ON RAMANUJAM’S THEOREM ABOUT FINITE DIMENSIONAL
GROUPS OF AUTOMORPHISMS

SERGE CANTAT, HANSPETER KRAFT,
ANDRIY REGETA, IMMANUEL VAN SANTEN

ABSTRACT. Ramanujam’s theorem states that any connected finite-dimen-
sional subgroup of the automorphism group Aut(X) of an irreducible va-
riety X is an algebraic group, in a natural way. In this note, we discuss the
notion of dimension and extend Ramanujam’s theorem to arbitrary (not nec-
essarily irreducible) varieties.
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1. INTRODUCTION

Let X be an arbitrary (possibly reducible) variety over an algebraically
closed field k. Denote by Aut(X) its group of algebraic automorphisms.

1.1. Morphisms, connectedness, and dimension. The following notion goes
back to Ramanujam’s article [8].

For any variety A, a morphism p: A — Aut(X) is a map such that the in-
duced map A x X — X, (a,x) — p(a)(x) is a morphism of varieties. This
is equivalent to (a,x) — (a,p(a)(x)) being an automorphism of A x X (see
Lemma 5.1 in the Appendix). The image V of a morphism p: A — Aut(X) is
a constructible subset of Aut(X). If we can choose A to be irreducible, then V
1s an irreducible constructible subset.
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A subgroup G C Aut(X) is connected if for every g € G there is an irre-
ducible variety A and a morphism p: A — Aut(X) with image in G such that
p(A) contains both g and the identity idy. The connected component of a sub-
group G C Aut(X) is the subgroup G° C G generated, as an abstract group,
by the images of all irreducible subsets V C G containing idy.

Remark 1.1. If p: A — Aut(X) and ¢: B — Aut(X) are morphisms, then
y: AXB— Aut(X), (a,b) — p(a) o@(b) is a morphism, too. If A and B are
irreducible, so is A X B, and if p(A) and @(B) contain idy, then so does Y(A x
B). Thus, G is connected if and only if it coincides with G°.

The dimension dim G of a subgroup G C Aut(X) is, as defined by Ramanu-
jam, the supremum of dim(A) over all injective morphisms A — Aut(X) with
image in G, where A is any irreducible variety.

1.2. Ramanujam’s theorem. In [8], Ramanujam proved the following theo-
rem when the variety X is irreducible and the group G is connected.

Ramanujam’s theorem. Let X be a variety over an algebraically closed
field k. Let G be a finite dimensional subgroup of Aut(X) such that G° has
finite index in G. Then, G carries the structure of an algebraic group which is
uniquely determined by the following universal property:

(UP) The action G x X — X is an action of the algebraic group G, and if
u: A — Aut(X) is a morphism such that u(A) C G, then the induced
map u: A — G is a morphism of algebraic varieties.

The goal of this note is to explain why Ramanujam’s original statement (for
an irreducible X) implies the theorem above. To do this, we provide alterna-
tive characterizations of the dimension of a subgroup G C Aut(X). The main
reason why Ramanujam assumes all his varieties to be irreducible, is because
he relies on Galois theory for extensions of the field of functions of X (resp. of
A, where A — Aut(X) is a morphism). So, we already departed from Ramanu-
jam’s viewpoint by not assuming A to be irreducible in the above definitions.

Remark 1.2. Assume G C Aut(X) is a finite dimensional subgroup such that
G° has finite index in G. Endow G with the algebraic group structure provided
by Ramanujam’s theorem. Then G acts schematically faithfully on X. This
implies that every trivially acting normal subgroup scheme N C G is trivial. In
fact, by Ramanujam’s theorem, the identity factors as G — G/N — G.

In order to illustrate this remark, we assume char(k) = p > 0 and consider
the following two G,-actions on the line A':

(t,x)—~»x+t and (t,x)+—x+1P.
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Both actions have the same image in Aut(A!), namely the group T of trans-
lations, but only the former defines the algebraic group action given by Ra-
manujam’s theorem. The restriction of the latter to the non-reduced subgroup
scheme Spec(k|t]/(¢7)) is trivial, hence G, does not act schematically faith-
fully in this case.

