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Abstract. In the setting of abstract Markov maps, we prove results concerning the con-
vergence of renormalized Birkhoff sums to normal laws or stable laws. They apply to one-
dimensional maps with a neutral fixed point at 0 of the form x + x'**, for & € (0, 1). In
particular, for @ > 1/2, we show that the Birkhoff sums of a Holder observable f converge
to a normal law or a stable law, depending on whether f(0) = 0 or f(0) # 0. The proof uses
spectral techniques introduced by Sarig, and Wiener’s Lemma in non-commutative Banach
algebras.

1. Introduction and statement of results
1.1. Introduction

Recently, general methods have been devised to prove the Central Limit Theo-
rem for the Birkhoff averages of mixing dynamical systems. More precisely, if
T : X — X isamap from a space to itself preserving a probability measure v, and
f : X — Ris afunction with zero average, we say that the Central Limit Theorem
(CLT) holds for (T, v, f) if

n—1

Sof _ 1 o i
W_ﬁ[;f T! - N(0, 0?),

the convergence being in distribution (with respect to the measure v).

To prove this kind of results, the first step is often to show that the correlations
Cor(f, foT") = [ f - f o T" dv are summable. Then one may use this to con-
struct a reverse martingale, for which the CLT is known to be true. Clearly, when
the correlations are not summable, this method does not work.

When the map 7 is uniformly expanding, perturbative spectral methods can
also be used, giving convergence to normal laws ([GH88]) or other limit laws,
namely stable laws ([GLJ93] or [ADO1]). In the particular case of the continued
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fraction transformation, Lévy had already obtained this kind of convergence using
elementary methods ([Lév52]).

In this paper, we will be interested in cases where T has a neutral fixed point (or
in the Markov analogues of this situation), where the classical methods to estimate
the decay of correlations fail (however, see [Hu]), and the spectral methods do not
work directly, since the expansion is not uniform. We will prove that in some cases,
the CLT still holds. Moreover, in situations where it does not hold, we will show
the convergence to stable laws, even when the function f is arbitrarily smooth, for
example C* or analytic. This kind of result has been announced by Fisher and
Lopes (see [FLO1] and references therein) for piecewise linear maps.

Our main results (Theorems 1.1 and 1.2) will be stated in the context of abstract
Markov maps. Applications to one-dimensional maps are then given: if a map has
a neutral fixed point at 0 of the form x 4 x '+ with & € (1/2, 1) and is expanding
elsewhere, then the Birkhoff sums of a Holder observable f converge to a normal
law or a stable law depending on whether f(0) = 0 or f(0) # 0. Applications are
also given for other types of neutral fixed points, and for unbounded observables,
for example x~ B, leading to new results even in the case « € (0, 1/2) (see also
[Rau02] in this case, where he studies the decay of correlations for non Holder
observables).

The philosophy of the method is that, if it is possible to induce on a subset Y
of the space so that the induced map is uniformly expanding, then the behavior of
the Birkhoff sums Zg_l f(T'x) is in fact dictated by the behavior on Y of the

Birkhoff sums Zg - fr (T)",x), where Ty = T? is the induced map on Y (¢ is the

first return time), and fy (x) = Zg(x)_l f(T'x). As convergence to normal laws
or stable laws is known in the uniformly expanding case (see [ADO1] for example),
we get the same kind of results in our nonuniform setting.

1.2. The result for Markov maps
1.2.1. Definition of Markov maps

For these definitions, see for example [ADU93], [Aar97] or [Sar02].

A Markov map is anon-singular transformation 7" of a Lebesgue space (X, B, m)
of finite mass, together with a measurable partition o of X such that if a € « then
m(a) > 0, Ta is aunion (mod m) of elements of o, and T : a — T a is invertible.
Moreover, it is assumed that the completion of \/g° T~ '« is B, i.e. the partition
separates the points.

A Markov map is said to be fopologically mixing if Ya,b € «,3IN,Vn >
N,b C T"a. This corresponds to topological mixing for the topology defined by
the cylinders [ag, ... , a,—1] = ﬂ?;ol T ia; (where ag, ... ,a,_1 € ).

If y C « is a subset of the partition o, and ¥ = Ua ey @ the induced map Ty :
Y — Y isdefined as the first return map from Y to Y, i.e. Ty = T%Y, where ¢y (x) =
inf{n > 1| T"(x) € Y}isthereturntimeto Y. Let§ = {[a, &1, ... ,&—1,Y]|a €
v, €,... . 61 €ea—y,la,&,...,E_1,Y] # @} this is a partition of Y, for
which Ty is a Markov map (with the measure my = m,y). The cylinders for
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this partition will be denoted by [dp, ... ,d—1]y (withdp, ... ,dj—1 € §). If d =
la,&1,....&-1,Y] €d,itsimageis Tyd = T&,_1NY —hence, itis y-measurable.

For x, y € Y, we will write s(x, y) for the separation time of x and y under Ty,
ie. s(x,y) = inf{n € N | Tyx and Ty y are not in the same element of §}. This
separation time is extended to the whole space X: for x, y € X, let x" and y’ be
their first returns to Y. If T%x and 7'y stay in the same element of the partition o
until the first return to Y, set s(x, y) = s(x’, y') + 1. Otherwise, s(x, y) = 0.

If 6 < 1, we will say that a function f on Y (resp. X) is locally 6-Holder if
there exists a constant C such that Vx, y € Y (resp. X) with s(x, y) > 1, we have
| f () — f(x)] < COHEY) . The smallest such constant is called the §-Holder con-
stant of f. In fact, slightly abusing notation, we shall say that a measurable function
is locally #-Holder if there exists a locally 6-Holder version of this function.

The transfer operator Ty associated to Ty and acting on integrable functions is
defined by [ f - (g o Ty)dmy = [(Ty f) - g dmy. It can be written as Ty f (x) =
ZT”,:X 8&my (¥) f(y), where the weight g,,, is defined on an element d of § by

T dm L . . . .
8my = W(;Y)u)’ i.e. it is the inverse of the jacobian of Ty. We will say that the

distortion is locally Holder if log g, is locally 6-Holder for some 6 < 1.

Finally, we will say that Ty has the big image property if there exists a constant
n > 0 such that Vd € &, m[Tyd] > n. This is in particular the case when the
partition y is finite.

1.2.2. Main results

For the following theorems, (X, B, T', m, ) will be a topologically mixing proba-
bility preserving Markov map. We assume that y C « is such that the induced map
TyonY = aey @ has a locally #-Holder distortion for some 6, and that it has
the big image property. The function ¢ = gy will denote the return time from Y to
itself.

We will write I (X, Y) for the set of functions f : X — R which induce “nice”
functions on Y. More precisely, f € I (X, Y) if

1. VN € N, there exist constants Cy and 0 < 6y < 1 such that, on Yy =
Y=l Ti(Y), we have | f| < Cy and, if x, y € Yy satisfy s(x, y) > 1, then

£ () = f)] < Cyoy™.

2. Writing fy(x) = ng})*l f(T'x) for the map induced by f on Y, there exists
6 < 1suchthat Zde& m[d] Dy fy(d) < oo, where Dy fy(d) is the least 9-Holder
constant of fy restricted to the element d of the partition §.

3. There exists & < 1 and 0 < n < 1 such that Zdes @(d)m[d]Dy fy (d)" < oo.

Note that, increasing 6 if necessary, we can assume that the distortion of Ty is 6-
Holder and that ;s m[d]Dg fy(d) < oo and ), s ¢(d)m[d]Dy fy(d)" < oo,
for the same 6 < 1.

For example, if f is bounded and locally 6-Holder, and the induced map fy
is also locally 6-Holder, then these conditions are satisfied, for n = 1 (note that
> @(d)m[d] = m(X) < oo, by Kac’s Formula). The weaker conditions above are
useful in the applications, for example to unbounded observables.
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If f is bounded and locally #-Hélder, and m[¢ = n] = O(1/nP*1) for some
B > 1,then f € I(X,Y): the first condition is clear, the second one is given by
Kac’s Formula (since Dy fy(d) < C¢(d)), and the third one is satisfied for any
n < min(l, 8 — 1).

Theorem 1.1 (Central Limit Theorem). Let f € I(X,Y) be integrable with
[ f dm = 0 and let the induced function fy be in L?(dmy).

Then there exists a constant > > 0 such that %ﬁ Z?;(; f o T! converges in

distribution to a normal law N (0, o). Moreover, c* = 0 if and only if there exists
a measurable function x : X — R satisfying f = x o T — x.

For the next theorem, we will need the notion of stable law. The law of the random
variable X is said to be stable if there exist i.i.d. random variables X and constants
A, € R and B, > 0 such that

I Xi — Ay
B,

— X in distribution.

In this case, we say that X is attracted to X, or that the law of X belongs to
the domain of attraction of X. The stable laws are completely classified (see for
example [Fel66]) and depend on many parameters, the most important of which is
certainly the index p € (0, 2]. The case p = 2 corresponds to the normal law, while
if p € (1, 2) the stable laws are in L' but not in L2. In fact, for p € (0, 1) U (1, 2),
the index can be characterized as follows: there exist constants ¢; > O and ¢, > 0
with ¢; + co > 0, satisfying P[X > x] = (c; +0(1))x P and P[X < —x] =
(c2 + o(1))x~P. The case p = 1 is problematic and will not be included in the
following discussion.

Following [ADO1], for p € (0,1) U (1,2], ¢ > 0 and 8 € [—1, 1], we will
denote by X, ¢ g the law whose characteristic function is

E(eitXI"C'ﬂ) _ efcltll’(lfiﬂ sgn(t) tan( 5-)) )

This is indeed a stable law of index p. When p € (1, 2], it is centered, i.e. X ¢ g
is of zero expectation. Note that, when p = 2, the value of 8 is irrelevant.

We recall also that a function L : (0, 00) — R is slowly varying if Vx >
0, limy_, oo %yx)) = 1. Then the random variables Z attracted to stable laws of

index p can be described as follows ([Fel66]):

e Forpe (0,1)U(1,2), P[Z > x] = (c1 +o(1))x PL(x) and P[Z < —x] =
(ca+0(1))x~PL(x) for some cy, ¢c; > 0 with c; + ¢, > 0, and a slowly varying
function L.

e For p = 2, either Z € L? or P[Z > x] = (¢ + o(1))x~%I(x) and P[Z <
—x] = (e + 0(1))x‘2l(x), for constants ¢y, ¢y > 0 with ¢y +¢» > 0, and a
slowly varying function / such that ~'(u) is not integrable at 4+oc. In this case,
we will write L(x) = ffx u?dPz(u), which is an unbounded slowly varying
function.
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When Z ¢ L2, if the normalizing constants B, and A, are defined by

0 O0<p<l1

nL(By) = By, A":{nE(Z)1<p<2’

then, writing Zg, Z1, . .. for independent random variables having the same distri-
bution as Z, we have the convergence
Y70 Zi — An
—B — Xp,c,/g
n
where

Cl+C2.

)

_{ c1+e)l(1 = p)cos (&) pe (0, 1HU(,2) g c1—ca
=13 aze
2 p=2

In the deterministic case, if f € I(X, Y), we can consider the function fy on Y.
Since m(Y) < 1, its distribution p (defined by u(A) = m{y € Y | fr(y) € A}) is
not a probability measure on R, but we can replace it by the modified distribution
i =+ (I —m[Y])8y. We will say with a little abuse of notation that the dis-
tribution of fy is attracted to a stable law if the distribution j is in the domain of
attraction of this stable law.

Theorem 1.2 (Convergence to stable laws). Let f € I(X,Y). Assume that the
induced function fy on 'Y is not in L%, and that its distribution is in the domain of
attraction of a stable law of index p € (0, 1) U (1, 2], as described previously. If
p > 1, assume moreover that f is integrable and that [ f dm = 0.
n—1 i
Then Zi:%# converges indistributionto the stable law X ;, . g where By, p, ¢
and B are as in the random case above.

The hypothesis [ f = 0 when p > 1 ensures that the A, term vanishes.

Note that, in Theorem 1.1, the constant o2 depends on the interactions at dif-
ferent times between f and f o T", while in Theorem 1.2, the limit distribution
depends only on the initial distribution (of fy).

1.3. Application to one-dimensional maps

Our main theorems can be applied to one-dimensional maps with a neutral fixed
point with prescribed behavior. For the sake of simplicity, we will restrict ourselves
to a specific case, but the results can in fact be proved for a wide class of maps.

