RIGIDITY OF THE DYNAMICS OF Aut(F,) ON
REPRESENTATIONS INTO A COMPACT GROUP

S. CANTAT, C. DUPONT, F. MARTIN-BAILLON

ABSTRACT. Let G be a compact Lie group. Let F, be the free group of
rank n. We describe the orbits of Aut(F,) on Hom(F,;G) when n is suffi-
ciently large. The dynamics stabilizes: orbit closures and invariant proba-
bility measures are algebraic, as in Ratner’s theorems.

RESUME. Soit G un groupe de Lie compact. Soit F, le groupe libre
sur n lettres. Nous décrivons les orbites de 1’action du groupe Aut(F,) sur
Hom(F,;; G) pour n suffisamment grand. Une forme de stabilité apparait,
les adhérences d’orbites et les mesures de probabilité invariantes étant al-
gébrique, comme dans les théorémes de Ratner.
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1. INTRODUCTION

1.1. Nielsen moves. Let F,, = (aj,...,a,|0) be the free group on n gener-
ators. Given some group G, we denote by Hom(F,;G) the set of homomor-
phisms F,, — G. A homomorphism p: F, — G is uniquely determined by the
tuple (p(ay),-..,p(an)), which provides an identification Hom(F,;G) = G".

The group of automorphisms of F, acts on Hom(F,,; G) by precomposition;
more precisely, if € Aut(F,) and p € Hom(F,,; G), then ¢.p = po@~!. Under
the identification Hom(F,;G) ~ G", this action coincides with the action of
Nielsen moves that is, with the action generated by the group of permutations
on n letters and the following elementary transformations

(g17"'7gi7"';gn) = (gl?"'7g;17"'7gn) (11)
(815---+8ir---:8n) > (81,---,8i8js---,&n) (1.2)

for pairs (i,j) € {1,...,n} with i # j. Our goal is to understand this action
when G is a compact Lie group: we shall see that the main dynamical features
of this action “stabilize” as n becomes large.

1.2. Stabilization of the dynamics. To state our main result we need the
following notation. Let H be a closed subgroup of G. Then H is a Lie subgroup
of G; we denote by H® its neutral component and by H* the finite group H /H°.
Let T : H — H* be the projection and let #: Hom(F,; H) — Hom(F;;; H*) be
defined by p — p* := mop. Define Epi*(F,; H) to be the subset of representa-
tions p : F,, — H such that the induced representation p* : F, — H* is surjec-
tive. Then Epi*(F,;H) is a closed Aut(F,)-invariant subset of Hom(F,;G).
There is a natural probability measure mj, on Epi*(F,;H), invariant by
Aut(F,), constructed in the following way. Firstly, if H is connected, we nor-
malize its Haar measure Haary to be a probability measure and define mj; =
Haar}" on Epi*(F,;H) = Hom(F,;H) ~ H". 1t is invariant under Nielsen
moves (resp. under Aut(F,)) because a compact Lie group is unimodular, so
that 4 +— hg and h — h! preserve Haary. Secondly, if H is finite, we define
my,; to be the uniform measure on Epi#(Fn;H ). For the general case, note that
if F C Hom(F,;H) = H" is a fiber of #, and (g1,...,gx) is a point of F, then
the multiplication by (H°)" on the right provides a natural diffeomorphism

F=]]seH". (1.3)
i=1
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Moreover, such a fiber is contained in Epi”(F,; H) if and only if it intersects it
non-trivially. We can now define mj, to be the measure on Epi”(F,;H) such
that its projection to Epi (F,; H*) is mys and its restriction to each fiber of
the projection Epi”(F,;H) — Epi”(F,;H") is proportional to my under the
diffeomorphism given by Equation (1.3). By unimodularity, this definition
does not depend on the chosen base points (g,...,g,) in the fibers of # and
gives a probability measure mj, that is invariant under the action of Aut(F,).

Theorem A. Let G be a compact Lie group. If n is large enough, then

(1) for any p € Hom(F,;G), the closure of Aut(F,)p in Hom(F,;G) is equal
to Epi” (Fu; Hp), where Hy is the closure of the group p(Fy);

(2) the closures of orbits of Aut(F,,) in Hom(F,; G) are exactly the Epi” (F,; H),
for the closed subgroups H of G;

(3) ifuis an Aut(F,)-invariant and ergodic probability measure on Hom(F,; G),
there exists a unique closed subgroup H C G such that u coincides with my,.

The upshot is that the dynamics stabilizes for n large: orbit closures and in-
variant measures become algebraic, as in Ratner’s results in homogeneous dy-
namics. We shall give a precise meaning to the assumption “n is large enough’.
For instance, there is a universal constant b < 103 such that

n > 2m*log,(m)+3m> +b (1.4)

is sufficient, where m is the dimension of the smallest faithfull linear represen-
tation of G. See Remark 5.6 below.

1.3. Redundancy. To prove such a result, we follow the same path as Ge-
lander in [16]. Our main technical input concerns redundant homomorphisms
p: F, — G or, equivalently, redundant tuples (g1, ...,g,) € G", a concept that
we now introduce. For A C G, denote by (A) the subgroup generated by A and
by (A);op the closure of (A) in G. Let Epi(F,; G) be the set of homomorphisms
with (p(F)):0p = G, i.e. topological epimorphisms. We have

Epi(F,;G) C Epi*(F,;G) C Hom(F,;G).
Following Lubotzky, Gelander and Minsky [22, 18] we say that p is redun-
dant if there is a decomposition F,, = A x B into a non-trivial free product (i.e.

A and B are free groups of positive ranks) such that p(A) and p(F,) have the
same closure; equivalently, p is redundant if there is a @ € Aut(F,) such that

<p((P71(Cll)), . 'vp((Pil(an*I)»fOP = FFV!)
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So, being redundant is a topological notion. Note that, even when G is finite,
it does not coincide with the notion used by Lubotzky in [22], for his notion
concerns p while our notion concerns the orbit of p under Aut(F,). The ho-
momorphism is k-redundant if we can impose the rank of B to be > k; so,
being redundant is the same as being 1-redundant.

Translated into properties of tuples (g1,...,8,) € G", k-redundancy means
that, after some Nielsen move mapping the g; to some g/, one can forget the
last k generators g, i1, ..., g, Without changing the closure of the group
generated by the g;. We denote by Red(F,; G) the set of redundant homomor-
phisms and by Redk(Fn; G) the set of k-redundant homomorphisms.

Theorem B. For every integer m > 1, there is an integer N(m) > 1 such that
the following property holds for all n > N(m): if G is any compact subgroup
of GL,,(C), then Hom(F,;G) C Red(F,;G).

This statement implies k-redundancy for n > N(m) +k — 1. To prove The-
orem B, we rely on (1) Jordan’s theorem on the structure of finite subgroups
of GL,,(C), (2) a result of Borel and Serre which is used to provide an exten-
sion of Jordan’s theorem to algebraic subgroups of GL,,(C), (3) the fact that
every compact subgroup of GL,,(C) is an algebraic subgroup in the sense of
real algebraic groups, and (4) some basic facts concerning finite groups and
Wiegoldt’s problem. Thus, the proof relies on well known classical results
and will not be a suprise for specialists.

Theorem B can be used to prove Theorem A for, by the Peter-Weyl theo-
rem, any compact Lie group embeds in some GL,,(C). Indeed, in complement
to [16, 18], we shall see that enough redundancy implies dynamical rigidity.

Theorems A and B answer positively Conjecture 2.6 and Question 2.9 of [17]
in the regime when the rank n of F,, is large enough. Section 6 contains three
applications to the dynamics of Aut(F,) on the character variety (F,;SL 4(R)):
Corollary 6.3 describes minimal invariant compact subsets.

