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ABSTRACT. We investigate the multiplier rigidity problem for polynomial automor-
phisms of C2. A first result states that a complex Hénon map of given degree is de-
termined up to finitely many choices by its multiplier spectrum, or more generally by
the unstable multipliers of its saddle periodic points. This is the counterpart in this
setting of a classical result of McMullen for one-dimensional rational maps. For com-
positions of Hénon maps, the same rigidity holds provided the multi-degree and the
multi-Jacobian are fixed. As in McMullen’s theorem, this follows from the nonexis-
tence of stable algebraic families in the corresponding parameter space. This in turn
relies on precise asymptotic bounds for the Lyapunov exponents of the maximal en-
tropy measure along diverging families.
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1. INTRODUCTION

1.1. Overview of the problem. The multiplier rigidity problem asks whether a dy-
namical system in a certain class is determined by the multipliers (or eigenvalues) of
its periodic orbits. It is part of a more general landscape of spectral rigidity problems,
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which has many different incarnations in geometry and dynamics (see Wilkinson’s re-
cent monograph [39] for an overview).

In the dynamics of one-dimensional rational functions, multipliers are often viewed
as algebraic functions on moduli spaces and used to describe their geometry; (local)
multiplier rigidity means that these functions define (local) coordinates. This point of
view was popularized by Milnor [31, 32] and Silverman [36] (the term “multiplier spec-
trum” apparently first appeared in [33]). In this setting, parameter spaces are finite-
dimensional. Therefore, compared to classical spectral rigidity problems in dynamics,
the results and methods have a more algebraic flavor. The local multiplier rigidity prob-
lem was settled in an early paper of McMullen [30]. Still, despite recent breakthroughs
by Ji and Xie [26, 27] and Huguin [24], the complete characterization of pairs of isospec-
tral rational maps remains open.

In this paper, we address similar questions for polynomial automorphisms of C2.
In this context, the multiplier rigidity problem and some of its variants were already
considered in the foundational paper of Friedland and Milnor [22]; and results on the
global analytic rigidity of polynomial automorphisms were recently obtained in [7, 10,
11].

1.2. Classification of polynomial automorphisms. In order to state our results, we
first need to recall a few basic facts. We denote by AutpC2q the group of polynomial
automorphisms of C2. The dynamical degree of f P AutpC2q is

(1.1) λ1pfq :“ lim
nÑ8

degpfnq1{n P r1,8q.

This number turns out to be a positive integer and is invariant under conjugacy. If
λ1pfq “ 1, f is said elementary and its dynamics is easy to analyze. When λ1pfq ą 1,
we say that f is loxodromic. A Hénon map h : C2 Ñ C2 is a polynomial automorphism
of the form

(1.2) hpx, yq “ pay ` ppxq, xq

for some a P C˚ and some p P Crxs of degree ě 2. Hénon maps are the primary
examples of loxodromic automorphisms: λ1phq “ degppq.

According to [22], if f is loxodromic there exists a sequence of integers pdk, . . . , d1q P

Nk
ě2, a sequence of non-zero complex numbers pak, . . . , a1q P pC

˚qk and a sequence of
monic and centered polynomials p “ ppk, . . . , p1q P Crxs

k of respective degrees di such
that f is conjugate to the composition g “ hk˝¨ ¨ ¨˝h1, where hipx, yq “ paiy`pipxq, xq.
We refer to the decomposition g “ hk ˝¨ ¨ ¨˝h1 as a Friedland-Milnor normal form of f .
The Jacobians of f and g are both equal to Jacpgq “ p´1qk

śk
i“1 ai. The degree of g

is d “
śk

i“1 di, and degpgnq “ degpgqn, hence λ1pfq “ λ1pgq “ d. In particular, if
λ1pfq is a prime number then k “ 1 and f is conjugate to a monic and centered Hénon



MULTIPLIER RIGIDITY FOR COMPLEX HÉNON MAPS 3

map. By definition, d “ pdk, . . . , d1q is the multidegree of g and a “ pak, . . . , a1q is its
multi-Jacobian. We let Hk

d (resp. Hk
d,a) be the space of compositions of k monic and

centered Hénon mappings of multidegree d P Nk
ě2 (resp. and multi-Jacobian a). As an

algebraic variety, Hk
d is isomorphic to pC˚qkˆCd1´1ˆ . . .Cdk´1. For k “ 1 we simply

write H1
d “ H1

d.
The normal form is not unique, but the defect of uniqueness is well understood: it

is unique up to permutation of the factors hi and a diagonal action of the group Ud´1

of pd ´ 1qth roots of unity (see § 5.3 or [22] for details). Thus, coming back to f , the
multidegree and the multi-Jacobian define conjugacy invariants only up to a finite group
action.

1.3. Multiplier rigidity. If z is a periodic point of (exact) period n of f : C2 Ñ C2,
the multipliers λ1pzq, λ2pzq of z are the (unordered) eigenvalues of Dfnz . A convenient
way to encode the multipliers is by the trace trpDfnz q and the Jacobian Jacpfnq, which
satisfy

(1.3) λ1 ` λ2 “ trpDfnz q and λ1λ2 “ Jacpfnq.

If z is of saddle type, the eigenvalues can be distinguished and are denoted by λspzq and
λupzq, with |λspzq| ă 1 ă |λupzq|. The multiplier spectrum (resp. the trace spectrum) of
f is the set of all multipliers (resp. traces) of all periodic cycles of f , organized by their
periods. The unstable multiplier spectrum is the set of unstable eigenvalues λu of saddle
periodic cycles, organized by their periods. We refer to § 3.2 for precise definitions.

Theorem A. A complex Hénon map fpx, yq “ pay`ppxq, xq is determined up to finitely
many choices by its trace spectrum (resp. its unstable multiplier spectrum).

In particular any complex Hénon map f0 P H1
d has the following local multiplier

rigidity property: any f sufficiently close to f0 with the same trace (resp. unstable mul-
tiplier) spectrum is equal to f0. An interesting point in the theorem is that the knowledge
of the Jacobian is not necessary for this spectral characterization.

Let Spf0q be the number of maps f P H1
d with the same multiplier (or trace) spectrum

as f0. Theorem A says that Spf0q is finite. In fact, S is uniformly bounded in H1
d and

Spf0q “ 1 for a generic f0 (see Theorem 3.7 and Theorem 4.2). Thus, a generic Hénon
map is actually determined up to conjugacy by its multiplier spectrum. It is an open
problem whether this holds for every loxodromic automorphism (cf. [27, Conjecture
1.7] for one-dimensional rational maps).

By Noetherianity, for every d there exists P “ P pdq such that a complex Hénon
map f is determined up to finitely many choices by the traces of its periodic points up
to period P (see Theorem 3.7). Friedland and Milnor proved that for d “ 2 or 3, the
knowledge of the traces of the fixed points together with the Jacobian determines the



MULTIPLIER RIGIDITY FOR COMPLEX HÉNON MAPS 4

conjugacy class of f (see [22, §7]). For the analogous problem of the determination of
a polynomial p : C Ñ C by its periodic point multipliers, Huguin showed in [24] that
P “ 2 is sufficient. We will give in Section 4 a quick proof of Theorem A when the
Jacobian is different from ´1 (i.e. a ‰ 1): it is based on Huguin’s theorem, using the
specific formula defining the Hénon map f , and it shows that P “ 2 is enough for these
maps as well. On the other hand the family pfλqλPC defined by

(1.4) fλpx, yq “ py ` px
2
´ λ2

q
2, xq

is a non-trivial family of Hénon maps of Jacobian ´1 whose periodic data is constant in
period 1 and 2 (see Example 4.3). This shows that Huguin’s method cannot be applied to
this setting. We will present a more conceptual (and complicated) proof of Theorem A,
which works in Jacobian ´1 and yields the following result.

Theorem B. The conjugacy class of a loxodromic automorphism is determined, up to
finitely many possibilities, by: (a) its multidegree, (b) its multi-jacobian, and (c) its trace
spectrum (resp. its unstable multiplier spectrum).

Note that in Theorem B the multi-Jacobian is fixed. We can also address the C1

rigidity problem suggested by Friedland-Milnor in [22, Thm 7.5], as well as the global
real-analytic rigidity result of [11, Thm 7.1].

Theorem C. The C1 conjugacy class of any complex Hénon map f0 of given degree
(resp. any composition f0 of Hénon maps with given multidegree and multi-Jacobian)
is finite. In particular in H “ H1

d or Hk
d,a the following rigidity property holds: for

f0 P H, if f P H is C1 conjugate to f0 in a neighborhood of its Julia set and is
sufficiently close to f0, then f “ f0.

1.4. Stable algebraic families. Following a beautiful idea of McMullen [30], the re-
sults above will follow from a global structural stability statement.

Theorem D. Any stable irreducible algebraic family of complex Hénon maps is trivial.
Likewise, any stable irreducible algebraic family of compositions of Hénon maps with
fixed multi-Jacobian is trivial.

By an algebraic family of (compositions of) Hénon maps, we mean an algebraic vari-
ety together with an algebraic map Λ Ñ Hk

d for some k ě 1 and d P Nk
ě2. The family

is trivial if its image is reduced to a point. Most of the time, a family can be identified
with its image in Hk

d. To derive Theorems A, B and C from Theorem D, we argue as
in [30]: given f0 in H “ H1

d or Hk
d,a, we consider the set Λpf0q Ă H of mappings with

the same trace (resp. unstable multiplier) spectrum and show that it is a stable algebraic
family. For the trace spectrum, Λpf0q is obviously algebraic and the difficulty is to prove
the stability, because we do not specify the Jacobian. Conversely, for the unstable mul-
tiplier spectrum, stability is not an issue, what is delicate is that Λpf0q is only a priori
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a countable intersection of semi-algebraic subsets. The details are in Proposition 3.3.
Actually for the unstable multipliers there is an additional finiteness issue that can only
be resolved after Theorem E is established (see § 6.3).

Note that the word ‘stability’ has not been defined yet. In first approximation, this
refers to the notion of weak stability defined by Lyubich and the second author in [17],
however a subtlety arises whether we authorize a small set of periodic points to bifurcate
or not. This issue is analyzed in § 2.2.

1.5. Divergence of Lyapunov exponents. The starting point of the proof of Theo-
rem D is that a non-trivial stable algebraic family Λ is unbounded in parameter space,
so it should exhibit some degeneration phenomena. We analyze these degenerations by
taking inspiration from the theory of polynomials in one variable. In that case, there is
a simple approach to Theorem D based on the Lyapunov exponent of the equilibrium
measure.

Indeed, let Pd “ PdpCq be the space of affine conjugacy classes of polynomials
of degree d in one complex variable. Branner and Hubbard [9] have first studied the
asymptotic properties of the dynamics when p tends to infinity in Pd (other relevant
sources for us include [12, 24]). Define the maximal escape rate of a polynomial p by

(1.5) Mppq “ max tGppcq ; p1pcq “ 0u ,

where Gppzq “ limnÑ8 d
´n log` |pnpzq| is the dynamical Green function. The quantity

Mppq is invariant under conjugacy so it defines a function on Pd. It is shown in [9] that
M defines a proper map Pd Ñ R` and provides a good measurement of the amount of
degeneracy of p. Most importantly for us, the Manning-Przytycki formula [29, 35]

(1.6) χpµpq “ log d`
ÿ

p1pcq“0

Gppcq

for the Lyapunov exponent χpµpq of the equilibrium measure µp “ ∆Gp implies that

(1.7) log d`Mppq ď χpµpq ď log d` pd´ 1qMppq.

In a stable family the multipliers of repelling points move holomorphically and take
values in CzD, thus if the family is irreducible and algebraic they must remain constant.
On the other hand, by the equidistribution theory of periodic points, for large n the
Lyapunov exponent 1

n
log |λu| of a typical point of period n is close to χpµpq. These two

facts and the lower estimate in (1.7) imply that Mppq is bounded on the family. Since
M is proper on Pd, we conclude that a stable algebraic family must be bounded in the
affine variety Pd, hence a finite set.

Remark 1.1. Huguin’s approach in [24] is based on an estimate similar to the lower
bound in (1.7) for the Lyapunov exponents of periodic points of period 1 and 2 (see [24,



MULTIPLIER RIGIDITY FOR COMPLEX HÉNON MAPS 6

Cor A.1]). This estimate from one variable dynamics plays an important role in Sec-
tion 4, where we treat Hénon maps with a ‰ 1. The example in (1.4) shows that the
corresponding result is not true in AutpC2q.

In Section 6 we design a two-dimensional version of this argument. If f “ hk˝¨ ¨ ¨˝h1

is a composition of monic and centered Hénon maps as in § 1.2 (with possibly k “ 1),
we define

(1.8) Mpfq “ maxpMppiq, i “ 1, . . . , kq.

(Because of the Ud´1 action alluded to in § 1.2, Mpfq is not invariant under conjugacy,
we refer to § 5.3 for a discussion and a remedy.) According to [4], f admits a canonical
equilibrium measure µf , whose Lyapunov exponents satisfy

(1.9) χ´pµf q ď ´ log d ă 0 ă log d ď χ`pµf q.

In [5], Bedford and Smillie provide an exact expression for χ˘pµf q which is analogous
to the Manning-Przytycki Formula (1.6) and involves the delicate notion of unstable
critical point (see § 6.1.5 for a presentation). We use it to obtain the following theorem.

Theorem E. Let d P Nk
ě2 be a multidegree and a P pC˚qk be a multi-Jacobian, for

some k ě 1. There exists positive constants C1 and C2 depending only on pd, aq such
that

C1Mpfq ď χ`pµf q ď C2Mpfq,

for all f in Hk
d,a with Mpfq ě 1.

From the relation χ`pµf q`χ´pµf q “ log |Jacpfq|, a similar result holds for χ´pµf q.
Our estimate is actually much more precise, and allows the multi-Jacobian to diverge
at a controlled rate with respect to Mpfq: see Propositions 6.1 and 6.10. The proof is
perturbative in nature (even if we allow for pretty large perturbations), and ultimately
relies on the one-dimensional estimates of [9], together with a geometric analysis of
unstable critical points in the spirit of [15].

To deduce Theorem D from Theorem E, consider a stable algebraic family Λ. As for
polynomial maps, we observe that the multipliers of saddle periodic points must remain
constant along each component of Λ. In particular the Jacobian is constant as well
(this explains why there is no assumption on the Jacobian in the Hénon case). Then,
Theorem E implies that Mpfq must be bounded along the family Λ, which implies that
Λ is a finite set.

Thus, to drop the assumption on the multi-Jacobian in Theorem D, we should prove
a version of Theorem E in which the ‘constant multi-Jacobian’ assumption is replaced
by ‘constant Jacobian’. It is unclear to us whether such a statement holds. What is
clear is that our method breaks down without such an assumption (see Example 6.15).
A related issue, which appears in [9], is the compactness of the connectedness locus.
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In Pd this follows from the fact that connectedness of the Julia set is equivalent to
Mppq “ 0. Likewise, Theorem E together with the results of [6] and [14] imply that the
connectedness locus is compact in Hk

d,a for fixed a (see Corollary 6.20). On the other
hand this result is not true for variable Jacobian (see § 2.3) : this outlines a difference
between the one-dimensional and the two-dimensional situations.

The asymptotic behavior of the Lyapunov exponent along algebraic families (or along
degenerating sequences) is an important topic in the dynamics of rational functions (see
e.g., [18, 28, 21, 19, 20] and the references therein) and groups of Möbius transfor-
mations (see e.g., [34, 16]). This asymptotic behavior can be studied with techniques
from non-Archimedean degenerations: such techniques are not yet available for auto-
morphisms of C2 and would constitute a natural continuation of this work.

1.6. Logical structure. The following diagrams will be helpful to understand the log-
ical relationships between the main results.

Thm 3.5 Thms A and B (trace spectrum)

Prop 3.3 + Thm D Thm 3.6 Thm C (local rigidity)

Thm 6.18 Thms A and B (unstable multipliers)

Thm E Prop 6.19 Thm C (global finiteness)

Prop 6.1 Prop 6.10 Thm E Thm D

2. STABILITY THEORY OF LOXODROMIC AUTOMORPHISMS

2.1. Dynamics of loxodromic automorphisms. We use the standard dynamical ob-
jects associated to a loxodromic automorphism f : C2 Ñ C2, as summarized in [6, §1]
or [17, §2.1], with the same notation. In particular we will consider the Green functions
G˘, the equilibrium measure µ, and the “small Julia set” J› “ Supppµq. Most often we
work with families, and the dependence in f is underlined: we write G˘f , µf , Kf , . . .,
or G˘λ , µλ, Kλ, . . ., when f depends on a parameter λ.