For 0 < a < 1, we consider the map from [0, 1] to itself introduced in [LSV99]
(this paper contains also historical references) and defined by

C[x( 42900 if0<x<1/2
T(x)_{ -1  if1/2<x<1. M

This map has a neutral fixed point at 0, and is expanding elsewhere. It is known
that it has a unique absolutely continuous invariant measure dm, whose density A
is Lipschitz on any interval of the form (g, 1] ([LSV99, Lemma 2.3]).
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For Holder observables on [0, 1], Young ([You99]) showed that Cor( f, goT") =
[f-goT"dm— [ fdm [ gdm = O(1/n'/*~1). This rate is in fact optimal for a
wide class of functions ([Sar02]). It implies a central limit theorem when o« < 1/2.

For o > 1/2, the above rate is not summable. However, extending the methods
of [Sar02], we showed in [Gou(2] that, for functions f vanishing in a neighbor-
hood of the fixed point and with zero integral, the correlations decay like O (n~1/%),
which gives again a central limit theorem. For functions with zero average and equal
to a nonzero constant in a neighborhood of the fixed point, the correlations decay
exactly like C/n'/¢~! ([Gou02]), which is not summable.

Our main theorems yield (see also a list of other consequences after the proof
of Theorem 1.3):

Theorem 1.3. Let 1/2 <« < 1, and T : [0,1] — [0, 1] be the corresponding
Liverani-Saussol-Vaienti map (1). Let h be the density of its unique absolutely con-
tinuous invariant probability dm. Let f : [0, 1] — R be Hélder, with [ f dm = 0.

If (0) # 0, then S"f converges in distribution to the stable law X1 /o ¢ sgn( £ (0))

— h(1/2)
with ¢ = Wr(l 1/(X) CoS (ﬂ)
If £(0) = 0, assume moreoverthat | f (x)| < Cx¥ withy > o —1/2. Then there

exists a constant o2 > 0 such that 2L tends in distribution to N' o, 02) Moreover,

[
= 0 if and only if there exists a measurable function y with f = x o T — x.

This result does not address the question of the summability of correlations for a
function f with f(0) = 0. Hu announced recently this summability ([Hu]), which
gives another proof of the central limit theorem.

Proof. We construct a Markov structure, starting from xo = 1 and setting x,,+1 =
T~ '(x,) N[0, 1/2]. The map T is then Markov for the partition composed of
the I,, := (xy41,x,),n € N. We will induce on ¥ = (1/2, 1). Setting y,+1 =
T~ '(x,) N (1/2, 1], the induced map Ty is Markov for the partition given by the
intervals J, = (¥u+1, ¥n), n = 1. The distortion control on Ty is classical (see for
example [LSV99]), it remains to study the properties of f and fy. We will write
s(x, y) for the separation time of x, y € [0, 1] under Ty.

As the induced map on Y is uniformly expanding, with a factor A > 1, we
obtain |x — y| < CA™S™Y) As f is v-Holder for some v, we get | f (x) — f(¥)| <
Dix — y|* < E(27")"™, with 6 := A= < 1. Thus, f is bounded and locally
Holder. [LSV99] proves that m[J,] ~ WLW for some constant C. Consequently,
f € I(X,7Y) (see the examples following the definition of 7 (X, Y)).

We assume now that £(0) = 0 and show that fy € L*(Y, dm). We may sup-
pose that y < «. As dm and dLeb are equivalent on Y, it is sufficient to show
that fy € L2(Y, dLeb). If x € J,, thenfor 1 <i<n—1,Tix¢€ (Xn41=i» Xn—i),
whence |f(fo)| < C|Tx|” < Clxp—i|”. This implies that | fy (x)| < | f(x)| +
C Z/ Xl <c+cC Z’;;} ﬂ’%’ since x, ~ 3 (an)~1/* by [Sar02, Corollary
1]. Hence, | fy| < Cn'=7/ on J,, with Leb(J,) =< x,, — xp41 =< 1/n'T1/% Thus,
i lfrI2<C > % This is summable when y > «a — % We have proved that

fr € L2, whence we can use Theorem 1.1 to conclude.
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We assume ﬁnally that f(0) > O (the case f(0) < O is analogous). Write
f = f() + f, where f is v-Holder and satisfies f(0) = 0. As in the case
£(0) = 0, we get that, for x € J,,, | fy(x)| < |f(x)] + CZ/ 1|x] whence

| fy| < Dn'=V/% on J,. Take ¢ > 1/a, close to 1/c.

nd—av/a

/|fy|queb CY e <%

i.e. fy € L1(Y, dm) since mﬂand Leb are equivalent on (1/2, 1]. Writing u(x) =
nf(0) on J,, we have fy = fy +uonY, and

mlu > nf )] = m [U Jk:|

n+1

=m(1/2,x,/2 + 1/2) ~ h(l/Z)%" ~ h(l/Z)%(an)_l/“.

h(1/2) -
Tax/fonTE = xl/O" Adding fy € L9 does not

change the asymptotics since m[| fy| > x] < x7 [ | fy|? = o (x~/%). We have
proved that m[ fy > x] = (c1 + o(1))x~P for p = 1/a. In the same way, we get
m[fy < —x] = o(x~P). This enables us to use Theorem 1.2, which concludes the
proof. O

Thus, we obtain m[u > x] ~

We enumerate other consequences of Theorems 1.1 and 1.2 in other one-dimen-
sional cases:

1. For o € (0, 1/2), the function fy is always in L? and the condition y > o — %
becomes empty. Thus, we get another proof of the classical central limit theorem,
for any Holder function f.

2. For o = 1/2, the condition on y is also empty, and we get the following result
for a Holder f with zero average:

e If £(0) = 0, there is a central limit theorem.

o If f(0) # O, for example f(0) > O, then we get as above m[fy > x] =
(c1 + o(1)x~2 for ¢; = % V2/© \We are in the nonstandard domain
of attraction of the normal law (i.e. fy is attracted to a normal law but is
not in L?), for I(x) = 1, whence L(x) ~ %‘ log x. The constant By, is then

‘/TCT«/n log n, and we get the convergence

YisgfoT!
ga/nlogn

3. For @ € (0, 1), we can also look at f(x) = xP + i with B > 0, where «
is taken so that [ f = 0. Note that f is integrable with respect to the invari-
ant measure m if and only if & + 8 < 1 (since the density of m behaves like
x™% close to 0). A small computation shows that Dg fy (J,,) =< nf/®, whence
> nm[J,1Dg fy (Jy) < coassoonasa+ B < 1.Finally,on J,, fy ~ Cnbletl

1
whence m[ fy > x] ~ Cx «*#. Thus, when « + 8 < 1/2, we obtain a usual

— N, ).
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central limit theorem, while when « + 8 = 1/2 we have a central limit theorem
with normalization N and for 1/2 < o + B < 1 we obtain a convergence

to a stable law for the normalization na;ﬂ‘i' So, even when o < 1/2, we can have
convergence to a stable law if the observable is unbounded.
Note that Theorems 1.1 and 1.2 can not be used directly in this case, since the
function f is not bounded on Uf)v —loi (Y). However, what is important in the
proof is that we can take an increasing sequence Z; with [ J Z, = X such that
the induction on Z,; has good properties. In this case, we can take Z,; = (x4, 1)
and the proof is exactly the same. In an equivalent way, we can construct an
inverse tower U(I)v ~17-1(y) and work with this inverse tower, the proofs being
almost identical.

4. For fixed points such as x + x“ log x with a € (0, 1), we also get other slowly
varying functions, whence convergence with other normalizing factors.

1.4. Strategy of the proof

Results of convergence to normal laws or stable laws are already known when it is
possible to obtain a spectral gap for the transfer operator, for example for uniformly
expanding dynamics (see for example [GH88] and [ADO1]). In the following, this
case will be referred to as the uniform case. Such results apply in particular to the
induced maps, and they are obtained by perturbing the transfer operators.

The strategy is then to translate the results on the induced map to the whole
space. For this, we use first return transfer operators, which have been used by
Sarig in [Sar02] (see also [Iso00]). We will perturb these operators, and transfer
the results in the uniform case to these first return transfer operators, through the
abstract Theorem 2.1 which is in fact the main technical part of the proof.

This gives information on the behavior of the Birkhoff sums, but only on the
part of the space on which we have induced. We then have to induce on larger
and larger parts of the space, to recover more and more information, which will
complete the proof.

In Section 2, we will prove the abstract result referred to above, Theorem 2.1.
In Section 3, we will establish estimates in the uniform case in our context, which
is slightly more general than the results in the literature. Finally, we will prove the
main theorems in Section 4.

2. An abstract perturbative theorem
In the following, D will denote {z € C | |z] < 1},and D = {z € C | |z| < 1}.
2.1. The result

The goal of this section is to prove the following theorem:

Theorem 2.1. Let L be a Banach space and R, € Hom(L, L) be operators on L
with |Rull < ry for a sequence r, such that a, = ) ,_, rx is summable. Write
R(z) =Y Ry7" forz € D. Assume that 1 is a simple isolated eigenvalue of R(1)
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and that I — R(z) is invertible for z € D — {1}. Let P denote the spectral projection
of R(1) for the eigenvalue 1, and assume that PR'(1)P = P for some u > 0.

Let R, (t) be an operator depending ont € [—a, «], continuous at t = 0, with
R,(0) = R, and |R,(t)|| < Cry Vt € [—a, a], for some constant C > 0. For
zeDandt e [—a, o], write

R(z,1) =) 7" Ra(0).

n=1

This is a continuous perturbation of R(z). For t small and 7 close to 1, R(z,t)
is close to R(1), whence it admits an eigenvalue A(z,t) close to 1. Assume that
Al t) =1 —(c+o)M(t]) for ¢ € C with Re(c) > 0, and some continuous
function M : Ry — R vanishing only at 0. Then

1. There exists &g > 0 such thatV|t| < o, I — R(z,t) is invertible for all z € D.
We can write (I — R(z, 1))~ =Y. T, 7"

2. Furthermore, there exist functions €(t) and §(n) tending to 0 when t — 0 and
n — oo such that V|t| < g9, Vn € N*, we have

For example, when M (t) = t?, this gives the convergence Tn’t/nl/p —

Tos— ~ (1 - £M(|r|>> PH < e(t) + 8(n). ®)
I 0

—clt|P
e—cltiP /n
"

Remark. The assumption that 1 is a simple isolated eigenvalue of R(1) means that,
for A close to 1 but different from 1, A — R(1) is invertible (i.e. 1 is isolated in the
spectrum of R(1)), and that there is a codimension 1 subspace E C £ and a non zero
vector y € Lsuchthat L =E ®Cy, I — R(1))¥y =0,and I — R(1) : E - E
is invertible (i.e. 1 is a simple eigenvalue of R(1)).

Remark. There is an analogue of this theorem when the perturbation takes place
on [0, o] (with exactly the same proof). Thus, for a perturbation where A(1,¢) =
1 — alt|? + ibsgn(t)|t|? + o(|t|?) for t € [—«, a], we get once again the same
result, using twice this theorem, on [—«, 0] and [0, «].

In the application of Theorem 2.1 to the proof of Theorems 1.1 and 1.2, the operators
R,, will describe the returns to the basis Y, and will be easily understood, as well
as their perturbations R, (#). On the other hand, 7,, will describe all the iterates at
time 7, and 7}, ; will be closely related to the characteristic function E (€t fy (see
Section 4 for more details). Thus, (2) will enable us to describe precisely E (e1Sn ],
and this information will be sufficient to get Theorems 1.1 and 1.2.

2.2. Wiener’s Lemma in Banach algebras

The classical Wiener’s Lemma says that if f : §' — C has summable Fourier
coefficients and is everywhere nonzero, then the Fourier coefficients of 1/f are
also summable (see for example [Kah70]). We will use an analogue of this result
for functions taking their values in non-commutative Banach algebras.
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Let A be a Banach algebra with unit (its norm will be written || || 4). We will
denote by A(A) the set of continuous functions f : s — A whose Fourier
coefficients, defined by

2
() = = / e £(e%) a6,
2 0

are summable in norm. Then f coincides with the sum ), 7 ¢, (f)z" of its Fourier
series (see [Gou02, Proposition 2.6]). In particular, if f, g € A(A), then ¢, (fg) =
Y kez Cntk (f)en—ik(g), whence fg € A(A). Moreover, A(A) is a Banach algebra
for the norm || fll 44y = 2 llen () 4-

For f : S — A, we will also write lfllg=sup{llf(2D)I4 |z € Sl}.Wehave
of course || fll 4 < [ fll ac4)» but the other inequality is false.