An interesting problem is to classify stationary measures. For this, let Z C
Hom(F,;G) be the set of representations such p(F,) is not dense in G. If
in average the dynamics of Aut(F,) on Hom(F,;G) \ Z is expanding and Z is
repelling, Theorem 1.1.5 of [6] implies that every ergodic stationary measure u
on Hom(F,; G) with u(Z) = 0 is in fact invariant, and then Theorem A shows
that 4 = mj;. So, a natural continuation of this paper is to study expansion
properties of Aut(F,) on the tangent space of Hom(F,;G).
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2. FINITE GROUPS

2.1. Rank, compressibility, and chains. Let G be a finite group. We define
d(G) = min{card(S) ; S C G and generates G},
d(G) = max{d(H) ; H subgroup of G},

The number d(G) is called the rank of G. A subset S C G is compressible if
there is an element s € S such that s € (S\ {s}). If there is no such element s,
we say that S is incompressible. Define two incompressibility constants by

ic(G) = max{card(S) ; S C G generates G and is incompressible }, (2.1)
ic(G) = max{card(S) ; S C G is incompressible}, (2.2)

so that ic(G) is the maximum of ic(H) over all subgroups H C G. We have
d(G) < ic(G) < card(G) and d(G) < ic(G) < card(G). Let cl(G) be the max-
imal length of an increasing chain of subgroups

{1}€G1 €G- CGiC---CGr=0G. (2.3)
In a chain of subgroups, the index of G; in G;4 is at least 2. Thus,

d(G) < ic(G) <ic(G) < cl(G) < logy(card(G)) (2.4)

Example 2.1. Consider S,,, the group of permutations on n letters. By the
Stirling formula, log(card(S,)) ~ nlog(n) up to an error of order log(n); in
particular, n ~ log(card(S,))/loglog(card(S,)). Since the groups S, form an
increasing sequence, we obtain cl(S,) > n — 1. In fact, it is proven in [9] that
cl(Sn) = | ¥ ] — b(n) where b(n) < log,(n) is the number of occurences
of 1 in the binary expansion of n. Since the transpositions (i,i+ 1) form an
incompressible set, ic(S,) > n— 1; Whiston shows in [26] that this is optimal:
if § C S, is incompressible, then card(S) < n— 1 and if card(S) =n — 1 then
(S) =S,. Thus, ic(S,) = ic(S,) = n— 1 for every subgroup H of S,,.

Example 2.2. In the group Z/NZ, where N = p; --- p; for k distinct prime
numbers, the set S = {N/pi,...,N/py} is generating and incompressible. For
instance (2,3) is an incompressible generating pair for Z/6Z. A Nielsen move
maps it to (2, 1), which is compressible; so, the set of incompressible tuples is
not invariant under Nielsen moves.
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2.2. Transitivity. When G is finite, we have
Epi(F,;G)={p:F,— G; p(F,) = G},
Red(F,;G)={p:F,— G; p(A) =p(F,) for some proper free factor A of F,}.

Theorem 2.3. Let G be a finite group.

(1) Ifn >ic(G) 4+ d(G) then Aut(F,) acts transitively on Epi(F,;G);

(2) if G is solvable and n > d(G), Aut(F,) acts transitively on Epi(F,;G).
Thus, if n > ic(G) +d(G), the orbits of Aut(F,,) in Hom(F,,; G) are exactly the
subsets Epi(F,; H), where H is any subgroup of G.

This theorem is proven in [22], the most difficult part being Assertion (2),
due to Dunwoody [13]. Assertion (1) also holds if n > cl(G) + 1, see [22].

We reproduce the proof of Assertion (1) (i.e. Proposition 3.1 in [22]), be-
cause it will be generalized in Section 5.1. We shall also prove Assertion (2)
for abelian groups in Example 2.6. This is the only case we shall need in this
paper, precisely for Lemma 2.8.

Proof of (1). We shall use the following elementary but crucial remark.

Remark 2.4. if (g1,...,8,) € G"and h € (g1,...,8n—1), then there is a Nielsen
move from (gy,...,gn) to (gl,...,gn_l,gnhil) (resp. to (gl,...,gn_l,hilgn)).

Set d = d(G) and m = ic(G). We can assume G non-trivial, i.e. d(G) > 1.
Fix a system (g1,...,84) of generators of G. Pick p € Epi(F,;G), and identify
it with the tuple (hy,...,h,) in G" defined by h; = p(a;).

By definition of ic(G) and because n > ic(G) +d(G), the set (hy,...,hy) is
compressible. This means that, up to permutation, %, € (hy,...,h,—1); hence
(hy,...,hy—1) still generates G. By induction, we can assume that (hy,... ;)
generates G, and consequently the remaining elements A, 1,...,h, are in
(hi,...,hy). By Remark 2.4, there is a Nielsen move mapping (hy,...,h,)
to (h1,...,m, 1,...,1). In the same way, g1, ..., g4 are all in (hy,... hy,) and
(h1,...,hm,1,...,1) can be moved to the tuple

(M1 hm, 8155845 1,0, 1)
because n > m+d.

We now go the other way arround. The elements #; are all in (gy,...,84),
thus we can move (hy,...,hy,81,...,84,1,...,1) to (g1,...,84,1,...,1). This
establishes that (gi,...,84,1,..., 1) is in the orbit of p € Epi(F,;; G), and shows
that the action is transitive on Epi(F,;G). O
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If A is an abelian group of rank d, the rank of any of its subgroups its at
most d. Thus, Assertion (2) of Theorem 2.3 gives

Corollary 2.5. Let A be a finite abelian group.

(1) d(A) = d(A);
(2) if n > d(A), the orbits of the action of Aut(F,) on Hom(F,;A) are exactly
the subsets Epi(F,; H), where H is any subgroup of A.

On the other hand, ic(A), hence cl(A), is not bounded in terms of d(A), as
Example 2.2 shows. To be self-contained, we present Dunwoody’s proof of
Corollary 2.5 (2) (the proof for solvable groups, as in Theorem 2.3, is similar).

Proof of Corollary 2.5(2). We setd =d(A). It suffices to show that the Nielsen
moves act transitvely on the systems of generators (gi,...,g,). We argue by
induction on the chain length cl(A). This is trivial when cl(A) = 0. Now,
suppose cl(A) = ¢ and the statement proven up to length ¢/ — 1. Fix a max-
imal sequence of subgroups G; C A, as in (2.3). Then G is a proper sub-
group of A isomorphic to Z/pZ for some prime p and cl(A/G;) = ¢ — 1. Let
(h1,...,hy) be a fixed system of generators of A and (g1,...,g,) be any sys-
tem of generators. Since cl(A/G1) = ¢ — 1, there is a Nielsen move mapping
(gl,...,gn) to (mlhl,...,mdhd,md+1,...,mn), with each m; in Gj. Ifmj #1
for some j > d + 1, then m; generates G, the last n-tuple can be moved to
(hi,...,hq,mj,1,...,1), and then to (h1,...,hg,1,...1) since the h; generate
A. Otherwise, the m;h; generate A, so we can replace mg| by a non-trivial el-
ement of G| and apply the previous argument. In all cases (hy,...,hy,1,...1)
is in the orbit of (g1, ...,gx), Which concludes the proof. O

The next examples show that Corollary 2.5 is optimal, and that Theorem A
fails when 7 1s too small.

Example 2.6. Fix a prime ¢ and an integer r > 1, and set A = F;. By the
previous corollary, Aut(F,) acts transitively on Epi(F,;A) ifn >r+1. Ifn=r,
the set Epi(F,;A) can be identified to the set of basis of the F,-vector space
F,, hence to GL,(F;). With such an identification, the action of Aut(F,) is
the action of SL(F,) on GL,(F,) by right multiplication, where SL(F,) =
{g € GL.(Fy) ; det(g) = £1}. This action is not transitive, it has (g —1)/2
orbits given by the different values of the determinant on GL,(F,) up to £1.
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On the other hand, by Corollary 2.5 (2), the action of Aut(F,) is transitive on
Epi(F;A)if n>r+1(h.

Example 2.7. Fix two integers r,q > 1. Consider the lamplighter group L
obtained by letting Z/rZ act on the additive group of functions from Z/rZ to
Z/qZ. Thus, L is the semi-direct product of Z/rZ and the abelian group F of
all functions f: Z/rZ — Z./qZ, where n € Z/rZ acts on F by f(-) — f(-—n).
Its rank is 2: indeed, L is generated by 1 € Z/rZ and the Dirac function 8y € F
(i.e. 89(0) =1 and §p(n) =0 for all n € Z/rZ\ {0}). Dunwoody’s theorem
shows that Aut(F,) acts transitively on Epi(F,;L) when n > 3. On the other
hand, the subgroup F C A is isomorphic to (Z/gZ)", so its rank is r. By, the
previous example, the action of Aut(F,) on Epi(F,;F) is not transitive when
n < q; if ¢ is prime and n = r, there are (¢ — 1) /2 orbits.

2.3. Jordan families. If G is a finite group and N is a normal subgroup of G,

(1) ic(G) <ic(G/N) +ic(N);
(2) cl(G) =cl(G/N) +cI(N).