Corollary 1.3. Let X be a variety. If G C Aut(X) is a subgroup that is also a
constructible subset, then G has the structure of an algebraic group given by
Ramanujam’s theorem. If, moreover, G is irreducible as a constructible subset,
then it is connected as an algebraic group.

Proof. 1If G is the image of a morphism p: A — Aut(X), then, by Lemma 2.7
of [5], dimG < dimA, and the claim follows from Ramanujam’s theorem. [

2. PRELIMINARY REMARKS ON MORPHISMS AND ORBITS

2.1. Orbits. The following lemma is proven for irreducible varieties in Lem-
ma 1 of [8]. The same argument applies verbatim to arbitrary varieties.

Lemma 2.1. Let X be a variety and let p: A — Aut(X) be a morphism. Then
there exist an integer k > 1 and a point (x1, . ..,x;) € X* such that p(a) = p(d’)
if and only if p(a)(x;) = p(d’) (x;) for all i. O

Remark 2.2. Lemma 2.1 has the following immediate consequence: For any
morphism p: A — Aut(X) there is a morphism of varieties yu: A — B with the
same (reduced) fibers.

If an algebraic group G acts on an algebraic variety, then we get a natu-
ral homomorphism from the Lie algebra Lie(G) to the space of vector fields
Vec(X) given by

Ec: Lie(G) — Vec(X), v (x> (depy)v)

where p,: G — X denotes the orbit map associated to x and e € G is the neutral
element (we interpret the vector fields as sections of the tangent bundle of X).

Lemma 2.3. Let G be an algebraic group acting faithfully on X such that
EG: Lie(G) — Vec(X) is injective. Then there exist an integer k > 1 and z =
(x1,...,x%) € XX such that the orbit map p,: G — Gz is an isomorphism.

Proof. By Lemma 2.1 we can choose k > 1 and z = (x1,...,x;) € X¥ such that
p. is injective. As & is injective, we may extend the tuple z by adding finitely
many further points so that Lie(G) — T.X*, v = ((depa, V- -+, (depi, )V) is
injective. Hence, p,;: G — Gz is smooth and thus it is an isomorphism. U
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Let G C Aut(X) be a connected subgroup. Proposition 2.4(1) below implies
that each orbit Gx is locally closed in X, so dim Gx makes sense. We denote
by mdo(G;X) the maximal dimension of orbits:

mdo(G;X) = max{dim Gx | x € X}.

Then, Xmax C X will denote the union of orbits of dimension mdo(G;X).
A set § of subgroups of G is covering if G = UgcsG. It is directed if, for
any pair G1,G, € S, there is a G € § containing both.

Proposition 2.4. Let X be a variety and G be a connected subgroup of Aut(X).

(1) The G-orbits in X are open in their closure. They are locally closed in X
and smooth.

(2) The group G contains an irreducible constructible subset V. C Aut(X) with
idy € V such that Gx =V x for all x € X. Moreover, if p: A — Aut(X) is a
morphism such that A is irreducible, p(A) contains id, and p(A) generates
G, then we can choose V = (p(A) -p(A)~1)" for some m > 1.

(3) The union Xmax of orbits of maximal dimension is open in X.

4) If S is a covering and directed set of connected algebraic subgroups for
G, then there is G € S such that Gx = Gx for all x € X.

Proof. (a) For irreducible varieties, Assertion (1) is part of Lemma 2 of [8].
For completeness we insert a proof in the general case. Let x € X. For i =
1,2, let p;: A; — Aut(X) be morphisms with p;(4;) C G, idx € p;(A;), and A;
irreducible. The map

Al XAy — Aut(X), (ar,az) — pilar)opa(az)

is again a morphism into G whose image contains both p;(A;) and p2(Az). By
Chevalley’s constructibility theorem the sets p(A;)x are constructible. Thus,
iterating this construction and using the connectedness of G, we obtain a mor-
phism p: A — Aut(X) with A irreducible, p(A) C G, and p(A)x = Gx. The set
p(A)x C X is constructible and contained in Gx, so it contains a dense open
subset U of Gx. Thus Gx = GU is open and dense in Gx.