Let d ě 2 be the dynamical degree of f . We denote by Fixpfq the set of fixed
points of f and by Pernpfq the set of periodic points of exact period n. So Fixpfnq

is the sets Perkpfq for k dividing n. It was shown in [22, Thm 3.1] that all periodic
points are isolated and # Fixpfnq “ dn, counting multiplicities. An exact expression
for # Pernpfq can be obtained by the Möbius inversion formula. Since Pernpfq “

Fixpfnqz
Ť

kďn{2 Fixpfkq, we get

# Pernpfq „ dn
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as n Ñ 8. We denote by SPernpfq the set of saddle periodic points of exact period n
and by SPerpfq the set of all saddle periodic points. We already introduced the notation
λs{uppq in § 1.3 for the stable/unstable multipliers of p P SPernpfq. We will denote by
χs{u the corresponding Lyapunov exponents, that is

χs{uppq “
1

n
log

ˇ

ˇλs{uppq
ˇ

ˇ .

If P is a set of periodic points, we write Pn for P X Pernpfq. We say that P is
of asymptotic density 1 if #Pn „ dn as n Ñ 8, and of positive upper density if
lim supnÑ8 d

´n#Pn ą 0.
The equidistribution theorem obtained by Bedford, Lyubich and Smillie in [2] asserts

that SPernpfq is of asymptotic density 1 and that saddle periodic points are asymptoti-
cally equidistributed towards the equilibrium measure µf . The following reinforcement
of this result was obtained in [11].

Theorem 2.1. Let f P AutpC2q be a loxodromic automorphism of dynamical degree d.
There exists a set SPer`pfq Ă SPerpfq of saddle periodic points of asymptotic density
1 such that if ppnq is an arbitrary sequence of periodic points with pn P Pernpfq, then

(2.1) lim
nÑ8

1

n

n´1
ÿ

k“0

δfkppnq “ µf and lim
nÑ8

χuppnq “ χ`pµf q.

As a consequence, if P is a set of saddle periodic points with positive upper density,
there is a sequence ppnjqjě0 with pnj P PXPernjpfq such that the two properties in (2.1)
hold for pnj as j goes to `8.

2.2. J›-stability. Let pfλqλPΛ be a holomorphic family of loxodromic automorphisms
of C2 of dynamical degree d. We assume in this section that Λ is connected. Abusing
notation, we often identify the parameter in Λ with the corresponding map fλ P AutpC2q

and simply write “f P Λ”. When a parameter λ0 P Λ is used as a base point we often
set f0 “ fλ0 .

A notion of stability was developed for such families in [17]. It can be expressed
in several ways, which we now describe. Recall that by the implicit function theorem,
any saddle periodic point can be followed holomorphically along Λ until one of its
multipliers hits the value 1. Let us consider the following 6 different types of stability
for pfλq:

(I) there is a parameter λ0 such that all saddle periodic points of f0 persist as saddles
throughout Λ;

(II) there is λ0 P Λ and a set of saddle periodic points of f0 of asymptotic density 1

that persist as saddles throughout Λ;
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(III) there is λ0 P Λ and a set of saddle periodic points of f0 of positive upper density
that persist as saddles throughout Λ;

(IV) there is λ0 P Λ and a set P0 of saddle periodic points of f0 such that P0 “ J›0 , that
persist as saddles throughout Λ;

(V) There is a locally defined branched holomorphic motion of J› over Λ. (See [17]
for the notion of branched holomorphic motion.)

(VI) For any λ P Λ, any saddle point for fλ can be followed holomorphically as a
periodic point over Λ (but not necessarily as a saddle).

One comment is in order about the meaning of “persist” in these assertions. This
persistence refers to the analytic continuation of a saddle or periodic point. It means
that the given periodic point can be followed along any path; but along a homotopically
non-trivial loop the periodic point can possibly come back to another periodic point.
The same comment applies to condition (V): the branched holomorphic motion of J›

may have non-trivial monodromy over Λ.

Proposition 2.2. These stability conditions satisfy pIq ñ pIIq ñ pIIIq ñ pIVq ñ

pVq ñ pVIq.

Notice that for statements of the form “any stable algebraic family of type (X) is
trivial”, the implications go in the reverse direction.

Remark 2.3. In [17], Definition 4.1, condition (V) is called weak J›-stability and it
is shown that if the family is substantial, then pVIq ñ pIq so all these conditions are
equivalent (conditions (II) and (III) are actually not considered in that paper). Substan-
tial means that either the family is dissipative, or that the following non-degeneracy
condition is satisfied: for any periodic point, no relation of the form λa1λ

b
2 “ c hold

persistently in parameter space, where λ1, λ2 are its eigenvalues, a and b are some fixed
real numbers (1) and c is some fixed complex number of modulus 1. If the family is
not substantial, one cannot exclude the possibility that, even if a dense set of saddle
points moves holomorphically (condition (IV)), some saddle points bifurcate by having
both their multipliers crossing the unit circle without breaking the holomorphic motion.
Conjecturally, such a phenomenon never happens and the substantiality assumption is
superfluous.

Proof of Proposition 2.2. The implications pIq ñ pIIq ñ pIIIq are obvious. The equidis-
tribution theorem of [2] shows that pIIq ñ pIVq and Theorem 2.1 shows that pIIIq ñ
pIVq.

1It is inaccurately stated that a and b could be complex in [17] but the actual issue is for real a and
b. Indeed, with notation as in [17, Lem. 4.11], the issue is about the R-linear independence of the θi.
Furthermore, for specific choices of a and b, like a ą 0, b ă 0 and c “ 1, the generic linearizability can
still be verified, see e.g. 2.3.2 below.



MULTIPLIER RIGIDITY FOR COMPLEX HÉNON MAPS 10

For pIVq ñ pVq, we start with the holomorphic motion of P0 above Λ. Locally, this
gives a normal family of graphs above Λ because the periodic points of fλ are contained
in Kλ and, for any compact subset B of Λ, there is a compact KB Ă C2 containing
Kλ for any λ P B. Thus, by Lemma 3.4 of [17], the motion pPλq of P0 extends to a
branched holomorphic motion pjλq of J›0 . Since the points of Pλ are saddles, we get
jλpJ

›
0 q Ă J›λ . To prove the converse inclusion, we put S0 “ SPerpf0q and remark that

by [17, Lem. 4.10], pjλq induces a motion pSλq of all saddle periodic points, because
S0 Ă J˚0 . By holomorphic continuation, periodic points of period n remain periodic
of period dividing n, hence Sλ Ă Perpfλq for every λ P Λ. But along the motion
there might be collisions of periodic points, as well as periodic points changing type.
Nevertheless, Lemma 4.13 from [17] asserts that for any fixed λ1, Sλ1 contains J›λ1 . The
reason is that by the equidistribution theorem of [2], the asymptotic density of points
in S0 which must also be saddles at λ1 tends to 1 as the period tends to infinity. Thus
jλpJ

›
0 q “ J›λ , as claimed. A similar argument also shows that pVq ñ pVIq. �

Remark 2.4. A slightly more precise version of Lemma 4.11 from [17] can be stated as
follows: if Pλ is a set of periodic points that can be followed holomorphically through-
out Λ and is dense in J› for some parameter λ0, and if qpλ0q is any saddle point satis-
fying the non-degeneracy assumption, then q persists as a saddle throughout Λ. In this
version the substantiality assumption is replaced by an assumption on the specific point
q, but the proof is the same. In particular, if instead of substantiality we assume that a
set of asymptotic density 1 (resp. of positive upper density) of saddle points satisfies the
non-degeneracy assumption, then (VI)ñ(II) (resp. (VI)ñ(III)).

Remark 2.5. For each of the stability conditions there is a corresponding local version:
a family is locally stable of type (X) over Λ if every λ P Λ admits a neighborhood N
such that the family is stable of type (X) over N . Conditions (I), (V) and (VI) are local
in the sense that locally stable is equivalent to stable, however for conditions (II), (III)
and (IV) we obtain a priori two different notions because the set of persistent saddle
points may depend on N .

Convention 2.6. In the situations that we have to consider, we cannot guarantee that the
families of interest are substantial (for instance a family of automorphisms of Jacobian
1 is not substantial). So we do not care about substantiality, and by convention,

unless otherwise specified stability means condition (III).

The reason is that our approach to Theorem D based on the divergence of χ`pµf q is
naturally associated to stability of type (III) (see Lemma 6.16). Still the other conditions
are also useful: we will use the implication (III)ñ(VI) several times and in Section 4
we have to work with type (I) families.
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2.3. A worked out example. Consider the family fapx, yq “ pay ` x2, xq. A first
observation is that f´1

a px, yq “ py, a´1x´ a´1y2q is conjugate to px, yq ÞÑ pa´1y ´

a´1x2, xq by τ : px, yq ÞÑ py, xq, and then to f1{a by a further diagonal conjugacy, so it
is enough to analyze the family for |a| ď 1. We set Ja “ Jfa , µa “ µfa , etc.

2.3.1. Existence of bifurcations. For small (and hence for large) |a|, fa is uniformly
hyperbolic and fa|Ja is conjugate to the natural extension of xd. In particular the con-
nectedness locus is not compact in this family (it contains all large enough a P C). By
[4], the Lyapunov exponents satisfy

χ`pµaq ą 0 ą χ´pµaq, χ`pµaq ` χ
´
pµaq “ log |a| , and

ˇ

ˇχ˘pµaq
ˇ

ˇ ě log d.

Furthermore by [6], we have χ`pµaq “ log d for small a. By symmetry, χ´pµaq “
´ log d for large a. For |a| ě 1, we obtain

(2.2) χ`pµaq “ log |a| ´ χ´pµaq ě log d` log |a| ,

with equality when |a| is large. Thus, the function a P C˚ ÞÑ χ`pµaq P R is equal to
logpdq when |a| is small and to log |a| ` logpdq when |a| is large, so it is not harmonic.
This non-harmonicity can be considered as a kind of bifurcation. Moreover, since the
Jacobian is not constant, Lemmas 4.4 and 6.16 below imply that bifurcations of types
(I), (II), and (III) arise.

Still, this does not guarantee that bifurcations of type (V) occur, that is, it could a
priori be the case that J›a still moves holomorphically with a. What might happen is the
following: when |a| is small all periodic points, except (0,0), are saddles, by hyperbol-
icity of the dynamics; then, as |a| increases, periodic points could remain saddle points,
with some of them bifurcating exactly when |a| “ 1, where both eigenvalues would
cross the unit circle at the same time without destroying the holomorphic motion. This
is exactly the issue of substantiality.

2.3.2. The fixed point αa and bifurcations of type (V). Since fa is quadratic, it has 2
fixed points and one orbit of period 2. The fixed points are αa “ p0, 0q and βa “

p1´ a, 1´ aq; they are continuations of the corresponding fixed points of f0 » x2.
The first one αa has eigenvalues λ1, λ2 “ ˘

?
a so it is attracting for |a| ă 1 and

repelling for |a| ą 1. Suppose |a| “ 1, and a is not a root of unity. Then, there is no
resonance between λ1 and λ2 that is, no relation of the form λi “ λk1λ

`
2 with k, ` P N

and k ` ` ě 2. Moreover,
ˇ

ˇλk1λ
`
2 ´ λi

ˇ

ˇ “
ˇ

ˇλk``1 ˘ λ1

ˇ

ˇ “
ˇ

ˇp
?
aqk``´1

˘ 1
ˇ

ˇ ,

so for generic a P S1 we get a lower bound of Diophantine type (see e.g. [40]), and
the fixed point αa is linearizable, so it creates a Siegel ball. By [17, Lem. 4.11], these
Siegel balls cause bifurcations of type (V). Thus we have shown:



MULTIPLIER RIGIDITY FOR COMPLEX HÉNON MAPS 12

Proposition 2.7. The circle t|a| “ 1u is contained in the (type (V)) bifurcation locus.

Remark 2.8. Since the eigenvalues of αa are opposite, they satisfy the persistent re-
lation λ2

1λ
´2
2 “ 1. Thus, the family is not substantial! But it is almost so. Indeed,

suppose γ is some saddle periodic point with eigenvalues satisfying a persistent relation
λs1λ

t
2 “ c (with |c| “ 1 and s, t P R, not both 0). Any such periodic point can be

followed holomorphically for small |a|, and as a goes to 0, one of the eigenvalues tends
to 0 while the other tends to a complex number of modulus ą 1, in contradiction with
|c| “ 1.

2.3.3. Bifurcations in the unit disk. A natural question is whether the bifurcation locus
is larger than t|a| “ 1u. For this, it is enough to work with |a| ă 1, and we need to find
some saddle periodic point bifurcating to a sink.

The first candidate is the second fixed point βa “ p1 ´ a, 1 ´ aq. Its eigenvalues are
solutions of the equation λ2 ´ 2p1 ´ aqλ ´ a “ 0. If some eigenvalue crosses the unit
circle then eiθ must be solution of this equation, which easily shows that |a| “ 1 (in fact,
a must be on an arc of the unit circle of angle 2π{3). Thus, βa is a saddle for all a in the
complement of the unit circle.

It follows from the calculations of Proposition 4.5, in particular from Equations (4.5)
and (4.7), that the period 2 orbit has exactly the same behavior. Indeed, since all re-
pelling period-2 points of ppxq “ x2{p1´aq have multipliers d2 (including the repelling
fixed one), the period-2 points of fa have the same multipliers, except for αa (2). So we
must go to period at least 3, which does not seem to be tractable by hand.

Proposition 2.9. The bifurcation locus is not contained in the circle t|a| “ 1u. In par-
ticular there exist parameters with |a| ă 1 with disconnected Julia sets.

Proof. Numerical calculations show that the parameter a “ ´0.669 ` 0.73i admits an
attracting cycle of period 3 containing px, yq » p0.111236 ´ 0.069787i,´0.017098 `

0.856247iq: see Figure 1, and note that since |a| » 0.990, attraction is very slow. The
second assertion follows from the fact that a stably connected dissipative family is stable
(see [17, Thm. 5.7]). �

Here are some comments on this numerical calculation. We have explored the pa-
rameter space by testing 500 different parameters for each value of |a| (incrementing
by steps of 0.01), looking for orbits on the slice ty “ 0u neither converging to (0,0) nor
escaping to infinity (10,000 different initial conditions). Note that any attracting basin

2A more delicate result is that both βa and the period 2 orbit are neutral precisely for a “ eiρ,
ρ P r´π{3, π{3s, and non-persistently resonant, so they also simultaneously create Siegel balls in that
interval.
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FIGURE 1. Slice of the filled Julia set of f´0.669`0.73i by the line ty “ 0u.
The basin of p0, 0q is colored black, and the basin of the period-3 cycle is in red.
Detail of the picture on the right.

must intersect this slice. The first example arises for |a| “ 0.98 (which is the contin-
uation of the one of Figure 1), and for |a| “ 0.99 we obtain 12 such parameters (in
conjugate pairs). This suggests that the stable component containing the origin almost
fills the whole unit disk. It may be qualified as the “main hyperbolic component” of the
family (it is indeed a hyperbolic component by [8, Thm C]).

Question 2.10. Does the closure of the main hyperbolic component touch the unit cir-
cle?

A positive answer to this question would provide the first known example of a con-
servative automorphism with connected Julia set.

3. PERIODIC POINTS AND MULTIPLIER SPECTRA

3.1. Update on periodic points. Let f P AutpC2q be loxodromic. We conjugate f
so that f becomes a composition of monic and centered Hénon maps of multidegree
d “ pdk, . . . , d1q. We work in the parameterized family pfλqλPHk

d
, so that f “ fλ for

some λ, and we identify a map f with the corresponding parameter λ. Define
xFixn “

 

pf, zq P Hk
d ˆC2 ; fnpzq “ z

(

,

which is an algebraic subset of Hk
d ˆC2. The projection xFixn Ñ Hk

d is surjective and
finite to one. Defining the corresponding fibered version of Pernpfq as an analytic sub-
set of Hk

d ˆ C2 is not obvious, because periodic points of period n may degenerate to
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points of lower period. As a preliminary remark, suppose that f P Hk
d is close to the pa-

rameter pp0, . . . , 0q, pxdk , . . . , xd1qq. Then, as a consequence of uniform hyperbolicity,
all periodic points of f are simple. It follows that all irreducible components of xFixn
have multiplicity 1.

We define the algebraic variety yPern Ă Hk
d ˆC2 by

yPern “ xFixnz
ď

k|n,kăn

xFixk,

which is a union of irreducible components of xFixn (3). By construction, at the generic
point pf, zq of yPern, z has exact period n. For every f P Hk

d, we set

Per˚npfq “yPern X ptfu ˆC2
q.

By definition, Per˚npfq is the set of points with formal period n, a terminology due to
Milnor (note that a periodic point can have several formal periods). By construction
yPern is contained in xFixn, so Per˚npfq is made of points of period dividing n. Each
z P Per˚npfq comes equipped with a multiplicity, which is the intersection multiplicity of
yPern with tfuˆC2 at z. The number pn of points in Per˚npfq counted with multiplicities
is the cardinality of Pern at the generic parameter. This sequence ppnq is determined
inductively by dn “

ř

k|n pk.

Proposition 3.1. For every n ě 1 we have the following properties

(1) Pernpfq Ă Per˚npfq, that is exact period n implies formal period n;
(2) xFixn “

ď

k|n

yPerk;

(3) if z P Per˚npfq is a simple periodic point (as a point of period n), then z P Pernpfq.