These results are taken from [9, 13, 26]. We only sketch the proof of the first
assertion, because it is useful to have it in mind in what follows. For this, fix
some incompressible generating set S C G, let n = card(S). Its projection S
in G/N generates G/N, hence there is T C S such that T generates G/N and
card(T) <ic(G/N). Permuting the elements of S, we can write

S= {tl,...,td,3d+],..-,sn}

with T = {t1,...14}. There are words w; in the #; such that the s’j i=s;wj arein
N forevery j>d. LetS = {t1,...,t4,8), |,-..,5,} be the set obtained by these
Nielsen moves. Then, card(S") = card(S), S’ generates G, and {s}; ,,...,s,} is
an incompressible system in N; indeed, if one of the s;C could be generated by
the other s’j, we could write sywy as a word in the s;w;, hence sy itself would
be a word in the #; and the 5; (for d 4+ 1 < j < n and j # k) contradicting the
incompressibility of S. Thus, ic(G) < ic(G/N) +ic(N).

IThis can be proved directly by linear algebra. Indeed, if (gi,...,g,) generates A, one can
assume that (g1,...,g,) is a basis and find a matrix in SL,(F,) that transforms the g; into
(€1, 0,8y 1,---,8)s Where (er, ..., e;) is the standard basis, o € F,, and the g’; are in A.
Thus, with additional Nielsen moves, one can replace (g, ,...,&,) by (¢,,0,...,0), and then
arrive at (ey,...,e,,0,...,0).
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Lemma 2.8. Let G be a finite group and let 0 - A — G — Q — 1 be an exact
sequence with A abelian. If

n>d(A)+ic(Q) +1,
every p € Hom(F,;; G) is redundant.

Proof. Let p be an element of Hom(F,,; G) and let H be its image. Denote by
Qp the projection of H in Q and by A the intersection of H with A. Set

d=d(Qn) <d(Q) , I=ic(Qn) <ic(Q) , e=d(A).

Our assumption impliesn —1 —e > 1.
Set (gl,;..,gn) = (p(a1),...,p(an)), where as above F, = (ay,...,a,|0).
Since n > ic(Q), there is a Nielsen move that maps (g1,...,g,) to a tuple

(hiy.. s hr By gy hy)

where {hy,...,h;} generates Qy (h j denoting the projection of 4; in Q) and is
incompressible (in particular £, ¢ Aforl<j<I),and h; cAgforlI+1<j<
n. Let B be the subgroup of Ay generated by {A_,...,h)}. The rank of B is
< d(Ag) <d(A) = e thus we can fix a system of generators {by,...,b,} of B.
Since n—1> e+ 1> d(B)+ 1, Corollary 2.5 (2) with G = B gives a Nielsen
move acting only on the /’; that maps (hy, ,...,hy) to (b1,...,be,1,..., 1),
with at least one 1 at the end. This shows that p is redundant. U

Theorem 2.9. Let G be a finite group with an exact sequence 0 - A — G —
Q — 1 where A is an abelian group. If

n>1+d(A)+d(Q)+ic(Q)

then the orbits of Aut(F,) in Hom(F,;G) are exactly the subsets Epi(F,;H)
where H is any subgroup of G.

Proof. Let p: F, — G be a homomorphism and let H = p(F,). We denote
by Qp the projection of H in Q and Ay = ANH. Let {q1,...q4} C H where
d = d(Qp) and whose projection generates Q. Let {uy,...,u.} C Ay be a
generating subset of Ay, with e := d(Ay) < d(A). Let I = ic(Qp). As in the
proof of Lemma 2.8, we begin by performing a Nielsen move which maps
(81,---,8n) to @1 := (hy,...,hy,hp, ..., k). Let B be the subgroup of Ay
generated by {h}_ |,...,h,}, it satisfies d(B) < d(Ay) =e. Let {b1,...,b.} be
a generating subset of B. Observe that

n—1I>n—ic(Q) > 1+d(A)+d(Q) > 1+e+d(Qn).
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In particular,n—1 > 14e > 14d(B). By Corollay 2.5 (2) applied to B, there is

a Nielsen move which maps ®; to @; := (hy,...,h;,b1,...,be,1,...,1). Since

n—I—e>1+d(Qx), m can be mapped to
(hl,...,h[,bl,...,be,ql,...,qd,1,...,1)

and then to

03 := (hy,...,h1,b1,....be,q1s- - qa,1,...,1),
where Bj € Ay for 1 < j <I. Now observe thatn—1 > 1+e > 1+d(B’) for
every subgroup B’ of Ay, and that the following subset of H generates Ay:
{hy,....h;,b1,....,be,q1,...,qq}.
By using successively Corollary 2.5 (2) and the occurence of the identity ele-
ment 1 in 3, we can map ®3 to
(h,....hput,. .. ue,qi,. .. qa,1,...,1),

and then to (uy,...,Ue,q1,--.,44,1,...,1). This concludes the proof. O

We say that a finite group G has Jordan size at most (/,R) (J and R being

non-negative integers) if G contains a normal, abelian subgroup A of rank < R
such that card(G/A) < J. Theorem 2.9 immediately implies:

Corollary 2.10. Let G be a finite group of Jordan size at most (J,R). If
n>1+R+max{d(Q)+ic(Q); Q is a group with card(Q) <J}

then the orbits of Aut(F,) in Hom(F,;G) are exactly the subsets Epi(F,;H)
where H is any subgroup of G.

3. COMPACT LIE GROUPS

3.1. Peter-Weyl theorem. One consequence of Peter-Weyl theory is that ev-
ery compact Lie group admits a faithful continuous representation on a finite
dimensional vector space. Moreover, any compact subgroup of GL,,(R) is in
fact an algebraic subgroup of GL,,(R) (see [23], p.78), and the connected com-
ponents of the group (with respect to the euclidean topology) coincide with its
irreducible components (for the Zariski topology). Altogether, we obtain the
following theorem.

Theorem 3.1 (Peter-Weyl). If G is a compact Lie group, there is an integer
m, a real algebraic group G'(R) C GL,,,(R) and an isomorphism of Lie groups
G — G'(R).
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More precisely, there is an equivalence of category between compact Lie
groups and compact real algebraic subgroups of GL,,(R), every continuous
homomorphism being automatically algebraic (since its graph is closed).

Since every compact subgroup of GL,,(R) is contained in a conjugate of the
orthogonal group O,,(R), one can furthermore assume G’ C O,,(R). Using
complex representations and unitary groups instead of real representations, we
get a similar result with G’ C U,,(C) C GL,,(C) (doing so, the optimal value
of m can be smaller than for embeddings into orthogonal groups). In what fol-
lows, we use embeddings into GL,,(C) (or U,,(C)), with GL,,(C) considered
as a real Lie group.

3.2. Jordan theorem. The classical Jordan’s theorem says that a finite sub-
group of GL,,(C) has Jordan size at most (J(m),R(m)) where R(m) = m and
J(m) depends only on m, see [4] or [11] for two proofs of this result. We shall
always denote by J(m) the optimal constant for which Jordan’s theorem holds,
and call it the Jordan constant.

Remark 3.2. The permutation group S,,+; embeds in GL,,(R), so J(m) >
(m+1)! for all m, and Collins proved in [10] that J(m) = (m+ 1)! as soon as
m > T1 (he also computed J(m) for m < 70).

We shall need the following version of Jordan’s theorem, which is perhaps
less known. If G is a Lie group then G* denotes the finite group of connected
components of G: it is the quotient of G by its neutral component G°.

Theorem 3.3 (Jordan). Let m be a positive integer. Given any real algebraic
subgroup G of U,,(C) (resp. any complex algebraic subgroup of GL,,(C)) there
is an exact sequence 0 — A — G* — Q — 1 where A is abelian of rank < m
and card(Q) < J(m) (where J(m) is the Jordan constant).

Proof. Let m: G — G* be the quotient map. Considering GL,,(C) as a real
algebraic group and G as an algebraic subgroup, Theorem 1.1 of [5] (see also
Lemma 5.11 in [3]) provides a finite subgroup F C G such that (F) = G*.
Applied to F, the classical Jordan’s theorem gives a normal subgroup Ar C
F such that card(F /Ar) < J(m). Since Af is a finite abelian subgroup of
GL,,(C), it is diagonalizable, and it can be seen as a subgroup of (C*)™. Such
a group has rank < m, for every finite subgroup of (R/Z)" is generated by
< m elements (every discrete subgroup of R has rank < m). To conclude, set
A =m(Ar) C G* and Q = G*/A. The group A is normal in G¥, of rank < m,
and of index < J(m). O
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3.3. Generators of finite groups.

