MULTIPLIER RIGIDITY FOR COMPLEX HENON MAPS
SERGE CANTAT AND ROMAIN DUJARDIN

ABSTRACT. We investigate the multiplier rigidity problem for polynomial automor-
phisms of C2. A first result states that a complex Hénon map of given degree is de-
termined up to finitely many choices by its multiplier spectrum, or more generally by
the unstable multipliers of its saddle periodic points. This is the counterpart in this
setting of a classical result of McMullen for one-dimensional rational maps. For com-
positions of Hénon maps, the same rigidity holds provided the multi-degree and the
multi-Jacobian are fixed. As in McMullen’s theorem, this follows from the nonexis-
tence of stable algebraic families in the corresponding parameter space. This in turn
relies on precise asymptotic bounds for the Lyapunov exponents of the maximal en-
tropy measure along diverging families.
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1. INTRODUCTION

1.1. Overview of the problem. The multiplier rigidity problem asks whether a dy-
namical system in a certain class is determined by the multipliers (or eigenvalues) of
its periodic orbits. It is part of a more general landscape of spectral rigidity problems,
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which has many different incarnations in geometry and dynamics (see Wilkinson’s re-
cent monograph [39] for an overview).

In the dynamics of one-dimensional rational functions, multipliers are often viewed
as algebraic functions on moduli spaces and used to describe their geometry; (local)
multiplier rigidity means that these functions define (local) coordinates. This point of
view was popularized by Milnor [31}32] and Silverman [36] (the term “multiplier spec-
trum” apparently first appeared in [33]]). In this setting, parameter spaces are finite-
dimensional. Therefore, compared to classical spectral rigidity problems in dynamics,
the results and methods have a more algebraic flavor. The local multiplier rigidity prob-
lem was settled in an early paper of McMullen [30]. Still, despite recent breakthroughs
by Ji and Xie [26} 27] and Huguin [24], the complete characterization of pairs of isospec-
tral rational maps remains open.

In this paper, we address similar questions for polynomial automorphisms of C2.
In this context, the multiplier rigidity problem and some of its variants were already
considered in the foundational paper of Friedland and Milnor [22]; and results on the
global analytic rigidity of polynomial automorphisms were recently obtained in [/, (10}
11].

1.2. Classification of polynomial automorphisms. In order to state our results, we
first need to recall a few basic facts. We denote by Aut(C?) the group of polynomial
automorphisms of C?. The dynamical degree of f € Aut(C?) is

(1.1) M(f) = lijgodeg(f")l/” e [1,0).

This number turns out to be a positive integer and is invariant under conjugacy. If
M (f) = 1, f is said elementary and its dynamics is easy to analyze. When A\ (f) > 1,
we say that f is loxodromic. A Hénon map h: C?> — C? is a polynomial automorphism
of the form

(1.2) h(z,y) = (ay + p(z), z)

for some @ € C* and some p € C[z]| of degree > 2. Hénon maps are the primary
examples of loxodromic automorphisms: \;(h) = deg(p).

According to [22], if f is loxodromic there exists a sequence of integers (dy, ..., d;) €
N¥,, a sequence of non-zero complex numbers (a, . . .,a;) € (C*)* and a sequence of
monic and centered polynomials p = (py, . .., p1) € C[z]* of respective degrees d; such
that f is conjugate to the composition g = hyo- - -ohy, where h;(x,y) = (a;y+p;i(z), ).
We refer to the decomposition g = hyo---ohy as a Friedland-Milnor normal form of f.
The Jacobians of f and g are both equal to Jac(g) = (—1)* Hle a;. The degree of g
isd = Hledi, and deg(g") = deg(g)", hence A\i(f) = Ai(g) = d. In particular, if
A1(f) is a prime number then k£ = 1 and f is conjugate to a monic and centered Hénon
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map. By definition, d = (dy, ..., d;) is the multidegree of g and a = (ag, ..., a;) is its
multi-Jacobian. We let HE (resp. Hfl’a) be the space of compositions of £ monic and
centered Hénon mappings of multidegree d € N’;Q (resp. and multi-Jacobian a). As an
algebraic variety, H~ is isomorphic to (C*)* x Ch~1 x ... C%*~!, For k = 1 we simply
write Hy = H,.

The normal form is not unique, but the defect of uniqueness is well understood: it
is unique up to permutation of the factors h; and a diagonal action of the group U,_;
of (d — 1)th roots of unity (see § or [22] for details). Thus, coming back to f, the
multidegree and the multi-Jacobian define conjugacy invariants only up to a finite group
action.

1.3. Multiplier rigidity. If z is a periodic point of (exact) period n of f: C? — C?2,
the multipliers \1(z), Ao(z) of z are the (unordered) eigenvalues of D fI'. A convenient
way to encode the multipliers is by the trace tr(D fI') and the Jacobian Jac(f"), which
satisfy

(13) )\1 + )\2 = tI‘(Don) and )\1)\2 = Jac(f")

If = is of saddle type, the eigenvalues can be distinguished and are denoted by \*(z) and
A(z2), with [A*(2)| < 1 < |A“(2)|. The multiplier spectrum (resp. the trace spectrum) of
f is the set of all multipliers (resp. traces) of all periodic cycles of f, organized by their
periods. The unstable multiplier spectrum is the set of unstable eigenvalues \* of saddle
periodic cycles, organized by their periods. We refer to § for precise definitions.

Theorem A. A complex Hénon map f(x,y) = (ay+p(x), x) is determined up to finitely
many choices by its trace spectrum (resp. its unstable multiplier spectrum).

In particular any complex Hénon map f, € M} has the following local multiplier
rigidity property: any f sufficiently close to f, with the same trace (resp. unstable mul-
tiplier) spectrum is equal to fy. An interesting point in the theorem is that the knowledge
of the Jacobian is not necessary for this spectral characterization.

Let S(fo) be the number of maps f € H} with the same multiplier (or trace) spectrum
as fo. Theorem |A|says that S(fy) is finite. In fact, S is uniformly bounded in #} and
S(fo) = 1 for a generic f, (see Theorem [3.7]and Theorem [4.2). Thus, a generic Hénon
map is actually determined up to conjugacy by its multiplier spectrum. It is an open
problem whether this holds for every loxodromic automorphism (cf. [27, Conjecture
1.7] for one-dimensional rational maps).

By Noetherianity, for every d there exists P = P(d) such that a complex Hénon
map f is determined up to finitely many choices by the traces of its periodic points up
to period P (see Theorem [3.7). Friedland and Milnor proved that for d = 2 or 3, the
knowledge of the traces of the fixed points together with the Jacobian determines the
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conjugacy class of f (see [22, §7]). For the analogous problem of the determination of
a polynomial p : C — C by its periodic point multipliers, Huguin showed in [24] that
P = 2 is sufficient. We will give in Section 4 a quick proof of Theorem [A| when the
Jacobian is different from —1 (i.e. a # 1): it is based on Huguin’s theorem, using the
specific formula defining the Hénon map f, and it shows that P = 2 is enough for these
maps as well. On the other hand the family ( f)),cc defined by

(1.4) fala,y) = (y + (@ = A, x)

is a non-trivial family of Hénon maps of Jacobian —1 whose periodic data is constant in
period 1 and 2 (see Example[#.3)). This shows that Huguin’s method cannot be applied to
this setting. We will present a more conceptual (and complicated) proof of Theorem[A]
which works in Jacobian —1 and yields the following result.

Theorem B. The conjugacy class of a loxodromic automorphism is determined, up to
finitely many possibilities, by: (a) its multidegree, (b) its multi-jacobian, and (c) its trace
spectrum (resp. its unstable multiplier spectrum).

Note that in Theorem [Bl the multi-Jacobian is fixed. We can also address the C!
rigidity problem suggested by Friedland-Milnor in [22, Thm 7.5], as well as the global
real-analytic rigidity result of [[11, Thm 7.1].

Theorem C. The C' conjugacy class of any complex Hénon map fy of given degree
(resp. any composition fo of Hénon maps with given multidegree and multi-Jacobian)
is finite. In particular in H = H} or Hﬁ}a the following rigidity property holds: for
fo € H, if f € H is C! conjugate to fy in a neighborhood of its Julia set and is
sufficiently close to fo, then f = f.

1.4. Stable algebraic families. Following a beautiful idea of McMullen [30], the re-
sults above will follow from a global structural stability statement.

Theorem D. Any stable irreducible algebraic family of complex Hénon maps is trivial.
Likewise, any stable irreducible algebraic family of compositions of Hénon maps with
fixed multi-Jacobian is trivial.

By an algebraic family of (compositions of) Hénon maps, we mean an algebraic vari-
ety together with an algebraic map A — H% for some k& > 1 and d € N%,. The family
is trivial if its image is reduced to a point. Most of the time, a family can be identified
with its image in HX. To derive Theorems and [C| from Theorem @ we argue as
in [30]: given foin H = H} or ”Hﬁ,a, we consider the set A(fy) < H of mappings with
the same trace (resp. unstable multiplier) spectrum and show that it is a stable algebraic
family. For the trace spectrum, A( f) is obviously algebraic and the difficulty is to prove
the stability, because we do not specify the Jacobian. Conversely, for the unstable mul-
tiplier spectrum, stability is not an issue, what is delicate is that A(fy) is only a priori
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a countable intersection of semi-algebraic subsets. The details are in Proposition [3.3]
Actually for the unstable multipliers there is an additional finiteness issue that can only
be resolved after Theorem [E]is established (see §[6.3)).

Note that the word ‘stability’ has not been defined yet. In first approximation, this
refers to the notion of weak stability defined by Lyubich and the second author in [17],
however a subtlety arises whether we authorize a small set of periodic points to bifurcate
or not. This issue is analyzed in § 2.2}

1.5. Divergence of Lyapunov exponents. The starting point of the proof of Theo-
rem [D]is that a non-trivial stable algebraic family A is unbounded in parameter space,
so it should exhibit some degeneration phenomena. We analyze these degenerations by
taking inspiration from the theory of polynomials in one variable. In that case, there is
a simple approach to Theorem [D] based on the Lyapunov exponent of the equilibrium
measure.

Indeed, let P; = P4(C) be the space of affine conjugacy classes of polynomials
of degree d in one complex variable. Branner and Hubbard [9] have first studied the
asymptotic properties of the dynamics when p tends to infinity in P, (other relevant
sources for us include [12, 24]). Define the maximal escape rate of a polynomial p by

(1.5) M(p) = max {Gp(c) ; p'(c) =0},

where G,(2) = lim,,_,, d " log™ [p" ()] is the dynamical Green function. The quantity
M (p) is invariant under conjugacy so it defines a function on P,. It is shown in [9] that
M defines a proper map P; — R, and provides a good measurement of the amount of
degeneracy of p. Most importantly for us, the Manning-Przytycki formula [29, 35]]

(1.6) X(pp) =logd+ > G,(c)

p'(¢e)=0
for the Lyapunov exponent x(u,) of the equilibrium measure i, = AG), implies that

(1.7 logd + M(p) < x(up) <logd + (d—1)M(p).

In a stable family the multipliers of repelling points move holomorphically and take
values in C\D, thus if the family is irreducible and algebraic they must remain constant.
On the other hand, by the equidistribution theory of periodic points, for large n the
Lyapunov exponent = log |X\*| of a typical point of period n is close to x(x,). These two
facts and the lower estimate in imply that M (p) is bounded on the family. Since
M 1is proper on P;, we conclude that a stable algebraic family must be bounded in the
affine variety P, hence a finite set.

Remark 1.1. Huguin’s approach in [24] is based on an estimate similar to the lower
bound in (1.7) for the Lyapunov exponents of periodic points of period 1 and 2 (see [24),



MULTIPLIER RIGIDITY FOR COMPLEX HENON MAPS 6

Cor A.1]). This estimate from one variable dynamics plays an important role in Sec-
tion ] where we treat Hénon maps with a # 1. The example in (1.4) shows that the
corresponding result is not true in Aut(C?).

In Section[6|we design a two-dimensional version of this argument. If f = hyo---ohy
is a composition of monic and centered Hénon maps as in § [1.2](with possibly k£ = 1),
we define

(1.8) M(f) = max(M(pi),i=1,...,k).

(Because of the U;_; action alluded to in § M (f) is not invariant under conjugacy,
we refer to § for a discussion and a remedy.) According to [4]], f admits a canonical
equilibrium measure 1y, whose Lyapunov exponents satisfy

(1.9) X (1p) < —logd < 0 <logd < x"(uy).

In [5]], Bedford and Smillie provide an exact expression for x*(u ;) which is analogous
to the Manning-Przytycki Formula and involves the delicate notion of unstable
critical point (see § [6.1.5]for a presentation). We use it to obtain the following theorem.

Theorem E. Let d € N%, be a multidegree and a € (C*)* be a multi-Jacobian, for
some k = 1. There exists positive constants Cy and Cy depending only on (d, a) such
that

CLM(f) < X" (py) < CaM(f),
forall fin HE , with M(f) > 1.

From the relation x* (1) + x~ (1) = log [Jac(f)|, a similar result holds for x = (/).
Our estimate is actually much more precise, and allows the multi-Jacobian to diverge
at a controlled rate with respect to M (f): see Propositions and The proof is
perturbative in nature (even if we allow for pretty large perturbations), and ultimately
relies on the one-dimensional estimates of [9], together with a geometric analysis of
unstable critical points in the spirit of [15]].

To deduce Theorem D] from Theorem [E| consider a stable algebraic family A. As for
polynomial maps, we observe that the multipliers of saddle periodic points must remain
constant along each component of A. In particular the Jacobian is constant as well
(this explains why there is no assumption on the Jacobian in the Hénon case). Then,
Theorem implies that M ( f) must be bounded along the family A, which implies that
A is a finite set.

Thus, to drop the assumption on the multi-Jacobian in Theorem D] we should prove
a version of Theorem [E|in which the ‘constant multi-Jacobian’ assumption is replaced
by ‘constant Jacobian’. It is unclear to us whether such a statement holds. What is
clear is that our method breaks down without such an assumption (see Example [6.15).
A related issue, which appears in [9], is the compactness of the connectedness locus.



MULTIPLIER RIGIDITY FOR COMPLEX HENON MAPS 7

In P, this follows from the fact that connectedness of the Julia set is equivalent to
M (p) = 0. Likewise, Theoremtogether with the results of [6] and [14] imply that the
connectedness locus is compact in 7—[(’3@ for fixed a (see Corollary . On the other
hand this result is not true for variable Jacobian (see § : this outlines a difference
between the one-dimensional and the two-dimensional situations.

The asymptotic behavior of the Lyapunov exponent along algebraic families (or along
degenerating sequences) is an important topic in the dynamics of rational functions (see
e.g., [18, 28, 21, |19} 20] and the references therein) and groups of Mobius transfor-
mations (see e.g., [34, [16]). This asymptotic behavior can be studied with techniques
from non-Archimedean degenerations: such techniques are not yet available for auto-
morphisms of C? and would constitute a natural continuation of this work.

1.6. Logical structure. The following diagrams will be helpful to understand the log-
ical relationships between the main results.

