expansion. Let S be the set of saddle periodic points of
f . This is a dense, f -invariant subset of J›. Let ΨS be the set of parametrizations ψup , p P S,
normalized as in Equation (2.6). For p in S, there is a linear map of the form L : ζ ÞÑ λζ such
that f ˝ ψup “ ψufppq

˝ L. One of the equivalent definitions of quasi-expansion is to require
the existence of a constant κ ą 1 such that |λ| ě κ uniformly for all p P S, and then κ is a
quasi-expansion factor. We refer to [11] for this notion, in particular to Theorem 1.2 there.

Lemma 2.11. An unstably linear loxodromic automorphism is quasi-expanding, with quasi-
expansion factor κ “ d.

Proof. Fix p P S and consider the map L : ζ ÞÑ λζ introduced above. The relation G` ˝ f “

dG` implies that Lmaps the closed unit disk to a diskDp0, rq such that maxDp0,rq
G` ˝ψufppq

“

d. By Lemma 2.9, r “ d, so |λ| “ d is uniformly bounded from below. □

In the next two paragraphs we assume that f is quasi-expanding and state some general facts.
Quasi-expansion implies that ΨS is a normal family (and vice versa). We denote by pΨ the set of
all its normal limits (i.e. pΨ is the closure of ΨS with respect to local uniform convergence). For
any x P J›, and any sequence ppnq P SN converging to x, one can extract a subsequence such
that pψupnq converges towards an element pψ P pΨ with pψp0q “ x. It is a non-constant entire curve
because maxDG

` ˝ pψ “ 1, but it is not necessarily injective. For x P J›, we let

(2.7) τpxq “ max
pψPpΨ, pψp0q“x

ord0p pψq,
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where ord0p pψq “ min
␣

k ě 0 ; ψpkqp0q ‰ 0
(

ă 8 is the vanishing order of pψ at 0. By [34, Lem
3.1], τ is uniformly bounded (in our setting, we give a direct proof of this fact in Lemma 2.13
below).

For every x P J› we set Wupxq “ ψ̂pCq. It does not depend on the choice of normal limit
ψ̂ P pΨ with ψ̂p0q “ x in the above construction; it is contained inK´, and, in fact, it is the image
of an injective entire curve (see [2, §1] 3). If x is a saddle point, then Wupxq “ W upxq. As usual
we denote by ψux : C Ñ Wupxq an injective parametrization of Wupxq such that ψuxp0q “ x.
If we consider a sequence pn Ñ x as above, then the the limit pψ satisfies pψ “ ψux ˝ h for
some polynomial function h (see [11, Lem. 6.5], and [34, §3]) such that hpζq “ cζk ` h.o.t.,
k “ ord0 pψ. In particular, G` does not vanish identically on Wupxq.

We now resume the proof of Theorem 2.7.

Lemma 2.12. If f is quasi-expanding, then for every x P J›,G`˝ψux does not vanish identically
in a neighborhood of the origin.

Proof. If p is a saddle periodic point, the maximum of G` ˝ψup on D1 is equal to 1. Fix a radius
r Ps0, 1r. Then, by Property (3) in Theorem 1.2 of [11], there is a constant αprq ą 0 that does
not depend on p such that the maximum of G` ˝ ψup on Dr is at least αprq. Since the family
pψup qpPS is normal and G` is continuous, this property is satisfied by all ψ̂x in Ψ̂, and the lemma
follows. □

Second proof, specific to unstably linear maps. Pick a sequence ppnq in SN converging to x.
On the upper half plane H we have that G` ˝ ψupnpζq “ Impζq. After possible extraction, with
notation as above, ψupn converges uniformly to pψ, so by continuity of G` we get that

(2.8) G` ˝ pψpζq “ G` ˝ ψux ˝ h “ Impζq on H,

so G` ˝ ψux takes positive values arbitrary close to 0. □

The following result is reminiscent from [12, Prop. 2.2].

Lemma 2.13. If f is unstably linear, then τpxq ď 2 for every x P J›.

Proof. Assume that x P J› is such that τpxq “ k. Then we have a sequence ψupn converging
to pψ “ ψux ˝ h with hpζq “ cζk ` h.o.t. at the origin. From Equation (2.8), we have G` ˝

pψpζq “ Impζq. On the other hand, locally near the origin,
!

G` ˝ pψ “ 0
)

has k-fold rotational
symmetry. This is possible only if k ď 2. □

For i “ 1, 2, set J›
i “ tx P J› ; τpxq “ iu, which is an invariant set (denoted by Ji in [11]).

Theorem 6.7 in [11] shows that J›
1 is open and dense in J›, so J›

2 is closed. From the comments
preceding Lemma 6.4 in [11], we see that (in their notation) J 1

2 “ J2, so it follows from Lemma
6.5 there that for every x P J›

2 , if pψ is a non-injective parametrization of Wupxq, then pψ is of
the form ζ ÞÑ ψuxpcζ2q with ψux injective (see also [12, Prop. 2.6] for a related argument).

Lemma 2.14. If f is unstably linear, then J› “ J›
1 ; in other words τpxq ď 1 for every x P J›.

3This is essentially contained in [11] but a missing ingredient there was that Wu
pxq is smooth at x.
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First proof of the lemma. Assume that J›
2 is non-empty. We claim that for every x P J›

2 ,
pψuxq´1pJq is contained in a half line. Indeed, if pψ P pΨ is a non-injective parametrization of
Wupxq with pψp0q “ x, then as in Equation (2.8) we have G` ˝ pψpζq “ Impζq in H, and by
the previous comments G` ˝ pψpζq “ G` ˝ ψuxpcζ2q. If we rotate ψux so that c “ 1, we see that
G` ˝ ψux “ 0 is the positive real axis, as asserted.

Since J›
2 is a closed invariant set, it supports an ergodic invariant measure ν. By [11, Thm

6.2], ν has a positive Lyapunov exponent, hence also a negative one since |Jacpfq| ď 1. If y is a
ν-generic point, its stable manifold intersects transversally the unstable manifold of some saddle
point p, and at such a point J`

Wupyq
has a tangent line. Since y is recurrent, from Lemma 3.4

below, pψuy q´1
`

J`

Wupyq
q is a line, which is a contradiction. □

Second proof of the lemma. As in the first proof, if J›
2 is non-empty, then it supports a hyper-

bolic, ergodic, invariant probability measure ν. Theorem 6.2 in [11] asserts that the positive
exponent of ν is not smaller that 2 log κ “ 2 log d (see Lemma 2.11). It is a general fact from
Pesin theory that the Lyapunov exponents of hyperbolic measures are approximated by those of
periodic orbits (see [49]). But all Lyapunov exponents of periodic points are equal to log d: this
contradiction finishes the proof. □

We are now ready to complete the proof of Theorem 2.7. The previous lemma shows that if f
is unstably linear, then J›

1 “ J›. Therefore the local manifolds Wu
locpxq form a lamination in a

neighborhood of J› (see [11, Prop. 5.3]). In the vocabulary of [1], every point in J› is u-regular.
In addition by Lemma 2.12, G` does not vanish identically along any of the Wu

locpxq, x P J›,
and Lemma 2.4 shows that |Jacpfq| ď 1. Therefore, [1, Prop 2.16] (or [1, Thm 2.18]) shows
that f is hyperbolic. This contradicts Corollary 2.6, and the proof is complete. □

2.5. Questions on unstably real automorphisms. Up to conjugacy, the only examples of un-
stably real mappings that we know of are real automorphisms with maximal entropy htoppf |R2q “

htoppfq. In particular they are stably real as well.

Question 2.15.

(1) Is every unstably real automorphism conjugate to a real automorphism with maximal
entropy?

(2) If f is unstably real, then is Jacpfq real?
(3) Assume that all unstable multipliers of f are real, then is f unstably real?

The second question is a weak form of the first one. We refer to [25] for a positive answer to
the third question in dimension 1.

2.6. Comments on other affine surfaces. Consider the affine surface S “ Cˆ ˆ Cˆ, i.e. the
complex multiplicative group of dimension 2. The group GL2pZq acts by automorphisms on S: if
M “

`

a b
c d

˘

P GL2pZq, the corresponding automorphism is fM : px, yq ÞÑ pxayb, xcydq. Then,
fM is loxodromic if and only if M has an eigenvalue λ with |λ| ą 1 (the second eigenvalue
is detpMq{λ, and detpMq “ ˘1). Such a loxodromic monomial automorphism has positive
entropy, preserves a pair of holomorphic foliations, and has a Julia set which is a real analytic
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surface, namely tpx, yq ; |x| “ 1 “ |y|u. A similar example is obtained by looking at the Cay-
ley cubic surface S{η, where ηpx, yq “ p1{x, 1{yq (see [15, 17]). Thus, Theorems B and C do
not extend directly to arbitrary affine surface. Following the arguments presented in this article
in view of such a generalization, the main missing input to characterize unstably linear automor-
phims of affine surfaces would be a version of the Bedford-Kim theorem on multipliers of fixed
points (Proposition 6.1 in [3]).

Question 2.16. Let f be an automorphism of a complex affine surface X , with first dynamical
degree λ1pfq ą 1. Assume that for every sadlle periodic point, except finitely many of them,
the unstable multiplier λup is equal to ˘λ1pfqn, where n is the period of p. Is X isomorphic to
Cˆ ˆ Cˆ or its quotient by px, yq ÞÑ p1{x, 1{yq?