(b) Assertion (2) is given in Theorem 1 of [7]. (The statement assumes X to
be irreducible, but the definitions, given in §2 of [7], do not use this fact and
the general case follows from the irreducible case.)

(c) Now, we prove Assertion (3) (see also Theorem 2 of [7]). Let p: A —
Aut(X) be a morphism where A is an irreducible variety and V = p(A) C
Aut(X) satisfies Assertion (2). Set m = mdo(G;X). Forx € X, set ax := p(a)x,
and consider the surjection M,: A — Ax, a — ax. The local dimension of the
fiber of N, satisfies

dim, (n; ! (ax)) > dimA — dimAx > dimA —m (%)
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and for a general a € A, the first inequality is in fact an equality. Now, consider
the map @: A x X — X x X, (a,x) — (ax,x). Then, 9! (¢(a,x)) =n; ! (ax) x
{x} for all (a,x) € A x X. By Chevalley’s semi-continuity theorem (see Thé-
oreme 13.1.3 in [2]), applied to @, the subset U C A x X of points (a,x) with
dim,m; ' (ax) = dimA — m is open in A x X. From the estimate (x), we see that
(a,x) € U if and only if x € Xpax and dim, ;! (ax) = dimA — dim Ax; thus

U = {(a,x) €A X Xmax | dim,n; ! (ax) = dimA — dim Ax}.

For any x € X, we have dim,M; ! (ax) = dimA — dimAx for a general a € A.
Therefore, Xmax 1s the projection of U to X, and the statement follows.

(d) Finally, we prove Assertion (4). Since S is directed and since the sub-
groups G € S are connected, we may argue componentwise and thus assume
that X is irreducible. By induction on dimX, we may further assume that
X = Xmax. Again, we set m = mdo(G;X).

We claim that there exists G € § with dimGx = m for all x € X. Indeed,
otherwise we can fix Gy € S such that

Zg, ={xeX | dimGox <dimGx} CX

is non-empty and of minimal dimension. Then, arguing as in (a) and using that
S is covering and directed, there exists H € § containing Gy, such that each
irreducible component of Zg, contains a point x with dim Hx = m. Since the
H-orbits of maximal dimension m form an open subset of X, we get dimZy <
dimZg, or Zy = 0. Both cases contradict the choice of Gy, which proves the
claim.

Hence, Gx is dense in Gx for all x € X, which implies the statement. U

2.2. Reparametrisation and dimension.

Proposition 2.5. Given any morphism p: A — Aut(X) from an irreducible
variety A, there is an irreducible variety B and an injective morphism u: B —

Aut(X) such that u(B) C p(A) and p~' (u(B)) is open and dense in A.

Proof. We may (and we do) assume from the outset that A is affine.

Lemma 2.1 and Remark 2.2 provide a dominant morphism @: A — Z C X*
such that the fibres of ¢ coincide with the fibres of p. Replacing A by a suitable
closed and irreducible subset we can assume that ¢ has finite degree. Replacing
A by a suitable open dense subset we can further assume that U == @(A) C Z
is open and dense in Z and that @: A — U is a finite morphism.

Let k(A) and k(U) be the fields of rational functions on A and U. Let
K/k(U) be a normal extension which contains k(A), and let A be the nor-
malization of A in K. Thenn: A — A is a finite morphism.