Thm == Thms[A]and B (trace spectrum)

Prop[3.3|+ Thm D] =—————= Thm[3.6 = Thm [C](local rigidity)

Thm[6.18) = Thms [A]and [B] (unstable multipliers)
=
Thm[El = Prop[6.19] = Thm|C|(global finiteness)

Prop[6.1] ====> Prop[6.10| == Thm[El == Thm[D]

2. STABILITY THEORY OF LOXODROMIC AUTOMORPHISMS

2.1. Dynamics of loxodromic automorphisms. We use the standard dynamical ob-
jects associated to a loxodromic automorphism f: C* — C?, as summarized in [6}, §1]
or [17, §2.1], with the same notation. In particular we will consider the Green functions
G*, the equilibrium measure y, and the “small Julia set” J* = Supp(u). Most often we
work with families, and the dependence in f is underlined: we write G}—r, JT I G
or G;\—r, i Ky, ..., when f depends on a parameter \.

Let d > 2 be the dynamical degree of f. We denote by Fix(f) the set of fixed
points of f and by Per, (f) the set of periodic points of exact period n. So Fix(f")
is the sets Pery(f) for k£ dividing n. It was shown in [22, Thm 3.1] that all periodic
points are isolated and # Fix(f™) = d", counting multiplicities. An exact expression
for # Per, (f) can be obtained by the Mdobius inversion formula. Since Per,(f) =

Fix(f")\ Ur<no Fix(f*), we get

# Per, (f) ~d"



MULTIPLIER RIGIDITY FOR COMPLEX HENON MAPS 8

as n — o. We denote by SPer,,(f) the set of saddle periodic points of exact period n
and by SPer(f) the set of all saddle periodic points. We already introduced the notation
A*/%(p) in § [1.3|for the stable/unstable multipliers of p € SPer, (f). We will denote by
x*/* the corresponding Lyapunov exponents, that is

1
(p) =~ log | (p)].

If P is a set of periodic points, we write P,, for P n Per,(f). We say that P is
of asymptotic density 1 if #P,, ~ d" as n — o0, and of positive upper density if
limsup,,_,,, d "#P, > 0.

The equidistribution theorem obtained by Bedford, Lyubich and Smillie in [2] asserts
that SPer,, (f) is of asymptotic density 1 and that saddle periodic points are asymptoti-
cally equidistributed towards the equilibrium measure /.. The following reinforcement
of this result was obtained in [[L1]].

Theorem 2.1. Let f € Aut(C?) be a loxodromic automorphism of dynamical degree d.
There exists a set SPer™ (f) < SPer(f) of saddle periodic points of asymptotic density
1 such that if (p,,) is an arbitrary sequence of periodic points with p,, € Per,(f), then

‘ 1 n—1 ' ., .
@ Yo 0 2 Ok = p - and -l (o) = X (1)
As a consequence, if P is a set of saddle periodic points with positive upper density,
there is a sequence (py, ) ;=0 With p,,; € PnPer,,(f) such that the two properties in (2.1
hold for p,,; as j goes to +oo.

2.2. J*-stability. Let (f))ica be a holomorphic family of loxodromic automorphisms
of C? of dynamical degree d. We assume in this section that A is connected. Abusing
notation, we often identify the parameter in A with the corresponding map f, € Aut(C?)
and simply write “f € A”. When a parameter \q € A is used as a base point we often
set fo = f Ao*

A notion of stability was developed for such families in [17]. It can be expressed
in several ways, which we now describe. Recall that by the implicit function theorem,
any saddle periodic point can be followed holomorphically along A until one of its
multipliers hits the value 1. Let us consider the following 6 different types of stability

for (fy):

(I) there is a parameter \q such that all saddle periodic points of f, persist as saddles
throughout A;
(IT) there is Ay € A and a set of saddle periodic points of f, of asymptotic density 1
that persist as saddles throughout A;
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(IIT) there is Ay € A and a set of saddle periodic points of f, of positive upper density
that persist as saddles throughout A;

(IV) thereis Ay € A and a set P of saddle periodic points of f; such that Py = Jg, that
persist as saddles throughout A;

(V) There is a locally defined branched holomorphic motion of J* over A. (See [17]]
for the notion of branched holomorphic motion.)

(VD) For any A\ € A, any saddle point for f, can be followed holomorphically as a
periodic point over A (but not necessarily as a saddle).

One comment is in order about the meaning of “persist” in these assertions. This
persistence refers to the analytic continuation of a saddle or periodic point. It means
that the given periodic point can be followed along any path; but along a homotopically
non-trivial loop the periodic point can possibly come back to another periodic point.
The same comment applies to condition (V): the branched holomorphic motion of J*
may have non-trivial monodromy over A.

Proposition 2.2. These stability conditions satisfy (I) = (II) = (III) = (IV) =
(V) = (VD).

Notice that for statements of the form “any stable algebraic family of type (X) is
trivial”, the implications go in the reverse direction.

Remark 2.3. In [[17], Definition 4.1, condition (V) is called weak J*-stability and it
is shown that if the family is substantial, then (VI) = (I) so all these conditions are
equivalent (conditions (II) and (III) are actually not considered in that paper). Substan-
tial means that either the family is dissipative, or that the following non-degeneracy
condition is satisfied: for any periodic point, no relation of the form A¢\; = ¢ hold
persistently in parameter space, where A, A, are its eigenvalues, a and b are some fixed
real numbers () and c is some fixed complex number of modulus 1. If the family is
not substantial, one cannot exclude the possibility that, even if a dense set of saddle
points moves holomorphically (condition (IV)), some saddle points bifurcate by having
both their multipliers crossing the unit circle without breaking the holomorphic motion.
Conjecturally, such a phenomenon never happens and the substantiality assumption is
superfluous.

Proof of Proposition[2.2] The implications (I) = (II) = (III) are obvious. The equidis-
tribution theorem of [2] shows that (II) = (IV) and Theorem [2.1| shows that (III) =
(IV).

Tt is inaccurately stated that a and b could be complex in [17] but the actual issue is for real a and
b. Indeed, with notation as in [17, Lem. 4.11], the issue is about the R-linear independence of the 6,.
Furthermore, for specific choices of a and b, like a > 0, b < 0 and ¢ = 1, the generic linearizability can

still be verified, see e.g. below.
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For (IV) = (V), we start with the holomorphic motion of Py above A. Locally, this
gives a normal family of graphs above A because the periodic points of f) are contained
in K, and, for any compact subset B of A, there is a compact Kz < C? containing
K for any A\ € B. Thus, by Lemma 3.4 of [17], the motion (P,) of Py extends to a
branched holomorphic motion (j,) of J}. Since the points of P, are saddles, we get
Jr(J§) < J}. To prove the converse inclusion, we put Sy = SPer( fj) and remark that
by [17, Lem. 4.10], (j,) induces a motion (S)) of all saddle periodic points, because
So < J§. By holomorphic continuation, periodic points of period n remain periodic
of period dividing n, hence S, < Per(f,) for every A\ € A. But along the motion
there might be collisions of periodic points, as well as periodic points changing type.
Nevertheless, Lemma 4.13 from [17] asserts that for any fixed A\, S_Al contains J3 . The
reason is that by the equidistribution theorem of [2]], the asymptotic density of points
in Sy which must also be saddles at A, tends to 1 as the period tends to infinity. Thus
Ja(Jg) = J}, as claimed. A similar argument also shows that (V) = (VI). O

Remark 2.4. A slightly more precise version of Lemma 4.11 from [[17] can be stated as
follows: if P, is a set of periodic points that can be followed holomorphically through-
out \ and is dense in J* for some parameter \o, and if q()\o) is any saddle point satis-
fying the non-degeneracy assumption, then q persists as a saddle throughout A. In this
version the substantiality assumption is replaced by an assumption on the specific point
q, but the proof is the same. In particular, if instead of substantiality we assume that a
set of asymptotic density 1 (resp. of positive upper density) of saddle points satisfies the
non-degeneracy assumption, then (VI)=(II) (resp. (VI)=(III)).

Remark 2.5. For each of the stability conditions there is a corresponding local version:
a family is locally stable of type (X) over A if every A € A admits a neighborhood N
such that the family is stable of type (X) over N. Conditions (I), (V) and (VI) are local
in the sense that locally stable is equivalent to stable, however for conditions (II), (III)
and (IV) we obtain a priori two different notions because the set of persistent saddle
points may depend on .

Convention 2.6. In the situations that we have to consider, we cannot guarantee that the
families of interest are substantial (for instance a family of automorphisms of Jacobian
1 is not substantial). So we do not care about substantiality, and by convention,

unless otherwise specified stability means condition (111).

The reason is that our approach to Theorem @ based on the divergence of x*(uy) is
naturally associated to stability of type (IIT) (see Lemma[6.16). Still the other conditions
are also useful: we will use the implication (III)=(VI) several times and in Section
we have to work with type (I) families.



MULTIPLIER RIGIDITY FOR COMPLEX HENON MAPS 11

2.3. A worked out example. Consider the family f,(z,y) = (ay + 2% x). A first
observation is that f, '(z,y) = (y,a 'z —a~'y?) is conjugate to (x,y) — (aly —
a 'a? x) by 7: (x,y) — (y, ), and then to fy/, by a further diagonal conjugacy, so it
is enough to analyze the family for |a| < 1. We set J, = Jy,, jta = fif,, etc.

2.3.1. Existence of bifurcations. For small (and hence for large) |a|, f, is uniformly
hyperbolic and f,|;, is conjugate to the natural extension of z%. In particular the con-
nectedness locus is not compact in this family (it contains all large enough a € C). By
[4], the Lyapunov exponents satisfy

X (a) > 0> X" (1a), X' (1a) + X (o) = loglal, and  [x*(ua)| = logd.

Furthermore by [6], we have x*(u,) = logd for small a. By symmetry, x~ (i) =
— log d for large a. For |a| > 1, we obtain

(2.2) X (pa) = loglal — x (ua) = logd + log|al,

with equality when |a| is large. Thus, the function a € C* — x*(u,) € R is equal to
log(d) when |a| is small and to log |a| + log(d) when |a] is large, so it is not harmonic.
This non-harmonicity can be considered as a kind of bifurcation. Moreover, since the
Jacobian is not constant, Lemmas [4.4] and [6.16] below imply that bifurcations of types
(D), (I), and (III) arise.

Still, this does not guarantee that bifurcations of type (V) occur, that is, it could a
priori be the case that .J still moves holomorphically with a. What might happen is the
following: when |a| is small all periodic points, except (0,0), are saddles, by hyperbol-
icity of the dynamics; then, as |a| increases, periodic points could remain saddle points,
with some of them bifurcating exactly when |a| = 1, where both eigenvalues would
cross the unit circle at the same time without destroying the holomorphic motion. This
is exactly the issue of substantiality.

2.3.2. The fixed point o, and bifurcations of type (V). Since f, is quadratic, it has 2
fixed points and one orbit of period 2. The fixed points are o, = (0,0) and 8, =

(1 — a,1 — a); they are continuations of the corresponding fixed points of f; ~ 2.

The first one «, has eigenvalues \;, A\ = +4/a so it is attracting for |a| < 1 and
repelling for |a| > 1. Suppose |a| = 1, and a is not a root of unity. Then, there is no
resonance between A\; and ), that is, no relation of the form \; = )\’f)\g with k. ¢ € N
and k£ + ¢ > 2. Moreover,

AEAS A = [ ] = (vt 2

Y

so for generic a € S' we get a lower bound of Diophantine type (see e.g. [40]), and
the fixed point o, is linearizable, so it creates a Siegel ball. By [17, Lem. 4.11], these
Siegel balls cause bifurcations of type (V). Thus we have shown:
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Proposition 2.7. The circle {|a| = 1} is contained in the (type (V)) bifurcation locus.

Remark 2.8. Since the eigenvalues of o, are opposite, they satisfy the persistent re-
lation A2\, = 1. Thus, the family is not substantial! But it is almost so. Indeed,
suppose 7 is some saddle periodic point with eigenvalues satisfying a persistent relation
AN, = ¢ (with |¢] = 1 and s,t € R, not both 0). Any such periodic point can be
followed holomorphically for small |a|, and as a goes to 0, one of the eigenvalues tends
to 0 while the other tends to a complex number of modulus > 1, in contradiction with
lc| = 1.

2.3.3. Bifurcations in the unit disk. A natural question is whether the bifurcation locus
is larger than {|a| = 1}. For this, it is enough to work with |a| < 1, and we need to find
some saddle periodic point bifurcating to a sink.

The first candidate is the second fixed point 5, = (1 — a,1 — a). Its eigenvalues are
solutions of the equation A\* — 2(1 — a)\ — a = 0. If some eigenvalue crosses the unit
circle then e must be solution of this equation, which easily shows that |a| = 1 (in fact,
a must be on an arc of the unit circle of angle 27/3). Thus, /3, is a saddle for all a in the
complement of the unit circle.

It follows from the calculations of Proposition[4.5] in particular from Equations (4.5])
and (4.7), that the period 2 orbit has exactly the same behavior. Indeed, since all re-
pelling period-2 points of p(z) = 22/(1 — a) have multipliers d* (including the repelling
fixed one), the period-2 points of f, have the same multipliers, except for o, (EI) So we
must go to period at least 3, which does not seem to be tractable by hand.

Proposition 2.9. The bifurcation locus is not contained in the circle {|a| = 1}. In par-
ticular there exist parameters with |a| < 1 with disconnected Julia sets.

Proof. Numerical calculations show that the parameter a = —0.669 + 0.73: admits an
attracting cycle of period 3 containing (z,y) ~ (0.111236 — 0.0697874, —0.017098 +
0.8562471): see Figure |1} and note that since |a| ~ 0.990, attraction is very slow. The
second assertion follows from the fact that a stably connected dissipative family is stable
(see [17, Thm. 5.7]). ]

Here are some comments on this numerical calculation. We have explored the pa-
rameter space by testing 500 different parameters for each value of |a| (incrementing
by steps of 0.01), looking for orbits on the slice {y = 0} neither converging to (0,0) nor
escaping to infinity (10,000 different initial conditions). Note that any attracting basin

A more delicate result is that both 3, and the period 2 orbit are neutral precisely for a = €”,
p € [—m/3,7/3], and non-persistently resonant, so they also simultaneously create Siegel balls in that
interval.
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FIGURE 1. Slice of the filled Julia set of f_gg69+0.73; by the line {y = 0}.
The basin of (0, 0) is colored black, and the basin of the period-3 cycle is in red.
Detail of the picture on the right.

must intersect this slice. The first example arises for |a| = 0.98 (which is the contin-
uation of the one of Figure |1)), and for |a| = 0.99 we obtain 12 such parameters (in
conjugate pairs). This suggests that the stable component containing the origin almost
fills the whole unit disk. It may be qualified as the “main hyperbolic component” of the
family (it is indeed a hyperbolic component by [8, Thm C]).

Question 2.10. Does the closure of the main hyperbolic component touch the unit cir-
cle?

A positive answer to this question would provide the first known example of a con-
servative automorphism with connected Julia set.