3. RECTIFIABLE JULIA SETS

In this section we push the techniques of the previous section one step further.

Theorem 3.1. Let f P AutpC2q be a loxodromic automorphism. If Γ is a transversal to J`,
then J`

Γ is not a rectifiable curve.

Examples of automorphisms such that J`
Γ is locally a curve include perturbations of 1-

dimensional hyperbolic polynomials with quasi-circle Julia sets.

Corollary 3.2. If Γ is a transversal to J` such that J`
Γ is a Jordan arc, then its 1-dimensional

Hausdorff measure is infinite.

Proof of the corollary. A Jordan arc has finite 1-dimensional measure if and only if it is rectifi-
able (see e.g. [26, Lem. 3.2]). □

This generalizes some results of Hamilton [35] in 1-dimensional dynamics to plane polyno-
mial automorphisms. In dimension 1, a deeper result states that if a polynomial Julia set is not
totally disconnected, then either it is smooth (a circle or an interval) or its Hausdorff dimension
is greater than 1. In the connected case, this follows from Zdunik’s results in [53] together with
Makarov’s celebrated theorem [44] on the dimension of plane harmonic measure; the general
case is established by Przytycki and Zdunik in [47]. In our setting, one may expect that such an
alternative holds for unstable slices (except that, as we saw, smooth examples do not exist).

3.1. An extension of Proposition 2.2. Recall that a subset F Ă R2 has a tangent at x if for
every θ ą 0 there exists r ą 0 such that F XBpx, rq is contained in a (two-sided) angular sector
of width θ. This notion is invariant under diffeomorphisms so it makes sense on any real surface.
The first step is a generalization of Proposition 2.2 (see also Remark 2.3).

Proposition 3.3. Let f P AutpC2q be a loxodromic automorphism. Let Γ be a transversal to J`.
If J`

Γ admits a tangent on a set of positive measure for T` ^ rΓs, then f is unstably real.

Before starting the proof, let us fix some vocabulary. Since the canonical measure µ “ µf “

T` ^ T´ is hyperbolic, by Pesin’s theory, µ-almost every point admits a stable and an unstable
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manifold, biholomorphic to C (see e.g. [6] for details). We choose a measurable family of
unstable parametrizations ψux : C Ñ W upxq, normalized by

(3.1) ψuxp0q “ x and
›

›pψuxq1p0q
›

› “ 1.

In these parametrizations, f acts linearly. We say that W upxq has size r at x if it is a graph of
slope at most 1 over the disk of radius r in Eupxq relative to the orthogonal projection π from
C2 to Eupxq. Then the Koebe distortion theorem gives universal bounds on the distortion of
π ˝ ψux on any disk of radius ă r{4 (see [13, Lem. 3.7]). We denote by W u

r pxq the connected
component of W upxq XBpx, rq containing x, and by eupxq a unit vector tangent to W upxq at x.

Proof.
Step 1: an intermediate case.– In a first stage, we assume that for some µ-generic x (that is,
satisfying a finite number of full measure conditions to be made clear below), pψuxq´1

`

J`

Wupxq

˘

has a tangent at x. We claim that f is unstably real.
Indeed, set Ipxq “ pψuxq´1

`

J`

Wupxq

˘

, fix some ρ ą 0, and letApxq Ă N be the set of integers
n such that W upfnpxqq has size at least ρ at fnpxq. For generic x and sufficiently small ρ, the
lower density of Apxq in N is arbitrary close to 1. Fix such a ρ, and assume furthermore that
}dfnx peupxqq} tends to infinity, which again is a generic property.

Viewed in the unstable parametrizations, fn acts linearly; so, by the normalization (3.1), it
maps a disk of radius r in pψuxq´1pW upxqq to a disk of radius }dfnx peupxqq}r in pψufnpxq

q´1pW u
fnpxq

q.
Thus, if Ipxq has a tangent at x, it follows that for every θ ą 0 and large enough n, Ipfnpxqq X

Dp0; ρq is contained in an angular sector Sn of width θ.
Since Apxq has positive density, we may fix a subsequence nj in Apxq such that fnj pxq

converges to a Pesin generic point x0, whose unstable manifold has size 4ρ1, with ρ1 ă ρ{4 and
W u
ρ1pfnj pxqq converges in the C1 sense to W u

ρ1px0q. Choose local coordinates px, yq P Dp0, ρ1q2

such that W u
2ρ1px0q X Dp0, ρ1q2 “ ty “ 0u and W u

2ρ1pfnj pxqq X Dp0, ρ1q2 is a graph over the
first coordinate, and denote by π : px, yq ÞÑ x the first projection. As explained above, since
nj P Apxq, by the Koebe distortion theorem, pπ ˝ ψu

fnj pxq
q is a sequence of univalent mappings

in some fixed disk, say Dp0, ρ1{10q. Upon extraction we may assume that it converges to some
univalent holomorphic map γ : Dp0, ρ1{10q Ñ Dp0, ρ1q, and extracting further if necessary,
the images of sectors π ˝ ψu

fnj pxq
pSnj q converge to the analytic curve γpeiθRq. Exactly as in

Proposition 2.2, the lower semicontinuity of Γ ÞÑ J`
Γ implies that this limit curve is unique: if

not, we would get at point of J`

ty“0u
outside γpeiθRq, which would prevent J`

Wu
ρ1{10

pfnj pxqq
to

be contained in an arbitrary small angular sector for large j. Hence, J`

Wu
ρ1{10

px0q
is contained in

a smooth curve, and since W u
ρ1{10px0q is a transversal to J` we conclude from Proposition 2.2

that f is unstably real.
For further reference, let us record a mild generalization of what we just proved, where we

incorporate an additional inclination lemma argument.

Lemma 3.4. Let ν be a hyperbolic, ergodic, f -invariant measure. There exists a set E of full
measure made of Pesin regular points, with the following property. Let Γ be a transversal to
J`, let x be an element of E , and assume that for some sequence pnjq, fnj pxq converges to
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a point y P E. If J`
Γ admits a tangent at a transverse intersection point t P W spxq X Γ, then

pψuy q´1
`

J`

Wupyq
q is a line.

Step 2: conclusion.– We first state a lemma which will be proven afterwards.

Lemma 3.5. Let Γ be any transversal to J`. For every subset A of full µf -measure there exists
E Ă Γ of full pT` ^ rΓsq-measure such that if t P E, there exists x P A such that

– t P W spxq,
– W spxq intersects Γ transversally at t.

Thus, if J`
Γ has a tangent at t for t in a set of positive pT`^rΓsq-measure, applying Birkhoff’s

theorem together with Lemma 3.4, we obtain that pψuy q´1
`

J`

Wupyq

˘

has a tangent at y for y in a
set of total µf -measure. The conclusion then follows from the first step. □

Proof of Lemma 3.5. This is identical to [23, Lem. 3.3], except that the algebraic curve C in that
lemma needs to be replaced by the transversal Γ. To adapt the proof we make use of [8, Thm
3]: since

ş

T` ^ rΓs ą 0 and, reducing Γ slightly if necessary, the trace measure σT` gives no
mass to BΓ, the sequence of currents d´nfn› rΓs converges to some positive multiple of T´. □

3.2. Proof of Theorem 3.1. Assume that for some transversal disk Γ, J`
Γ is a rectifiable curve.

We will show that f is unstably linear, which is impossible by Theorem 2.7.
Let Ω Ă C be a domain. In what follows, we denote by ωpx,A,Ωq the harmonic measure

of a subset A Ă BΩ viewed from x in Ω. In all the cases considered below, Ω will be a Jordan
domain, and ωpx,A,Ωq is the value at x of the solution of the Dirichlet problem in Ω with
boundary value 1A. In other words, if φ is a continuous function on BΩ and uφ is its harmonic
extension to Ω, then

ş

φpyqωpx, dy,Ωq “ uφpxq (see [32] for a detailed account). If ϕ : Ω Ñ

ϕpΩq is a biholomorphism that extends to a homeomorphism Ω Ñ ϕpΩq, then ωpx,A,Ωq “

ωpϕpxq, ϕpAq, ϕpΩqq (conformal invariance).

Lemma 3.6. For any x0 P Γ such that G`px0q ą 0, there exists an open subset Ω of Γ con-
taining x0 whose boundary contains a relatively open subset of the Jordan curve J`

Γ , an open
subset U of Ω intersecting J`

Γ and a positive constant c such that ωpx0, ¨,Ωq|UXJ`
Γ

ď c∆G`|U .

We provide below a proof of this lemma, which is certainly known to some experts.
Let us complete the proof of the theorem. Since J`

Γ is a rectifiable curve, a classical theorem
of F. and M. Riesz asserts that the harmonic measure is mutually absolutely continuous with the
1-dimensional Hausdorff measure H1 on J`

Γ (see [32, Thm VI.1.2]). In addition, J`
Γ admits

a tangent at H1-almost every point. Thus, from Lemma 3.6 and Proposition 3.3, we infer that
for every saddle or Pesin generic point p, pψup q´1pJ`

Wuppq
q is contained in a line. Furthermore,

pψup q´1
`

J`

Wuppq

˘

has no compact component, for such a compact component would give rise to
small components of J`

Γ under stable holonomy (see [19, Prop. 1.8]). Therefore we conclude
that pψup q´1

`

J`

Wuppq

˘

is a line, as asserted.