If 1 is an eigenvalue of z P Per˚npfq, the period of z can be a proper divisor of n.
The corresponding situation in dimension 1 is completely understood, thanks to the
theory of dynatomic polynomials (see §4.1 in [36], but be aware that our notation is not
completely consistent with Silverman’s choices). For AutpC2q, the specifics still need
to be worked out.

Proof. By construction, yPern Ă xFixn. If z P Pernpfq, then z R Fixkpfq for any k ă n,
thus pf, zq P xFixnz

Ť

k|n,kăn
xFixk, in particular z belongs to Per˚npfq. This proves (1).

For Assertion (2), note that yPerk Ă xFixk and xFixk Ă xFixn if k|n, which proves the
reverse inclusion. We prove the direct inclusion by induction on n. The case n “ 1

holds by definition. Now take pf, zq P xFixn. If z P Pernpfq then pf, zq P yPern by (1).

3Note that in this definition we can take the closure for the euclidean or the (analytic or algebraic)
Zariski topology.
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Otherwise pf, zq belongs to Fixk for some proper divisor k of n, and the induction
hypothesis shows that pf, zq PyPer` for some ` dividing k, as desired.

Finally, let z P Per˚npfq be a simple periodic point. Since z is simple, it admits a
unique local continuation as a solution of fnpzq “ z, so there is a unique branch of
xFixn in a euclidean neighborhood of pz, fq. If the period of z were a proper divisor k
of n, this branch would be contained in xFixk, and z would not belong to the closure of
xFixnz

Ť

k|n,kăn
xFixk. Thus z P Pernpfq and we are done. �

3.2. Trace and multiplier spectra. Let q be a positive integer and let Cpqq denote the
symmetric product of q copies of C that is, Cq{Symq where the symmetric group acts
by permutations. Points of Cpqq will be called multisets (of length q). Thus, a multiset
is a finite set tx1, . . . xqu in which the elements xi P C are repeated according to their
multiplicity; equivalently, it is a divisor

ř

j njzj supported by some points zj P C with
multiplicities nj ě 1 such that

ř

j nj “ q. The elementary symmetric functions provide
an isomorphism ι : Cpqq Ñ Cq.

Let us fix some integer n ě 1. On the variety Hk
d ˆC2, the function

trn : pf, zq ÞÑ trpDzf
n
q

is regular. By restriction, it induces a regular function trn : yPern Ñ C, and we can then
define a regular map Tracen : Hk

d Ñ Cppnq such that

Tracenpfq “ ttrpDzf
n
q ; z P Per˚npfqu ,

viewed as a multiset of length pn. We define the trace spectrum and the multiplier
spectrum of f by

Tracepfq “ pTracenpfqqně1 P
ź

ně1

Cppnq(3.1)

Multpfq “ pJacpfq,Tracepfqq P C˚ ˆ
ź

ně1

Cppnq.(3.2)

Since Jacpfqn “ detpDzf
nq for every fixed point of fn, the multiplier spectrum en-

codes the conjugacy invariants ptr, detq of Dzf
n, whose knowledge is equivalent to that

of the eigenvalues tλ1, λ2u P C
p2q, at all points of formal period n, for every n ě 1. The

use of the formal period instead of the exact period is meant to guarantee good analytic
and algebraic behavior for these quantities.

For saddle points, we directly consider the unstable multiplier and define

SMultunpfq “ tλ
u
pzq ; z P SPernpfqu P C

# SPernpfqq,

SMultupfq “ pSMultunpfqqně1 and SMultpfq “ pJacpfq, SMultupfqq.

(Since # SPernpfq depends sharply on f , we do not claim that SMultunpfq depends in a
regular or analytic way on f .)
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Remark 3.2. Since the number of periodic (resp. saddle periodic) points of period n
grows like dn, the dynamical degree of a loxodromic automorphism is tautologically
determined by its multiplier (resp. unstable multiplier) spectrum.

3.3. From Theorem D to rigidity.

Proposition 3.3. Let pfλqλPΛ be an algebraic family of loxodromic polynomial auto-
morphisms of C2, in which any stable irreducible algebraic subfamily is trivial. For
every n ě 1, consider a finite subset En Ă C. Then the set

tf P Λ ; @n ě 1,Tracenpfq Ă Enu

is finite. Likewise the set

tf P Λ ; @n ě 1, SMultunpfq Ă Enu

is discrete.

Proof for the trace spectrum. For n ě 1, set

(3.3) Σn “ tλ P Λ ; Tracenpfλq Ă Enu and Σ “
č

ně1

Σn.

These are algebraic subsets of Λ because each of the maps Tracen is regular. To con-
clude that Σ is finite, we fix an irreducible component of Σ, still denoted by Σ for
simplicity, and we show that pfλqλPΣ is stable. We follow the same strategy as for [11,
Lem. 8.5], except that we work with traces instead of multipliers.

Fix λ0 P Σ and set f0 “ fλ0 . Fix α ą 0 such that χ`pµf0q ě log` |Jacpf0q| `

2α. Let N be an open ball around λ0 in which log |Jacpfλq| ´ log` |Jacpf0q| ă α{4.
Theorem 2.1 provides a set SPer`pf0q of saddle points of asymptotic density 1, such that
χupz0q ě χ`pµf0q ´ α for every z0 P SPer`pf0q. Let us show that points in SPer`pf0q

of sufficiently large period persist as saddle points for all parameters in N X Σ.
Fix z0 P SPer`pf0q, of period n. We have

(3.4) |trpDz0f
n
0 q| ě |λ

u
pz0q| ´ 1 ě exp

`

nplog` |Jacpf0q| ` αq
˘

´ 1.

Let zλ be the analytic continuation of z0 as a saddle point, for λ in some connected
neighborhood N pz0q of λ0 in Σ (that depends a priori on z0). Along Σ, Tracenpfλq

is contained in the finite set En, so λ ÞÑ trpDzλf
n
λ q is constant on N pz0q, equal to

trpDz0f
n
0 q. Thus for λ P N pz0q we have |λupzλq ´ trpDz0f

n
0 q| ă 1, and then

(3.5) |λupzλq| ě |trpDz0f
n
0 q| ´ 1 ě exp

`

nplog` |Jacpf0q| ` αq
˘

´ 2.

Fix n0 so large that for n ě n0,

(3.6)
1

n
log

`

exp
`

nplog` |Jacpf0q| ` αq
˘

´ 2
˘

ě log` |Jacpf0q| ` α{2.
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Then χupzλq ě α{2 for all z0 P SPer`pf0q of periodě n0, and the definition of N gives

(3.7) χspzλq “ log |Jacpfλq|´χ
u
pzλq ď log |Jacpfλq|´log` |Jacpf0q|´α{2 ď ´α{4.

Thus, the analytic continuation zλ of z0 remains a saddle periodic point when λ P NXΣ,
with the uniform estimates χspzλq ď ´α{4 and χupzλq ě α{2. Thus, no bifurcation is
possible and we can take N pz0q “ N X Σ, as was to be shown.

This argument shows that pfλqλPΣ is locally stable of type (II), hence also of type
(III). To enhance this to global stability, we follow an idea used for [11, Prop. 8.6].
We will show that the Jacobian must be constant on Σ, so that we can choose N “

Σ. By Remark 2.5, pfλqλPΣ is globally stable of type (VI): all periodic points can
be followed, but not necessarily as saddles. By way of contradiction, assume that
λ ÞÑ Jacpfλq is not constant on Σ and fix a parameter λ1 P Σ and α ą 0 such that
log |Jacpfλ1q| ě log |Jacpfλ0q|` 2α, as well as a path γ in Σ joining λ0 to λ1. Note that
χ`pµf0q ď log |Jacpfλ0q|, hence log |Jacpfλ1q| ě χ`pµf0q ` 2α. Fix a set SPer`pf0q

of saddle points of asymptotic density 1, such that χupz0q ď χ`pµf0q ` α for every
z0 P SPer`pf0q. For such a z0 we have

(3.8)
ˇ

ˇtrpDz0f
n
λ0
q
ˇ

ˇ “ |λupz0q ` λ
s
pz0q| ď |λ

u
pz0q| ` 1 ď exp

`

npχ`pµf0q ` αq
˘

` 1.

Let us follow z0 along the path γ up to some periodic point z1. By assumption the trace
stays constant so

ˇ

ˇtrpDz1f
n
λ1
q
ˇ

ˇ satisfies the inequality (3.8). If z1 is a saddle point for fλ1
we infer

|Jacpfλ1q|
n
ď |λupz1q| ď

ˇ

ˇtrpDz1f
n
λ1
q
ˇ

ˇ` 1(3.9)

“
ˇ

ˇtrpDz0f
n
λ0
q
ˇ

ˇ` 1 ď exp
`

npχ`pµf0q ` αq
˘

` 2.

But log |Jacpfλ1q| ě χ`pµf0q`2α so if n is large enough we get a contradiction. There-
fore, as we follow any point of SPer`pf0q of sufficiently large period along γ, we obtain
a non-saddle point for f1, which contradicts the fact that SPer`pf0q has asymptotic
density 1. So the Jacobian is constant on Σ, and we are done. �

Proof for the unstable multiplier spectrum. This is more delicate because the sets

(3.10) Σu
n :“ tλ P Λ ; SMultunpfλq Ă Enu and Σu :“

č

ně1

Σu
n

are not naturally algebraic, for being a saddle point is not an algebraic property. Fix
f0 P Σu and assume that f0 is not an isolated point of Σu. We will show that Σu contains
a positive dimensional stable algebraic family through f0, which is a contradiction.

Let Vn be a neighborhood of f0 in Λ in which all saddle points up to period n persist.
Since f0 is not an isolated point of Σu

n, Σu
n X Vn is an analytic subset of Vn of positive

dimension, which is a union of irreducible components (as analytic subsets in Vn) of the
restriction to Vn of an algebraic subvariety of dimension ě 1 at f0. It may have several
local irreducible components at f0, but reducing Vn if necessary, we can assume that
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Σu
n X Vn admits a unique connected component in Vn, which contains Σu X Vn. Let n1

be such that for n ě n1 the germ of Σu
n at f0 is constant (i.e. does not depend on n).

Since f0 belongs to Σu, Σu is not empty, thus for every 0 ă α ă χ`pµf0q{10 and large
enough n, we can find points t P En such that 1

n
log |t| ě χ`pµf0q´α. As in the first part

of the proof, fix α ą 0 such that χ`pµf0q ě log` |Jacpf0q| ` 2α, and a neighborhood
N “ N pαq in which log |Jacpfq| ă log` |Jacpf0q| ` α{4. For f P N , every periodic
point with an eigenvalue t such that 1

n
log |t| ě χ`pµf0q ´ α is automatically a saddle.

Theorem 2.1 provides a set SPer`pf0q of saddle points of asymptotic density 1 such
that χupz0q ě χ`pµf0q´α for z0 P SPer`pf0q. Fix z0 P SPer`n pf0q, with n ě n1. It can
be followed holomorphically as z “ zpfq along Σu

nXVn, and λupzq stays constant there.
Consider the subset of N , defined by the condition that Multnpfq contains λupz0q; it is
the intersection of N with the algebraic variety of automorphisms f such that λupz0q is
an eigenvalue of Dfn at some point of period n; it contains Σu

n as a germ at f0; we let
Spz0q be the union of its irreducible components (as analytic subsets in N ) containing
Σu
n X Vn. As in the first part of the proof, z0 can be followed holomorphically along

Spz0q. Set S` “
Ş

z0PSPer`pf0q
Spz0q. This is an analytic subset in N containing the

germ of Σu
n for every n ě n1, so it has positive dimension (possibly greater than that of

Σu
n X Vn). By construction all points in SPer`pf0q can be followed holomorphically as

saddles along S`, so pfλqλPS` is a stable family of type (II).
Now we work inside this family S`. By the implication (II)ñ(VI) of Proposition 2.2,

all saddle periodic points of f0 can be followed holomorphically as periodic points in
S` X N , so we can define an analytic subset S Ă S` in N by the condition that
the eigenvalue corresponding to the unstable multiplier at z0 remains constant for every
z0 P SPerpf0q. In modulus this eigenvalue stays larger than 1 along S, so the exceptional
phenomenon described in Remark 2.3 cannot occur and we conclude that S is a stable
family of type (I), which must coincide with Σu X Vn for any n ě n1.

At this point we have shown that Σu is an analytic subset of Λ. Let f0 be a non-
isolated point of Σu: its is contained in a complex analytic component W of Σu of
dimension k ě 1. We constructed a neighborhood N “ N pf0q such that Σu X N
coincides with a union of components of W 1 X N , for some algebraic subvariety W 1

of Λ of dimension k. By analytic continuation, W is an irreducible component of W 1

in the analytic sense, hence it coincides with an algebraic component of W 1, and this
component determines a stable algebraic subfamily of type (I) in Λ, which contradicts
our assumptions. Therefore Σu is a discrete set, as announced. �

Remark 3.4.

(1) The proof shows that the non-existence of stable algebraic families of type (II) (resp.
type (I)) is enough to get the conclusion about the trace spectrum (resp. unstable
multipliers).
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(2) On the other hand, using the full strength of the type (III) assumption, we can relax
the condition Tracenpfq Ă En (resp. SMultunpfq Ă En) by requiring that this
property holds only along some subsequence pnjq. Thus, in the spectral rigidity
theorems, it is enough to use the information on periodic points along a subsequence
pnjq. The verification is left to the reader.

Recall from Remark 3.2 that the degree is automatically determined by the spectrum.
Hence the following result contains the statements of Theorems A and B relative to the
trace spectrum.

Theorem 3.5. If H is either H1
d for some d ě 2 or Hk

d,a for some a P pC˚qk and
d P Nk

ě2, then for any f0 P H, the isospectral subset tf P H ; Tracepfq “ Tracepf0qu

is finite.

Proof. It suffices to apply the first part of Proposition 3.3 together with Theorem D. �

Now, let us prove the C1 rigidity assertion in Theorem C.

Theorem 3.6. Let H be either H1
d for some d ě 2 or Hk

d,a for some a P pC˚qk and
d P Nk

ě2. If f0 is an element of H, there is a discrete set F Ă H with the following
property: if f P H is C1 conjugate to f0 on some neighborhood of J›, then f P F .

By “C1 conjugate in a neighborhood of J›” we mean that there exists a C1 conjugacy
ϕ between f0 and f whose domain U contains a neighborhood of J›pf0q. The unique-
ness of the measure of maximal entropy, obtained in [3], implies that ϕ˚µf0 “ µf , so
ϕpJ›pf0qq “ J›pfq.

Proof. If f0 and f are C1 conjugate in a neighborhood of J›, then for every saddle
point z0 of f0, ϕpzq is a saddle point of f , with λupzq P

!

λupz0q, λupz0q

)

and λspzq P
!

λspz0q, λspz0q

)

(see the discussion preceding [22, Thm 7.5]). So if we define

(3.11) En “ tλ
u
pz0q ; z0 P SMultunpf0qu Y

!

λupz0q ; z0 P SMultunpf0q

)

,

we see that SMultunpfq Ă En for every n ě 1, and we conclude by Proposition 3.3. �

3.4. Further results: uniformity and arbitrary fields.

Theorem 3.7. Let H be either of H1
d or Hk

d,a for some d P Nk
ě2 and a P pC˚qk. There

exists P and N depending only on d such that for every f0 P H, the set

tf P H ; Tracenpgq “ Tracenpf0q for every n ď P u

has cardinality at most N . Moreover, this result holds for polynomial automorphisms of
A2pKq, for any algebraically closed field K of characteristic zero.
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Proof. We first work over C. Assume k ě 2, and denote by apfq the multi-Jacobian of
f P Hk

d. Introduce a sequence of algebraic varieties

Sn “
 

pf, gq P Hk
d ˆHk

d ; @` ď n, Trace`pfq “ Trace`pgq and apfq “ apgq
(

.

Since this sequence is non-increasing (Sn`1 Ă Sn) there is an index P ě 1 such that
Sn “ SP for all n ě P . The first projection π : SP Ñ H is a surjective morphism and
by Theorem 3.5 all its fibers are finite. Thus, there is an integer N such that every fiber
of π contains at most N elements, as was to be shown.

For k “ 1 the argument is the same by considering

Sn “
 

pf, gq P H1
d ˆH1

d ; @` ď n, Trace`pfq “ Trace`pgq
(

.

Now we work over K. The Friedland-Milnor classification holds in this case as well,
and we consider HpKq to be either of H1

dpKq or Hk
d,apKq. Let N and P be the integers

defined in the previous paragraph (for the field C). Pick distinct elements f1, . . . , fM of
HpKq such that Tracenpfmq “ Tracenpf1q for all m ď M and n ď P . Let L0 Ă K be
the field generated by the coefficients of the formulas defining the fn and let L Ă K be
its algebraic closure. Since L is countable and of characteristic 0, there is an embedding
ι : LÑ C. Applying ι to the coefficients of the fm, we get distinct elements f ιm P HpCq
such that Tracenpf

ι
mq “ Tracenpf

ι
1q for every n ď P . Therefore M ď N , and the proof

is complete. �

Example 3.8. Let K be an algebraically closed field of characteristic p ą 0, such as
Fp. Consider the additive automorphism of the affine plane A2

K defined by

(3.12) fpx, yq “ pay ` sxp, xq

where a P K˚ is fixed and s P K˚ is a parameter. Then, the differential Dfpx,yq does
not depend on px, yq, its trace is 0 and its determinant is ´a. If α is a square root of a,
then trpDfn

px,yqq “ αn ` p´αqn, so that the trace spectrum of f does not depend on the
parameter s. This shows that Theorems A and B do not hold in characteristic p. These
examples are somehow similar to Lattès maps: Lattès maps come from endomorphisms
of abelian groups (elliptic curves) while additive automorphisms are automorphisms of
the commutative group Ga ˆGa.