3. PERIODIC POINTS AND MULTIPLIER SPECTRA

3.1. Update on periodic points. Let f € Aut(C?) be loxodromic. We conjugate f
so that f becomes a composition of monic and centered Hénon maps of multidegree
d = (dy,...,dr). We work in the parameterized family (f))yepx, so that f = fj for
some )\, and we identify a map f with the corresponding parameter \. Define

Fix, = {(f,2) e H§ x C*; f"(2) = 2},
which is an algebraic subset of %% x C2. The projection F/‘l\xn — HE is surjective and

finite to one. Defining the corresponding fibered version of Per,, (f) as an analytic sub-
set of H% x C? is not obvious, because periodic points of period n may degenerate to
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points of lower period. As a preliminary remark, suppose that f € H% is close to the pa-
rameter ((0,...,0), (z% ... x%)). Then, as a consequence of uniform hyperbolicity,
all periodic points of f are simple. It follows that all irreducible components of F/l\xn
have multiplicity 1.

We define the algebraic variety ﬁ&n < HE x C% by

Per,, = Fix,\ U Fixg,
kln,k<n

which is a union of irreducible components of Fix,, . By construction, at the generic
point (f, z) of Per,, z has exact period n. For every f € HE, we set

Per’(f) = Per, n ({f} x C?).

By definition, Per(f) is the set of points with formal period n, a terminology due to
Milnor (note that a periodic point can have several formal periods). By construction
Per,, is contained in Fix,, so Per?(f) is made of points of period dividing n. Each
z € Per} (f) comes equipped with a multiplicity, which is the intersection multiplicity of
Per,, with {f} x C? at z. The number p,, of points in Per’ (f) counted with multiplicities
is the cardinality of Per,, at the generic parameter. This sequence (p,,) is determined
inductively by d" = >}, .

Proposition 3.1. For every n > 1 we have the following properties

(1) Per,(f) < Perl(f), that is exact period n implies formal period n;
(2) Fix, = |_JPery;
kln
(3) if z € Per}:(f) is a simple periodic point (as a point of period n), then z € Per,(f).

If 1 is an eigenvalue of z € Per} (f), the period of z can be a proper divisor of n.
The corresponding situation in dimension 1 is completely understood, thanks to the
theory of dynatomic polynomials (see §4.1 in [36]], but be aware that our notation is not
completely consistent with Silverman’s choices). For Aut(C?), the specifics still need
to be worked out.

Proof. By construction, Per, < Fix,. If z € Per,, (f), then z ¢ Fix,(f) for any k < n,
thus (f, z) € Fix;\ Uy <, Fix, in particular z belongs to Perj, (f). This proves (1).

For Assertion (2), note that ﬁe\rk c F/‘I\Xk and 151\xk c 1*:1\Xn if k|n, which proves the
reverse inclusion. We prove the direct inclusion by induction on n. The case n = 1
holds by definition. Now take (f, z) € Fix,. If z € Per,(f) then (f, z) € Per,, by (1).

3Note that in this definition we can take the closure for the euclidean or the (analytic or algebraic)
Zariski topology.
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Otherwise (f,z) belongs to Fix for some proper divisor k£ of n, and the induction
hypothesis shows that (f, z) € Per, for some ¢ dividing k, as desired.

Finally, let z € Per)(f) be a simple periodic point. Since z is simple, it admits a
unique local continuation as a solution of f™(z) = z, so there is a unique branch of
F/i\xn in a euclidean neighborhood of (z,/\) If the period of z were a proper divisor k

of n, this branch would be contained in Fixy, and z would not belong to the closure of
Fix,\ Ugjnp<n Fixe. Thus z € Per, (f) and we are done. O

3.2. Trace and multiplier spectra. Let ¢ be a positive integer and let C(9) denote the
symmetric product of ¢ copies of C that is, C?/Sym, where the symmetric group acts
by permutations. Points of C(? will be called multisets (of length ¢). Thus, a multiset
is a finite set {zy,...x,} in which the elements x; € C are repeated according to their
multiplicity; equivalently, it is a divisor ) ; 1;%; supported by some points z; € C with
multiplicities n; > 1 such that )| ;1j = ¢. The elementary symmetric functions provide
an isomorphism ¢: C9 — C9.

Let us fix some integer n > 1. On the variety HE x C?, the function
tr,: (f,2) — tr(D,f")

is regular. By restriction, it induces a regular function tr,,: Per, — C, and we can then
define a regular map Trace,, : H% — C®») such that

Trace,(f) = {tr(D,f") ; z € Per*(f)},

viewed as a multiset of length p,,. We define the trace spectrum and the multiplier
spectrum of f by

3.1 Trace(f) = (Tracen(f)),=; € H C )
n=1
(3.2) Mult(f) = (Jac(f), Trace(f)) € C* x H C@n)
n=1

Since Jac(f)™ = det(D,f") for every fixed point of f", the multiplier spectrum en-
codes the conjugacy invariants (tr, det) of D, f™, whose knowledge is equivalent to that
of the eigenvalues {\;, \,} € C?), at all points of formal period n, for every n > 1. The
use of the formal period instead of the exact period is meant to guarantee good analytic
and algebraic behavior for these quantities.

For saddle points, we directly consider the unstable multiplier and define
SMult™(f) = {\“(2) ; = € SPer,(f)} € C#SPern()),

SMult“(f) = (SMult};(f)),~; and SMult(f) = (Jac(f), SMult“(f)).

(Since # SPer,(f) depends sharply on f, we do not claim that SMult,, (f) depends in a
regular or analytic way on f.)
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Remark 3.2. Since the number of periodic (resp. saddle periodic) points of period n
grows like d", the dynamical degree of a loxodromic automorphism is tautologically
determined by its multiplier (resp. unstable multiplier) spectrum.

3.3. From Theorem [D|to rigidity.

Proposition 3.3. Let (f\)aen be an algebraic family of loxodromic polynomial auto-
morphisms of C?, in which any stable irreducible algebraic subfamily is trivial. For
everyn = 1, consider a finite subset F,, = C. Then the set

{feA; Vn=1 Trace,(f) c E,}
is finite. Likewise the set
{feA; Vn=1SMult,(f) c E,}

is discrete.

Proof for the trace spectrum. Forn > 1, set
(3.3) S, = {AeA; Trace,(f)) € E,} and ¥ = (] .

n=1
These are algebraic subsets of A because each of the maps Trace,, is regular. To con-
clude that X is finite, we fix an irreducible component of X, still denoted by > for
simplicity, and we show that ( f)),ex is stable. We follow the same strategy as for [11}
Lem. 8.5], except that we work with traces instead of multipliers.

Fix Ao € ¥ and set fy = fy,- Fix @ > 0 such that x*(uys) = log™ |Jac(fo)| +
2a. Let N be an open ball around ), in which log|Jac(fy)| — log™® [Jac(fo)| < /4.
Theoremprovides a set SPer™ (fy) of saddle points of asymptotic density 1, such that
X“(20) = x(uy,) — a for every zg € SPer™(fo). Let us show that points in SPer™( fy)
of sufficiently large period persist as saddle points for all parameters in A N X.

Fix 29 € SPer™(fo), of period n. We have

(3.4) [tr(D., fo)| = [A\“(20)| — 1 = exp (n(logJr |Jac(fo)] + 04)) —1.

Let z, be the analytic continuation of z; as a saddle point, for A in some connected
neighborhood N (zg) of A\ in X (that depends a priori on 2g). Along X, Trace,(f))
is contained in the finite set E,, so A — tr(D,, f¥) is constant on N (z), equal to
tr(D., f3). Thus for A € V() we have |\“(zy) — tr(D., f&')| < 1, and then

(3.5) IX(z0)] = [tr(Do )] — 1 = exp (n(log™ [Jac(fo)] + a)) — 2.

Fix ng so large that for n > ny,

(3.6) %log (exp (n(log™ [Jac(fo)| + a)) — 2) = log™ [Jac(fo)| + a/2.
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Then x“(2)) = a/2 for all zg € SPer™ (fy) of period > ng, and the definition of N gives
(3.7) X°(2x) = log |Jac(fr)]—x"(2) < log|Jac(fy)|—log™ [Jac(fo)|—/2 < —ar/4.

Thus, the analytic continuation zy, of z, remains a saddle periodic point when A € N'n X,
with the uniform estimates x°(z,) < —«/4 and x"(z\) = a/2. Thus, no bifurcation is
possible and we can take NV(zp) = N n X, as was to be shown.

This argument shows that (f))\ex is locally stable of type (II), hence also of type
(IIT). To enhance this to global stability, we follow an idea used for [11, Prop. 8.6].
We will show that the Jacobian must be constant on X, so that we can choose N =
Y. By Remark (fa)aex is globally stable of type (VI): all periodic points can
be followed, but not necessarily as saddles. By way of contradiction, assume that
A — Jac(f)) is not constant on 3 and fix a parameter \; € ¥ and o > 0 such that
log [Jac(fy,)| = log|Jac(fx,)| + 2, as well as a path 7 in 3 joining A to A;. Note that
X" (pg,) < log|Jac(fy,)], hence log|Jac(fy,)] = xT(1s,) + 2a. Fix a set SPer™(fo)
of saddle points of asymptotic density 1, such that x“(z0) < x"(uy,) + « for every
29 € SPer™(fy). For such a z; we have

(3.8) [tr(Dx f3,)] = IN"(20) + X*(20)| < [A"(20)| + 1 < exp (n(x" (ug,) + ) + 1.

Let us follow 2 along the path v up to some periodic point z;. By assumption the trace
stays constant so ‘tr(Dz1 i )‘ satisfies the inequality (3.8)). If 2; is a saddle point for f),
we infer

(3.9 ac(fr)]" < [\ (z0)] < |tr(D., )] + 1
= ‘tr(DzOff\lo)‘ +1<exp (n(x+(uf0) + a)) + 2.

But log [Jac(fx,)] = x* (i) +2a so if n is large enough we get a contradiction. There-
fore, as we follow any point of SPer™ ( fy) of sufficiently large period along ~y, we obtain
a non-saddle point for f;, which contradicts the fact that SPer™(f;) has asymptotic
density 1. So the Jacobian is constant on 3., and we are done. O

Proof for the unstable multiplier spectrum. This is more delicate because the sets
(3.10) Sui={Ae A SMult!(fy) © E,} and X" := (] S¥

n=1
are not naturally algebraic, for being a saddle point is not an algebraic property. Fix
fo € X* and assume that fj is not an isolated point of ¥*. We will show that >* contains
a positive dimensional stable algebraic family through f, which is a contradiction.

Let V,, be a neighborhood of f, in A in which all saddle points up to period n persist.
Since f is not an isolated point of X, ¥ NV}, is an analytic subset of V,, of positive
dimension, which is a union of irreducible components (as analytic subsets in V},) of the
restriction to V,, of an algebraic subvariety of dimension > 1 at f,. It may have several
local irreducible components at fj, but reducing V,, if necessary, we can assume that
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2V, admits a unique connected component in V,,, which contains 2* n V,,. Let ny
be such that for n > n; the germ of X" at f; is constant (i.e. does not depend on 7).

Since f, belongs to X%, X* is not empty, thus for every 0 < a < x*(p,)/10 and large
enough n, we can find points ¢ € £, such that £ log [t| > x™(4,) —cv. Asin the first part
of the proof, fix & > 0 such that x*(uy,) = log™ [Jac(fo)| + 2a, and a neighborhood
N = N(a) in which log |Jac(f)| < log™ |Jac(fo)| + a/4. For f € N, every periodic
point with an eigenvalue ¢ such that + log [¢| > x*(uy,) — « is automatically a saddle.

Theorem provides a set SPer™ (fo) of saddle points of asymptotic density 1 such
that x“(zo) = x " (us,) — « for zo € SPer™(fo). Fix z € SPer;! (fo), with n = ny. It can
be followed holomorphically as z = z(f) along X% NV}, and \“(z) stays constant there.
Consider the subset of NV, defined by the condition that Mult,,(f) contains A\“(2); it is
the intersection of N with the algebraic variety of automorphisms f such that \“(z) is
an eigenvalue of D f™ at some point of period n; it contains X! as a germ at fj; we let
S(zp) be the union of its irreducible components (as analytic subsets in A) containing
Y n V,. As in the first part of the proof, 2z, can be followed holomorphically along
S(zp). Set St = ﬂZOesper+( joy S(20). This is an analytic subset in ' containing the
germ of 2 for every n > ny, so it has positive dimension (possibly greater than that of
Y% A V,). By construction all points in SPer ™ (fy) can be followed holomorphically as
saddles along ST, so (f\)cs+ is a stable family of type (II).

Now we work inside this family S*. By the implication (II)=(VI) of Proposition[2.2]
all saddle periodic points of f; can be followed holomorphically as periodic points in
St n N, so we can define an analytic subset S < S* in A by the condition that
the eigenvalue corresponding to the unstable multiplier at 2, remains constant for every
20 € SPer( fo). In modulus this eigenvalue stays larger than 1 along S, so the exceptional
phenomenon described in Remark cannot occur and we conclude that S' is a stable
family of type (I), which must coincide with >X* n V,, for any n > n;.

At this point we have shown that X" is an analytic subset of A. Let f; be a non-
isolated point of >*: its is contained in a complex analytic component W of >* of
dimension k£ > 1. We constructed a neighborhood N' = N(fy) such that 3% n N
coincides with a union of components of W’ n N/, for some algebraic subvariety W’
of A of dimension k. By analytic continuation, W is an irreducible component of 1/’
in the analytic sense, hence it coincides with an algebraic component of 1, and this
component determines a stable algebraic subfamily of type (I) in A, which contradicts
our assumptions. Therefore X is a discrete set, as announced. O

Remark 3.4.

(1) The proof shows that the non-existence of stable algebraic families of type (I (resp.
type (I)) is enough to get the conclusion about the trace spectrum (resp. unstable
multipliers).
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(2) On the other hand, using the full strength of the type (III) assumption, we can relax
the condition Trace,(f) < E, (resp. SMult.(f) < E,) by requiring that this
property holds only along some subsequence (n;). Thus, in the spectral rigidity
theorems, it is enough to use the information on periodic points along a subsequence
(n;). The verification is left to the reader.

Recall from Remark [3.2] that the degree is automatically determined by the spectrum.
Hence the following result contains the statements of Theorems [A] and [B|relative to the
trace spectrum.

Theorem 3.5. If  is either H} for some d > 2 or H}, for some a € (C*)* and
d € N%,, then for any f, € H, the isospectral subset {f € H ; Trace(f) = Trace(fo)}
is finite.

Proof. It suffices to apply the first part of Proposition [3.3|together with TheoremD] [

Now, let us prove the C* rigidity assertion in Theorem

Theorem 3.6. Let H be either 1} for some d > 2 or HY , for some a € (C*)* and
de N';Q. If fo is an element of H, there is a discrete set F' < H with the following
property: if f € H is C*' conjugate to fy on some neighborhood of J*, then f € F.

