LOCAL LIMIT THEOREM FOR NONUNIFORMLY
PARTTALLY HYPERBOLIC SKEW-PRODUCTS
AND FAREY SEQUENCES

SEBASTIEN GOUEZEL

Abstract

We study skew-products of the form (x, w) — (Tx, w + ¢(x)), where T is a nonuni-
formly expanding map on a space X, preserving a (possibly singular) probability
measure fi, and ¢ : X — S' is a C' function. Under mild assumptions on ji and ¢,
we prove that such a map is exponentially mixing and satisfies both the central limit
and local limit theorems. These results apply to a random walk related to the Farey
sequence, thereby answering a question of Guivarc’h and Raugi [GR, Section 5.3].
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1. Results

Let 7 be a transformation on a compact manifold. If 7 is uniformly expanding or
hyperbolic, the transfer operator associated to .7 admits a spectral gap on a well-
chosen Banach space, which makes it possible to prove virtually any limit theorem
(e.g., the local limit theorem) by using Nagaev’s method (see, e.g., [GH], [HH]). This
article is devoted to the proof of the local limit theorem for transformations of the form
I (x,w)— (Tx,w—+ ¢(x)), where T is a nonuniformly expanding transformation
on a compact manifold X, and ¢ : X — S' is a C! function. This transformation 7
is an isometry in the fibers S!, which prevents us from obtaining a spectral gap.
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Limit theorems have been obtained (in the more general setting of partially hy-
perbolic transformations) by Dolgopyat in [D3] when T is uniformly hyperbolic, and
for a measure which is absolutely continuous with respect to Lebesgue measure in the
unstable direction. However, he uses elementary arguments (moment methods) which
cannot be used to get the local limit theorem. To the best of our knowledge, the only
partially hyperbolic transformations for which a local limit theorem is proved in the
literature are the Anosov flows, found in [W] (the specific algebraic structure of flows
makes it possible to reduce the problem to the study of Axiom A maps, which are
uniformly hyperbolic). With the techniques of [Ts], it is probably possible to obtain it
also for skew-products over uniformly expanding maps for an absolutely continuous
measure. Unfortunately, the main motivating example of our study, described in Sec-
tion 1.1, is nonuniformly hyperbolic, and its invariant measure is singular. Hence, we
need to introduce a new technique, essentially based on renewal theory.

The qualitative theory of skew-products as above has been studied by Brin and
Pesin [BP]. We need more quantitative results, and to obtain them we use tools that
are mainly due to Dolgopyat [D1], [D2]. These techniques of Dolgopyat have already
proved very powerful in a variety of contexts (see [PS], [An], [St], [N], [BV1], [BV2],
[AGY]), and the present article is yet another illustration of their usefulness.

1.1. Farey sequences

Before we give the precise definition of the systems to which our results apply, let us
describe an interesting example that is, in fact, the main motivation for this article.
The following discussion is essentially taken from [CG].

If p/q and p’/q’ are two irreducible rational numbers in [0, 1], they are adjacent if
|pq’—p'q| = 1. We can then construct their median p”/q” = (p+p’)/(q+q’), which
lies between p/q and p’/q’ and is adjacent to any of them. Let #, = {0/1, 1/1},
and define inductively %, by enumerating the elements of % ,_; in increasing order
(which gives a sequence of adjacent rational numbers) and by inserting the successive
medians. For example, #, = {0/1,1/2,1/1} and #, = {0/1,1/3,1/2,2/3,1/1}.
The set %, has cardinality 2" 4 1. Let also & = %, — {0}; it has cardinality
2". Any rational number of (0, 1] belongs to & for any large enough n. Let u,, =
27"y 7 8; this sequence of measures converges exponentially fast to a measure
W, in the fc;llowing sense: for any o > 0, there exist C > 0 and 8 < 1 such that, for any
function f : [0, 1] — C which is Holder-continuous of exponent a,

\/fdun—/fdu\ < CO" | fllen - (L.1)

The measure u is called Minkowski’s measure. It has full support in [0, 1] and is totally
singular with respect to Lebesgue measure. It is the Stieltjes measure associated to
Minkowski’s ? function.
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To prove the exponential convergence (1.1), it is more convenient to reformulate
everything in terms of a random walk on a homogeneous space for the group SL(2, R).
Consider the two matrices A = ( ! ?) and B = ( 9 %) in SL(2, R); we are interested in
the random walk in SL(2, R) going from a matrix M to AM or BM with probability
1/2. The Markov operator of this random walk is simply the convolution with the
measure v = (84 + 8p)/2. Since SL(2, R) is noncompact, this random walk does not
have interesting recurrence properties. However, whenever X is a homogeneous space
for the action of SL(2, R), the previous random walk induces a random walk on X,
going from x to A - x or B - x with probability 1/2, which can be recurrent.

For instance, let X = P(R?). Since SL(2, R) acts linearly on IR?, it also acts on
the compact space X. The actions of the matrices A and B on R? leave invariant the
cone C = {(x,y) | 0 < x < y}, and its projectivization IP(C) is the unique closed
subset of P(R?) which is invariant and minimal for the action of the semigroup X
generated by A and B. Let us identify P(C) with the interval [0, 1] by intersecting C
with the line y = 1; we obtain an action of X on [0, 1]. The actions of the matrices A
and B are given by the transformations

X 1
h = —, h == 1.2
a(x) o B(x) T (1.2)
It can easily be checked inductively that
Fr={M,---M;-1|M; € {A, B}fori =1,...,n}. (1.3)

In particular, we have w,, = v"x§;. The measure u is the unique stationary measure for
the random walk given by v (i.e., such that v x £ = p). The exponential convergence
(1.1) is then proved by showing that the Markov operator associated to the random
walk has a spectral gap when it acts on the space of Holder-continuous functions.

In [CG] (see also [GR]), Conze and Guivarc’h have considered the same random
walk, but on homogeneous spaces that are larger than P(R?). More precisely, let
us fix > 1, and consider the quotient X of R?> — {0} by the subgroup H, of
homotheties of ratio +r", n € Z. This is a compact space, endowed with an action
of SL(2, R). In particular, the semigroup ¥ acts on C = C/H,, which is a compact
extension (with fiber S') of P(C). Let us identify C with [0, 1] x R/(logr)Z by
(x,y) — (x/y,logy + (logr)Z). With this identification, a matrix M = (f Z) acts
by

ax +b
cx +d

M-(x,w):( ,a)—l-log(cx—i-d)). (1.4)
Hence, the random walk given by v on C jumps from (x, ®) to hs(x,w) =
(ha(x), @ + log(1 + x)) or hp(x, w) := (hz(x), ® + log(2 — x)) with probability
1/2. Moreover, if the random walk starts from (1,0) € C, then the formula (1.4)
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shows that, at time 7, this random walk reaches the points of the form (p/q, logq)
with p/q € F*, with equal probability 27": the random walk in C given by v and
starting from the point (1, 0) describes the rational numbers obtained by the Farey
process, as well as the logarithm of their denominators, modulo log r. In other words,
let 9_7; = {(p/q.,logq) | p/q € F:} C [0,1] x R/(logr)Z, then the measure
i i= V" x §(,0) is the average of the Dirac masses at the points of F . By general
results on random walks on compact extensions, Conze and Guivarc’h [CG] and
Guivarc’h and Raugi [GR] proved that i1, converges weakly to u ® Leb, where Leb
denotes the normalized Lebesgue measure on R/(log r)Z. This is an equirepartition
result of the denominators modulo log r.

In this article, we are interested in more precise results for this random walk. First
of all, we prove that the previous convergence is exponentially fast.

THEOREM 1.1
For any a > 0, there exist C > 0 and 6 < 1 such that for any function f : C — C
which is Holder-continuous of exponent «,

| [ 5 am - [ aworen] < corisie. (15)

We also obtain limit theorems for this random walk. In particular, we prove that it
satisfies the local limit theorem. This answers a question raised by Guivarc’h and
Raugi in [GR, Section 5.3]

THEOREM 1.2

Let y : C — R be a C® function. Assume that there does not exist a continuous
function f : C — R such that y o hy = f o hy — f for M = A and B. Then the
Markov chain X, on C, starting from (1, 0) and whose transition probability is given
by v, satisfies a nondegenerate central limit theorem for the function \; that is, there
exists 0% > 0 such that, forany a € R,

o 21

P(%:ZLW(X,() < a) Lo /_OO e/ g (1.6)

Assume additionally that there do not exist constants a > 0, > > 0, and a continuous
function f : C — R/AZ such that y ohy = fohy — f +a mod AZ for M = A
and B. Then  satisfies the local limit theorem: for any compact subinterval 1 of R
and any real sequence k, such that k,//n — «k € R, then

—«%/(20?%)

P X 1+ k, Leb(/)———. 1.7
ﬁ(;w(k>e+)—>e()am (1.7)
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This result, as well as Theorem 1.1, in fact holds for any starting point of the random
walk; there is nothing specific about (1, 0). Note that aperiodicity conditions on
are clearly necessary to get the theorem. For k = 0, the local limit theorem can
be reformulated as follows. Consider a random walk on C x R whose transition
probability is Q((x, w,z) — (X', &', 7)) = P((x,w) = (x', @)l 4y The
local limit theorem simply means that the measure /1 Q"8(1..0) converges weakly to
an explicit multiple of the measure u ® Lebg(iog 1)z ® Lebg.

Let us now describe the relationship between the previous random walk and
skew-products. Let T be the transformation on the interval [0, 1] given by

X . 1 |
T(x)=—— ifx < -, T(x)=2—— ifx >
1 2 X

(1.8)

N —

Then & 4 and h p are the inverse branches of the transformation 7. The Markov operator
corresponding to the random walk on [0, 1] is therefore the adjoint (for the measure w)
of the composition by T (i.e., the transfer operator associated to 7'). The transformation
T is topologically conjugate to the transformation x — 2x on [0, 1], and w is simply
the maximal entropy measure of 7' (i.e., the pullback of Lebesgue measure under this
conjugacy). Note that T is not uniformly expanding, since it has neutral fixed points
at zero and 1. We can then define a transformation 7 on [0, 1] x R/(log r)Z whose
inverse branches are /14 and 1 by

T (x,0) = (Tx, 0+ ¢(x)), (1.9)

where ¢(x) = log(1 —x)ifx < 1/2, and ¢(x) = log(x) if x > 1/2. By construction,
the Markov operator corresponding to the random walk on C is the transfer operator
associated to 7 (for the measure © ® Leb).

We can reformulate the previous theorems in the general setting of this article: we
are going to study transformations of the form (x, w) = (Tx, @+ ¢(x)), where T is a
nonuniformly expanding transformation of a manifold X, and ¢ is a C' function from
X to the circle S!. Hence, to integrate the study of Farey sequences in our general
setting, it is important not to demand uniform expansion and to be able to deal with
measures that are singular with respect to Lebesgue measure. These two constraints
justify the forthcoming definitions, but they bring along a certain number of technical
difficulties.

1.2. Definition of nonuniformly partially hyperbolic skew-products

Definition 1.3

Let Z be a Riemannian manifold, endowed with a finite measure v. An open subset
O of Z is said to have the weak Federer property (for the measure v) if it satisfies the
following property. We work on O, with the induced metric, and the geodesic distance
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it defines. For any C > 1, there exist D = D(O,C) > 1 and 19 = 1n9(0, C) >
0 such that, for any n < ng, there exist disjoint balls B(x;, Cn), ..., B(x;, Cn)
that are compactly included in O and sets Ay, ..., Ay contained, respectively, in
B(x;, DCn), ..., B(xx, DCn) whose union covers a full measure subset of O and
such that, for any x; € B(x;, (C — 1)n), we have v(B(x], n)) > v(4;)/D.

A family of open subsets (O, ),y of Z is said to uniformly have the weak Federer
property (for the measure v) if each set O, has the weak Federer property and if,
furthermore, for any C > 1, sup, .y D(O,, C) < oo.

This is a technical covering condition. It is a kind of weakening of the classical
doubling condition having the following advantages. On the one hand, it is satisfied
in many examples (particularly for Farey sequences, where the doubling condition
does not hold). On the other hand, it is sufficient to carry out the forthcoming proofs
(essentially, it is the technical condition that is required for Dolgopyat-type arguments
to work). The main point of the definition is that D can be chosen independently of n:
in some sense, the weak Federer property is a covering lemma with built-in uniformity.

The following definition describes the class of applications 7" to which the results
of this article apply. It is large enough to contain the map (1.8), as we see later on.

Definition 1.4

Let T be a nonsingular transformation on a Riemannian compact manifold X (possibly

with boundary), endowed with a Borel measure . Let Y be a connected open subset

of X, with finite measure and finite diameter for the induced metric. We say that T

is a nonuniformly expanding transformation of base Y, with exponential tails and the

uniform weak Federer property if the following properties are satisfied.

(1) There exist a finite or countable partition (modulo 0) (W));c5 of Y and times
(r1)1ea such that, for all [ € A, the restriction of 7" to W, is a diffeomorphism
between W, and Y, satisfying « ||v|| < ||DT" (x)v|| < C; ||v|| for any x € W,
and for any tangent vector v at x, for some constants ¥k > 1 (independent of )
and C;. We denote by 7y : ¥ — Y the map which is equal to 7" on each set
Ww;.

(2) Let # = | denote the set of inverse branches of Ty and, more generally,
let #, denote the set of inverse branches of 7y . Let J(x) be the inverse of the
Jacobian of Ty at x with respect to ;. We assume that there exists a constant
C > 0 such that, for any inverse branch & € J#, || D((log J) o h)|| < C.

3) There exists a constant C such that, for any [, if h; : ¥ — W, denotes the
corresponding inverse branch of Ty, for any k < r;, then || T ok Hcl(y) <C.

(4) Letr : Y — N be the function that is equal to r; on W,. Then there exists
0o > O such that [, ™" du < oco.
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(5)  Let uy denote the probability measure induced by @ on Y. Then the sets h(Y),
for h € |, # », uniformly have the weak Federer property (with respect to
My).

In this article, we only consider transformations 7 of this type. Hence, we simply say
that T is nonuniformly expanding with base Y.

The first four conditions above roughly mean that 7" is nonuniformly expanding
and that an induced map 7y (which is not necessarily a first-return map) is uniformly
expanding and Markov, with exponential tails. This kind of assumption is described
in [Y1], [Y2], and is often called a Young tower structure in the literature. The fifth
condition is a covering condition. It is probably not very natural to require it uniformly
over the inverse branches of the iterates of Ty, but it is satisfied in all the examples
that we consider here.

Under the first two assumptions, it is a folklore result that 7y preserves a proba-
bility measure that is equivalent to 11y, whose density is C! and bounded away from
zero and oco. Without loss of generality, we may replace py by this measure (which
does not change the assumptions), and we therefore always assume that j¢y is invariant
under 7y (and has mass 1). Inducing from @y (and using the fourth assumption) and
then renormalizing, we obtain a probability measure f on X which is invariant under
T and ergodic. However, the restriction of fi to Y is, in general, not proportional to
Ly, when the return times 7; are not first-return times.

The measure [t is always ergodic for 7', but sometimes not for its iterates: in
general, there exist a divisor d of ged{r; | [ € A} and open sets (O;);cz/qz such that
T maps O; to O;4y, and the restriction of 7¢ to each O; is mixing. For the sake of
simplicity, we only consider transformations 7" that are mixing (i.e., for whichd = 1).
However, the results we give have their counterparts in the general case, since they
can be applied to 7¢ on each set O;. Note that the mixing of T is equivalent to the
ergodicity of all the iterates 7" and is implied by the equality gcd{r;} = 1.

Remark 1.5

Under the first four assumptions of Definition 1.4, and if 7" is mixing for the proba-
bility measure i, then T is exponentially mixing (for Holder-continuous functions).
This has been proved by Young in [Y1, Theorem 2] (in a slightly different set-
ting) using a spectral gap argument and again in [Y2, Theorem 3] using coupling.
We do not use these results of Young. Indeed, our arguments yield yet another
proof of this exponential mixing, through operator renewal theory (see, in particular,
Corollary 3.5). This proof is not new; it is already implicit in [S] and explicit in [G4,
Remark 2.3.7].
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In a similar setting (the study of expanding semiflows), Ruelle shows in [Ru] that a
suspension over an expanding map cannot be exponentially mixing if the roof function
is locally constant. Therefore, it is not surprising that this case should be excluded
from our study, since, among other results, we prove exponential mixing.

Definition 1.6

Let T be a nonuniformly expanding transformation of base ¥ on a manifold X. Let
¢ : X — R be a C! function. Denote by ¢y the induced function on Y given by
oy(x) = Z;S(;*l (T x). We say that ¢ is cohomologous to a locally constant function
if there exists a C! function f : ¥ — R such that the function ¢y — f + f o Ty is
constant on each set W, [ € A.

If ¢ is not cohomologous to a locally constant function, we define a map
T : X x S!' - X xS'by T (x,w) = (Tx, w+ ¢(x)). It preserves the probability
measure i ® Leb (in this article, the Lebesgue measure on the circle S' = R/27Z,
denoted by Leb or dw, is always normalized of mass 1). The transformation  is
nonuniformly partially hyperbolic in the following sense: in each fiber S!, 7 is an
isometry while it is expanding in the direction of X. Hence, we would like to talk
of partial hyperbolicity. However, since the expansion of 7 is not uniform, 7" can
have neutral fixed points or even critical points. Hence, there may exist points where
the expansion in the X direction does not dominate what is happening in the fiber.
Therefore, the partial hyperbolicity is asymptotic rather than instantaneous.

1.3. Limit theorems for nonuniformly partially hyperbolic skew-products

Let T be a nonuniformly expanding map with base Y, preserving the probability
measure fi, and mixing. Assume that py has full supportin Y.Let¢ : X — R be a
C! function which is not cohomologous to a locally constant function. We consider
the skew-product 7 (x, w) = (Tx, w + ¢(x)).

THEOREM 1.7

For any o > 0, there exist 6 < 1 and C > 0 such that, for all functions f, g from
X x S! to C, respectively, bounded and Hélder-continuous with exponent o, and for
alln € N, we have

’/fof"-gd(g@Leb)—(/fd(g@Leb))</gd(ﬂ®Leb))]

<CO" I fllp=llghce - (1.10)
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We then are interested in limit theorems for the transformation 7 . Let : X xS! — R
be a Holder-continuous function, such that [ ¢ d(fz ® Leb) = 0. Let

02=/w2d(ﬂ®Leb)+22f¢-wof"d(,&@)Leb). (L.11)
k=1
This quantity is well defined by Theorem 1.7.

PROPOSITION 1.8
We have 6* > 0. Moreover, o> = 0 if and only if there exists a measurable function
f: X xS'" = Rsuch that y = f — f o T almost everywhere. In this case, the
function f has a version that is continuous on Y x S', and it belongs to LP(X x S")

forall p < oo.

Let us denote by S, the Birkhoff sums Z?;Ol Y o 7. When o2 is nonzero (i.e.,
is not a coboundary), then  satisfies the central limit theorem, as follows.

THEOREM 1.9
Let  be a Hélder-continuous function on X x S' with zero average, such that
02 > 0. Then S,Vr/+/n satisfies the central limit theorem; that is, S,\//n converges

in distribution (for the probability measure i @Leb) towards the Gaussian distribution
N0, 0%).

Let us say that v is periodic if there exista > 0, A > 0,and f : X x S' — R/AZ
measurable such that y = f — f o7 4+ a mod XA almost everywhere. Otherwise,
we say that y is aperiodic (this implies, in particular, that i is not a coboundary and
hence that o2 > 0).

PROPOSITION 1.10

If ¥ is a periodic C°® function, there exista > 0, . > 0, and f : X x S! — R/AZ
measurable such that y = f — f o7 4+ a mod A almost everywhere, and f is
continuous on' Y x S'.

This proposition makes it possible to check in practice whether a function v is periodic
or not using periodic points: let x be a point in Y, fixed under an iterate 7" of J such
that J is continuous on a neighborhood of the orbitof x. If v = f — f oI +a
mod A almost everywhere, with f continuous on Y, then f is continuous (modulo 1)
along the orbit of x, and we obtain ¥ = f — f 0.9 +a mod A along this orbit. In
particular, S,¥ (x) = an mod A; this restricts the possible values of a and . Using
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three periodic orbits of 7, we may reach a contradiction, showing that no values of a
and A are possible, and proving that i is aperiodic.

The notion of periodicity is interesting, since it gives the only obstruction to the
local limit theorem as follows.

THEOREM 1.11

Let ¥ be a C® function on X x S' with vanishing average, aperiodic (which implies
02 > 0). Then the Birkhoff sums S, satisfy the local limit theorem in the following
sense: for any compact interval I and any real sequence k, suchthatk,//n — k € R,
we have, when n — 00, the following:

—k*/207)

o2 '

We also obtain numerous other limit theorems (such as the Berry-Esseen theorem

Vn (i ® Leb){(x, w) € X x S

S.¥(x, w) € I +k,} — Leb(I) (1.12)

on the speed of 1/4/n in the central limit theorem, the renewal theorem, and so on).
Instead of giving precise statements, we give the key estimate that implies all of them
by showing that the Birkhoff sums S,y essentially behave like a sum of independent
identically distributed random variables.

THEOREM 1.12

LetyrbeaC 5 function with zero average, such thato? > 0. There exist o > 0, C > 0,
¢ > 0,and 6 < 1 such that, for all functions f, g from X x S' to C, respectively,
bounded and C®, for any n € N, and for any t € [—1y, Ty, we have

‘/e”sn‘/f.fog'".gd(ﬂ®Leb)

_ (1 - ?)(/f d(ﬁ@Leb))(/g d(ﬁ@Leb)))
< C(0" + 111 — ") I fll o NIl s - (1.13)

Moreover, if r is aperiodic, for all ty > T, there exist C > 0 and 6 < 1 such that, for
all |t| € [7y, to], we have

)/ef’s"w~fof" -gd(ﬁ@Leb)\ <CO" [ £~ lIgllce - (1.14)

Taking f = g = 1, we obtain that the characteristic function of e/">'¥ essentially

behaves like (1 — ot?/2)", which makes it possible to prove Theorem 1.9 for C%
functions and to prove Theorem 1.11, as well as numerous limit theorems, by mim-
icking the classical methods in probability theory for sums of independent identically
distributed random variables. It should just be checked that the additional error term
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6" + |t|(1 — ct*)" does not spoil the arguments. This has already been done in [G2,
pages 30-33]. We do not give further details on these classical arguments in the
following.

Note that, taking t = 0, Theorem 1.12 implies Theorem 1.7 (for « = 6, but this
easily implies the general case by a regularization argument). However, the proof of
Theorem 1.7 is considerably easier than the proof of Theorem 1.12; hence, we give
proof of Theorem 1.7 with full details, which also allows us to introduce, in a simple
setting, some tools used later in more sophisticated versions.

Remark 1.13
Propositions 1.8 and 1.10 give automatic regularity for solutions of the cohomological
equation, with a loss of regularity (arbitrarily small in Proposition 1.8, of 6 derivatives
in Proposition 1.10). The loss of 6 derivatives is probably not optimal but, with the
method of proof we use, some loss seems to be unavoidable.

In general, the continuity of f on ¥ x S! cannot be extended to a continuity on
the whole space (e.g., think of a map 7" with discontinuities). Nevertheless, using the
specificities of 7, it is often possible to obtain the continuity of f on larger sets.