4. HÉNON MAPS AND HUGUIN’S THEOREM

This section provides a direct proof, based on [24, Thm A], of the next two theorems.

Theorem 4.1. Let pfλqλPΛ be an irreducible algebraic family of complex Hénon maps,
such that Jacpfλq ı ´1. If it is stable of type (I), then it is trivial.

This is really a result about type (I) stability since, as we will see, it deals specifically
with points of period 1 and 2. So even for Hénon maps with Jacobian different from
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´1, this result is weaker than Theorem D (see the comment about the chain of impli-
cations after Proposition 2.2). On the other hand, by Remark 3.4 (1), for Hénon maps
of Jacobian different from ´1, Theorem 4.1 can be used instead of Theorem D to get
Theorem C and the unstable multiplier version of Theorem A. An amusing consequence
is that global considerations about periodic points of periods 1 and 2 in H1

d lead to local
unstable multiplier rigidity (resp. C1 rigidity on J›), even for maps whose points of
periods 1 and 2 are all attracting.

Theorem 4.2. A complex Hénon map f of given degree whose Jacobian is different from
´1 is determined up to finitely many choices by the multipliers of its periodic points of
period 1 and 2 (or equivalently by Jacpfq, Trace1pfq and Trace2pfq). That is, for any
f0 P H1

d such that Jacpf0q ‰ ´1 the set

Σ2pf0q “
 

f P H1
d ; Jacpfq “ Jacpf0q,Trace1pfq “ Trace1pf0q, Trace2pfq “ Trace2pf0q

(

is finite. Furthermore, for f0 in a dense Zariski open subset of H1
d, Σ2pf0q “ tf0u.

These two theorems stem from a computational miracle which does not hold for Ja-
cobian ´1. The following example shows that Theorem 4.2 does not carry over to that
case.

Example 4.3. The general (reduced) form of a Hénon map of Jacobian ´1 is fpx, yq “
py ` ppxq, xq, with p monic and centered. The equation py0 ` ppx0q, x0q “ px0, y0q for
fixed points is equivalent to

(4.1) x0 “ y0 and ppx0q “ 0

and the trace of the differential at such a fixed point equals p1px0q. For fixed points of
f 2 we obtain

(4.2)

#

x0 ` ppy0 ` ppx0qq “ x0

y0 ` ppx0q “ y0

or equivalently

#

ppx0q “ 0

ppy0q “ 0
.

Among these solutions, points of period 2 are those for which x0 ‰ y0. The computation
of the differential gives

(4.3) trpDpx0,y0qf
2
q “ p1px0qp

1
py0q ` 2.

Let us choose for instance pλpxq “ px´ λq2px` λq2. Then all solutions of pλpx0q “ 0

satisfy p1λpx0q “ 0, and we conclude that the family fλpx, yq “ py ` px2 ´ λ2q2, xq

violates the conclusions of Theorem 4.2. Note that Theorem 7.1 of [22] asserts that
Hénon maps of degree 2 and 3 are determined by the multipliers of their fixed points,
therefore 4 is the smallest possible degree for such an example. �

We now proceed to the proof of Theorems 4.1 and 4.2.
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Lemma 4.4. Let pfλqλPΛ be an algebraic family of loxodromic automorphisms, with
Λ irreducible. If it is stable of type (I), then the stable and unstable multipliers of all
saddle periodic points, as well as the jacobian Jacpfλq, are constant on Λ.

Proof. We can assume that dimpΛq “ 1. We replace pfλqλPΛ by pfπpλqqλPΛ̂, where
π : Λ̂ Ñ Λ is a desingularization, and assume Λ smooth: Λ is a compact Riemann sur-
face punctured in finitely many points. By assumption, all saddle periodic points of pfλq
can be locally followed holomorphically along Λ. Fix λ0 P Λ, and let n be such that
SPernpfλ0q is non-empty. There is a finite cover Λ1 of Λ, which is also a Riemann sur-
face of finite type, such that all points in SPernpfλ0q can be followed globally along Λ1.
For zλ0 P SPernpfλ0q with continuation zλ, the function λ P Λ1 ÞÑ λupzλq is holomor-
phic and takes values in CzD, hence it is constant. Likewise, the stable multipliers are
constant. It follows that Jacpfλq is constant on Λ1, hence on Λ. �

For f P AutpC2q, define Mkpfq by

(4.4) Mkpfq “ max
zPPerkpfq

ˆ

1

k
log

ˇ

ˇtrDzf
k
ˇ

ˇ

˙

.

Proposition 4.5. Let pfnq P pH1
dq

N be a diverging sequence of complex Hénon maps
with fixed Jacobian different from ´1. Then

lim
nÑ8

max pM1pfnq,M2pfnqq “ `8.

Proof. This relies on an explicit calculation. Write fpx, yq “ pay ` ppxq, xq, with
Jacpfq “ ´a ‰ ´1. The equation for fixed points is pay0 ` ppx0q, x0q “ px0, y0q, or
equivalently

(4.5)
1

1´ a
ppx0q “ x0 and y0 “ x0,

while the trace at such a fixed point is

(4.6) trpDpx0,y0qfq “ p1px0q “ p1´ aq

ˆ

1

1´ a
p

˙1

px0q.

For points of period 2 we obtain the following equivalent systems
#

ax0 ` ppay0 ` ppx0qq “ x0

ay0 ` ppx0q “ y0

ô

#

y0 “
1

1´a
ppx0q

x0 “
1

1´a
ppy0q

ô

#

y0 “
1

1´a
ppx0q

x0 “
`

1
1´a

p
˘˝2
px0q
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and the corresponding trace satisfies

tr
`

Dpx0,y0qf
2
˘

“ p1pay0 ` ppx0qqp
1
px0q ` 2a(4.7)

“ p1
ˆ

1

1´ a
ppx0q

˙

p1px0q ` 2a

“ p1´ aq2

˜

ˆ

1

1´ a
p

˙˝2
¸1

px0q ` 2a.

Now suppose that a ‰ 1 is fixed and the sequence fn : px, yq ÞÑ pay ` pnpxq, xq

diverges in H1
d as n goes to `8. Then ppnq diverges in Pd, and

`

1
1´a

pn
˘

diverges as
well. By [24, Thm A] some multiplier of period 1 or 2 of 1

1´a
pn must tend to infinity.

The above calculations then imply that the trace of the corresponding periodic point of
periods 1 or 2 of fn must tend to infinity as well, and we are done. �

Remark 4.6. The correspondence between periodic points of f and 1
1´a

p does not sur-
vive for higher periods, so we are fortunate that period 2 is enough in [24].

Proof of Theorem 4.1. If pfλqλPλ is an irreducible stable (of type (I)) algebraic family of
complex Hénon maps, then by Lemma 4.4, Jacpfλq is constant, as well as the unstable
multipliers of saddle points. On the other hand, if dimpΛq ě 1, Λ is unbounded in
H1
d, so by Proposition 4.5, we can find a periodic point of period ď 2 with an arbitrary

large trace. Such a point must eventually be a saddle, with unstable multiplier tending
to infinity. This contradiction finishes the proof. �

Proof of Theorem 4.2. Let us start with a preliminary remark: two Hénon maps f1 and
f2 defined by fipx, yq “ pay ` pipxq, xq are conjugate in AutpC2q if and only if the
affine conjugacy classes of the pi coincide: rp1s “ rp2s. Indeed, f1 and f2 must be
conjugate by a diagonal linear map of the form px, yq ÞÑ pβx, βyq with β P Ud´1, which
corresponds to linear conjugacy of the (monic, centered) polynomials pi.

To prove Theorem 4.2, we write fpx, yq “ pay ` ppxq, xq and apply the proof of
Proposition 4.5: it shows that, given a ‰ 1, Trace1pfq and Trace2pfq determine the
multipliers of periodic points of period at most 2 of 1

1´a
p. By [24, Thm C], there exists

a Zariski open set U Ă Pd such that a class rqs P U is uniquely determined in Pd by the
multipliers of its periodic points of period 1 and 2. Also, if p1 and p2 are monic and cen-
tered polynomials such that

“

1
1´a

p1

‰

“
“

1
1´a

p2

‰

, then rp1s “ rp2s. Thus, if p is monic
and centered and

“

1
1´a

p
‰

P U , then rps is determined by a, Trace1pfq and Trace2pfq.
Define a Zariski open subset V Ă H1

d by V “
 

pa, pq P C˚ ˆ Pcm
d ;

“

1
1´a

p
‰

P U , a ‰ 1
(

(where the superscript ‘cm’ stands for monic and centered, see § 5.2). The preliminary
remark implies that any f P V is determined up to conjugacy by a, Trace1pfq and
Trace2pfq, and the proof is complete.
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Now, being algebraic, if Σ2pf0q is infinite it must admit a component of dimension
ě 1, so it is unbounded in H1

d, and as before we get a contradiction. �

5. SOME PRELIMINARY FACTS FOR THEOREM E

5.1. Crossed and Hénon-like mappings.

5.1.1. Definitions. In this paper by definition a bidisk is a domain B Ă C2 that is
biholomorphic to a standard open bidisk D1 ˆ D2. It comes equipped with two pro-
jections π1 : B Ñ D1 and π2 : B Ñ D2, respectively called vertical and horizontal.
We always assume that the biholomorphism, hence also the projections extend holo-
morphically to some neighborhood of B in C2. The vertical and horizontal boundaries
are BvB “ π´1

1 pBD1q and BhB “ π´1
2 pBD2q, respectively. An object (subvariety, subdo-

main, current) is vertical (resp. horizontal) if it is disjoint from a neighborhood of BvB
(resp. BhB). We use a slightly different convention for lines: by definition, a horizontal
line (resp. vertical line) is a fiber of π2 (resp. π1). Since the πi are typically not linear,
those lines are usually not lines in the usual sense in C2.

Any horizontal submanifold V in B has a degree degpV q, defined as the degree of
the branched covering π1 : V Ñ D1. Likewise, any horizontal closed positive current
T has a slice mass smpT q, which is the mass of the positive measure T ^ rLvs, where
Lv is any vertical line. If T “ rV s is the integration current on a horizontal manifold,
then smpT q “ degpV q. Finally, if S (resp. T ) is a horizontal (resp. vertical) closed
positive current, the measure T^S is well-defined and its total mass satisfies }T ^ S} “
smpT q smpSq. We refer to [13] for these results. By convention, a horizontal disk ∆ is
a horizontal submanifold biholomorphic to a disk; in particular B∆ Ă BvB.

If B and B1 are two bidisks, a crossed mapping pf,B,B1q is the data of an injective
holomorphic map defined in a neighborhood of B, such that (i) fpBq X B1 ‰ H, (ii)
fpBvBq X B1 “ H, and (iii) fpBq X BB1 Ă BvB1. We abuse notation and simply write
f : B Ñ B1 even if by definition fpBq is not contained in B1. Crossed mappings were
introduced in [23], however this definition is from [13]. The degree of a crossed map-
ping is the degree of the horizontal curve fpLhqXB1, where Lh is any horizontal line in
B. If B “ B1 we say that f is a Hénon-like map.

5.1.2. Unramified maps. The following considerations are new (see Ishii [25] for re-
lated ideas).

Definition 5.1. A crossed mapping f : B Ñ B1 is unramified over BvB1 if for every
horizontal line Lh in B,

(i) fpLhq is transverse to BvB1, and
(ii) fpLhq X B1 is a disjoint union of holomorphic disks.
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An equivalent formulation of (i) is that there is a neighborhood N of BvB1 such that for
every Lh, π1|fpLhqXN is an unramified covering onto its image, hence the terminology.

Remark 5.2. In [38] Wermer constructed a domain Ω Ă C2 such that Ω is biholomor-
phic to a bidisk and ΩX pCˆ t0uq is not polynomially convex. This suggest that there
might exist crossed maps pf,B,B1q with a horizontal line that satisfies (i) but fails to
satisfy (ii). An easily checkable sufficient condition for (ii) is the following: the natural
projection π12 : B Ñ D12 extends holomorphically to fpBq. It holds for the unit bidisk
and more generally when π12 extends to a globally defined holomorphic map C2 Ñ C.
Indeed in this case

 

z P Lh, π12 ˝ fpzq P D
1
2

(

is a union of disks by the maximum prin-
ciple, and Lh X f´1pB1q is the union of the disks among those whose image intersects
B1. For completeness let us mention a more intrinsic version.

Lemma 5.3. Let Ω Ă C2 be a Runge domain. If D Ă C2 is a holomorphic disk
transverse to BΩ and D X Ω Ť D, then D X Ω is a disjoint union of disks. Thus,
Condition (i) implies Condition (ii) in Definition 5.1 when B1 is a Runge domain.

Proof. Write D X BΩ “
Ť

γi, where the γi are smooth Jordan curves. Let Di be the
Jordan domain inD bounded by γi. We claim that theDi are disjoint andDXΩ “

Ť

Di.
To prove this, observe that by Wermer’s theorem [37], the polynomial hull pγi is either
equal to γi or a Riemann surface bordered by γi. But Di Ă pγi, so pγi “ Di, and the
Runge property gives Di Ă Ω. Therefore the Di are disjoint and

Ť

Di Ă D X Ω.
Finally, Dz

Ť

Di is connected, is disjoint from BΩ, and contains points outside Ω (near
the γi, by transversality), so it is entirely outside Ω. We conclude that D X Ω “

Ť

Di,
as claimed. �

Proposition-Definition 5.4. Let f : B Ñ B1 be a crossed mapping that is unramified
over BvB1. Let Ω be a component of fpBq X B1. Let L be any horizontal line in B and
set V “ fpLq X Ω. Then V is non-empty and connected, and its horizontal degree is
independent of L. By definition, degpV q is the degree of the component Ω.

Moreover, ifW is any horizontal disk contained in Ω, degpW q is a multiple of degpV q.

If degpV q ě 2, the component Ω is said to be solenoidal. It will be clear from the
proof that for the conclusion to hold it is enough that the non-ramification property holds
in Ω, that is, we only need that π1|fpLhqXΩ is a covering near the boundary.

Proof. The first claim is that for every horizontal line L in B, fpLq intersects Ω. Indeed,
if Lv1 is any vertical line in B1 intersecting Ω, by the crossed mapping property f´1pLv1X

Ωq is a vertical submanifold in B, so it must intersect L and the claim follows.
Now, assume that Lv Ă B1 is a vertical line so close to BvB1 that for every horizontal

line L Ă B, fpLq is transverse to Lv. Let V “ fpLqXΩ and k “ degpV q. Then V XLv

is made of k distinct points a1pLq, . . . , akpLq, and since there are no tangencies between
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V and Lv, these points can be followed holomorphically with L. If aipL1q “ ajpL2q, we
must have L1 “ L2 because f is injective, and then i “ j because there are no collisions
between the aipLq. Thus, when L ranges over the set of horizontal lines in B (which is
a disk D2, each aipLq describes a topological disk ∆i, and these disks are disjoint. In
addition, if ∆ is a component of ΩXLv, then f´1p∆q is a vertical submanifold in B, so
it intersects L. This shows that ΩX Lv “

Ťk
i“1 ∆i and that k is independent of L.

Since V is a union of components of fpLq X B1, by Property (ii) of Definition 5.1 it
is a union of holomorphic disks. Let us show that V is connected. Pick a component
V 1 of V . The preimage f´1pBV 1q is a Jordan curve in L, and since fpLq is transverse to
BvB for every L, this Jordan curve can be followed holomorphically with L, cutting out
a connected vertical open subset U that is a component of f´1pB1qXB. Therefore fpUq
is a component of fpBq X B1 contained in Ω, hence fpUq “ Ω. This discussion shows
that f´1pΩq X L “ f´1pV 1q, but f´1pΩq X L “ f´1pV q by definition hence V “ V 1

and V is connected.
If we vary Lv Ă B1 by turning around BvB1, the points a1pLq, . . . , akpLq are permuted

by holonomy. Since V is a topological disk, it has a unique boundary component, so the
holonomy acts transitively on the ai (resp. on the disks ∆i). Let now W be an arbitrary
horizontal disk contained in Ω (which may have vertical tangencies near the boundary).
When varying Lv in a small neighborhood N of BvB1 in B1 (4) the disks ∆i form a
topological fibration of N XΩ over N X V . The number of points in W X∆i, counted
with multiplicity, is locally constant as Lv varies, and since the holonomy is transitive,
this number does not depend on i. Denoting it by `, we conclude that degpW q “ k`,
and the proof is complete. �

5.1.3. Iteration vs. cut-off iteration. When considering a Hénon-like map f : B Ñ B,
it is understood in [13] that iteration means cut-off iteration, that is, the only orbits that
we consider are those that never leave B. In other words, we only iterate f |f´1pBq (often
denoted f |B). Now suppose that the Hénon-like map f is the restriction of a global
holomorphic diffeomorphism f̃ of C2. Then, some orbits of f̃ might leave B before
entering it again. We say that f is iterated properly if f̃kpf̃pBqzBq X B “ H for every
k ě 0. This implies the corresponding property for negative iterates. For instance, if f̃
is a Hénon map and B “ Dp0, Rq2 is a sufficiently large bidisk, orbits leaving B must
escape to infinity, and this property holds.