Theorem 3.4 (Kovécs and Robinson). Every finite subgroup of GL,,(C) is
generated by at most |3m/2| elements.

In other words, d(F) < [3m/2] if F C GL,,(C) is finite. This is proven
in [19]. Let

Ng(m) =145m/2+1log,(J(m)). 3.1

Corollary 3.5. Let G be a compact subgroup of GL,,(C). If n > Ng(m), then

(1) everyp € Hom(Fn;G#) is redundant, and
(2) the orbits of Aut(F,) in Hom(F,;G*) are exactly the subsets Epi(F,;H)
where H is any subgroup of G*.

Proof. The group G is identified with a subgroup of U,,(C). By Theorem
3.3, there is an exact sequence 0 — A — G* — Q — 1 where A is abelian of
rank d(A) < m and card(Q) < J(m). The proof of Theorem 3.3 specifies that
there exists a finite subgroup F of G with n(F) = G*. By Theorem 3.4, any
subgroup of F is generated by |3m/2| elements. The same property then holds
for ©(F) = G* and for Q. Hence d(Q) < |3m/2] and d(A) +d(Q) < 5m/2.
Moreover, Inequality (2.4) implies ic(Q) < log,(card(Q)) < log,(J(m)). We
deduce

Ng(m) = 1+5m/2+1og,(J(m)) > 1+d(A) +d(Q) +ic(Q).
The conclusion follows by applying Lemma 2.8 and Theorem 2.9 to G*. O

Remark 3.6. As a by-product of the preceding proof, we get d(G*) < |3m/2].
This immediately implies Ns(m) > 2 +d(G*) for every m > 1, which will be
used in the proof of Lemma 5.2.

The constant Ny(m) ~ mlog,(m) is rather small. To get it we used [10]
and [19], which both rely on the classification of finite simple groups, but an
upper bound Ng(m) < m?log,(m) can be obtained from the theorem of Schur
described in [11], page 258.

Remark 3.7. Example 2.6 shows that Corollary 3.5 is almost optimal: the best
constant Ni(m) such that this corollary holds is necessarily > m.

3.4. Generators of compact groups. Any connected, compact Lie group G
can be written as a quotient (K x T')/F where
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e K is aproduct Kj x - - - K; of simply connected, almost simple, compact
Lie groups Kj,

e T is atorus R¥/ZF, and

e F is a finite subgroup of K x T that does contain any non-trivial ele-
mentof {1} xT.

A theorem of Kuranishi shows that K is topologically generated by 2 elements
(see [20]). More precisely, there is an open and dense subset Uy C K X K, of
total Haar measure, such that every pair (g,/) € Uk generates a dense subgoup
of K (see Lemma 1.4 in [16]). The following extension of these results will be
used in Section 5.1.2.

Theorem 3.8. Let G be a compact subgroup of GL,,(C). Then,

(1) G is topologically generated by at most |2+ (3m/2)| elements;
(2) if G is connected, pairs of elements generating G form a subset of total
Haar measure in G X G.

Proof. Write G° = (K x T)/F, as above. Pick a pair (g, /) in the open set Uk,
choose s,t € T with (s,t);,, = T, and consider the pair S = ((g,s), (h,t)). The
closed subgroup H := (S);,, C K x T projects onto K under the first projection
and onto 7 under the second. At the level of Lie algebras, h C € &t projects
surjectively onto € and t. Since ¢ is semi-simple, this implies that h = £ P
t. Hence H = K x T. This proves that G° is topologically generated by 2
elements; more precisely, the generating pairs form a dense subset of full Haar
measure in G° x G°. This proves the second assertion.

For the first assertion, we combine Theorem 1.1 of [5], which provides a
finite subgroup of G intersecting every connected component of G, with The-
orem 3.4, and with the second assertion (applied to G°). U

In this proof, if we replace the reference to Theorem 3.4 by Jordan’s theo-
rem, we obtain a similar statement with 2 +m+J(m) in place of |2+ (3m/2)].

4. A REDUNDANCY THEOREM

Theorem 4.1. For every integer m > 1, there exist a positive integer N(m)
such that Hom(F,;U,,(C)) C Red(F,,; U, (C)) for all n > N(m). Equivalently,
for every compact subgroup G of GL,,(C) and every n > N(m), we have

Epi(F,;G) C Red(F,; G).
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The proof is given in Section 4.2 below. It shows that
N(m) = 2mNyg(m) = 2m(1 +5m/2 +log,(J(m))) 4.1)
works, but we do not claim this is optimal.

Remark 4.2. Theorem 4.1 implies that every homomorphism F, — U,,(C) is
k-redundant if n > N(m) +k — 1.

In parallel to the proof of Theorem 4.1, we shall also prove a version of
the theorem in the category of linear algebraic groups. In this context, the
notion of epimorphism and redundant representation have to be considered
with respect to the Zariski topology. Then, the theorem becomes the following.

Theorem 4.3. Let k be a field of characteristic 0. For every integer m > 1,
there exist an integer Z(m) such that Hom(F,;GL,,(k)) C Red(F,;GL,,(k))
foralln > Z(m). Equivalently, for every algebraic subgroup G of GL,,(k) and
every n > Z(m), we have Epi(F,;G) C Red(F,;G).

As we shall see, we can take Z(m) = %m(m + 5)Ng(m). This answers posi-
tively Conjectures 4.2 and 4.3 of [17], but only when n > Z(m).

4.1. Redundancy.

Lemma 4.4. Let G be a topological group. Suppose p: F, — G is a homo-
morphism and F, = A% B is a free decomposition such that p s is redundant.
Then, p is redundant.

Let us simultaneously prove this result and rephrase it in terms of Nielsen
moves. We start with (g1,...,2,) € G". The assumption means that, up to
some Nielsen move, we have (g2,...,8)0p = (81,---,8;)i0op fOr some j > 1.
To show that (g1,...,8,) is redundant, it suffices to show (g2,...,8n)i0p =
(g1, 8n)iop- But (g2,...,8n),,, contains (ga,... ,gj>mp, hence also g1; so it

contains {g1,...,8n}, hence also (g1,...,8n);0p-

Remark 4.5. This proof applies to algebraic groups with their Zariski topol-
ogy, even though the product topology on G" does not coincide with the
Zariski topology.

4.2. Proof of Theorem 4.1. Let m > 1 be fixed.
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4.2.1. Chains of connected subgroups. For a compact Lie group G, define
¢(G) to be the longest length of an increasing sequence of closed and con-
nected subgroups Go = {lg} C G; C --- C Gy = G. Thus, ¢(G) =0 if and
only if G is finite. Note that /(H) < ¢(G) if H C G and ¢(G) = {(G®).
In the unitary group U,,, consider the sequence G; = U, G, = Uy x Uy,
.., Gj = U7" where the copies of U; are along the diagonal. Then, define
Gt j=U; x UTﬁj, up to Go,—1 = U,,. This construction shows that ¢(U,,) >
2m — 1. In fact, we have equality, as the following theorem shows.

Theorem 4.6. If G is a closed subgroup of U, then £(G) < {(U,,) =2m— 1.

This result follows from Theorems 1 and 2 in [8] (see also [25] for the study
of maximal subalgebras of semisimple Lie algebras). It replaces the obvious
quadratic upper bound ¢(U,,) < dimg(U,,) = m? by a linear bound.

Remark 4.7. Let G be a linear algebraic group, defined over some alge-
braically closed field k. Denote by ¢,(G) the maximal length of an increasing
chain of connected algebraic subgroups G; C G. Let R,(G) be the unipotent
radical. The quotient G := G/R,,(G) is reductive, and we denote by rk(G) the

rank of this group and by B(G) its Borel subgroup. Then, Theorem 1 and 3
of [7] show that

04(G) = dim(Ry(G)) + rk(G) + dim(B(G)) > dim(G) /2

This gives £,(GL,, (k) = %m(m + 3), which is quadratic in m. Thus, ¢,(G) <
%m(m + 3) for any algebraic subgroup of GL,,(K) over a field K of character-
istic 0.

4.2.2. Definition of N(m). Define recursively the sequence N(m,D) by
N(m,0) = Ng(m) 4.2)
N(m,D+1)=N(m,0 N ' 4.3
(m,D+1) = N(m, )+Oglja§xD (m, ) (4.3)
Note that N(m,D) increases strictly with D and m. Thus, in Equation (4.3),

the max is equal to N(m, D), which yields N(m,D) = (D + 1)N(m,0). In par-
ticular, if we define N(m) := N(m,2m — 1) we obtain

N(m) =2mNg(m). 4.4)
4.2.3. Description of the recursion. Let P(¢) be the assertion: for every n >

N(m,0) and for every compact subgroup G C GL,,(C) with ¢(G) < ¥, any
homomorphism p : F, — G is redundant.
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We shall prove P(¢) by induction on ¢. Then, thanks to Theorem 4.6, The-
orem 4.1 follows with N(m) as in Equation (4.4).