By “C' conjugate in a neighborhood of .J*” we mean that there exists a C'' conjugacy
v between fy and f whose domain U/ contains a neighborhood of J*( fy). The unique-
ness of the measure of maximal entropy, obtained in [3]], implies that @, jir, = 5, SO

p(J*(fo)) = J*(f)-

Proof. If f, and f are C' conjugate in a neighborhood of J*, then for every saddle
point zy of fy, p(2) is a saddle point of f, with \“(z) € {A“(zo), )\“(zo)} and \°(z) €

{)\S(zo), )\S(zo)} (see the discussion preceding [22, Thm 7.5]). So if we define

(3.11) E, = {\“(20) ; z0 € SMult::(fo)} U {/\“(zo) ;20 € SMultZ(fg)},
we see that SMult!:(f) < E, for every n > 1, and we conclude by Proposition[3.3] [

3.4. Further results: uniformity and arbitrary fields.

Theorem 3.7. Let H be either of H} or HY , for some d € N%, and a e (C*)*. There
exists P and N depending only on d such that for every f, € H, the set

{feH; Trace,(g) = Trace,(fo) for every n < P}

has cardinality at most N. Moreover, this result holds for polynomial automorphisms of
A%(K), for any algebraically closed field K of characteristic zero.
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Proof. We first work over C. Assume k£ > 2, and denote by a( f) the multi-Jacobian of
f € HE. Introduce a sequence of algebraic varieties

S =1{(f,9) € HE x HE ; V¢ < n, Trace,(f) = Trace,(g) and a(f) = a(g)} .

Since this sequence is non-increasing (5,1 < 5,,) there is an index P > 1 such that
S, = Sp for all n = P. The first projection 7w: Sp — H is a surjective morphism and
by Theorem [3.5]all its fibers are finite. Thus, there is an integer N such that every fiber
of 7 contains at most /N elements, as was to be shown.

For k = 1 the argument is the same by considering
S ={(f,9) € Hy x Hy; V< n, Trace,(f) = Trace,(g)} .

Now we work over K. The Friedland-Milnor classification holds in this case as well,
and we consider H(K) to be either of #(K) or H} ,(K). Let N and P be the integers
defined in the previous paragraph (for the field C). Pick distinct elements f, ..., fa; of
H(K) such that Trace,(f,,) = Trace,(f1) forallm < M andn < P. Let Ly — K be
the field generated by the coefficients of the formulas defining the f,, and let L — K be
its algebraic closure. Since L is countable and of characteristic 0, there is an embedding
t: L — C. Applying ¢ to the coefficients of the f,,,, we get distinct elements f € H(C)
such that Trace,(f,) = Trace,(f}) for every n < P. Therefore M < N, and the proof
is complete. U

Example 3.8. Let K be an algebraically closed field of characteristic p > 0, such as
F_p. Consider the additive automorphism of the affine plane A% defined by

(3.12) flz,y) = (ay + saP, x)

where a € K* is fixed and s € K* is a parameter. Then, the differential D f, ,y does
not depend on (z,y), its trace is 0 and its determinant is —a. If « is a square root of «,
then tr(D f&y)) = o™ + (—a)", so that the trace spectrum of f does not depend on the
parameter s. This shows that Theorems [A] and [B] do not hold in characteristic p. These
examples are somehow similar to Lattes maps: Lattes maps come from endomorphisms
of abelian groups (elliptic curves) while additive automorphisms are automorphisms of
the commutative group G, x G,.

4. HENON MAPS AND HUGUIN’S THEOREM

This section provides a direct proof, based on [24, Thm A], of the next two theorems.

Theorem 4.1. Let (f)\)xen be an irreducible algebraic family of complex Hénon maps,
such that Jac(fy) # —1. If it is stable of type (I), then it is trivial.

This is really a result about type (I) stability since, as we will see, it deals specifically
with points of period 1 and 2. So even for Hénon maps with Jacobian different from
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—1, this result is weaker than Theorem @] (see the comment about the chain of impli-
cations after Proposition [2.2)). On the other hand, by Remark [3.4](1), for Hénon maps
of Jacobian different from —1, Theorem [{.1] can be used instead of Theorem [D|to get
Theorem [Cland the unstable multiplier version of Theorem[A] An amusing consequence
is that global considerations about periodic points of periods 1 and 2 in H} lead to local
unstable multiplier rigidity (resp. C! rigidity on J*), even for maps whose points of
periods 1 and 2 are all attracting.

Theorem 4.2. A complex Hénon map f of given degree whose Jacobian is different from
—1 is determined up to finitely many choices by the multipliers of its periodic points of
period 1 and 2 (or equivalently by Jac(f), Trace(f) and Tracey(f)). That is, for any
fo € HY such that Jac(fo) # —1 the set

Yo(fo) = {f e Hl; Jac(f) = Jac(fy), Trace;(f) = Trace;(fy), Tracey(f) = Traceg(fo)}
is finite. Furthermore, for fy in a dense Zariski open subset of H}, ¥2(fo) = {fo}-

These two theorems stem from a computational miracle which does not hold for Ja-
cobian —1. The following example shows that Theorem does not carry over to that
case.

Example 4.3. The general (reduced) form of a Hénon map of Jacobian —1 is f(x,y) =
(y + p(x), z), with p monic and centered. The equation (yo + p(z0), o) = (0, yo) for
fixed points is equivalent to

4.1 xo =yo and p(xg) =0

and the trace of the differential at such a fixed point equals p'(x,). For fixed points of
f? we obtain

p(ro) =0

4.2
*2) p(y) =0

{330 + p(yo + p(x0)) = x0

or equivalently
Yo + p(z0) = yo {

Among these solutions, points of period 2 are those for which =y # 1. The computation
of the differential gives

(4.3) (Do) f7) = P/ (20)p' (v0) + 2.

Let us choose for instance py(z) = (z — \)*(x + A)2. Then all solutions of p)(zy) = 0
satisfy p)(zo) = 0, and we conclude that the family f\(z,y) = (y + (2% — \?)? )
violates the conclusions of Theorem Note that Theorem 7.1 of [22] asserts that
Hénon maps of degree 2 and 3 are determined by the multipliers of their fixed points,
therefore 4 is the smallest possible degree for such an example. U

We now proceed to the proof of Theorems @.Tjand {.2]
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Lemma 4.4. Let (f))xen be an algebraic family of loxodromic automorphisms, with
A irreducible. If it is stable of type (I), then the stable and unstable multipliers of all
saddle periodic points, as well as the jacobian Jac(f\), are constant on A.

Proof. We can assume that dim(A) = 1. We replace (fi)xea by (fr(r))rci» Where
T:A > Aisa desingularization, and assume A smooth: A is a compact Riemann sur-
face punctured in finitely many points. By assumption, all saddle periodic points of ( f))
can be locally followed holomorphically along A. Fix \g € A, and let n be such that
SPer,(f\,) is non-empty. There is a finite cover A’ of A, which is also a Riemann sur-
face of finite type, such that all points in SPer,,( f,,) can be followed globally along A’.
For z), € SPer,(f\,) with continuation z,, the function A € A’ — A\“(z,) is holomor-
phic and takes values in C\ﬁ, hence it is constant. Likewise, the stable multipliers are
constant. It follows that Jac(f) is constant on A’, hence on A. O

For f € Aut(C?), define M (f) by

4.4) My(f) = max <%log’trszk‘>.

zePerk (f)

Proposition 4.5. Let (f,) € (HL)N be a diverging sequence of complex Hénon maps
with fixed Jacobian different from —1. Then

lim max (M;(f,), Ma(fn)) = +o0.

n—0o0

Proof. This relies on an explicit calculation. Write f(x,y) = (ay + p(z),z), with
Jac(f) = —a # —1. The equation for fixed points is (ayo + p(xo),zo) = (o, Yo), OF
equivalently

1

(45) mp(xo) =X and Yo = To,

while the trace at such a fixed point is

46) tr(Dionf) = p(a0) = (1 —a) (#p) ().

1—a

For points of period 2 we obtain the following equivalent systems

azo + p(ayo + p(xo)) = o o W= ﬁp(l‘o) o )= ﬁp(l’o)
02
ayo + p(To) = Yo Ty = ﬁp(yo) To = (ﬁp) (z0)
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and the corresponding trace satisfies

4.7 tr (Diaoyo)f*) = P'(ayo + p(x0))p' (o) + 2a
=9 (Lp(x0)> p'(z0) + 2a

1—a

/

(1 _ap ((1 ! p)) (20) + 20,

Now suppose that a # 1 is fixed and the sequence f,: (z,y) — (ay + pn(x),x)
diverges in H_ as n goes to +o0. Then (p,) diverges in Py, and (1-p,) diverges as
well. By [24, Thm A] some multiplier of period 1 or 2 of ﬁpn must tend to infinity.
The above calculations then imply that the trace of the corresponding periodic point of
periods 1 or 2 of f,, must tend to infinity as well, and we are done. U

Remark 4.6. The correspondence between periodic points of f and ﬁp does not sur-
vive for higher periods, so we are fortunate that period 2 is enough in [24].

Proof of Theorem If (f)xen is an irreducible stable (of type (I)) algebraic family of
complex Hénon maps, then by Lemma Jac(f\) is constant, as well as the unstable
multipliers of saddle points. On the other hand, if dim(A) > 1, A is unbounded in
!, so by Proposition we can find a periodic point of period < 2 with an arbitrary
large trace. Such a point must eventually be a saddle, with unstable multiplier tending
to infinity. This contradiction finishes the proof. U

Proof of Theorem Let us start with a preliminary remark: two Hénon maps f; and
f> defined by fi(x,y) = (ay + pi(x), ) are conjugate in Aut(C?) if and only if the
affine conjugacy classes of the p; coincide: [p;] = [p2]. Indeed, f; and f> must be
conjugate by a diagonal linear map of the form (x, y) — (Bz, fy) with 8 € Uy_1, which
corresponds to linear conjugacy of the (monic, centered) polynomials p;.

To prove Theorem we write f(z,y) = (ay + p(z),z) and apply the proof of
Proposition it shows that, given a # 1, Trace;(f) and Traceq(f) determine the
multipliers of periodic points of period at most 2 of ﬁp. By [24, Thm C], there exists
a Zariski open set U/ P, such that a class [¢q]| € U is uniquely determined in P, by the
multipliers of its periodic points of period 1 and 2. Also, if p; and p, are monic and cen-
tered polynomials such that [=p1| = [{2-p2]. then [p] = [p2]. Thus, if p is monic
and centered and [-p] € U, then [p] is determined by a, Trace; (f) and Traces(f).
Define a Zariski open subset V < Hiby V = {(a,p) € C* x P{™; [=p| €U, a # 1}
(where the superscript ‘cm’ stands for monic and centered, see §[5.2). The preliminary
remark implies that any f € V is determined up to conjugacy by a, Trace;(f) and
Tracey(f), and the proof is complete.
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Now, being algebraic, if X5( fj) is infinite it must admit a component of dimension
> 1, so it is unbounded in 7—[}1, and as before we get a contradiction. J

5. SOME PRELIMINARY FACTS FOR THEOREM

5.1. Crossed and Hénon-like mappings.

5.1.1. Definitions. In this paper by definition a bidisk is a domain B < C? that is
biholomorphic to a standard open bidisk D; x D,. It comes equipped with two pro-
jections m; : B — D; and my : B — D, respectively called vertical and horizontal.
We always assume that the biholomorphism, hence also the projections extend holo-
morphically to some neighborhood of B in C2. The vertical and horizontal boundaries
are "B = 7, '(0D;) and "B = 7, ' (0D,), respectively. An object (subvariety, subdo-
main, current) is vertical (resp. horizontal) if it is disjoint from a neighborhood of 0B
(resp. 0"B). We use a slightly different convention for lines: by definition, a horizontal
line (resp. vertical line) is a fiber of 7y (resp. 7). Since the 7; are typically not linear,
those lines are usually not lines in the usual sense in C2.

Any horizontal submanifold V' in B has a degree deg(V'), defined as the degree of
the branched covering m; : V' — D;. Likewise, any horizontal closed positive current
T has a slice mass sm(7T’), which is the mass of the positive measure 7" A [L"], where
LV is any vertical line. If 7" = [V] is the integration current on a horizontal manifold,
then sm(7") = deg(V). Finally, if S (resp. 7') is a horizontal (resp. vertical) closed
positive current, the measure 7" A S is well-defined and its total mass satisfies |[7" A S| =
sm(7") sm(S). We refer to [13] for these results. By convention, a horizontal disk A is
a horizontal submanifold biholomorphic to a disk; in particular /A < 0VB.

If B and B’ are two bidisks, a crossed mapping (f,B,B’) is the data of an injective
holomorphic map defined in a neighborhood of B, such that (i) f (B) n B # &, (ii)
f(0"B) n B = &, and (iii) f(B) n 0B’ = 0"B’. We abuse notation and simply write
f: B — B even if by definition f(B) is not contained in B’. Crossed mappings were
introduced in [23]], however this definition is from [13]]. The degree of a crossed map-
ping is the degree of the horizontal curve f(L") nB’, where L" is any horizontal line in
B. If B = B’ we say that f is a Hénon-like map.

5.1.2. Unramified maps. The following considerations are new (see Ishii [25] for re-
lated ideas).

Definition 5.1. A crossed mapping f: B — B’ is unramified over 0*B’ if for every
horizontal line L" in B,

(i) f(L")is transverse to "B, and
(i) f(L") n B is a disjoint union of holomorphic disks.
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An equivalent formulation of (i) is that there is a neighborhood N\ of 0*B’ such that for
every L", | F(Lm e~ 18 an unramified covering onto its image, hence the terminology.

Remark 5.2. In [38] Wermer constructed a domain 2 < C? such that {2 is biholomor-
phic to a bidisk and Q2 n (C x {0}) is not polynomially convex. This suggest that there
might exist crossed maps (f, B, B’) with a horizontal line that satisfies (i) but fails to
satisfy (i1). An easily checkable sufficient condition for (ii) is the following: the natural
projection Ty - B — D), extends holomorphically to f(B). It holds for the unit bidisk
and more generally when 7}, extends to a globally defined holomorphic map C* — C.
Indeed in this case {z € L", 7} o f(z) € D4} is a union of disks by the maximum prin-
ciple, and L" n f~!(B’) is the union of the disks among those whose image intersects
B’. For completeness let us mention a more intrinsic version.

Lemma 5.3. Let Q = C? be a Runge domain. If D < C? is a holomorphic disk
transverse to 0S) and D n Q) € D, then D n Q is a disjoint union of disks. Thus,
Condition (i) implies Condition (ii) in Definition when B’ is a Runge domain.

Proof. Write D n 09 = | J~;, where the ; are smooth Jordan curves. Let D; be the
Jordan domain in D bounded by ;. We claim that the D; are disjoint and DnQ = | J D;.
To prove this, observe that by Wermer’s theorem [37]], the polynomial hull 7; is either
equal to 7; or a Riemann surface bordered by ;. But D; < 7;, so 7; = D;, and the
Runge property gives D; < (). Therefore the D; are disjoint and | JD; < D n Q.
Finally, D\ U D; is connected, is disjoint from 0f2, and contains points outside €) (near
the ~;, by transversality), so it is entirely outside §2. We conclude that D n Q2 = | J D,
as claimed. U

Proposition-Definition 5.4. Let f : B — B’ be a crossed mapping that is unramified
over 0"B'. Let Q) be a component of f(B) N B'. Let L be any horizontal line in B and
set V.= f(L) n S Then V is non-empty and connected, and its horizontal degree is
independent of L. By definition, deg(V') is the degree of the component ).