Likewise, if f1 and f2 are two Hénon-like maps in B, which are restrictions of globally
defined mappings f̃i, their composition in the sense of Hénon-like maps is f2|B ˝ f1|B,
which may differ from pf̃2 ˝ f̃1q|B. This happens precisely when f̃2pf̃1pBqzBqXB ‰ H.
As above, we say that f2 and f1 are composed properly if f̃2pf̃1pBqzBq X B “ H, in

4We say that N is a neighborhood of BvB in B if N “ rN X B for some neighborhood of BvB in C2.
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which case f2|B ˝ f1|B “ pf̃2 ˝ f̃1q|B. This definition can be generalized to compositions
of arbitrary length.

In what follows, we will use the same notation for f and its extension f̃ , when such
an extension exists.

5.2. Estimates for polynomials in one variable. Recall that Pd “ PdpCq is the com-
plex variety of conjugacy classes of polynomials of degree d in one complex variable
under the action of the affine group. We view it as the quotient of the space Pcm

d » Cd´1

of monic and centered polynomials ppzq “ zd `
řd´2
j“0 ajz

j by the group of pd ´ 1qth

roots of unity, acting by p ÞÑ β´1ppβzq. For us, most of the time, it will be enough to
work on Pcm

d .

5.2.1. The maximal escape rate. Recall from Equation (1.5) that the maximal escape
rate is defined byMppq “ max tGppcq ; p1pcq “ 0u .We will be interested in the regime
where Mppq is large. As explained in [9], the asymptotic geometry of p depends on
Mppq. To see this, we define

(5.1) Rp “ eMppq;

as we will see, it provides a good measure of the size (or norm) of p P Pcm
d and of

the characteristic scale of its Julia set. For instance, the sublevel sets tGp ă tu are
connected precisely for t ąMppq.

5.2.2. The Böttcher coordinate. The Böttcher coordinate ϕp is defined on the open set

(5.2) Up “ tz P C; Gppzq ąMppqu

and provides a holomorphic diffeomorphism from Up to CzDRp such that

(5.3) Gppzq “ log |ϕppzq| @z P Up.

The reciprocal diffeomorphism will be denoted ψp : CzDRp Ñ Up. Both ϕp and ψp are
tangent to the identity at infinity: ϕppzq “ z `Op1{zq and ψppwq “ w `Op1{wq.

Recall the distorsion estimates of Koebe: if g : Dρ Ñ C is a univalent function such
that gp0q “ 0 and g1p0q “ 1, then

(5.4)
|u|

p1` |u| {ρq2
ď |gpuq| ď

|u|

p1´ |u| {ρq2
.

Applying these estimates to u ÞÑ 1{ψpp1{uq and making the change of variableψppwq “
z, we obtain

(5.5)
1

p1`Rp{ |ϕppzq|q2
ď
|ϕppzq|

|z|
ď

1

p1´Rp{ |ϕppzq|q2
.

This proves the following lemma.
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Lemma 5.5. The Böttcher coordinate ϕp : Up Ñ CzDRp satisfies

|z| ´ 3Rp ď |z| ´ 2Rp ´
R2
p

|ϕppzq|
ď |ϕppzq| ď |z| ` 2Rp ´

R2
p

|ϕppzq|
ď |z| ` 2Rp.

In particular, for r ą Rp, the curve

Sr “ tGp “ logprqu “ t|ϕ| “ ru “ tψpBDrqu

is contained in tr ´ 2Rp ď |z| ď r ` 3Rpu, and this set is an annulus when r ą 2Rp.

Consequently, tGp ăMppqu is contained in D4Rp; in fact, Proposition 3.5 of [9] gives

(5.6) tGp ăMppqu Ă D2Rp .

5.2.3. Estimates on the coefficients. If ppzq “ zd `
řd´2
j“0 ajz

j is a monic centered
polynomial of degree d, its derivative p1 is also centered and can be written p1pzq “
dpz´ c1q ¨ ¨ ¨ pz´ cd´1q, where the critical points ci of p satisfy

ř

i ci “ 0. For j ă d we
obtain

ad´j “ p´1qj
d

d´ j
σjpc1, . . . , cd´1q(5.7)

where σjpc1, . . . , cd´1q “
ř

1ďi1ă...ăijďd´1 ci1 ¨ ¨ ¨ cij is the j-th symmetric function,
while a0 P C is not determined by the ci. This gives the estimate

(5.8) |ad´j| ď

ˆ

d

j

˙

max t|c1| , . . . , |ck|u
j

for j ă d. From the inclusion (5.6), we immediately get

(5.9) |cj| ď 2Rp,

which gives |ad´j| ď
`

d
j

˘

p2Rpq
j for j ă d, and Proposition 3.6 of [9] asserts that

(5.10) |a0| ď 2p4Rpq
d.

Moreover, on Pcm
d the functions M : p ÞÑ Mppq and R : p ÞÑ Rp are continuous. Thus,

M andR are continuous and proper: a subset tps; s P Su of Pcm
d is bounded if and only

if the set tMppsq; s P Su is bounded.

Set A “ maxt|c1| , . . . , |cd´1| , |a0|
1{d
u. By (5.8), |ppzq| ď 2d |z|d as soon as |z| ě A

and, by the maximum principle, |ppzq| ď 2dAd for |z| ď A. By induction, we obtain

(5.11)
1

dn
log` |pnpzq| ď p1`

1

d
` ¨ ¨ ¨ `

1

dn´1
q logp2q ` log` |z|

when none of the |z|, . . ., |pn´1pzq| is smaller than A, and

(5.12)
1

dn
log` |pnpzq| ď p1`

1

d
` ¨ ¨ ¨ `

1

dn´1
q logp2q ` log`pAq
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otherwise. Thus, Gppzq ď
d
d´1

logp2q ` log` maxtA, |z|u. This implies that Mppq ď
d
d´1

logp2q ` log`pAq. With the inequalities (5.9) and (5.10), we obtain

(5.13) Mppq ´ 2 logp2q ď log` maxt|c1| , . . . , |cd´1| , |a0|
1{d
u ďMppq ` 3 logp2q.

5.2.4. Asymptotic estimates.

Lemma 5.6. If |z| ě Rp (resp. ě 2Rp), then
ˇ

ˇ

ˇ

ˇ

ppzq

zd
´ 1

ˇ

ˇ

ˇ

ˇ

ď 4d`1
R2
p

|z|2

ˆ

resp. ď 2d`4
R2
p

|z|2

˙

.

Proof. Write ppzq “ zd ` ad´2z
d´2 ` ¨ ¨ ¨ ` a1z ` a0 and use the above estimates to get

ˇ

ˇ

ˇ

ˇ

ppzq

zd
´ 1

ˇ

ˇ

ˇ

ˇ

ď

ˆ

d

2

˙ˆ

2Rp

|z|

˙2

` ¨ ¨ ¨ `

ˆ

d

d´ 1

˙ˆ

2Rp

|z|

˙d´1

` 2

ˆ

4Rp

|z|

˙d

.

If |z| ě Rp we obtain
ˇ

ˇ

ˇ

ˇ

ppzq

zd
´ 1

ˇ

ˇ

ˇ

ˇ

ď

ˆ

Rp

|z|

˙2
`

p1` 2qd ` 2 ¨ 4d
˘

ď 4d`1

ˆ

Rp

|z|

˙2

.

The case |z| ě 2Rp is similar. �

Here is a sharper upper bound, using another strategy of proof.

Lemma 5.7.

(1) For |z| ě 6Rp, we have the estimate
ˇ

ˇ

ˇ

ˇ

ϕppzq

z
´ 1

ˇ

ˇ

ˇ

ˇ

ď
6R2

p

|z|2
.

(2) For |z| ě 6
?
d´ 1Rp, we have

ˇ

ˇ

ˇ

ˇ

ppzq

zd
´ 1

ˇ

ˇ

ˇ

ˇ

ď p12d` 2q
R2

|z|2
.

Proof. Let us write ϕ for ϕp, and ψ for the inverse of ϕ. From Proposition 4.1 of [9],
we get |ψpwq{w ´ 1| ď 3R2

p{ |w|
2 for |w| ą Rp; thus, for z P Up we have

(5.14) |z ´ ϕpzq| ď 3
R2
p

|ϕpzq|
.

If |z| ě 2Rp then |z| ` 2Rp ď 2 |z| and |ϕpzq| ď 2 |z| by Lemma 5.5. If |z| ě 6Rp then
|z| ď 2p|z| ´ 3Rpq hence |z| ď 2 |ϕpzq|, again by Lemma 5.5. Thus for |z| ě 6Rp we
have |ϕpzq ´ z| ď 3R2

p{ |ϕpzq| ď 6R2
p{ |z|, which proves the first inequality.

Now, suppose that |z| ě 6
?
d´ 1Rp, in particular |z| ě 6Rp. Note that logp2q ą 1{6.

This implies that logpp1`tqd´1q ď pd´1qt ď logp2q as soon as 0 ď t ď 6R2
p{ |z|

2. Thus,
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the derivative of t ÞÑ p1`tqd is bounded from above by 2d on the interval r0, 6R2
p{ |z|

2
s.

This implies that

(5.15)
ˇ

ˇ

ˇ

ˇ

ϕpzqd

zd
´ 1

ˇ

ˇ

ˇ

ˇ

ď 12d
R2
p

|z|2

when |z| ě 6
?
d´ 1Rp. Now, if we apply Equation (5.14) to ppzq and use ϕ ˝ p “ ϕd

we get

(5.16)
ˇ

ˇ

ˇ

ˇ

ppzq

ϕpzqd
´ 1

ˇ

ˇ

ˇ

ˇ

ď 3
R2
p

|ϕpzq|2d
.

Put a “ ϕpzqd{zd and b “ ppzq{ϕpzqd. From (5.15) we get |ϕpzqd{zd ´ 1| ď 2{3 hence
|ϕpzq|d ě |z|d {3. Plugging this into (5.16) and using |z| ě 6 gives

(5.17) |b´ 1| ď
3R2

p

|ϕpzq|2d
ď

27R2
p

|z|2d
ď

27

|z|2d´2
¨
R2
p

|z|2
ď

3

4
¨
R2
p

|z|2
.

Then, from the elementary inequality |ab´ 1| ď |a´ 1| ` |b´ 1| ` |a´ 1| ¨ |b´ 1| we
obtain

ˇ

ˇ

ˇ

ˇ

ppzq

zd
´ 1

ˇ

ˇ

ˇ

ˇ

ď 12d
R2
p

|z|2
`

3

4
¨
R2
p

|z|2
` 12d

R2
p

|z|2
¨

3

4
¨

1

36pd´ 1q
(5.18)

ď

ˆ

12d`
3

4
`

1

4
¨

d

d´ 1

˙

R2
p

|z|2
ď p12d` 2q

R2
p

|z|2
,

as was to be shown.
�

5.3. Compositions of Hénon maps and the quantity Mpfq. Let us complete the dis-
cussion of § 1.2 by describing the lack of uniqueness in the Friedland-Milnor normal
form. Let d “ pdk, . . . , d1q be a multidegree and set d “

śk
i“1 di. Let g “ hk ˝ ¨ ¨ ¨ ˝ h1

be a composition of monic and centered Hénon maps hipx, yq “ paiy ` pipxq, xq of
respective degrees di “ degppiq.

First, conjugating g by hj ˝ ¨ ¨ ¨ ˝ h1 permutes the factors hi, which defines an action
of Z{kZ on normal forms by cyclic permutations. Second, the group Ud´1 “ tα P

C˚ ; αd´1 “ 1u acts on the normal form as follows. For α P Ud´1, consider the finite
sequence pαiq1ďiďk defined by α1 “ α and αi`1 “ αdii (so that αdkk “ α1), and set
sipx, yq “ pαix, αi´1yq where the index i is taken modulo k. Then, define

α ¨ g :“ s´1
1 ˝ g ˝ s1 “ h̃k ˝ ¨ ¨ ¨ ˝ h̃1, with h̃i “ s´1

i`1 ˝ hi ˝ si.(5.19)

This is another composition of monic and centered Hénon maps that is conjugate to g.
On the parameters aj P C˚ and pj “ xdj `

ř

bj,mx
m, this action of Ud´1 is given by
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the diagonal transformations

(5.20) α ¨ aj “ pα
´1
j`1αj´1qaj and α ¨ pj “ xdj `

dj´2
ÿ

m“0

pα´1
j`1α

m
j qbj,mx

m.

Altogether, we obtain an action of Z{kZ ˙ Ud´1 on Hk
d. Friedland and Milnor proved

that an element g1 of Hk
d » pC

˚qk ˆCd1´1 ˆ ¨ ¨ ¨ ˆCdk´1 is conjugate to g if and only
if g1 is in the orbit of g under this action.

Thus, the moduli space of polynomial automorphisms of C2 of multidegree d is the
quotient of Hk

d by Z{kZ ˙ Ud´1. In conclusion, two conjugacy invariants are attached
to a loxodromic automorphism f :

(5.21) rdpfqs P Nk
ě2{Z{kZ and rapfqs P pC˚qk{pZ{kZ˙ Ud´1q.

So, when talking about the multidegree or multi-Jacobian of an automorphism, there
is an abuse of notation since this quantity should be considered in the above quotient
space.

As in the introduction we define

(5.22) Mpgq “ maxpMppiqq, and Rg “ eMpgq

The radius Rg (sometimes abbreviated into R) will be the key geometric scale below.

Remark 5.8. The quantity Mpgq is not a conjugacy invariant, is varies under the Ud´1

action. To see this, for an arbitrary integer e ě 2 and c P C, let gc “ h1 ˝ hc, where
h1px, yq “ py ` xe, xq and hcpx, yq “ py ` x2 ` c, xq, so that d “ 2e. For c P C, set
pcpzq “ z2 ` c and

GMpcq “ lim
nÑ`8

2´n log` |pnc pcq| “ Gpcpcq “Mppcq,

which is the Green function of the Mandelbrot set M, so that

(5.23) Mpgq “ maxtMpp0q,Mppcqu “Mppcq

for every c P C. Now, fix α P Ud´1 and suppose by contradiction that Mpα ¨ gcq “
Mpgcq for any c. Formula (5.20) shows that α ¨ gc “ h1 ˝ hα´2c, so we obtain GMpcq “

GMpα
´2cq for some root of unity, hence GM is invariant under a non-trivial rotation,

and so is M, which is the desired contradiction.

To get a function that depends only on the conjugacy class of g in Hk
d, we set

(5.24) Mpgq :“ maxpMpα ¨ gq, α P Ud´1q,

where α ¨ g is as in (5.19). Then, when f P AutpC2q is loxodromic we define

(5.25) Mpfq “Mprf sq “Mpgq,

where g is any Friedland-Milnor normal form of f . The following lemma justifies that
this definition is well-behaved.
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Lemma 5.9. Let pfnq be a sequence of elements of Hk
d. Then

(1) Mpfnq Ñ 8 if and only if Mpfnq Ñ 8; for fixed a this holds if and only if fn tends
to infinity in Hk

d,a;
(2) Mpfnq „Mpfnq as nÑ 8;
(3) if furthermore the multi-Jacobian of fn does not depend on n, then Mpfnq Ñ 8 if

and only if Mpf´1
n q Ñ 8.

The third assertion does not hold when the multi-Jacobian is not fixed: indeed if
fpx, yq “ pay ` x2 ` c, xq then f´1 is conjugate to px, yq ÞÑ pa´1y ` x2 ` ca´2, xq, so
if cÑ 8 and |a|2 " |c|, then Mpfq Ñ 8 while Mpf´1q Ñ 0.

Proof. Set d “ pdk, . . . , d1q and pick f “ hk ˝ . . . ˝ h1 in Hk
d. Then, with notation as in

Equation (5.19), we have α ¨ f “ h̃k ˝ ¨ ¨ ¨ ˝ h̃1 with h̃ipx, yq “ pãiy ` p̃ipxq, xq, where
ãi “ α ¨ ai “ α´1

i`1αi´1ai and p̃ipxq “ α ¨ pi “ α´1
i`1pipαixq as in Equation (5.20). Note

that p̃i is not conjugate to pi when αi is not a pdi ´ 1qth-root of unity.
For a sequence pfnq, Mpfnq is unbounded if and only if Mppn,iq is unbounded for at

least one of the factors hn,i of the decomposition fn “ hn,k ˝ ¨ ¨ ¨ ˝ hn,1. And Mppn,iq
is unbounded if and only if Mpβ´1pn,ipαxqq is unbounded, for any pair of complex
numbers pα, βq of modulus 1 . Thus, Mpfnq is unbounded if and only if Mpα ¨ fnq is
unbounded. This proves the first assertion.