Remark 1.14

Theorem 1.9 is first proved for C® functions by using Theorem 1.12 and then is ex-
tended to Holder-continuous functions by an approximation argument. This argument
does not apply for the local limit theorem, which explains our stronger regularity
assumption in Theorem 1.11.

Remark 1.15

We require that py have full support in Y. For some interesting maps (e.g., maps
on Cantor sets; see [N]), this condition is not satisfied. The full support condition is
used only to get Dolgopyat-like contraction in the proof of Lemma A.8, and it can be
dispensed with under a stronger condition on ¢. Indeed, if there exist two sequences
hi, hy, ... and kY, k), ... of elements of 2 and a point x in the support of py such
that the series Y .-, D(¢y o h, ---h)(x) and ) .-, D(¢y o h, - - - h})(x) converge
and are not equal, then the proof of this lemma goes through (note that this condition
is very similar to the nonlocal integrability property (NLI) in [N]). When py has full
support, this condition is equivalent to ¢ not being cohomologous to a locally constant
function, as shown in the proof of Lemma A.S.

1.4. Examples
In the examples, if T and ¢ are given, and one wants to apply the previous results, then
one should first check that T is nonuniformly expanding of base Y for some Y and
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then prove that ¢ is not cohomologous to a locally constant function. The first issue
depends strongly on the map 7T (see the following list of examples), but the second
one is generally easy to check by using periodic orbits, as follows.

Assume—this is the case in all our examples—that every inverse branch h € #
of Ty has a unique fixed point x;,. Let f be a C' functionon Y. If ¢y — f + f o Ty is
constant on each set 4(Y), it has to be equal to ¢y (x;,) there. Consequently, the function
g, equal to ¢y — ¢y (x;,) on each set £(Y), is cohomologous to zero. In particular, if one
can find a periodic orbit of 7y along which the Birkhoff sum of g is nonzero, then this
is a contradiction, and ¢ cannot be cohomologous to a locally constant function. This
can easily be checked in practice: for example, we use this argument in the specific
case of Farey sequences.

If 1 < k < oo, the previous argument shows, moreover, that in the space of
C* functions on X, the set of functions ¢ which are cohomologous to a locally
constant function is contained in a closed vector subspace of infinite codimension.
Hence, the theorems of Section 1.3 can be applied for most (in a very strong sense)
functions ¢.

Let us now describe different classes of maps 7" which satisfy Definition 1.4.

Nonuniformly expanding maps and Lebesgue measure

Let T be a C* map on a compact Riemannian manifold X (possibly with boundary). We
assume that 7" is nonuniformly expanding in the following sense (see [ABV], [ALP],
[G3]). Let S be a closed subset of X with zero Lebesgue measure (corresponding to
the singularities of T'), possibly empty, and containing the boundary of X. We assume
that T is a local diffeomorphism on X — §, nondegenerate close to S: there exist
B > 1and 8 > 0 such that, for any x € X — § and any nonzero tangent vector v at x,

DT (x)vll
llvll

Assume also that, for any x, y € X withd(x, y) < d(x, S)/2,

1
Ed(x, S < < Bd(x, S)7*. (1.15)

_ _ d(x, y)
1 1
|log [ DT(x)~'|| — log [ DT () II}SB—d(x,S)/3 (1.16)
and
i i d(x,y)
[log |det DT (x)~'| — log|det DT (y)"'|| < B (1.17)

d(x, S)F

Foré§ > 0, letds(x, S) = d(x, S)if d(x, S) < 6, and let ds(x, S) = 1 otherwise. Let
8 : (0, &9) = R, be a positive function, and let ¥ > 0. Assume that, for any & < &,
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there exist C > 0 and 6 < 1 such that, forany N € N,

n—1
Leb{x € X ) In > N, %Zlog |DT(T* )| <«
k=0

or

n—1

! >~ — log dye)(T* i
gdse (T x, S) > e < CO™.
n

k=0

This assumption means that the points that do not see the expansion or are too close
to the singularities after time N have an exponentially small measure.

As examples of such applications, let us first mention uniformly expanding maps,
of course, but also multimodal maps with infinitely many branches (see [AP]), which
have thereby infinitely many critical points, as well as small perturbations of uni-
formly expanding maps (such perturbations can have saddle fixed points; see [Al, Sec-
tion 6]).

PROPOSITION 1.16
Under these assumptions, there exists a subset Y of X such that T is nonuniformly
expanding of base Y for Lebesgue measure.

Proof

This theorem is essentially proved in [G3, Theorem 4.1]. More precisely, this theorem
constructs a subset ¥ of X and a partition of Y such that the first four properties of
Definition 1.4 are satisfied. The set Y is an open set with piecewise C'! boundary, and
each inverse branch £ can be extended to a neighborhood of Y.

If the boundary of Y were C' (and not merely piecewise C'), each set 4(Y) would
also be an open set with C! boundary, and the uniform weak Federer property would
directly result from the good doubling properties of Lebesgue measure. However, if
the boundary of Y is only piecewise C!, the images of the boundary components by
an inverse branch £ could meet with smaller and smaller angles, which could prevent
the uniform weak Federer property from holding.

Therefore, we have to modify slightly the construction in [G3] to obtain a set ¥
with C! boundary. In that article, one starts from a partition U; of X (into sets with
piecewise C! boundary), and one subdivides each set U; into subsets V; that are sent
by some iterate of T on one of the sets U,. The set Y is then one of the U;’s, and the
desired partition of Y is obtained by inducing from the V;’s (see [G3, Section 4] for
details).

To obtain a smooth Y, we also start from a partition U;, but we decompose U;
as U' U Uiz, where U/ is a ball inside U; and Ul.2 is its complement. Applying the
construction of [G3] separately to each set U} and U?, we subdivide them into sets
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V; that are sent by some iterate of T to some Uj. We finish the construction by taking
for Y one of the sets U, and inducing on it. O

To apply the results of Section 1.3, one needs an additional mixing assumption, which
is satisfied as soon as all the iterates of T are topologically transitive on the attractor

(Muzo T"(X) (see [G3]).

Multimodal maps of Collet-Eckmann type

Let T be a multimodal map on a compact interval /. If the derivative of 7" along
the postcritical orbits grow exponentially fast, and 7 is not renormalizable (which
prevents periodicity problems), [BLV] shows that there exists a unique absolutely
continuous invariant probability measure ft, and that 7" is exponentially mixing for
this measure.

To prove this result, the authors show that there exist an interval ¥ and a sub-
partition W; of Y satisfying the first four properties of Definition 1.4 for Lebesgue
measure. Since the sets 2(Y) (for h € |,y #») are all intervals, the uniform weak
Federer property is also trivially satisfied by Lebesgue measure.

Gibbs measures in dimension 1

If T is a C? uniformly expanding map on a compact connected manifold X, and if
u: X — Risa C! function, there exists a unique invariant probability measure 1
that maximizes the quantity /,(7) + [ u dv over all invariant probability measures
v. This is the so-called Gibbs measure associated to the potential u.

In general, it is unlikely that such a Gibbs measure satisfies the weak Federer
property (unless u is equivalent to Lebesgue measure, which corresponds to potentials
u which are cohomologous to — log det(DT)). Indeed, the proof of the weak Federer
property in the previous examples relies in an essential way on the good doubling
properties of Lebesgue measure.

However, in dimension 1 (i.e., if T is a circle map), the iterates of T are conformal,
which implies that p satisfies the weak Federer property, and our results apply. Proofs
of the Federer property in this setting have been given by Dolgopyat and by Pollicott,
but with small imprecisions, so we give a full proof in Proposition 6.2 (as a very
simple consequence of the methods we develop to treat the Farey sequence). Note that
the same results also apply in higher dimension for conformal uniformly expanding
maps (since uniformly expanding maps always admit Markov partitions).

Farey sequences

The results of Section 1.3 also apply to the map (1.9), which generates the Farey
sequence. However, the proof requires more work, since checking the weak Federer
property is not trivial. Moreover, the most interesting results stated in Theorem 1.2
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are pointwise results (for a random walk starting from (1, 0)), while the statements of
Section 1.3 are on average results. To prove the pointwise statements, we therefore
need to use more technical results, established during the course of the proof of
Theorems 1.7 and 1.12. As a consequence, the results of Section 1.1 are proved at the
end of the article in Section 6.

1.5. Method of proof and contents of the article

In general, to prove exponential mixing and a local limit theorem, it is very comfortable
to have a spectral gap property for a transfer operator (the spectral perturbation
methods then yield the desired results quite automatically). The spectral gap is in
general a consequence of some expansion or contraction properties. However, in our
setting, the map 7 is an isometry in the fibers, and a spectral gap seems therefore
difficult to obtain. Note that [Ts] manages to construct a space with a spectral gap for
such maps, but under strong assumptions: the map 7" should be uniformly expanding,
and fi should be absolutely continuous with respect to Lebesgue measure. These
properties are unfortunately not satisfied in our setting, and we thus have to work
without a spectral gap (on the space X x S!).

In [D1], [D2], Dolgopyat developed techniques that he used to prove the exponen-
tial decay of correlations for maps .7, as above, if T is uniformly expanding. His main
idea is to work in Fourier coordinates, to see that each frequency is left invariant by the
transfer operator associated to .7 and to obtain explicit bounds on the mixing speed
in each frequency (by using oscillatory integrals, which give explicit compensations).
The gain is not uniform with respect to the frequency (which accounts for the lack of
spectral gap), but the estimates are nevertheless sufficiently good to obtain exponential
mixing.

In an essential way, we use Dolgopyat’s ideas in this article as a technical tool.
This tool applies to uniformly expanding maps, which is not the case of our map 7'; we
therefore need to induce on the set Y to get uniform expansion. To obtain information
on the initial map, we then make use of (elementary) ideas of generating series and
renewal theory.

The real difficulty of the article lies in the local limit theorem, since a spectral
gap property seems more or less necessary to any known proof of the local limit
theorem, while Dolgopyat’s arguments do not give such a spectral gap. If we try to
work at the level of frequencies, just like for the exponential mixing, we quickly
run into the following additional difficulty: if f is a function of frequency k (i.e.,
f(x, ) = u(x)e’*®), then €'Y f is no longer a function of frequency k. In other
words, the multiplication by /'Y —which is at the heart of the proof of the local limit
theorem for the function yy—mixes the different frequencies together. Hence, even
though Dolgopyat’s techniques give a good control at high frequencies, this control
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is instantaneously ruined by the multiplication by ¥, which can go back into low
frequencies, where no control is available.

The central idea for the proof of the local limit theorem is to induce at the
same time in x and in k: we consider some kind of random walk on the space
X x 7. (where the Z factor corresponds to the space of frequencies), and we in-
duce on a subset ¥ x [—K, K], where K is large enough so that what happens
outside of this set can be controlled by Dolgopyat’s tools. The main interest of this
process is that the induced operator on ¥ x [—K, K] has a spectral gap and can
be studied very precisely. Using techniques of operator renewal theory in [S], [G2],
we then use this information to obtain a global control on X X Z, finally yielding
Theorem 1.12.

Remark 1.17
The next natural question is to study maps of the form ' : (x, w, ®') — (Tx, w +
¢(x), o+ (x, w)), where T and ¢ are as above. If ¢ is aperiodic, then Theorem 1.12
shows that the correlations of functions of the form u(x, w)e’* (where u is C° and
k € Z) tend to zero. Since the linear combinations of such functions are dense in L2,
this implies that .7’ is mixing. It is even Bernoulli, by the following argument. First,
T (or rather its natural extension) is Bernoulli since it is mixing and nonuniformly
hyperbolic (see, e.g., [OW]). Since .7 is a mixing isometric extension of 7, it is also
Bernoulli by [R]. The same argument applied to 7 then implies that 7 is Bernoulli.
However, to prove further results on ' such as exponential mixing or the local
limit theorem (probably under stronger assumptions on ) seems out of reach by
current techniques. More precisely, we use Dolgopyat’s techniques (which give precise
explicit estimates for the map T') to study the map . (and obtain, by an abstract
compactness argument, nonexplicit estimates for 7). To go one step further and study
precisely .7, we would need explicit estimates for 7 (i.e., in (1.14), we would need
to control # and C in terms of ), which seems considerably more difficult.

The article is organized as follows. In Section 2, we state a theorem on transfer
operators giving all the technical estimates we need further on (with contraction in
the classical sense or in Dolgopyat norms). This technical theorem is proved in the
appendix. In Section 3, it is used to prove Theorem 1.7. The proof is a baby version
of the proof of the local limit theorem, introducing some tools on renewal operators
that are used further on. In Section 4, we describe in detail the strategy of the proof of
the local limit theorem and give two technical results essential to its proof. The proof
itself is given in Section 5. Finally, Section 6 is devoted to the proof of the results on
Farey sequences as stated in Section 1.1.

In the remainder of this article, we fix once and for all a map 7 that is nonuniformly
expanding of base ¥ and mixing, together with a function ¢ that is not cohomologous
to a locally constant function.
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2. Tools on transfer operators

Let us first give two general tools on transfer operators. If 7j is a probability-preserving
map, its transfer operator 7 is defined by duality by i Tou -v = Ju-vo Ty Itacts
on integrable functions. It turns out that the spectral properties of the transfer operator
(acting on a suitable Banach subspace of L') give a very powerful tool to study the
dynamical properties of 7j. The following theorem of Hennion is especially important
for us.

THEOREM 2.1

Let M be a linear operator acting continuously on a Banach space B endowed with a
norm ||-||. Assume that there exists a seminorm | - | on % such that the unit ball of ||-||
is relatively compact for | - |. Assume also that there existn > 0, C > 0, and o > 0
such that, for any x € %,

I.4"x| <o llx|| + Clx|. 2.1)

Then the essential spectral radius of M is at most o; that is, for any r > o, the
intersection of the spectrum of M with {|z| > r} consists in finitely many eigenvalues

of finite multiplicity.

Proof

Hennion proves this theorem in [H, Corollary 1], assuming additionally that .Z is also
continuous for the seminorm | - |; [BGK, Lemma 2.2] shows that this assumption can
be dispensed with. a

We also need the following general lemma on transfer operators.

LEMMA 2.2

Let Ty be an ergodic transformation of a probability space, with corresponding transfer
operator Ty. Let g be a nonzero integrable function, let f be a measurable function
with modulus at most 1, and let ). € C with |A| > 1. We assume that g = Ty(fg).
Then |A| = 1, | f| = 1 almost everywhere, and Ag o T = fg almost everywhere.

Proof

We have |A||g] < Tolgl. Integrating this equation yields [A| [lgll.: < llgll;:, which
implies |A| = 1. Moreover, the function T0| g| — |g| is nonnegative and has zero
integral, hence it vanishes almost everywhere. Since Tyl gl = |gl, the measure with

density |g| is invariant. By ergodicity, |g| is almost everywhere constant (and this
constant is nonzero). The equation Ag = To(fg) becomes Ty(A~' fg/g o Tp) = 1.
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Therefore,

/x =g /(,\ =5 <. 2.2)
goTy gOTo

This shows that the function A~! f + has to be equal to 1 almost everywhere. i

We now turn to the specific situation of skew-products. For k € Z and v € C!(Y), we
define an operator

Zro(x) = Z e 0 1 (hx)u(hx). (2.3)

hext

These operators are the building blocks of the transfer operator associated to .7 . In
particular, let & = & (this is the transfer operator associated to Ty ). For x € Y and
n € N, let us also write S ¢y (x) = 31—, ¢y (Tjx).

Forn € Nand x € Y, let r®(x) = Y'~, r(Tjx). This is simply the Birkhoff
sum SYr(x), but we favor the more compact notation r™ since we think of ™ as a
return time for the iterated map 75, and not as a Birkhoff sum.

Forn € N, A > 0, and ¢ > 0, we denote by ‘6;"8 the set of functions v from Y
to C which are C! on each set (Y for h € #,, and such that the quantity

[vllgas = sup supmax(lv(ax)l, [ID(v o h)(x)|| /A) /e (2.4)
he#, xe¥

is finite. These are the functions we work with. They can be unbounded, but their
explosion speed is controlled by the return time. Typically, if one starts from a
smooth function on X and induces, then the resulting function is unbounded, but
it belongs to (6?’8 for any A, €. In particular, for any A > 0 and any ¢ > 0, we have
sup,.cy | Sy ¢
but the corresponding norm does.

Let k € Z, and let Cy > 1. We denote by &,(Cy) the set of pairs (u, v) of
functions from ¥ to C such that u takes only nonnegative values, |[v| < u, and
max(||Dv||, || Dul||) < Comax(l, |k|)u. This set is a cone (i.e., it is stable under
addition and multiplication by nonnegative real numbers). We also write |[v|| p, (¢, (or
simply |[v|p,) for the infimum of the quantities ||u||;+ over all functions « such that
(i, v) € &1 (Co). Since &(Cy) is a cone, this is a norm, satisfying [[v]|l+ < [[v]p, <
lv]lci- The Dy norm has been (implicitly) used by Dolgopyat, and it is very useful
since it enjoys good contraction properties for the action of the transfer operator ..

We freely use the following trivial inequalities: if |k| < |£], then [[v][p, < [[v]lp,.
Moreover, for any k, we have ||v||p, < ||v||¢:. Finally, we have ||v||%,g/ < [[v]lgae as
soon as &' > ¢.

41 < 00. Note that the set of functions %4-¢ does not depend on A,
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The theorem we use is the following. Recall that T is a fixed nonuniformly ex-
panding transformation of base Y and that ¢ is a C! function that is not cohomologous
to a locally constant function, also fixed once and for all.

THEOREM 2.3
There exist N > 0, Co > 1, & > 0, and 0 € (271N 1) such that, for any M > 1,
the following properties hold.

(Classical contraction) Forany A > 1, there exists a constant C(A) such that, for any
W € €4 and for any v € C'(Y),

“gMN(wU)Hcl < QIOOMN(Suplw(x)|/e4gr(MN)(X)) ||v||cl + C(A) ||1p||(g?4;4vs ||U||C0 .

xeY
(2.5)
Moreover, there exists C > 0 satisfying the following property. Let A > 1,
let Y1, ..., Y, € Gy, and let v € C(Y). Write v° = v, and write v’ =

LYN (v’ ™1, Then
“U””C1 S CA(l_[ ||'(//l “(g;\/’:; )(OIOOMNYL ||U||Cl + H_MNn ”,U”L2 ) (26)
i=1

(Dolgopyat’s contraction) For any A > 1, there exists K = K(A, M) such that, for

any |k| > K, for any C' functionv : Y — C, and for any function ¥ € %fj?,‘g,

1LY W)llp, < 6" N 1Y llgas lvllp,,, - 2.7)

Moreover, for any |£]| > |k| > K, we also have

1L Wro)llo, < 07"V Y llgas [0l - (2.8)

The first half of the theorem is really classical (it is a consequence of the usual
contraction of transfer operators on spaces of Lipschitz or C' functions), the second
half is less classical but should not be surprising to a reader familiar with Dolgopyat’s
techniques. However, this result contains additional technical difficulties with respect
to the same kind of results in the literature. Indeed, the functions in %%, are usually
unbounded and have unbounded derivatives. Moreover, the application of Dolgopyat’s
arguments is problematic since the function ¢y is also unbounded with unbounded
derivative. As a consequence, the proof of this theorem is quite unpleasant, even
though it does not need additional conceptual ideas, only technical ones. Therefore,
the proof of Theorem 2.3 is postponed to the appendix.

In the rest of this article (except the appendix), N, Cy, €, and 6 are fixed once and
for all and denote the constants given by Theorem 2.3.
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Remark 2.4

Note that the bounds with ”w”%?ﬁi imply the same bounds with ||1ﬁ||,gm. Most of
the time, we only need this weaker version (the inequalities with 4¢ simply give a
small additional margin, which is useful from time to time). In some applications of
Theorem 2.3, the function ¥ does not play any role (i.e., the theorem with ¥» = 1 would
suffice). However, to study the local limit theorem, the relevant operators incorporate
the iteration of the map and the multiplication by a characteristic function. The
presence of the function v in the above statements makes it possible to study such an
operator using Theorem 2.3.

Remark 2.5

Concerning the precise formulation of Theorem 2.3, let us make two additional remarks

that are apparently technical but are in fact extremely important for the forthcoming

proofs.

(1)  The theorem for M = 1 is sufficient to obtain the exponential mixing (and
to prove the theorem for M = 1, we only need the weak Federer property
of Y and no uniformity on the inverse branches). However, to prove the local
limit theorem, we need to take larger and larger M’s; since 6 is independent
of M, the gain #'%°M" enables us to control some terms that are polynomially
growing with M. The uniformity in M in Theorem 2.3 is therefore crucial.

2) Since ||v]| Do, = lvll b, the inequality (2.7) is stronger than

1L @)l < 0" MY ¢ llgas vl p,- 29)

The inequality (2.9) would be sufficient to prove the exponential mixing. How-
ever, to prove the local limit theorem, we jump from one frequency to another,
and the additional gain in the index given by (2.7) is crucial (especially in the
proof of Lemma 4.3).

3. Exponential mixing

3.1. A model for 7

For n € N, we define an artificial transformation, which models the dynamics of
T, as follows. Let X = {(x,i) | x € Y,i < r®™(x)}, define a map U™ (or
simply U if n is implicit) on X by U(x,i) = (x,i + 1) ifi + 1 < r™(x), and let
Ux, r™(x) — 1) = (T} (x),0). Let 7™ : X™ — X be given by 7"(x, i) = T'(x);
we obtain 7™ o U = T o ™. We endow each set h(Y) x {i}, for h € H#, and
i < r™ o h, with the restriction of the measure jy to A(Y). This yields a measure
w™ that is invariant under U and whose restriction to ¥ x {0} is equal to py.
Strictly speaking, the map U is not defined everywhere since some points of ¥ do not
come back to Y. However, it is defined u almost everywhere, which is sufficient
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for our needs. The measure 7™ is absolutely continuous with respect to it and
invariant; hence, these measures are proportional by ergodicity. In particular, setting
A0 = p® /™ (X™), we have 7™ ™ = fi.

We also endow X ™ with a metric, as follows. The set Y is canonically embedded
in X® by y > (y, 0); we endow the image of this embedding by the metric of Y. Let
he A, andlet0 < i < r™ o h (this function is constant on ¥). The map U~
is a bijection between A(Y) x {i} and Y x {0}; we choose the metric on A(Y) x {i} so
that this map is an isometry.

With this choice of the metric, the map U is very expanding on the points of the
form (y, 0) (it expands the metric by at least ), and it is a local isometry on the
points (y, i) with i > 0. Since T satisfies the third property of Definition 1.4, the map
7™ is almost a contraction for each n: there exists a constant C such that

1Dz (x) - | < C |lv] (3.1

for any x € X™ and v tangent at x. If u : X — C is a C' function, the function
u o™ is then also C' on X™, and ||u o 7™ ||c1 < C |lu|| 1.