RIGIDITY FOR POLYNOMIAL AUTOMORPHISMS OF C2 16

3.3. Proof of Lemma 3.6. To explain the idea, suppose for a moment that Γ is a piece of unsta-
ble manifold of some saddle periodic point p. Since J`

Γ is a rectifiable curve, pψup q´1
`

J`

Wuppq

˘

is a line that cuts C in two half-planes and it follows from Lemma 2.4 that ∆pG` ˝ ψup q is
proportional to the Lebesgue measure on the line pψup q´1

`

J`

Wuppq

˘

. Now, if Ω is a domain with
piecewise smooth boundary intersecting pψup q´1

`

J`

Wuppq

˘

along a segment, then the harmonic
measure has a smooth density along this segment (see [32, §II.4], and the result follows.

For a general transversal Γ we need a local and rectifiable version of this picture. Let Ω0 Ă Γ

be a smoothly bounded simply connected domain containing x0 such that Ω0 X J`
Γ is an arc

separating Ω0 into two components; such a set exists because J`
Γ is rectifiable. Let Ω be the

component containing x0. Consider a Riemann uniformization ϕ : H Ñ Ω that maps 8 outside
J`
Γ . Since J`

Γ is rectifiable, ϕ extends continuously to the boundary, and ϕ´1pJ`
Γ X BΩq “: I

is a segment of the real axis. Set G̃ “ G` ˝ ϕ. Since G̃ “ 0 on I , by Schwarz reflexion, G̃
extends to a harmonic function across the interior IntpIq of I; the extension is positive on one
side and negative on the other side. Let ζ P IntpIq be a point at which the differential of G̃ does
not vanish. In some neighborhood Ũ of ζ, the level sets

␣

G̃ “ ε
(

X Ũ , with ϵ ą 0, are graphs
over the real axis, converging in the C1 topology to Ũ X I as ε Ñ 0. We then shrink Ω as in
Figure 1 to insure that it coincides with ϕpŨq near ϕpζq.

Ω0

φ

x0

Ũ

φ−1(x0)

φ(Ũ)

{G̃ = ε}

I

ζ

Ω

FIGURE 1. Sets appearing in the proof of Lemma 3.6 (Ω is the shaded region).

Then, for small ε, the harmonic measure of
␣

G̃ “ ε
(

X Ũ viewed from ϕ´1px0q is equivalent
to the arclength measure on

␣

G̃ “ ε
(

X Ũ , and the implied constants are uniform. Likewise,
∆pmaxpG̃, εqq is equivalent to the arclength measure on

␣

G̃ “ ε
(

X Ũ , with uniform constants:
indeed since G̃ is locally the imaginary part of a univalent holomorphic function, there is a
holomorphic coordinate z “ x` iy in which maxpG̃, εq becomes maxpy, εq; thus, its Laplacian
is a multiple of the Lebesgue measure on ty “ εu and when ε goes to 0, these measures converge
to a measure supported on Ũ X I , which is equivalent to Lebesgue measure, with uniform
constants (see [32, Cor. 4.7 of Chapter II] for similar computations).

Now we transport this to Γ by ϕ. The conformal invariance of the Laplacian and the harmonic
measure shows that ∆pmaxpG`, εqq|ϕpŨXHq

converges to a measure equivalent to the harmonic
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measure ωpx0, ¨,Ωq on a piece of J`
Γ (namely J`

Γ X ϕpŨq). On the other hand this limit is
dominated by ∆G` (the domination may be strict because we are considering only one side of
the curve and G` could be positive on the other side as well), and the result follows. □

4. INVARIANT HOLOMORPHIC FOLIATIONS

Let F be a foliation with complex leaves in some open set U Ă C2. We allow F to have
isolated singularities (see below). By definition, the leaf Fpqq of F through a point q P U is just
reduced to tqu if q is a singularity, and otherwise it is the leaf of the regular folitation defined by
F in the complement of its singularities. We say that a set S Ă C2 is subordinate to F in U if
S X U is not empty and is F-saturated, that is, for every q P S the leaf Fpqq of F through q is
also contained in S.

In this section we address the following question: is it possible that J` be locally (resp.
globally) subordinate to a holomorphic foliation? The case of real analytic foliations will be
considered in the next section.

4.1. Preliminary observations. Let us first gather a few general facts.

Proposition 4.1. Let F be a continuous, regular foliation with complex leaves in some connected
open set U . The following properties are equivalent:

(a) the forward Julia set J` is subordinate to F in U ;
(b) for some saddle periodic point p, every holomorphic disk contained in W sppq X U is con-

tained in a leaf of F .

If these properties hold, then:

(1) in U , each of the three sets in the partition IntpK`q Y J` Y C2zK` is F-saturated;
(2) F is f -invariant in the following sense: if x P J` X U and some iterate fm of f maps x to

another point x1 “ fmpxq of U , then fm maps the leaf Fpxq to the leaf Fpx1q (as germs of
Riemann surfaces).

Proof. Assume that J` is subordinate to F in U . Since W sppq is dense in J`, it intersects U .
Let L Ă W sppq XU be a holomorphic disk. Then L is contained in a leaf of F , since otherwise
its F-saturation

(4.1) FpLq “
ď

qPL

Fpqq

would have non-empty interior and be contained in J`, a contradiction. Conversely, assume
that W sppq X U is subordinate to F . Let q be a point of J` X U and let U 1 be a flow box for F
around q. By density of W sppq, the plaque L through q is approximated in the C1 topology by
plaques contained in W sppq. Since J` is closed, L is contained in J`, as asserted.

For Assertion (1), we observe that if a leaf F in U intersects IntpK`q then it cannot meet
C2zK`, otherwise it would intersect J`, and be entirely contained in it. For Assertion (2), note
that, if fmpFpxqq were not contained in a leaf, then its saturation, as in Equation (4.1), would
produce an open subset of J`. □
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Proposition 4.2. Assume that, in the connected open set U , J` is subordinate to a continuous
foliation F by complex leaves. Then,

(1) the current T` is uniformly laminar in U , the laminar structure of T` is subordinate to F ,
and T`|U is induced by a transverse measure on F;

(2) if Γ Ă U is a disk that is transverse to F , the transverse measure is given by

T` ^ rΓs “ ∆pG`|Γq;

(3) if Γ1 is another disk transverse to F , the F-holonomy h : Γ Ñ Γ1 maps (on its domain of
definition) the measure T` ^ rΓs to the measure T` ^ rΓ1s.

Proof. This is a version of [6, §8-9] in a simpler context. Shrinking U , we may assume that U is
biholomorphic to D2, with coordinates pz, wq, and for U 1 Ă U intersecting J`, every leaf of F
intersecting U 1 is a vertical disk in U . We already know that the current T` is laminar (in a weak
sense) and its support equals J`. Moreover, by construction (see [6]), the disks constituting its
laminar structure are limits of (pieces of) stable manifolds. Since these stable pieces are leaves
of F , the asserted properties follow. □

4.2. No invariant global holomorphic foliation. In this subsection, we prove the holomorphic
version of Theorem B, which is an extension of Brunella’s theorem [14, Corollary] to arbitrary
(transcendental) foliations.

Theorem 4.3. A loxodromic automorphism f P AutpC2q does not preserve any global singular
holomorphic foliation.

We start with a lemma which is a variation on Proposition 4.1, Assertion (2), when F is a
global holomorphic foliation.

Lemma 4.4. Let F be a global, possibly singular, holomorphic foliation of C2. If J` is subor-
dinate to F in some open subset, then F is f -invariant. Conversely, if F is f -invariant, then J`

or J´ is subordinate to F .

Proof. Since there are infinitely many saddle periodic points in the compact set J› and the
singularities of F are isolated, there is a saddle periodic point p that is not a singularity of F .
Let n be its period. As observed in Proposition 4.1, the stable manifoldW sppq is a leaf of F , and
so is the stable manifold W spfppqq. Thus, W sppq is a common leaf of the foliations f˚F and
F . Now, observe that W sppq is dense for the complex analytic Zariski topology: this follows
from the fact that J` “ W sppq carries a unique closed positive current which gives no mass to
curves (see [30]). So we deduce that f˚F “ F .

For the converse, since F is f -invariant, Fppq is fn-invariant. But then, Fppq must coincide
with W sppq or W uppq near p, and by density of W sppq in J` (resp. of W uppq in J´), we
conclude that J` or J´ is subordinate to F . □

Remark 4.5. In Theorem 5.6 below, we prove that J` is dense for the real-analytic topology.
It follows that the previous result holds for real-analytic foliations with complex leaves (and
possibly a locally finite singular set).
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The key step in the proof is to compare the alleged invariant foliation with the canonical
f -invariant holomorphic foliation F` of C2zK`, given near infinity by the level sets of the
Böttcher function φ` (see [36, §5]). Recall that φ` is defined near infinity in C2zK` by

(4.2) φ` “ lim
nÑ8

pfnq
1{dn

for some appropriate branch of the pdnqth root; then, by construction, G` “ log |φ`| there.