If T denotes the Galois group of K/k(U), then T acts on A, and we get
a factorization of @on: A — U as A — A/T" — U. Since k(U) C k(A/T) is
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purely inseparable (see Proposition 6.11 in Chapter V of [6]), after possibly
shrinking U we may in addition assume that A/T" — U is bijective. The A-
automorphism of A x X induced by p o1 descends to an A /T"-automorphism of
(A/T") x X and hence yields a morphism u: A/T" — Aut(X). By construction,
the fibres of u are exactly the fibres of A /T" — U, and hence u is injective. Thus
our claim follows by setting B := A /T’ U

Applying Proposition 2.5 inductively yields the following corollary.

Corollary 2.6. Let p: A — Aut(X) be a morphism. Then there exists a variety
B and an injective morphism u: B — Aut(X) with the same image as p. U

In this corollary the variety B is in general not irreducible, even when A is
assumed to be irreducible.

So, if a subset S in Aut(X) is finite dimensional, of dimension d, then for
every morphism A — Aut(X) with image in S, one can find an injective mor-
phism B — Aut(X) with the same image and dim(B) < d. This gives an alter-
native definition of the dimension, as the minimal such d.

3. ALTERNATIVE CHARACTERIZATION OF DIMENSION FOR GROUPS

Proposition 3.1. Let X be a variety, and let G C Aut(X) be a connected sub-
group. Then dim G = sup{dim Gy |y € X",n > 1}.

Here, Gy is the orbit obtained from the diagonal action of G on X". By
Proposition 2.4, Gy is an irreducible and locally closed subset of X".

Proof. We follow the argument of Lemma 2 in [8]. Suppose A is irreducible
and A — Aut(X) is an injective morphism with image in G. Take k and x :=
(x1,...,X) as in Lemma 2.1. Then, the orbit map A — X* with respect to x is
injective and thus dim(A) = dim(Ax) < dim(Gx). To conclude the proof, we
need to show that dim(Gy) < dim(G) for any n > 1 and y € X". Fix such a
point y € X". By Proposition 2.4 (2) there is a morphism p: A — Aut(X) with
image in G such that A is irreducible and p(A)y = Gy. By Corollary 2.6 we
find an injective morphism u: B — Aut(X) with u(B) = p(A). It follows that
dim Gy <dimB < dim G. U

Let X' C X be a locally closed subset. For instance X’ can be an irreducible
component of X. If p: A — Aut(X) is a morphism such that X’ is invariant
under p(a) for all a € A, then we get an induced morphism A — Aut(X’). In
particular, if X’ is invariant under a connected subgroup G C Aut(X), then the
image G’ in Aut(X’) is again connected. Furthermore, using Proposition 3.1
we can bound its dimension.
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Corollary 3.2. Let X be a variety and G C Aut(X) a connected subgroup. If
X' C X is alocally closed G-invariant subvariety, then dim g’ <dim G, where
G’ denotes the image of G in Aut(X"). O

4. THE PROOF OF RAMANUJAM’S RESULT FOR ARBITRARY VARIETIES

To prove Ramanujam’s theorem for G C Aut(X) when X is reducible, we
will apply the initial theorem of Ramanujam to the restriction G|y’ on each
irreducible component X’ of X. This will endow G|xs with a structure of al-
gebraic group acting algebraically on X’. Then we will glue these algebraic
actions to get an algebraic action of G on X. However, one has to be careful
with gluings, as the following examples illustrate. In these examples, (x,y) and
(x,y,z) are affine coordinates on the plane A” and the space A%, respectively.

Example 4.1. Let X C A? be defined by xy(x—y) = 0. The lines X; = {y =0},
X, = {x =0} and X3 = {x = y} are its irreducible components; we identify
each of them with A!, with origin at (0,0). Define g; to be the identity map on
X1, g2 to be the identity on X3, and g3 to be the multiplication by o on X3, for
some o € k\ {0,1}. Then g1, g2, and g3 pairwise agree on the intersections of
their domains but do not glue to an automorphism g of X, since the differential
of such a hypothetical g at (0,0) would be a linear map fixing (0,1) and (1,0)
but not (1, 1). So, already at the level of tangent spaces the gluing can fail.