We finally define a map % = %™ on X™ x S' by #(x,w) = (Ux,w + ¢ o
7™ (x)). If we define #™ : X x S - X x S as 7™ x Id, then % is a model for
T since A" oU = T o7 ™. To study the properties of .7, it is therefore sufficient to
understand %™ (for any conveniently chosen 7). Abusing notations, we simply write
¢ on X™ instead of ¢ o m™. We also identify ¥ with ¥ x {0} c X,

The map U is not always mixing for the measure ft”; setting

d=d" = ged |{r”(x)|x e Y}, 3.2)

then U is mixing if and only if d = 1. If d > 1, let us write, for k € Z/dZ, [;L;(”) for
the probability measure induced by i on the set {(x,i) | i = k mod d}. Then each
measure ,1,&") is invariant under U“ and mixing. The measure 7" ,a,({") is absolutely
continuous with respect to fi and invariant under T¢. Since T is ergodic (because T
~(n) — ll

is mixing), this yields 7" i,

3.2. The transfer operator associated to U™
In the rest of this section, we work on X™, where N is given by Theorem 2.3 (and
fixed once and for all). This theorem makes it possible to study the transfer operator
A associated to the map % = %™ . Our goal in this section is to use this information
to prove Theorem 1.7.

To keep the arguments as transparent as possible, we assume (until the end of the
proof and without repeating it each time) that dV) = gcd{r™(x)} is equal to 1. At
the end of the proof, we indicate the modifications to be done in the general case.
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Let us write a function v on XV x S' as v(x, ) = Y, vk(x)e™®, that is,
ve(x) = / v(x, w)e * dw, (3.3)

where dw denotes the normalized Lebesgue measure on S'. If A is the transfer operator
associated to %, and if ¢ is the inverse of the Jacobian of U for ™), then

vx, o)=Y J@wE o)=Y J@ ), e-—ex)

U(x',w")=(x,w) U(x')=x
=Y Y S w0,
keZ Ux'=x

In the same way, if _# ™) denotes the Jacobian of U”, then

Uox,w) =" Y FOE ) x)e e, (3.4)

keZ U"x'=x

Hence, the operator A" is diagonal, acting on the kth frequency by the operator

Miv(x) = Y FO (x)e I, (3.5)

Urx'=x

We understand separately the action of .4 for each k. Using the induction process,
we are able to understand this operator for points x, x’ belonging to the base Y of
XN We then use this information to reconstruct the whole operator .#;. To do so,
let us define the following operators:

Ry v(x) = > JO N (x)e kI, (3.6)
U'x'=x
X' €Y, Ux',... U x'¢Y,U"x'eY
T = > JO0))e *50, (3.7)
U'x'=x
x'eY,U"x'eY
Appx) = > FOC e, (3.8)
x’EY,Ulﬁr’,..fU”x aY
B, cv(x) = > JO(x e *I, (3.9)
U'x'=x
X, U x'gy,U"x' eY
C,v(x) = Z TPy (x")e KD, (3.10)
U=z



LOCAL LIMIT THEOREM AND FAREY SEQUENCES 215

The main interest of these definitions is the following. First, cutting an orbit according
to the first and last time it belongs to Y, we get

My =Cox+ > AuiTiBos. 3.11)
a+i+b=n

Moreover, considering all the times an orbit belongs to ¥, we obtain

Too=)_ > RixRjx (3.12)

p=1 jitjp=n

Finally, for z € C with modulus at most ¢, we have

Y R = LY@ ). (3.13)

n>0

The restriction |z| < e® ensures that this operator is well defined by Theorem 2.3.
More precisely, we even have the following.

LEMMA 3.1
There exists C > 0 such that, for any n € N, for any k € 7, we have

IR kvllciiyy < € max(l, [kDe " [vllciy) - (3.14)

Proof

Let ¥, «(x) = e *Sv @ if rM(x) = p, and 0 otherwise, so that R, ;v = LN (Y, xv).

We show that ||, « ”’K}f‘ < Cmax(l, |k|)e=2*", which concludes the proof by (2.6).
We have |1, 4 (x)] < e~2¢e2""" ™) Moreover, if h € A y satisfies r™ o h = n,

we have
I D s 0 W) < Clklr™(hx) < Clk|e* ™) < Clkle 2"t ™™ (3.15)

This proves the lemma. O

3.3. Study of the operators T,

In Equation (3.11), the complicated part in the expression of .#} comes from T4,
since the other operators are more or less explicit. This section is devoted to the study
of the operators T; ;, by using (3.12).

LEMMA 3.2
There exist C > 0 and 0 < 1 such that, for any k € 7Z — {0}, for any n € N, and for
any v € CY(Y), we have || T, xv|lct < CK*0" ||v]| .
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Proof

Fork € Zand |z| < ¢, letus write £} v = ;f,iv(z’w’v) = PN(e= %Sy 77" v). Since
Pr. =Y 2/R;; by (3.13), Lemma 3.1 shows that this operator acts continuously on
C!(Y) and that z — %, . is holomorphic on the disk {|z| < e°}. Formally, we can
rewrite (3.12) as > T, 2" = (1 = ) RLkzj)_l = (I — %..)"". Hence, for any path
y in C around zero bounding a domain on which I — %, is invertible for any z, we
have, forany n € N,

1
T,o=— | 27"°'U - %) dz. (3.16)
2w v

We use this equation as well as the information on . , to estimate 7, 4.

Step 1. Fix Ag = 1, and let Ky = K (Ao, 1) be given by the second half of Theorem
2.3 for this value of A. We first prove the lemma for |k| > K. Let us fix such a k.

Let |z|] < €°. The function " belongs to € 2‘)’8 and its norm is bounded by 1.
For n € N, we can iterate n times (2.7) (or rather (2.9)) (for M = 1) to obtain

100N 100N
L5 vlles < 125 vllp, <07 Nvllp, <0777 [vller (3.17)

We then use (2.6). Note that the function ¥ (x) = ¢ *Sv®r® 77" js bounded by
"' and that, for h € # y, we have

1D o WYXl < [kl DS py o h)(x)lle” ™™

< Clklr™(x)e™® < C'|k|e*™ ™.

Letting A = C’[k|, we have proved that ¥ € @3> and that |/ ||442 < 1. Applying
(2.6) for n iterates, we obtain, for any C' function w,

1L; wler < CIIO ™ lwller + 67wl 2). (3.18)
Applying this equation to w = £} v and using (3.17), we get
1L vller < CIRIO M 1L5 vller + 670N Jullen). (3.19)

Applying once again (3.18) but this time to v, we finally get |I$£f‘zv||cl <
C|k|?0%°M" ||v]| 1. We can argue, in the same way for odd times, to finally obtain
the existence of C such that, foranyn € N, v € C'(Y), [k| > Ky, and |z| < €7,

125 vl < CE2O*N vl . (3.20)

In particular, this shows that the operator I — %, _ is invertible on C'(Y) and that its
inverse ) %} _ has a norm that is bounded by Ck*/(1 — 6*").
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We can then use equation (3.16) by taking for y a circle of radius e°. We obtain
ITuall < 8 [ 121" < cier™, (321)
¥
This concludes the proof for |k| > K.

Step 2. Consider now |k| < Koy, k # 0. We show that, for any z with |z| < 1, the
operator I — % is invertible on C'(Y). Since the invertible operators form an open
set, this implies the existence of &(k) such that, for |z| < e*®, I — &, . is invertible
on C!(Y). Using a path y that is a circle of radius ¢°®, we can then conclude as above
(without explicit control, but since there are only finitely many values of k to deal
with, this is not a problem).

Thus, consider z with |z| < 1. The inequality (3.18) still holds (its proof does not
use |k| > Kj). Therefore, there exists C > 0 such that, for any n € N, L% vller <
CO'N |1y|| o1 +C(n) ||| 2. Since the injection of C'(Y) in L?(Y) is compact, this is
a Lasota-Yorke inequality. Hennion’s Theorem 2.1 therefore shows that the essential
spectral radius of % , is less than 1. If I — %, . is not invertible, there must therefore
exist v € C'(Y) nonzero such that Z; .v = v (i.e., V(e *¥% 77" v) = v). The
operator #" is the transfer operator associated to the map 7", which is ergodic on
Y. Lemma 2.2 applies and shows on the one hand that 1z|”" is almost everywhere
equal to 1 (hence |z| = 1) and on the other hand that v o T{V = 77" e~ikS\9ry almost
everywhere. Raising this equation to the power K, we obtain that vX° is invariant
under the operator g, .« . But we have already proved that [ — %k, .« is invertible
on C(Y). As a consequence, vKo = 0, and v = 0, which is a contradiction. This
concludes the proof for |k| € [1, Kj). |

To obtain an estimate on 7, o, we must also take into account the fact that I — % | is
not invertible (its kernel corresponds to constant functions), which adds a residue in
the integral calculus of the previous proof. In the following definition, we introduce a
tool that makes the computation of this residue possible. We write D for the open unit
disk in C, and D for its closure.

Definition 3.3

Let % be a Banach space, and let R; be operators acting on 4 for j > 0. We say that

they form a renewal sequence of operators with exponential decay if the following

conditions hold.

(1)  Thereexist§ > 0 and C > 0 such that ||R;|| < Ce . We can thus define an
operator R(z) = Y R;z/ for |z| < €°.

(2) Foranyz € D-— {1}, the operator I — R(z) is invertible on 4.
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3) The operator R(1) has a simple isolated eigenvalue at 1. Let P = P(1) be the
corresponding spectral projection, and let R'(1) = ) jR;. We assume that
there exists ;& > O such that PR'(1)P = uP.

PROPOSITION 3.4

Let R be a renewal sequence of operators with exponential decay on a Banach space
A. Let us define an operator T, by T, = Z(;o:l Z_j1+»»-+j,,:n R - - R; . Then there
exist C > 0 and 6 < 1 such that, foranyn e N, |T,, — P/u| < Co".

Proof
For 7 close to 1, the operator R(z) is close to R(1). Hence, it has an eigenvalue A(z)
close to 1, with a corresponding spectral projection P(z) (and all these quantities
depend holomorphically on z). Let us compute the derivative A'(1).

We denote with a prime the derivative with respect to z. For any x € 4,
R(z)P(z)x = MA(z)P(z)x. Differentiating with respect to z and then multiplying
on the left by P(z), we get (omitting the variable 7)

PR'Px+ PRP'x =)} Px+ APP'x. (3.22)

Moreover, PRP' = P?RP’ = PRPP’' = AP P’. After simplification, we obtain
PR Px =XPx.Forz =1, PR'P = uP.Choosing x such that Px # 0, we finally
get

(1) = p #0. (3.23)

In particular, on a small enough disk O around 1, the function z > A(z) is injective,
and takes the value 1 only for z = 1.

The operators I — R(z) are invertible for z € D — O, hence also for z in a
neighborhood of this compact set. We can therefore choose a path y around zero
going along an arc of a circle of radius greater than 1 and the inner part of 00. It
satisfies the equation

1 —n—1 -1

T,=— [ " '(I - R@) ™" dz. (324)

2w J,
We modify y into a new path ¥ that runs along the same arc of a circle of radius
greater than 1 and the outer part of 0. To obtain an analogue of (3.24), we need
to add the residue of z7"~'(I — R(z))~' inside O. We have (I — R(z))™' = (1 —
Az))"'P(z) + O(z), where Q(z) is holomorphic inside O (hence without residue).

The only pole is thus at 1, and we get

1

- —n—1 _ -1
T = 5~ = (I = R()  dz+

b (3.25)
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On 7, |z| = e for some 8’ > 0. As ||(I — R(z))""|| is uniformly bounded along 7,
the integral term is therefore O(e ™). The remaining term gives the conclusion of
the proposition. O

We can now come back to the study of the transfer operator associated to %, and more
precisely to the operators 7, o, which have not yet been estimated.

COROLLARY 3.5
For any C! function v on Y, let Pv = J v diy. Then there exist C > 0 and 0 <1
such that, for any n € N and any v € C'(Y), we have

1
|7

n0¥ T X ™) #

UHCI < CO" vl - (3.26)

Proof

We use the fact that the Markov transformations 7y and U are mixing. Since these
transformations are topologically mixing (by the equality ged{r‘™(x)} = 1 for U),
the mixing in measure results, for example, from [A, Theorem 4.4.7].

Let us show that R, o is a renewal sequence of operators with exponential decay
on the Banach space 4 = C!(Y). The exponential decay of || R, || is given by Lemma
3.1, Let Lo.v=LV"v) =Y "R = R©).

Let us check that I — R(z) = I — % is invertible for z € D-— {1}. As in the
proof of Lemma 3.2, the operators % . (for |z] < 1) have an essential spectral radius
less than 1 on C'. If I — %y., were not invertible, there would exist a nonzero C 1
function v such that ¥, ,v = v. Lemma 2.2 implies that |z| = 1 and v o T;V =7
Let us extend v to the whole space XV by setting v(x, i) = z'v(x, 0). Thus, the
function v is bounded (and therefore integrable) and satisfies v o U = zU. This is a
contradiction since U is mixing.

Forz = 1, R(1) = %, simply is the transfer operator associated to 7" . It has a
simple eigenvalue at 1 (the corresponding spectral projection being P), and no other
eigenvalue of modulus 1. Let us compute P R'(1) P. We have

PR, oPu = uy{r'™ = n}Pu. (3.27)

As a consequence, Kac’s formula gives PR'(1)P = ( SN npuy{r®™ = n}) P =
/L(N)(X(N))P.
We can then apply Proposition 3.4 and get the conclusion of the corollary. O

3.4. The exponential mixing
The estimates on 7}, ; given in Section 3.3 enable us to describe ./} for any k and
then to describe the full transfer operator A.
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For x € X™), denote by A(x) its height in the tower (i.e., if x = (y, i) withy € Y
and i < r™(x), let h(x) = i). We write C>' (XY x S') for the set of functions
v:X™ x S! — C such that 3'v/dw’ is C! for 0 < i < 5 with its canonical norm.

THEOREM 3.6

There exist constants C > 0 and O < 1 such that, for any C>' function v : XM x

S' — C, for any n € N, and for any (x, w) € XM x S! with h(x) < n/2, we have
Uv(x, w) — / v d(2Y) ® Leb)| < CO" ||v]|cs.i - (3.28)

For the proof, we need information on the operators T; ;, but we also need to describe

precisely the operators B; ; (defined in (3.9)).

LEMMA 3.7
There exist 0 < 1 and C > 0 such that, forany k € Z, v € CY(X™)), andn € N,

[ Buxvller < C(1+ kDA vllcr - (3.29)
Moreover,
f v du® — Z/ B, ov d,u(N)’ < CP vller - (3.30)
X pr St
Proof
Fory € Y, letv,(y) = 0if r™(y) < n, and let
)1
w() =v(.r YO —n)exp( =ik Y ¢0.0) B3N
J=rM(y)—n

otherwise. For x € Y, we then have B, ;v(x) = %" v,(x) since B, ;v(x) takes into
account the values of v on the set Z, of points that enter Y after exactly »n iterations,
that is, points of the form (y, ™ (y) — n) with ¥ (y) > n.

Let us check that the function v, belongs to (611\;8. First, since v, vanishes for
r™ < n, we have

[V, < Linyon 0lleo < €7 o]l o - (3.32)
Moreover, if h € Sy, then

1D, o ) < Lopsn(Ivller + kn [[vlleo) < CA + [k]ne™ e @ |y e .
(3.33)
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Hence, v, belongs to (6}\;8, and its norm is bounded by C(1 + |k|)6" ||v|| 1. Applying
(2.6), this yields (3.29).

For (3.30), note that Z;.O:o Jy Bjov = [vsince [, B;ov is the integral of v on
Z ;. Therefore,

‘/U_jZ:(;/yBj’OU‘S

by (3.29). O

> | [ Bt = 3 1Bjavle < B vl 339
g Y

j=n+1 j=n+1

COROLLARY 3.8
There exist C > 0 and @ < 1 such that, for any k € Z, anyn € N, any x € XV with
h(x) < n/2, and any v € C{(XM), we have

Mo(x) = Tizo / v di™| < C(1 + kP ol (3.35)
Proof
Assume first that x € Y. Then (3.11) simply becomes
Miv(x) = i: T, i Bixv(x). (3.36)
i=0
If k # 0, then
IT,—ixBixvllcr < CK*0" || Bisvlicr < CIk[8" 8" [[vllcr (3.37)

by Lemmas 3.2 and 3.7. Summing over i, we obtain the desired bound.
If k = 0, Corollary 3.5 gives an additional term

> PBiov/nMXM) =3 f Biov du™ /(X ™)
=0 i=0 * ¥

N / v du®™ /M XN + 00" = / vda™ +0@"

by (3.30). This proves (3.35) forx € Y.
If x has height j € (0, n/2], let us write x = U/(x’), so that

Mu(x) = e SO 3T u(x). (3.38)

The estimate for x’ gives the desired conclusion (after replacing @ with 6'/2). O
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Proof of Theorem 3.6
Let v : X x S' — R be a C>' function. We decompose it as v(x, w) =
> iz e(x)e™ . Then

U'v(x, w) = Z Mv(x) - e’k (3.39)
keZ
by (3.4). Therefore, if h(x) < n/2, Corollary 3.8 gives

Umv(x, w) — / v d@® ®Leb)‘ < ‘%Svo(x) - f v dﬁ(N)‘ +y )%ka(x)‘
k0

<CY (U + KPP" vl -

keZ
With 5 integrations by parts with respect to @, we show that ||vi[|cn < C ||v|esa /(14

|k|). This implies the theorem after summation. O

Proof of Theorem 1.7 (under the assumption that d™) = 1)
Let us first show that, on X® x S!,

H@"v _ / v d(a® ®Leb)H < CO" |[v]l o (3.40)
Ll

for some constants C > 0 and & < 1. To do this, we decompose X™ as
{x | h(x) > n/2} and {x | h(x) < n/2}. The first set has an exponentially small
measure, its contribution is therefore exponentially small. If x belongs to the second
set, | %" v(x, w) — [ v| < CO" ||v]lcs: by Theorem 3.6. This proves (3.40).

This implies that, for any functions v € C>! and u € L,

‘ / wod" - vd(i™ ® Leb) — ( / w d(E™ ® Leb))( / vda™ ® Leb))‘

< CO" |lull .~ lvlles. . (3.41)

Now take f € L®(X xS'"), and take g € C%(X x S"). The functionsu = f o7 and
v =g oa™ are defined on X’V x S!, respectively, bounded and in C>'. Moreover,
(3.1) shows that [[v||csi < C |Igllcs. Since 7™M ™ = fi, (3.41) implies that

]/fof"-gd(ﬁ@Lem—(/fd(mLeb))(/gd(ﬂ@Leb))]

<CO" I fllp=llglcs - (3.42)
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Letn € N, and let f € L*. The linear operator

gr—>/foﬂ'”-gd(ﬂ@Leb)—(/fd(ﬂ@Leb))(/gd(,&@Leb)) (3.43)

is then bounded by 2 || f||;~ in C° norm, and by C&" || f||,;~ in C® norm. For any
noninteger a € (0, 6), interpolation theory on the compact manifold X x S! (possibly
with boundary) shows that there exists a constant C, such that any operator that is
bounded by A in C° norm and by B in C® norm is then bounded by C, A!~*/® B/ in
C* norm (see [T, page 200]). As a consequence, we get

’ffoﬂ’”-gd(,&@Leb)— (/fd(ﬁ@Leb))(/gd(ﬂebLeb)))
< Co ll fll g 2'77°(CO")° ligl e -

This concludes the proof of the theorem for noninteger . The general case follows
readily. The interpolation argument can also be replaced by an elementary (but less
synthetic) convolution argument. The idea of using interpolation theory in this kind
of setting was suggested by Dinh and Sibony in [DS]. O

Proof of Theorem 1.7 in the general case
If d = d™) > 1, the transformation U is not mixing, and the arguments used above
(especially in the proof of Corollary 3.5) do not apply anymore.

However, they can be applied to the transformation U¢ and its invariant measure
,&E)N) (defined in Section 3.1). As 7" [;L(()N) = [i, this implies Theorem 1.7 for times n
of the form kd. To deduce the general case, one writes n = kd +r with0 <r < d
and applies the theorem to the time kd and to the functions f o 7" and g (which are,
respectively, bounded and C?%). O

3.5. Proof of one implication in Proposition 1.8

PROPOSITION 3.9

Let ¥ : X x S' — R be a Holder-continuous function of zero average, and define
o? by (1.11). Then o2 > 0. Moreover, ifa2 = 0, there exists a measurable function
f : X xS, continuous on Y x S', belonging to L? for any p < oo such that
Y = f — f oT almost everywhere.

This is one of the implications in Proposition 1.8. Theorem 1.9 is required for the
other half, hence its proof is postponed to Section 5.6.
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Proof
‘We have

n—1

/w(ni:wo 7 _”/W2+2Z(”—l)/w Yo (3.44)

1=

Since Y, i ‘ [v-¥o ﬂ_i| < 00 by Theorem 1.7, this yields

/){S(Zw f’) = no? + O(1). (3.45)

As a consequence, 0% > 0. Moreover, if o2 = 0, the Birkhoff sums of Y are uniformly
bounded in L?. By [K, Remark 1], there exists an L? function f with zero average
such that ¥ = f — f 0.7 almost everywhere. We have to prove that f is continuous
on Y x S! and belongs to every L?, p < oo.

Theorem 3.6 implies that there exist & < 1 and C > 0 such that, for any C®
function v : X x S! — C, for any n € N and for any x € X™ with h(x) < n/2, we
have

‘@’1(voﬁ(N))(x,w)—fv <CO" |v|lcs - (3.46)

Since |%"(v o #M)(x, w) — J vl < 2|lv]lco, interpolation theory as above implies
that, for any o > 0, there exist C, > 0 and 0, < 1 such that, for any x € X N with
h(x) <n/2, we have

‘@"(v o M) (x, ) — / v‘ < G0 o]l - (3.47)

As 1 belongs to C* and has vanishing integral, we can therefore define a function
gon XM x S! by

oo

glx, ) ==Y U o 7#V)(x, ). (3.48)

n=1

This function is continuous on ¥ x S!. Moreover, if h(x) = H, then the first 2H terms
in the sum defining g(x, w) are bounded by || || -0, while the other ones are bounded
by Céu’j by (3.47). Hence, g(x, w) is bounded by C(1 4 h(x)). Therefore, g belongs
to L? for any p < oo (it even has an exponential moment), since u™{h(x) > n}
decays exponentially with . Moreover, by construction, #g — g = U o ™).
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We know that ¢ = f — f 0.7, where f € L%. As a consequence, ¥ o #V) =
for®™ — foi™ o, whence U(W o M) = U(f o #M) — f o 7M. We get

g—fod™M =g — for™). (3.49)

In particular, foranyn € N, g — f o #™ = Y"(g — f o 7M.

Theorem 3.6 shows that, for any function v € C>!(X™) x S') with zero integral,
Uv converges to zero in L?. By density, this convergence holds for any function
v € L? with zero integral. In particular, #"(g — f o #™) converges to zero, hence
g— fof™) =0.As gis continuous on Y x S' and belongs to all spaces L”, p < oo,
this concludes the proof. O

4. Strategy and tools for the local limit theorem

4.1. Description of the strategy of the proof
Let us fix an integer M. We work with the transformation U = UMM on XMV
(hence also with ZMN) on X(MN) » ST,

Lety : X xS' — Rbe a C® function with zero average. We also write ¥ instead
of ¥ o #MN) on XMN) xS, To prove the local limit theorem for yr, we consider for
t € R the operator @t(v) =9 (' v). If we understand well the iterates of U 1 WE
deduce the asymptotic behavior of [ "%, since this quantity is equal to [ %7 (1).