The following result can be found in [BP42] (I thank Omri Sarig for this refer-
ence).

Theorem 2.2. Let f € A(A) be such that for all 7 € st f(2) is invertible in the
Banach algebra A. Then, setting g(z) = f(z)_l, we also have g € A(A).

Let 2 be an open subset of C and & : € — C an holomorphic function. If x € A is
such that its spectrum o (x) is included in €2, it is possible to define 4 (x) € A using
the Cauchy formula, by h(x) := # v uhl(f)x du, where y is a path around o (x)
in Q. This is independent of y (see e.g. [DS57, VIL.3]). For example, if 2 (z) = 7"
for n € Z, then h(x) = x™ (for the multiplication in the algebra .4). For another
example, take A = Hom(L, £) where L is a Banach space, and x € A for which
1 is isolated in o (x). Then, if & is equal to 1 in a small neighborhood of 1, and to 0

outside of this neighborhood, then /(x) is the spectral projection associated to 1.

Theorem 2.3. Let Q be an open subset of C and h : Q — C be holomorphic. Let
f € A(A) be such thatVz € S', o (f(z)) C Q. If g(z) = h(f(2)), then we also
have g € A(A).

The previous Wiener’s Lemma is a particular case of this result, for h(z) = 1/z.

Proof. As the spectrum is semi-continuous, there exists a path y in € around

o (f(2)) for every z € S1. Thus, g(z) = #fy ul’i(?)(z) du. For u € y fixed,
h(u)

My :zv— 5= ) is in A(A) by Theorem 2.2. As the inversion is continuous
in the Banach algebra A(A), u — M, is continuous on the compact y. Since
g = fy M,, du, this concludes the proof. O

Note that this result applies in particular to spectral projections.
2.3. Study of (I — R(z, 1)) L art =0

In this section, we will describe the behavior of the coefficients of (I — R(z))~!,
and in particular show that they tend to Lp. We will use techniques introduced by
Sarig in [Sar02]. The main technical difference is that in the proof of Theorem 2.4
(an analogue of his “first main lemma”), we will replace his estimates using C!T¢
regularity by applications of Wiener’s Lemma.
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The following result is interesting in itself, and its proof will be instrumental in
the proof of Theorem 2.1.

Theorem 2.4. Let R, be operators onaBanach space L suchthata, =) ;. || R|l
is summable. Write R(z) = Zf;l R, 7" and assume that 1 is a simple isolated
eigenvalue of R(1), while I — R(z) is invertible for z € D—{1}. Write P for the spec-
tral projection of R(1) for the eigenvalue 1, and assume also that PR'(1)P = uP
for a nonzero constant |i.

—1 _
Then the function (Fl—fgd) can be continuously extended to D, and its Fou-

rier coefficients on St are summable. Writing (I — R(z))f1 = Zn T,7", we have
Zn 1T — Th—1ll < oo.

Proof. Write S(z) = 1722 and A = Hom(L, £).

Step 1. S(z)~! can be continuously extended to ID.

The problem is the extension to 1. For z € D close to 1, R(z) has a unique eigen-
value A(z) close to 1. We write P(z) for the corresponding spectral projection, and
Q(z) = I — P(z). For z close to 1 but different from 1,

1—
S~ = G )P(z)+(1 -2 - R@)0(2)) Q). 3)

As I — R(z) Q(z) is everywhere invertible on D, the second term has a continuous
extensionto 1. As (/ — R(1))P(1) =0,

— A R(1 R P P(1
= (Z)P( )= Pz )LZ(Z)P(Z)+P(Z)(1 R(”)(Z)—Z()' @)

Note that
R —R1D K < 0
T -1 2 ( 2 R") o

As an | Rk || is a summable sequence, the above sum converges in norm, which
implies that its limit at 1, denoted by R’(1), is well defined.
If § > 01is small enough, then

1
P = 201 Ju—1=s MI——R(Z)du
Thus,
P(z) — P(1) _ L/ 1 R() — R(1) 1 a6
z—1 2im lu—1|=68 ul — R(2) z—1 ul — R(1)

As RQ=RQ) at 1, to a limit

P'(1).

converges at 1, we get the convergence of F@-PU) (Zi:f)(l)
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In Equation (4), when z tends to 1, the right hand term tends to P (1) R’ (1) P (1) —
P(1)(I — R(1))P'(1) = P(1)R'(1)P(1) since P(1)(I — R(1)) = 0. Recall that
P(1)R'(1)P(1) = P for some nonzero u.

Let & be a bounded linear functional on Hom (£, £) such that £(P (1)) = 1. We
apply & to both members of Equation (4) and let z go to 1, which gives that

1—A(z
1—z

As o # 0, this shows that, in Equation (3), both terms on the right hand side

converge at 1.

Step 2. Construction of a function R(z) on S!, coinciding with R(z) for z close
to 1, such that it has everywhere a simple eigenvalue A(z) close to 1, but different

from 1if z # 1, and with £E=FD ¢ 4(4).

We construct R in three steps, first defining two approximations F, G and then
gluing them together to get R.

Fix some y > 0, very small. Let ¢ 4+ be a C™ partition of unity on ' associ-
atedtothesets {0 € [0, y)}and {6 € (y —n, w/2]} where 0 is the angle on the circle
(for some very small 0 < n < y). We define F(z) = ¢(z)R(2) + w(z)R(eiV) on
{6 €[0,7/2]}: Fisequalto Ron {6 € [0, y —n]}andto R(e!”)on {6 € [y, 7/2]}.
In particular, the spectrum of F(z) is “almost the same” as the spectrum of R(1) if
y is small enough.

We define in the same way F on {6 € [—m/2,0]}, equal to R(e™?”) on {6 €
[-7/2,—y]}andto Ron {# € [—y + 7, 0]}.

Finally, we construct F on the remaining half-circle by symmetrizing, i.e.
F(e!/2+@)) = F(¢!"/2=®) to ensure that everything fits well.

Provided y is small enough, there is a well defined eigenvalue close to 1 for
every F(z), depending continuously on z, which we denote by p(z). The problem
would be solved if p(z) # 1 for z # 1, which is not the case since p(—1) =
p(1) = 1. Consequently, we have to perturb p a little. Let v be a C*° function on
{6 € [7/2,3m/2]}, arbitrarily close to p and which does not take the value 1. On
{6 € [7/2 4+ n,37/2 — nl}, we define G(z) = %F(Z) : its eigenvalue close to
1 is v(z) # 1. Finally, we glue F and G together on {0 € [7/2,7/2 4+ n]} and
{6 € [3w/2 — n, 37 /2]} with a partition of unity, as above. As the spectrum of
F(e™/?) = R(e'?) does not contain 1, the gluing will not give an eigenvalue equal
to 1 if we choose n small enough and v close enough to p.

Note finally that, since w € A(A), we also have w € A(A): to
obtain ﬁ(z), we have multiplied by C* functions, which are in A(C).

Step 3. Writing S(z) = I=R@) then S(z)~! € A(A).

-z >

By construction, w € A(A), and R(z) € A(A). Equation (5) (with tildes
everywhere) implies that w € A(A) (use first Wiener’s Lemma Theorem

22onul —~1§(z), then multiply and integrate, as in the proof of Theorem 2.3). In
particular, P(z) € A(A).
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Let & be a bounded linear functional on A satisfying §(P(1)) = land Vz €
, & (P(z)) # 0 (take y small enough in the construction of R to ensure this).
Then £(P(2)) € A(C), thus l/é(P(z)) € A(C) by Wiener’s Lemma 2.2. Applying
& to both sides of Equation (4) (with tildes) and dividing by é(P(z)) we obtain

that 1= “Z)
more Wlener s Lemma and get that

€ A(C). As this function is everywhere non-vanishing, we can use once
(Z) e A(C).

Finally, we use Equation (3) (Wrth tlldes everywhere). Wiener’s Lemma ensures
that (I — R(z2)0(2))~! € A(A) since I — R(z)Q(z) is in A(A) and pointwise
invertible. Thus, the right hand side is in A(A), which ends the proof.

Step 4. S(z)~! € A(A).

Let ¢ + ¥ be a C* partition of unity on S!, such that R = R on the support of ¢.

Then
1
I — R — R — R
< : (z)) ()( (z)> +w()< (z)>
—Z —Z —Z

The first term on the right hand side is in A(A) according to Step 3. For the
second term, we can modify = R (Z) outside of the support of ¥ so that it is every-
where defined and invertible, usmg the same techniques as in the construction of
R. Wiener’s Lemma gives that its inverse is in A(A), which concludes the proof.

Step 5. conclusion.

I — R(z) is a power series that is invertible everywhere on D. According to [DS57,
Lemma VIL.6.13], its pointwise inverse is also analytic on ID, whence it is a power
series, that can be written as Y 7,,z". Multiplying by 1 — z, we get S(z)~! =
> (T — Th—1)z". Thus,if r < I, wehave T, — T, = 52 [ e S(re’?) =1 do.
As S(z)~! is continuous on the whole disk I, we obtain by letting r tend to 1 that
T,, — T,—1 is the nth Fourier coefficient of S(z)~! on S!. But we already know that
S(z)~' € A(A), which proves that 3_ ||T,, — T,_1|| < oo. O

Remark. Theorem 2.4 is in fact the main technical ingredient in the proof of Sarig
in [Sar02], but he had to assume a,, ~ —5 with 8 > 2. Thus, it is possible using
Theorem 2.4 to extend Sarig’s results on lower bounds for the decay of correlations
(Theorem 2 and Corollaries 1 and 2 in [Sar02]), even when the mass of the set of
points returning at time 7 is not of the order 1/n. For example, it is not hard to
generalize his results to maps of the interval with a very neutral fixed point, such
as x(1 4 x log? x). With a little work, this shows that all the upper bounds on the
decay of correlations obtained by Holland in [Hol02] are in fact optimal.

The following lemma will be needed later on in the proof of Theorem 2.1.

—1
Lemma 2.5. Under the same hypotheses as in Theorem 2.4, we have <1_1—§§Z)) =

,513 + (1 — 2)A(2), where A(z) = Y02 ) Az with A, — 0asn — oo.
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Proof. We use the method of Sarig in [Sar02], starting from our analogue of his
first main lemma, Theorem 2.4. More precisely, Sarig constructs a polynomial

Rp(2), approximating R(z), such that @ and ﬁ (M R (1)) are

1
polynomials. Moreover, I — Rp(z) is invertible for z € D, and (%_”;(Z)) =

%P + (1 — 2)B(z) where B(z) = Y_ B,z" and B, = o(x™) for some x < 1. The
proof of this result ([Sar02, Lemma 6]) relies only on his first main lemma, which
we have already proved in our context.

-1
Then, he uses the following perturbative expansion of S(z)~! = (FTREZ))

-1
around Sp(z)~!' = (.I—IIiz;Z(z))

S@) =87 + Sp(2) T (SB(2) — S@)S() 7.

To prove the lemma, we only have to show that Sz(z) ™' (Sp(z) — S(z))S(z)~!
can be written as (1 — z)C(z) for some C(z) = Y Cnz" with C, — 0 (indeed,
An = B, + Cy).

1-z 1—z

Sp— 8= (M - R’(l)) + <R’(1) - R(l)—_R) =I1+11.

As I/(1 — z) is a polynomial (by construction of Rp), we can forget this term. For
the other term,

II_Z(I—zk) Z R,.

n=k+1

Thus, writing D, = Y 22, | > x4 Ri, we have - = 3" D,z". The summa-
bility of a; = Zl:k-i—l [|R;|| implies that D, — 0. We have shown that

Sg—
12 =) Eud"

where E, — 0.

We already know that Sp(z)~! and § (z)~! have summable coefficients. Thus,
the lemma will be proved if we show that, if E,, — 0 and F}, is summable, then the
coefficient (EF), of 2" in (} Exz") (3 Fuz") tends to 0 as n — oo.

We have (EF), = ZZ:O EiF, . Wefixe > 0,and N such thatif k > N
|Exll < e.If K is greater than || E¢|| and > _ || Fx||, we get forn > N

N-—1 n 00
IEF) < Y NEN I Facill + > elFackl <K Y I+ Ke.
k=0 k=N

I=n—N

For n large enough, this is less than 2K e. O
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2.4. Invertibility of I — R(z, 1)

From this point on, and until the end of the proof of Theorem 2.1, the notations and
hypotheses of all the results will be those of Theorem 2.1.

In this section, we prove the invertibility of I — R(z, t) when (z,¢) # (1,0)
and ¢ is small enough. The problem occurs for z close to 1, where R(z, t) has a well
defined eigenvalue A(z, ¢) close to 1. Let us first study this eigenvalue.