Remark 4.8. To prove Theorem 4.3, we set Z(m) = N(m,m(m+3)/2) =
sm(m—+5)Ng(m).

4.2.4. Proof of the recursion. To verify Property P(0) we only have to refer
to Corollary 3.5.

Now, assume that P(k) is satisfied for 0 < k < ¢. To prove P(£+ 1), we fix
some n > N(m,l+1). We take G with /(G) = £+ 1 and a homomorphism
p: F, — G, and we set g; = p(a;), | <i < n. Replacing G by the closure of
the image of p, we can assume that p € Epi(F,;G).

Let @ : G — G* denote the quotient morphism. Since n > N(m,0), Corol-
lary 3.5 tells us that every element of Hom(F,; G#) is redundant. Thus, there is
a Nielsen move (mapping the g; to some g}) and some integer k < N(m,0) — 1
such that ((g}),...,m(g})) generates G*; from this, we can also impose that
g IR g, are all in G°, the neutral component of G. Now, we set

H = <g§<+1»~--ag;1>t0p

and distinguish two cases.

The first case is when ¢(H) < ¢(G). By definition of N(m, ¢+ 1), we have
n—k > 1+maxg<<¢N(m, j), which implies by induction that (g, ;,...,&y)
is redundant. By Lemma 4.4, p is also redundant.

In the second case ¢(H) = ¢(G), or equivalently H = G°. Let K C H be
the closed subgroup defined by K = (g |,...,&,_1)rop- If £(K) = £(G), then
K=H and (g_,,-..,g,) is inmediately redundant. Otherwise £(K) < /(G).
Since n > N(m,0) + N(m,¢(K)), we obtain n —k — 1 > N(m,¢(K)) and the
induction hypothesis shows that (g;c IRTERR g;l_l) is redundant. In both cases,
we conclude with Lemma 4.4.

Remark 4.9. The proof of Theorem 4.3 is the same, except that the recursion
goes up to ¢ = {,(GL,,(k)) instead of ¢(U,,).

5. DyNAMICS
Here, we apply the results of the previous section to prove Theorem A.

5.1. Orbit closures. In this section we classify the orbit closures for the ac-
tion of Aut(F,) on Hom(F,; G), when n is large.
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5.1.1. Two lemmas. Let k be an integer < n. Recall that a homomorphism
p: F, — G is k-redundant if there is a decomposition F,, = A x B such that (i) B
is a free group of rank at least k and (ii) p(A) and p(F,) have the same closure.
Recall that we denote by Red*(F,;G) the set of these k-redundant homomor-
phisms. The following lemma is the topological version of Theorem 2.3 (1).

Lemma 5.1 (Minimality on d-redundant representations). Let d and n be two
integers such that 0 < d <nandn > 2. Let G be a topological group which is
topologically generated by d elements. If p € Red?(F,;G) NEpi(F,;G), then
the Aut(F,)-orbit of p is dense in Red® (F,; G) NEpi(F,: G).

Note that G needs not be a Lie group for this lemma. For application to
the Zariski topology, we do not specify the topology on Hom(F,;G) = G"; we
only require that the projections are continuous. To prove this lemma, we shall
use repetitively the following two facts.

(a) For a continuous group action, denote by x D y the fact that the orbit of y
is contained in the orbit closure of x. Then, D is transitive: if x Dy and y D z,
then x D z.

(b) If (g1,...,81) € G" and h € (gy,...,g,—1) then there are Nielsen moves

going from (g1,...,8x) to (81,...,8n—1,8nh). If, instead, h € (g1,...,8n—1)10p
then (g1,...,8n—1,8nh) is in the orbit closure of (gi,...,gx).

Proof. Setm =n—d. Fix a tuple (g1,...,84) that generates G topologically.
Set (hy...,h,) = (p(a1),...,p(an)). As p is d-redundant and an epimor-
phism, up to applying Nielsen moves, we can assume that (A1 ..., hy)10p = G.
We first show that (g1,...,84,1,...,1) is in the orbit closure of p. For k > m,
we have iy € (hi ..., p)0p, hence (hi, ..., hy,1,...,1) is in the orbit closure
of (hy,...,h,). By the same argument,

(h],...,hm,l,...,l) > (h17...,hm,g1,...,gd).
Now using that (g1,...,g4) generates G topologically, we see that

(hlv-";hm7gl7"'7gd) ) (glv"'agdalw"vl)'

Consider now another representation p’ € Redd(Fn; G)NEpi(F,;G) and set
(W) ....,h,) = (p'(a1),-..,p'(an)). As before we can assume that (A}, ...,h,,)
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generates G topologically. The same reasoning as above, in reverse, gives

(gla""gdala"'71)D<gla"'7gd7h/]7"'7h:n)
Sy, 1)

D (hl,...,H),).
(Note that we used that p’ is an epimorphism on the second line.) We conclude
that the orbit of p is dense in Red” (F,; G) NEpi(F,;G). O

Lemma 5.2. Let G be a compact subgroup of GL,,(C). Let n be an integer
such that n > Nyg(m). Then the closure of Epi(F,;G) is Epi* (F; G).

Proof. Tt suffices to show that Epi(F,;G) is dense in Epi#(Fn;G), because
Epi(F,;G) C Epi*(F,; G) and Epi*(F,; G) is closed.

When G is connected, the assertion means that Epi(F,; G) is a dense subset
of Hom(F,,; G), which follows from Lemma 1.10 of [16]. In this case n > 2 is
sufficient; this will be used below.

For a general G, fix p € Epi”(F,; G) and set (g1,...,8n) = (p(a1),...,p(an)).
Since Redd(Fn;G), Epi(F,;G), and Epi#(Fn;G) are Aut(F,)-invariant, we can
argue up to Nielsen moves. Since n > Ng(m), we know by Remark 3.6 that
n>d (G#) + 2. Now, with Corollary 3.5, we can assume, after some Nielsen
move, that (g1,...,g,_2) generates G*. Applying another Nielsen move, we
can also assume that g, and g, are in G°.

(k) (k)

Using the case of a connected group, we can find a sequence (g, ’;,8n ) €
Epi(F2; G°) which converges to (g,—1,8,)- Then (g1,... ,gn,z,g,(ﬁl,g,(f)) isa
sequence in Epi(F,; G) that converges to (gi,...,&n)- O

5.1.2. Proof of Assertions (1) and (2) of Theorem A. Let G be a compact Lie
group. Let m be the smallest integer > 1 such that G embeds in GL,,(C).
Set d =2+ [3m/2]|. Fix n > N(m) +d, where N(m) is the constant given in
Theorem 4.1 (see Equation (4.1)).

Fix p € Hom(F,;G) and denote by H,, the closure of the image of p. By
definition, p € Epi(F,;Hp). By Theorem 4.1 and Remark 4.2,

Epi(F,; Hp) = Epi(Fu; Hp) NRed’ (F,; Hp).
In particular, the representation p is d-redundant.

By Theorem 3.8 (1), the group Hp can be topologically generated by d el-
ements. Thus, applying Lemma 5.1 to p, the Aut(F,)-orbit of p is dense in
Epi(Fn; Hp). Since, the closure of Epi(F,; Hp) is Epi*(F,; Hp) (by Lemma 5.2),
we conclude that the orbit closure of p is Epi*(F;,; Hp).
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5.2. Invariant probability measures. Here, we prove Assertion (3) of The-
orem A.

5.2.1. Disintegration of measures. Let us recall the concept of disintegration
of a probability measure with respect to a fibration (see [14], Theorem 5.14).

Let (X,u) and (Y, ) be Borel probability spaces, with a measurable map T :
X — Y such that i = 7, u. Then there exists a measurable family of probability
measures u, for y € Y such that

u=£w@®,

and p-almost every uy is supported on n_l(y). Moreover, if T : X — X is
a measurable transformation such that u and 7 are invariant under the action
of T, then for fi-almost every y, the measure u, is T-invariant.

5.2.2. Closed subgroups.

Theorem 5.3. Let G be a compact Lie group. Then G contains at most count-
ably many conjugacy classes of closed subgroups.