For the second assertion, we can apply directly the Inequality (5.13).
For the third assertion, we will show that the Friedland-Milnor normal form gn of f´1

n

has a multi-Jacobian determined by that of fn (up to some roots of unity) and Mpgnq Ñ
8. For this we write f´1 “ h´1

1 ˝ ¨ ¨ ¨ ˝ h´1
k with h´1

i px, yq “ py, ai
´1px´ pipyqq, so

that the involution τ : px, yq ÞÑ py, xq conjugates f´1 to f´ “ h´1 ˝ ¨ ¨ ¨ ˝ h
´
k , where

h´i px, yq “ pai
´1y ´ ai

´1ppxq, xq. The polynomials ´pi{ai are not monic. To get to a
normal form, we follow the method of [22] and conjugate f´ to

(5.26) `´1
k ˝ f ˝ `k “ `´1

k ˝ h̃1 ˝ `1 ˝ ¨ ¨ ¨ ˝ hk´1 ˝ `k´1˝`
´1
k´1 ˝ hk˝`k

where `ipx, yq “ pγix, δiyq. The `i must be chosen so that `´1
i h̃i`1`i`1 is monic and

centered, which corresponds to the system of equations:

(5.27)

$

’

&

’

%

δ´1
k´1γk “ 1 , ´a´1

k γdkk “ γk´1

...
...

δ´1
k γ1 “ 1 , ´a´1

1 γd11 “ γk

So the δi are determined by the γi and the γi are determined by a, up to some choice of
pd ´ 1qth root of unity. In this way we obtain a new automorphism g “ g1 ˝ ¨ ¨ ¨ ˝ gk,
with gipx, yq “ pbiy ` qipxq, xq with

(5.28) bi “ γ´1
i´1γi`1a

´1
i and qipxq “ ´γi´1a

´1
i pipγixq.
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We conclude that f´1 is conjugate to an element g P Hpb1,...bkq,pd1,...,dkq, with fixed
pb1, . . . bkq and that Mpfnq Ñ 8 implies that Mpgnq Ñ 8 �

6. DIVERGENCE OF LYAPUNOV EXPONENTS

Our first goal in this section is Proposition 6.10, which gives precise asymptotic
bounds for the Lyapunov exponents of compositions of Hénon maps. We first deal
with Hénon maps in § 6.1 and use this for the general case in § 6.2. In § 6.3 we derive
Theorem E, and then Theorem D, and complete the proofs of Theorems A, B and C. We
also discuss the compactness of the connectedness locus.

6.1. The case of Hénon maps. In this section we establish the following precise ver-
sion of Theorem E for complex Hénon maps.

Proposition 6.1. Let f : px, yq ÞÑ pay ` ppxq, xq with |a| ď Rd´1
f . Then

(6.1) χ`pµf q ď log d` dMpfq ` d logp15dq.

If furthermore |a| ď Rd´1
f {p400dq and Mpfq is sufficiently large then

(6.2) χ`pµf q ě log d`Mpfq ´
1

d
log

4

3
.

6.1.1. Discussion. The Manning-Przytycki formula, for the polynomial p provides the
estimate log d ` Mppq ď χpµpq ď log d ` pd ´ 1qMppq, so it is natural to wonder
whether the additional constants in the estimates are necessary (no real attempt is made
in the proof to optimize these constants).

It will be clear from the proof (5) that if we strengthen the assumption on a to |a| ď
hpRd´1q, with hptq “ optq for t Ñ 8, the lower bound becomes χ`pµf q ě log d `

M ` op1q. For the upper estimate, the question whether we can achieve the bound
χ`pfq ď log d` dM ` op1q is open, even for bounded a. A crude bound on how large
must Mpfq be for the estimate (6.2) to hold is given in Remark 6.7.

By Equation (5.13) the coefficients of p are of order of magnitude OpRdq, so the
assumption on |a|means that the Jacobian is not too large with respect to the coefficients
of p. Actually, allowing large |a| in Proposition 6.1 is not really meaningful: we only
do it because it will be useful later in Proposition 6.10. Indeed, a Hénon map with large
Jacobian is conjugate to the inverse of a Hénon map with small Jacobian, which together
with the formula χ`pµf q ` χ´pµf q “ log |a| leads to an estimate for χ`pµf q.

Let us develop this idea. First, the relation χ`pµf q`χ´pµf q “ log |a| gives χ`pµf q ě
log |a|. If |a| ě cRβ with β ą 1, this gives χ`pµf q ě β logM ` Op1q which is better
than the estimate (6.2).

5Indeed in Lemma 6.6 we can choose the horizontal radius of B2 to be opRdq, which improves the
lower bound on Gf in (6.26).
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Next, writing χ`pµf q “ log |a|` |χ´pµf q| “ log |a|`χ`pµf´1q reduces the problem
to finding good estimates for the Lyapunov exponent χ`pµf´1q of f´1 with respect
to µf´1 “ µf . But f´1px, yq “ py, 1

a
px ´ ppyqqq is conjugate to the normal form

p 1
a
y ` qpxq, xq, where qpxq “ ´ 1

aα
ppαxq for αd´1 “ ´a. This automorphism px, yq ÞÑ

p 1
a
y ` qpxq, xq is a small, invertible perturbation of the one-variable map x ÞÑ qpxq.

As such, it is eligible to the techniques of [15, §3]. In this paper q is considered to
be fixed, but the argument can easily be adapted to the case of a variable polynomial
q and yields χ`pfq “ log |a| ` χ`pqq ` op1q. Depending on the order of magnitude
of |a|, q diverges in Pd or not. For instance, suppose |a| ě cRβ

p and β is large enough
(β ą pd ´ 1q2{2 suffices). Then from the bounds (5.8) and (5.13) it is easy to see that
qpxq Ñ xd as RÑ 8. Then Theorem 1.3 in [15] implies that χ`pµf´1q Ñ log d, hence
χ`pµf q “ log |a| ` log d` op1q.

With these ingredients in hand, we can hope for a complete description of the behav-
ior of χ˘pµf q at infinity in H1

d.

6.1.2. Estimates on Gf and ϕf . Since in the following we only work with the forward
Green and Böttcher functions G`f and ϕ`f , for notational lightness we remove the su-
perscript `. It is well known that when f is fixed, |x| is large, and |y| ď |x|, then
Gf px, yq “ log |x| `Op1q and ϕf px, yq “ x`Op1q. We need to understand how large
x must be to get such an estimate when f varies in the space of Hénon maps. Under an
appropriate bound on the Jacobian, it turns out that the right scale is determined by Rf .

Proposition 6.2. Suppose |a| ď Rd´1
f . Then ϕf is well-defined in the domain defined

by |y| ď |x| and |x| ě 12dRf , and in this domain we have

ˇ

ˇ

ˇ

ˇ

ϕf px, yq

x
´ 1

ˇ

ˇ

ˇ

ˇ

ă 2
Rf

|x|
and |Gf px, yq ´ log |x|| ă 2

Rf

|x|
.

Proof. Denote pxn, ynq “ fnpx, yq. We come back to the construction of ϕf : recall
that ϕf px, yq “ limnÑ8pπ1 ˝ f

npx, yqq1{d
n
“ limnÑ8 x

1{dn

n as n goes to `8, for an
appropriate choice of pdnqth-root. For later use in Proposition 6.12 we split the proof in
two steps.
Step 1.– Estimation of xk.

Consider

(6.3) θpx, yq “
x1

xd
´ 1 “

π1 ˝ fpx, yq

xd
´ 1 “

ppxq ` ay

xd
´ 1.
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Since |x| ě 12dRf and |a| ď Rd´1
f , Lemma 5.7 implies that

|θpx, yq| ď p12d` 2q
R2
f

|x|2
`
Rd´1
f

|x|d´1
(6.4)

ď

ˆ

p12d` 2q
Rf

|x|
` 1

˙

Rf

|x|
ď

ˆ

2`
1

6d

˙

Rf

|x|
.

In particular, |θpx, yq| ď 1{11, so that

(6.5) |x1| ě p10{11q |x|d ě 10d |x| ě 20 |x| .

This implies that the domain defined by |y| ď |x| and |x| ě 12dRf is stable, that
|xk| ě p10dqk |x| ě 20k |x|, and that |θpxk, ykq| ď 1{11 for every k ě 0.
Step 2.– Estimation of ϕf . From now on we only use the bound |θpx, yq| ď 1{6.

Set ϕ0px, yq “ x and for n ě 1,

(6.6) ϕnpx, yq “ x
n´1
ź

k“0

`

1` θpfkpx, yqq
˘1{dk`1

where p¨q1{dn is the principal branch of the pdnq-th root. This makes sense because
ˇ

ˇθpfkpx, yqq
ˇ

ˇ ď 1{6 for all k ě 0. Therefore the infinite product converges andϕf px, yq “
limnÑ8 ϕnpx, yq is well-defined. To estimate this product we will use the following el-
ementary inequalities, where α “ 1.1

|exppvq ´ 1| ď α |v| for |v| ď 1{6,(6.7)

|logp1` uq| ď α |u| for |u| ď 1{6.(6.8)

(To prove these upper bounds, one simply expands exppvq and logp1 ´ uq in power
series). Let us write

`

1` θpfkpx, yqq
˘1{dk`1

“ 1` uk.

Then, the Inequalities (6.7) and (6.8) give

|uk| “

ˇ

ˇ

ˇ

ˇ

exp

ˆ

1

dk`1
log

`

1` θpfkpx, yqq
˘

˙

´ 1

ˇ

ˇ

ˇ

ˇ

ď
α2

dk`1

ˇ

ˇθ ˝ fkpx, yq
ˇ

ˇ ;(6.9)

and from Equation (6.4) and the lower bound |xk| ě 20k |x|, we derive

|uk| ď
α2

d

ˆ

2`
1

6d

˙

1

p20dqk
Rf

|x|
.(6.10)

Now, the modulus of
řn´1
k“0 logp1`ukq is bounded from above by α

řn´1
k“0 |uk|, and from

the last upper bound this is less than 1{6. Thus, inequality (6.7) and the definition of ϕn
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in (6.6) give
ˇ

ˇ

ˇ

ˇ

ϕnpx, yq

x
´ 1

ˇ

ˇ

ˇ

ˇ

“

ˇ

ˇ

ˇ

ˇ

ˇ

exp

˜

n´1
ÿ

k“0

logp1` ukq

¸

´ 1

ˇ

ˇ

ˇ

ˇ

ˇ

ď α2
n´1
ÿ

k“0

|uk|(6.11)

ď
α4

d

ˆ

2`
1

6d

˙ n´1
ÿ

k“0

ˆ

1

p20dqk

˙

Rf

|x|
ď

8

5

Rf

|x|
.(6.12)

The desired bound on ϕf follows by letting n go to 8. The corresponding estimate for
Gf is immediate by writing

(6.13) |Gf px, yq ´ log |x|| “

ˇ

ˇ

ˇ

ˇ

log

ˇ

ˇ

ˇ

ˇ

ϕf px, yq

x

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ď maxp|logp1` uq| , |logp1´ uq|q,

where u “ |ϕf px, yq{x´ 1| is bounded by p8{5qp1{12dq ď 1{15 by (6.12), hence
maxp|logp1˘ uq|q ď αu, and the inequality 8α{5 ă 2 completes the proof. �

Proposition 6.3. Keep notation as above, and suppose as before that |a| ď Rd´1
f . Let

V ` “ tpx, yq ; |x| ą maxp|y| , 12dRf q ` 4Rfu .

Then for every px0, y0q P V
`, the subvariety tϕf px, yq “ ϕf px0, y0qu is a vertical graph

in V `, whose slope over the disk t|y| ď |x0| {2u is bounded by 5Rf
|x0|

. Furthermore,
Φ : px, yq P V ` ÞÑ pϕf px, yq, yq is a biholomorphism onto its image, which contains
tpx, yq ; |x| ą maxp|y| , 12dRf q ` 6Rfu.

Proof. By Proposition 6.2, we have |ϕf px, yq ´ x| ă 2Rf when |x| ě maxp|y| , 12dRf q.
Let px0, y0q be an element of V ` and set x› “ ϕf px0, y0q, which satisfies |x›| ě |x0| ´

2Rf ą p12d ` 2qRf . Set R› “ |x›| ´ 2Rf . The disk Dp0, R›q contains Dp0, 12dRf q.
Fix y1 in Dp0, R›q and consider the function z ÞÑ ϕf pz, y1q ´ z for z P Dpx›, 2Rf q. For
such a z, we have |z| ě |y1| and |z| ě 12dRf , so that Proposition 6.2 can be applied to
pz, y1q. The functions hpzq “ ϕf pz, y1q ´ x› and gpzq “ z ´ x› are holomorphic on
Dpx›, 2Rf q and on BDpx›, 2Rf q they satisfy |h´ g| “ |ϕf pz, y1q ´ z| ă 2Rf “ |gpzq|.
By Rouché’s theorem, there exists a unique x1 P Dpx›, 2Rf q such that ϕf px1, y1q “ x›.
Hence tϕf px, yq “ ϕf px0, y0qu is a vertical graph y ÞÑ pγpyq, yq for some holomorphic
function γ defined on Dp0, R›q such that γ ´ x› takes its values in Dp0, 2Rf q. The
Schwarz-Pick lemma guarantees that for y P Dp0, p2{3qR›q,

|γ1pyq| ď
1

1´ p2{3q2
2Rf

R›
“

18

5

Rf

R›
.

From R› ě |x0| ´ 4Rf , we obtain R› ě p6{7q |x0|, hence also p2{3qR› ě p1{2q |x0|.
Since p18{5qp7{6q ă 5, we get |γ1pyq| ă 5

Rf
|x0|

for y in Dp0, |x0| {2q.

The same argument says that ϕf p¨, y1q is injective for |x| ą maxp|y| , 12dRf q ` 4Rf ,
which together with the estimate of Proposition 6.2 implies the last assertion. �
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6.1.3. Crossed mappings. Let B1 “ Dp0, 10Rf q
2. It is an easy consequence of Lemma 5.5

that for |a| ď Rd´1
f , f is a Hénon-like map in B1. Here is a sharper result:

Lemma 6.4. With notation as above, if |a| ď Rd´1
f then f is a crossed map of degree d

from B1 to B3 :“ Dp0, 6dRd
f q ˆ Dp0, 10Rf q.

Remark 6.5. As the proof will show, the conclusion of the lemma hold ifRf is replaced
by any larger radius R. This will be used in Proposition 6.10.

Proof. We have to show that (i) fpBvB1q X B3 “ H, (ii) fpB1q X BB3 Ă B
vpB3q, and

(iii) fpB1q X B3 ‰ H. Recall that Rf “ Rp.
For the first condition, we observe that px, yq P BvB1 means |y| ď 10Rf “ |x|. The

lower bound of Lemma 5.5 gives |ϕppxq| ě 7Rf , so |ϕppppxqq| ě p7Rf q
d; then, the

upper bound gives |ppxq| ě p7Rf q
d ´ 2Rf . Therefore

(6.14) |ppxq ` ay| ě p7Rf q
d
´ 2Rf ´ 10Rd

f ě p7
d
´ 12qRd

f ą 6dRd
f .

To establish property (ii), suppose px, yq P B1 is such that fpx, yq P BB3. Property (i)
implies |x| ă 10Rf , so that |π2 ˝ fpx, yq| “ |x| ă 10Rf , that is, fpx, yq P BvB3.

For property (iii), consider the horizontal line L “ tpx, 0q ; |x| ď 10Rfu Ă B1. Its
image by f is parametrized by x ÞÑ pppxq, xq, and the estimate obtained for ppxq above
in proving (i) shows that the first projection x ÞÑ ppxq realizes a branched covering of
degree d from Dp0, 10Rf q to a domain containing Dp0, 6dRd

f q. This proves (iii) and the
fact that the crossed mapping f is of degree d. �

Proof of the upper estimate (6.1). It is shown in [15, Thm A.2] that if ϕf is well defined
on a neighborhood of K´XtGf ą tu, then χ`pµf q ď log d` dt (the infimum of such t
is by definition the fastest escape rate Gmaxpfq). We will show that for |a| ď Rd´1

f , this
is true for t “Mpfq ` logp15dq.

Set B0 “ Dp0, 12dRf q
2 and V `0 “ tpx, yq ; |y| ď |x| , |x| ě 12dRfu. Lemma 6.4

and Remark 6.5 show that f is a Hénon-like map of degree d in B0. In particular,
K´ X B0 is horizontally contained in this bidisk. Furthermore, since π2 ˝ fpx, yq “ x,
we see that fpB0q Ă B0 Y V `0 , that is every point escaping B0 escapes through V `0 . So
if px, yq R B0YV

`
0 , we cannot have f´npx, yq P B0, which implies thatK´ Ă B0YV

`
0 .