Lemma 2.6. In a neighborhood of (1, 0), it is possible to write A(z,t) = 1 + (z —
D (u+a(z,t)) —(c+b(t))M(|t|) where the functions a and b tend to O respectively
at (1,0) and 0.

Proof. As

Rz ) —R(,1) <,
Z——I_ZZ (;Rk(t)>,

R(z,t)—R(1,1)
z—1

the summability assumption implies that (z, ¢) is continuous at

t = 0. Writing
P(z,t) — P(1,1)
z—1
1 1 R(z,1) — R(1,1) 1
 2in Jju—1j=sul — R(z, 1) z—1 ul —R(1,1)

we also get the continuity of (z,t) — w

bounded linear functional to the equation

Az, 1) —A(L, 1) P(e1) = R(z,t) — R(1, I)P(z 0

z—1 P
+(R(1,t)—x(1’t))w’

at t = 0. Thus, applying a

we get also the continuity of F(z, ) = M . Moreover, F(z,0) — u when
z — 1 (Equation (6)), which makes it posmble to write F(z,t) = u+a(z, t) with
a(z, t) vanishing at (1, 0). Moreover, by assumption, A(1,¢) = 1—(c+b(t)) M (|t|)
where b vanishes at 0. Hence,

Az, )y =A1, )+ (z—1DF(z,1)
=1—(c+b@)M(t) + (z — D(u +a(z,1)). O

Proposition 2.7. There exists g > 0 such thatV(z,t) € (Dx[—e¢0, &o]) — {(1,0)},
I — R(z,t) is invertible.

Proof. Assume that there is a neighborhood V of (1, 0) such that, in V — {(1, 0)},
I — R(z, t) is invertible. We can assume that V = Ux[—¢&, &1]. For w € D-U,
I — R(w) is invertible, thus I — R(z, t) is invertible in a small neighborhood of
(w, 0), which can be taken of the form Uy, x[—e&y,, €y ]. By compactness, D-Uis
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covered by a finite number of the Uy, say Uy, ... , Uy, . To conclude, just take
€0 = MIN(ey, Eyys - -+ » Ewy)-

So, we just have to construct a neighborhood V as above. We have to show that
the eigenvalue A(z, t) of R(z, t) is different from 1 when (z, ¢) is close to but dif-
ferent from (1, 0). This essentially comes from the asymptotic expansion of A(z, t)
given by Lemma 2.6, but we will write it more carefully.

Let K be such that % > % The neighborhood V' will be the set of (z, ¢) such

, Re(o)
that [b(1)| < Re(c)/2 and |a(z, 1)] < min (%, el )

We fix (z,1) e VN (EXR). Assuming that A(z,t) = 1, we show that (z,7) =
(1, 0). There are two possibilities, namely | Im(z —1)| > |z—1]/2 or|Re(z—1)| >
|z—1]/2. The latter case, being easier, is left to the reader. We can assume for exam-
ple that Im(z — 1) > |z — 1|/2.

AsRe(uu(z — 1)) < Osince u > 0 and z € D, we have

1 =Re(r(z,1)) =1+ Re(u(z — 1)) +Re(a(z, t)(z — 1))
—(Re(c) +Re(b(t))M(|t])
< 1+lalz, Dllz — 1| — (Re(e) — [bOHM(Jt])
Re(c) Re(c)

<1 — 1] =
+2K|z |

M(|t]).

Thus, |z — 1| > KM (|¢]). The imaginary part then satisfies

0=1Im(A(z,1)) = (u —la(z,)]) Im(z — 1) — (|| + [bO)NM (|z])
wlz—1 _Mlz—ll.

> —
2 2 2 K
The definition of K implies that |z — 1| = 0, which in turn gives ¢+ = 0 since
|z — 1] = KM(]t]) and M vanishes only at 0. O

In particular, for |¢| < 9, I — R(z, t) is a power series invertible everywhere on
D, whence its inverse can be written as Y . T, ;2" (see Step 5 of the proof of Theorem
2.4). Moreover, for ¢ # 0, everything can be continuously extended to dID, which
implies that the 7, ; are the Fourier coefficients of the function (I — R(z, 1))~ !
(considered as a function from S to A).

2.5. Convergence oflé(z, t)

In this section, we will work exclusively on S! (z will thus denote a pointin S' ¢ C
and not in D).

To apply Fourier series methods to R(z, t), we will need it to have a well defined
eigenvalue close to 1, which is not a priori true outside of a neighborhood of (1, 0).

Construction of ﬁ(z, t)

We use the function R(2) that has been constructed in Step 2 of the proof of Theo-
rem 2.4. We set R(z,t) = R(z) — (R(z) -y z"Rn(t)). The map t — R(-, 1)
is then continuous at ¢ = 0 (for the A(A)-norm, whence for the supremum norm),
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and R(z, 1) has a well defined eigenvalue A(z, 1) close to 1. Moreover, for z in a
neighborhood of 1, A(z, 1) = A(z, t), which is different from 1 when (z, 1) # (1, 0),
and outside of this neighborhood x (z,t)iscloseto X(z, 0) and is thus different from
1 if ¢ is small enough.

The main result of this section will be the following proposition (recall that the
hypotheses are those of Theorem 2.1):

Proposition 2.8. We have

I—Ié(z,t) 71_ I—Ié(z) - 0
1—(1-— ﬁM(|t|))z 1—1z A =0

Proof. Write P(z, 1) for the spectral projection associated to the eigenvalue Az, 1),
and Q(z,1) = I — P(z, t). We then have

I—Riz,t) =0 =7z, )P 1)+ — Rz, )0z, 1)) 0(z, 1).
Thus,

(z,1)

I-Rezon \ | 1—0—E£MD)z
L= =sMth)z) 11—k

+Q—a—£Mmeu—Rmo@amlémn

As R(z, 1 — R(z) as t — 0, Wiener’s Lemma Theorem 2.3 gives the conver-
gence of P (z,t) and Q(z t) respectively to P (z) and Q(z) (1n A(.A)) We also
obtain (agaln by Wiener’s Lemma) the convergence of (I — R (z, t)Q(z N~ !to

- R(z)Q(z)) 1 since I — R(z)Q(z) is invertible for every z € st
1-(1-2M(|1]))z 1—z (in A(C)). whichi

1—/'\(z,t) =y in which is given
by the following lemma and Wiener’s Lemma (since inversion is continuous in the

Banach algebra A(C)). O

It only remains to prove that

Lemma 2.9. We have

1— Az, 1) 1— ()

— — 0.
1—(1—&M(|t|))z 1—z2

t—0

A(C)

Proof. We will usually work with the circle S I embedded in C, but it will sometimes
be convenient to consider the circle as T = R /27 Z, in which case the variable will
be denoted by 6.

We recall some results on Fourier series. For |#| < 7 and small ¢ > 0, write

Ag(0) = sup (0 11— @) this function is supported in {6 € [—¢, €]}. We write
also V; = 2A5;, — Ag: this function is equal to 1 on {# € [—¢, €]} and vanishes
outside of {0 € [—2¢,2¢]}. We willuse Vo, and 1 — V, asa C 0 partition of unity.
By [Kah70, page 56], we have || Ve|l 4c) < 3. Note that V, is piecewise C I its
derivative being bounded by 1/¢.
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If g : T — Cis continuous and piecewise C', then ([Kah70, page 56, Equation
HD

1/2
lgllac) < ICo(g)|+(12/ 18" (©) d9> . )

Finally, if f : S! — Cisin A(C) and satisfies f (1) =0, then ([Kah70, page 56])

ILf Vellac) e 0. )

Fix |¢t| < o and write ¥, = Vg for G(t) = M(t)'/3, and ¢, = 1 — ¥, on

ST or T. Setting A;(z) = %, we have to check that A,(z) tends (in
m

A©) to B(z) = 729 We will prove that A, (2)¥(2) — B@)¥1(z) — 0, and
A ()¢ (2) — B2 (2) = 0.

In this proof, we denote by C(z) a function whose norm in A(C) is bounded
by a constant. For example as | Villaccy < 3, we sometimes replace V;(z) by

1—z c c 1
C(2). As I—M(It\))z M(|t|) Yoo (- —M(Itl))" Z", we also have
HM
lg;z <1 w MU , which is bounded when ¢+ — 0 (since
== | o i

Re ¢ > 0). Thus, we may also replace l—(llf—M(It\))z by C(z).

Using exactly the same equations as in the proof of Lemma 2.6 (with tildes
AMz.H=A(1D) _ M)=i(D)
z—1 z—1

everywhere) and Wiener’s Lemma, we prove that K (z, t) =
tends to 0 in A(C) when t — 0.

Step 1 (closetoz =1). A;(2)¥(z) — B(z)¥(z) tends to 0 in A(C)-norm.

We proved in the third step of the proof of Theorem 2.4 that X(Z;j‘(l) € A(C). As

this quotient tends to u when z — 1, we can write M = i + F(z) where

F € A(C) and F(1)~_ 0. We also write A(l, t)y=1- (c + b(t))M(|t]) (since
A(l, 1) = 1(1, 1), as R(z) = R(z) in a neighborhood of 1). This gives

Mz t) =1—(c+bO)M(t]) + @z —1) (K, 1) + Fz) + ).

Thus,
1 —A(z, 1) 11—z
A7) = = F
() 1= (1= ZM(|t)z HETo (1- ﬁM(ItI))z( 2
YK (2 1) + M) + M) b(1).
1= (1= 2M(t])z
Therefore,
A (@Y (2) = ui(2) + C@QF ()Y (2) + C(2)(K(z, 1) + M(|1]))

M(lt])
I— (- M)z

b)Y (2).
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A small computation shows that % has abounded norm in A(C). More-
m

over, w = B(z) — F(z), and the term F (z){;(z) can be included in C(z) F (2) ¥ (2).
Finally,

A1)V (2) = BV (2) = CQF (2)¥1(2) + C(2)(M(J1]) + K (z, 1) + b(1)).

In the rightmost term, everything tends to 0 as ¢ — 0. Moreover, Equation (8)
ensures that F (z)y;(z) — 0. This concludes the first step.

Step 2 (away from z = 1). A;(2)¢;(z) — B(z2)@;(2) tends to 0 in A(C)-norm.
We start from
-k 1-k@ _1-i@ 1—z .
I—(—=eM(t)z  1-z  1—-z \1=(-£M(D)z

. 11—z Az) — Az, 1)
I—(—-£M(ipz 1-z

We will see that each term on the right, multiplied by ¢;, tends to 0 in A(C) when
t — 0.

We will use that, on the support of ¢;, we have |z — 1| > CG(|t]), which implies
that |1 — (1 — ﬁM(Itl))zl > CG(|t))—DM(|t]) = CG(Jt]) (for a smaller constant
C) since M(t) = o(G(¢)). In the following, C will denote a generic constant.

The first term
As l_l—i(;) € A(C),itisenough to prove the convergence of f = <1(11;W - l)
©;(2) to 0. We will use Equation (7).
We have
M|
<LE—— <om?s.
|f ()] G0 (2D

In particular, |co(f)| < CM(|t])'/3.

For the derivative, writing f(0) = h(0)¢:(0), we have f' = h'g, + he|. As
] < CM(Jt])*? and |¢]] < 1/G([t]), we get [hgj| < CM([t)'/3.

To control 4/, we write

< M(Jt]) < M(Jt]) I
O = 1" T T cman T <M 0
— M) | T EM(i) 1 - (1— EM(i])e
Thus,
Wy = MU !

(1= (1= EM(t))e’)?

On the support of ¢;, the modulus of the denominator on the right is > (CG(|¢ N2,
which gives |h'| < CM(|t])'/3.
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We have shown that | f'| < CM(|t])'/3. As |co(f)| < CM(|t])!/3, Equation
(7) gives that | fll ac) < CM(r)'7.