Lemma 4.6. Let f P AutpC2q be a loxodromic automorphism. If J` is subordinate to a holo-
morphic foliation F in some connected open set U then F coincides with F` in UzK`.

Proof. In C2zK`, G` is positive and pluriharmonic, and each level set tG` “ cu, c ą 0,
admits a unique foliation by Riemann surfaces, given by F`; more precisely, if x belongs to
tG` “ cu then the local leaf of F` through x is the unique local Riemann surface in tG` “ cu

containing x.
By analytic continuation it is enough to prove the result locally near J`. Thus, shrinking U

as in Proposition 4.2 we may assume that U » D2, with coordinates pz, wq, the leaves of F
are the disks

␣

z “ Cst
(

, and Γ is a horizontal disk. The current T` is uniformly laminar in U ,
and its transverse measure is given by ∆pG`|Γ1q for any horizontal disk Γ1 of D2. Fix such a
disk Γ1 and let h : Γ Ñ Γ1 be the holonomy along F . Then h›pT` ^ rΓsq “ T` ^ rΓ1s and
h is holomorphic, thus HΓ1 :“ G`|Γ ´ G`|Γ1 ˝ h is a harmonic function on Γ. Since J` is
subordinate to F , HΓ1 vanishes on the infinite set J` X Γ, so either HΓ1 vanishes identically on
the disk Γ or tHΓ1 “ 0u is a real analytic curve containing J` X Γ.

If HΓ1 vanishes identically for all Γ1 (or equivalently, for a dense set of horizontals Γ1), then
G` is invariant under holonomy, F coincides with F`, and we are done.

Thus, we can assume that tHΓ1 “ 0u is a curve for a non-empty and open set of horizontal
disks Γ1. The intersection of these curves as Γ1 varies determines a real analytic curve C in Γ (it
can not be reduced to a finite set because J`XΓ is infinite). If this curve contains a point xwhere
G`pxq ą 0, then by definition of C, the level set tG` “ G`pxqu contains the leaf of F through
x, so this leaf must coincide with the leaf of F`. Changing x in nearby points x1 P C we see
that F and F` have infinitely many leaves in common. Thus, F coincides locally with F` in
this case. Otherwise, G` ” 0 on the curve C and we must have J`

Γ “ J` XΓ “ K` XΓ “ C.
Indeed since F preserves IntpK`q (Proposition 4.1), ΓXIntpK`q “ H, for otherwiseC would
contain an open set. So J` XΓ “ K` XΓ. Then, since J` is locally foliated, J` XΓ must have
empty interior, hence J`

Γ “ J` X Γ (see § 2.1). Thus, f is unstably linear, which is impossible
by Theorem 2.7. □

Proof of Theorem 4.3. Denote by F such a hypothetical invariant foliation. By Lemma 4.4,
replacing f by f´1 if needed, J` is subordinate to F . Hence by Lemma 4.6, F coincides with
F` outside K`. On the other hand, by [19, Lem. 3.5], F` extends to a singular foliation of
P2 by adding the line at infinity as a leaf. Thus, F extends to a global singular holomorphic
foliation of P2. Such a foliation is automatically defined by a global algebraic 1-form, hence
this contradicts Brunella’s theorem and we are done. □
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4.3. Local subordination. For the question of local subordination of J˘ to a holomorphic
foliation, we only have partial answers.

Proposition 4.7. Let f be a loxodromic automorphism such that J` is subordinate to a holo-
morphic foliation in some open setU . Then f is unstably connected. In particular J is connected
and |Jacpfq| ď 1.

Corollary 4.8. If |Jacpfq| ă 1, J´ is not locally subordinate to a holomorphic foliation.

Proof of the corollary. Indeed, by [9], a dissipative automorphism is not stably connected. □

Proof of Proposition 4.7. By Lemma 4.6, F coincides with F` outside K`. Consider a flow
box of F intersecting J`, together with a holomorphic transversal disk Γ to this flow box.

We claim thatG`|Γ has no critical points in ΓXpC2zK`q. Indeed, for every x P ΓzK`, some
iterate fnpxq belongs to the region V ` where φ` is well-defined and defines a non-singular
fibration. Since F` is transverse to Γ, there is a neighborhood N of x in Γ such that φ`|fnpNq

is univalent, hence G`|fnpNq has no critical points, and our claim follows by invariance.
We now rely on the results of [9]. Lemma 4.9 below implies that f is unstably connected.

The remaining conclusions respectively follow from [9, Thm 5.1] and the fact that a volume ex-
panding automorphism is never unstably connected, as follows from Theorem 7.3 and Corollary
7.4 in [9]. □

Lemma 4.9. If Γ is a transversal to J` such that G`|Γ has no critical points, then f is unstably
connected.

Proof. This is a mild generalization of some results of [9]. Assume by way of contradiction
that f is unstably disconnected. Fix a transverse intersection point of W sppq and Γ. Iterating
Γ forward and applying the inclination lemma and the continuity of G`, as in the proof of [19,
Prop. 1.8], we construct arbitrary many compact components of K` X Γ. None of these com-
ponents is isolated. Indeed, otherwise f would be transversely connected in the sense of [19,
Def. 1.5] hence unstably connected, by [19, Prop. 1.8]. But then, we obtain a contradiction with
Lemma 7.2 in [9] (4). □

Proposition 4.10. Let f be a loxodromic automorphism such that |Jacpfq| ă 1 and IntpK`q

is either empty or a union of sink and parabolic basins. Then J` cannot be subordinate to a
holomorphic foliation in a neighborhood of J›.

Proof. The closing lemma of [21] (see Corollary 1.2 there) shows that the orbit of every point
of J` accumulates J›. So, by pulling back, F extends to a holomorphic foliation on a neigh-
borhood of J`. (Note that if x P J` and n1, n2 are such that fnipxq are close to J›, then the
local foliations obtained by pulling back under fn1 and fn2 coincide, because they coincide on
J›.) Thus by Lemma 4.6, one can extend F holomorphically by F` to C2zK`.

Let now Ω be a component of IntpK`q. A first possibility is that Ω is the basin of some
attracting periodic point a. Since the domain of definition of F contains a neighborhood of BΩ,
by pulling back we see that F extends to an invariant holomorphic foliation of Ωz tau, hence by

4This lemma is stated for an unstable manifold, but the proof evidently works in any transversal.
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the Hartogs’ extension theorem F extends to a singular holomorphic foliation of Ω.(5) If Ω is the
basin of a semi-parabolic periodic point q, since p P J›, F is well defined in some neighborhood
of q, and again pulling back extends F to Ω. Altogether, we have constructed an extension of F
to C2, and we conclude by Theorem 4.3. □

Remark 4.11. The only known examples for which J` is locally laminated by stable manifolds
near J› are hyperbolic maps or maps with a dominated splitting on J›. For hyperbolic maps
the assumption on IntpK`q holds by [7]. For maps with a dominated splitting on J› (with
the additional hypothesis that |Jacpfq| ă 1{pdegpfqq2), it follows from the structure theorem
of Lyubich-Peters [42]. See [1, §2] for sufficient conditions for hyperbolicity based on the
laminarity properties of J˘. Thus it is very plausible that the assumption that IntpK`q is a
union of sink and parabolic basins is superfluous in Proposition 4.10.

5. REAL-ANALYTIC FOLIATIONS

In this section we study the situation where J` is locally or globally subordinate to a real-
analytic foliation with complex leaves.

5.1. Proof of Theorem B. Recall the statement of Theorem B:

Theorem 5.1. Let f be a loxodromic automorphism of C2. Then J` is not subordinate to a
global real-analytic foliation (with a possibly locally finite singular set).

The proofs goes by showing that J` is locally subordinate to a holomorphic foliation near J›,
which requires separate arguments in the unstably real and non unstably real cases. Altogether,
the theorem is a consequence of Theorem 4.3 Corollary 5.3 and Proposition 5.5. The argument
also implies that Proposition 4.10 holds in the real-analytic case.

Proposition 5.2. Let f be a loxodromic automorphism of C2. Assume that

(i) f is not unstably real;
(ii) in some open set U intersecting J›, J` is subordinate to a real analytic foliation F with

complex leaves.

Then F is holomorphic and f is unstably connected.

Corollary 5.3. If f is a loxodromic automorphism which is not unstably real, then J` cannot
be subordinate to a global real analytic foliation with complex leaves.

Proof of the corollary. By Proposition 5.2, F is holomorphic in a neighborhood of J›. This
property propagates to C2 by real analyticity, and Theorem 4.3 finishes the proof. □

The proof of Proposition 5.2 relies on a variation on a well-known result of Ghys [33]. The
essence of Ghys’ argument is contained in the following lemma.

5More precisely, on a small neighborhood of a, the foliation is defined by a line field z ÞÑ Lpzq. Denoting by
ℓpzq the slope of Lpzq, we obtain a meromorphic function ℓ on a small neighborhood of a. By Levi’s extension
theorem [46, p. 133], this function extends to a meromorphic function on some neighborhood of a.
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Lemma 5.4. Let f be a loxodromic automorphism. Assume that in some open set U intersecting
J›, J` is subordinate to an f -invariant C1 foliation F with complex leaves. Let p be a saddle
periodic point in U and L be a leaf of F contained inW sppq. Let x, x1 be two points of L, τ and
τ 1 be local holomorphic transversals to L, and hτ,τ 1 : pτ, xq Ñ pτ 1, x1q the germ of holonomy
along F . Then hτ,τ 1 is holomorphic at x.