Sketch of proof. The first main ingredient is a simple theorem of Montgomery
and Zippin, which says that, for any compact subgroup F of G, there is a
neighborhood U of F in G with the following property: if H is a subgoup of
G contained in U, then g~ 'Hg C F for some g € G (see Section 5.3 p. 215
of [24]). Moreover, if H is isomorphic to F (as a Lie group), then g ' Hg =F,
because g~ H°g = F° since the dimensions are the same; and then g~ 'Hg = F
since card(H*) = card(F*) (see Lemma 2.1 in [21]).

We already described the second ingredient in Section 3.4: up to isomor-
phism, there are only countably many compact Lie groups, hence only count-
ably many possibilities for the compact subgroups in G

Now fix such a compact Lie group F and consider the space Hom(F, G) of
homomorphisms from F to G. Each homomorphism F — G is algebraic with
respect to the natural structures of real algebraic groups of F and G described
in Section 3.1, so Hom(F, G) is a countable union of algebraic varieties (ho-
momorphisms given by formulas of degree < d form an affine variety). As
such, it has at most countably many connected components. The property that
two homomorphisms are conjugate is a closed property, and by the theorem of
Montgomery and Zippin it is also open. This concludes the proof. U
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5.2.3. Supports of invariant probability measures.

Lemma 5.4. Let G be a compact Lie group and u be an Aut(F,)-invariant
and ergodic probability measure on Hom(F,;G). Then there exists a closed
subgroup H of G such that u is supported on Epi(F,; H).

Proof. Step 1.— There is a closed subgroup H such that u is supported by the
set of morphisms p: F,, — G such that m is a conjugate of H.

According to Theorem 5.3, we can fix a countable family (H;);<; of closed
subgroups, with exactly one H; per conjugacy class.

For subsets A C Gand X C Hom(F,,; G), weset XA = {gpg~'; g €A, pe X }.
Remark that X4 is compact if X and A are compact.

Fix a closed subgroup H. Let Iy C I be the set of indices i corresponding to
conjugacy classes (in G) of proper closed subgroups of H. We have

Epi(Fn;H)® = Hom(F,; H)Y\ U Hom(F,; H;)¢
iely
(here we use, as in the proof of Theorem 5.3, that a closed subgroup can-
not contain strictly one of its conjugates, see Lemma 2.1 of [21]). Hence
Epi(F,; H)Y is measurable, for each Hom(F,; H;) is compact. We have

Hom(F,;G) = |_| Epi(F.:H;)°,

where the union is disjoint. As each Epi(F,;H;)¢ is Aut(F,)-invariant, the
ergodicity implies that u gives mass 1 to Epi(F,;H)? for a unique closed sub-
group H of G.

Step 2.— The measure p is supported on a unique conjugate of Epi(F,; H).

For g; and g, € G, the two subsets Epi(F,;H)8' and Epi(F,; H)3? intersect
if and only if they are equal, and this happens exactly when g, g1 isin N(H),
the normalizer of H in G. In other words, Epi(F,; H )G is partitioned by the
subsets Epi(Fy; H)® for g € G/N(H). Denote by p the map from Epi(F,; H)°
to G/N(H) which maps a representation p to the unique g € G/N(H) such
that p € Epi(F,; H)8. It is a measurable map (*). And it is Aut(F,)-invariant.
Thus, by ergodicity, u is supported on a single fiber of p. U

%Indeed, let A be a compact subset of G/N(H), and A its preimage in G. The inverse
image p~'(A) is equal Epi(F,;H)*. As before, Epi(F,;H)* coincides with Hom(F,;H)*\
Uier, Hom( F,.;H;)¢, hence this subset is measurable. This implies that p is measurable.



Aut(F,)-ACTION ON Hom(F,;G) 21

5.2.4. Unique ergodicity on redundant representations.

Lemma 5.5. Let G be a compact subgroup of GL,,(C). Suppose n > Ny(m).
Let u be an Aut(F,)-invariant, ergodic probability measure on Hom(F,;G).
If u gives mass 1 to the set Red*(F,;G) NEpi(F,;G), then u is the algebraic
measure mg,.

Before starting the proof, as in § 1.2, consider the natural map
#: Hom(F,;G) — Hom(F,;G");

to a representation p: F, — G, it associates the representation p*: F,, — G*
obtained by composition with the projection ©: G — G*. For each element
g" in G*, we fix an element § € G with ©(¢) = g* and assume that the lift of
the neutral element 1* of G* is the neutral element 1 € G. Then, given any
element (g*) = (g%,...,g") of (G*)" = Hom(F,;G"), the fiber F = #!(g*)
can be identified to [T\, §;G°. This gives a map

(h1;- s hn) € (G7)" = (G1has - €nlin)

parametrizing F. The image of the Haar measure m{,, under this map is, by
definition, the measure mg. As explained in § 1.2, this measure my does not
depend on the preliminary choices of lifts §. And if ¢ € Aut(F,) maps a fiber
F of # to a fiber F’, then @, (mp) = mp. Moreover,

1

B E Z Mg
|Ep|(Fn’G )l (g#)eEpl(FnsG#) !

ml, = (5.1)

where Fi,#) is the fiber of # above (g").

Proof of Lemma 5.5. Denote by Ty ,_4: G" — G"~* the projection to the first
n —4 factors, and by m,_1 , the projection on the last two factors; similarly, let
T,—3 n—2 be the projection (g1,...,81) — (8n—3,8n—2)-

Step 1.— Since n > Ng(m), we know from Corollary 3.5 that Aut(F,) acts
transitively on Epi(F,;G¥). Thus, the projection of u on Epi(F,;G") is the
counting measure. All we have to prove is that the restriction ur is propor-
tional to mp for every fiber F of #.

Step 2.— Let R = nf’}l74(Epi(Fn,4,G)) be the set of (g,...,g,) such that
(g1,---,8n—a) generates a dense subgroup of G. Then

Red*(Fu;G)NEpi(FsG)= | J @(R).
ocAut(F,)
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The measure u(@(R)) = u(R) is independent of ¢ € Aut(F,) and by assump-
tion u(Red*(F,;G) NEpi(F,;G)) = 1, hence u(R) > 0. Since Epi(F,;G*) is
finite, at least one fiber F' of # satisfies

u(RNF)>0.

We fix such a fiber F and denote by (g#, ..., gl) =#(F) its image in Epi(F,; G*).
By definition of R, (g%,...,g" ,) generates G*. Thus, applying an automor-
phism ¢ of F,, that fixes the first n — 4 generators ay,...,a,_4, We can assume
that g? = 1% for j =n—3,n—2,n— 1,n. Doing so, we obtain a new fiber
F' of #, namely the one above (g%,...,g"% ,,1%,...,1%), which still satisfies
u(RNF') > 0. For simplicity, we denote F’' by F and assume g? = 1* for
j>n—3.

Step 3.— Let us prove that the Haar measure mp is ergodic under the action
of the stabilizer of F in Aut(F,). This is a variation on a theorem of Gelander
(see [16]).

For this, set Aut(F,)r to be the stabilizer of F (equivalently, of #(F) in
Epi(F; G%)), and suppose A C F is an Aut( F,)F-invariant and measurable sub-
set of positive Haar measure. Then, its projection m,_; ,(A) is a measurable
subset of (G°)? of positive Haar measure. By Theorem 3.8 (2), almost every
pair (hy_1,h,) in T,—1 4(A) generates a dense subgroup of G°. Now, using
Nielsen moves of type

(§1h1, s 7§n72hn727hn717hn) — (§1h1W17- .. 7§n72hn72wn727hn717hn)

where each w; is a word in 4, and h,, we see that for almost every element
in A, the whole fiber of T,,_; ,, through that element is almost entirely contained
in A. We shall say that A is saturated with respect to the projection 7,1 .

Then, consider the projection T,_3 ,_>. By what we proved, 7,3 ,—2(A) is
a subset of total Haar measure in (G°)?. Now, we consider moves of type

(&1h1, .- 8n—2hn—2,hn—1,hy) — (&1h1,. ... 8n—2hn—2,hy_1Wn_1,hywy),

where w,,_1 and w,, are words in h,_3 and h,_ (recall that g, 3 = 1g = g,-2);
then, the same argument shows that A is saturated with respect to the projection
71 »—2. These two saturation properties imply that A is in fact a subset of total
Haar measure. Thus mp is ergodic.