The second term

As 1(1—1”—AZ/1(|t|))z is bounded in A(C), it is enough to show that g(z) = %}Am

@1 (2) tends to 0 in A(C). ~ ~ o
Writing again K (z,1) = 2@0=200 _ 2@ (hig difference tends to 0
when ¢ — 0), we have

Dr (Z)

2(2) = K(z, D¢ (2) + (A(1) — A(1, 01

The first term K (z, t)@;(z) tends to 0. For the second term, if h(z) = ) , we have
lco(h)] < m and

. () 1 1
n®)| = ‘ .
ol ‘l(l —elf)? e?? o )‘ CzG(ItI)2 - CG(|t]) G(|t])
Equation (7) gives that ||| 4y < ﬁ = OM(|t)723). As A(1) — r(1,1) =
O(M(|t])), we finally get ”(,\(1) a1, ;))Wz) A O (M (|t)'/3), which con-
cludes the proof of Step 2 of the proof of Lemma 2.9. O
2.6. Conclusion of the proof of Theorem 2.1
Proposition 2.10. We have
-1
I —R(z,1) I-R@)\"'
——= — 0.
L= (1= eM(1))z 1—z =0

A(A)

Proof. Let x1, x2 be a partition of unity such that R = R on the support of x1, and
-1

Proposition 2.8 shows that x1(z)A(z,t) — x1(2)A(z, 0). For the term x»(z)
A(z, t), we can safely modify R on a small neighborhood of 1 so that I — R(z)
is everywhere invertible (this does not change x»>(z)A(z, t)). Wiener’s Lemma and
the continuity of inversion then give that x>(z)A(z, 1) = x2(z)A(z, 0). O

set A(z, 1) = ( [-R(z0)

Proof of Theorem 2.1. We now conclude the proof of Theorem 2.1, i.e. we construct
functions &(¢) and §(n) satisfying Equation (2).
Proposition 2.10 shows that it is possible to write

-1 -
I —R(z,1) _ (1 —R@
(1—<1—,%M(|r|>>z) _( T2 ) The
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where F;(z) € A(A) tends to O when t — 0. Moreover, Lemma 2.5 gives that

I-R@)\ " 1
<—()) = 1P+ (1-2AGR)
1—z M
where A(z) = > A, 7" with A, — 0. We get

L
T— (1= <Mz

Y T = - R ) =

L2 e+ 1 F ()
= (- <Mz e

" = — M)z

n
In the first term, the coefficient of 7" is ﬁ (1 — ﬁM (|t|)) P and corresponds to
(2). We have to check that the other terms are smaller than £(¢) + §(n).
Let us denote by &(n) the maximum for ¢ € [—&g, g9] of the coefficient ¢, (¢)

of z" in HF%WA(Z)' We will prove that §(n) — 0 as n — co. We have

1—z c & c n—1
— 1M (1- <M "
—a-cuqmy: e ( " ('”)) ¢

n=1

Thus,
c n—1 c n—k—1
() = Ap — —M(Jt]) Z <1 - —M(|t|)> Ag.
M =0 n

Note that, since Re(c¢) > 0 and M (t) — 0 when t — 0, we have )1 — ﬁM(ltD‘ <

1- %M(M) when ¢ is small enough. Let C be greater than the |A,|,n € N.
We fix ¢ > 0, and N such that Vk > N, ||Ay|| < &.Then,ifn > N,

N-1 n—k—1
Ic| Rec
lea@I < 1ALl + —M(|2]) E 1 — ——M(|t]) Akl
H k=0 2u

-1 n—k—1
Ic] " Rec
+ =Mt Y (1= =—M(t]) e
H k=N 2
Ic| Rec nN
<e+N—CM(t) [ 1= =—=M(t]) + Ee.
U 2u

n—N
As M(IrD) (1= B£M (i) tends uniformly to 0 on [—eo, o] (if eo is small
enough) when n — oo, we get that for n large enough, ||c,(t)|| < (2 + E)e, and
d(n) < 2+ E)e.

Let us finally bound the coefficients of ;- i

YT F;(z), which will give

the £(¢). The Fourier coefficients of . are < 1, which implies that

S B
(—<M(M
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the coefficient of z” in the product is at most Y ;o | F; (2l < I F; lac4)- Since
| Fillacay = O when t — 0, we can take e(t) = || Ft || o4 to conclude. |

3. Results in the uniform case

In Sections 3.1 and 3.2, we state some technical estimates on Markov maps, and
we use them in Sections 3.3 and 3.4 to derive an expansion of the eigenvalue of
a perturbed transfer operator, which will subsequently be used in the proofs of
Theorems 1.1 and 1.2.

We work in the setting of Markov maps of Section 1.2.1, and we will use freely
the definitions introduced here.

3.1. Some technical estimates

In this section, (Z, B, T, m, §) will be a Markov map preserving a measure m of
finite mass. Write ¢ (x, y) for the separation time of the points x and y (under the
iteration of 7') and assume that the distortion of T is T-Ho6lder for some 7 < 1. For
f + Z — C, we will denote by D, f the least T-Holder constant of f for points
in the same elements of the partition, i.e. D, f = inf{c | Vx,y € Z,t(x,y) >
1 = |f(x) = f()] < ct'™®P). Let also L, be the space of bounded functions
on Z with D; f < oo. It is a Banach space for the norm | fllz. = | fllo +
D, f.

We will need a property slightly weaker than the big image property from Sec-
tion 1.2.1. We say that Z is a bounded tower if there exists ¢ € N, a subset §p C §
(corresponding to the basis of the tower) and a function R : §o — {0, ... ,q — 1},
such that Z is isomorphic to the set {(x,i) | x € a C &p,i < R(a)}, with the
partition into the sets a x {i} fora € g andi < R(a). We require T to map a x {i}
isomorphically onto a x {i + 1} ifi + 1 < R(a), while if i + 1 = R(a) then
T(a x {i}) C Uge s, 4> 1.e. the points get out of the tower through the top and fall
down to the basis. We will write Ay = {(x, k) | x € a, R(a) > k}, i.e. this is the
set of points at height k in the tower.

We will say that T has the bounded tower big image property if Z is a bounded
tower, and the returns to the basis have measure bounded away from 0, i.e. Va € §,
Ta C Ag = m[Ta] > n for a constant > 0. Note that, when ¢ = 1, i.e. there
are no floors in the tower, we recover the usual big image property.

In the rest of Section 3.1, T will have the bounded tower big image property
and the distortion log g, will be t-Holder.

Lemma 3.1 (Distortion Lemma). Writing g5 (x) = gm(x) - - - gm (T"~x) (this
is the inverse of the jacobian of T"), there exists a constant C such that t (x, y) >

(n)
n= |1 8w ¢ oy,
gm (¥)
In particular, there exists a constant D such that, if d = [do, ... ,dp,—1]is a

cylinder of length n and x € d, then D_lg,(,zl) x) < mTT[%] < Dg,(,zl) (x).
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Proof. Let x, y be such that #(x, y) > n. Then

n—

1
log(g(y) (1)) — log(g’ (1)) < 3 [log(gn(T'x)) — Tog(gn(T'y)
i=0

n—1
< Y Dr(log(gm)t @7
i=0
< Dr(llog(gm)) 1 @—n+l
— 7T

Taking exponentials, we get the first statement of the lemma.
2™
In particular, if d is a cylinder of length n and x, y € d, we have (n)(x; <D

for some D. Using that 1/ g(")(y) it the jacobian of T", we integrate on y € d and
get that g(") (x)m[T"d] < Dm|d]. The other inequality is analogous. O

If ¢ is a function on Z and T denotes the transfer operator associated to 7,
then f”x//(x) = ZTH(}) — gm)(y)l/f(y) There is at most one preimage of x in
every non-empty cylinder d = [dy, ... , dy—1], which we denote by dy .. . d,—1x.
Set Mgy (x) = g(")(a’o coody1x)¥(dy . . . dy—1x) if this point is defined, and 0
otherwise. Then 7" = > Mgy where the sum is over all non-empty cylinders d of
length n.

Lemma 3.2. There exists a constant B such that Vd = [dy, ... ,d,—1], V¢ :
Z — C,

Moy, < B s (7Dew + i [ wiam
e < Bumra \W P idi '
Proof. Let x and y be in the same partition element a. If a is not in the image
of T(dy—1), (Mg¥)| = 0 and there is nothing to prove. Otherwise, write x’ =
dy...dy_1x,andy =dy...d,_1y.
First note that, for 7’ € d, we have |y (y") — ¥ (z))| < D¢ t", which gives,
after integrating on z/, that | (y")| < D¢ " + ﬁ fd || dm. The inequality

g,(}f ) ) < m’;}‘j]d from Lemma 3.1 gives then the claimed bound on || Mgy H

Using Lemma 3.1, we have

IMar (x) — Mayr ()] < 182 DY) — ¢ ()]

(n), s
gy (011 - St
gm ()
m[d] 10y / mld] 1(x.y)
< D g DY T 001D Cr

which gives the conclusion, using the aforementioned bound on |/ (y")|. O



Central limit theorem and stable laws for intermittent maps 105

Corollary 3.3. If T has the bounded tower big image property and is ergodic, then
the associated transfer operator T acts continuously on L., and it has a simple
isolated eigenvalue at 1, the eigenspace being the constant functions.

Proof. The proof will use Lemma 3.2 and the fact that ™ = Y My, where the
sum is over all cylinders of length 7.

We first show the continuity of T. Decompose T = lef‘ + (1 — le)f“,
where the first term sees the points on the basis and the second one in the floors.
If x is in the basis, the elements a of the partition such that x € Ta return to
the basis, which implies that they have a big image. We can thus sum the esti-
mates given by Lemma 3.2 for cylinders of length 1, and forget the m[Td], to

get that H 1a,7 < B(z I¥llz, + I1¥Il;). On the other hand, if x is not in the

basis and x’ denotes the point just below, then fw(x) = ¥ (x"). This implies that

For n > g (where g is the height of the tower), we can use the same argument
on the basis and get that

< 1, and concludes the proof of the continuity of T.

H(f"‘”)‘AO L SBE Wl + 1)

If x € Ag, let x" denote the corresponding point in the basis of the tower. Then
T (x) = T”_kl//(x’), and the inequality on the basis gives

[ v)ia,

L <B (Pl + 1)

As the tower is bounded, we finally get that

Py, < g @I, + ).

This is a so-called Doeblin-Fortet inequality ([ITM50]), since the inclusion £; —

L'i is compact. Thus, by Hennion’s Theorem ([Hen93]) the essential spectral radius
of T is bounded by 7, and 1 is an isolated eigenvalue of T. The constant functions
are eigenfunctions, and ergodicity of T shows that they are the only eigenfunc-
tions ([Aar97, Theorem 1.4.8]). Moreover, there is no nilpotent part since || Tn | is
bounded. O

The following lemma will be useful later, applied to unbounded functions in
L%, We recall that, if d is an element of the partition &, then D h(d) is the least
t-Holder constant of / restricted to d.

Lemma 3.4. Assume that T has the bounded tower big image property. Let h €
Li(m) satisfy de ml[d]D.h(d) < oo. Assume that h is bounded on the set of
points whose image is not in the basis of the tower, and that h is uniformly t-Hélder
on this set. Then Th € L.
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Proof. For d = [dp] of length 1, the estimates given by Lemma 3.2 depend in fact
only on D; v (dp). Thus, summing these estimates on the basis, and using the big
image property, we get

H (f"h)mo

[ SB (Z tm[d]D.h(d) + I|h||1) < 0.

des

If x is in the floors, and x” is just below x, then Th(x) = h(x'). As I is bounded
and Holder on the set of such points x” by hypothesis, we get that Thisin £,. O

3.2. Some technical estimates: the perturbative case

In this section, (Z, B, T, m, §) will satisfy the same assumptions as in the previous
section, i.e. T is a Markov map, preserving the finite measure m, with Holder distor-
tion. Moreover, T has the bounded tower big image property. Additionally, we will
use afunction : Z — C which, on the set of points whose image is not in the basis,
will be bounded and uniformly t-Hoélder, and satisfying ) ;s m[d]1D.h(d) < oc.

Let d = [do] be a non-empty cylinder in Z of length 1. For small 7, we define
a perturbation My(t) of My by

eith(dOX) &m (dox)w (d()_x) if dox is defined

My()y(x) = {() otherwise. ©)

Lemma 3.5. Tuke 0 < 1 < 1. Then there exists a constant B such that Vd = [dp],
vVt e [—1, 1],

— mld] n n ;‘/‘ ith _
|Ma(t) = M|, < Bm[Tc_z] <|r| D:h(d)" + mid] 4|e 1|dm>.

Note that the norm in this lemma is the £;» norm.