Instead of working with functions on X" x S', we have seen in the proof
of the exponential mixing that it is worthwhile to use Fourier series, and work on
XMN) 5 7. If v is a function and (vy)rez denote its Fourier coefficients, then the
Fourier coefficients of ¢/'¥ v are given by

vy =Y (" )avs. 4.1)

a+b=k

Applying then the operator 9 (which acts at the level of the kth frequency by the
operator .#), we obtain

@)=Y > F@e 0y (xyui(x'). 4.2)

leZ Ux'=x
This is some kind of Markov operator on XM x 7, for the “transition probability”
. —ikp(x') (i
%Ex,k)ﬁ(xgl) = lyy= F(x)e™ PO i (x). (4.3)

The equality ., #(; 1)~y = 1 does not hold, so this is not a real transition
kernel, but we nevertheless use the intuition of random walks. In particular, let us
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write, forn € N,

t,n . gt gt t
(k)= — Z f(xmkn)*(anvknq) o ’[(X2-k2)—>(xl,kl)%(xlqkl)*(xuyko)'
ko=L,ky,.... kn_1,kn=k
X0=X', X1,y Xpn_1,Xn=X
4.4)
In this expression, we consider trajectories of the random walk x,,, x,_1, ..., Xo. It

may seem unnatural to write things in that direction, but it is designed to give the good
order when we express things in terms of transfer operators. Let %™ be the operator
with kernel ", acting on bounded functions on XM x 7, by

Ao, k) =D Al 0D 4.5)
(C0)]

By construction, the powers A" of A" have kernels " Moreover, %, corresponds
to the operator 4" at the level of frequencies; that is, if v is a smooth function on
XMN) 5 S! with Fourier coefficients (vg)rez, then

oy =Y H (o p0rx): (4.6)
"0

To see that this expression and these computations are correct, we should check that

sup Z | o] < 00, 4.7)

(x,k)eXMN) %7, o'\D)

which is always the case if ¥ is C? in the direction of S! (by two integrations by parts)
and is always satisfied in the following. A priori, this does not prevent % E;cn,k)ﬁ(x’,l)
from blowing up exponentially fast with n. However, 4 EX" k(.1 18 also the kernel of

itS,

the operator obtained by multiplying v with €'Y and then applying A" . Therefore,

’%fiyrfk)—%x’,l) = 1U”x’:xf(n)(x,)eiiksn(P(X/)(eitS”w)k—l(x/)’ (48)

X

and this quantity is bounded by #™(x’) < 1. Note that (4.8) can also be checked
directly from the formula (4.4), with several successive integrations.

We let different operators (with kernels related to 2# ") act on spaces of functions
from XMN) x Z to C (or Y x Z to C if we only consider trajectories starting from
Y x Z orending in Y x Z). If 4 is such a functional space, and if v € %, we sometimes
write vi(x) instead of v(x, k).

To understand the previous “random walk,” we study its successive returns to the
set Y x [—K, K], where K is large enough. Indeed, outside of this set, we have a
strong contraction (by Theorem 2.3), and hence excursions can be controlled. Only
what happens inside ¥ x [—K, K] can therefore be problematic, and we use there

an abstract compactness argument. Let us denote by 4~ E;C'f;f)x_c)(x,, ;) the “probability”
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of an excursion (i.e., of starting from (x,k) € ¥ x [—K, K] and coming back to
(x’,1) € Y x [—K, K] after a time exactly n without entering ¥ x [—K, K] in
between). Formally, for (x, k) € Y x [—K, K]and (x’,1) € Y x [—K, K], we have

t.1,exc . t Lt t
(k)= (x"1) — Z %‘(xnskn)_)(xnfhknfl) %(XZJCZ)_’(XI:kl)%(xlvkl)_’(xoak[))'

X0=x",X1,..0,Xp_1 €EX, X=X
(xi,ki)2Y x[—K,K] for O<i<n
Let Bx = Dy <k C !(Y). An element of Zx can therefore be seen as a function
von X x Z such that v, is C! for |k| < K, and vy = O for |k| > K. We define then
an operator R! on #x by

(RAW(x) = D A o). (4.9)
(x',0)

For x € Y and [k| < K, let also (T/v)(x) = Z(x,,,)eh[f,(’m E;;’k)_)(x,,,)vl(x/),
(i.e., we consider all the returns of the “random walk” to Y x [—K, K] and not only
the first ones). This means that T/v = 1y, —x k14 " (lyx—k.xV) for v € #k. By
construction,

T,{:i > R R, . (4.10)

p=1 ji++j,=n

This is a renewal equation that we already met in the course of the proof of exponential
mixing. The main difference is that, for the mixing, each frequency was left invariant
by the transfer operator, which means we only had to consider random walks on
X®™ and excursions outside Y. Here, since there is also some interaction between
the frequencies, we have to localize spatially (i.e., on Y) but also on the space of
frequencies since the estimates given by Theorem 2.3 are not uniform in k.

The proof consists in understanding precisely the R!’s, deducing from that good
estimates on 7!’s, and using these to reconstruct precisely enough @’t’ We thus need
two technical tools: on the one hand, a tool on perturbations of renewal sequences of
operators (we want estimates that are precise both with respect to n and ¢); and on the
other hand, good estimates on the excursions outside of ¥ x [—K, K].

Before going on, let us give another expression of #"¢*¢ that is needed later on by
considering the successive returns to Y x Z. Let us define a function ¢y : ¥ xS! — R
by

r(x)—1 i—1

o)=Y 1//<Tix, o+ qu(fo)). 4.11)
- s
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It is the function induced by ¥ and 7 on the set Y x S'. Let us denote by Sy
the Birkhoff sums of vy for the map induced by .7 on Y x S!. For x,x’ € Y and
k,l € Z, let %Efkp(x,’” = Lpmw ey JMN) ()= ikSunr &) (it Sun¥vy, ("), which
corresponds to the “probability” (for the above random walk) of the first return in
Y x 7Z. Considering the successive returns to Y x (Z — [—K, K1), for x, x’ € Y and
k,l € [—K, K] we get

g1, 1,EXC _ t,Y . t,Y
H ooty = Z Z H ey ky— G k) " Gorok)— ok
P20 ko=lky.....kp1 &~ K.K].ky=k

Xo=x",X1,....Xp_1 €Y, X=X
p=1 _(MN
Y rMV (x)=n

(4.12)

4.2. Perturbed renewal sequences of operators

Definition 4.1

Let 4 be a Banach space, and let R; be operators acting on 4 for j > 0 and

t € [—to, ty] for some £y > 0. These operators form a perturbed sequence of renewal

operators with exponential decay if the following conditions hold.

(1)  The operators R? form a renewal sequence of operators with exponential decay.
In particular, we write P and p for the associated spectral projection and
coefficient, as in Definition 3.3.

2) There exist § > 0 and a, C > O such that, for all ¢,t € [—ty, tp] with
|t —1'| < a,forany j >0, |R, — R} < Clt —1'|e™.

(3)  Letuswrite R(z, 1) =Yz’ R} for |z] < €®. For (z, ) close to (1, 0), the oper-
ator R(z, t) is a small perturbation of R(1, 0). Therefore, it has an eigenvalue
Az, 1) close to 1. We assume that, for some @ > 0, A(1, ) = 1 —at>*+ O(|t]?).

We say that this sequence is aperiodic if, for any (z,t) € (ﬁ X [—ty, tp]) — {(1, 0)},

the operator I — R(z, t) is invertible on 4.

THEOREM 4.2
¢ . .
Let R be a perturbed sequence of renewal operators with exponential decay. Let

[o¢]

=Y > R,--R. (4.13)

p=1 ji++jp=n

Then there exist T € (0, 1)), 8 < 1, and ¢, C > 0 such that, for t € [~7, T], for
n > 0, we have
5 1 Oltz n An 2\n
‘Tn_—(l——> p” < CO" + Clt|(1 — er)". (4.14)
1 n
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Moreover, ifR? is aperiodic, one also has, for |t| € [19, ty] and n > 0,

I, < C6". (4.15)

Proof
If y is a path around zero in C, close enough to zero,
t 1 — =T -1
T/ = 57 |z 7“1 = R(z, 1) dz. (4.16)
i J,
By analyticity, this equality holds true for any path y around zero bounding a domain
on which I — R(z, t) is invertible for any z.

Let us first show (4.15) in the aperiodic case. Let ¢ # 0. The operators I — R(z, t)
are invertible for any z € D. Since invertible operators form an open set, there exist
an open neighborhood I; of f and &; > O such that I — R(z, t’) is invertible for ¢’ € I,
and |z| < e®. Taking for y the circle of radius e®, we obtain ||Tj’/|| < C(t)e /& If
T > 0, the compact set [—#y, —t] U [T, #3] can be covered by a finite number of the
intervals /,, and we get the following: there exist §; > 0 and C,; > 0 such that, for
any |t] € [z, 1], forany j > O, [|T]|| < C e /*. This proves (4.15) if we can choose
T so that (4.14) is satisfied.

For (4.14), we work in a neighborhood of (z, ) = (1, 0). There exist an open disk
O around 1 and 7y > 0, such that, for (z, t) € O x [—19, Tp], the operator R(z, t) has
a unique eigenvalue A(z, t) close to 1. Let us also denote by P(z, t) the corresponding
spectral projection. These functions depend holomorphically on z and in a Lipschitz
way on .

We saw in the proof of Proposition 3.4 that A’(1,0) = u # 0. Reducing O if
necessary, we can therefore assume that z — A(z, 0) is injective on O (and takes the
value 1 only at 7z = 1).

When ¢ converges to zero, the function z +— A(z, ) converges uniformly to
z > A(z, 0) (with a speed O(t)). Since all of these functions are holomorphic, the
derivatives converge uniformly with the same speed. In particular, z — A(z, t) takes
the value 1 at a unique point p(¢) in O (if ¢ is small enough) by Rouché’s theorem.
Moreover, p(t) — 1 whent — 0.

Let us establish an asymptotic expansion of p(¢). We have

p(t)
AMp@), 1) — A(1, 1) =/ A(z, 1) dz
1

p(t)
=/ (M (z, 1) = A (1,0)) dz + 2'(1, 0)(p(r) — 1).
1
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Moreover, |A'(z, 1) —A'(1,0)| < C(|z—1]+t]) < C(|p(t)— 1| +t]). As A(p(2), 1) —
A1, 1) =1 — (1, 1) = ar® + O(|t]*), we obtain

N, 0)(pt) — 1) = at® + O) + O(Itllp(t) — 1) + O(Ip(@) — 1*).  (4.17)

As M(1,0) = p # 0, this yields p(t) — 1 ~ at?/u. In particular, p(t) — 1 = O(t?).
Putting this information back in the equation, we finally obtain

p(t) =1 +at’/u+ O@F3). (4.18)

The operators I — R(z, 0) are invertible for z € D-o0. By continuity, I — R(z, t)
is invertible for any z in a neighborhood of this compact set, and ¢ close enough to zero,
say t € [—19, Tp]. We can therefore choose a path y around zero made of an arc of a
circle of radius greater than 1 and the inner part of 9 O, satisfying (4.16) for |t| < 9.
We modify y into a new path y by replacing the inner part of d O with its outer part.
To obtain an analogue of (4.16), we should add the residue of z=/~'(1 — R(z, t))™!
inside O. We have (I — R(z, 1)) = (1 — A(z, 1))~ P(z,t) + QO(z, t), where Q(z, t)
is holomorphic inside O (hence without residue). The only pole is located at p(¢), and
we obtain

R z77N(I — Rz, 1)) dz +

I 2 ), P(p@),1)p(H™7". (4.19)

1
AM(p(), 1)

On 7, we have |z] > €% for some § > 0. As ||(I — R(z,1))""| is uniformly
bounded on 7, the integral term is O(e~%/). For the remaining term, we have
P(p(t), t)/N(p(t),t) = P(1,0)/A'(1,0) + O(r). Making this substitution gives an
error of O(|t]|p(t)|™/) = O(Jt|(1 — ct?)7) by (4.18). We get

I ‘ A A
|7 = = Poy!| < cemit 4 Cleic1 - ery. (4.20)
I

Finally, if we replace p(¢)~/~! with (1 — «t?/u)’, the error is bounded, thanks to
(4.18), by

CA—ct?yY ((L+CltPY —1) < C(1 —ct?) (14 ClePP) jleP.
If ¢ is small enough, (1 — ct?)(1 + C|t|*) < (1 — ct?/2). Finally,
JIPA = cr?/2y < jltP(A = cr? /4 (1 — e [4)
< |tl(1 = ct?/4)) - ji* exp(—cjt*/4) < Clt|(1 — ct*/4)!
(4.21)

since the function x > xe~“*/* is bounded on R, . O
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4.3. Estimates on the excursions
In this section, we fix an integer M, a constant A > 1, and a sequence (y;)gez With
v; € (0,1]and y; = O(1/|d|*) when d — Zoo0.

We then choose an integer K such that

Vid| > K/2, y4 < W (4.22)

and
K > K(A, M) given by Theorem 2.3, 4.23)

and
Vn>1, 2M"—1—n/2>2M"/K. (4.24)
Let k = (ko, k1, ..., k;) be a sequence of integers. We say that this sequence

is admissible if |k;| > K for any i € (0, j). We say that it is strongly admis-
sible if, additionally, |k;| > K. We denote by d; = k; — k;_; the successive
differences.

LEMMA 4.3

Let k = (ko, ki, ..., kj,) be a strongly admissible sequence. Let vy, ..., Vj, be
functions from Y to C, and let €., . . ., &, belong to [0, 1]. Assume that ||; ||,gms <
&iVd;-

Let v° : Y — C. Define a sequence of functions v' by induction, by v =
g,?fN(lﬂivi_l). Then

Jo
Io#lze < ([Teva™)o "™ 1l (425)
i=1

Proof
We use the following virtual heights

kial |ko|>. 4.26)

Bi = max <|ki|, i i
Their interest is that we are able to control by induction the Dolgopyat norms
v p,,- (This would not be possible for the norm Dy, if the jumps d; are too
large.)



232 SEBASTIEN GOUEZEL

If |k;| > Bi—1/2™, we have B; = |k;|. Then, by Theorem 2.3 (and more precisely
2.7),

i MN i—1 100MN i—1
v, = 125" iv" D, <6 1illgaz 10" Ml

< QIOOMN

2M;
&¥a, V""" I,
Otherwise, Bi = Bi_1/2™ > |k;|, and (using (2.8)) we have
10 llp, = 1LY W' Dllp, <6 Il [l a2 ||Ui71||DzMﬂ,,
<0 My v Ip,_,- (4.27)

In both cases, we have similar equations with a large gain or a small loss.
Let us show by induction on i that

1 ll,, < 6""Nig, - gi(ya, - 74)” 10, (4.28)

the result being clear for i = 0.
Assume that the result is proved up to i — 1, and let us prove it for i. If 8; = |k;|,
then

1 100M N i—1 100M N 9/10 i—1
1011, < 0" erygllv' " Ip, , < 0" "Vei(ya)” v b, (4.29)

since y; < 1 for any d € Z. The inductive assumption concludes the proof.
If B; > |k;|, consider ¢ the last time before i for which 8, = |k,|. Iterating (4.27)
up to ¢, we get

V' llp,, <& - &1V - Va0 NNV I, (4.30)
Moreover, B; = B,/2M@~Y, and B; > K since k is strongly admissible. Hence,
ldoet] + -+ 1di] = [k — k| = @Y — DB = @MY — K. (4.31)

Write J for the set of indexes a € (¢, ] for which |d,| > K /2. Then ), |d,| >
(M=) — 1 — (i —1)/2)K. By (4.24), we therefore get >, |d,| > 2M@~9. By (4.22),
va < 1/(1 + |d|) for any |d| > K /2. We obtain

1/10

1 1 1/10
. /10 < = )
(Va, Y1) = l_[ Yo, = l_[ (1 + |d,[)/10 (Huej(l + |d,])

ael ael

1 )1/10 < 9—M(—0/10

= <Zaej A
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By Theorem 2.3, 9!V > 2-1/10 Ag 3 consequence, 2~M(~0/10 < glOIMNG-0 Hepce,

we obtain from (4.30)

10 1p,, < 0Ny v ) & e g - van)” 0 v,
< QIOOMN(I'fL) 5 @qooc SH-I(yd[ . )/d[+.)9/10 ”U[”Dﬂl .
Using the induction assumption at ¢, we get (4.28) at i. This concludes the induction
and the proof of (4.28).
From (4.28) at jj, we obtain, in particular,

9/10

loPllz < §'MNivg, g (g, - va )Nl g, - (4.32)

As ||U0||Dk0 < ||[v°||¢1, this concludes the proof. |

LEMMA 4.4

There exists a constant C (depending on M, A, {y,}, K) satisfying the following

property. Let (ko, ki, ..., k;) be an admissible sequence. Let Yr1, . . ., {; be functions

fromY to C, and let ¢, ..., €; belong to [0, 1]. We assume that ||{; ||(g;\4.;; < &iVa.
Let v° : Y — C. Define a sequence of functions v' by induction, by v\ =

E,Zm(l/livi’l). Then

J
||'Uj||C1 < C(l =+ ké)(Hgiy;i/3)930MNj|lvO||Cl' (433)
i=1
Proof
We write jo = j/2 or (j — 1)/2, depending on whether j is even or odd.
Let ¢ = e Sy, so that v/ = LMN(pv'~!). We have |¢;(x)| <

&:iva, "™ and, for h € .
| D(g; 0 h)(X)I| < 1D 0 W) + ki || D(Syyndy © W) [ (hx))
< Ag;yy, 0D 4 Clk [rMY (hx)e; Yd, g3erM )
< Clkil&iya, gt

for some constant C > 1 depending only on M and A. Let B = C max |k;|; this
shows that ||¢; ||(6,me < &Va-
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We can apply (2.6) between the indexes 1 and jj to get

Jo
lo*ller < Comax k;D( [T eiva )@ ™ 1e0llcr + 64510 2)

i=l
' Jo
< oo (T eira )max kDIl
i=1

Applying (2.6) between the indexes j, + 1 and j, we obtain
v/ llcr < C(max|ki|)< l_[ 8in,)(9100MNU_j°)||U]°||c1 +9—MN(]—]0)||,U]0||LZ).

i=jo+1

We use the bound on ||/ |1 given by the previous equation and the bound on |[v”]| ;>
from Lemma 4.3 (if j, = 0, this lemma does not apply since the sequence (kg) is
not necessarily strongly admissible, but the estimate (4.25) is trivial in this case).
Since 100MN(j — jo) — MNj,and —MN(j — jo) + 100M N j, are both at least
C+99MNj/2 > C +40M Nj, we obtain

J
v/ ller < C(l_[siyd,-)é’mMNj(max kD100l

i=1

Jo J
+C(TTema)( TT eva ) max e o0 s
i=1

i=jo+1

J
< o™ max k([ Terva ) 1 ller

i=1

Assume first that max |k;| < 2(|ko| + jK). As 4MNJ j2 < CH3OMNJ e obtain the
: L j 9710 ; 1/3
conclusion of the lemma by bounding directly ([T/_, v4)" by (IT._; va)
Assume now that max |k;| > 2(Jko| + jK). We have |ko| + Y_ |d;| > max |k;]|.
Denote by J the set of indexes > 1 for which |d;| > K. Then

> ldil = max |ki| — lkol = jK = max ki|/2. (434)
ieJ
By (4.22), y4 < 1/(1 + |d|)**/"7 for any |d| > K. We get

(Mr) " < (Hiej(l +1 |d,-|)60/”>m3O : <ﬁ)2 = 4/(anax £

iel
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Finally,
J 9/10 J 17/30 J 1/3 ] 1/3
max ki*([Tra) = (max 117 ([Tva) (H w) =4[ )"
i=1 i=1 i=1 i=1
This yields again the conclusion of the lemma. ad

5. Proof of the local limit theorem

We fix a C® function ¥ : X x S! — R with vanishing average, and a real number
fo > 0. We study the operators .7, := 7 (¢'V-) for |t| < 1. We first choose M, A,
a sequence Y, and an integer K so that the results of Section 4.3 apply. All these
choices depend on ¥ and f.

5.1. Choosing the constants

Let ¥y be the function defined in (4.11). There exists a constant C(y) such that
|SY Yy (x, )| < C(Y)r™(x). More generally, as 7 is an isometry in the fiber direc-
tion S!, we even have, for 0 < j <4,

— Sy, 0)| < COI). (5.1)

In particular, for any |¢| < #,, we have

a eitS{l//y(x,w)

| < Clty, YIrP)*, 52)

Let us denote by F\"" the dth Fourier coefficient of ¢/ in the circle direction.
Making 4 integrations by parts in the circle direction and using the previous equation
yields

Clto, Y)r@)* _ C'ltg, e

F 0l = = ET R (5.3)
There also exists C(n, ty, ) such that, for any h € #,,
ID(FS™" o Y|l < Cn, to, ¥) 57—z S (5:4)
1+ |d]*
Once and for all, we fix an integer M such that
[2OMN Zml ( ’ Clefol,dlﬂ))'/ < plomMN (5.5)

deZ
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and

. C'(to, ¥)
91°°MN§ min(1, —————=) < 1/4. (5.6)
- ( 1+ |d|4>

Let y; = min(1, C'(ty, ¥)/(1 + |d|*)). By (5.4), we can then choose a constant
A such that

IFS" s < va (5.7)

for any d € 7Z. Finally, we choose K satisfying (4.22)—(4.24).

All the constants C that we consider through the remainder of Section 5 may
depend on M, A, {y,}, K. We work on the space X" with the map U = UMM to
prove Theorem 1.12 for ¢t € [—t, fp]. We freely use all the results that we proved in
Section 3. Formally, we proved these results for XV, but the same arguments hold
verbatim in XN,

As in the proof of Theorem 1.7, we assume until the end of the proof that
dMN) =1 (i.e., that UM" is mixing). Only at the end of the proof do we give the
modifications to be done to handle the general case.

5.2. The renewal process
As in Section 4.1, let us define a space Bx = P ¢ C'(Y) endowed with the norm
of the supremum of the C' norms of the different components. We see an element v
of Bk as a set of functions (v <x, Where vy corresponds to frequency k, and then
10l = suppyg lvellcr. We also write [[v]lco = sup vl co.