Proposition 6.2 gives Gf ď logp12dRf q ` 1{p6dq along the vertical boundary of B0.
Applying the maximum principle on horizontal lines, we obtain the same estimate in
B0. We deduce that if px, yq belongs to K´ X tGf ą logp12dRf q ` 1{p6dqu, then it
belongs to V `0 , so Proposition 6.2 applies and ϕf is well defined near px, yq. Thus, the
inequality logp12q ` 1{p6dq ď logp15q concludes the proof. �

6.1.4. Folding. We now study how a dominant critical point of p folds fpB1q in B3. Let
c be a critical point of p with Gppcq “ Mppq and let v “ ppcq be the corresponding
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critical value. Note that v can be the image of several critical points. The next statement
uses the vocabulary introduced in § 5.1.

Lemma 6.6. Assume that |a| ď Rd´1
f {p400dq. Then, if Mpfq is large enough with

respect to d, there exists s P r1, 2s such that the set

B2 :“ ϕ´1
f pDpv, sR

d
f{8qq X π

´1
2 pDp0, 10Rf qq

is a vertical sub-bidisk in B3 in the pϕf , yq coordinates, and f realizes a crossed map-
ping of degree d from B1 to B2 that is unramified over BvB2, and admits a solenoidal
component (relative to the projection ϕf ).

Proof. For notational lightness we write R “ Rf “ Rp. We assume in a first stage that
R satisfies the requirements of Proposition 6.2 and increase it further if necessary.
Step 1.– Construction of a bidisk B12 in the px, yq coordinates.

Counted with multiplicities, p has pd´ 1q critical values, one of them being v. When
y ranges in Dp0, 10Rq, the critical values of x ÞÑ ppxq ` ay describe disks ∆j , each of
which of radius 10R |a| ď Rd{p40dq. Subdivide the interval

“

Rd{8, Rd{4
‰

into 2d sub-
intervals of the form

“

sk´1R
d{8, skR

d{8
‰

, with sk “ 1` k{p2dq, 1 ď k ď 2d, and con-
sider the corresponding family of 2d concentric annuliAk :“ Dpv, skRd{8qzDpv, sk´1R

d{8q.
Since a disk ∆j can intersect at most two consecutive annuli and one of them is centered
at v, there is k› such that Ak› is disjoint from all the ∆j .

We define B12 “ Dpv, s›Rd{8q ˆ Dp0, 10Rq, where s› “ 1
2
psk›´1 ` sk›q. We want to

prove that the crossed map f : B1 Ñ B12 is unramified over BvB12. For this, we introduce
the annulus A1 Ă Ak› defined by

A1 “ Dpv, s›Rd
{8qzDpv, ps› ´ 1{10dqRd

{8q,

so that A1 ˆ Dp0, 10Rq is a neighborhood of BvB12 in B12.
For |y| ď 10R let us estimate the slope of fpDp0, 10Rq ˆ tyuq over A1. This disk is

parametrized by t ÞÑ pay`pptq, tq, with |t| ď 10R. So, we fix t such that ay`pptq P A1,
and our goal is to bound the derivative |p1ptq| from below.

Let δ “ distpt,Critppqq. Writing p1ptq “ d
śd´1

j“1pt´ cjq we see that |p1ptq| ě dδd´1.
On the other hand, distppptq, ppCritppqqq ď δ}p1}Dp0,10Rq, and since by (5.6) all critical
points of p are contained in Dp0, 2Rq we see that }p1}Dp0,10Rq ď dp12Rqd´1. Since
ay ` pptq P A1 and Ak› is disjoint from the disks ∆j , the distance between pptq and
ppCritppqq is ě p1{10dqRd{8. So we infer that

(6.15)
Rd

80d
ď distppptq, ppCritppqqq ď δdp12Rqd´1,

hence δ ě cdR with

(6.16) cd “
1

80d2p12qd´1
,
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B1 B2

B′
2

B3

f(B1)
Ω

B0

FIGURE 2. Proof of Lemma 6.6. The boundaries of the bidisks B12 and B3 are
dotted and the solenoidal component of fpB1q X B2 is shaded.

and we conclude that

(6.17) |p1ptq| ě dcd´1
d Rd´1.

Therefore, the complex tangent vector pp1ptq, 1q to fpDp0, 10Rq ˆ tyuq at fpt, yq is
far from the vertical direction, and condition (i) of Definition 5.1 is satisfied. By Re-
mark 5.2, since B12 is a genuine bidisk in C2, condition (ii) is automatically satisfied and
if follows that f : B1 Ñ B12 is unramified over BB12.
Step 2.– Perturbation to the pϕf , yq coordinates, and construction of B2.

We set s “ s›´1{p100dq and B2 “ Φ´1pDpv, sRd{8qˆDp0, 10Rqq, where Φpx, yq “

pϕf px, yq, yq. Here, we want Dpv, sRd{8q ˆ Dp0, 10Rq to be contained in the image of
Φ, i.e. in the open set tpx, yq ; |x| ą maxp|y| , 12dRf q ` 6Rfu from Proposition 6.3. To
get this inclusion, we rely on the estimates of Lemma 5.5: it suffices that Rd ě 40dR.
Then, by construction B2 is a bidisk in the pϕf , yq coordinates. Moreover, it is a vertical
sub-bidisk of B3, in the sense that the identity map defines a crossed mapping of degree
1 from B3 to B2 (see Figure 2). Then, by composition pf,B1,B2q defines a crossed map
of degree d.

From our assumption on R the conclusions of Propositions 6.2 and 6.3 hold in B2.
So, if furthermore 4R ă |s´ s›|Rd{8, that is Rd´1 ą 3200d, we get

(6.18) Dpv, ps› ´ 2{p100dqqRd
{8q ˆ Dp0, 10Rq Ă B2 Ă B12.

Likewise if we define

(6.19) A “ Dpv, sRd
{8qzDpv, ps´ 98{p100dqqRd

{8q,

then Φ´1pAˆDp0, 10Rqq is a neighborhood of BvB2 that is contained inA1ˆDp0, 10Rq.
We can now prove that the crossed mapping f : B1 Ñ B2 is unramified over BvB2.

The x-coordinate in A1 is bounded below by Rd{2, hence by Proposition 6.3, the slope
of the ϕf -fibers over the second coordinate in Φ´1pA ˆ Dp0, 10Rqq is bounded by
5R{pRd{2q “ 10{Rd´1. It follows from the lower bound (6.17) that if 10{Rd´1 ă
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dcd´1
d Rd´1 (so R ą 30dp12qpd´1q{2 is enough), the image of any horizontal line L in

B1 is unramified over BvB2, that is, condition (i) of Definition 5.1 holds. Let us check
condition (ii). Since the non-ramification property extends to B12, any component ∆1 of
fpLqXB12 is of the form ∆XB12, where ∆ is a component of fpLqXB2. As observed in
Step 1, ∆ is a holomorphic disk because B12 is defined by global projections. In addition,
ϕf is defined in a neighborhood of B2, so ∆1 “ ∆X ϕ´1

f pDpv, sRd{8qq, which is a disk
by the maximum principle. From this, we conclude that pf,B1,B2q is unramified over
BvB2.

Finally, let us show that fpB1qXB2 admits a solenoidal component Ω. Indeed, look at
the component U Ă C of p´1pDpv, s›Rd{8qq containing c (it may contain other critical
points (6)). By the non-ramification property, if |y| ď 10R then x ÞÑ ϕf ˝ fpx, yq

has no critical point in a neighborhood of BU . Let Ω be the component of fpB1q X B2

containing fpU ˆ t0uq X B2. Since p : U Ñ Dpv, s›Rd{8q is a branched covering of
degree q ě 2, the above analysis shows that ϕf ˝ fp¨, 0q is also of degree q in U X pϕf ˝
fq´1pDpv, sRd{8q. This proves that Ω has degree q, so it is solenoidal. �

Remark 6.7. The proof requiresRf ě maxpp3200dq1{pd´1q, 30dp12qpd´1q{2q, which also
guarantees the assumption |a| ď Rd´1

f {p400dq for any given |a| ď 1, say. For d ď 4, a
sufficient condition is Mpfq ě 9.

Lemma 6.8. Under the assumptions of Lemma 6.6, fpB1q X B1 is disconnected, f has
a disconnected Julia set, and f is unstably disconnected.

Proof. Equivalently, let us show that f´1pB1q X B1 is disconnected. For this, we claim
that for every componentU of tGp ăMpfqu, f´1pB1qXB1 admits a vertical component
contained in UˆDp0, 10Rf q. Indeed, p sends BU onto the Jordan curve tGp “ dMpfqu.
Thus, applying exactly the same estimates as for Lemma 6.4, we see that f defines a
crossed mapping from U ˆ Dp0, 10Rf q to B1 (and even B3) and the claim follows.

To prove that Jf is disconnected, it is enough to show that every component of
fpB1q X B1 intersects Jf (more precisely J›f ). Indeed, a component Ω of fpB1q X B1 is
a horizontal open subset of B1. If Lv is any vertical line intersecting Ω, f´1pΩX Lvq is
a vertical submanifold in B1, so it intersects every horizontal positive closed current, in
particular T´. Pushing forward by f , and using the invariance relation f˚T´ “ dT´,
we deduce that T´ intersects Ω X Lv. Therefore T´ admits a component of positive
mass in Ω, which must intersect T`, and finally T` ^ T´ gives positive mass to Ω, as
desired.

Finally, if |a| ď 1, Theorem 0.2 in [6] implies that f is unstably disconnected, while
if |a| ą 1 this is automatic (see [6, Cor. 7.4]). �

6It is a feature of our proof that for f we cannot distinguish v from any other critical value located at
a distance opRdq from it.
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6.1.5. Conclusion of the proof of Proposition 6.1. The argument is based on the for-
mula for χ` given in [5], and uses ideas from [15]. The critical measure µ´c from [5]
is obtained by putting a point mass at every tangency point between the “unstable lam-
ination” and the foliation induced by the fibers of ϕf in C2zK`, and integrating with
respect to the transverse measure (see [5] or [15, §2.4] for a formal presentation). The
positive measure Gfµ

´
c is invariant, and the formula of [5] reads

(6.20) χ`pµf q “ log d`

ż

tAďGfădAu
Gfµ

´
c ,

where A ą 0 is arbitrary.
By Lemma 6.8, f is unstably disconnected and we will take advantage of this property

to control the critical measure. By [14, Thm 2.4], in every bidisk B in which T´ is
horizontal, T´|B admits a decomposition

(6.21) T´|B “
8
ÿ

k“1

T´k ,

where T´k is an integral of horizontal disks of degree k. If in addition B is a bidisk in the
coordinates pϕf , yq, the critical points are the points of tangency between the vertical
direction (i.e. the fibers of ϕf ) and the leaves of T´k . By the Riemann-Hurwitz formula,
any horizontal disk of degree k admits k ´ 1 vertical tangencies. Furthermore, the total
transverse measure of T´k is 1{k times the mass of the vertical slices of T´k : indeed,
intuitively, the contribution of a horizontal disk of degree k to the slice mass is k times
the transverse measure of one local plaque. We have thus established the following
result (see [15, Prop. 2.15] for details)

Lemma 6.9. Assume that f is unstably disconnected, and let B be a bidisk in the pϕf , yq
coordinates in which T´|B is horizontal. Write the decomposition T´|B “

ř8

k“1 T
´
k as

above. Then

µ´c pBq “
8
ÿ

k“1

k ´ 1

k
smpT´k q,

where smp¨q is the slice mass.

We are now ready to prove the lower estimate (6.2). We resume the notation from
§ 6.1.3-6.1.4 in particular the bidisks B1, B2. Since by Lemma 6.8 f is unstably dis-
connected, T´|B2 admits a decomposition of the form (6.21). Let Ω be the solenoidal
component of fpB1q X B2 constructed in Lemma 6.6, and q ě 2 be its degree. By
Proposition 5.4 the degree of every horizontal disk in the decomposition of T´|B2 is a
multiple of q, so we may write T´|Ω “

ř8

`“1 T
´
q` . We claim that the slice mass of the

horizontal current T´|Ω equals q{d. Indeed, if Lv is any vertical line in B2 (that is, a
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fiber of ϕf ),

(6.22)
›

›pT´|Ωq ^ rLvs
›

› “
›

›pT´ ^ rLvsq|Ω
›

› “
›

›T´ ^ rLv X Ωs
›

›

is independent of Lv (where }¨} denotes the mass of a positive measure) and is precisely
the slice mass of T´|Ω. By definition of the degree of a solenoidal component, f´1pLvX

Ωq is a vertical submanifold of degree q: indeed for any horizontal line Lh in B1,

#pLh X f´1
pLv X Ωqq “ #pfpLhq|Ω X Lvq “ q.

Hence by invariance we get
(6.23)

›

›T´ ^ rLv X Ωs
›

› “
›

›f˚pT´ ^ rLv X Ωsq
›

› “

›

›

›

›

ˆ

1

d
T´ ^ rf´1

pLv X Ωqs

˙
›

›

›

›

“
q

d
.

Applying Lemma 6.9 to T´|Ω, we estimate the critical mass of Ω:

µ´c pΩq “
8
ÿ

`“1

q`´ 1

q`
smpT´q`q ě

q ´ 1

q

8
ÿ

`“1

smpT´q`q(6.24)

“
q ´ 1

q
smpT´|Ωq “

q ´ 1

d
ě

1

d
.

We claim that if Rf is chosen so large that Lemma 6.6 applies, then

(6.25)
3

4
Rd
f ď |ϕf | ď

5

4
Rd
f

on B2. Indeed in this region we have |ϕf px, yq ´ x| ď 2Rf and for px, yq P B2 we have
ϕf px, yq P Dpv, sRd{8q, where s ď 2 ´ 1{p100dq. We leave the reader check that the
condition Rd´1 ě 3200d suffices to ensure the desired estimate.

Set A “ dMpfq ` log 3
4
. Then the fundamental domain tA ď Gf ă dAu contains

B2 as soon as pd2 ´ dqMpfq ą d logp4{3q ` logp5{4q. Thus, by the Bedford-Smillie
formula (6.20) and the bound (6.23) we get

(6.26) χ`pµf q ě log d`

ż

Ω

Gfµ
´
c ě log d`

A

d
“ log d`Mpfq `

1

d
log

3

4
,

thereby completing the proof. �

6.2. Compositions of Hénon maps. Recall that for a composition f “ hk ˝ ¨ ¨ ¨ ˝ h1,
we defined Mpfq “ maxpMphiqq “ maxpMppiqq.

Proposition 6.10. Let f “ hk˝¨ ¨ ¨˝h1, with hipx, yq “ paiy`pipxq, xq be a composition
of monic and centered Hénon maps, with |ai| ď Rdi´1

f for every i. Then

(6.27) χ`pµf q ď log d` dMpfq ` d logp15dq.
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If furthermore |ai| ď Rdi´1
f {p400diq for every i and Mpfq is sufficiently large, we have

the estimate

(6.28) χ`pµf q ě log d`Mpfq ´
1

minpdiq
log

4

3
.

Remark 6.11. In the case of Hénon maps we can use f´1 to obtain an estimate without
any bound on |a| (see § 6.1.1), but for compositions of Hénon maps this trick cannot be
used, so it makes sense to consider the possibility for the ai to be large. Furthermore, our
method breaks down if the assumption on the ai is dropped: see Example 6.15 below
for the discussion of a specific example. To compare with the discussion of § 6.1.1, we
thus have found a large region in the space of compositions of Hénon maps where the
Lyapunov exponents of µf can be understood, but for k ě 2, a part of the parameter
space remains in the shadow.

The main part of the proof is already contained in that of Proposition 6.1, that we will
apply to a factor hi from the composition that maximizes Mppiq. We first need to get
good estimates for Gf and ϕf . (Again no effort is made to optimize the constants.)

Proposition 6.12. Let f “ hk ˝ ¨ ¨ ¨ ˝ h1 be as above, with |ai| ď Rdi´1
f for every i.

Then ϕf is well-defined in the domain defined by |y| ď |x| and |x| ě 12dRf , and in this
domain we have

ˇ

ˇ

ˇ

ˇ

ϕf px, yq

x
´ 1

ˇ

ˇ

ˇ

ˇ

ď 2
Rf

|x|
and |Gf px, yq ´ log |x|| ď 2

Rf

|x|
.

Proof. As before we denote by V `0 the domain t|x| ą 12dRf , |y| ă |x|u, and we define
px1, y1q “ fpx, yq and θpx, yq “ x1{x

d ´ 1. Thanks to Proposition 6.2 we may assume
k ě 2, hence d ě 4.

Suppose that we can prove

(6.29) |θpx, yq| ď 4
Rf

|x|
@px, yq P V `0 ,

so in particular, |θ| ď 1{6 in V `0 . Then, we can follow the proof of Proposition 6.2.
First, an immediate adaptation of the bound (6.5) (using d ě 4) shows that V `0 is
stable under f . Then, the second step of the proof shows that in V `0 the two estimates
|ϕf px, yq ´ x| ď 2Rf and |Gf px, yq ´ log |x|| ď 2

Rf
|x|

hold.