Recall that the notion of invariance for a local foliation was explained in Proposition 4.1,
Assertion (2).

Proof of the lemma. Let k be the period of p. Fix a path γ in L X U joining x and x1. For large
enough n P kZ, fnpγq is contained in U and close to p. By the inclination lemma, there are
two disks Vn Ă τ and V 1

n Ă τ 1, containing respectively x and x1, such that fnpVnq and fnpV 1
nq

are close to W u
locppq. Then the holonomy between fnpVnq and fnpV 1

nq is a C1 quasiconformal
map whose distortion is bounded by εn, with εn Ñ 0. Since f , τ and τ 1 are holomorphic, it
follows that the quasiconformal distortion of hτ,τ 1 in Vn is bounded by εn, so by letting n tend
to infinity we conclude that the distortion at x vanishes, that is, hτ,τ 1 is holomorphic at x, as was
to be shown. □

Proof of Proposition 5.2. By Proposition 4.1, if x and x1 belong to J` X U and fn maps x to
x1, then it must locally send Fpxq to Fpx1q. Let τ be some transversal to F at x1. Since f is
not unstably real, Proposition 2.2, shows that the local F saturation of J`

τ is R-Zariski dense.
Therefore we infer that F is invariant (this is a real analytic version of Lemma 4.4).

To prove that F is holomorphic, we fix two holomorphic transversals τ , τ 1 in some flow box
of F ; we have to show that the holonomy hτ,τ 1 between these transversals is holomorphic. Fix
a saddle point p P J› X U . Then W sppq X U is dense in J` X U , so W sppq X τ is dense in
J`
τ . By Lemma 5.4, hτ,τ 1 is holomorphic at every such point. Since in addition J`

τ is R-Zariski
dense in τ , and hτ,τ 1 is real analytic, this entails that hτ,τ 1 is holomorphic everywhere. Thus, F
is holomorphic, and the unstable connectedness follows from Proposition 4.7. □

In the unstably real case we readily get a contradiction.

Proposition 5.5. If f be a loxodromic automorphism which is unstably real, then J` cannot be
subordinate to a real analytic foliation F with complex leaves in an open set U intersecting J›.

Proof. Let F be the alleged foliation and p be a saddle periodic point in U . Since f is unstably
real, J`

Wuppq
is contained in a real-analytic curve, therefore, saturating by F , we deduce that J`

is contained in a real-analytic hypersurface Σ, which must be Levi-flat. A classical theorem of
Cartan [18] asserts that the Levi foliation of a real analytic Levi flat hypersurface locally extends
to a holomorphic foliation. Thus, in some neighborhood U of p, there is a holomorphic foliation
F 1 extending F|Σ (which may not coincide with F), hence J` is subordinate to F 1 in U . Then,
Proposition 4.7 implies that f is unstably connected, hence unstably linear, which is impossible
by Theorem 2.7. □

5.2. An application. The idea underlying Proposition 5.5 leads to the following result in the
spirit of [3].
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Theorem 5.6. Let f P AutpC2q be loxodromic. Then

(1) J` (resp. J´) is not contained in a proper real-analytic subvariety;
(2) the dimension of the R-Zariski closure of J› cannot be equal to 0, 1, or 3.

On the other hand, the R-Zariski closure of J› can be of dimension 2: this happens for map-
pings with J› Ă R2 (or equivalently htoppf |R2q “ htoppfq) and their conjugates. Therefore
the R-Zariski closure of J› has dimension 2 or 4; it is easy to show that if one saddle point has
a non-real stable or unstable eigenvalue, then it cannot be of dimension 2 (see below Proposi-
tions 6.4 and 6.5 for stronger results in this spirit). Thus, the second statement of the theorem is
an argument in favor of the implication “unstably real implies stably real” (see § 2.5).

Proof. Assume that J` is contained in a proper real-analytic subvariety V . Only finitely many
components of V intersect J›, so these components are periodic and one of them has positive
(not necessarily full) µf -measure6. Let V1 be such a component. Since µf is hyperbolic, by
Pesin theory, V1 contains a flow box of positive measure Ls made of Pesin local stable manifolds.
Since Ls contains infinitely many holomorphic disks, it is R-Zariski dense in V1. At every point
x P Ls, since V1 contains a holomorphic disk through x, the Levi form of V1 vanishes. By
Zariski density, we conclude that V1 is Levi flat. In addition, the intersection of V1 with a local
stable manifold W s

locpxq is contained in an analytic curve, so f must be unstably real. Thus,
Proposition 5.5 yields the desired contradiction.

Now assume that the R-Zariski closure V of J› has dimension 3, and fix a component V1
of V of dimension 3. By Zariski density, there is a saddle point p together with an open subset
U Q p such that J› X U Ă RegpV1q. By the local fn-invariance of V1 at p, we see that either
W s

locppq or W u
locppq is contained in V1: indeed, if TpV1 does not contain the stable direction

Esppq (resp. Eulocppq), the Inclination Lemma shows that V1 contains W u
locppq (resp. W s

locppq).
In this way we can find an R-Zariski dense subset of V1 made of local unstable (resp. stable)
manifolds W u

locppq Ă V1, and we complete the argument similarly as in the previous case.
To conclude, note that J› is infinite, so the dimension of its R-Zariski closure is ě 1. If its

Zariski closure were a curve, a component of it would be contained in the stable (or unstable)
manifold of a saddle periodic point. But then, this stable manifold would contain more than one
periodic point, a contradiction. □

6. HOMOCLINIC ORBITS AND THE ARGUMENTS OF PERIODIC POINT MULTIPLIERS

In this section we extend to two dimensions a technical result which has recently proven
useful in certain multiplier rigidity results in dimension 1 (see [25, 38, 37]).

Theorem 6.1. Let f be a holomorphic diffeomorphism on a complex surface. Assume that p is
a saddle fixed point admitting a homoclinic intersection. Then there exists a sequence of saddle
periodic points pn of period n accumulating p, whose stable and unstable multipliers satisfy
λsppnq „ cpλsppqqn and λuppnq „ c1pλuppqqn for some c, c1 P C˚. Moreover, the sequence
ppnq can be chosen to be Zariski dense for the complex analytic topology

6At this stage it could be that these components are strictly periodic, and intersect along a 2-dimensional subset
which must be fixed because µf is mixing.
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Recall that for a loxodromic automorphism of C2, every saddle periodic point generates
(transverse) homoclinic intersections (see [6, Thm. 9.6]).

Proof.
Step 1.– Horseshoes. By [22, Prop. 3.2], there is a point τ of transverse intersection between

W uppq and W sppq. If one adds tpu to the orbit of such a point one gets a compact hyperbolic
set Opτq Y tpu; and for any small enough neighborhood V 1 of Opτq Y tpu, there exists a smaller
neighborhood V such that the invariant set

(6.1) Λ “
č

nPZ

f´npV q

is a hyperbolic set with positive entropy (see e.g. [48, §7.4.2]), which is locally maximal by
construction. We shall refer to it as a horseshoe Λ (adapted to τ ). Then for sufficiently large
positive M , M 1,

␣

f´M pτq, . . . , fM
1

pτq
(

is an ε-pseudo-orbit, with ε “ Op|λu|
´M

` |λs|M
1

q,
so by the Closing Lemma it is shadowed by a unique periodic orbit of length M ` M 1 ` 1

contained in Λ.
Step 2.– Shadowing. As in the proof of Proposition 2.2, we consider local holomorphic

coordinates px, yq near p in which p “ p0, 0q and f is of the form

(2.3) fpx, yq “ pλuxp1 ` xyg1px, yqq, λsyp1 ` xyg2px, yqqq .

In these coordinates, the axes coincide with the local unstable and stable manifolds. Renormal-
izing if needed, we assume that these coordinates are well defined over the unit bidisk D2.

From Step 1, there is a point τ0 “ px0, 0q P W u
locppq, with x0 ‰ 0, a neighborhood U of x0

in C, and an integer k ě 1 such that the piece of unstable manifold fkpU ˆ t0uq

– intersects W s
locppq “ tx “ 0u transversally at fkpτ0q “ p0, y0q P D2, with y0 ‰ 0, and

– is a graph (relative to the first coordinate) over some neighborhood of the origin.

If we fix a small neighborhood V 2 of
␣

fpτ0q, . . . , fk´1pτ0q
(

and put V 1 “ D2 Y V 2, the first
step shows that, for every large enough N , there is a unique saddle periodic orbit, of length
n :“ 2N ` k, shadowing

(6.2) f´N pτ0q, . . . , τ0, . . . , f
kpτ0q, . . . , fk`N´1pτ0q.

We label this periodic orbit by q´N , . . ., q0, . . ., qN´1, . . ., qN`k´1 in such a way that q´N , . . .,
qN are in D2, q´N is close to fkpτ0q, q0 is close to the origin, and qN is close to τ0.The period
of q0 is equal to 2N ` k.