Forz € C,t € [—1, 1], and k = (k, ..., k;) an admissible sequence, we
formally define an operator Q}(z) on C 1(Y) as follows, where d; = k; — k;_1:

(MN) MN, (MN) (MN) MN,
Qv =LYV (T FMNO LN T L NS )LL) (58)

Intuitively, this operator applies to a function of frequency k( and gives a function of
frequency k;. If # is a Banach space of functions from Y x Z to C, it is therefore
more natural to consider an operator Qi(z) from 4 to 4, defined by (QZ v =0
(if k # k;) and (ch(z)v)k/. = Q;c(z)vk[; This applies, for instance, if % = By (and
lko] < K, |k;] < K). We occasionally use the operators Qj}(z), but the technical
estimates are formulated in terms of Q}(z). -

LEMMA 5.1

The operator Q}(z) acts continuously on CY(Y)foranyt € [—ty, tyl andany |z| < €%,
and its norm is bounded by C (1+k3)0*MNJ 1—[*17:1 y;’,ﬂ. Moreover, the map z — Q}(2)
is holomorphic from {|z| < e*} to End(C'(Y)), where End(C'(Y)) is the set of
continuous linear operators on C'(Y).
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There exist a > 0 and C > 0 such that, for all |t —t'| < a, for any admissible
sequence k, we have

J
10;(2) — QZ(Z)”End(C‘(Y)) < Clt —t'|(1 + kg)o>*MNI 1_[ J/(}im. (5.9)

i=1

Finally, if |t| < a,

J
104 < C(1+ kG)(Ce 1 470g20MNI Ty 12, (5.10)

i=l1

Proof

To estimate the norm of Q}(z), we use the estimate given by Lemma 4.4, taking ¢; = 1
MN) (MN,t) ¢ 5 (MN,t)

and ¥, = 77 Fd,» df |z < 62‘0, we have ||; ||(6/AMI::; < ”Fd,» ”(gﬁéﬁv < v4. We

obtain
! 1/3
1 Q4@ llnaccrry < C1+ K3 (]‘[ )0, 5.11)

If |z] < €%, each function v/; 1, ., tends to 0 in @ 1y; N 7 when 7 tends to infinity. As
a consequence, z — Q}(z) is a uniform limit of polynomials on any compact subset
of {|z| < €?*} and is therefore holomorphic there.

To prove the rest of the lemma, we use the following inequality (which can
easily be proved by four integrations by parts): there exists C > 0 such that, for any
t,t' € [—toy, tp] and for any d € Z,

MN, MN.¢'
IEMND — FMNO e < Cle — 'y, (5.12)
To prove (5.9), let us write Q’k(z)v — Q’k/(z)v as
j (MN (MN)
MN (_r'MN) (MN.t) cpMN MN (_r (MN,1) (MN 1)
Z gk./ (Z Fd.f gk}—l T gkb ( (F dy, )gkb 1
b=0

r<MN> (MN,t") cpMN MN (_r™MN) (MN,t')

de gkb 2( gkl (z Fdl V) )
Fix b. To estimate the corresponding term in this equation, we again use Lemma
44. Letyy = " FMVY fori > b, let Yy = (MN)F(MN” for i < b, and let
v = 2 (FYTY - F;MN”) Let also &; = 1 for i # b. Then v, &; satisfy the
assumptions of Lemma 4.4 for i # b. Finally, let &, = C|t' — | (Where C is as in
(5.12)). If ¢’ is close enough to 7, we have &, < 1, and the assumptions of Lemma 4.4
are again satisfied by (5.12).
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Using this lemma, we obtain (after summation over b)

J
10w = Q@pvller = CG+ DI = +&)( [T ra) 0w ler. 5.13)
i=1
As (j + 1MV < CHPMNI | we get (5.9).
Finally, to prove (5.10), note that F;MN’O) = 0if d # 0. As a consequence, (5.12)

applied to ' = 0 gives || F, ;MN”)H%;% < C|t|y4- We can therefore apply Lemma 4.4
tog; = 1ifd; =0ande; = C|t| if d; # 0 to obtain (5.10). O

Let us then define formally an operator R(z, t) on Bk by R(z,1) = ) Q;L(z), where
we sum over all admissible sequences k with |ky| < K and |k;| < K, that is,

(R V), =) > 04(2)vs,.- (5.14)
j=1 ko,kl,...,kj,l
[ko|<K

k=(ko.k1,....k;_1,k) admissible

The coefficient of 7" corresponds to considering the first returns to ¥ x [—K, K] after
a time exactly n. By (4.12), this is exactly the operator R! defined in (4.9). Using
the estimates in Lemma 5.1, our next goal is to prove that the operators R/ satisfy
the assumptions of Theorem 4.2. Indeed, this theorem thus provides us with a good
estimate for 7,/ (defined in (4.10)), which is the main building block of 0?/;’

LEMMA 5.2

The formal series R(z,t) defines a holomorphic function on the disk |z| < e%,
uniformly bounded in t € [—ty, ty). In particular, there exists C > 0 such that, for
anyt € [—ty, ty), for any n € N, and for any v € B, we have

IR vz, < Ce™ vy, -
Moreover,

IR(z, yv — Rz, 1)l < Clt =] vl g, - (5.15)

In particular, for any n € N, for any v € B, we have

IR, v — R, vz, < Clt —1'le™™ [l g, -
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Proof

As O2MN S~ 1> < 1, the estimates given by Lemma 5.1 are summable. This
directly implies the lemma. O
LEMMA 5.3

There exists a constant C such that, for any z with |z| < e*, for any t € [—ty, to],
and for any v € B, we have

1
1Rz, vllg,e = 7 vllgy + Cllvllco - (5.16)

Proof
Fix an integer P. We define a truncated series R(z, ¢, P) by summing as in R(z, t)
along admissible sequences k = (ko, k1, ..., k;) but with the additional restrictions
that sup |k;| < P and j < P. When P tends to infinity, R(z, ¢, P) converges (in
norm) to R(z, t), uniformly for (z, ) € {|z] < €*} x [—to, ty]. We show that, for any
P € N, there exists C(P) such that
1
[R(z, t, P)vlly, < 3 vllg, + C(P)llvllco. (5.17)

This implies the desired result, by choosing a large enough P.

Let k be an admissible sequence of length j > 0. Iterating j times the equation
(2.5) (applied to the functions y; = 7" emikiSundr ;iMN”)), we obtain a constant
C (k) such that, for any v € C'(Y), we have

J
10k @vller < 6" (TTva) Ioller + CC)Nvleo. (518)
i=1

The operator R(z, t, P) involves only a finite number of admissible sequences. De-
noting by C(P) the sum of C(k ) over these admissible sequences, we obtain, for any
veR K>

P

, j
ZQIOOMNJ(Z )/d) lvll4, + C(P) llvllco

j=1 deZ

- QIOOMNZyd
-1 9100MN Zyd

1
< 3 Wl + CPY vllco

”R(Z7 ta P)v”@,(

IA

[vllz, + C(P) llvllco

A

by (5.6). O
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COROLLARY 5.4
Foranyt € [—ty, to] and for any |z| < €%, the operator R(z, t) acting on B has an
essential spectral radius bounded by 1/2.

Proof
This is a consequence of Theorem 2.1. O

Definition 5.5

Lety : X x S' — R be a C® function. We say that it is continuously periodic if there
exista > 0,1 > 0,and f : X xS' — R/AZ measurable suchthat y = f— fo7 +a
mod A almost everywhere and f is continuous on ¥ x S'. Otherwise, we say that 1
is continuously aperiodic.

Proposition 1.10 says that aperiodicity and continuous aperiodicity are equivalent.
However, we prove this equivalence only at the end of our arguments. Until then, it is
more convenient to work with the notion of continuous aperiodicity.

PROPOSITION 5.6
For any z € D — {1}, the operator I — R(z, 0) is invertible on B . Moreover, if the
function Vr is continuously aperiodic, the operator I — R(z, t) is invertible on % for

any (z,1) € (D x [—to, 1o]) — {(1, 0)}.

Proof
Let |z| < 1, and let t € [—1y, tp]. If the operator I — R(z, t) is not invertible, its
kernel contains a nonzero function v = (v_g, .. ., vg) by Corollary 5.4. Let us define

a function vy for |k| > K by

[e¢]

v = Z Z 0; (2)vy, -

p=1 k=(ko,ky,...,kj_1,k) admissible
lko| <K
Lemma 5.1 implies (after summation over the admissible sequences) that
Y ez llvkller < oo. Moreover, for any k € Z,

v=y PUN (" FMNDy )y, (5.19)
leZ

This equation is indeed a consequence of the construction of the v;’s if |k| > K, and
of the fact that v is a fixed point of R(z, t) if |k| < K.

Let us define a continuous function g on ¥ x S' by g(x, w) = >, , vi(x)e’.
As v is nonzero, g is also nonzero. The invariance equation (5.19) translates into the
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following for g:

@Y(ermensxmwg) =g, (5.20)

where %y is the transfer operator associated to the map which is induced by # =
UMY on Y. Lemma 2.2 yields |z| = 1 and g o %y = 'Siv¥r 77" ¢ Let us extend
g to the whole space XMY) x S! by setting
j-1
g(x, j,w)=7/g(x,0, w) exp(it Z Voo Ur(x, a))). (5.21)
k=0
This function is bounded (since g is bounded on Y), nonzero, and satisfies g o % =
ze'g.

If t = 0, we obtain g o % = zg. But the map % is mixing (this was proved
in Theorem 3.6 and in (3.41) for %Y, and the same proof holds for ZMM). As a
consequence, 7 = 1.

Ift #0,let f: XMN) x S' — R/277Z be the logarithm of g, and let a be such
that z = e~ Then ty o A*MN) = f oW — f +a mod 2m, and f is continuous
onY x S' ¢ XMM » S! (we have reintroduced the projection ") in the notation
since we soon confront lifting problems). In general, f is not constant on the fibers of
7™M and can therefore not be written as f o 7M™ in R/27 Z. However, since the
fibers of 7M™ are countable, [G2, Theorem 1.4] shows that there exist A of the form
27 /n for some integer n, and f : X x S! — R/AZ, such that f = f o ™™ mod A
almost everywhere. As a consequence, 1y = f o7 — f +a mod A and f has a
continuous version on ¥ x S' (since this is the case for f). Hence, v is continuously
periodic. a

LEMMA 5.7

The operator R(1, 0) has a simple eigenvalue at 1. The corresponding spectral pro-
Jection is given by (Pv)y = fY vo diy, and (Pv);, = 0ifk # 0. Denoting by R'(z, t)
the derivative with respect to 7 of R(z,t), we have PR'(1,0)P = p™MM(XMN))p,

Proof
We have (R(1,0)v), = & ,’("’ N k. Tt is therefore sufficient to know the spectral prop-
erties of the operators #M" (for [k| < K) to conclude. For k # 0, these operators
have a spectral radius less than 1, while for k = 0 there is a simple eigenvalue at 1,
the corresponding eigenprojection being given by integration (as we saw in the proofs
of Lemma 3.2 and Corollary 3.5). This yields the desired formula for P.

As PRIP = py{r™") = j}P for j > 1, we have

PR(,0P =) jur{r™ = j}p = p™M(x¥™)p (5.22)

by Kac’s formula. a
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5.3. Estimate of the perturbed eigenvalue
In this section, we prove this theorem (which is necessary to apply Theorem 4.2).

THEOREM 5.8
Denote by A(1, t) the eigenvalue close to 1 of R(1, t) for small t. Then

o’t?
AMl,t)=1— mMM(x(MN))T + o), (5.23)
where o is given by (1.11).

The proof of Theorem 5.8 takes the rest of Section 5.3. We write R(¢) and A(¢) instead
of R(1,t) and A(1, ¢) since we consider only z = 1.

Let f7 be the eigenfunction (in #) of R(t) for the eigenvalue A(¢), normalized
so that [ f§ = 1 (this is possible since [ f = 1 and f' converges to f° in By).
Note that f' = f° + O(¢) and that A(t) = 1 4+ O(¢) (since R(t) = R(0) + O(t) and
the simple isolated eigenvalues, as well as the corresponding eigenfunctions, depend
in a Lipschitz way on the operator). Moreover, fy = 1, and f = 0 for k # 0.

LEMMA 5.9
We have M(t) = 1 + O(t?).

Proof
We have (R(t) f! )o = > Q’k(l) fk’O, where the summation is over the admissible
sequences k = (ko, ..., k;), with |kg| < K and k; = 0. If j > 2, there are at least

two nonzero differences d; = k; — k;_, and the sum of the corresponding terms is
therefore bounded by Ct? by (5.10). If j = 1 but kg # 0, the difference is nonzero,
which gives a O(¢) factor. As fk’o = O(t), the resulting term is therefore also O(t?).

It remains (R(1) f*), = Qlo.0)(1fg + O(?). As R(t) f" = (1) f" and [ f5 = 1, we
obtain after integration

At) = / Qloo(Dfs + 0 = / PUNEMND £y 1+ 0(1%)
Y Y
= / eIt ®e) £y + O(r2).
Y xS!
As [ f3 =1, we get

A =1+ / (S — D)(fl = 1)+ / (S — 1) + 0(?). (5.24)
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Since fi = f9 + O(t) = 1 + O(2), the first integral is O(?). For the second one,
/(e”%*”y —1) =it / St Uy +0@?) = MNit/ Y+0(t?) = 0(?) (5.25)
X xS!

since [ ¢ = 0. This finally yields A(t) = 1 + O(r?). 0
Define a function g, on Y by gi(x) = [ S}y ¥y (x, e ' dw.

LEMMA 5.10
The function g, belongs to € IIWEN Moreover, there exists a constant C > 0 such that,
for any small enough t and for any k € Z,

2

1+ k4

| FMNY (5.26)

_ - <
k=0 llgk”%/;;N =<

Proof
Write

FMY () — 1izo — itge(x) = / (St 1 — i1 SY Yy (x, @))e ™ dw
S

1
:_12/ (l—v)(/s ST Wy (x, )’
v=0 !

% eitShn .o —ike da)) dv.
This gives (5.26) after four integrations by parts with respect to . O

LEMMA 5.11
For any |k| < K, we have in C'(Y)

fo=R+it) L@+ o). (5.27)

n=1

Note that g; belongs to €}, which implies that £V g, € C'(Y) by Theorem
2.3. The series Y,y LN LN g is therefore convergent in C'(Y): for k # 0, the
spectral radius of & ,i” N on C!(Y) is less than 1, and the convergence is trivial. For
k = 0, there is still exponential convergence for functions with zero average, which
is the case of go because [ = 0.
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Proof of Lemma 5.11
As A(t) = 1 + O(t?), we have

0 t 0 r_ 0
f'=r )»(t)f S +0(t)=R(t)f ;R(O)f + o)

t_ £0 r_ £0 —
f tf +R(0)f tf +R(t)tR(O)f0+0(t).

= (R(t) — R(0))

Since R(t) — R(0) = O(t) and since f' — f° = O(t), we obtain, after moving
f 0
R(0)L=L to the left-hand side,

(1 — R(0) O+ o). (5.28)

f'=f°  R@)— R(0)
) r t

The operator R(0) simply acts by (R(O)v), = £V v;. Let us study (R(?) fO) =
> 011, where k is an admissible sequence beginning by 0 and ending by k. If the
lenigthiof this admissible sequence is at least 2, there are two nonzero differences, and
we obtain a term bounded by O(¢?). Hence,

(R f°), = 0l (D1 + 0(t*) = LYV (EMN) + 0(?). (5.29)

Applying Lemma 5.10 and using the fact that Z¥" is continuous from %, to C'(Y),
we get, in C'(Y),

(RD)f°), = Lo+ it LV g+ 0@*) = (RO) ), +it LV g + O(1%). (5.30)

Lethy = Y., o, Z¥""g,. Denote by h the corresponding element in Zx so that the
kth component of (I — R(0))h is equal to #'" g;. Equations (5.28) and (5.30) imply
that

t_ £0

= R(O))(f t I _ ih) = 0. (5.31)
As I — R(0) is invertible on the set of elements v of g, with f vg = 0, this shows
that (f* — f°)/t —ih = O(t), which is the desired conclusion. O

Let %y be the map induced by % = %™™) on Y x S!. The associated transfer operator
AUy acts on each frequency k by £} MN From the spectral properties of the operators
ZLYUN | we obtain the convergence of the series

=[St ? 423 [ Sty Sttr ot
Y il Y

=[Stz 23 [ 550y Shvwr. (5.32)
Y - Y
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LEMMA 5.12
We have A(t) = 1 — 6%t2/2 + O(t%).

Proof
Let us estimate (R(¢) f')o. We have

(RO )y= Y > 0L (D) f{ + >, Qi ;.

1<|k|<K k=(k,ki,....k;1,0) admissible k=(0,k1,....k;1,0) admissible

In the first sum, f = O(z). If there are two nonzero differences in the admissible
sequence k, we therefore obtain terms bounded by O(¢*) by (5.10). In the second sum,
we also get O(¢>) unless there are at most two nonzero differences, which is possible
only for the sequences k = (0,0) and k = (0, ¢, ..., £,0), where £ is repeated a
number of times, say j, and |[£| > K. Hence,

(ROf)y= D LYM™EE O+ LN E f7)

1<|k|=K
+ Z QEO,Z,...,K,O)(I)f(; + o0@>).
We have
Qlor,..eDv = LN (FYTOLYNEMIO 2y . 2N EMNO ).
(5.33)

As there are two nonzero differences in these admissible sequences, the contribution
of these terms to R(z) f is O(t?). Moreover, F(gMN") = 1+ O(¢). If we replace
F(;MN”) by 1, we get an additional error of O(¢) in each term. It can be checked as in
the proof of (5.9) that these errors are summable. In the same way, f;j may be replaced
by 1 since the error is O(t). We get

(R(t)ft)o — Z EMN(FLA]jN,I)ka) + gMN(F(EMNJ)fOt)

I<|k|<K

+ 0 PMNENO 2N FMND) 4 o).

j>0 |[¢>K

For |¢| > K and for j > 0, we have | £} v]lcr < C(1 + €)0°MN |||l 1
for any function v by Lemma 4.4. Hence, (5.26) enables us to replace FZ(MN”) and
FYZ’N”), respectively, with itg, and itg_,, the additional errors being summable and
giving a term of order O(#?). Using also the estimates on f; of Lemma 5.11, we obtain

(ROf)y=—1> Y > "™ (g el g) + LM (F"™ f)

1<|k|<K n>0

2 LM LV g + 0.

[€|>K j>0
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To estimate LMV (FMYY £1), we write, in 4}y,

2

t
M0 = 1+ itgox) = 5 / Sinv¥r(x o) do+ 0. (534)
N

Consequently, by Lemma 5.11 and since [ f§ = 1, [ go = 0, we have

/gMN(F(;MNJ)f()t): f FO(MN,t)fOz
Y

Y

2
:1+/itg0f0’—%// Sy vy (x, ) fi(x) do + O()
Y Yy JS!

oo 2

t
==~ /goéfMN"go——/
n=1"Y 2 4

Finally, as A(t) = [, M(t) f§ = [,(R(®)f")o, we obtain

§Lwa<x, w)’ + O(r).

xS

[2
M) =1-— 5/ SY by (x, w)? — t222/ g LMNg 4 0(r), (5.35)
Y xS! Y

keZ n>0

and the sum is absolutely converging. To conclude the proof, it is therefore sufficient
to show that, for any n > 0,

Z/g—kgngllgk:/
Y Y

3 Sun¥y - Syw Wy o Uy. (5.36)
keZ X

We have
n ny —i n-l gy ol
/g—kgfm 8k = fg—kchN (e 2= SundroUy g, )
Y
Y
= [ ([ Star @y, 91089 a e Ti ot
Yy NJs!
X (/ S}(mwy(x, w)e ke da)) duy (x).
St
Leto =& — Z;:(l, SYndy o U,i (x), so that the previous formula becomes

/gki”,f’”v”gk =/</ SY Uy 0 UL (x, ' )e™t dw’)
¥ y \Jst

x ( / ST Wy (x, w)e ke da)) duy(x).  (5.37)
S]
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For any u, v € L*(Y x S'), we have

/}/xsl uy = ,{EZZ/Y (/S] u(x, o)e dw/></;l v(x, w)e ke da)) duy(x), (5.38)

where the series on the right-hand side converges absolutely. This is simply Parseval’s
equality in each fiber S!, integrated with respect to x. Together with (5.37), this yields
(5.36) and concludes the proof of the lemma. |

LEMMA 5.13
We have 6% = puMN) (X MN))52,

Together with Lemma 5.12, this lemma concludes the proof of Theorem 5.8.

Proof
We show that

o / Y2 d(uMY) @ Leb) + 2 Z f V- o d(u™Y) ® Leb).
XMV xS! 1 VX

(MN) S
(5.39)
Since ™™ projects on ™M (XMN) i this implies the result of the lemma.

It is easy to convince oneself of (5.39) by expanding the expression of S¥, ¥y
in 6% and then gluing back together the different pieces to get the right member of
(5.39). However, this process involves series which are a priori not convergent, which
is a problem. We therefore do the computation in a different way, inspired by [G1,
Proposition 4.8].

Let us define a function ¢ on XMV x S! by ¢ = "% "(). This series
converges by Theorem 3.6, and defines a function belonging to LP(X™Y) x S') for
any p. Moreover, ¢ = U v+ Ac. Let a be the restriction of ¢ to Y. The previous
equation implies that a = U ySHn¥y + Uya. As a consequence, the function a =
a— [aisequalto) oo U(SY,yWy) (and this series is indeed converging, since
[ Stx¥y = 0). In particular,

5'2 = / (SA):[NwY)z +2/ S}(,INI/IY -a
Y xS!

Y xS!

= f (Syn¥r)* + 2/ SyunVy - a. (5.40)
Y xS! Y xS!

The explicit relationship between a and ¢ then makes it possible to show (as in the

proof of [G1, Proposition 4.8]) that this quantity is equal to [\ o (¥* + 29¢),

which proves (5.39) thanks to the definition of c. |



248 SEBASTIEN GOUEZEL

5.4. Reconstruction of @Al;’
Let us assume from now on that o> > 0.

We proved in Sections 5.2 and 5.3 that the sequence R is a perturbed renewal
sequence of operators with exponential decay in the sense of Definition 4.1 and that it
is aperiodic if the function v itself is continuously aperiodic. We can therefore apply
Theorem 4.2 and get the following estimate on 7 (defined in (4.10)).

PROPOSITION 5.14

Let P be the operator on B¢ defined in Lemma 5.7. There exist 1y > 0, ¢ > 0, C > 0,
and O < 1 such that, for any n € N, for any t € [—7y, Tol, and for any v € By, we
have

Moreover; if { is continuously aperiodic, we also have, for any |t| € [Ty, to],

T! : =20 p
nv_M(MN)(X(MN))< ) ) v

< C(0"+1tI(d—ct®)") vl g, - (5.41)

K

B

IT vl g, < CO" ]y, - (5.42)

We recall that T is also given by T/v = 1yXI,K,K]ﬁ/’*”(lYX[,K,KIU). As we have a
good control on 4" outside ¥ x [—K, K], the information given by Proposition 5.14
therefore makes it possible to reconstruct precisely A As a first step, we estimate
Plv = IYXZ%"”(IYXZU). As in Section 3.2, we thus define operators A!, B!, and
C! using the kernel ¢ along trajectories of the “random walk” of length #, starting
and ending in Y x Z, with the following additional restrictions. For the operator A’ ,
we only sum over the trajectories that enter in ¥ x [—K, K] after a time exactly n,
for the operator B, over the trajectories starting in ¥ x [—K, K] and staying out of it
for the next n iterates , and for the operator C!, over the trajectories spending all their
iterates outside of Y x [—K, K]. Formally, for n > 0, we have

t _ ant At Y
SACHOEDD > H ey Gprep) " Gy ooy VX0 Ko),

p>0 ko€[—K K1 ky,.tkp 1. kpy=ke[—K,K]
X0, X1 5000 Xp—1,Xp=X

=il
Sl ™ )=n

and B}, C} are defined in an analogous way.
By construction, the operator P! satisfies

Pi=Ci+ Y  A.T'B, (5.43)
a+i+b=n

as long as this expression makes sense. We therefore need to introduce different
Banach spaces of functions from ¥ x Z to C such that the operators A, B}, and C,,

n’

are well defined between these spaces. In addition to g, let us denote by @% the
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set of functions v from ¥ x Z to C such that ), ,(1 + k?) lvkllcryy < 00 with its
canonical norm, and let us denote by %9 the set of functions v from ¥ x Z to C such
that Y, llvllc1yy < 00. We consider A’ as an operator from % to 49, B}, as an
operator from %2 to %, and C! as an operator from %% to %Y. Of course, it should
be checked that these operators are bounded for these respective norms. This is done
in the following lemma.