Moreover, if W is any horizontal disk contained in ), deg(W) is a multiple of deg(V").

If deg(V') > 2, the component 2 is said to be solenoidal. It will be clear from the
proof that for the conclusion to hold it is enough that the non-ramification property holds
in €, that is, we only need that 7, | (zr)~q is a covering near the boundary.

Proof. The first claim is that for every horizontal line L in B, f(L) intersects 2. Indeed,
if LY is any vertical line in B’ intersecting €, by the crossed mapping property f~(LY n
(1) is a vertical submanifold in B, so it must intersect L and the claim follows.

Now, assume that L' < B’ is a vertical line so close to ¢"B’ that for every horizontal
line L < B, f(L)is transverse to L. Let V = f(L) nQ and k = deg(V'). Then V' n LV
is made of k distinct points a1 (L), . . ., a5 (L), and since there are no tangencies between
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V and L, these points can be followed holomorphically with L. If a;(L1) = a;(L2), we
must have L, = L, because f is injective, and then ¢ = j because there are no collisions
between the a;(L). Thus, when L ranges over the set of horizontal lines in B (which is
a disk Dy, each a;(L) describes a topological disk A;, and these disks are disjoint. In
addition, if A is a component of Q N LY, then f~! (A) is a vertical submanifold in B, so
it intersects L. This shows that 2 n L* = Uf;l A,; and that k is independent of L.

Since V' is a union of components of f(L) n B’, by Property (ii) of Definition [5.1| it
is a union of holomorphic disks. Let us show that V' is connected. Pick a component
V" of V. The preimage f~(0V”) is a Jordan curve in L, and since f(L) is transverse to
0"B for every L, this Jordan curve can be followed holomorphically with L, cutting out
a connected vertical open subset U that is a component of f~(B') n B. Therefore f(U)
is a component of f(B) n B’ contained in 2, hence f(U) = 2. This discussion shows
that f~1(Q) n L = f~Y(V’),but f71(Q) n L = f~*(V) by definition hence V = V'
and V' is connected.

If we vary LV < B’ by turning around 0B/, the points a;(L), . . ., ai(L) are permuted
by holonomy. Since V' is a topological disk, it has a unique boundary component, so the
holonomy acts transitively on the a; (resp. on the disks A;). Let now W be an arbitrary
horizontal disk contained in {2 (which may have vertical tangencies near the boundary).
When varying LV in a small neighborhood N of ¢'B’ in B’ (ﬁ) the disks A; form a
topological fibration of N' n ©Q over N' n V. The number of points in W n A;, counted
with multiplicity, is locally constant as L" varies, and since the holonomy is transitive,
this number does not depend on i. Denoting it by ¢, we conclude that deg(WV) = k¢,
and the proof is complete. U

5.1.3. Iteration vs. cut-off iteration. When considering a Hénon-like map f: B — B,
it is understood in [[13]] that iteration means cut-off iteration, that is, the only orbits that
we consider are those that never leave B. In other words, we only iterate f| s-1() (often
denoted f|g). Now suppose that the Hénon-like map f is the restriction of a global
holomorphic diffeomorphism f of C2. Then, some orbits of f might leave B before
entering it again. We say that f is iterated properly if f’“( f (B)\B) n B = & for every
k = 0. This implies the corresponding property for negative iterates. For instance, if f
is a Hénon map and B = (0, R)? is a sufficiently large bidisk, orbits leaving B must
escape to infinity, and this property holds.

Likewise, if f; and f5 are two Hénon-like maps in B, which are restrictions of globally
defined mappings ﬁ, their composition in the sense of Hénon-like maps is fo|g o fi|p,
which may differ from (f, o f;)|. This happens precisely when fo(f1(B)\B) "B # .
As above, we say that f, and f; are composed properly if fo(fi(B)\B) n B = &, in

“We say that \ is a neighborhood of 0YB in B if N = N A B for some neighborhood of 6YB in C2.
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which case fa|g o filp = ( fo fl) |g. This definition can be generalized to compositions
of arbitrary length.

In what follows, we will use the same notation for f and its extension f' , when such
an extension exists.

5.2. Estimates for polynomials in one variable. Recall that P, = P,;(C) is the com-
plex variety of conjugacy classes of polynomials of degree d in one complex variable
under the action of the affine group. We view it as the quotient of the space P$™ ~ C?-1
of monic and centered polynomials p(z) = 2% + Zj;g a;z’ by the group of (d — 1)™
roots of unity, acting by p — S~ 1p(2). For us, most of the time, it will be enough to
work on Pg™.

5.2.1. The maximal escape rate. Recall from Equation that the maximal escape
rate is defined by M (p) = max {G,(c) ; p'(c) = 0} . We will be interested in the regime
where M (p) is large. As explained in [9], the asymptotic geometry of p depends on
M (p). To see this, we define

(5.1 R, = MW,

as we will see, it provides a good measure of the size (or norm) of p € Pg™ and of
the characteristic scale of its Julia set. For instance, the sublevel sets {G), <t} are
connected precisely for ¢ > M (p).

5.2.2. The Béttcher coordinate. The Bottcher coordinate ¢, is defined on the open set

(5.2) U, = {z€ C; Gyp(2) > M(p)}
and provides a holomorphic diffeomorphism from 4, to C\]D_Rp such that
(5.3) Gp(z) =log|py(2)| Vzeld,.

The reciprocal diffeomorphism will be denoted t,: C\Dg, — U,. Both ¢, and 1, are
tangent to the identity at infinity: ¢, (2) = z + O(1/2) and ¢, (w) = w + O(1/w).

Recall the distorsion estimates of Koebe: if g: D, — C is a univalent function such
that g(0) = 0 and ¢'(0) = 1, then

|| |ul

(1 + Jul /p)? (1= Jul /p)*
Applying these estimates to u — 1/1,(1/u) and making the change of variable ¢,(w) =
z, we obtain

1 1
55) _lal)l )
(1 + Rp/ wp(2)]) |2 (1= Rp/ wp(2)])
This proves the following lemma.

(5.4) < lg(u)| <
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Lemma 5.5. The Bottcher coordinate ¢,: U, — C\Dg, satisfies

R? R?
2| = 3R, < |z| — 2R, — — 2= < |p,(2)| < |2| + 2R, — — 2= < |z| + 2R,.
? ? lp(2)] g Y lp(2)] ?

In particular, for r > R,, the curve

Sp = {Gp = log(r)} = {lg| = r} = {¢(D,)}

is contained in {r — 2R, < |z| < r + 3R,}, and this set is an annulus when r > 2R,

Consequently, {G, < M (p)} is contained in Dyp,; in fact, Proposition 3.5 of [9] gives
(5.6) {G) < M(p)} < Dag,.
5.2.3. Estimates on the coefficients. If p(z) = 2% + Z?;g a;z’ is a monic centered
polynomial of degree d, its derivative p’ is also centered and can be written p/(z) =
d(z—c1) -+ (2 — cq—1), where the critical points ¢; of p satisfy > . ¢; = 0. For j < d we
obtain
(57) ag—j = (_1)]dT
where oj(cy,...,cq-1) = 21<i1<...<ij<d—1 Ciy ++ - ¢;; is the j-th symmetric function,
while ag € C is not determined by the ¢;. This gives the estimate

d
jaj(cla s 7Cd—1)

(5.8) lag_j| < (;l) max {|c1], ..., x|V

for j < d. From the inclusion (5.6]), we immediately get

(5.9 cj| < 2R,,

which gives |a,—;| < (;l) (2R,) for j < d, and Proposition 3.6 of [9] asserts that
(5.10) lao| < 2(4R,)%.

Moreover, on P5™ the functions M : p — M(p) and R: p — R, are continuous. Thus,
M and R are continuous and proper: a subset {ps; s € S} of P§™ is bounded if and only
if the set {M (p); s € S} is bounded.

Set A = max{|ci|, ..., |ca-1|,|ao"*}. By BB), [p(z)] < 27|2|* as soon as |z| = A
and, by the maximum principle, |p(z)| < 2¢A< for |z| < A. By induction, we obtain
(5.11) ilogJr Ip"(2)] < (1+ E + -4+ )1og(2) + log™ |z|

dr d dn—1
when none of the |z|, ..., [p" ()| is smaller than A, and
(5.12) L log® |p"(2)] < (1 + E + -+ )log(2) + log*(A)

dr d dr—1
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otherwise. Thus, G,(z) < 7% log(2) + log* max{A, |z|}. This implies that M (p) <
-4 log(2) + log™ (A). With the inequalities and (5.10), we obtain

(5.13)  M(p) — 2log(2) < log* max{|cy|, ..., |ca|, |ao"'"} < M(p) + 3log(2).

5.2.4. Asymptotic estimates.

Lemma 5.6. If |z| > R, (resp. > 2R,,), then

R? R?
p(j) B 1‘ < 4d+1_172 (resp. < 2d+4_p2> ‘
z E 2]

Proof. Write p(2) = 244+ ag4_22%"2 + .-+ + a1z + ao and use the above estimates to get

D<) (L)) ()

If |z| > R, we obtain

p(z) 1' < (Rp>2 (1+2)"+2-4%) <49 (&)2.

24 2] ||

The case |z| = 2R, is similar. O

Here is a sharper upper bound, using another strategy of proof.

Lemma 5.7.
6R?
(1) For |z| = 6R,, we have the estimate #p(2) -1 < —|§.
z Z
p(2) R
(2) For|z| = 6v/d — 1R, we have |—= — 1| < (12d + 2)7
z z

Proof. Let us write ¢ for ¢, and v for the inverse of . From Proposition 4.1 of [9],
we get [1h(w)/w — 1| < 3R2/|w|? for |w| > R,; thus, for = € U, we have

R’ |
|o(2)]
If |z| = 2R, then |z| + 2R, < 2|z| and |¢(z)| < 2|z| by Lemma[5.5] If |z| > 6R, then
2] < 2(|z| — 3R,) hence |z| < 2]¢(z)|, again by Lemma[5.5] Thus for |z| > 6R, we
have |¢(z) — z| < 3R>/ |¢(2)| < 6R>/|z|, which proves the first inequality.

Now, suppose that |z| > 64/d — 1R, in particular |z| > 6R,,. Note that log(2) > 1/6.
This implies that log((1+t)4~!) < (d—1)¢ < log(2) assoonas 0 < t < 612/ |z|*. Thus,

(5.14) 1z —p(2)| <3
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the derivative of ¢ — (1+¢)? is bounded from above by 2d on the interval [0, 6R>/ ER)
This implies that

(5.15) 12d—5

‘w(Z)d ‘ Ry
Es

when |z| > 61/d — 1R,. Now, if we apply Equation (5.14) to p(z) and use ¢ o p = ¢
we get

2
(5.16) ‘p(z) —1‘ <3 1o

3

p(z)! o (2)*
Puta = ¢(2)?/2%and b = p(z)/p(2)¢. From (5.13) we get |p(2)4/2% — 1| < 2/3 hence
lp(2)|" = |2|* /3. Plugging this into (5.16) and using |z| > 6 gives

38R 2TR2 21 R 3 R

20 S S Tme L2 ST e

|0 (2)] E = 27 4 |2
Then, from the elementary inequality |ab — 1| <|a — 1|+ [b— 1|+ |a — 1| - |b— 1| we
obtain

(5.17) b—1| <

p(z) ‘ Ry 3 Ry Ry, 31
5.18 — 12d—+ +12d—5 - - - ————
9 ‘ 2 PR TP A 36—

3 1 d )\ R R’
<l12d+-+- - —— )2 12d + 2)—2
( +4+4 d—l) |Z‘2 ( + )’Z|27

as was to be shown.
4

5.3. Compositions of Hénon maps and the quantity M (f). Let us complete the dis-
cussion of § [I.2] by describing the lack of uniqueness in the Friedland-Milnor normal
form. Letd = (dg, ..., d;) be a multidegree and set d = ]_[le d;. Let g = hpo---0ohy
be a composition of monic and centered Hénon maps h;(z,y) = (a;y + pi(x),z) of
respective degrees d; = deg(p;).

First, conjugating g by h; o - - - o hy permutes the factors h;, which defines an action
of Z/kZ on normal forms by cyclic permutations. Second, the group U;_; = {a €
C*; ad ! = 1} acts on the normal form as follows. For o € U,_4, consider the finite
sequence (a;)i<i<k defined by a1 = « and ;11 = ozfi (so that ozZ’“ = ), and set
si(x,y) = (oyz, a;_1y) where the index i is taken modulo k. Then, define

(5.19) a-gi=sitogos =hgo---ohy, withh; = s7.} oh;os,.

This is another composition of monic and centered Hénon maps that is conjugate to g.
On the parameters a; € C* and p; = 2% + > b; ,,a™, this action of U,_; is given by
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the diagonal transformations

d;j—2
(5.20) a-aj = (aj_jlozj_l)aj and o -p; = 2% + Z (aj_jloz;”)bj,m$m.

m=0
Altogether, we obtain an action of Z/kZ x U,_; on H%. Friedland and Milnor proved
that an element ¢’ of H% ~ (C*)* x C4~1 x ... x C%~1 is conjugate to g if and only
if ¢’ is in the orbit of g under this action.

Thus, the moduli space of polynomial automorphisms of C? of multidegree d is the

quotient of HX by Z/kZ x U,_;. In conclusion, two conjugacy invariants are attached
to a loxodromic automorphism f:

(5.21) [d(f)] € N%,/Z/kZ and [a(f)] € (C*)*/(Z/KZ x Uy_y).

So, when talking about the multidegree or multi-Jacobian of an automorphism, there
is an abuse of notation since this quantity should be considered in the above quotient
space.

As in the introduction we define
(5.22) M(g) = max(M(p;)), and R, =M@
The radius 17, (sometimes abbreviated into 1?) will be the key geometric scale below.
Remark 5.8. The quantity M (g) is not a conjugacy invariant, is varies under the Uy_4
action. To see this, for an arbitrary integer e > 2 and ¢ € C, let g. = h' o h,, where

W (z,y) = (y + 2%, ) and h.(z,y) = (y + 2* + ¢, x), so that d = 2e. For ¢ € C, set
pe(z) = 2% + cand

Gu(c) = lim 27"log™ [p;(c)| = Gp.(c) = M(pe),

n—-+ao0
which is the Green function of the Mandelbrot set M, so that
(5.23) M(g) = max{M(po), M(p.)} = M(pc)

for every ¢ € C. Now, fix « € U,_; and suppose by contradiction that M (« - g.) =
M (g.) for any c. Formula shows that v - g. = h' © hy—2., S0 we obtain G (c) =
G m(a™2c) for some root of unity, hence G 4 is invariant under a non-trivial rotation,
and so is M, which is the desired contradiction.