To obtain the bound (6.29), we set px10, y
1
0q “ px, yq and px1i, y

1
iq “ hi ˝ ¨ ¨ ¨ ˝ h1px, yq

for 1 ď i ď k, so that px1k, y
1
kq “ px1, y1q. Since we assume that |x| ě 12dRf , we have

|x| ě 12diRhi for every i. Define

(6.30) θ1i`1 “
x1i`1

px1iq
di`1

´ 1 “
π1 ˝ hi`1px

1
i, y

1
iq

px1iq
di`1

´ 1
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and write

x1 “ x1k “
x1k

px1k´1q
dk

ˆ

x1k´1

px1k´2q
dk´1

˙dk

¨ ¨ ¨

ˆ

x11
px10q

d1

˙dk¨¨¨d2

xd

“ xdp1` θ1kq
k´1
ź

i“1

p1` θ1iq
dk¨¨¨di`1 .(6.31)

Since |x| ě 12dRf ě 12d1Rh1 , reasoning as in (6.4) we get |θ11| ď 1{11 and then
we obtain |x11| ě 10d |x|. This gives also |y11| “ |x| ď |x11|. Thus we can iterate this
reasoning and we infer that

ˇ

ˇx1i`1

ˇ

ˇ ě 10d |x1i| and
ˇ

ˇy1i`1

ˇ

ˇ ă
ˇ

ˇx1i`1

ˇ

ˇ, hence |x1i| ě p10dqi |x|

for 1 ď i ď k. Again by (6.4) and the bound Rf ě Rhi , for i ě 1 we get

(6.32)
ˇ

ˇθ1i`1

ˇ

ˇ ď

ˆ

2`
1

6d

˙

Rf

|x1i|
ď

25

12p10dqi
Rf

|x|
ď

2

p10dqi`1
,

because |x| ě 12dRf . Combining (6.31) and (6.32) we obtain

|θpx, yq| “
ˇ

ˇ

ˇ

x1

xd
´ 1

ˇ

ˇ

ˇ
ď |θ1k|

k´1
ź

i“1

p1` |θ1i|q
d
ď

25

12p10dqk´1

Rf

|x|

k´1
ź

i“1

ˆ

1`
2

p10dqi

˙d

.

Using the bound (6.8) and d ě 4, one checks that the last product on the right hand side
is bounded by 2. Since k ě 2 we reach the bound |θpx, yq| ď Rf

|x|
. This proves (6.29),

hence also the proposition. �

Proof of Proposition 6.10. Since Rhi ď Rf for every i, by Lemma 6.4 and Remark 6.5,
hi is a Hénon-like map in B1 “ Dp0, 10Rf q

2. Furthermore, the estimates used to obtain
Lemma 6.4 and Proposition 6.12 show that a point leaving B1 under hi will never re-
enter under a composition of the hj , so any composition hin ˝ ¨ ¨ ¨ ˝hi1 is proper in B1 in
the sense of § 5.1.3.

Proposition 6.3 does not depend on the fact that f is a Hénon map (rather than a com-
position of Hénon maps), so it holds verbatim in our setting, with the same numerical
constants. Then the proof of the upper bound for χ`pµf q is identical to the correspond-
ing one in Proposition 6.1.

After a cyclic permutation of the hi (which does not affect the Lyapunov exponents)
we may assume that Rf “ Rhk . Let c be a critical point of pk such that Gpkpcq “Mpfq

and v “ pkpcq.

Lemma 6.13. Assume that |ak| ď Rdk´1
f {p400dkq. Then if Mpfq is large enough there

exists s P r1, 2s such that B2 :“ ϕ´1
f pDpv, sR

dk
f {8qq X π

´1
2 Dp0, 10Rf q is a vertical sub-

bidisk in B3 :“ Dp0, 6dkRdk
f q ˆ Dp0, 10Rf q in the pϕf , yq coordinates, and hk realizes

a crossed mapping of degree d from B1 to B2 that is unramified over BvB2, and admits
a solenoidal component (relative to the projection ϕf ).



MULTIPLIER RIGIDITY FOR COMPLEX HÉNON MAPS 45

Proof. This is Lemma 6.6 applied to hk, with the only difference that for the vertical
projection in B2 we use ϕf and not ϕhk . So for the proof we can apply Step 1 to hk
without modification, and in Step 2 we just incorporate the fact that since |x| ě Rdk

f {2 in
a neighborhood of B2, the slope of the vertical fibers tϕf “ Cstu is bounded by 10R1´dk

f

and we proceed exactly in the same way. �

Lemma 6.14. Under the assumptions of Lemma 6.13, fpB1q X B1 is disconnected, the
Julia set Jf is disconnected, and f is unstably disconnected.

Proof. Indeed, we observe that Lemma 6.8 can be applied to hk, so hkpB1q X B1 is
disconnected. Let Li “ d´1

i 1B1phiq˚ be the graph transform operator for currents asso-
ciated to the Hénon-like map hi in B1. The fact that the hi are composed properly guar-
antees that Lk ¨ ¨ ¨L1 “ L “ d´11B1f˚, in particular LkpLk´1 ¨ ¨ ¨L1pT

´|B1qq “ T´|B1

(where T´ “ T´f ), and also

(6.33) d´1
k phkq˚

`

Lk´1 ¨ ¨ ¨L1pT
´|B1q

˘

|B3 “ T´|B3 .

Arguing as in Lemma 6.8, we infer that T´ “ LkpLk´1 ¨ ¨ ¨L1pT
´|B1qq admits a com-

ponent of positive mass in every component of hkpB1q X B1, which must thus intersect
T`, thus J›f intersects every component of hkpB1q X B1 and we are done. �

Since f is unstably disconnected, T´|B3 admits a decomposition into an integral of
horizontal disks of finite degree in B3, so by restriction this holds in B2 as well. By
Lemma 6.13, hkpB1q X B2 admits a solenoidal component Ω of some degree q ě 2, so
the degree of any horizontal submanifold in Ω is a multiple of q. We claim that the slice
mass of T´|Ω equals q{dk. For this, we take a vertical fiber L of ϕf in B2, and exactly
as in the argument around Equation (6.22), we see that the mass of T´ ^ rL X Ωs is
independent of L, and that h´1

k pL X Ωq is a vertical manifold in B1 of degree q. Using
the identity (6.33), we get

›

›T´ ^ rLX Ωs
›

› “
›

›h˚kpT
´
^ rLX Ωsq

›

›(6.34)

“

›

›

›

›

ˆ

1

dk
Lk´1 ¨ ¨ ¨L1pT

´|B1q ^ rh
´1
k pLX Ωqs

˙›

›

›

›

“
q

dk
,

and our claim is proved. Then, as in (6.23), the critical mass of Ω is ě 1{dk.
For the final estimate we argue as in Proposition 6.1: since for large Mpfq

(6.35) Ω Ă

"

3

4
Rdk
f ď |ϕf | ď

5

4
Rdk
f

*

Ă tA ď Gf ă dAu

with A “ dkMpfq ` log 3
4
, by using µcpΩq ě 1{dk we get

χ`pµf q ě log d`

ż

Ω

Gfµ
´
c ě log d`

A

dk
ě log d`Mpfq `

1

dk
log

3

4
,(6.36)

thereby finishing the proof. �
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Example 6.15. A typical situation where the assumptions of Proposition 6.10 are not
satisfied is the family fapx, yq “ py{a ` ppxq, xq ˝ pay ` ppxq, xq, when p is fixed and
a P C˚ goes to infinity. Here, the Jacobian is constant equal to 1 but the multi-Jacobian
diverges. We take ppxq “ x2 and study the regime where |a| is large. We claim that if
R ě 1 is such that fa is a Hénon-like map of degree d2 in the bidisk B “ Dp0, Rq2, then
fpBq X B is connected. Indeed, look at the image of the horizontal line L “ ty “ 0u.
If we parameterize L by t ÞÑ pt, 0q, t P Dp0, Rq, then, fapLq is parameterized by
t ÞÑ fapt, 0q “ pt{a ` t4, t2q. The critical points of π1 ˝ fapt, 0q are the cube roots
p4aq´1{3 so the critical values are of the form ca´4{3 and they are all close to 0, from
which we conclude that fapLq X B is connected. Arguing as in Lemma 6.8, we see
that fapLq X B intersects any component of fapBq X B, so fapBq X B is connected. In
particular, for large a, we do not know how to estimate the Lyapunov exponents of µfa ,
nor if its Julia set can be connected.

6.3. Consequences.

Proof of Theorem E. Let B “ Bpd, aq be such that the estimate of Proposition 6.10
holds for Mpfq ě B. Lemma 5.9 guarantees that

 

f P Hk
d,a ; 1 ďMpfq ď B

(

is
compact, so χ`pµf q is bounded from above on that subset, and χ`pµf q ě log d for
every f by [4]. The result follows. �

Let us now explain how Theorem E implies Theorem D. Recall that ‘stable’ in Theo-
rem D means stable of type (III). The following lemma should be compared to Lemma 4.4.

Lemma 6.16. Let pfλqλPΛ be an algebraic family of loxodromic automorphisms, with Λ

irreducible. If pfλqλPΛ is stable of type (III), then Jacpfλq and the Lyapunov exponents
of µfλ are constant on Λ.

Proof. By assumption, for some f0 P Λ, there exists a set P of saddle points of f0 of
positive upper density which can be continued holomorphically over Λ as a set of saddle
points Pλ. As in Lemma 4.4, for each of these saddle points, the stable and unstable
multipliers are constant, so the Jacobian is constant. For any λ P Λ, Pλ intersects the set
SPer`pfλq of Theorem 2.1, thus χ`pµfλq “ χ`pµf0q, as announced. Since the Jacobian
is constant, we conclude that χ´pµfλq is constant as well. �

Proof of Theorem D. Let H be either of H1
d or Hk

d,a for k ě 2 and let Λ Ă H be a
stable algebraic family. By Lemma 6.16, λ ÞÑ χ`pµfλq is constant on every irreducible
component of Λ, and when k “ 1, λ ÞÑ Jacpfλq “ ´aλ is constant as well. Thus in
both cases, Theorem E and Lemma 5.9 imply that Λ is bounded, so it is finite. �

Remark 6.17. Thanks to Proposition 6.10 we could replace Hk
d,a in Theorem D by any

algebraic family fλ of compositions of Hénon mappings such that the multi-Jacobian
satisfies |ai,λ| “ opRdi´1

fλ
q for every i.
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The following result is the counterpart of Theorem 3.5 for unstable multipliers, and
implies the statements of Theorems A and B relative to the unstable multiplier spectrum.

Theorem 6.18. Let H be H1
d for some d ě 2 or Hk

d,a for some a P pC˚qk and some d P
Nk
ě2. For every f0 P H, the isospectral subset Σu “ tf P H ; SMultupfq “ SMultupf0qu

is finite.

Proof. Let En “ SMultunpf0q. Proposition 3.3 and Theorem D imply that Σu is a dis-
crete subset of H. To prove that Σu is finite it is enough to show that it is bounded.
For this, we observe that if |Jacpf0q| ě 1, then for any saddle point p of exact period n
we have |λuppq| ě |Jacpf0q|

n
{ |λsppq| ą |Jacpf0q|

n. We also have |λuppq| ď }Df0}
n
J›0

,
where J›0 :“ J›pf0q. Thus En is contained in the annulus tminp1, |Jacpf0q|q

n ď |z| ď

p}Df0}J›0
qnu. For any f P Σu, the same reasoning applies, therefore any z P En

satisfies |z| ě minp1, |Jacpfq|qn, from which we deduce that |Jacpfq| ď }Df0}J›0
.

(Note that this is automatic in Hk
d,a since there, the Jacobian is fixed.) In addition

for f P Σu the Lyapunov exponents of saddle points are bounded by log }Df0}J›0
, so

χupfq ď log }Df0}J›0
. By Proposition 6.1 (for H1

d) and Proposition 6.10 or Theorem E
(for Hk

d,a) we get a uniform bound on Mpfq. Together with the bound on the Jacobian
(resp. multi-Jacobian), this entails that Σu is bounded, as was to be shown. �

We can also complete the proof of Theorem C.

Proposition 6.19. The set F defined in Theorem 3.6 is finite.

Proof. Here we define En as in Equation (3.11). Then as in the proof of Theorem 6.18,
if f is C1 conjugate to f0 on a neighborhood of J›, we obtain uniform upper bounds on
|Jacpfq| and Mpfq, so F is a bounded subset of H and we are done. �

Define the connectedness locus Cd Ă Hd (resp. Ckd,a Ă Hk
d,a) to be the set of auto-

morphisms with connected Julia set. By [14, Cor. 2.2], Cd and Ckd,a are closed.

Corollary 6.20. The connectedness locus Ckd,a Ă Hk
d,a is compact for any k ě 1,

d P pNě2q
k and a P pC˚qk.

An example like the family fapx, yq “ pay ` x2, xq shows that this result does not
hold if the multi-Jacobian when not fixed: indeed since fa´1 is conjugate to f´1

a , Jpfaq
is connected for large |a| (see § 2.3) .

Proof. The connectedness locus Ckd,a is closed, so we only need to show that it is
bounded. If |Jacpfq| “

śk
i“1 |ai| ď 1, then by Theorems 0.2 and 7.3 in [6], Jf is

connected if and only if χ`pµf q “ log d, so the boundedness follows immediately from
Theorem E. If

śk
i“1 |ai| ą 1, we reduce to the dissipative case by considering f´1. If
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f P Ckd,a, the proof of Lemma 5.9 implies that f´1 is conjugate to g P Ckd_,b, where
d_ “ pd1, ¨ ¨ ¨ , dkq and b is fixed. The argument for the dissipative case implies that
Mpgq is bounded, hence so is Mpfq (again by Lemma 5.9), and we are done. �

APPENDIX A. MAPS WITH FEW MULTIPLIERS

Definition A.1. A loxodromic automorphism f is exceptional if there exists a complex
number κ such that λuppq “ κn for every p P SPernpfq and every n ě 1.

This concept arises naturally in many rigidity issues (see e.g. [1] or [11, §2] for our
context). We saw in Example 3.8 that analogues of exceptional automorphisms exist in
positive characteristic, but we are not aware of any example in characteristic 0. Partial
non-existence results for exceptional automorphisms have been obtained in [1, Prop.
6.1] and [11, Prop. 8.9].

Theorem A.2. If pfλq is an algebraic family of loxodromic polynomial automorphisms
of C2 in which any stable irreducible algebraic family is trivial, then the set of excep-
tional maps is discrete in Λ.

Proof. Let E Ă Λ be the set of exceptional maps. Put

rEn “ tλ P Λ ; @m ď n, @p P SPerm, @q P SPern, pλ
u
ppqqn “ pλupqqqmu

and rE “
Ş

ně1
rEn, so that rE contains E . Assume by way of contradiction that rE is not

discrete and pick an accumulation point f0. For n ě 1, let Vn be a neighborhood of f0 in
which all saddle points of period at most n persist. Then rEnXVn is an analytic subset of
positive dimension in Vn; more precisely, it is a union of components of the intersection
of Vn with some algebraic subvariety of Λ. Reducing Vn if necessary we may assume
that (i) rEnXVn admits a unique connected component containing f0 and (ii) Vn`1 Ă Vn.
Let n1 be such that the germ of rEn at f0 is constant for n ě n1.

We claim that rEn1 X Vn1 is a stable family of type (I). Indeed, if n ě n1 and f P
rEn X Vn, then for every p “ ppfq P SPernpfq and every q “ qpfq P SPern1pfq,
we have a relation of the form λuppqn1 “ λupqqn. Since f has constant Jacobian, we
have λsppqn1 “ λspqqn as well. Now, q can be continued holomorphically as a saddle
along any path in rEn1 X Vn1 , and the persistence of the relations λuppqn1 “ λupqqn

and λsppqn1 “ λspqqn show that p can be followed as a saddle point along that path.
Therefore rEn1 X Vn1 is a stable family, as claimed.

By definition rE Ă rEn1 , and we have shown that all relations defining rE persist along
rEn1 X Vn1 , thus rE X Vn1 “

rEn1 X Vn1 . This reasoning shows that rE is an analytic subset
in Λ, which is locally a union of local components of an algebraic variety. Thus, by
analytic continuation, we conclude that any global analytic component of rE is a stable
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algebraic family, and the existence of a positive dimensional component contradicts our
assumption. Therefore rE is a discrete set. �

Remark A.3.

(1) The proof shows that the definition of exceptional maps can be extended by asking
that λuppq P κnFn, where Fn is a finite set of roots of unity. (In [11, §2] we are
interested in the situation where λuppq P ˘dn.)

(2) It is enough to assume that the exceptional identity λuppq “ κn holds for all saddle
points along some subsequence pnjq. The proof is the same except that we get a
stable family of type (III).

(3) Contrary to the case of given unstable multipliers (Theorem A and B) we cannot run
the argument of Theorem 6.18 to conclude that the exceptional discrete set is finite.
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