LEMMA 5.15
There exists C > 0 such that, for any n € N* and any t € [—ty, to], we have

1AL e < Cltle™,  IBLllgme < Clile™,  IChllpm < Ce™.
(5.44)

Proof
Let us start with A! . If k = (ko, . .., k;) is an admissible sequence, we have defined an

operator Q}(z) in Section 5.2 by (Q}(2)v); = 0ifk # k;,and (Q}(2)v), = Q(2)vy,.
We define an operator A(z, t) from % to 93‘; by

o0
Az, =) > 0} (2). (5.45)
j=1 k=(ko,ki,....kj_1,k;) admissible
[ko|<K,|k;j|>K

By construction, A}, is the coefficient of z" in this series. Moreover, summing the
estimates of Lemma 5.1 over admissible sequences with |ky| < K and |k;| > K, we
obtain that A(z, ) is holomorphic on the disk {|z] < €%} (as a function from % to
93‘;). Summing the estimates (5.10) for small ¢, we also get that A(z, ¢) is bounded
by C|t| (since the number of differences in such an admissible sequence is at least 1).
As a consequence, A(z, t) is bounded by C|t| for t € [—ty, ty] since this inequality is
trivial outside of a neighborhood of zero. Thus, the coefficient of z" in A(z, t) decays
at least like C|t|e~*". This concludes the proof of the estimate of A’.

For B!, we argue in the same way, using the fact that it is the coefficient of 7" in
the series

> > 0.(2). (5.46)

Jj=1 k=(ko.,k1,....k;_1,k;) admissible
ko> K, |k;|<K

As [| Qi@ llcrry-crry < Clel(1 + k§)o20MNi ]_[{:1 le,-/B by Lemma 5.1, we also have
J

10,333, < Clt10*"V [Tv,". (5.47)

i
i=1
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Since this quantity is summable with respect to k, the series (5.46) is holomorphic on
the disk {|z| < €%} and bounded by C|t|. We conclude as above.
Finally, C;, is the coefficient of z" in the series

o]

> 04(2), (5.48)

Jj=1 k=(ko,ki,....k;_1,k;) admissible
lko|> K, |k;|>K

which defines a holomorphic function from %2 to %9 in the disk {|z|] < €*} (by
summing the estimates of Lemma 5.1). This yields the desired estimate for C;. O

We have defined a projection P on %y, which can be extended to an operator from
B3 10 #Y, as follows: (Pv), = 0if k = 0, and (Pv)y = [, vo dpay.

COROLLARY 5.16
There exist constants 79 > 0, ¢ > 0, C > 0, and 6 < 1 such that, for any n € N,
t € [—7, ), and v € B2, we have

Moreover, if { is continuously aperiodic, one also has, for any |t| € 19, to],

1 o’t?
M(MN)(X(MN))( Y

Plv— ) PvH%O < "+l —er™)") vllg . (549)

IPjvllge < CO" 0]l . (5.50)

Proof

We write P! = A(T!By+Ch+ . iipn i-n ALT/ B} as an operator from 287, to ).
The term A{T! Bj gives the desired asymptotics by Proposition 5.14 (and since Aj,
and B are simply trivial extension and restriction operators). The term C} is o)
by Lemma 5.15. Hence, we should estimate the sum ) A! T! B, whose
norm is bounded by

a+i+b=n, i<n

Cltl Y e (0 + 1 —ct?))e™, (5.51)

a+i+b=n

again by Lemma 5.15 and Proposition 5.14. The term ) e=*“#'e~*"

small in n, while the remaining term is bounded by

is exponentially

n

1 > G+ De (1 —cr?) < Clel(d —er?)" > (1= ety 'e™)
i+j=n Jj=0
Clt|(1 — ct?)"
“1—-(1—ct?)let’

This is bounded by C|t|(1 — ct?)" if t is small enough.
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When 1/ is continuously aperiodic, the equation (5.50) is proved in the same way
by combining (5.42) and Lemma 5.15. O

The next step in the reconstruction of A" is to understand Pé v i= lyg A ().
We let this operator act on the space %° of functions v from XMM x 7 to C
such that Y, _,(1 + |k|*) vk llcrxomy < 00, and we let it take its values in A8,
Let us also define an operator P from Z° to %Y by (Pv), = 0 for k # 0, and
(Pv)o = [y vo di™™ (recall that ™™ is a probability measure on X ") whose
restriction to Y is py /uMM(XMN)y)

PROPOSITION 5.17
There exist constants Ty > 0, ¢ > 0, C > 0, and 8 < 1 such that, for any n € N, for
any t € [—Ty, 7o, and for any v € %°, we have

242 5
Hi)'i”_o_azt ) Pu

o = CO" 110 = cr?)") Ivllgp (5.52)

Moreover, if ¥ is continuously aperiodic, one also has, for any |t| € [7o, to],
1Pivll g < CO" [[0]l s - (5.53)

Proof

Let us define an operator D!, which corresponds to considering the trajectories of the
“random walk” starting from Y x Z and staying outside of ¥ x Z during a time 7, so
that P! = )", ._, P!DY. Formally, for x € Y, we have

t _ t t
DG, k)= D Atk K ks ok V0: ko). (5.54)
ko,....kn=k
X0seeey Xp =X

x; €Y for 0<i<n

We first study D! as an operator from #° to 93% As the dynamics of U between two
returns to Y is trivial, D! can be explicitly described as follows. Recall that a point
x in XMN) is a pair (y, i) where y € Y and i < r®™™)(y). The preimages of (x, 0)
under U" which do not enter Y in between are exactly the points (hx, r™™(hx) —n),
where i € A yy is an inverse branch of T," whose return time r'™") o h is greater
than n. Let v € #°. For k, | € Z, let us define a function vg,onY by

—i (MN)(yy— i
Vi () = Loy nvr (3, r¥N(y) —n)e "0 ROy, (y, r MV (y)—n).

Here, (v, 7™M (y) — n) is a point in XMN) ¢=k%¢ js a function on XMV and
(e!"SV),_; is the k — [th Fourier coefficient (in the w direction) of the function e'’5+¥
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on XMN 5 S, so it is also a function on XN 'We have defined v}, so that
Dlvx. k) = Y, LMVl (x).

Let us now estimate || D} vl 42 in terms of [[v]|4:. As ¥ belongs to C>', the k —Ith
Fourier coefficient of ¢V is bounded by Cn’/(1 + |k — []?). As r™™M)(x) > n, we
get

n’ 26rMN)(x)
[vg ()] < C vl co TTk—IF < Clvullco efmm, (5.55)
and, for any inverse branch &, we get
n’
1D, 0o Mllco = Cllugller 1+ Ikl)nm
26rMN)(x)
< Cllulle: (1 + Ikl)efg”m- (5.56)
As a consequence,
ol gz < % lunller e (5.57)
By Theorem 2.3, ||$MNUI’<’J||01(Y) < C”U/?,l”(g;f,g' Finally,
1D vl = > (A + KPDID, vkl < Ce™ > AR e 6.58)
- o 1+ k=1p

If [ is fixed,

1+ kP 1 i+ 1 TRESIE
ZAZZM < CZM < CA+|IP). (5.59)

— 1+ |k —1° L+ j13 1+ |jP°
Consequently,
1D vllg < Ce ™ [[vllys (5.60)
In the equality Plv = Y, +j=n PiDjv, let us replace P/ with (1 —

a?t?/2) P/ uMN(XMN)y 4+ E! where E! is an error term. The control of E! given
by Corollary 5.16, combined with the computation made at the end of the proof of
this lemma, gives

Y NE D lgngy <C Y (B +1tl(1 — e’ )e™ < C(6" + 1111 — c?)").
i+j=n it+j=n

(5.61)
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Hence there is only one term left to be estimated in P,f v, with frequency zero, given
by

1 0‘2[2 i
ta_ - _ 5
L= LN (X (MN)) Z (1 > ) /Y(D,-v)o duy. (5.62)
i+j=n
For all u, v € R holds [e" — "] < [u — v[e™ V). As | [, (Djv)o] < Ce™ ||[v]ly,

we obtain

2 2 n n

)]2;(1 22 ,,— /(Dv)od,uy_( ot Z/(Dv)odﬂy
(-5 i‘(l‘_) — 1]e ol

SN 22 o2\ .
c(1-5) Zifree(1-)|(1 =) "¢ ol

j=0

| /\

IA

2.2 p

<ce(1-Z5) i,
= T Vg3 -

Let us define a function f on XM x S' by f(x, w) = Y, v(x)e'**. If Z; ¢ X MM
denotes the set of points in X which enter into Y after exactly j iterates, we
have

/ (Div)o dpy = / fe'Siv d(u™N) @ Leb). (5.63)
Y Z;xS!
Since the measure of Z; decays exponentially fast,

| [@pnaur— [ raueren|<c [ jiflo < vl
Y

Z;xS! Z;xS!
(5.64)

Finally,

‘ 3 / £ d(u™Y @ Leb) — / £ d(u™Y @ Leb)
- Z;jxS! X

(MN) xS

<Clfleo Y n™(Z)) < Clvlly 0

j=n+1
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Combining these different estimates, we obtain

o2t?\n 1 _
t__ _ (MN) n _ 2\n
I _(1 . )M(MN)(X(MN)) o A @ Leb) + 08" + 1111 — cr)")
o2t \n _
= (1 - —) / vo A + 0 (0" + |1|(1 — ct*)").
2 XMN)
This proves (5.52). Finally, (5.53) is proved in the same way, by using (5.50). O

Let %, denote the operator acting on functions on XN x S! by %,(v) = U(e'Vv),
where % is the transfer operator associated to %.

THEOREM 5.18

Assume that > > 0. Then there exist constants Tg > 0, ¢ > 0, C > 0, and 0 < 1 such
that, for any C>' function v : XMN) x S! — C, foranyn € N, foranyt € [—1, 1),
and for any (x, w) € XMV x S! such that h(x) < n/2, we have

2.2,
‘@;’v(x, ) - (1- %) /v d@EM™ ®Leb)‘
< C(1+h))(B" + 111 = cr®)") o]l e (5.65)

Moreover; if  is continuously aperiodic, we also have, for any |t| € [1y, ty] and for
any (x, w) with h(x) < n/2,

U v(x, w)] < CH" |[v]lcsa - (5.66)

Note that this theorem implies Theorem 3.6, taking simply ¢+ = 0 (and a different
value of 0).

Proof
Define w in %° by w(x, k) = [ v(x, w)e " dw, so that v(x, w) = Y w(x, k)e™™.
Asv € C>!, w belongs to #° and ||w]l 4 < C |[v]|cs.i.

For x € Y, we have J/’Al:‘v()c, w) = Zkez(i),fw)k(x)eik‘” by construction of 13;.
Hence Proposition 5.17 implies that, for x € Y and t € [—19, 7],
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Vro(x, w) — (1 — ?)/4 < ‘(P,fw)o(x)— (1 _ ?)/wo)

+ D I(Plw)(x)|

keZ*

22 \n

)P,fw - (1 - —) Pw
2

< CO" 41111 = cr®)") [[w] o

< CE" 41110 = er®)") vl s -

=

0
‘%Y

This proves (5.65) for the points x with h(x) = 0.

Assume now that j = h(x) € (0, n/2]. Letx’ be such that U’ x’ = x, and let o =
w—S;p(x'),sothat %/ (x', ') = (x, w). Then @;’v(x, w) = ST DY T3 o).
Using the result for (x', ®'), we get

ot?

o, @) — 59 (1 - T)'H f o[ <@ + 1111 = ey olless

(5.67)

Since n — j > n/2, this last term is bounded by 6"/> 4 |t|(1 — ct*)"/?, which is
compatible with (5.65) (upon changing the values of # and ¢).

Moreover, |e/'Si¥™@) _ 1| < C|t|j. Replacing "5V ) by 1 in (5.67), we add
an error which is bounded by C|¢|h(x)(1 — o2¢?/2)"/2. This is again compatible with
(5.65). Finally,

2t2 2.2

(-5 - 0-5)

, ot? o2t?\n—j
ff‘log(l_ 2 )‘(1_ 2 )

< Cjr*(1 —ct?)'?,

which is still compatible with (5.65). Incorporating all these substitutions, we obtain
(5.65).
Finally, (5.66) is proved in the same way, by using (5.53). a

Proof of Theorem 1.12
Theorem 3.6 enabled us to prove Theorem 1.7. The same arguments make it possible
to deduce Theorem 1.12 from Theorem 5.18, when dMV) = 1.

When d = d™N > 1, let us show (1.13) ((1.14) is analogous). Applying the
previous arguments to the transformation U¢, which is mixing, we almost obtain
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2

(1.13) for times n of the form kd, with a slight difference: since o~ is replaced with

/(de)z +2)° /(de)(sdx/f) 0 7 = do?, (5.68)
j=1

we in fact obtain

‘/‘fi'skd“’-foﬂ‘"-gd<ﬁ®Leb>

—(1- d?)k(/ 7 da L) [ ¢ dnoLeb)
< CE* + (1 = D) 1 fll i~ lglce.

To really obtain (1.13), we thus have to bound (1 — o2¢2/2)k — (1 — do?t?/2)F. We
have

05" = e - 57) (1477

X max((l — O;t2>kd, (1 — dO;t2>k)

< Cklt|*(1 — et®.

By (4.21), this term is bounded by Ct?(1 — ct? /2)*. This concludes the proof for times
n=kd.

If n is a general time, it can be written as kd + r with 0 < r < d. The theorem
at time kd, applied to the functions e’V f o 7" and g (respectively, bounded and
C®) almost gives the result, the factor (1 — o>¢?/2)" simply being replaced with
(1 — o%t?/2)¥. As above, one checks that the resulting additional error term is still
compatible with (1.13). O

5.5. Proof of Theorem 1.9
Assume first that v is a C® function with 6> > 0. Theorem 1.12 for f = g = 1 shows
that the characteristic function of S,v//+/n converges to e~"""/2 which is equivalent
to the convergence of S,v//n toward the Gaussian distribution .4(0, o). This
concludes the proof in this case.

Assume now that v is only C%, with zero average and with o2 > 0. Let v,
be a C® function, close to ¥ in C%/2, with corresponding asymptotic variance o..
Theorem 1.7 (applied in C%/?) shows that the variance of S, (¥ —/,)/+/n is uniformly
small in 72. This implies on the one hand that the distributions of S, ¥/+/n and S, ¥, //n
are close, and on the other hand that 052 isclosetoo?. In particular, if ¢ is small enough,

o2 > 0. As S,¥./+/n converges to A"(0, 02), this implies that S,v/+/n is close in
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distribution to .4"(0, o'2) if n is large enough. Therefore, S,y /+/n is indeed converging
to 470, o%). O

5.6. Regularity in the cohomological equation

Proof of Proposition 1.8

We proved half of the proposition in Proposition 3.9. It remains to prove that, if
¥ = f — f o7 for some measurable f, then 0> = 0. If 0> > 0, Theorem 1.9
implies that S,v/+/n converges to a Gaussian distribution. However, S,¥/s/n =
(f — f 0T ™)//n converges in distribution to zero, which is a contradiction. Hence
0?2 =0. O

Proof of Proposition 1.10
Let ¥ : X x S! — R be a C® function. We have to show that v is periodic if and
only if ¥ is continuously periodic.

If ¢ is continuously periodic, it is trivially periodic. Conversely, suppose that i
is continuously aperiodic, but it is nevertheless possible to write Y =u —u 0.9 +a
mod A, where u is measurable and a € R.

If o2 vanished, ¥ would be continuously periodic by Proposition 1.8, which is a
contradiction. Hence o> > 0. As v is continuously aperiodic, it satisfies Theorem 1.12
(because (1.14) has been proved under the sole assumption of continuous aperiodicity).
In particular, for ¢+ # 0 and for any functions f, g that are, respectively, bounded
and CS, [ €'V f o 7"g — 0. By density, this convergence to zero holds for any
f, g € L*. However, for t = 27r/A, f = e/, and g = e~""*, we have

/elrS,,wf @ g—ng — /ezt(u—uo& +na)eltuoj e—ztu — eztnu, (569)
which does not converge to zero. This is a contradiction. O

6. Proofs for Farey sequences

6.1. A general criterion for the weak Federer property
We would like to prove that some measures p satisfy the weak Federer property. In
the introduction, we showed that this property is quite easy to check for Lebesgue
measure. However, in view of the application to Farey sequences, it is desirable to
have a sufficiently simple criterion that does not apply only to absolutely continuous
measures. In this section, we describe such a criterion.

Let us consider a Riemannian manifold Z endowed with a measure w such that,
for any p > 0, inf,cz u(B(x, p)) > 0. We assume that Z is partitioned in a finite
number of subsets Yy, ..., Y, and that each set Y; admits a (finite or countable)
subpartition modulo zero into sets (W; j)iea(j). Also let Tbea map that sends each
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set W, ; diffeomorphically to one of the Y;. We can define 7, as the set of inverse

branches of 7. Such an inverse branch / is not defined on the whole space Z but

rather only on one of the sets Y; = Y;(,). We assume the following.

(1)  Thereexist« > 1and C; ; such that, for any x € W, ; and v tangent at Z in x,
kvl = IDT(x)vl| < Cpj vl _

(2)  Let J(x) be the inverse of the Jacobian of 7" with respect to ©. There exists
C > O such that, for any & € ', || D((log J) o h)|| < C.

(3) Forany C > 1, there exist D > 1 and 1y > 0 such that, for any n < 5, and
for any 1 < j < p, there exist disjoint balls B(x1, (_fn), ..., B(xg, C’n) that
are compactly included in Y; sets Ay, ..., Ay with A; C B(x;, DCn)NY;
such that, for any x/ € B(x;, (C — 1)n), we have (B(x/, n)) > n(A;)/D; and
a finite number of inverse branches ki, ..., h, € # defined, respectively,
onY;,....Y;

tangent vector at x with

such that, for any i € [1, £], there exist x € Y}, and v a unit

i=1 (=

| Dh;(x)v]| = Cn (6.1)
such that
k k
U B@i. ¢y c | A (6.2)
i=1 i=1
and
k ¢
(U)o (o)

(4)  The transformation T is uniformly quasi-conformal in the following sense:
there exists K > 0 such that, for any & € |,y # » defined on a set Y;, for
any x, x" € Y; and any unit tangent vectors v and v’, respectively, at x and x’,
we have

IDA(x)vll < K[ DA (6.4)

The first two properties are uniform expansion properties, analogous to the similar
requirements on 7y in Definition 1.4. The difference is that the full shift structure has
been replaced by a subshift of finite type, since such a structure naturally appears in
the proofs for Farey sequences. The third property is a kind of weak Federer property,
but not on the whole space, rather on the images of branches whose size is at most Cn
(by the requirement (6.1)). It turns out to be much easier to check than the true weak
Federer property. Finally, the last property of uniform quasi conformality enables us
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to iterate the dynamics to get information at scales that are not covered by the third
assumption.

PROPOSITION 6.1
Under the previous assumptions, the sets h(Y j)) (for h € |, o H n) uniformly have
the weak Federer property (for the measure [4).

Proof

The quasi-conformality assumption shows that it is sufficient to prove that each set ¥;
satisfies the weak Federer property: if sets A; as in the definition of the weak Federer
property can be constructed on Y, they can be transported to 4(Y;) by the map A. In
this process, one loses only harmless constant factors, and this implies the uniform
weak Federer property. From this point on, we therefore work only on Y; for each
l<j=<p.

We want to construct sets A; as in the definition of the weak Federer property.
The third assumption of the proposition gives some of these sets, but to get the other
ones we need to iterate the dynamics. Thus, our construction is inductive.

Forany 1 < j < p,letus fix a point a; € ¥; and a unit tangent vector v; at a;.
Let also p > 0 be such that the balls B(a;, p) are compactly included in Y;. Fix a
constant C for which one wants to prove the weak Federer property, and consider 1
small enough. We say that an inverse branch & € J,, defined on Y}, is (C, n)-good,
or simply good, if || Dh(a;)v;|| > KCn/p.

We prove the following fact: there exists a constant M such that, if h € A, is a
good branch defined on Y ;, then there exist disjoint balls B(x1, Cn), ..., B(xi, Cn)

compactly included in h(Y;), sets Ay, ..., Ax with A; C h(Y;) N B(x;, MCn) such
that any ball B(x], n) included in B(x;, Cn) satisfies W(B(x], n)) > w(A;)/M, and
good branches hy, ..., hy € A, defined, respectively, on'Y; , ..., Y;, such that
k k
UB@.cmcJa (65)
i=1 i=1
and

Mﬂﬁ:ﬂﬁAOu(thn». (6.6)
i=1

i=I

This fact easily implies the proposition: we first apply it to the inverse branch Idy,
(which is obviously good if 1 is small enough) and then by induction to the inverse
branches that are produced by the fact at the previous step. This process terminates
since there is no good branch in 5, if n is large enough.
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To prove that fact, we use the assumption (3) for the constant C =
max(K2C, K*C/p). Let D > 1 and 5, be given by (3) for this value of C. Let
n < no. Let h € #, be a good branch defined on a set Y.

Case 1. Assume that /(K || Dh(a;)v;||) > no. Theimage of the ball B(a;, p) contains
the ball B(ha;, p||Dh(a;)v,||/K), which itself contains B(ha;, Cn) since h is good.
Moreover, for x, x" € Y holds d(hx, hx') < d(x, x")K| Dh(a;)v;|| < diam Yn/nq.
In particular, if M > diamY/(Cno), we get h(Y) C B(ha;, MCn). We can thus
take a ball B(haj, Cn) and a set A; = h(Y). To conclude, we should check that
w(B(x', 7)) = M~ u(A;) for any x’ € B(haj, (C — 1)n)if M is large enough. Since
the iterates of T have a uniformly bounded distortion,

w(B&' ) _ ph™" B, n)
wA) u(¥) '

Moreover, h~' B(x’, n) contains B(h~'x’, n/(K||Dh(a;)v,l)), which itself contains
B(h='x', no). The measure of these balls is uniformly bounded from below. This

(6.7)

concludes the proof in this case.

Case 2. Assume now that n/(K| Dh(a;)v;ll) < no. Let n, = n/(K||Dh(a;)v;|);
it is bounded by no. Hence, the assumption (3) gives sets Aj, ..., Ay, balls
B(x1, C‘r]h), .., B(xyg, (_?nh), and inverse branches &, ..., hy, defined, respectively,
on Y;,...,Y;,. We show that the balls B(hx;, Cn),..., B(hx;, Cn), the sets
A; = h(A;), and the inverse branches /& o hy,...,h o h, satisfy the conclusion
of the fact.