To get a function that depends only on the conjugacy class of g in H¥, we set

(5.24) M(g) := max(M(a - g), a € Uy_1),
where « - ¢ is as in (5.19). Then, when f € Aut(C?) is loxodromic we define
(5.25) M(f) = M([f]) = M(g),

where ¢ is any Friedland-Milnor normal form of f. The following lemma justifies that
this definition is well-behaved.
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Lemma 5.9. Let (f,) be a sequence of elements of HY. Then

(1) M(f,) — o ifand only if M(f,) — co; for fixed a this holds if and only if f,, tends
to infinity in 1} ,;

(2) M(fn) ~ M(f,) asn — oo; o

(3) if furthermore the multi-Jacobian of f, does not depend on n, then M (f,) — o if
and only if M(f; 1) — .

The third assertion does not hold when the multi-Jacobian is not fixed: indeed if
f(x,y) = (ay + 2* + ¢, x) then f~1 is conjugate to (z,y) — (a 'y + 22 + ca™2, z), so
if ¢ — oo and |a|® » |¢|, then M (f) — oo while M (f~') — 0.

Proof. Setd = (dy,...,d;) and pick f = hyo...oh; in HE. Then, with notation as in
Equation (5.19), we have o - f = hy, 0 - - - o hy with h;(z,y) = (@y + pi(z), ), where
a; = o-a; = oz;rllozi_lai and p;(z) = a-p; = a;llpi(ozix) as in Equation (5.20). Note
that p; is not conjugate to p; when «; is not a (d; — 1)*®-root of unity.

For a sequence (f,,), M (f,,) is unbounded if and only if M (p,, ;) is unbounded for at
least one of the factors h,,; of the decomposition f,, = h, 0 --- 0 hy,;. And M(p,;)
is unbounded if and only if M (8 'p, ;(ax)) is unbounded, for any pair of complex
numbers («, 3) of modulus 1. Thus, M(f,) is unbounded if and only if M (c - f,) is
unbounded. This proves the first assertion.

For the second assertion, we can apply directly the Inequality (5.13)).

For the third assertion, we will show that the Friedland-Milnor normal form g,, of f
has a multi-Jacobian determined by that of f,, (up to some roots of unity) and M (g,,) —
c0. For this we write f~! = hy' o --- o bt with b (2,9) = (y, 4, (x — pi(y)), so
that the involution 7 : (z,y) — (y, ) conjugates f~' to f~ = hy o--- o h;, where
hi (z,y) = (a; 'y — a;"'p(z), ). The polynomials —p;/a; are not monic. To get to a
normal form, we follow the method of [22] and conjugate f~ to

(5.26) Clofoly =0 ohiolyo-ohyyoly_qolit ohyoly

where /;(z,y) = (yix,0;y). The ¢; must be chosen so that E;lﬁiﬂﬁiﬂ is monic and
centered, which corresponds to the system of equations:

Ghm=1 . —a" =
(5.27) : :
Gli=1 , —ai' =

So the ¢; are determined by the ~; and the +; are determined by a, up to some choice of
(d — 1) root of unity. In this way we obtain a new automorphism g = g, o -+ - © g,
with g;(z,y) = (biy + ¢;(x), x) with

(5.28) b = fy{_llfyiﬂa;l and  ¢;(z) = —fyi,lai’lpi(’yix).
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We conclude that f~! is conjugate to an element g € Hbr,bp),(dr,ndp)» With fixed
(by,...by) and that M(f,) — oo implies that M(g,) — o O

6. DIVERGENCE OF LYAPUNOV EXPONENTS

Our first goal in this section is Proposition which gives precise asymptotic
bounds for the Lyapunov exponents of compositions of Hénon maps. We first deal
with Hénon maps in § [6.1] and use this for the general case in §[6.2] In §[6.3] we derive
Theorem [E] and then Theorem D} and complete the proofs of Theorems [A] B]and [C| We
also discuss the compactness of the connectedness locus.

6.1. The case of Hénon maps. In this section we establish the following precise ver-
sion of Theorem [E|for complex Hénon maps.

Proposition 6.1. Ler [: (z,y) — (ay + p(z), z) with |a|] < R‘jp_l. Then

(6.1) X (uy) <logd+ dM(f) + dlog(15d).

If furthermore |a| < R;lfl /(400d) and M(f) is sufficiently large then
1 4

(6.2) X" (pg) = logd + M(f) — ~log .

6.1.1. Discussion. The Manning-Przytycki formula, for the polynomial p provides the
estimate logd + M (p) < x(pp) < logd + (d — 1)M (p), so it is natural to wonder
whether the additional constants in the estimates are necessary (no real attempt is made
in the proof to optimize these constants).

It will be clear from the proof (E[) that if we strengthen the assumption on a to |a| <
h(R=1), with h(t) = o(t) for t — oo, the lower bound becomes ™ (u;) = logd +
M + o(1). For the upper estimate, the question whether we can achieve the bound
X (f) <logd+ dM + o(1) is open, even for bounded a. A crude bound on how large
must M (f) be for the estimate to hold is given in Remark [6.7]

By Equation (5.13) the coefficients of p are of order of magnitude O(R?), so the
assumption on |a| means that the Jacobian is not too large with respect to the coefficients
of p. Actually, allowing large |a| in Proposition is not really meaningful: we only
do it because it will be useful later in Proposition Indeed, a Hénon map with large
Jacobian is conjugate to the inverse of a Hénon map with small Jacobian, which together
with the formula x* (1f) + x~ (ps) = log |a| leads to an estimate for x ™ (y ).

Let us develop this idea. First, the relation x ¥ (1) +x " (11f) = log |a| gives x " (us) =
log |al. If |a| = cRP with 8 > 1, this gives x " (uf) = Blog M + O(1) which is better
than the estimate (6.2)).

SIndeed in Lemma m we can choose the horizontal radius of By to be o( R¢), which improves the
lower bound on G ¢ in (6.26).
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Next, writing x* (115) = log |a| +|x~ (is)| = log|a| + x* (p1y-1) reduces the problem
to finding good estimates for the Lyapunov exponent x*(up-1) of f~! with respect
to g1 = py. But f7(z,y) = (y,%(z — p(y))) is conjugate to the normal form
(Ly + g(z), z), where q(z) = —-Lp(azx) for a®! = —a. This automorphism (z,y) —
(y + gq(z), z) is a small, invertible perturbation of the one-variable map = — ¢(z).
As such, it is eligible to the techniques of [[15, §3]. In this paper ¢ is considered to
be fixed, but the argument can easily be adapted to the case of a variable polynomial
q and yields x*(f) = logla] + x*(¢) + o(1). Depending on the order of magnitude
of |al|, ¢ diverges in P, or not. For instance, suppose |a| = CRZB) and [ is large enough
(8 > (d — 1)?/2 suffices). Then from the bounds (5.8) and (5.13)) it is easy to see that
q(z) — x*as R — 0. Then Theorem 1.3 in [15] implies that x ™ (pf-1) — log d, hence
X" (ug) =loglal +logd + o(1).

With these ingredients in hand, we can hope for a complete description of the behav-
ior of x*(uy) at infinity in H}.

6.1.2. Estimates on Gy and ¢y. Since in the following we only work with the forward
Green and Béttcher functions G;{ and gp}, for notational lightness we remove the su-
perscript +. It is well known that when f is fixed, |z| is large, and |y| < |z|, then
G¢(z,y) =log|z| + O(1) and ps(x,y) = x + O(1). We need to understand how large
2 must be to get such an estimate when f varies in the space of Hénon maps. Under an
appropriate bound on the Jacobian, it turns out that the right scale is determined by ;.

Proposition 6.2. Suppose |a| < R?_l. Then py is well-defined in the domain defined
by |y| < |z| and |x| = 12dRy, and in this domain we have

R
- 1‘ < 2|—f and  |Gy(x,y) —log |z|| < 2
xr

By

x|

pr(xvy)
A

Proof. Denote (x,,y,) = f™(x,y). We come back to the construction of ¢;: recall
that o (z,y) = lim, o (m o f(z, )" = lim, .,z ¥ as n goes to +oo, for an
appropriate choice of (d™)*™-root. For later use in Proposition we split the proof in
two steps.

Step 1.— Estimation of xy.

Consider

Zq m o f(z,y)
(6.3) Oley)=G-1=—73"" o
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Since |z| > 12dRy and |a| < R?_l, Lemmaimplies that

RZ Rd—l
(6.4) 0(z,y)] < (12d + 2) —L + —L

o el

Ry \ Ry 1\ Ry
< 12d+2)— +1) 2 <24+ — ] —.
<< AL )|x ( +6d) ]

In particular, |6(z,y)| < 1/11, so that

(6.5) 21| = (10/11) |z|* = 10d || = 20|z .

This implies that the domain defined by |y| < |z| and |z| > 12dR; is stable, that
lzx| = (10d)* |z| = 20% |z|, and that |0(xy, yi)| < 1/11 for every k = 0.

Step 2.— Estimation of ¢ ;. From now on we only use the bound |6(z, y)| < 1/6.
Set wo(z,y) = z and forn > 1,

i
L

(6.6) on(z,y) =2 (1 + e(fk(x, y)))l/dkﬂ
0

=
Il

where (-)'/4" is the principal branch of the (d")-th root. This makes sense because
|0(f*(z,y))| < 1/6 forall k > 0. Therefore the infinite product converges and ¢ ¢(z, y) =
lim,, o n(z,y) is well-defined. To estimate this product we will use the following el-
ementary inequalities, where o = 1.1

(6.7) lexp(v) — 1
(6.8) llog(1 + u)

1/6,

a vl for |v| <
au| for |u] < 1/6.

NN

|
|
(To prove these upper bounds, one simply expands exp(v) and log(1l — u) in power
series). Let us write

1/dk+1

(1+6(f*(z,y)))
Then, the Inequalities and (6.8)) give

exp (d,}H log (1 + G(fk(x,y)))> 1

=1—|—uk.

2
oo i)

(6.9) |ug| = P

<

and from Equation (6.4)) and the lower bound |x| > 20* ||, we derive

042 1 1 Rf
6.10 < —(2+ =) —_-7
(6.10) el < < - 6d) (20d)F [z]

Now, the modulus of 37—, log(1 +uy,) is bounded from above by o 37—} |uy|, and from
the last upper bound this is less than 1/6. Thus, inequality and the definition of ¢,,
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in (6.6) give
(6.11) M—l‘ = |exp (Tilog(l—i—uk)) -1 <a2§\uk|
x
k=0 k=0
(14 1 o 1 Rf 8Rf
6.12 <% (24— L VB _8hy
(12 a ( * 6d> 2, <<20d>k> 2 < 5Tal

k=0
The desired bound on ¢ follows by letting 7 go to co. The corresponding estimate for
Gy is immediate by writing

(6.13)  |Gy(z,y) —log|z|| =

log

MH < max([log(1 + )| , [log(1 — u)]),
s

where u = |ps(z,y)/x — 1| is bounded by (8/5)(1/12d) < 1/15 by (6.12)), hence
max(|log(1l + u)|) < au, and the inequality 8«/5 < 2 completes the proof. O

Proposition 6.3. Keep notation as above, and suppose as before that |a| < R;f_l, Let
V= {(z,y); |2| > max(|y|, 12dRy) + 4R} .

Then for every (xg,yo) € V', the subvariety {¢o¢(z,y) = ps(xo,yo)} is a vertical graph

in V*, whose slope over the disk {|y| < |zo| /2} is bounded by %. Furthermore,
P : (z,y) e VT — (ps(x,y),y) is a biholomorphism onto its image, which contains

{(z,y); |z| > max(|y|, 12dRy) + 6Ry}.

Proof. By Proposition[6.2] we have |¢(x,y) — x| < 2Ry when |z| > max(|y|, 12dRy).
Let (o, yo) be an element of V' and set z* = ¢ (0, yo), which satisfies |z*| > |zo| —
2Ry > (12d + 2)Ry. Set R* = |z*| — 2Ry. The disk D(0, R*) contains D(0, 12dRy).
Fix y; in D(0, R*) and consider the function z — ¢¢(z,y1) — 2 for z € D(z*,2Ry). For
such a z, we have |z| > |y;| and |z| > 12dRy, so that Proposition[6.2]can be applied to
(z,y1). The functions h(z) = ¢¢(z,y1) — 2* and g(z) = z — 2* are holomorphic on
D(z*,2Ry) and on 0D(z*, 2Ry) they satisfy |h — g| = [¢f(z,y1) — 2| < 2Ry = |g(2)|.
By Rouché’s theorem, there exists a unique z; € D(x*, 2R) such that ¢ s(z1,y1) = x*.
Hence {¢/(z,y) = ¢s(x0,yo)} is a vertical graph y — ((y), y) for some holomorphic
function v defined on D(0, R*) such that 7 — z* takes its values in D(0,2R;). The
Schwarz-Pick lemma guarantees that for y € D(0, (2/3) R*),
, 1 2Ry 18R,
YWl < - 232 R 5 R

From R* > |zo| — 4Ry, we obtain R* > (6/7) |zo|, hence also (2/3)R* = (1/2) |zo|.
Since (18/5)(7/6) < 5, we get |/ (y)| < 5£—Of| for y in D(0, |z /2).

The same argument says that ¢ (-, y1) is injective for |z| > max(|y|, 12dRy) + 4Ry,
which together with the estimate of Proposition[6.2]implies the last assertion. U




MULTIPLIER RIGIDITY FOR COMPLEX HENON MAPS 37

6.1.3. Crossed mappings. LetB; = D(0, 10R;)?. Itis an easy consequence of Lemma
that for |a| < R;l’l, f 1s a Hénon-like map in B;. Here is a sharper result:

Lemma 6.4. With notation as above, if |a| < R?’l then f is a crossed map of degree d
Jrom By to By := D(0,67R}) x D(0, 10Ry).

Remark 6.5. As the proof will show, the conclusion of the lemma hold if R is replaced
by any larger radius 2. This will be used in Proposition

Proof. We have to show that (i) f(0"B1) n Bs = &, (ii) f(B1) n dBs = 0¥(Bs), and
(iil) f(B1) N B3 # J. Recall that Ry = R,,.

For the first condition, we observe that (z,y) € 0"By means |y| < 10R; = |z|. The
lower bound of Lemma [5.5| gives |¢,(2)| = TRy, so |p,(p(x))| = (7TR;)% then, the
upper bound gives |p(z)| = (7TR;)? — 2R;. Therefore

(6.14) Ip(z) + ay| = (TRy)* — 2Ry — 10R} > (7* — 12)R} > 6" R}.

To establish property (ii), suppose (x,y) € B; is such that f(z,y) € 0B3. Property (i)
implies |z| < 10Ry, so that |y o f(z,y)| = || < 10Ry, thatis, f(z,y) € 0"Bs.

For property (iii), consider the horizontal line L = {(z,0) ; |z| < 10Rs} < By. Its
image by f is parametrized by x — (p(x), x), and the estimate obtained for p(x) above
in proving (i) shows that the first projection = — p(z) realizes a branched covering of
degree d from (0, 10Ry) to a domain containing (0, 6% R). This proves (iii) and the
fact that the crossed mapping f is of degree d. U

Proof of the upper estimate (6.1)). It is shown in [15, Thm A.2] that if ¢ is well defined
on a neighborhood of K~ n {Gy > t}, then x*(us) < logd + dt (the infimum of such ¢
is by definition the fastest escape rate G« (f)). We will show that for |a| < ij_l, this
is true for t = M (f) + log(15d).