Example 4.2. Fix an integer m > 1, and let X C A> be the union of the plane
X1 = {y = 0} and the cylinder X, = {y = x™*!}. Fix an element a # 0, I in k.
We consider the following faithful Gy-actions. On X; the action is given by
(t,x,2) — (x,z+tx™), and on X; it is given by (¢,x,z) — (x,z+tax™) using
the isomorphisms X; — A2, (x,y,z) +— (x,z). These actions agree on the level
of tangent spaces (since m > 1), but they don’t glue, since on the schematic
intersection X; N X, ~ Spec(k[x]/(x"*1)[z]) the actions do not agree.

Proposition 4.3. Let X be a variety, with X = X1 U X, for some closed subsets
X1,X2 C X. Let G be a connected algebraic group acting regularly on X| and
Xy. This action defines a regular action on X if and only if the two actions
induced on the schematic intersection X1 N X> coincide. The latter holds if
every g € G defines a regular automorphism of X.

This will be the tool that makes the gluing process work.

Lemma 4.4. Let X,Z be varieties, where X = X1 UX» with two closed subsets
X1,X2 C X. Assume that ¢;: X; — Z, i = 1,2, are morphisms with the property
01| Xinx, = Q2| x,nx, where X1 N X, denotes the schematic intersection. Then
there is a unique morphism ©: X — Z such that ¢|x, = @;.
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Proof. We can reduce to the case where X and Z are affine. Then O(X;) =
O(X)/a; with radical ideals a;, and a; Nay = (0). The schematic intersection
X1 NX; is given by Spec O(X)/(a; + az). Now the exact sequence

(12— fi—f2

0— O(X) = (0(X)/ar) x (O(X)/az) O(X)/(a1+a2)

implies the claim. U

Lemma 4.5. Let A be a variety and Z a k-scheme. Assume that Y C A X Z is
a closed subscheme which contains {a} x Z for any a € A. ThenY = A X Z.

Proof. We can assume that A and Z are affine. Then Y corresponds to an ideal
a C O(A)® O(Z). By assumption, a € m® O(Z) for any maximal ideal m C
O(A). Since N (M® O(Z)) = (Nmm) ® O(Z) = (0) the claim follows. [

Proof of Proposition 4.3. Looking at the group action G x X — X, the first
claim follows from Lemma 4.4. For the second we look at the two morphisms
01,92: G X (X1NX>) — X1 NX; of schemes of finite type given by the actions
of G. Then the inverse image of the diagonal A C (X; NX3) X (X; NX>) under
the morphism (Q1,92): G x (X1 NX2) — (X1 NX2) x (X1 NX3) is the closed
subscheme where @ and @, are equal. By assumption, @; and @, coincide on
{g} x (X1 NX;,) for any g € G; thus, the claim follows from Lemma 4.5. [

Proof of Ramanujam’s theorem for arbitrary varieties. First, we assume that
G is connected.

(a) Let G C Aut(X) be a connected finite dimensional subgroup. Denote
by Xi,...,X, the irreducible components of X. Since G is connected, every
X; is G-invariant, and we have a group homomorphism p;: G — Aut(X;) for
every i. The image G; C Aut(X;) is a connected subgroup and its dimension
is finite by Corollary 3.2. By Ramanujam’s theorem for irreducible varieties,
G; has a unique structure of an algebraic subgroup that satisfies the universal
property (UP) for morphisms A — Aut(X;) with image in G; and irreducible A.

(b) Define p := (p1,p2,---,Pn): G — G1 X Ga X -+ X Gy, and denote by
G := p(G) C Gy x - - X G,, the image of G. For every morphism A — Aut(X)
with image in G and irreducible A, the composition A — G — G; is a morphism
by the universal property (UP) of G;. As G is connected, G’ is generated by
the images of all morphisms

AL Gl G x--xG,,

where A is irreducible, p: A — Aut(X) is a morphism, p(A) C G, and idy €
p(A). Hence, G’ is a connected closed algebraic subgroup of G| X --- X G, by
Proposition 7.5 in [4].
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(c) Every element of G’ acts via a regular automorphism on X. Hence, by
Proposition 4.3, the actions G’ x X; — G; x X; — X; glue inductively to a faith-
ful action G’ x X — X, and the image of G’ in Aut(X) is G.