At the end of the proof, for a given large n, if n of the form 2N ` k (that is n ” k mod. 2)
we shall set, pn “ q0 where q0 is as above; otherwise, for n of the form 2N ` k ` 1, the reader
can reproduce the same proof with the pseudo-orbit f´N`1pτ0q, . . . , τ0, . . . , f

k`N´1pτ0q.
Step 3.– Estimating the multiplier. In the following we study the action of f on tangent

vectors in D2 which are close to the horizontal direction. These vectors will be written as v “

νp1,mq, where ν P C˚ and m P C is the complex slope. In particular,

(6.3) dfkτ0p1, 0q “ ν0p1,mq
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for some ν0 P C˚, where p1,mq is tangent to fkpU ˆ t0uq at fkpτ0q. In other words, if we write
fk “ ppfkq1, pf

kq2q, ν0 is given by the partial derivative7

ν0 “
Bpfkq1

Bx
px0, 0q.

We will complete the proof of the theorem by establishing the following more precise lemma.
The estimate for λspq0q is obtained in the same way.

Lemma 6.2. The unstable multiplier of q0 satisfies

λupq0q “ ν0pλuppqq2N p1 `OpθN qq

for some θ ă 1.

Note that if instead of the pair pτ0, f
kpτ0qq we choose pf ℓpτ0q, fk`ℓ1

pτ0qq, then, as soon
as these points remain in D2, the same result holds with ν0 replaced by ν0pλuppqqℓ

1´ℓ and
pλuppqq2N replaced by pλuppqq2N`ℓ´ℓ1

.

Proof. For ´N ď j ď N , we single out the unit vector eupqjq “ p1,mjq as a complex tangent
vector to the unstable direction of qj , and write

(6.4) dfqj peupqjqq “ µje
upqj`1q and dfkpeupqN qq “ νeupq´N q.

These quantities depend onN but we don’t mark this dependence for notational simplicity. With
these conventions, the unstable multiplier at q0 is

(6.5) λupq0q “

˜

N´1
ź

j“´N

µj

¸

ˆ ν.

In terms of partial derivatives, we have

(6.6) µj “
Bf1
Bx

pqjq `mj
Bf1
By

pqjq.

From Equation (2.3) we get

(6.7)
Bf1
Bx

px, yq “ λuppq p1 ` xyh1px, yqq and
Bf1
By

px, yq “ λuppqx2h2px, yq,

where h1 and h2 are holomorphic. Thus,

(6.8) µj “ λuppq
`

1 ` xjyjh1pxj , yjq ` x2jmjh2pxj , yjq
˘

, where qj “ pxj , yjq.

Since q0 admits N ´ 1 forward iterates and N backward iterates in D2, we obtain the estimates

(6.9) |xj | “ OpθN´jq and |yj | “ OpθN`jq

for ´N ď j ď N and some θ ă 1 (any θ ą maxp|λsppq| ,
ˇ

ˇpλuq´1
ˇ

ˇq will do); in particular

|xjyj | “ Opθ2N q. When j ď 0 we also have
ˇ

ˇ

ˇ
x2jmj

ˇ

ˇ

ˇ
“ Opθ2N q.

It is known that on a compact hyperbolic set, the stable and unstable distributions are Hölder
continuous (see [40, Thm 19.1.6]). Applying this result to the horseshoe Λ, we deduce that when

7This quantity is intrinsic in the sense that it takes the same value in any system of coordinates px, yq in which f
is of the form (2.3). This can be shown by a direct calculation, but it also follows a posteriori from Lemma 6.2.
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j ě 0 the slope mj of the unstable direction at qj satisfies |mj | “ Op|yj |
α

q for some 0 ă α ď 1

and from this we deduce that
ˇ

ˇ

ˇ
x2jmj

ˇ

ˇ

ˇ
“ OpθαN q. Finally, we obtain

(6.10)

śN´1
j“´N µj

pλuppqq2N
“

N´1
ź

j“´N

p1 `OpθαN qq “ 1 `OpNθαN q.

We conclude the proof by showing that ν is exponentially close to ν0. Indeed, the precise
form of the Anosov Closing Lemma given in [40, Cor. 6.4.17] shows that qN is OpθN q close to
τ0. Since the slope mN satisfies |mN | “ OpθαN q, we get

(6.11)
›

›

›
dfkτ0p1, 0q ´ dfkqN p1,mN q

›

›

›
“ OpθαN q,

hence |ν ´ ν0| “ OpθαN q, and, replacing θ by some θ1 ą θα completes the proof. □

Step 4.– Density. As said above, we choose pn “ q0 as above for each n “ 2N ` k (resp.
2N ` k ´ 1). It remains to show that the points pn can be chosen to be Zariski dense for the
complex analytic topology.

Indeed, replacing pn (i.e. q0 above) by an appropriately chosen point in its orbit (i.e. another
qm), we can arrange that the closure of ppnq contains the whole negative orbit of τ0. Now
assume that ppnq is contained in a complex analytic subvariety, which is decomposed into ir-
reducible components as V1 Y ¨ ¨ ¨ Y Vk. One of the Vi accumulates infinitely many points in
␣

f´jpτq, j ě 0
(

, hence it contains them; therefore it must locally coincide with W u
locppq. But

since the pn are periodic, they cannot be contained in an unstable manifold, so we arrive at a
contradiction. □

Remark 6.3. Since in our situation, the stable and unstable distributions of the horseshoe are
complex 1-dimensional, the bunching condition of [40, Thm 19.1.8] holds, so they are actu-
ally Lipschitz, and we could have chosen α “ 1 in the above estimates. This shows that in
Lemma 6.2, any θ ą maxp|λsppq| ,

ˇ

ˇpλuppqq´1
ˇ

ˇq is convenient.

The following result will be used in the proof of Theorem A.

Proposition 6.4. Let f be a loxodromic automorphism of C2. If f has a saddle periodic point
p with non-real stable and unstable multipliers, then there is a set of such periodic points which
is dense for the real analytic topology.

Proof. Without loss of generality, assume that p is fixed. By [6], every saddle point admits ho-
moclinic intersections; furthermore, J`

Wuppq
is the closure of homoclinic intersections (see [24,

Lem. 5.1]). Since λuppq R R, f is not unstably real, so J`

Wuppq
is not contained in a C1 curve.

Likewise J´

W sppq
is not contained in aC1 curve. For any transverse homoclinic intersection point

τ P W uppq X W sppq, by Theorem 6.1 we can construct a sequence of saddle periodic points
ppnq such that the closure of ppnq contains τ and λuppnq „ cλuppqn and λsppnq „ c1pλsppqqn.
Thus, we have

- if argpλuppqq or argpλsppqq differs from ˘π
2 , then both λuppnq and λsppnq are non-real for

infinitely many n;
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- otherwise, argpλuppqq “ επ2 and argpλsppqq “ ε1 π
2 with ε and ε1 in t˘1u; in particular,

Jacpfq P R. Then it might a priori occur that λuppnq and λsppnq are alternatively real,
depending on the parity of n, so that exactly one of them is always real; but such a case would
imply Jacpfq R R, a contradiction.

Altogether, we infer that λuppnq R R and λsppnq R R for all but at most a proper periodic
subsequence of indices n. Repeating this construction by varying τ in W u

locppq and W s
locppq,

we obtain a set of periodic points pn with non-real multipliers that accumulates W u
locppq and

W s
locppq on subsets which are not contained in C1 curves.
To prove R-Zariski density, we apply this construction to a dense subset of homoclinic inter-

sections τj in J`

Wuppq
and we denote by pqnq a sequence of saddle periodic points obtained from

the sequences ppnq (one for each τj) by a diagonal process.
Assume first that V is a proper irreducible real-analytic subset containing the qn. Then V

contains a set of homoclinic points τ P W u
locppq (resp. W s

locppq) which is not contained in a
C1 curve, because J` X W u

locppq (resp. J´ X W s
locppq) is not contained in such a curve. As in

Remark ??, since none of the qn belongs to W u
locppq YW s

locppq we see that V properly contains
W u

locppq YW s
locppq. In particular, dimpV q “ 3 and V is singular at p.

To conclude, we can apply the above construction at each of the qn instead of p, getting pe-
riodic points qn,m with non-real multipliers accumulating W u

locpqnq and W s
locpqnq along subsets

which are not contained in C1 curves. Let V “ V1 Y ¨ ¨ ¨ Y Vk be a proper real-analytic subset
containing these points. Then for one of the irreducible components, say V1, there exists an
infinite family of points qn, which is not contained in a C1 curve in both W u

locppq and W s
locppq,

and such that at each qn, V1 contains a set of homoclinic points in W u
locpqnq YW s

locpqnq which is
not contained in a C1 curve in both W u

locpqnq and W s
locpqnq. Therefore V1 has dimension 3 and

is singular at each such qn. But the qn are not contained in an analytic subset of dimension ď 2,
so we get a contradiction. □

Using Theorem 5.6 we get a version of Proposition 6.4 involving unstable multipliers only.

Proposition 6.5. Let f be a loxodromic automorphism of C2 which is unstably disconnected.
If f has a saddle periodic point p with non-real unstable multiplier, then there is a R-Zariski
dense set of periodic points with the same property.