As a consequence, my, is ergodic for the action of Aut(F,), because Aut(F,)
permutes transitively the fibers of #.
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Step 4.— Let us come back to the study of ur. By Steps 1 and 2, up(RNF) >
0. Let us disintegrate ur with respect to the projection Ty ,_». The conditional
measures l(g), for

n—2
(g) € H§iGoa
i=1

are probability measures on (G°)2. Set S :=m; ,_2(RNF). For (g) in S, the
measure () is invariant by all right translations

(hn—l ; hn) — (hn—lwn—l 5 hnwn)

where w,_1 and w, are any words in (g) = (g;;) such that w,_;(g") = 1¥ =
wn(g"). For (g) in S, these pairs of words form a dense subset of (G°)2. Thus,
H(g) coincides with the Haar measure mZ.. Since up(RNF) > 0, we conclude
that
(nn—l,n)*,uF > (xmzco

for some o > ur(RNF) > 0. By this we mean that if B C (G°)? is measurable,
then (T,—1.4) s (B) > omZ. (B).

Now, for a set P C (G°)? of total measure for m%., each pair (hy—1,hy) €
P generate a dense subgroup of G°. Using right multiplication by words in
(hn—1,hy) on the fibers of T,y ,: F — (G°)?, we deduce that the conditional
measures 4, , n,) Of ur are Haar measures (more precisely, are images of the
Haar measure m’gz by the parametrization of F). Thus, ur > o/mg for some
o/ > 0. By invariance of u and m{; under the action of Aut(F,), this property
remains true on every fiber of #. Thus, 4 > o/m{;. And by ergodicity of u and
my;, we deduce that u = my,. 0

5.2.5. Conclusion. We now show Assertion (3) of Theorem A. Let G be a
compact Lie group. Let m be the smallest integer > 1 such that G embeds
in GL,,,(C). Fix n > N(m) + 3. By Lemma 5.4, u is supported on Epi(F,; H)
for some compact group H C G C GL,,(C). By Theorem 4.1, Epi(F,;H) C
Red*(F,;H). Since n > N(m), we have n > Ng(m) and Lemma 5.5 can be
applied to the Lie group H. Hence u is the algebraic measure my;.

Remark 5.6. In Section 5.1.2 we used the lower bound N(m) +2+ |3m/2],
here we used N(m) + 3, which is smaller. From Equation (4.1), Collins’ the-
orems in [10], and Stirling’s formula, this is bounded from above by b +
3m? + 2m*log, (m) for some constant b < 10% (which can be replaced by 0
for m > 71). This justifies the Inequality (1.4).
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6. APPLICATIONS

6.1. Character varieties. As in Section 3.1, we endow the compact Lie group
G with its natural real algebraic structure.

Let t: Hom(F,;G) — %(F,; G) be the projection onto the character variety
that is, on the quotient 3 (F,; G) = Hom(F,; G) /G for the action of G by conju-
gacy. Here, the quotient is taken in the sense of geometric invariant theory, so
that 7 is a morphism of algebraic varieties, hence continuous. By compactness
of G, the fibers of T are orbits of the conjugacy action on Hom(F,;G).

The action of Aut(F,) on Hom(F,;G) induces an action on X (F,; G) which
factors through the group Out(F,) = Aut(F,)/Inn(F,).

If H is a compact group its Haar measure mg is invariant under the action
of the group of continuous automorphisms Aut(H). Thus, if H is a closed
subgroup of G, my is invariant under the action of the normalizer of H in G.
Now, consider the probability measure m}, defined in the Introduction, the
support of which is Epi#(Fn;H ), and project it to get a probability measure
n.m}, on X(F,;G); this measure depends only on the conjugacy class [H] of
H in G. Doing so, we obtain at most countably many distinct probability

measures mﬁ,ﬂ := m,mj;. Theorem A directly implies the following statement.

Theorem 6.1. Let G be a compact subgroup of GL,,,(C). If n > N(m)+2+
L%’”J the Out(F,)-invariant and ergodic probability measures in ¥,(F,;G) are
’f}{]. If K is a compact invariant subset on which the
action of Out(F,) is topologically transitive, then K = n(Epi*(F,;H)) for a
unique closed subgroup H of G.

exactly the measures m

6.2. Compact orbits in non-compact groups. In this section, we replace G
by the non-compact linear group SL,,(R), for some m > 1. We still denote by
n: Hom(F,;SL,(R)) — %(Fu;SL,(R)) the projection on the character vari-
ety. Unlike the compact case, the fibers are not conjugacy classes in general.
Two representations are identified in the character variety when the closures
of their conjugacy classes intersect.

A representation p: F, — SL,,(R) is reducible if its image preserves a
proper non-trivial subspace of R™; otherwise, it is irreducible. It is completely
reducible if it preserves each factor of a decomposition R” = @V; and its
restriction to each factor is irreducible.

If p is reducible, we can find a completely reducible representation pg such
that p and pg have the same image in the character variety. By Jordan-Holder
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theory, it is unique up to conjugacy. We call pg the semisimplification of p.
To construct it, assume that p preserves a non-trivial and proper subspace V C
R™. Let W be any subspace such that R” =V @ W. Let r; be the linear
transformation of R acting by multiplication by " on V and by t~" on W
with v = dim(V) and w = dim(W), so that r; is in SL,,,(R). If one conjugates
p by r; and let ¢ go to +oo, then at the limit one gets a new representation p’
that preserves each factor of the direct sum V @& W. Repeating this process at
most m times, we see that there is a completely reducible representation pg in
the closure of the conjugacy class of p. As the projection T is continuous, p
and po have the same image in the character variety.

Theorem 6.2. Let m be a positive integer. Let n be large enough. Let p be
an element of Hom(F,;SL,,(R)). If the Out(F,)-orbit of ©(p) is relatively
compact in Y (F,;SL,(R)), then the semisimplification pg of p takes values in
a compact group. If moreover p is completely reducible, p itself takes value in
a compact group.

For reducible representations, passing to the semisimplification is neces-
sary. For example, consider a non-trivial representation p into the group of
unipotent and upper-triangular matrices. Its image in ¥(F,;SL,,(R)) is the
class of the trivial representation, hence it is fixed by Out(F,), but p is not
bounded.

Corollary 6.3. For m > 1 and n large enough, the minimal Out(F,)-invariant
compact subsets in ¥(Fn;SL(R)) are the sets n(Epi*(F,;G)), where G is a
compact subgroup of SL ,(R).

If one considers C™ as a real vector space, one gets an embedding of SL ,,(C)
into SL,,(R) and a continuous map ¥(F,;SL,,(C)) — % (Fn;SL2m(R)). This
can be used to prove the above statements for SL,,(C) in place of SL,,(R).

In particular, if # is large (n > Z(2m)) and if p: F,, — SL,,,(C) has a finite
orbit in the character variety, then the image of its semisimplification is finite.

Proof of Theorem 6.2. Let G be the (real) Zariski closure of p(F,) in SL,,(R).

Step 1.— First, we assume that p is irreducible. If G is compact, it is con-
jugate to a subgroup of the maximal compact subgroup SO,,(R), and we are
done. So, arguing by contradiction, we suppose that G is not compact. Denote
by r the proximal rank of G (see [2, Section 4.1]). By definition, this is the
smallest integer > 1 for which there exist elements g; € G, scalars A; € R, and
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a non-zero endomorphism f of rank r such that A;g; converges towards f. As
G is not compact, the rank is < m — 1 and f is not invertible.

By Theorem 4.3, p is redundant with respect to the Zariski topology. We
can suppose that p(F,—1) = (p(ai1),...,p(a,—1)) is Zariski dense in G. By
[2, Lemma 6.23] the proximal rank of p(F,_;) is also equal to r. Thus, there
is a sequence wy € F,_; and scalars A; such that A;p(wy) converges to some
endomorphism f of rank r. As the determinant of p(wg) is 1 and f is not in-
vertible, A, converges towards 0. By irreducibility of p(F;,—_1), up to replacing
f by p(w)f for some w € F,_j, we can assume that f is not nilpotent, for
otherwise, we would have p(w)Imf C Kerf for every w € F,_1, which would
contradict the irreducibility of p(F,_1).

Let h = p(ay). Take wyi, wy € F,_1, to be determined later. There exists a
sequence @ € Aut(F,) such that (@g).p(a,) = p(wia,wawy). Since

Me(Qx)«p(an) = Mp(wiapwawy) = p(wi)hp(w2) Aep (W)

we obtain
klim M () «p(an) = p(wi)hp(w2) f.
—+oo

Taking traces, we see that if tr (p(wy)hp(w2)f) # 0, then tr ((g).p(a,)) goes
to +oo with k. As the function p — tr(p(a,)) induces a continuous function on
the character variety, this would imply that the orbit of m(p) is not relatively
compact in ¥(F,;SL,(R)).