Proof. Let ¢ € L. If x, y are in the same element of the partition, we have to
study (My(t) — Ma)yr(x) — (Mg (t) — Mg)¥ (). If dox is not defined, then dpy is
not defined either, and there is nothing to prove. Otherwise, denote x’ = dpx and
y' =dpy. Then

(Mg (1) = Ma) ¥ (x) — (Ma(t) — Ma)yr (y)|

< |6 <1 Mg () = Mgt )] + Mg ()] [0 — €100

Take C such that |¢'* — 1| < C|s|" for all real s. Then

n

eith(x’) _ eith(y’)‘ < C|t|n |h(x’) _ h(y/)}ﬂ < C|l|n (Drh(d)z.t(x,)’)-i-l)
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If x = e — 1, we see that |x (x")| < |x(y")| + C|t|"D:h(d)" on the cylinder d,
whence [¢/h0) — 1] < ﬁ fd le'™ — 1|dm + C|t|"D.h(d)". The estimates on
Mgy from Lemma 3.2 (in the space L) imply that

(Mg (1) = Ma)yr (x) — (Ma(t) — Ma)yr(y)|

1 ,
< — ith _ 11dm + C|t|" D, h(d)"
(m[d]fdw \dm + Clt|" Deh(d)

nrx.y) Ml "D L/
< BT T4l "D, w+m[d] wlwldm

m[d] 0 1 ) R
Bm[Tg] (r Dy + mild] /[d] |I//|dm> Clt|"D-h(d)"t :

This gives the estimate on D» ((Mi(t) — Mi)l/f), using (r” D:n I/f—i-m f[d] || dm)
< vl Lo The bound on the supremum norm is analogous. |

Corollflry 3.6. Assume that T has the bounded tower big image property. Writing
R; = T(e”h-), then t — R, is continuous at 0, and

IR — Rollz, = O(lt] + E(le™ — 1])).

In particular, when h € L', |R; — Roll 2, = O(|t]).

The notation E denotes the expectation, i.e. the integral with respect to the measure
dm.

Proof. We will use that R, = f"(ei’h-) = ZMg(t), where the sum is over the
cylinders of length 1.

To prove continuity of = R; att = 0, we write R; = 1A, R; + (1 — 1) R;.
On the basis, summing the estimates of Lemma 3.5 (with » = 1) and using the big
image property, we get

[1agR = 1agRo| , < B <|tlzm[6_l]Drh(i) +f et — 1|).

In the floors, if x’ is the point just below x, then R,y (x) = "Dy (x'), which
yields that | (1 — 1a,)R — (1 — 1a,) Ro|| is bounded by the £-norm of ¢'™" — 1
restricted to the set of points not returning to the basis at the next step. As & is
uniformly bounded and Ho6lder on these points, we get that this £;-norm is O (|¢]).
This proves that || R; — Ro|| = O(|¢| —|—f |e”h —1]). By the dominated convergence
theorem, the integral tends to O when ¢ — 0, and this proves the continuity of R;.

Moreover, when  is integrable, then [ |e/" — 1| < |¢| [ |h]. o



108 S. Gouézel

3.3. The classical method: central limit theorem case

In this section, we recall classical results on the central limit theorem, obtained in
the uniform case by perturbing the transfer operator. For bounded #, the method
dates back to [Nag57], and is developed in [RE83] and [GHS88]. The result we
prove here is slightly more complicated to obtain, since the function 2 we will
consider is generally unbounded, so that the perturbation of the transfer operator is
not analytic, and we can not use an a priori expansion of the eigenvalue. In view
of applications, we give the result for Markov maps with the bounded tower big
image property.

Theorem 3.7. Let (Z, B, T, m,§) be a Markov map, preserving a finite ergodic
measure m. Assume that 1og g, is t-Holder for some t < 1, and that T has the
bounded tower big image property.

Leth : Z — C with Zd@ m[d]D:h(d) < ocoand h € L2, with fhdm = 0.
Assume that, restricted to the set of points that do not return to the basis of the
tower at the next iteration, h is bounded and uniformly t-Hélder.

Denote by R the transfer operator associated to T (acting on L), and R =
R(e”hllf). Then, for small t, R; has an eigenvalue \(t), close to 1, satisfying A(t) =

1 - #fz)tz + o(t%). Write a = (I — R)"Y(Rh) (where we consider I — R act-
ing on the space of functions of L, with O average, on which it is invertible) and

u= (I —R)"Y(h). Then
o? =fh2dm+2/ahdm =/R(u2) — (Ru)?dm.

Moreover, 0 = 0 ifand only if there exists a function r € L, withh = o T — 1.

Note that Lemma 3.4 ensures that Rh € L., which implies that it makes sense
to consider a = (I — R)"Y(Rh), since I — R is invertible on the functions of
L. of zero integral, according to Corollary 3.3. However, u = (I — R)~!(h) is
a priori not defined, since & ¢ L. In fact, we simply set u = h + a, and indeed
(I—Ru=h—Rh+ (I —R)a=h.

Proof. We can replace m by m/m(Z) and assume that m is a probability mea-
sure (the greater generality in the statement of the theorem will be useful in the
applications).

Corollary 3.3 gives that R = T is continuous on £, and 1 is a simple isolated
eigenvalue. According to Corollary 3.6, r — R; is continuous at 0. As simple iso-
lated eigenvalues depend continuously on the operator, R; has a unique eigenvalue
A(t) close to 1 for ¢ small. Write P, for the corresponding spectral projection, and
& for the eigenfunction (with [ & = 1).

Since eigenvalues and eigenfunctions depend holomorphically on operators
(Lipschitz would be enough), ||§; — 1|| = O(||R; — R||) = O(|t|) using Corollary
3.6. In the same way, A(f) = 1 + O(¢).

Note for future use that

2
E@E™ =1- %/kz dm + o(1%). (10)



Central limit theorem and stable laws for intermittent maps 109

Indeed, if we consider @ (1) = E (¢''") as the characteristic function of the random
variable £, it is classical thatif » € L2, then ® is C2 with ®(0) = 1, ®'(0) = i E(h)
and ®”(0) = —E (h?) ([Fel66, Corollary to Lemma XV.4.2]).

As A(t)& = R;&;, we get after integration that

A(t) = /Rzéz = /(Rz —-R)& -1 +/(Rz - R)(1) +/R€z
=/<R:—R>(a—1>+E<e"’h—1>+1. (11)
AsSR,—R=o(l)and & — 1 = O(r), we get that A(#) = 1 + o(¢) (using Equation

(10) to estimate E (e!'" — 1)).
Thus,

& —&o _ A& — &
t

t

+0o(1) = w +o(1)

51—50+R0§t—EO+Rt

=(R; — R
(R; O)t ;

— Ry
; & + o(1).

But (R; — Ro) (&) = R(¢'"" — 1). Moreover, E’:—‘EO is bounded and R; — Ry tends
to 0, whence (R, — Ro) %72 = o(1). Thus,

Et_EO_ elth —
(I—R)T_R( ;

1
)+0(1).

The sequence (§; — &p)/t is bounded in £,. By compactness, we can extract a
subsequence converging in L? to a function ia, which will still be in £, (we have

multiplied by i for convenience). In L2, ei’ht_l

— ih by the dominated convergence

theorem (as

t
Moreover, according to Lemma 3.4, Rh € L,. We also have f Rh = f h =0.
As I — R is invertible on the set of functions in £, with zero integral, we get
a = (I — R)"'(Rh). Thus, (& — &)/t has a unique cluster value, whence it
converges (in L?) to ia = i(I — R)~'(Rh).

By continuity of the product L>x L?> — L', we obtain the convergence of
[ €E=15=% to [(ih) - (ia). Thus,

t

ith 2
¢ ’—1) < |h|? integrable), which implies that (I — R)a = R(h).

/(Rz -R)E& -1 = /R((E”h - DE -D)

= /(eith -DE -1 =1 / ha + o(t?).

Equation (11) then gives that

MO = 1+ E@™ — 1) + f(Rf CR)E - 1)

12
=1—5/h2—t2/ha+0(t2).
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We transform this result a little to obtain the other claimed expression for A(z).
Recallthath =u — Ruanda = u —

—A];:O_fh +2/ah—fh2+2(u—h)h
:f(u—Ru)2+f2Ru~(u—Ru)
:/(u+Ru)(u—Ru) :/uz—/(Ru)2:/R(uz)—(Ru)z.

Wehave R(u%)(¥) = Y, gm (02 () and (Ri)*(¥) = (L, g (y)u(y))z.
Moreover, ZTy:x gm(y) = 1since R1 = 1. The convexity of w + w? then
gives that (Ru)?(x) < R(u?)(x), which implies that —A” > 0. We can thus write
)\’// _

Flnally, if 02 = 0, then there is equality in the convexity inequality, whence
all the u(y) are equal (since g, is everywhere nonzero as log g, is defined every-
where). Writing ¢ = Ru (with ¢ € L, since Ru = Ra+ Rh)wegetu =y oT.
Ash =u — Ru, thisgivesh =y oT — . O

3.4. The classical method: stable laws case

The following theorem has essentially been proved by Aaronson and Denker in
[ADO1].

Theorem 3.8. Let (Z, B, T, m, 8) be a Markov map preserving the finite ergodic
measure m. Assume that log g, is t-Holder for some 1 < 1 and that T has the
bounded tower big image property.

Let p € (0, 1)U (1, 2) and h be a function on Z withy_,_s m[d]D:h(d) < oo,
such that, on the elements of the partition not returning to the basis of the tower
at the next iteration, h is bounded and uniformly Holder. Moreover, assume that
mlh > x] = (C] 4+ o()x PL(x) and m[h < —x] = (ca + 0o(1))x~PL(x) for
constants c1, co = 0 with ¢y + ¢y > 0, and a slowly varying function L. Finally,
assume [(h=0ifp > 1.

Let R be the transfer operator associated to T, acting on L;, and R,y =
R(e”hl//). Then, for small enough t, R; has a unique eigenvalue \(t) close to 1,
and this eigenvalue satisfies

A1) =1 —EITIPL(1/|t|)+z ( )

+o(t|PL(1/]t]))

for constants B = ii;ii and ¢ = (c1 + ¢)I'(1 — p) cos (%)

117 L1/l sen(o) an (EF)

Proof. Replacing m by m/m(Z), we can assume that m is a probability measure.

This theorem is essentially Theorem 5.1 in [ADO1], with some differences in
the hypotheses: we use the bounded tower big image property, whence their proof
has to be slightly modified, as we explain now.
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Corollary 3.3 gives that 1 is a simple eigenvalue of R acting continuously on
L. Corollary 3.6 ensures that r — R; is continuous at 0, which implies that R,
also has a simple isolated eigenvalue A(¢) close to 1. The proof of Theorem 5.1 in
[ADO1] applies then literally if we can prove that, for p > 1, the eigenfunction &;
of R; (normalized to have integral 1) satisfies ||&; — 1| = O (|¢]).

As & is an eigenfunction of R, and eigenfunctions depend holomorphically
on operators, ||& — 1| = O(||R; — R]|). Corollary 3.6 gives that this is a O (J¢]),
which concludes the proof. O

An analogous theorem for p = 2 and & ¢ L? may be proved using [AD98].

4. Proof of the main theorems

In this section, we will prove Theorems 1.1 and 1.2 using the results of Sections 2
and 3. (X, B, T, m, o) will be a probability preserving topologically mixing Mar-
kov map, such that the induced map on ¥ C X has the big image property and
Holder distortion. The function ¢ = ¢y will denote the first return time from Y to
itself.

Note first that, since T is topologically mixing, Ty is topologically transitive.
Theorem 4.6.3 in [Aar97] implies that Ty is ergodic, whence T is also ergodic.

4.1. Construction of an extension

In order to change variables between {x € Y | ¢(x) > i} and its image by 7', we
have to construct an extension of the system since it is possible that two different
points in Y are sent on the same image in X before they return to Y.

We use a tower extension, sometimes called a Kakutani tower (the towers in
Section 3 will actually correspond to making a finite height cutoff of the Kakutani
tower). It is built as follows: we set X' = {(x,i) |x € Y,0 < i < ¢p(x)}. Y is
identified with Y" := {(x,0) | x € Y} C X’. The space X’ is endowed with a
measure m’, equal to m on Y’ and then lifted in the tower, i.e. if A C Y and ¢ > i
on A, then m’(A x {i}) = m(A).

We define 7" on X' by T'(x,i) = (x,i 4+ 1) ifi < ¢(x) — 1, and (T?®x, 0)
otherwise. We have a projection 7 : X’ — X defined by 7(x,i) = T'x (which
is not necessarily injective). The following diagram is then commutative, and all
applications are measure preserving:

All this is classical material, but I have not been able to locate a satisfying reference
in the literature. Thus, we give for completeness a proof of the fact that the map =
is measure-preserving.
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Proposition 4.1. VK C X, we have m'(m ~'K) = m(K).