Proof. Arguing as in the previous proposition (and without taking stable eigenvalues into ac-
count) we can construct a sequence of saddle points (analogous to the points qn,m from the
previous proof), whose unstable multipliers are non-real and whose R-Zariski closure has di-
mension at least 3. Let V be the Zariski closure of the set of periodic points whose unstable
multiplier is non-real, and assume that it has dimension 3. Note that by construction V contains
W uppq. The subvariety V is periodic, of period dividing that of p. Replacing f by fk we may
assume that V is fixed. By Theorem 5.6, J› is not contained in V so there is a saddle periodic
point q P J›zV . Fix t P W spqq X W uppq, so that t is in V . But fnptq Ñ q as n Ñ 8 and V is
invariant so q belongs to V , which is a contradiction. □
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7. REAL ANALYTIC CONJUGACIES

In this section, we prove Theorem A in the following slightly more precise form.

Theorem 7.1. Suppose φ : C2 Ñ C2 is a real analytic conjugacy between two loxodromic
automorphisms f , g P AutpC2q. Assume that there exists a saddle periodic point for f for
which both stable and unstable multipliers are not real. Then φ is a polynomial automorphism
of C2, or the composition of an automorphism with the complex conjugation px, yq ÞÑ px, yq.

This theorem extends the Main Theorem of [16] from the holomorphic to the real analytic
case, with however one additional hypothesis (on the non-real multipliers). The case of C1

conjugacies in degree 2 was treated in [31, Thm 7.5]. One may naturally ask whether this
theorem of Friedland and Milnor extends to arbitrary degrees.

Before starting the proof, let us make a few preliminary observations, which do not depend
on the assumption that there is a saddle point with non-real eigenvalues. If p is a saddle fixed
point of f then q “ φppq is a saddle fixed point of g. Let ψf : C Ñ C2 be a parametrization of
the stable manifold of f at p, and let ψg : C Ñ C2 be a parametrization of the stable manifold
of g at q. Then φ ˝ ψf “ ψg ˝ rφ for some real analytic diffeomorphism rφ : C Ñ C, ζ ÞÑ rφpζq,
with rφp0q “ 0. Note that rφ is completely determined by its restriction to a small neighborhood
of the origin. Denote by λsp (resp. λsq) the eigenvalue of dfp (resp. dgq) along the stable direction.

Lemma 7.2. With the above notation, we have that:

(1) rφ is R-linear;
(2) either λsq “ λsp or λsq “ λsp, and in the latter case, rφ reverses the orientation of C;
(3) if λsp (equivalently λsq) is not real, then either rφpζq “ αζ and λsq “ λsp or rφpζq “ αζ and

λsq “ λsp, where α is some nonzero complex number.

Proof. To see this, it suffices to write the Taylor expansion of rφpζq near the origin as
ř

k,ℓ ak,ℓζ
kζ
ℓ

and write that rφ conjugates ζ ÞÑ λspζ to ζ ÞÑ λsqζ, which gives a relation of the form

(7.1)
8
ÿ

k,ℓ“1

ak,ℓpλ
s
pq
k
`

λsp
˘ℓ
ζkζ

ℓ
“ λsq

8
ÿ

k,ℓ“1

ak,ℓζ
kζ
ℓ
.

Equating the coefficients we first infer that

(7.2) a1,0
`

λsp ´ λsq
˘

“ a0,1
`

λsp ´ λsq
˘

“ 0,

hence, since rφ is a diffeormorphism, either λsp “ λsq or λsp “ λsq (or both). Using that
ˇ

ˇλsp
ˇ

ˇ “
ˇ

ˇλsq
ˇ

ˇ ă 1, we obtain ak,ℓ “ 0 for k ` ℓ ą 1. Finally, if λ is not real, then φ is holomorphic or
antiholomorphic along the stable manifold W s

p , as asserted. □

Proof of Theorem 7.1. Since f has a saddle periodic point p with non-real stable and unstable
multipliers, Proposition 6.4 provides a R-Zariski dense set of such points. Therefore, from the
previous lemma, we deduce that: either (a) φ is holomorphic, or (b) φ is anti-holomorphic, or
(c) there is a dense set of saddle periodic points pj for the real analytic topology such that φ is
holomorphic along W u

pi and antiholomorphic along W s
pi or vice versa.
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In case (a), we conclude with the Main Theorem of [16]. In case (b), composing φ with the
complex conjugation, we obtain a holomorphic conjugacy φ between f and g. Again, the Main
Theorem of [16] implies that φ is an automorphism, as desired.

To complete the proof it remains to show that Case (c) leads to a contradiction. Denote by J

the complex structure of C2 and by J1 the pull back of J under φ. Then, exchanging the roles of
the stable and unstable manifolds if necessary, J1 coincides with J along W u

pi and with ´J along
W s
pi , for a set of saddle periodic points pi which is dense in C2 for the real analytic topology.

On the real tangent spaces TpiC
2 » R4, there is a plane on which J1v “ Jv and another one

on which J1v “ ´Jv. We claim that by density, this property holds everywhere. To see this, we
study the properties of J1J P EndpTzC

2q. Observe that for ε “ ˘1 and v P TzC
2,

J1Jv “ εv ô Jv “ ´εJ1v ô J1v “ ´εJv ô JJ1v “ εv,

and in addition this property is invariant under J and J1, i.e. v satisfies it if and only if Jv or J1v

does. It follows that on an R-Zariski dense set of points z P C2, the characteristic polynomial
χzpXq of J1J is pX ´ 1q2pX ` 1q2; since χzpXq depends analytically on z, this property holds
everywhere. Likewise, the minimal polynomial of J1J at each pi is pX ´ 1qpX ` 1q so again this
property holds everywhere. In this way, we obtain two distributions of planes such that

(a) TzC2 “ P´pzq ‘ P`pzq at each point z of C2,
(b) P´pzq and P`pzq are invariant under J and J1.

Furthermore, P´pzq “ TzW
u
pi and P`pzq “ TzW

s
pi as soon as z is a point on W u

pi or W s
pi ,

respectively. Indeed, P´pzq and P`pzq are the only JJ1- and J-invariant planes at z, and the
property follows by continuity.

These distributions of planes define two real analytic foliations, the leaves of which are holo-
morphic. Indeed, if a k-dimensional distribution is not integrable, then there is an open set U in
which there is a pair of vector fields tangent to the distribution whose Lie bracket is everywhere
transverse to the distribution. Conversely, this property cannot be satisfied if there is a dense set
of points at which one can find a local submanifold of dimension k tangent to the distribution. In
the real-analytic case, to guarantee integrability, it is enough to find such a set that is dense for
the real-analytic topology8. Since the W u

locppiq and W s
locppiq provide such local submanifolds,

we conclude that P´ and P` define two foliations F´ and F`. Since, by definition, P´ and P`

are J-invariant, the leaves are holomorphic.
This argument shows that f preserves two global real analytic foliations by holomorphic

curves, so that Theorem B completes the proof. □

8Let z ÞÑ P pzq Ă TzC
2 be a real analytic distribution of real planes. Given a real analytic vector field z ÞÑ vpzq,

its orthogonal projection vP pzq on P pzq for the standard euclidean metric is also real analytic. In this way, we
construct many real analytic vector fields which are everywhere tangent to P . The integrability of P means that the
Lie bracket of any pair of such vector fields is again tangent to P . Thus, the integrability property propagates from
any R-Zariski dense subset to C2.
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8. MULTIPLIERS IN NUMBER FIELDS

Recall that for a saddle periodic point p of period n, the Lyapunov exponent is

(8.1) χuppq “
1

n
log |λuppq| .

We denote by χupµf q the positive Lyapunov exponent of the unique measure of maximal en-
tropy.

Huguin’s theorem [37] asserts that a rational map in P1pCq whose multipliers lie in some
fixed number field must be exceptional. Here we obtain two partial generalizations of this result.

Theorem 8.1. Let f P AutpC2q be a loxodromic automorphism. Assume that:

(1) f is defined over a number field;
(2) f is uniformly hyperbolic;
(3) f admits two saddle periodic points with distinct Lyapunov exponents.

Then the unstable (resp. stable) multipliers of f cannot lie in a fixed number field.

All three assumptions are absent from [37] and are expected to be superfluous.

Proof. Following [37], we argue by contradiction. Let K be a number field containing the
coefficients of f as well as all unstable multipliers. Note that Jacpfq is in K, so K contains all
stable multipliers as well, and the statements on stable and unstable multipliers are equivalent.

Let p be any saddle periodic point. We show that χupµf q “ χuppq, thereby contradicting
Assumption (3).