Let us now show that we can find w; and wy € F,,_; such that

tr(p(w1)hp(w2)f) # 0.

Indeed, otherwise tr(gihgaf) = O for every g1, g2 € p(Fp—1). As thisis a
polynomial equation in g; and g, and p(F,_) is Zariski-dense in G, it is
satisfied by all g1, g2 € G. Choosing g; = h~!, we obtain tr (gf) = 0 for every
g € G. Choosing g = p(wy)'~! with I € Z, this gives tr (Ap(wi))' 1 f) = 0.
When k goes to infinity, we obtain tr () = 0, for every / € Z. This implies
that f is nilpotent, a contradiction.

Step 2.— Now, we do not assume anymore that p is irreducible. Consider
the semisimplification py of p. Let R" = &;V; be a decomposition of R” in
irreducible representations of pg. By assumption, ©t(pg) has a bounded orbit.
This means that the regular functions on Hom(F,;SL,,(R)) which are invari-
ant under conjugacy are bounded along Aut(F,)(po). These functions include
all symmetric functions in the eigenvalues of p(w), for any w € F,; and there
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is a finite list of words (w;), with w; = a; for i < n, such that the functions
p — tr(p(w;)) generate the algebra of regular function on y(F,;SL,(R)).
Moreover, a subset of C™ is bounded if and only if its image under the elemen-
tary symmetric functions is also bounded. From these remarks, we see that the
boundedness of Out(F,)(n(pp)) is equivalent to the following: all eigenvalues
of all elements p(@(w;)) have modulus < D, for all ¢ € Aut(F,) and some
D > 0. As a consequence, for each i, the point in ¢ (F,;SL (V;)) determined by
the restriction (po)|y, has a bounded orbit under the action of Out(F,). By the
first step, the restriction of po(F,) to each V; is relatively compact, and po(F,)
itself is relatively compact, hence takes values in a compact subgroup. U

6.3. Constraints on primitive elements. Let P, C F, be the set of primitive
elements, where a € F,, is primitive if it is an element of a free basis of F,,.

Let d(m) < m® be the smallest integer such that every Zariski closed sub-
group of SL,,(C) can be topologically generated by d(m) elements.

Lemma 6.4. Let p be a homomorphism from F, to SL,,(C) and let G be the
Zariski closure of p(F,). If n > N(m) +d(m) — 1, then p(P,) is Zariski dense
inG.

Proof. By Theorem 4.3, p is d(m)-redundant for the Zariski topology. By
Lemma 5.1, the orbit of p is Zariski dense in Red?(F,; G) NEpi(F,;G). Now,
p(P,) = m1(Aut(F,)p), where m; is the projection on the first coordinate, so
the closure of p(P,) contains 7t; (Red?(F,; G) NEpi(F,;G)) = G. O

The following statement is precisely Conjecture 7.1 (or equivalently 7.3)
of [17] when n is sufficiently large.

Theorem 6.5. Let Uni(m) C GL,,,(C) be the algebraic subvariety of unipotent
elements. Suppose n > N(m)+d(m)— 1. If p € Hom(F,; GL,,(C)) maps every
primitive element to a unipotent element, i.e. p(P,) C Uni(m), then p(F,) is
conjugate to a group of unipotent upper triangular matrices.

Indeed, Lemma 6.4 implies that every element of p(F,) is unipotent. The
theorem follows, because a subgroup of GL,,(C) whose elements are all unipo-
tent is conjugate to a group of upper triangular matrices.

7. REDUNDANCY FOR SURFACE GROUPS

Let S, be a closed surface of genus g, and let 7;(S,;) denote its fundamen-
tal group. The group Aut(m;(S,)) acts on Hom(m(Se);G) for any group G,
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and one might wonder whether an analogue of Theorem A holds in this con-
text. We don’t know yet how to obtain such a statement. But we provide an
analogue of Theorem B.

Following Dunfield-Thurston, we say that p : 71 (S,) — G is a stabilization
if S, can be written as a connected sum S, = S,,#S,, and if there exists a
representation p : 7y (S,,) — G such that p is equal to p’ on S,, and the trivial
representation on S,, (in particular, p(y) = 1 on the curve along which the
sum S,, #S,, is done). The following is Proposition 6.16 of [12].

Theorem 7.1. Let G be a finite group. If g > card(G) then every homomor-
phism p : 71 (Sg) — G is a stabilization.

We establish the following generalization.

Theorem 7.2. Let G be a finite group of Jordan size at most (J,R). If g >
J+ R+ 1 then every p : 11 (S,) — G is a stabilization.

Corollary 7.3. For every integer m > 1, there exist a positive integer T (m)
such that Hom (71 (Sg); U;n(C)) C Red (w1 (Sg); Un(C)) for all g > T (m).

Here, p is redundant if there is a decomposition S, = S #S,, such that
p(m1(Sg,)) is dense in p(7m;(S,)), where S, is the punctured surface. Once
Theorem 7.2 is at our disposal, the corollary can be derived exactly as Theo-
rem 4.1. Indeed, the only place in this proof where Nielsen moves are used in
a non-trivial way is to deal with the discrete part G* of G. The constant T (m)
that we get is 2m(1 +m-+J(m)).

Proof of Theorem 7.2. Let 0 - A — G — Q — 1 be an exact sequence for G
with A abelian of rank < R and Q of cardinal < J.

Step 1.— Composing p with the quotient map G — Q we obtain p : 71 (Sg) —
Q. Applied to p, Theorem 7.1 gives a decomposition

which induces a decomposition of the fundamental group 71 (Sg) =71 (S5_; ) *y
71 (T*), where T* is a one-holed torus and S;_l is a one-holed genus g — 1
surface, such that the restriction of p to mt; (7*) is trivial. This means that the
restriction of p to 7ty (7*) takes values in the abelian group A. In particular, the
curve yalong which §,_1 and T are attached, which is equal to the commutator
of the generators of 7 (7*), is mapped by p to the identity in G. We deduce
that p induces two representations p : T (S;—1) — G and p : 7 (T) — A.
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The same process can be applied to p : 1 (S,—1) — G. Iterating this process
R+ 1 times, we obtain a decomposition S, =S¢ g 1#Sg 1 such that p induces
representations p : 0y (S;—g—1) — G and p : T (Sg4+1) — A.

Step 2.— It is now sufficient to restrict the study to the abelian part: we can
assume that p : 7t (S,) — A takes values in an abelian group and g > R+ 1. The
representation factorizes through the abelianization and can be identified with
a vector v € H'(S,;A) (i.e. v € Hom(Sg;A)). Via the choice of a symplectic
basis, we identify H' (Sg;A) with A?8. The action of the mapping class group
Mod, of S, on H!(S,;A) factorizes through the action of Spag(Z) on A%,
Recall that the morphism Modg, — Spog(Z) is surjective (see Theorem 6.44
in [15]). We will show that there exists M € Spo,(Z) such that the last two
coordinates of Mv are null. This will imply that there exists a one-holed torus
in S, in restriction to which p is trivial.

Lemma 7.4. The symplectic group Spo,(Z) acts transitively on primitive vec-
tors in 8.

Proof (see Lemma 5.3 in [1]). Let (u1,...,ug,v1,...,v,) be the canonical sym-
plectic basis of Z¢, the symplectic form being given by Uy Avi+...Fug Avy.
Let w be a primitive vector in Z2¢. If g = 1, there is an element of Sp(Z) =
SL,(Z) that maps w to u; (by Bézout’s theorem). Thus, we can assume that
w = Y ;a;u; for some primitive vector wo = (ay,...,a,) € Z8. Since SL4(Z)
acts transitively on primitive vectors, there is a matrix M € SL4(Z) such that
Mwq = uy; the matrix diag(M,’M ") is in Sp24(Z) and maps w to u;. O

Let us decompose A as a sum of cyclic groups A =A1H---BA, withr <R,
and denote by p; the projection onto A;. We can write v as a 2g X R matrix:

pi(vi) - pr(v1)

pi(vae) - Pr(vag)

Lifting p;(v) € A%g to Z%8, the lemma provides M € Spog(Z) such that
Mipi(v) = (x,%,0,...,0), hence Mv can be written as a block matrix:
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0 M
process to the bottom-right matrix, which is in (A @ - - EBAR)Z(g*I). After
r iteration, v is sent by an element of Spog(Z) to a vector with its last two

Using an element of Spo,(Z) of the form {Idz 0 ] , we can apply the same

coordinates null. O
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