Set By = D(0,12dRy)? and V;" = {(z,9) ; |y| <|z|, |z| = 12dR;}. Lemma[6.4]
and Remark show that f is a Hénon-like map of degree d in Bjy. In particular,
K~ n By is horizontally contained in this bidisk. Furthermore, since m o f(z,y) = =z,
we see that f(Bg) = By U V', that is every point escaping By escapes through V,". So
if (x,y) ¢ BouV,", we cannot have f~"(x,y) € By, which implies that K~ < Byu V'.

Proposition[6.2] gives G; < log(12dRy) + 1/(6d) along the vertical boundary of By.
Applying the maximum principle on horizontal lines, we obtain the same estimate in
By. We deduce that if (z,y) belongs to K~ n {G; > log(12dR) + 1/(6d)}, then it
belongs to V", so Proposition applies and ¢ is well defined near (x,y). Thus, the
inequality log(12) + 1/(6d) < log(15) concludes the proof. O

6.1.4. Folding. We now study how a dominant critical point of p folds f(B;) in Bs. Let
c be a critical point of p with G,,(c) = M (p) and let v = p(c) be the corresponding
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critical value. Note that v can be the image of several critical points. The next statement
uses the vocabulary introduced in § [5.1]

Lemma 6.6. Assume that |a| < ij_l /(400d). Then, if M(f) is large enough with
respect to d, there exists s € [1,2] such that the set

By := ¢} ' (D(v, sR}/8)) n 7y ' (D(0, 10Ry))

is a vertical sub-bidisk in B3 in the (¢, y) coordinates, and f realizes a crossed map-
ping of degree d from By to By that is unramified over 0"B,y, and admits a solenoidal
component (relative to the projection ¢y).

Proof. For notational lightness we write R = Ry = R,. We assume in a first stage that
R satisfies the requirements of Proposition [6.2] and increase it further if necessary.
Step 1.— Construction of a bidisk B/, in the (z, y) coordinates.

Counted with multiplicities, p has (d — 1) critical values, one of them being v. When
y ranges in D(0, 10R), the critical values of x — p(x) + ay describe disks A, each of
which of radius 10R [a| < R?/(40d). Subdivide the interval [ R?/8, R?/4] into 2d sub-
intervals of the form [s;,_1R%/8, s, R%/8], with s, = 1 + k/(2d), 1 < k < 2d, and con-
sider the corresponding family of 2d concentric annuli Ay, := D(v, s, R%/8)\D(v, s_1 R%/8).
Since a disk A can intersect at most two consecutive annuli and one of them is centered
at v, there is k* such that A« is disjoint from all the A ;.

We define B, = D(v, s*R?/8) x D(0, 10R), where s* = (sp_1 + s3+). We want to
prove that the crossed map f : B; — B, is unramified over ¢"By,. For this, we introduce
the annulus A" ¢ A+ defined by

A" =D(v, s*R*/8)\D(v, (s* — 1/10d)R?/8),
so that A’ x (0, 10R) is a neighborhood of 0B, in BY,.

For |y| < 10R let us estimate the slope of f(ID(0,10R) x {y}) over A’. This disk is
parametrized by t — (ay+p(t),t), with |t| < 10R. So, we fix ¢ such that ay +p(t) € A’,
and our goal is to bound the derivative |p/(t)| from below.

Let 0 = dist(t, Crit(p)). Writing p/(t) = d]_[?;i (t — ¢;) we see that [p/(¢)| = d§? 1.
On the other hand, dist(p(?), p(Crit(p))) < 6[p'[p(o 10r)> and since by (5.6) all critical
points of p are contained in D(0,2R) we see that [p/[pg 05 < d(12R)4=1. Since

ay + p(t) € A" and Ay is disjoint from the disks A;, the distance between p(t) and
p(Crit(p)) is = (1/10d) R?/8. So we infer that

d
6.15) ;é—d < dist(p(t), p(Crit(p))) < Sd(12R)*",
hence § > ¢4 R with
1
(6.16) Cq

~ 80d2(12)% 1
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........................................................

B3 By B
By

FIGURE 2. Proof of Lemma[6.6] The boundaries of the bidisks BY, and B3 are
dotted and the solenoidal component of f(B1) n B, is shaded.

and we conclude that
(6.17) P (t)| = det R

Therefore, the complex tangent vector (p'(t),1) to f(ID(0,10R) x {y}) at f(¢,y) is
far from the vertical direction, and condition (i) of Definition is satisfied. By Re-
mark since B), is a genuine bidisk in C?, condition (ii) is automatically satisfied and
if follows that f : B; — B, is unramified over JB,.

Step 2.— Perturbation to the (¢, y) coordinates, and construction of Bs.

We set s = s*—1/(100d) and By = &~ 1(D(v, sR%/8) xID(0, 10R)), where ®(x,y) =
(¢s(z,y),y). Here, we want D(v, sR?/8) x D(0,10R) to be contained in the image of
®, i.e.in the open set {(x,y) ; || > max(|y|, 12dRy) + 6R;} from Proposition[6.3] To
get this inclusion, we rely on the estimates of Lemma it suffices that R¢ > 40dR.
Then, by construction B is a bidisk in the (¢, y) coordinates. Moreover, it is a vertical
sub-bidisk of B3, in the sense that the identity map defines a crossed mapping of degree
1 from Bj to B, (see Figure[2). Then, by composition (f, By, Bs) defines a crossed map
of degree d.

From our assumption on R the conclusions of Propositions and hold in B,.
So, if furthermore 4R < |s — s*| R%/8, thatis R~ > 3200d, we get
(6.18) D(v, (s* —2/(100d))R?/8) x D(0,10R) < By = BY,.
Likewise if we define
(6.19) A =D(v,sR?/8)\D(v, (s — 98/(100d))R%/8),

then @1 (A xD(0, 10R)) is a neighborhood of "B, that is contained in A’ x D(0, 10R).

We can now prove that the crossed mapping f: B; — B, is unramified over 0"Bs.
The z-coordinate in A’ is bounded below by R%/2, hence by Proposition the slope
of the ¢ -fibers over the second coordinate in ®~'(A x D(0,10R)) is bounded by
5R/(R?/2) = 10/R*!. It follows from the lower bound that if 10/R41 <
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dci R4t (so R > 30d(12)~Y/2 is enough), the image of any horizontal line L in
B, is unramified over 0"IB,, that is, condition (i) of Definition holds. Let us check
condition (ii). Since the non-ramification property extends to B),, any component A’ of
f(L) n B, is of the form A n B}, where A is a component of f(L) nBs. As observed in
Step 1, A is a holomorphic disk because B, is defined by global projections. In addition,
¢y is defined in a neighborhood of By, so A" = A n ¢ ' (D(v, sR?/8)), which is a disk
by the maximum principle. From this, we conclude that (f,B;, Bs) is unramified over
aUBQ.

Finally, let us show that f(B;) nBs admits a solenoidal component (2. Indeed, look at
the component U = C of p~!(D(v, s* R4/8)) containing c (it may contain other critical
points (ﬂ)). By the non-ramification property, if |y| < 10R then z — ¢; o f(z,y)
has no critical point in a neighborhood of 0U. Let €2 be the component of f(B;) n B,
containing f(U x {0}) n By. Since p : U — D(v, s*R?/8) is a branched covering of
degree ¢ > 2, the above analysis shows that ¢ o f(-,0) is also of degree ¢ in U n (¢ o
f)71(D(v, sR/8). This proves that {2 has degree ¢, so it is solenoidal. O

Remark 6.7. The proof requires R; > max((3200d)"@=1 30d(12)@~1/2), which also
guarantees the assumption |a| < R;f_l /(400d) for any given |a| < 1, say. Ford < 4, a
sufficient condition is M (f) = 9.

Lemma 6.8. Under the assumptions of Lemma f(B1) N By is disconnected, f has
a disconnected Julia set, and f is unstably disconnected.

Proof. Equivalently, let us show that f *1(1831) N B, is disconnected. For this, we claim
that for every component U of {G,, < M(f)}, f~*(B1)nB; admits a vertical component
contained in U xID(0, 10Ry). Indeed, p sends 0U onto the Jordan curve {G,, = dM(f)}.
Thus, applying exactly the same estimates as for Lemma we see that f defines a
crossed mapping from U x D(0, 10R;) to By (and even Bs) and the claim follows.

To prove that J; is disconnected, it is enough to show that every component of
f(B1) N B, intersects J; (more precisely J}). Indeed, a component € of f(B;) n B, is
a horizontal open subset of B;. If L is any vertical line intersecting 2, f~1(Q n L) is
a vertical submanifold in B, so it intersects every horizontal positive closed current, in
particular 7'~. Pushing forward by f, and using the invariance relation f,7~ = d7T~,
we deduce that 7'~ intersects {2 n L". Therefore 7~ admits a component of positive
mass in €2, which must intersect 7", and finally T+ A T'~ gives positive mass to €2, as
desired.

Finally, if |a| < 1, Theorem 0.2 in [6]] implies that f is unstably disconnected, while
if |a| > 1 this is automatic (see [6, Cor. 7.4]). O

It is a feature of our proof that for f we cannot distinguish v from any other critical value located at
a distance o( R?) from it.
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6.1.5. Conclusion of the proof of Proposition .1 The argument is based on the for-
mula for x* given in [5], and uses ideas from [[15]. The critical measure p_ from [5]
is obtained by putting a point mass at every tangency point between the “unstable lam-
ination” and the foliation induced by the fibers of ¢; in C*\K*, and integrating with
respect to the transverse measure (see [S)] or [[15, §2.4] for a formal presentation). The
positive measure Gy, is invariant, and the formula of [5] reads

(6.20) X" (uy) = logd + J Gyl
{A<Gj<da}

where A > 0 is arbitrary.

By Lemmal[6.8] f is unstably disconnected and we will take advantage of this property
to control the critical measure. By [14, Thm 2.4], in every bidisk B in which 7"~ is
horizontal, T~ |p admits a decomposition

o0
(6.21) T s = > Ty,
k=1

where T} is an integral of horizontal disks of degree k. If in addition B is a bidisk in the
coordinates (¢, y), the critical points are the points of tangency between the vertical
direction (i.e. the fibers of ) and the leaves of 7, . By the Riemann-Hurwitz formula,
any horizontal disk of degree k admits k£ — 1 vertical tangencies. Furthermore, the total
transverse measure of 7, is 1/k times the mass of the vertical slices of 7}, : indeed,
intuitively, the contribution of a horizontal disk of degree k to the slice mass is k times
the transverse measure of one local plaque. We have thus established the following
result (see [15, Prop. 2.15] for details)

Lemma 6.9. Assume that f is unstably disconnected, and let B be a bidisk in the (¢, y)
coordinates in which T~ |g is horizontal. Write the decomposition T~ |g = > T, as
above. Then

o k-1
pr®) = 3 Lz,
k=1
where sm(-) is the slice mass.

We are now ready to prove the lower estimate (6.2). We resume the notation from
§ in particular the bidisks By, B,. Since by Lemma f is unstably dis-
connected, 7~ |, admits a decomposition of the form (6.21). Let €2 be the solenoidal
component of f(B;) n By constructed in Lemma and ¢ > 2 be its degree. By
Proposition the degree of every horizontal disk in the decomposition of T~ |p, is a
multiple of ¢, so we may write T | = >, T,,. We claim that the slice mass of the
horizontal current 7~ | equals ¢/d. Indeed, if LV is any vertical line in B, (that is, a
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fiber of ¢y),
(6.22) [(T7le) A L] = [(T7 A TL D) = |77 A [L7 A Q]

is independent of L" (where |-|| denotes the mass of a positive measure) and is precisely
the slice mass of 7~ |. By definition of the degree of a solenoidal component, f~! (LY
Q) is a vertical submanifold of degree ¢: indeed for any horizontal line L" in B,

#(L" A fTHL Q) = #(f(LM)]a 0 L") = q.

Hence by invariance we get
(6.23)
— v * — v 1 — — v q
[T AL A Q| = [T A [L° A )] = H (ET AN Q)])H -4
Applying Lemma to T~ |, we estimate the critical mass of (2

gl —1 g -1
(6.24) po () = sm(T) > —— ) sm(T,,)
/=1 qf q /=1
—1 —1_ 1
-1 . sm(1 |) = qT z 7

We claim that if Ry is chosen so large that Lemma [6.6| applies, then

3 5
6.25 “RY < < SR
( ) 1 oyl R

on B,. Indeed in this region we have |p;(z,y) — 2| < 2R and for (z,y) € B, we have
os(z,y) € D(v,sR?/8), where s < 2 — 1/(100d). We leave the reader check that the
condition R4~! > 3200d suffices to ensure the desired estimate.

Set A = dM(f) + log 2. Then the fundamental domain {A < Gy < dA} contains
B, as soon as (d* — d)M(f) > dlog(4/3) + log(5/4). Thus, by the Bedford-Smillie
formula (6.20) and the bound (6.23)) we get

A 1 3
(6.26) X (py) = logd+f Gep, =logd + 7= logd + M(f) + ElOgZ’
Q

thereby completing the proof. U

6.2. Compositions of Hénon maps. Recall that for a composition f = hy o --- o hy,
we defined M (f) = max(M (h;)) = max (M (p;)).

Proposition 6.10. Letr f = hyo---ohy, with h;(z,y) = (a;y+pi(z), x) be a composition
of monic and centered Hénon maps, with |a;| < R?"_l for every i. Then

(6.27) X (uy) <logd+ dM(f) + dlog(15d).
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If furthermore |a;| < R?i_l /(400d;) for every i and M (f) is sufficiently large, we have
the estimate
1 4

Remark 6.11. In the case of Hénon maps we can use f~! to obtain an estimate without
any bound on |a| (see § , but for compositions of Hénon maps this trick cannot be
used, so it makes sense to consider the possibility for the a; to be large. Furthermore, our
method breaks down if the assumption on the a; is dropped: see Example [6.15] below
for the discussion of a specific example. To compare with the discussion of §[6.1.1] we
thus have found a large region in the space of compositions of Hénon maps where the
Lyapunov exponents of iy can be understood, but for £ > 2, a part of the parameter
space remains in the shadow.

The main part of the proof is already contained in that of Proposition|[6.1] that we will
apply to a factor h; from the composition that maximizes M (p;). We first need to get
good estimates for G and ¢ . (Again no effort is made to optimize the constants.)

Proposition 6.12. Let f = hy o --- o hy be as above, with |a;| < R‘]if'_l for every 1.
Then py is well-defined in the domain defined by |y| < |x| and |x| = 12d Ry, and in this
domain we have

i) By
< 2— and |Gy(x,y) — log|z|| < 2—5.

1 g i
Proof. As before we denote by V;," the domain {|z| > 12dRy, |y| < |z|}, and we define
(z1,11) = f(2,y) and (x,y) = x; /2% — 1. Thanks to Proposition [6.2 we may assume
k > 2, hence d > 4.