Let us first show that the inverse branch % o h; is good. By definition of 4;,
I Dhi(a;)v; || = Cnw/K = K*Cn/(p|Dh(a;)v;|). We have D(h o h;)(a;)v;, =
Dh(h;a;,)Dh;(a;,)v;,. Moreover, || Dh(x)v]| > K" ||v|| || Dh(a;)v; . Therefore,

ID(h o hi)a;)v,ll = K~ Dhi(a;)v; ||| Dh(a;)v; |

., K?Cpy

——————||Dh(a;)v;|| = KCn/p.
pllDh(a;)v;|l m

This shows that i o h; is good.

The set hB(x;, Cny) contains the ball B(hx;, Cn, |Dh(a;)v;|l/K), which itself
contains the ball B(hx;, Cn) because C > K>C. Moreover, for any x’ € B(hx;,
(C — 1)n), the set A~ 'B(x’, n) contains the ball B(h~'x’, n/(K || Dh(aj)v;l)) =
B(h~'x’, n,). As the distortion of the iterates of T is uniformly bounded, for any
x" € B(hx;, (C — 1)n) we obtain

wBG, m) _ ph'BG,m) By, 1))

_ = > > D! (6.8)
u(A;) w(A;) n(A;)
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Finally, as A; C B(x;, DCnj), A; is contained in B(hx;, DCn,K || Dh(a;)v;|) =
B(hx;, DCn). |

The previous criterion easily implies that Gibbs measures in dimension 1 have the
uniform weak Federer property, as in the following.

PROPOSITION 6.2

Let T be a C? uniformly expanding map on the circle S', and let i be a Gibbs measure
corresponding to a C' potential. Then there exists a subset Y of S' such that T is
nonuniformly expanding with base Y for the measure (.

Proof
Let d be the topological degree of T', and let x be a fixed pointof 7. Let Y = Z =
S' — {xo}. Then S' — T~!(xo) is the union of d intervals W, ..., W;, each of them

being sent by T onto Z. These intervals form a partition (modulo 0) of Z satisfying
the first four points of Definition 1.4 (forr;, = 1, 1 < i < d). If we can prove that
T satisfies the assumptions of the previous proposition, the proof will be complete.
The assumptions (1) and (2) are clear, and the fourth assumption is equivalent to
the bounded distortion for Lebesgue measure since we are in one dimension. Let us
check (3) for some C > 0. Let 1y be small enough so that, for any x € Z and any
inverse branch 1 € #, |h'(x)| > Cny. We take no ball B(x;, Cn), no set A;, and
all the inverse branches 7 € . Then (6.2) is empty, hence trivial, and (6.3) is also
trivial. a

Remark 6.3

Proposition 6.2 also holds for Holder potentials with the same proof since our argument
only uses the bounded distortion properties of the measure. However, this is not
sufficient to apply our main theorems, since they require the Jacobian to be really C'.

6.2. Farey sequences
Letr > 1. Let T be the map on X = [0, 1] given by (1.8), and let 7 be its extension
to [0, 1] x R/(log r)Z defined in (1.9) using a function ¢. This function is not C!
on [0, 1], which seems to be a problem since we always worked with a function
¢ of class C'. To avoid this problem, we can simply work with the disjoint union
X = [0, 1/2]u[1/2, 1], on which ¢ is C'. All our results in the previous sections
have been formulated for transformations on X x R /27 Z, but the same results hold
verbatim on X x R/yZ for any y # 0, and, in particular, for y = log r. Henceforth,
we simply denote R/(log7)Z by S! and apply without further notice the preceding
results.

Let xo = 1/2, and set x,, = ha(x,_1) (i.e., x,, is the preimage of x,_; under the
left branch of T'). Explicitly, x, = 1/(n+2). Let I; = (x;, x;_1). Letalso Tj = =/
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be the symmetric of /; with respect to 1/2. Let ¥ = (x;,xo) = (1/3,1/2), and
denote by Ty the map induced by T on Y. Its combinatorics can be described as
follows: a point of Y is sent by 7 in (1/2, 1), spends some time i > O there, is then
sent back to (0, 1/2), and increases (for j > 0 iterates) before entering back in Y.
The points with this combinatorics form an interval I; ; := T='(I;)) N T7~'(I;4)
and TV *!(1; ;) = Y. Letting r; ; = i + j + 1, we thus obtain a partition of Y that
satisfies the first point of Definition 1.4.

PROPOSITION 6.4
The map T is nonuniformly expanding of base Y in the sense of Definition 1.4 for the
partition {1; ;}i-o j>0 and for Minkowski’s measure . Moreover, it is mixing.

Proof

The first point of Definition 1.4 is clear. For the second one, note that the Jacobian of T
for Minkowski’s measure is everywhere equal to 2 by definition. Hence, the Jacobian
of Ty on I; ; is constant (equal to 2"/ *1), and D((log J) o h; ;) = 0. The third point
is trivial. For the fourth one, we have, for any o > 0,

/ eo‘r — Z/L(Ii,j)eo-(i+j+l) — 227i7j73ea'(i+j+1), (69)
Y

which is finite as soon as 0 < log 2. The mixing of T is a consequence of the equality
gcd{r,-,j} =1.

Thus, we just have to prove the uniform weak Federer property. To do this, we
use Proposition 6.1. Let Y, = Y, and let Y; be its symmetric with respect to 1/2. Let
Z = Yo UY,, and let T be the first-return map induced by T on Z. It sends each
interval T~'(I;) N Y, bijectively to ¥, and each interval T~!(I;) N ¥, bijectively to
Y,. If we prove that T satisfies the assumptions of Proposition 6.1, this concludes the
proof of the uniform weak Federer property since the inverse branches of the iterates
of Ty are, in particular, inverse branches of iterates of T.

Assumptions (1) and (2) of Proposition 6.1 are trivial (since J is constant on each
monotonicity interval of T'). For assumption (4), the quickest argument is certainly
to use the fact that all the inverse branches of the iterates of T are homographies
(hence with vanishing Schwarzian derivative) which can be extended to the whole
interval [0, 1]. Koebe’s lemma [DV, Theorem IV.1.2] directly yields the uniform
quasi conformality.

Hence we just have to check assumption (3). By symmetry, it is sufficient to check
it on Y,. If J is an interval, we denote its length by |J|. Then |I,| is a decreasing
sequence, with |1,,|/|I,| — 1 when n — oo since T'(1) = 1. As a consequence,
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K, = T~'(I,) N'Y, satisfies |K,.|/|K,| — 1, and there exists C > 0 such that
|K,,| < C|K,| for all m > n. Finally, u(K,) = 27""2.

We use the following fact: for any C > 0 there exists D > 0 such that, for any
interval J included in an interval K, with |J| > C~'|K,,|, then u(J) > D~'u(K,).
To prove this fact, we apply the map T once, which sends K, to ¥;, and J to an interval
J' satisfying |J'| > C~'K~!|Y;| by quasi conformality. Hence, 1(J’) is uniformly
bounded from below. As w(J')/ (Y1) = u(J)/u(K,), this proves the fact.

We can now prove assumption (3) of Proposition 6.1 on Y. Let C > 1. We
construct inverse branches Ay, ..., hy, balls B(xq, C‘n), ..., B(xg, (_fn), and sets
Ay, ..., Ay as follows if 7 is small enough.

Let N be maximal such that |K,,| > C’n forn < N. We take £ = N, and we let
hy, ..., h, be the inverse branches of T whose images are the intervals Ky, ..., K,.
Then h; is defined on Y}, of length 1/6, and the length of its image K; is > Cn. Hence
there exists a point y; € Y; with A;(y;) > 6Cn. This proves (6.1).

We decompose the remaining interval as a union of intervals of length 2Cn,
except maybe the first one whose length belongs to [2Cn, 4Cn). Let us denote this
decomposition by Jy, ..., J,. Since |Ky| = 0( DN |K,,|) when N — o0, we have
p > 2 if n is small enough. Let us define sets Ay, ..., A, by A; = J; fori > 1, and
A, = JyU Jy. Let B(x;,Cn) = J;_; fori > 1, and let B(x;, Cn) be the leftmost
part of Jy. For i > 1, the ball B(x;, Cn) is not included in the set A;; it is strictly
to its left. The balls are disjoint, and A; C B(x;, 5Cn). Let us show that they satisfy
the desired conclusion: we have to prove, for any interval J of length 27 included in
B(x;, Cn), that u(J) > D~'u(A;) holds for some constant D (independent of 7).
Either J contains an interval K, or it intersects such an interval along a subinterval
of length at least . Moreover, |K,| < C|Ky,| < CCn. In both cases, the fact we
proved above implies that u(J) > D~ u(K,).

We firstdeal withi = 1. As |K,, (| ~ | K,|, the set A is covered by UZ:l Ky if
N is large enough (hence, if 17 is small enough). These seven intervals have comparable
measures since u(K,) = 27”72, hence u(A;) < Cu(Kyyy) for 1 < k < 7.
As n(J) > D 'u(K,) for at least one of these K,’s, we indeed conclude that
n(J) = C~'u(Ay).

Assume now that i > 1. There exists an interval K, intersecting J with u(J) >
C~'u(K,). Since A; is located to the right of K,,, we get

WA) < C Y w(Ky)=C ) 27" < 27" < Cul(K,). (6.10)

m=n m=n

This also concludes the proof in this case. O
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LEMMA 6.5
The function ¢ is not cohomologous to a locally constant function.

Proof
Assume by contradiction that there exists a C' function f such that ¢y — f + f o Ty
is constant on each interval I; ; equal to some number a; ;. The interval I, ; contains
the point x = 3/2 — \/3/2 with Ty(x) = x. Necessarily, a;; = ¢y(x). In the
same way, the interval I, | contains x’ = 1 — V3 /3, invariant under 7Ty, which gives
ar; = gy(x").

Letnow y = 1 — «/6/4. This point belongs to I;;, but Ty(y) € I, and
T2(y) = y. Then

oy (Y) + ¢y (Tyy) = ar g + axg = dy(x) + ¢y (x). (6.11)

However, it is possible to compute explicitly ¢y (y) + ¢y (Tyy) — ¢y(x) — ¢y (x'),
and check that this quantity is nonzero (approximately equal to —0.013). This is a
contradiction. O

Proposition 6.4 and Lemma 6.5 show that the results of Section 1.3 apply to 7.
However, this is not sufficient to prove Theorems 1.1 and 1.2 since these results
are pointwise, while the results of Section 1.3 are averaged. We therefore need an
additional ingredient. Let X ™) be the extension of X defined in Section 3.1, and let
7™, 7™ be the corresponding projections.

LEMMA 6.6
For any n € N, there exists a constant C(n) such that, for any integrable function
u:X xS'"— C, for almost all (x, w) € X x S, and for any k € N, we have

T u(x, w) = C(n) Z 27HOGk (0 RMYVx', w). (6.12)

7™ (x")=x

Proof
Let % be the o-algebra of Borel measurable subsets of X x S!, and let #' =
(™)~1(2). This is a sub-o -algebra of the Borel o-algebra on X™ x S!. A function
von X™ x S! can be written as u o #™ if and only if v is ’-measurable.

Let us first prove that

(T u) o #™ = E(U(u o 7#™) | #). (6.13)
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To do this, let us write E(%*(uoi™) | B') = voit™. As i®@Leb = 7™ (" ®Leb),
for any measurable function f on X x S! we have

f of = voR®™ foR™ =/ E@ uorn™)|B)for™. (6.14)
X xS! X xSt

X xSt

As f o #™ is Z'-measurable, we get

/ vf = J?A/k(uoﬁ("))foﬁ(")zf uof™forg™ ok
XxS! X xS!

X0 % §!

:/ uoﬁ(”)foﬁ‘koﬁ("):/ uf o Ik,
X xSl X xS!
This last equality shows that v = 7 *u and concludes the proof of (6.13).

The set X is endowed with a countable partition .o/ such that 7™ is injective on
each element of the partition. Let us define a function F on X as follows: on each
seta € .o/, let F = dji™/ d(jt o nl(:)). This is the local Radon-Nikodym derivative
of 1™ with respect to (™)*fi. As 7™ = fi, we have Y\, F(x) = 1 for
almost every x € X. Let us show that the conditional expectation with respect to %’
is given by

E( | %) (x,w) = Z Fo(x, ). (6.15)

7O (x=7 ™ (x)

Let us indeed define a function w on X x S' by

wx, w) = Z Fx v, w) = Z lxeﬂmaF((n‘gl))_lx)v((nl(:))_lx, a))
70 (x")=x acd
(6.16)
If f is a measurable function on X X S', then

fw= Z/;m(a) f, ) F () x)v(r ) x, ) dii(x) do

1
Xx8 acd

=Y | f@"x 0@, ©) i (') do = / foR™y.
X xS!

aco V4

This proves (6.15). Together with (6.13), this implies the lemma if we can prove that
F(x') = C(n)27"", (6.17)

As Ty is the first-return map to Y, the Jacobian of 7! for the measure "’ on Y is
equal to 1. Since /i is proportional to i’ on Y, this implies that F is constant on Y
equal to a constant C(n). This proves (6.17) for points with zero height.
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The Jacobian of T for ji is equal to 2, while the Jacobian of U is equal to 1 on the
set of points that do not come back to the basis. By induction over 4(x"), this implies
(6.17). O

COROLLARY 6.7
There exist constants C > 0and 6 < 1 such that, for any C° function f : X xS' — C
and for any (x, w) € X x S!, we have

T f(x, ) — / f‘ <CO" N fllcs - (6.18)

Proof
Since everything is symmetric with respect to 1/2 and continuous, it is sufficient to
prove the assertion for almost every x € (1/2, 1).

We work in XV, where N is given by Theorem 2.3. Note that d™") is equal to
1, since r™) takes the values 2N and 2N + 1. Applying Theorem 3.6 to the function
v=foR™, we get, for any n € N and for any x’ € X with h(x") < n/2,

‘@”(f 0 MY, ) — f f) < CO [ flls- (6.19)

Together with Lemma 6.6, this yields

T f(x, w) — / flsc( X #2+  ¥ 279) Sl

M (x")=x,h(x")<n/2 M (x")=x,h(x")>n/2

To conclude, it is thus sufficient to prove that, for x € (1/2, 1), the cardinality of
(x| 7™M = x, h(x') = k} (6.20)

grows at most polynomially with k. If we write a point of X" as a pair (x’, j) with
x' € Yand j < r™(x'), it is easy to check that U* induces a bijection between the
set (6.20) and the set of points in T¥(x) N'Y whose first k iterates under 7 spend
atimetr < N in Y. If ¢ is fixed, such a point is determined by the combinatorics
@ity J1y -« -s Qs Jiriyq) Of times spent in [1/2, 1], then in [0, 1/2], then in [1/2, 1],
and so on, with the constraint that the sum of these lengths is k (recall that we assume
that x € (1/2, 1)). As a consequence,

N-1
Card {x' | 7™(x") = x, h(x) =k} < > K" < Ck*". (6.21)

t=0

This quantity indeed grows polynomially with k. O
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Proof of Theorem 1.1

If f is a continuous function on [0, 1] x S, then [ f dj, = 77 £(1,0). Hence
Corollary 6.7 shows the theorem for C® functions. The case of C* functions is then
deduced by interpolation, just as was done at the end of the proof of Theorem 1.7. O

Proof of Theorem 1.2
If v is a C® function that is not a coboundary, we show, as in the proof of Corollary
6.7 (but using Theorem 5.18 instead of Theorem 3.6), for |t| < 7, that

o’t?

7w - (1-50) [f] sc@ +ma-cr)ifie. 622

Moreover, if i is aperiodic, for 7y < |¢| < #y, then
|57 f )] < €O I e (623)

As ﬁ’;’l(l, 0) = E@”ZZ:n V(X0 this implies the limit assertions in Theorem 1.2.
The automatic regularity properties still have to be checked. If = f — f 0o T
with f measurable, let us show that f is continuous on [0, 1]. Proposition 1.8 shows
that f is continuous on ¥ x S!. As 7 is a homeomorphism between ¥ x S' and
[1/2, 1] x S', we conclude from the equality f 0.7 = f — i that f is continuous
on [1/2,1] x S!. Finally, as .7 is a homeomorphism between [1/2, 1] x S! and
[0, 1] x S!, we obtain with the same argument the continuity of f on the whole space.
We argue in the same way for the cohomological equation in R/AZ, by using
Proposition 1.10. O

Appendix. Contraction properties of transfer operators

In this appendix, we prove Theorem 2.3 on the contraction properties (in C! norm
or in Dolgopyat norm) of the transfer operator associated to a map 7y, where T is a
nonuniformly expanding map of base Y. The notation and assumptions used are those
of Theorem 2.3.

A.1. Contraction in the C' norm
In this section, we introduce the tools to prove the first part of Theorem 2.3. However,
the choices of the constants N and 6 of Theorem 2.3 are only possible at the complete
end of the proof in Section A.2.

Several times, we use the following distortion lemma. Its proof is completely
standard and therefore omitted.
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LEMMA A.1

Let J™(x) be the inverse of the Jacobian of Ty at the point x. There exists C > 0
(independent of n) such that, for any h € #, and for any x,y € Y, we have
ID(J™ o h)(x)|| < CJ™ o h(x)and J™ o h(x) < CJ™ o h(y).

For small enough &, we define an operator .%, acting on functions from Y to C by
Lou(x) = Y J(hx)u(hx)e ™. 1f Hy C A, we also denote by £, p, the same
operator with the exception that the sum is restricted to the inverse branches belong-
ing to Hy. The following elementary estimates are used throughout the forthcoming
arguments.

LEMMA A.2
There exists a function «(€) that tends to zero when ¢ — 0 such that | L || 1212 <
© and | Ll oo < €,

Moreover, if gy > 0 is small enough, then for any v > 0 there exists Hy C A
with a finite complement such that || L e, mll 212 < V.

Proof
We have

2

| LemuF = | 3 Jhouhoe®

heH,
< (};{j T luho)?) (hZHj J ) ).

Consequently, | Lo mullz < llull2 - sup,y (ZheHo J(hx)ez”(’”))l/z. We have
J(hx) < CJ(hy) for any h € # and all x,y € Y, hence Y J(hx)e* ") <
C Y J(hy)e* ™ Integrating this inequality with respect to y, we get

Y It <c Yy / J(hy)e* ™ dpy(y) = C / &0 duy ().
Y Hy(Y)

hEHg hEH()

(A.1)

This quantity is finite if ¢ is small enough, by assumption (4) of Definition 1.4. Taking
the complement of Hj large enough, it can even be made arbitrarily small. This proves
the second point of the lemma.

For the first point, we have to be slightly more precise. For any x, we have
e < 1 4 2er(hx)e?* " Hence, using the inequality J(hx) < CJ(hy) for any
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he#H andx,yeY,weget

Zj(hx)e%r(hx) < ZJ(hx)_|_2€Zj(hx)r(hx)e%r(hx)

heA heAH heA

<1+ Ce Y J(hy)r(hy)e* ™.
heA

Integrating with respect to y,

D Jh)E ™ <1+ Ce / r(ye’? duy(y), (A2)
he# ¥

and this last integral is uniformly bounded if ¢ is small enough. This gives the desired

estimate for the action of %, on L? and C°. O

Let us prove a lemma that easily implies (2.5).

LEMMA A.3
There exist &y > 0 and 6y < 1 such that, for any A > 0, n € N, and ¢ < &, there
exists C > 0 such that, for any ¥ € €€ and v € C'(Y), we have

12" W)l < 63 (sup YN/ ") vller + C 1 llgas vllco.  (A3)
xeY

Proof
First, since [(x)] < [ [l 42 @, we have

1L W@ )lleo < 1LY ] - 10Dllco < ¥ llgas 127" oDl o

= ¥ llgae 1L20llleo < N1 llgae € 0l co

by Lemma A.2. This gives the desired control in the C° norm. For the C! norm, we
differentiate Z"(Yv) = Y, J"(hx)¥(hx)v(hx). If we differentiate J ®(hx),
we use the estimate || D(J™ o h)(x)|| < CJ™(hx) given by Lemma A.l and get the
same bound as for the C° norm. If we differentiate v (hx), its derivative is bounded
by A || || 4 ") and using the same argument as for the C° norm, we obtain the
same bound (with an additional factor A, which is not a problem since C is allowed
to depend on A in the statement of the lemma).

Finally, if we differentiate v o h, we have || D(v o h)(x)|| < «™" || Dv(hx)||, and
we therefore get a bound

k" 1 Dulleo LW | < k" wller (sup [¥r(x)l/e ") L")

xeY

<k " “U”C‘ (sup W,(x)'/egr(n)(x))ena(s).
xeY
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If & is small enough, K ~'¢*® < 1. This concludes the proof. |

We now turn to the proof of (2.6). As a preliminary estimate, let us first consider in
the following lemma the case ¥, = e for all i.

LEMMA A 4

There exist Ny > 0,0y < 1, C > 0, &g > 0, and a function « : (0, &) — R, tending
to O when ¢ — 0, which satisfy the following property. For any N > Ny and ¢ < &,
for any C! function v : Y — C, we have

ID(Lv)lleo < 05 1DVl o + Ce™ ]l 2 . (A.4)

Proof

We have ZYv = 3, JM(hx)e ™ "y(hx). By Lemma A.1, JM(hx) <
CJM(hy), and |[D(J™ o h)(x)| < CJ™N(hx). Moreover, since h contracts the
distances by at least k', |v(hx)| < |v(hy)| + Ck =" || Dv||. Hence

T™hx)e™ " ()] < CINV(hy)e™ ™ u(hy)|
+ Ce NI M (hy)e™ ™ || Dyl o .

Integrating this equation over y and summing over the inverse branches, we conclude
that

LV |(x) < C/e”(mlvl +Ck N ||Dv||Co/e”(NJ. (A.5)

But [ " = [ #N1 < eN*® by Lemma A.2. In the same way,

1/2
/ e vl < follza ( / ") < ol 2 €M@, (A.6)

We obtain (for some different function «(e))
LN l(x) < CeN vl 2 + Ck Ve | Dol o - (A7)

Let us now bound D(#Yv). We can differentiate J™ (hx). As [|[D(J™ o h)(x)| <
CJ™ o h, we obtain a term bounded by C#Y|v|. If we differentiate v o h(x), the
resulting term is bounded by

k™Y TN e | Dl o < Ce V| Dol / (AP
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bounded by Ck =N e™*® || Dv|| 0. We have proved that
ID(ZLYv)l|co < Ck™ eV || Dvll o + Ce™ @ vl 2 . (A.9)

Taking &, small enough so that k ~'e*¢0) < 1 and taking N, large enough, this implies
the lemma. |

The following lemma essentially proves (2.6).