(d) We give G the structure of an algebraic group via G'. By the theorem
in [8], the natural homomorphisms Lie(G;) — Vec(X;) are injective. By con-
struction p: G — G X ... X G, is a closed embedding, and thus the natural
homomorphism Lie(G) — Vec(X) is injective as well. Lemma 2.3 gives k > 1
and z € X* such that the orbit map G — Gz is an isomorphism. If u: B —
Aut(X) is a morphism with image in G, then B — Gz given by b — u(b)(z) is
a morphism and hence B — G is a morphism as well. This proves (UP).

This concludes the proof when G is connected. When G° has finite index in
G, we can directly apply the argumentation for Theorem 9 in [5] or Lemma 6.2
in [9]. Here is the argument. Choose elements g; =e, g2, ..., gm € G such that
G is the disjoint union G = |J; g;G°. Left translation by g; provides a bijective
map 1;: G° = g;G°; using 1;, we transport the algebraic structure of G° on each
giG?; this defines a structure of algebraic variety on G which does not depend
on the choice of the g;. Then, one checks that the multiplication G X G — G
and the inverse map G — G are morphisms. Doing so, G inherits the structure
of an algebraic group. It remains to see that the universal property (UP) holds.
It is clear from the construction above that the action map G x X — X is a
morphism. Now assume that p: A — Aut(X) is a morphism with image in
G, where we can assume that A is connected. Then p(A) C g;G° for some i,
and p: A — g;G is a morphism of varieties, because the composition (1,~)_1 o
p: A — G° is a morphism of varieties. This finishes the proof. U

5. APPENDIX

Our goal is to provide a self contained proof of the following lemma, which also
follows from Proposition 5.7 of [3, Exposé I] and Proposition 9.6.1 of [2].

Lemma 5.1. Letp: A — Aut(X) be a morphism. Then ®: AxX - AxX, (a,x)—
(a,p(a)x), is an isomorphism. In particular, the inverse family p~—': A — Aut(X)
given by a v p(a)~", is a morphism.

Proof. The morphism ® has the following properties:

(i) For every a € A the morphism ®@,: {a} x X — {a} x X is an isomorphism.
(i1) @ is bijective. This follows from (i).

(iii) Forevery (a,x) € A x X the differential d®, ) : T(q.)(A X X) = T(gp(a)r) (A X X)
is an isomorphism. This follows from (i), because T, ) (A x X) = T,A® T.X and
d®, ) is “lower triangular” with respect to this direct sum: it acts as the identity
on T,A and the composition of d®, with the projection onto 7,.X is the invertible

map d(p(a))s.
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(iv) @ has reduced fibers. This follows from (i), because ®~!({a} x X) is reduced
and equal to {a} x X.

Now we proceed as follows.
(a) If A and X are smooth, then @ is smooth by (iii), hence an isomorphism by (ii).

(b) If A and X are normal, then the claim follows from Zariski’s main theorem,
because & is birational by (a).

(c)Letms: A — A, ny: X — X be the normalizations. We get the following com-

mutative diagram
¢

AxX +—— Tg AxX

TﬂAXﬂx Tﬂ TnAan

AxX +—— Ty —— AxX
where I'p := { (a,x,y) | y=p(a)x} is the graph of the A-morphism & and I'g the
graph of the normalization ®: A x X — A x X which is an isomorphism by (b). By
construction, the vertical maps are finite and surjective hence @ is finite as well. Since
¢ is birational and has reduced fibers the claim follows (see Lemma 3.3.3in [1]). O
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