Let pqnq be the sequence provided by Theorem 6.1, associated to some homoclinic intersec-
tion, which we assume moreover to be Zariski dense by Remark ??. By a diagonal process (see
e.g. [23, p. 3455]) we may extract a subsequence pqnj q that converges to the generic point for the
Q-Zariski topology. Without loss of generality rename pqnj q into pqnq. Let Galpqnq be the orbit
of qn under the action of the absolute Galois group GalpQ{Kq. Yuan’s arithmetic equidistri-
bution theorem (see [52], and [41] for this application) implies that the sequence of probability
measures

(8.2) µn :“
1

Galpqnq

ÿ

rPGalpqnq

δr

converges to the equilibrium measure µf in the weak-‹ topology.
Since f is uniformly hyperbolic, the unstable line field is continuous along J . For z P J ,

denote by }dfuz } the euclidean norm of dfzpeupzqq for any unit vector eupzq tangent to the un-
stable direction at z; this does not depend on the choice of eupzq. Then the map z ÞÑ log }dfuz }

is continuous. For any invariant measure ν, the average positive Lyapunov exponent is χupνq “
ş

log }dfuz }dνpzq. In particular, Yuan’s equidistribution theorem implies that χupµnq Ñ χupµf q

as n Ñ 8.
Now, if we decompose µn as a sum of ergodic invariant measures along periodic orbits, we

see that all these periodic orbits are GalpQ{Kq-conjugate to that of qn, so their multipliers are
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Galois conjugate as well. But by assumption these multipliers lie in K so they are all equal and
χupµnq “ χupqnq.

On the other hand, since λupqnq „ cλuppqn, it follows that χupqnq Ñ χuppq as n Ñ 8.
Altogether, we conclude that χuppq “ χupµf q, as asserted, and the proof is complete. □

Theorem 8.2. Let f P AutpC2q be a loxodromic automorphism. Assume that:

(1) f is defined over a number field;
(2) f admits a saddle periodic point p such that χuppq ą χupµf q.

Then the unstable (resp. stable) multipliers of f cannot lie in a fixed number field.

Proof. Note that since χuppq ` χsppq “ χupµf q ` χspµf q “ log |Jacpfq|, Assumption (2)
implies that |χsppq| ą |χspµf q|, so the statements on the stable and unstable multipliers are
indeed equivalent.

The proof follows closely that of Theorem 8.1, the only difference being that due to the
lack of hyperbolicity, the unstable directions are a priori not continuous, thus the function
log }dfuz } is a priori not continuous either, and we cannot assert that χupµnq Ñ χupµf q as
n Ñ 8. On the other hand, the upper semi-continuity of Lyapunov exponents (9) shows that
lim supnÑ8 χupµnq ď χupµf q. But since χupµnq “ χuppq, by choosing p as in (2), we get the
desired contradiction. □

Remark 8.3. If f : P1pCq Ñ P1pCq is a non-exceptional rational map, a result of Zdunik [54]
guarantees that f admits repelling periodic points with exponents greater than χupfq. The con-
tradiction in [37] is based on this property.

The assumptions of Theorems 8.1 and 8.2 can be checked on certain perturbative examples.
We illustrate this on the Hénon family but more general close-to-degenerate examples could
be considered. For d ě 2, let us parameterize the space Hd of Hénon maps of degree d by
pa, cq P Cˆ ˆ Cd´1, where fa,cpz, wq “ paw ` pcpzq, zq, with pcpzq “ zd `

řd´2
j“0 cjz

j . Note
that pc is exceptional (or integrable) when it is conjugate to ˘Td, where Td is a Chebychev
polynomial, or when c “ 0, in which case p is monomial. We obtain the extended parameter
space Hd by adjoining the hypersurface ta “ 0u of degenerate maps: f0,c maps C2 to the curve
tz “ pcpwqu and the dynamics on that curve is conjugate to that of pc. In this respect, a Hénon
map fa,c with small Jacobian a may be seen as a perturbation of pc.

Theorem 8.4. There exists a neighborhood N of t0u ˆ pCd´1z t0uq in the extended Hénon
parameter space Hd such that if f P N XHdpQq, then the unstable (resp. stable) multipliers of
f are not contained in a fixed number field.

It is interesting that, as opposed to [37], Chebychev polynomials do not play an exceptional
role in this result.

9Recall the argument for upper-semicontinuity: for any invariant measure ν, the average upper Lyapunov expo-
nent χu

pνq is the limit of 1
k

ş

log
›

›Dfk
x

›

›dνpxq as k Ñ 8. Choosing a submultiplicative norm and taking the limit
along the subsequence k “ 2q realizes ν ÞÑ χu

pνq as the limit of a decreasing sequence of continuous functions for
the weak-* topology, hence it is upper semi-continuous.
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Proof. Assume first that pc0 is neither monomial nor conjugate to a Chebychev polynomial.
Then by the above-mentioned theorem of Zdunik [54], pc0 admits a repelling point r0 with
χpr0q ą χpµpc0 q. For pa, cq close to p0, c0q, a ‰ 0 r0 persists as a saddle point r “ ra,c with
unstable Lyapunov exponent close to χpr0q. Furthermore χupµfa,cq is close to χpµpc0 q (see [20,
§3]; actually we only need the “easy” inequality lim suppa,cqÑp0,c0q χ

upµfa,cq ď χpµpc0 q). So if

pa, cq P Q
d´1, Theorem 8.2 applies and we are done.

If pc0 is conjugate to ˘Td, we observe that all Lyapunov exponents of periodic points are
equal to log d, except for the post-critical fixed points whose exponent is 2 log d (see [45, Cor.
3.9]). Since ˘Td has a connected Julia set, χpµ˘Tdq “ log d, so again the assumptions of
Theorem 8.2 are satisfied (10). □

Remark 8.5. It is natural to expect that Theorem 8.4 holds also in the neighborhood of p0, 0q. To
prove this, it would be enough to find for every parameter close to p0, 0q a saddle periodic point
with Lyapunov exponent ‰ log d. Indeed, in such a neighborhood N0, every f is uniformly
hyperbolic, with a connected Julia set, so χupµf q “ log d. So if r is a saddle point with χuprq ‰

log d, either χuprq ą log d and we conclude by Theorem 8.2, or χuprq ă log d and since
by [5] χupµf q is approximated by unstable exponents of periodic orbits, there exists r1 such that
χupr1q ą χuprq and we conclude by Theorem 8.1. In small degrees (say 2 or 3) we can hope
to prove numerically the existence of such a periodic point, by covering U with finitely many
regions where some point of small period has exponent different from log d.

Remark 8.6. For Hénon maps of degree 2 and 3 the Jacobian determinant together with the
traces of the differential at the fixed points determine the map: this follows from the proof
of [31, Thm 7.1] (11). So in Theorem 8.4 it is enough to assume that Jacpfq P Q, instead of
assuming f in HdpQq. Indeed in this case if the unstable multipliers of the fixed points are
algebraic numbers, then so are the stable multipliers, hence so are the traces, and we conclude
that f itself is defined over Q.

REFERENCES

[1] Eric Bedford and Romain Dujardin. Topological and geometric hyperbolicity criteria for polynomial automor-
phisms of C2. Ergodic Theory Dynam. Systems, 42(7):2151–2171, 2022.

[2] Eric Bedford, Lorenzo Guerini, and John Smillie. Hyperbolicity and quasi-hyperbolicity in polynomial diffeo-
morphisms of C2. Pure Appl. Math. Q., 18(1):5–32, 2022.

[3] Eric Bedford and Kyounghee Kim. No smooth Julia sets for polynomial diffeomorphisms of C2 with positive
entropy. J. Geom. Anal., 27(4):3085–3098, 2017.

[4] Eric Bedford and Kyounghee Kim. Julia sets for polynomial diffeomorphisms of C2 are not semianalytic. Doc.
Math., 24:163–173, 2019.

10The difference between the one- and the two-dimensional situations is that in the one-dimensional case, the
post-critical fixed points do not have transverse homoclinic intersections

11Let us give a few details. For convenience we follow the notation of [31], i.e. we write fpx, yq “ py, ppyq´δxq.
Then ppxq “ px ´ x1q . . . px ´ xdq ` p1 ` δqx, where the fixed points are pxj , xjq and

ř

xj “ 0. For d “ 2, the
trace of Df at the fixed point xj is 2xj so the result is clear. For d “ 3, the calculations of [31, Lem. 7.4] show that

3x1 “

c

tr1 tr2
tr3

`

c

tr1 tr3
tr2

where trj “ tracepDfxj q, for some appropriate choice of square root, and we are done.



RIGIDITY FOR POLYNOMIAL AUTOMORPHISMS OF C2 33

[5] Eric Bedford, Mikhail Lyubich, and John Smillie. Distribution of periodic points of polynomial diffeomor-
phisms of C2. Invent. Math., 114(2):277–288, 1993.

[6] Eric Bedford, Mikhail Lyubich, and John Smillie. Polynomial diffeomorphisms of C2. IV. The measure of
maximal entropy and laminar currents. Invent. Math., 112(1):77–125, 1993.

[7] Eric Bedford and John Smillie. Polynomial diffeomorphisms of C2: currents, equilibrium measure and hyper-
bolicity. Invent. Math., 103(1):69–99, 1991.

[8] Eric Bedford and John Smillie. Polynomial diffeomorphisms of C2. II. Stable manifolds and recurrence. J.
Amer. Math. Soc., 4(4):657–679, 1991.

[9] Eric Bedford and John Smillie. Polynomial diffeomorphisms of C2. VI. Connectivity of J . Ann. of Math. (2),
148(2):695–735, 1998.

[10] Eric Bedford and John Smillie. Polynomial diffeomorphisms of C2. VII. Hyperbolicity and external rays. Ann.
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23(9):3075–3128, 2021.

[43] Mikhail Lyubich, Remus Radu, and Raluca Tanase. Hedgehogs in higher dimensions and their applications.
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