LEMMA A5

There exist Ny > 0,0y < 1, C > 0, &g > 0, and a function o : (0, &9) — R, tending
to zero when ¢ — 0 such that, for any N > Ny and for any A > 1, the following
holds. Let ¢ < &g, let Yy, ..., ¥, € (62’5, andletv : Y — C be a C! function. Let
v =, and let v = LN (Y;v'7Y). Then

loller = CA(TT1Willage )6 wller + ¥ vl ). (A10)
i=1

Proof

Note first that two points x and y of Y can be joined by a path of uniformly
bounded length, since diam(Y) < oo. If v is a C! function, this implies that
lv(x)] < C ||Dvl|co + |v(y)|. Integrating with respect to y, we get

[vllco < C[[DV]|co +/ [v]. (A.11)

Let us first prove a preliminary inequality. For any C' function w and any inte-
geri,

ID(ZLY w)llco < 6y [IDwllco + Ce™™ @ JJw]| 2 (A.12)
by Lemma A .4 (applied to the time Ni). Applying (A.11) to #Y w, we obtain
1LY wlco < COY IIDwllco + Ce™ @ JJw]| - . (A.13)

Let now w be a Lipschitz function. It is a uniform limit of C' functions w,, with
|Dw,|lco < C Lip(w). Taking limits in the previous equation for w,, we get

1LY wlico < CO) Lip(w) + Ce™' @ Jlw]| 2 . (A.14)

Finally, let v be a C! function. The function |v| is Lipschitz, and its Lipschitz coefficient
is bounded by || Dv|| 0. We conclude that

1LY lllco < €O I DVlIco + CeV' @ ]2 . (A.15)
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We can now prove the lemma itself. We write y; = ||¢,-||(6/A4/.e. In par-
ticular, [Y;(x)] < ye”"®. Hence |vi| < y---p NP0 As vi(x) =
Y ey IV (x) i (hx)v' " (hx), we have

1DV @)1 = 7i( 32 IDEY 0 @) lle ™ ' (o)
+ 3 TN A O ()|
+ 3 IO mne " DR DV o)

We bound these three terms. For the first one, | D(J™Y) o h)(x)|| < CJ™(hx). This
term is therefore bounded by Cy; - - - y1[| ZN|v°|||co, which can be estimated with
(A.15). For the second term, we have a similar bound, with an additional factor A.
For the third term, we bound || Dh(x)|| by «V, and 3 JM(hx)er ") =
ZN1(x) < e¥*® by Lemma A.2. Taking & small enough, we can ensure that
k~1e*® < @, (increasing 6, if necessary).
We have proved that

IDV llco < Ay; - (€O IDvlico + Ce™ @ vl 12) 4 ¥i6; |1 DVl co. (A.16)
Iterating this equation inductively over i yields

DV [l co

n

< ([T)(a 36O IDvllc + Ce @ ol + 6 Dl )

i=1

< ( )(CAnQN" 1DVl o + CAeY™® |[y]l,2 + )" ||Dv||co>

=

< cA(TTn) (8" 1Dvlics + M= ol ).

i=1
This gives the estimate of the lemma for || Dv"|| 0. Thanks to (A.11), this also implies
the desired bound for ||v" | co. O

The following technical lemma is needed later.

LEMMA A.6
There exists a constant C1 > 0 such that, for any n € N and for any x € Y, we have

Y TOR)DCS) ¢y o W) < CF.

heA,
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Proof
Ifh = hn @coco@ l’ll, then S:(,by(hx) = Z?:]((py ©) hi)(hi—l cee hlx). ThllS,

n

Y 4 —isr)?
[D(s gy o m|* = (D rthi iy (A.17)
i=1
We use the convexity inequality (3 a;x;)* < (3" a;)* Y a;x}, which comes from the
convexity of x = x* when Y a; = 1 (the general case can be reduced to that specific
case). We take a; = « ! and x; = r(h; - - - hyx), and we obtain

ID(SY py 0 WEOI* < €k r(hy -+ o)t (A.18)

want to estimate is bounded by C F,(x). As J™(h,, ---hx) < CJ™(h, ---h,y) by
Lemma A.1, we have F,(x) < CF,(y). Hence, F,(x) < C f F,. Finally, a change of
variables yields

n n 4
. . . r
/Fn =) :K’/Yr(T)’,’_’x)4 dpy(x) = x’/yr“ < KfY_ T (A.19)
i=1 i=1

A.2. Contraction for Dolgopyat’s norms
To prove the contraction for Dolgopyat’s norms, we essentially follow Dolgopyat’s
arguments as presented in [AGY, Section 7], with additional technical complications
due to the facts that the involved functions are unbounded and that we want estimates
that are uniform in M in Theorem 2.3.

We need the following lemma, proved in [AGY, Lemma 7.5].

LEMMA A.7

There exist constants C, > 1 and C3 > 0 such that, for any ball B(x, C,r) that is
compactly included in Y, there exists a C' function p : Y — [0, 1], vanishing outside
B(x, Cyr), equal to 1 on B(x,r), and with ||pllc1 < C3/r.

Later, we use oscillatory integral arguments. To do that, it is important that the phases
of et*Sxéroh vary at various speeds when one uses different inverse branches %. This is

ensured by the following lemma.

LEMMA A.8
There exist C4 > 0 and an integer Ny > 0 such that, for any N > Ny, there exist
inverse branches hy, hy € H# y and a continuous unitary vector field y(x) on Y such
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that, for any x € Y, we have
|D(Syy 0 h)(x) - y(x) — D(Sxy 0 ho)(x) - y(x)| = Ca. (A.20)

Proof

Step 1. Let us show that there exist C’ and N’ such that, for any N > N’, there exist
inverse branches h;, h, € # 'y, a point x € Y, and a unit tangent vector y at x such
that

|D(Sy¢y 0 hi)(x) -y — D(Sy¢y 0 ha)(x) - y| > C'. (A21)

We argue by contradiction, so assume that this is not the case.

Let us fix an inverse branch 4 € 5, and consider the sequence of inverse branches
h".Then D(SY gy oh")(x)-y = > ;_, D(¢pyoh)(h*"'x)Dh*='(x)-y. As | D(¢y o h)||
is bounded and || Dh*~'(x)|| < x~¥*!, this series converges normally to a continuous
1-form w(x) - y. Let xo be any point in Y; the series Y -, (¢y o h* — ¢y o h¥(x¢))
even converges in C!, and its sum ¥ is a C! function with Dy = w.

Now let i’ € A be another inverse branch. Let us consider &, = h" "' oh’ € H#,,.
Since we assume that (A.21) does not hold, D(SY ¢y o h,) — D(S) ¢y o h") converges
pointwise to zero along a subsequence of the integers. But D(S) ¢y o h,) = D(¢y o
)+ ZZ;,I D(¢y o h)Dh*~'DH’. Letting n tend to infinity, we get

Dy/(x) -y = D(¢y o h')(x) - y + DY (h'x)Dh'(x) - y. (A22)

Hence D((¢py + ¥ — W o Ty) o h’) = 0. Therefore, the function ¢y + ¥ — ¢ o Ty
is constant on each set h'(Y), i’ € . This contradicts the fact that ¢y is not
cohomologous to a locally constant function and concludes the proof of the first step.

Step 2. Let us fix an arbitrary branch & € #. Then D(S) ¢y o h?) = P D(¢y o
h)Dh* is uniformly bounded independently of p, by a constant cy. Fix N > N’ (given
by the first step) such that cok =V < C’/4. Let h; and h, be the inverse branches given
by the first step, at time N, and let x( and y, be a point in ¥ and a tangent vector at
this point which satisfy the conclusions of the first step. We extend y, to a continuous
vector field on a neighborhood U of xy, still satisfying (A.21).

Since py has full supportin ¥, uy(U) > 0.Hence U intersects (), o Uycr, B(Y)
since wy is supported on this last set. Let x; be a point in the intersection, and let
L, € A} be the inverse branch of T)f‘ such that x; € £,(Y). Since the diameter of
£, (Y) tends to zero when k — 00, £;(Y) is included in U for large enough k. In
particular, there exist k > 0 and an inverse branch £ € 5} such that £(Y) C U.
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Let y;(x) = D€(x)~" - yo(£x). For any p € N and for any j € {1, 2}, we have

ID(S) sy 0B 0 hj o £)(x) - yi(x) = D(Sy ¢y 0 hj o £)(x) - yi(x)|
= |D(S, ¢y © h?)(hj€x)Dh;(£x) - yo(€x)| < coll Dh;(€x)|| < o™ < C'/4.

Moreover,

|D(Sy 41y © h1 0 £)(x) - yi(x) = D(Sy by © ha 0 £)(x) - y1(x)]
= | D(Sy¢y 0 h))(x) - yo(x) — D(Syy © ha)(x) - yo(x)| = C".

Adding these estimates, we obtain
ID(S), nsx @y 0h” 0 hy 0 )(xX)- y1(x) = D(Sy , 1@y 0h 0z 0 )(x)- y1(x)] = C'/2.

We conclude the proof by taking y(x) = y(x)/ || y1(x)]|. |

We recall that we defined a constant C; in Lemma A.6 and a constant C4 in Lem-
ma A.8.

We fix once and for all a constant Cy, > max(4C;, 10). We also fix an integer
N that is larger than the integers N, given by Lemmas A.5 and A.8 and such that
k=N < 1/1000 and C4 > 20k N C,.

For the remainder of this article, the D; norms and the cones & are always defined
with respect to the constant Cy. The following lemma essentially proves (2.8).

LEMMA A.9

There exists a function o : (0, &9) — R, which tends to zero when & tends to zero
such that, for any ¢ < €9, M > 0, and A > 0, there exists K > 0 such that, for any
|€| > |k| > K, for any C" function v : Y — C, and for any function ¥ € (61/?,,’;,, we
have

1L @ o)lip, < 1Y llgae e lvllp,,, - (A.23)
Proof
Let u be such that (u, v) € &m(Cyp). Let
1/2
i =W llag (0 TN Gouthey?) (A24)
hE.}fMN

We show that there exists a(¢) (independent of M) such that (eMV*©g;, LYV (yrv)) €
& ¢(Co).
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We have

LMol < > TRy (hxu(hx). (A.25)

hEMMN

We bound ¥ (hx) by (1]l ac e and we use Cauchy-Schwarz inequality. We
conclude that

|$MN(]//U)| < ”1//”%”“ (ZJ(MN)(h ) 25r(MN)(hx)> (ZJ(MN)(hx)u(hx) ) /2
= YN0 - a(x).

The coefficient £V 1(x)!/? is bounded by a coefficient of the form eM¥*® by Lem-
ma A.2.
Let us now estimate the derivative of

LIV = Y TY e S By (v (i), (A.26)

he# yn

If we differentiate JMN)(hx), its derivative is bounded by CJ™"N(hx) by Lemma
A.1, and the resulting term is therefore bounded by par Ce”V*®ji(x), as above. If
we differentiate e *Shv®r (0 e use Cauchy-Schwarz inequality and Lemma A6 to
obtain a bound

1/4
K llags, (3 74 B I DSy o OIY)

(ZJ(MN)(h Y 45r<MN)(hx)> (ZJ(MN)(hx)u(hx) )

< C|k|eMNe® g (x).

The derivative of ¥ o & is bounded by Ae® "¢ 1%l , and the resulting term
is therefore bounded by AeMN*®ji(x). Finally, if we differentiate v(hx), we use the
inequality || Dv(hx)| < Cok MN2M|¢|u(hx), so that the resulting term is bounded
by Cox ~MN2M | ¢|eMN*®ji(x). Finally,

ID(LIN rv)(x)|| < (C+ A+ Cilk| + Cox ™ N2M [€))e™N*Oii(x).  (A27)

The choice of N and C, implies that this term is bounded by Co|€|eM¥*®fi(x) if K
is large enough.

Let us finally bound the derivative of i, or rather of #%(x) =
||1//||,26% > JMN(hx)u(hx)?. If we differentiate the Jacobian, the resulting term is
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bounded by Cii®. If we differentiate >, this is bounded by

201 lgae > T xe ™ N ulhx) || Duho)|
< 20l ™Y -2Y1€1Co Y T MMV oy (hx)? = 21€12" MV Coit®.
Hence
2a(x) | DAl = |Da* ()|l < 2C/2 + 2%k =M ColeDi(x)*. (A.28)

Dividing by 2ii(x) and using k =¥ < 1/1000, we obtain the desired bound || Dii(x)|| <
ColL|ii(x) if |£] is large enough.
We have proved that (eMV*®i, LYV (yv)) € &(Cp). Hence

1L Wo)llp, < e il < ™ Iyl gae llullps . (A.29)

Taking the infimum over the quantities ||u|| « for (u, v) € &m(Cy), we obtain the
lemma. O
From this point on, we concentrate on the proof of (2.7). Forv € C'(Y)and s € ¥ f,,';'f,
we estimate Z " (yv) by starting from ¥ v and applying M times the operator £,
which has good contraction properties thanks to the phase compensation phenomenon
given by Lemma A.8. A technical issue in this argument is the fact that the functions
v, LYWv), ..., LM N (pv) are not C' on ¥, since the function 1 is quite wild
at the beginning (it is only bounded by e*r""® 50 smoothness is only regained
after application of ¥ ,i” M). To deal with this issue, we introduce intermediate degrees
of smoothness, keeping track of the smoothness that has not yet been regained, as
follows.

If Zisasubsetof Y, n € N, and ¢ > 0, we say that (u, v) € &(Cy, Z, n, ¢)
if the functions u and v are C' on Z and |v| < ¢ "u, |Du| < Colklu and
|Dv|| < C0|k|e”(")u on Z. In particular, &, = &x(Cy, Y, 0, ¢) for any ¢ > 0.
We also write ||v]|p,(z.,.) for the infimum of |[ul|,+ over the functions u such that
(u,v) € &(Co, Z,n, ).

LEMMA A.10

There exists a function o : (0, &9) — R, which tends to zero when ¢ — 0 such
that, forany A > 0, n > 0, ¢ < &), and Z C Y, there exists K > 0 such that, for
any |€| > |k| = K, for any pair of functions (u, v) € &9;(Co, T{NZ, nN, ¢€), for
any C! function x : Ty NZ — [3/4, 1] with | Dx ||lco < |k| such that | LY v(x)| <
PV ™ xu)(x), we have

(M OLNxPu)' 2, L) € £4(Co, Z, (n — DN, €). (A.30)
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Note that the lemma also applies for (u,v) € &4 (Cy, TY_NZ, nN,e) or
&30(Co, TY_NZ, nN, ¢g), since these cones are contained in &o¢(Cy, TY_NZ, nN, e).

Proof of Lemma A.10

The proof is similar to the proof of Lemma A.9. One should check only that the
additional terms coming from the function x are harmless in the estimates. This is
ensured by the choice of N and Cy. O

By Lemma A.8, we can fix two inverse branches /&, and &, of T}V as well as a vector
field yo(x) satisfying the conclusion of the lemma. Smoothing it, we obtain a C' vector
field y such that 1 < ||y|| < 2 and such that, for any x € ¥,

|D(Sydy © h)(x) - y(x) — D(Sydy 0 ha)(x) - y(x)] = C4/2.

Since || Dh;(x)|| < k™~ and C4 > 20k~ Cy, this implies that

ID(Syoy © h)(x) - y(x) — D(Sydy © ha)(x) - y(x)|
> 5Co max(|[Dhy(x) - y(Ol , [1Dha(x) - y(x)ID).

Informally, this equation ensures that the difference between the arguments of
e~ ikSver(nx) gpd e~ kSvr(x) varies quickly when x moves slightly in the direction of
y(x). Using this, it is possible to prove the following lemma (see [AGY, Lemma 7.13]
for a detailed proof).

LEMMA A.11

There exist 5 > Qand ¢ > 0 satisfying the following property. Let |k| > 10andxy € Y
be such that the ball B = B(xy, (¢ + 8)/|k|) is compactly contained in Y. Consider
(u, v) € E3(Co, h1B U hyB, 0,0). Then there exist xy with d(xy, x1) < ¢/|k| and
j € {1, 2} such that, for any x € B(xy, 8/|k|), we have

e *Suer D J Ny xyu(h ) + e KN D TN (v jx)|

3
< ZJ(N)(h Ouhix) + JN(hy i x)ulhy—x).
If H is a set of inverse branches of 7}/, we write H(Y) = (. h(Y).

LEMMA A.12

There exist 61 < 1 and a function « : (0, &g) — R, tending to zero when ¢ — 0
satisfying the following property. Let n > 0, and let H be a finite subset of # ,y.
Denote by H"~N C # ,_1)n the set of inverse branches Ty o h for h € H. Then,
for any H, there exists K(H) such that, for any |k| > K(H), for any function v, and
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for any ¢ < gy, we have
N N N
|- vl Decare-ovvy.e.o-nyny < 05 € o) IVl Dy enmy - (A31)

Proof
Increasing H if necessary, we can assume that, for any h € H #=DN "the branches
hyohand hy o h belong to H. Let (u, v) € &3(Co, H(Y), &, nN).

Let h € H" YN; we work on h(Y) and use the weak Federer property for the
constant C = C,(¢/§+ 1) (where C, is given by Lemma A.7). Definition 1.3 provides
us with constants D > 0 and ny(h(Y), C). Since the weak Federer property is uniform
over the inverse branches of Ty, we can even choose D depending only on C and not
onh.

We apply the definition of the weak Federer property to n = §/(Cylk|). If
|k| is large enough, we indeed have n < no(h(Y),C) for any h € H®-DN
(here, the finiteness of H is crucial). We obtain disjoint balls B(x;, Co(¢ /6 +
D)n), ..., B(xx, C2(¢ /8 4+ 1)n) compactly contained in A(Y) and sets Ay, ..., Ag
contained in B(x;, C Dn), whose union covers A(Y) and which are such that, for any
x; € B(x;, (C2(¢/8 + 1) — 1)), we have uy(B(x;, n)) > ny(A;)/D.

On each ball B = B(x;, C2(¢/8 + 1)n) = B(x;, (¢ + 8)/]k]), we ap-
ply Lemma A.11 to the pair of functions (u(x)e”"" ™, v(x)) (which belongs to
&3:(Cy, T{NB, 0, 0)). The conclusion of this lemma gives a ball B; = B(x], §/|k|)
as well as an index j € {1, 2}. We write type(B;) = j.Let B = B(x!, §/(C:|k|)) =
B(x], n). By Lemma A.7, there exists a function p; equal to 1 on B/ and vanishing
outside of B/, whose C ! norm is bounded by C|k|.

Let us then define a function p on T, ¥(hY) by p = QO iypet B)=j Pi) © Ty
on hj(hY) (for j = 1,2) and p = O elsewhere. Finally, let x = 1 — ¢cp
where ¢ is small enough. Then ||x[|c1 < |k| if ¢ is small enough and | %Y v| <
LN (Xue”("m) by construction (using Lemma A.11). Hence, Lemma A.10 implies
that (eN*® LN (x2u®)'?, LVv) € Ex(Co, h(Y), (n — 1N, ¢).

We glue together the different functions x obtained by varying / to obtain a func-
tion (that we still denote by x) on H(Y). We still have (eV*® #¥ (x?u?)1/?, #¥v) €
Ex(Co, HDN(Y), (n — 1)N, &). If we can prove that || ZN (x*u®)/?|| 1+ < B llull 4,
where B8 < 1 is a constant that is independent of everything else, then the proof is
finished.

Let it = &N (x%u®)"/?. We have

Ayt = ( 3 J<N>(hx);<(hx)zu(hx)z)2

heA

< ( 3 J<N>(hx)x(hx)4) ( 3 J<N>(hx)u(hx)4).

hEﬂN hE]va
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Let Y, = |JB/, and let Y, be its complement. On Y;, the factor
Y ey TN (hx)x (hx)* is bounded by a uniform constant B, < 1, hence ii(x)* <
BoLN (u*)(x). On Y,, we have only ii(x)* < LN u*)(x).

Let w = £V (u*). Since ||Du| < 3Cy|k|u, there exists a constant C such that
|Dw| < C|k|w. Integrating this inequality along a path between two points yields
w(x) < eCMdxy)(y) for any x, y. In particular, since A; C B(x;, CD§/(C,|k|)),
there exists C such that, for any x € A; and y € B/, we have w(x) < Cw(y).
Integrating this inequality,

fAiw <cC fsg’w .
ny(A;) wy(B])

But 1y(A;) < Duy(B/) by definition of the sets A;, hence fAi w < C [, w. The
balls B! are pairwise disjoint, so we conclude that sz w <’ fY] w for some'constant
C'.

Let E be large enough so that (E 4+ 1)8y + C’ < E. Then

(E+1)[ﬁ4 S(E+1)f ﬂow+(E+1)/ w
Y1 ¢

§(E+1)ﬂ0/w+E/w+C//w§E/w.
Y Y, Y

Hence, ||L7||‘z4 < (E/(E+ 1))fw = (E/(E + 1))fu4. This is the desired in-
equality. O

LEMMA A.13

There exist 6, < 1 and a function a : (0, &) — R, (which tends to zero when ¢ — 0)
satisfying the following property. For any M > 0, ¢ < &y, and A > 0, there exists
K > 0 such that, for any C" function v : Y — C, for any ¥ € (gf,,'[f,, and for any
|k| > K, we have

1LY o)l < MO [y g 0]l (A.32)

oMy "
Proof
We give the proof for odd M (the proof for even M is analogous and even simpler).
We decompose # v as the union of a finite set H; (to which we apply Lem-
ma A.12) and a set H, which yields a small enough contribution. Let H C # have
finite complement. We take for H; the set of inverse branches in J# ;y which are the
composition of branches not belonging to H, and we take for H, its complement.
Let w = ly,m¥v, and let w' = 1y,yYv. We first estimate || LYY w'||p,. Let
u be such that (u, v) € G Let it = [ llgne (Xpep MV (h)u(hx)?). The
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computation made in the proof of Lemma A.9 shows that (eMV*©g, PMNyy) €
&1(Co).
We have

17t2: ”w”éfﬁv Z J(MN)(hMN...h].X)bl(hMN...]’ll.X)z

hl ..... hMNEJf
di,h;eH

MN
<IlGe > Do Iy oulhygy - hx)?

i=1 hi,..hynel
hieH

MN
5 . »
=Yl Y L' Lon 2" (),
gMN i—1
—

where % g is similar to the operator ., but the sum is only done over branches
belonging to H (this operator has already been defined before Lemma A.2). This
lemma shows that, if H is chosen small enough, then ||.% |22 can be made
arbitrarily small. Hence, if H is small enough (in terms of M and ¢), we have

1L w |, < 67 = 0" ) 1 g 1011, - (A33)

Let us fix such an H. Since M is odd, it can be written as M = 2m + 1. The
set H is finite and fixed. In particular, there exists a constant B such that, for any
x € Hi(Y), we have | Dy (x)|| < B ||1//||%/~%. If |k| is large enough (in terms of B),
this yields

lwll by, vy mney < 1 llgae Nvllp,,, - (A.34)
Iterating m times Lemma A.10 (with x = 1), we obtain
N Na(e)
||$km w||D3k(Hl(m+“N(Y)’(m+1)N’g) <" ||¢||(g;4;, ”v”Dsz ° (A.35)
We then apply inductively Lemma A.12. If |k| is large enough, we obtain, for i > m,
iN iN (i—m)N
”$;¢ w”Dk(Hl(Mfi’N(Y),(Mfi)N,a) <e «© ”W”fg;‘ﬁv 911 " “U”Dsz o (A.36)
Fori = M =2m + 1, we conclude

MN/2
1LY N wlip, < €@ [[fllgae 67N 0]l (A.37)

oMy

Adding up the inequalities (A.33) and (A.37), we get the conclusion of the
lemma. O
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Proof of Theorem 2.3

We choose 6 € (271/110M) 1) such that 6'% is larger than the constants 6, given by
Lemmas A.3 and A.5 and larger than 6, given by Lemma A.13. If ¢ > 0 is small
enough, Lemma A.5 (applied to M N) shows (2.6). Moreover, (2.5) is implied by
Lemma A.3. Finally, (2.8) is a consequence of Lemma A.9, and (2.7) follows from
Lemma A.13. O
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