Proof. LetAg = K—Y, By = KNY.Wedefine inductively Ay = T V(A1) —Y
and B, = T_l(Ak_l) N Y: the points of Ay have not been treated up to time &,
while the points in By are treated at time k. Then we have 7 1 (K) = {(x,i) | i €
N, x € B;}. Thus, m’(x~'K) = 3 m(By).

Asm(K) = m(Ao)+m(Bo) and, by construction, m(Ax_1) = m(T ' Aj_1) =
m(Ag) + m(By), we get that for any n, m(K) = m(Bg) + ...+ m(B,) + m(A,).
To conclude, we just have to show that m(A,) — 0 when n — oo.

LetC, = {x | Vi < n,Tix ¢ Y}. Then A, C C,. Moreover, C, is decreas-
ing. Let C = [ Cy. It suffices to show that m(C) = 0, since this will prove that
m(C,) — 0. As C C T-!C and T is measure preserving, C = T-C mod 0.
By ergodicity of T, m(C) = 0or 1. AsCNY = @ and m(Y) > 0, we obtain
m(C) = 0. O

If x is a function on X, we define x" on X' by x' = x o m. Then [y, x'dm’ =
[y x dm.

To construct a partition on X’, we consider first the partition § on Y for which
the induced map Ty is Markov. Then, we lift it in the tower, i.e. the partition at
height i is the same as the partition of the projection of this floor on the basis. Then
T’ is Markov for this new partition «’. Note that the partition for the induced map
Ty, is then simply the restriction of the partition a’ to the basis of the tower.

Moreover, the inverse of the jacobian of T{,, is the same as the inverse of the
jacobian of Ty, whence it is locally 6-Holder (note that the separation times are the
same in Y andin Y').

Finally, T’ is still topologically mixing: if a € §, then one of its iterates 7"a
contains an element b of . If ¢ € §, it is contained in some ¢’ € «, and there exists
N such thatVp > N, ¢’ C T?(T"a). This proves that Vp > n + N, c C T?(a).
This easily implies topological mixing for 7.

In fact, all the hypotheses on (X, T, f, fy) are carried over to (X', T', f’, f}).
If we prove the central limit theorem or the convergence to a stable law on X', this
will give the same result on X since (S, f) = S, (f’). Thus, it is sufficient to prove
the result for X'.

From this point on, we will thus work in a tower. It is Markov, and the returns
to the basis have a big image (but are not necessarily surjective). We will first prove
Theorem 1.1 on the Central Limit Theorem, and we will indicate in a last section
the modifications to be done for Theorem 1.2 (the stable case).

4.2. Local result

The hypotheses of the main theorems are tailor-made so that the induction on the
basis Y of the tower has good properties. However, we will have to induce on larger
parts of the space. In this section, we describe properties of the induced maps on
bounded parts of the tower. In this section, the hypotheses will be those of Theorem
1.1.
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4.2.1. The space

Letg > 1. We write Z = Z, for the union of the first g floors of the Kakutani tower
from Section 4.1. We will induce on Z. We will write § for the partition on Z for
which the induced map Tz is Markov — this is in fact simply the restriction of the
original partition « to Z, because of the particular combinatorics of the tower. For
k < g, we will also denote by Ay the k™ floor of the tower. Note that the hypothesis
f € I1(X,Y) guarantees that the function f is bounded and Holder on Z.

If s is the separation time with respect to the basis Y of the tower, and ¢ is the

separation time for 7z, then an iteration of Ty corresponds to at most ¢ iterations
of Tz, which implies that 7 (x, y) < ¢gs(x, y). Thus, if ¢ satisfies | (x) — ¥ (y)] <
COS &Y it will satisfy [y (x) — ¥ (y)| < Co!®Y) for t = 01/4,
We write g,,, = ﬁ. For (x,i) € Z,if i < ¢(x) — 1 then g,,,(x) =1,
and if i = ¢(x) — 1 then g,,,(x, i) = gm, (x, 0) (the inverse of the jacobian of Ty
with respect to my). As log g, is locally 8-Holder (for the separation time s), we
obtain that log g,,, is locally T-Holder (for the separation time f).

Since T is ergodic, so is Tz ([Aar97, Proposition 1.5.2]). Moreover, Tz has the
bounded tower big image property. Thus, the transfer operator Ty acts continuously
on L;(Z) according to Corollary 3.3, and has a simple isolated eigenvalue at 1.

4.2.2. First return transfer operators

Following [Sar02], we define operators R,, and T,: R, is a first return transfer oper-
ator, i.e. it sees only the first returns to Z at time n, while T}, sees all returns at time
n. They are defined by R,y =1 Zf""(l{(pzz,,}w) (where @7 is the first return time
from Z toitself) and T,y = 1, Tn (1zv). They can also be written in the following
way: ifx € Z,then R,y (x) = > g,(,f’) (y)¥ (y) where the sum is over all points y in
Zsuchthat Ty, ..., T" 'y ¢ Z and T"y = x, while T, (x) = 3. g (")¥ (y)
where the sum is over all points y € Z with T"y = x.

If y € Z with T"y = x, we can consider all its iterates between 0 and n
that fall into Z. To go from one of these iterates to the following corresponds to
iterating one of the Rys. Thus, we get Ty, = > 4 o 44—, Rk, ... Ry, this is the
renewal equation, which will make it possible to understand the 7, if the R, are
well understood.

Lemma 4.2. Theoperators R, and T, act continuously on L-(Z), and | Ry || 2, (z) =
O (m[pz = n)) (where @z is the return time from Z to itself).

Proof. As f‘z acts continuously on £; and R|¢ = f"z( l{y,=1;¥), the operator R;
is continuous.
For n > 2, we estimate || R, || using the notations of Section 3.1 (applied to Z

and Ty):
Rn = Z Mi
d=ldolz,do=lao, ... ,an-1,Z]

For n > 2, the cylinders appearing in R, correspond to points coming back to Z in
n steps: they get out of the tower Z through the top, spend n — 1 iterates in the higher
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floors of the Kakutani tower, and then get back to the basis of the tower, with a big
image. Thus, we can forget the terms m[Tzdp] for these cylinders in the estimates
of Lemma 3.2, and we get || R, || < B(1+ 1) >_m[do] = B(1 + t)m[ez = n].
The R, are continuous and T, = » ;. 41—, Rk, ... Ry, whence T, is also
continuous. O

Lemma 4.3. For z € D, write R(z) = > Ry7". Then R(1) acting on L,(Z) has
a simple isolated eigenvalue equal to 1, and the corresponding spectral projection

is given by yr > ﬁ [z ¥ dm.
Moreover, for z # 1, I — R(z) is invertible.

Note that, since || R, || = O (m[¢z = n]) is summable by Kac’s Formula, the series
R(z) is converging for all z € .

Proof. Let z € D. We will show a Doeblin-Fortet inequality for R(z)* when s > g.
Let v € L;(Z). Then

R = ) M
d=[do, ... ,ds—11z

where [(d) is the sum of the lengths of the d;s seen as cylinders in X. In particular,
I(d) > s, whence |z|'@ < |z|*. On the basis, summing the inequalities given by
Lemma 3.2 (and using the big image property for the returns to the basis), we obtain
that || (R(2)*¥)|a, HL <BIzP (¢ ¥ llg, + [ 1¥]).

On Ay the set of points at height k, R(z)* ¥ (x) = zXR(z)* ¥ (x") where x’
is the point corresponding to x but in the basis. Thus, |(R(2)*¥)a, || < Blz)’
(@ Mle, + [ 1v).

Summing on all the floors, we have proved that

Vs > q,V¢ € Ly,

B
RV, < 1z <rs W le, + f |w|) :

As the injection from £, to L is compact, this is a Doeblin-Fortet inequality, which
implies that the essential spectral radius of R(z) is < 7|z| < |z|. Moreover, this
inequality also gives that the spectral radius of R(z) is < |z|.

If |[z] < 1, then R(z) has spectral radius < |z| < 1, whence I — R(2) is
invertible.

If z = 1, as R(1) counts the first returns to Z, it is not hard to check that
R(1) = Ty is the transfer operator associated to 7z. Hence, Corollary 3.3 ensures
that it has a simple isolated eigenvalue at 1.

If |z| = 1 but z # 1, we have to show that I — R(z) is invertible. We write
7z = €' for some 0 < ¢ < 2. Since the essential spectral radius of R(z) is < 1,
it is enough to show that 1 is not an eigenvalue of R(z). Suppose on the contrary
that R(z)a = a for some nonzero a € L. (Z).

For v, & € L*(my), write (y, £) = f%é dmz. Define the operator W :
L®(mz) — L®(mz) by Wiy = e %23y 0 T7. As R(2)€ = R(1)(e''9Z£), the
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operator W satisfies
.k = [TR@E = [T ROE ) = [Fors v
= [Wo-e= v,

We show that a is an eigenfunction of W for the eigenvalue 1:

IWa —al5 = [|Wall; — 2Re(Wa, a) + |lal3
= [|Wal3 — 2Re{a, R(z)a) + llal3
= |Wal3 — 2Re{a, a) + llall} = Wal3 — llall3.

As Tz preserves the measure mz, we have || Wa||2 = f |a|2 oT; = f |a|2 ||a||2,
which gives ||Wa — a||2 = 0. Hence, the function Wa — a is zero mz-almost
everywhere. As a € £, and mz is nonzero on every cylinder, the function a is
continuous, whence Wa — a = 0 everywhere, i.e. e 124 0T,; = a.

Let b be the restriction of a to the basis Y of the tower. Then the previous
equality implies that e=//%Y b o Ty = b. Taking the modulus, ergodicity of Ty gives
that |b| is constant almost everywhere, hence everywhere by continuity. As b % 0,
this constant is nonzero, and we get e 'Y = b/b o Ty. We can apply Theorem
3.1. in [ADO1] since Ty has the big image property (this is not the case for Tz,
which is why we have to restrict a to the basis of the tower). Writing 8 for the
induced partition on the basis, this theorem gives that b is 8*-measurable, where
B* is the smallest partition such that Vd € 8, Tyd is contained in an atom of *. In
particular, b is constant on each set of .

Letd € B.On|[d], bis equal to aconstant c. As T is topologically mixing, there
exists N such that, Vn > N, [d] C T"[d]. Letn > N, and x € [d] be such that
T"x € [d]. Let Toix, TR2x, ..., T*rx be the successive returns of x to Y, with
k,=n.Then T"x = T/ x and n = 3"/~ ¢y (Tfx). Thus,

-1
oitn _ =it Y1y oy () _ DY) b(Tyx)  b(Iy~ x) _ bw) .,
b(Tyx) b(T3x) b(T} x) b(T"x) ¢

This is true for any n > N. Taking for example n = N and N + 1 and quotienting,
we obtain e'’ = 1, which is a contradiction and concludes the proof. ]

Lemma 4.4. Writing R'(1) = Y 72 nR, and P for the spectral projection asso-
ciated to the eigenvalue 1 of R(1), we have PR'(1)P = uP for u = ﬁ > 0.

Proof. Since Pf = m[Z fZ f dm, we have PR, P = %P, whence

1 1
PR ()P = (an[gﬂz = n]) [Z]P = mp

n=1

by Kac’s Formula. O
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4.2.3. Perturbation of the transfer operators

Recall that we are in the setting of Theorem 1.1: f is a function on X belonging to
I(X,Y) such that the induced function fy = SY*I f o T* is square integrable
onY.

Recall also that ¢ is the first return time to our truncated tower Z, and define
a function fz on Z by fz(x) = iig‘)_l f(T*x). If x does not go out of the
bounded tower Z through the top, we have fz(x) = f(x), while otherwise fz(x)
is the sum of the f(y) for y above x in the tower. Since f € L!(m), we also have
fz € LY(mz) and [, fz = [y f = 0. This function f7 is interesting since we can
study the Birkhoff sums of f for T by looking at the Birkhoff sums of f7 for 7z:
ifx € Zand T"x € Z, and if k is the number of returns of x to Z between times 0
and n, then Z;:Ol f(Tix) = Zl;;(l) fZ(Tij).

We show that fz € L?(Z) (recall that we are proving the Central Limit Theo-
rem, i.e. we assume that fy € L2(Y)).Let A = A4 1 be the highest floor of Z, and
A its projection on the basis. Then f7z is bounded on Z — A. Moreover, if x € A
and x’ is the corresponding point in A, then fy(x') = fz(x) + 28_2 F(Tix",
and the sum is bounded by ¢ | fiz | .. whence fy (x') = fz(x) & C.As fy, isin
L?, we obtain also fz‘A e L2

We now perturb the first return transfer operators, setting R, () = R, (eitfz.)
and T,; = T, (e’ Snf.). Since the Birkhoff sums of f for T and of f7 for
T7 are equal, the renewal equation still holds for these operators, i.e. T, ; =
Zk1+...+k[:n Ry, (t) ... Ry, (1). This equation can also be written as )_ T, z" =
(I =Y R.(1)2") .