Suppose that we can prove

or(r,y)

AL ZAN

X

R
(6.29) 16(z, y)| < 4ﬁ V(z,y) € Vg,

x
so in particular, |#| < 1/6 in V;". Then, we can follow the proof of Proposition
First, an immediate adaptation of the bound (6.3) (using d > 4) shows that V' is
stable under f. Then, the second step of the proof shows that in V" the two estimates
lor(z,y) — x| < 2Ry and |Gy (z,y) — log|z|| < 2ﬁ—f| hold.

To obtain the bound (6.29)), we set (x(, y;) = (x,y) and (z},y.) = h;o--- o hy(z,y)
for 1 < ¢ < k, so that (z},,v;,) = (z1,%1). Since we assume that |x| > 12d Ry, we have
|z| = 12d, Ry, for every i. Define

Tip 71 0 Riy1 (2, ;)

et SRS T —
(6.30) 9i+1 - (x;)glpr1 1 (x;)di+1 1
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and write
/ / di; / dy--d2
N Th—1 _ | d
T ) ((a:; >) (Wl) '
k-1
(6.31) =21+ o) [ [+ 0p)h e
i=1
Since |x| > 12dR; > 12d;Ry,, reasoning as in (6.4) we get |¢7| < 1/11 and then
we obtain |z}| > 10d |z|. This gives also |y;| = |z| < \xl\ Thus we can iterate this
reasoning and we infer that |2/_,| > 10d |#}| and |y},,| < |z] = (10d)" ||
for 1 < i < k. Again by (6.4) and the bound Ry > Ry, for P> 1 we get
Ry 25 Ry 2
6.32 0’ 2 < — < ———
(032) ] < ( " ) 2] S 120104y [z S (10d)+

because |z| > 12dR. Combining (6.31)) and (6.32)) we obtain

d
0(x,y)| = ‘ ) WH (1+ 16;])° 12 1()d 12(10d)*1 || H( (10d) ) '

Using the bound (6.8) and d > 4, one checks that the last product on the right hand side
is bounded by 2. Since £ > 2 we reach the bound |0(z, y)| < |m| This proves (6.29),
hence also the proposition. 0

Proof of Proposition Since R, < Ry for every i, by Lemmal6.4and Remark [6.5]
h; is a Hénon-like map in B; = D(0, 10R;)?. Furthermore, the estimates used to obtain
Lemma and Proposition show that a point leaving B, under h; will never re-
enter under a composition of the /;, so any composition h;, o - - - o ;, is proper in B; in
the sense of §[5.1.3]

Proposition [6.3]does not depend on the fact that f is a Hénon map (rather than a com-
position of Hénon maps), so it holds verbatim in our setting, with the same numerical
constants. Then the proof of the upper bound for x* (s1¢) is identical to the correspond-
ing one in Proposition[6.1]

After a cyclic permutation of the h; (which does not affect the Lyapunov exponents)
we may assume that Ry = Ry, . Let ¢ be a critical point of pj, such that G, (¢) = M (f)
and v = pi(c).

Lemma 6.13. Assume that |ax| < R?’“fl/(élOOdk). Then if M (f) is large enough there
exists s € [1,2] such that By := goj?l(ID)(v, SR?]“/S)) n 7y 'D(0,10Ry) is a vertical sub-
bidisk in B3 := (0, 6dkR}lk) x D(0,10Ry) in the (g, y) coordinates, and hy, realizes
a crossed mapping of degree d from B to By that is unramified over 0"B,, and admits
a solenoidal component (relative to the projection py).
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Proof. This is Lemma applied to hy, with the only difference that for the vertical
projection in By we use ¢ and not ¢p,. So for the proof we can apply Step 1 to hy,
without modification, and in Step 2 we just incorporate the fact that since || > R‘Jf’“ /2 in
a neighborhood of Bs, the slope of the vertical fibers {¢; = C'} is bounded by IORJlfd’“
and we proceed exactly in the same way. U
Lemma 6.14. Under the assumptions of Lemma f(B1) N By is disconnected, the

Julia set J; is disconnected, and f is unstably disconnected.

Proof. Indeed, we observe that Lemma can be applied to hy, so hx(By) N By is
disconnected. Let £; = d; "1, (h;)+ be the graph transform operator for currents asso-
ciated to the Hénon-like map h; in B;. The fact that the h; are composed properly guar-
antees that £, --- L, = L = d 1, fs, in particular £, (Ly_1 -+ L1(T 7 |g,)) = T |p,
(where T~ = Tf’ ), and also

(6.33) At (Pi)s (Lror - L1(T7 |y)) By = T |-

Arguing as in Lemma[6.8] we infer that T~ = L,(Ly—1 - L1(T |5, )) admits a com-
ponent of positive mass in every component of h;(B;) n By, which must thus intersect
T, thus J} intersects every component of hi(B1) n By and we are done. O

Since f is unstably disconnected, 7"~ |p, admits a decomposition into an integral of
horizontal disks of finite degree in B3, so by restriction this holds in B, as well. By
Lemma hi(B1) N By admits a solenoidal component €2 of some degree ¢ = 2, so
the degree of any horizontal submanifold in €2 is a multiple of ¢q. We claim that the slice
mass of T~ | equals ¢g/dy. For this, we take a vertical fiber L of ¢ ¢ 1n By, and exactly
as in the argument around Equation (6.22), we see that the mass of 7~ A [L n Q] is
independent of L, and that h,;l(L N ) is a vertical manifold in B, of degree ¢. Using

the identity (6.33)), we get
634)  |T-A[LAQ)| = |ri(T™ ~A[L Q)|

(ke ey st o) - £

and our claim is proved. Then, as in (6.23), the critical mass of 2 is > 1/dj.
For the final estimate we argue as in Proposition : since for large M ( f)
3

5
(6.35) Qc {ZR?’“ < Jpy] < ZR?k} c{A< Gy <dA}

with A = d, M (f) + log 3, by using 11.(Q) > 1/dj, we get

A 1 3
(6.36) X (py) = logd+f Gyu, =logd+ — =logd + M(f) + — log —,
0 dy, dy, 4

thereby finishing the proof. U
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Example 6.15. A typical situation where the assumptions of Proposition [6.10] are not
satisfied is the family f,(x,y) = (y/a + p(z),x) o (ay + p(zx), x), when p is fixed and
a € C* goes to infinity. Here, the Jacobian is constant equal to 1 but the multi-Jacobian
diverges. We take p(z) = z? and study the regime where |a| is large. We claim that if
R > 1is such that f, is a Hénon-like map of degree d” in the bidisk B = (0, R)?, then
f(B) N B is connected. Indeed, look at the image of the horizontal line L = {y = 0}.
If we parameterize L by t — (¢,0), t € D(0, R), then, f,(L) is parameterized by
t — f.(t,0) = (t/a + t*,t?). The critical points of 7; o f,(¢,0) are the cube roots
(4a)~1/3 so the critical values are of the form ca~*? and they are all close to 0, from
which we conclude that f,(L) n B is connected. Arguing as in Lemma we see
that f,(L) n B intersects any component of f,(B) n B, so f,(B) n B is connected. In
particular, for large a, we do not know how to estimate the Lyapunov exponents of si¢,,
nor if its Julia set can be connected.

6.3. Consequences.

Proof of Theorem[E] Let B = B(d,a) be such that the estimate of Proposition
holds for M(f) > B. Lemma [5.9| guarantees that {f e H% ;1< M(f) < B} is
compact, so x*(ps) is bounded from above on that subset, and x* (1) = logd for
every f by [4]. The result follows. 0

Let us now explain how Theorem [E|implies Theorem D] Recall that ‘stable’ in Theo-
rem[D|means stable of type (II). The following lemma should be compared to Lemma4.4]

Lemma 6.16. Let (f\)xca be an algebraic family of loxodromic automorphisms, with A
irreducible. If (f\)xea is stable of type (I1l), then Jac(f\) and the Lyapunov exponents
of 1y, are constant on A.

Proof. By assumption, for some f, € A, there exists a set P of saddle points of f, of
positive upper density which can be continued holomorphically over A as a set of saddle
points P,. As in Lemma for each of these saddle points, the stable and unstable
multipliers are constant, so the Jacobian is constant. For any A € A, P, intersects the set
SPer™ (f,) of Theorem[2.1] thus x*(s15,) = x* (45,), as announced. Since the Jacobian
is constant, we conclude that x ™ (11, ) is constant as well. O

Proof of Theorem[D} Let H be either of Hj or 1}, for k > 2 and let A < H be a
stable algebraic family. By Lemma[6.16| A — X" (i, ) is constant on every irreducible

component of A, and when k£ = 1, A\ — Jac(f\) = —a, is constant as well. Thus in
both cases, Theorem [Eand Lemma [5.9]imply that A is bounded, so it is finite. O

Remark 6.17. Thanks to Proposition we could replace 75 , in Theorem @ by any
algebraic family f) of compositions of Hénon mappings such that the multi-Jacobian
satisfies |a; \| = o(R}li_l) for every i.
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The following result is the counterpart of Theorem [3.5] for unstable multipliers, and
implies the statements of Theorems[A]and [B|relative to the unstable multiplier spectrum.

Theorem 6.18. Let 1 be 1 for some d = 2 or H} , for some a € (C*)* and some d €
N%,. Forevery fo € H, the isospectral subset ¥* = {f € H ; SMult"(f) = SMult"(fy)}
is finite.

Proof. Let E,, = SMult,.( fy). Proposition [3.3/and Theorem [D|imply that $* is a dis-
crete subset of H. To prove that >* is finite it is enough to show that it is bounded.
For this, we observe that if [Jac(fy)| = 1, then for any saddle point p of exact period n
we have [X4(p)| > [Jac(fo)|" /[X*(p)| > [Jac(fo)[". We also have [\*(p)] < [ Dol
where J§ := J*(fo). Thus E,, is contained in the annulus {min(1, |[Jac(fo)|)" < |z| <
(IDfol J6>n}' For any f € X%, the same reasoning applies, therefore any z € F,
satisfies |z| > min(1,|Jac(f)])"”, from which we deduce that |Jac(f)| < HDfOHJS.
(Note that this is automatic in ’Hﬁ,a since there, the Jacobian is fixed.) In addition
for f € X" the Lyapunov exponents of saddle points are bounded by log | D fo| Jg» SO
X"“(f) < log|Dfo| ;- By Proposition 6.1] (for 74;) and Proposition or Theorem
(for H} ,) we get a uniform bound on M (f). Together with the bound on the Jacobian
(resp. multi-Jacobian), this entails that > is bounded, as was to be shown. J

We can also complete the proof of Theorem |[C]
Proposition 6.19. The set I defined in Theorem|3.6|is finite.

Proof. Here we define E,, as in Equation (3.11). Then as in the proof of Theorem[6.18]
if f is C'! conjugate to f, on a neighborhood of .J*, we obtain uniform upper bounds on
|Jac(f)| and M(f), so F' is a bounded subset of H and we are done. O

Define the connectedness locus Cg — Hg (resp. Cj, < H4 ,) to be the set of auto-
morphisms with connected Julia set. By [14, Cor. 2.2], C; and Cg,a are closed.

Corollary 6.20. The connectedness locus Cc’ia c Hﬁ,a is compact for any k > 1,
d € (Nxy)* and a € (C*)*.

An example like the family f,(z,y) = (ay + 22, ) shows that this result does not
hold if the multi-Jacobian when not fixed: indeed since f,-1 is conjugate to f, 1, J(f,)
is connected for large |a| (see §[2.3) .

Proof. The connectedness locus C’d‘?’a is closed, so we only need to show that it is
bounded. If |Jac(f)| = ]I, la:| < 1, then by Theorems 0.2 and 7.3 in [6], J; is
connected if and only if x* (415) = log d, so the boundedness follows immediately from
Theorem [E| If Hle la;] > 1, we reduce to the dissipative case by considering f~!. If
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f e C(’jya, the proof of Lemma implies that f~! is conjugate to g € C(’ﬁv’b, where

dY = (di, - ,dx) and b is fixed. The argument for the dissipative case implies that
M {(g) is bounded, hence so is M ( f) (again by Lemma[5.9), and we are done. O

APPENDIX A. MAPS WITH FEW MULTIPLIERS

Definition A.1. A loxodromic automorphism f is exceptional if there exists a complex
number « such that \*(p) = k™ for every p € SPer,(f) and every n > 1.

This concept arises naturally in many rigidity issues (see e.g. [1] or [[L1, §2] for our
context). We saw in Example |3.8| that analogues of exceptional automorphisms exist in
positive characteristic, but we are not aware of any example in characteristic 0. Partial
non-existence results for exceptional automorphisms have been obtained in [1, Prop.
6.1] and [11, Prop. 8.9].

Theorem A.2. If (f\) is an algebraic family of loxodromic polynomial automorphisms
of C? in which any stable irreducible algebraic family is trivial, then the set of excep-
tional maps is discrete in \.

Proof. Let £ — A be the set of exceptional maps. Put
E, = {Ae A; Vm < n, Vp e SPer,,, Yq € SPer,,, (\“(p))" = (\“(q))™}

and £ = Mozt &, so that € contains £. Assume by way of contradiction that £ is not
discrete and pick an accumulation point fy. For n > 1, let V,, be a neighborhood of f; in
which all saddle points of period at most n persist. Then &, NV, isan analytic subset of
positive dimension in V,,; more precisely, it is a union of components of the intersection
of V,, with some algebraic subvariety of A. Reducing V,, if necessary we may assume
that (i) gn N V,, admits a unique connected component containing f, and (ii) V,,;1 < V,.
Let n; be such that the germ of E,N’n at fy is constant for n > n.

We claim that gnl N V,, is a stable family of type (I). Indeed, if n > n; and f €
&, N V,, then for every p = p(f) € SPer,(f) and every ¢ = q(f) € SPer,, (f),
we have a relation of the form \“(p)™ = A“(¢)". Since f has constant Jacobian, we
have \*(p)™ = A*(q)" as well. Now, ¢ can be continued holomorphically as a saddle
along any path in gm N V,,, and the persistence of the relations \“(p)" = A\“(q)"
and A\*(p)™ = A\°(q)" show that p can be followed as a saddle point along that path.
Therefore g’m N V,, 1s a stable family, as claimed.

By definition £ c 5n1, and we have shown that all relations deﬁnmg £ persist along
Em N V,,, thus En Vi, = 5n1 N V,,,. This reasoning shows that & is an analytic subset
in A, which is locally a union of local components of an algebraic variety. Thus, by
analytic continuation, we conclude that any global analytic component of € is a stable
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algebraic family, and the existence of a positive dimensional component contradicts our
assumption. Therefore £ is a discrete set. U

Remark A.3.

(1) The proof shows that the definition of exceptional maps can be extended by asking
that \*(p) € k"F),, where F), is a finite set of roots of unity. (In [L1, §2] we are
interested in the situation where \"(p) € +d".)

(2) It is enough to assume that the exceptional identity \“(p) = " holds for all saddle
points along some subsequence (n;). The proof is the same except that we get a
stable family of type (III).

(3) Contrary to the case of given unstable multipliers (Theorem[A]and[B]) we cannot run
the argument of Theorem to conclude that the exceptional discrete set is finite.
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