For technical reasons, we will let the operators act on L7 (Z) instead of L, (Z),
where 7 is as in the definition of I(X, Y). Since 7 > 7, the distortion is also
t7-Holder. Thus, the results of the previous paragraphs still apply. In particular,
Lemma 4.2 implies that || R, ||£T,7 = O(mlpz = n)).

Lemma 4.5. There exist constants r, and &g > 0 such that, Vn > 1,Vt €
[0, €0l, IRn(t)llz,, < 7, and satisfying Y nry < 00.
Moreover, for everyn > 1, the map t — R, (t) is continuous at t = Q.

Proof. Letn > 2. Wehave R, (t) = > My(t) where the sumis over all d = [dp]z
with dy = [ao, ... , an—1, Z] (we use here the operators M (t) introduced in (9),
for the function & = f7). The returns to Z do not take place at the first iteration, so
they have to be returns to the basis, whence they have a big image. Summing the
estimates given by Lemma 3.5, we obtain

IRy, < IRalz,,

+B > mld]D; fz(d)" +/ le!fZ — 1| dm

des, gz (d)=n {pz=n}
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<Cmlpz=nl+B Y mldID; fz(d)"
ded,pz(d)=n
+2Bmlez = n] =: ry.

We know that Y nm[ez = n] = m(X) < oo, by Kac’s formula. Thus, to show
that ) " nr, < oo, it is sufficient to prove that ), s ¢z[dIm[d]1D; fz(d)" < oc.
Note that this inequality holds for fy by assumption, since f € I(X,Y).

Let A be the set of elements of the partition of Z that do not return to the basis
of Z at the next iteration, and B the set of those that come back to the basis. If
d € A, then ¢z = 1l ond, and fz = f is uniformly t-Holder, whence

Y @z[dIm[d)D: f2(d)" < C Y mld] < Cm[Z] < co.
deA deA

Letd € B and x,y € d. Let x’ and y’ be the points in the basis corresponding to
x and y, and d’ be the corresponding partition element in the basis: x = Tix' and
y = T'y' for some i < g. Then fy(x') = 6_1 f(Tix"y 4+ fz(x), and we have
the same expression for y, whence

i—1
|fz(x) = fzDI<Ifr (&) — fr() + Z |F(TIx"y — F(TIy))
Jj=0
<CDy fy(@)0° ) 4+ Dg6* ™" ¥) < (CDy fy(d') + Dg)z' ™)

using s(x/,y') = s(x,y) > t(x,y)/q and T = 0'/4. Since ¢z (d) < ¢y(d’), we
get

Y pzldimld]1D: f7(d)" <Y gyld'Imld'{(C Dy fy (d') + Dg)" < oo
deB d’

by Kac’s formula and the assumption on fy. This proves that >_ nr, < oo.

Forn =1, R1(t) = R,(14y,=1}-) and R, depends continuously on  att = 0
according to Corollary 3.6 (in the space L.n).

Finally, to prove the continuity of  — R, (¢) att = 0 for n > 2, we sum once
again the estimates of Lemma 3.5 (in the space £,7) and we get || R, (t) — R, || Lo S
B|t| since the sum Y m[d]Dn fz(d) is finite (this is as above a consequence of
the fact that Y m[d']1Dy fy(d’) < oo, which implies that > m[d']1Dgn fy (d") < oo
since Dgn fy (d') < D fy(d')). o

4.2.4. The local result

We will apply the abstract Theorem 2.1 to the R, (¢) acting on L;7(Z). Lemmas
4.2,4.3,4.4 and 4.5 ensure that the spectral hypotheses of this theorem are satisfied.
The only hypothesis that remains to be checked is the behavior of the eigen-
value A(1,7) of R(1,7) = > R, (t) = f"z(ei’fl-). As Tz has the bounded tower
big image property and fz € L%, Theorem 3.7 gives A(t) = 1 — #fz)tz + o(?).
If o2 # 0, we can use the abstract result Theorem 2.1 for M(¢) = 2 and
c= #(22), and we get:
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Proposition 4.6. Assume 02 > 0. Then, ¥Vt € R, we have

[ eI 4y s m(Z)ze_"ztz/z.
T-1ZNZ

Proof. Note that, if ¢ is fixed, t /s/n € [—&p, €o] for n large enough, whence The-
orem 2.1 applies. The constant u is equal to 1/m(Z) according to Lemma 4.4.
On the one hand,

/Tn,,/ﬁldm :/1Zf"(e”snf/ﬁlz)dm:/12oT".ei’Snf/ﬁlzdm

_ / 1IN G
ZNT—"Z

and on the other hand,

/T 1d —f(l—a—zian(l)d + o(1)
mit /s G = 2um(Z) n ) n mo

=l ren )
"

using P(1) = 1z,and 1/u = m(Z) whence um(Z) = 1. |

If 02 = 0, Theorem 2.1 can not be used, but we have nevertheless the following
result:

Proposition 4.7. Assume that 0> = 0. Then f is a coboundary on X, i.e. it is
possible to write f = x o T — x for some measurable function x on X.

Proof. Theorem 3.7 gives that, if o2 = 0, then fz is a coboundary, i.e. it can be
written as fz = ¥ o Tz —y for some function ¥ on Z. We have to go from f7 to f.

We extend i to the whole space X by ¥(x) = 0 if x ¢ Z. Then, writing
f: f—voT + ¢, we have for x € Z that

pz(x)—1

Y F(Tx) = f2(x) = Y(Tzx) + ¥ (x) = 0.
0

We then set §(x) = — gz<x)71 f(Tix), where ¢z denotes the first return (resp.
entry) time to Z if x € Z (resp. x ¢ Z). Then, if Tx ¢ Z, we have f(x) =
8(Tx) — 8(x), while if Tx € Z, then 6(Tx) = 0 and §(x) = —f(x), whence
f(x) =8(Tx) —8(x). Thus, f =80T — 8, whence f = (Y +8)o T — (Y + ).

O
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4.3. Proof of the Central Limit Theorem 1.1

A priori, the constant o associated to Z, depends on ¢, and should be written 0.
We first prove that this is not the case:

Proposition 4.8. o, is independent of q.

Proof. We fix g > 1, and we want to prove that o, = o1. We will write Z = Z,

and fz(x) = "’Z(x) ' £(x) (recall that fy is the same map, but on the basis ¥
and with the return time ¢y ). We will write ¢ for the return time from Y to itself
for the map Tz induced by T_on Z. Thus, with these notations, we have forx € Y

that fy (x) = 3 500 fz(Tfo).

Theorem 3.7 gives thato? = [ f7+2 [ afy wherea = (I Ty)~'(Ty fy) and
TY is the transfer operator associated to Ty. In the same way, o f fz +2 f bfz
where b = (I — TZ) (Tzfz). '

We define a function ¢ on Z by c(x,i) = a(x) + Zf/_:lo fZ(TZ’x) for x in the
basis of the tower and i < @(x). Then, if ¢ is a bounded function on Z, we will
check that

/C-(W—lﬁoTz):/fzwﬁoTz- (12)
V4 V4

Indeed, note that the definition of a implies that for a function x on Y, fY a-(x —
X o Ty) = fY fy +X O Ty.ThuS,

fC'(I/f—lﬁoTz)
Z

= [ 2 a0+ Xttt | wirgn - peai o)

i<@(x) J<i
= /Y a@)W ) =Ty + Y f2(TI0) (Thx) =y (T x))
J<i<@g(x)
= / @U@0+ Y f2T 0T ) = y(Tya)
Y j<p)-1
Y 2@vTyn+ Y @@y - g (Tyx)
Y <o) Jj<p()-1
Y f2@ow @it + f2(TY T 0y Ty
Y j<p-1
= f N @yt = / f2()Y (Tzx).
Y j<o) z

Equation (12) 1mphes that I - Tz)c = TZ fz. By definition of the functlon b,
we also have (I — Tz)b = TZfZ, whence ¢ — b is in the kernel of 1 — TZ, i.e.itis
aconstant K,andc =b + K.
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‘We now compute 012, using [ fz = 0:

2

gf:/)/f}?q—nya:/Y Z fz(Tix) | +2 Z fz(Thx)a(x)

i<@(x) i<p(x)

ZV/)‘/ Z fz(Té')C)2+2 Z fz(Téx)fz(Tij)

i<g(x) J<i<@(x)

+2 3 2Ty | e(T5x) = 3 f2(Tx)

i<@g(x) j<i
= /Y D 2T +2 ) f2(Tyx)e(Thx) = /Z f2()? +2f7(x)c(x)
i<@(x) i<@(x)

= fz [20)* +2f7(x)(b(x) + K) = /Z f2(0)* +2f2(0)b(x) = o,.

Conclusion of the proof of Theorem 1.1. Let o' be given by Proposition 4.8.

If 62 = 0, then Proposition 4.7 ensures that f can be written as x o T — x
for some measurable function x. Hence, S, f/+/n tends to 0 in probability, and the
theorem is proved.

Assume now that 02 > 0. Let ¢ € R, we want to prove that fx PUNT /NN
e=o"/2 Fix e > 0. Let Z = Z, with g large enough so that m(Z) > 1 — e.
Proposition 4.6 gives N such that Va > N

<¢

/ PitSnf/Nm _ m(z)zeﬂ#zz/z
T-"ZNZ

Moreover,

<m(X —(ZNT™"2))

/ oitSn /N _ NG
X T—"ZNZ

<mX—2Z)+m(X —-T7"Z)
=2m(X — Z) < 2e.

Finally,
=2 _(2)2e7 2] <1 —m(2)? < 2e.

The above three inequalities conclude the proof of Theorem 1.1. O
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4.4. Proof of Theorem 1.2 on stable laws

The proof is almost the same as that of the Central Limit Theorem. We consider
only the case p € (0, 1) U (1, 2), the case p = 2 being analogous using [AD98].
We work on Z = Z,, the union of the g first floors of the Kakutani tower from

Section 4.1. Setting f7(x) = Zgz -1 f(x), we show as in the proof of the central
limit theorem that > @z [d]m[d]D; fz(d)" < oo and >_m[d]D; fz(d) < 0. To
apply Theorem 3.8, we have to estimate m[ fz > x] and m[ fz < —x] for large x.

On the basis, ¢ is characterized by m[ fy > x] = (¢1 + o(1))x P L(x). We
will show that we also have m[fz > x] = (c; + o(1))x P L(x). Let A be the
highest floor in Z, and A its projection on the basis Y. Then fz is bounded on
Z — A and fy is bounded on Y — A, whence it suffices to consider A and A. Let
x € Aandy = T9 'x its image in A. Then fz(y) = fy(x) + Y90 f(T'x).
As the sum is bounded by C = ¢ ||f|Z||oo’ we get fz(y) = fy(x) £ C. Thus,
for x large enough, m[fy > x — C] > m[fz > x] > m[fy > x + C]. As
m[fy > x] = (c1 + o(1))x~PL(x), we obtain the same estimate for m[ fz > x],
using the slow variation of L. In the same way, m[ fz < —x] = (ca+o0(1))x~PL(x).

Using Theorem 3.8, we obtain that A(#) = 1 — al¢t|PL(1/|t|) + ibsgn(?)|t|?
L(1/|t]) + o(Jt|PL(1/|t])), fora = =5~ and b = ﬁﬂtan (%)

m(Z)
We use then the remark following Theorem 2.1, with M (¢) = tPL(1/t), to get

1 . pr n
T = (1 — ¢lt|PL(1/)t]) + icB tan (7) sgn(l)|t|pL(1/|t|)) P”
< et) + 8(n).

If B, is defined by B! = nL(B,), we have

t|? B L(B,/|t
n%L <—n) = |t|p—( n/1) — [t|P
B, 2] L(By)

since L is slowly varying. Thus,

Tui/B, = lefclt\ﬂﬂcﬁtan(%)sgn(,)mpP
/By m

Applying this result to the function 1 and integrating, we get
/ eiISnf/Bn dm — m(Z)ze—cml’(lfiﬁsgn(l)tan(%))y
T="ZNZ

the exponential being the characteristic function of the stable law X, 5.
We then let ¢ — oo and conclude the proof as for the Central Limit Theorem.
0
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