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ABSTRACT

We generalize a method developed by Sarig to obtain polynomial lower
bounds for correlation functions for maps with a countable Markov par-
tition. A consequence is that LS Young's estimates on towers are always
optimal. Moreover, we show that, for functions with zero average, the
decay rate is better, gaining a factor 1/n. This implies a Central Limit
Theorem in contexts where it was not expected, e.g.,  + Czl*e with
1/2 € &« < 1. The method is based on a general result on renewal
sequences of operators, and gives an asymptotic estimate up to any pre-
cision of such operators.

1. Statement of results

In recent years, several methods have been developed to obtain polynomial up-
per bounds for the correlations of some dynamical systems. However, there was
no general method to get polynomial lower bounds for the decay of correlations,
until Omri Sarig’s recent article [Sar02]. He used an abstract result on renewal
sequences of operators to obtain lower bounds on the decay of correlations for
Markov maps. As an application, he proved that the upper bounds obtained by
Young on tower maps in [You99] are in many cases optimal. The goal of this ar-
ticle is to remove some unnecessary assumptions in [Sar02], and as a consequence
to prove that Young’s estimates are optimal in full generality.

In this article, D will always denote {z € C| |z| < 1}. The analogue of Sarig’s
theorem on renewal sequences that we obtain is the following:
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THEOREM 1.1: Let T,, be bounded operators on a Banach space £ such that
T(z)=1+ Zn>1 z™Ty, converges in Hom(L, L) for every z € D. Assume that:
1. Renewal equation: for every z € D, T(z) = (I — R(z))~! where R(z) =
anl 2"Ry, Ry, € Hom(L, £) and ¥ ||R,]| < +o0.
2. Spectral gap: 1 is a simple isolated eigenvalue of R(1).
3. Aperiodicity: for every z € D — {1}, I — R(2) is invertible.
Let P be the eigenprojection of R(1) at 1. If ", [|Rk| = O(1/nP) for some
B >1and PR'(1)P # 0, then for all n

1 1 I
Tn=—-P+— > Pi+En,
K k=n+1

where p is given by PR'(1)P = uP, P, = 5,5, PR/P and E, € Hom(L, L)
satisfy
0(1/nf)  iff>2,
IEn|l = { OQlogn/n?) if =2,
O(1/n?-2) if2> B> 1.

Note that, in all cases, ||E,|| = o(1/n°~1), which is what is needed to obtain
sharp asymptotics for the decay of correlations. This theorem extends Sarig’s:
he assumed S > 2 while we only need 3 > 1. Moreover, the result we obtain is
slightly stronger than Sarig’s even in the case 8 > 2 because the error term is a
O(1/n?) instead of a O(1/nlA)).

Finally, our aperiodicity assumption is weaker than Sarig’s who needed to
suppose that the spectral radius of R(z) was < 1 for every z # 1. Our assumption
is necessary because other eigenvalues equal to 1 would generate other terms
in the asymptotic expression of T,, (which could be calculated using the same
methods as in the following proof, and would involve the spectral projection at
these points). For example, if R(z) = 22, then Ty, = 1 while T5,,; = 0, which
shows that the conclusions of the theorem are not valid any more (there is a
periodicity problem). This less restrictive aperiodicity hypothesis will be useful,
for example, when applied to tower maps (see Corollary 1.6).

It is in fact possible to give an asymptotic estimate of T,, up to an error term
O(1/nP) even when 3 < 2. However, the result is quite technical to state, and
will be deferred to Section 5. The following consequence of Theorem 5.4 will be
sufficient for most dynamical applications.

THEOREM 1.2: Under the hypotheses of Theorem 1.1, if f € L is such that
Pf =0, then ||T,.f|| = O(1/n").



Vol. 139, 2004 SHARP POLYNOMIAL ESTIMATES 31

These abstract results enable us to enhance the applications in [Sar02]. We
state briefly the results we obtain, without recalling all the notation. In Section
6, a precise meaning will be given to all the notions involved. The following
theorem is stated more precisely as Theorem 6.3.

THEOREM 1.3: Let (X, B,m,T, «) be a topologically mixing probability preserv-
ing Markov map, and let v be a subset of the partition «. Denote by T, the map
induced by T on Y = J,¢, @
7. Assume that the distortion of T, is Holder and that T, has the “big image”

— it is a Markov map for a subpartition § of

property, i.e., the measures of the images of the elements of the partition are
bounded away from 0 (which is always true when + is finite). Assume, moreover,
that m[p, > n] = O(1/nP) for some B > 1, where ¢, is the first return time
fromY toY.

Then 36 € (0,1), C > 0 such that Vf, g integrable and supported inside Y,

o0

Corlfgo1) = (3 mlo, > 1) [ 1 [ of < Rl

k=n+1

where Fz(n) = 1/nP if 8 > 2, logn/n? if $ =2 and 1/n?’~2 if2 > 8 > 1 (and
L denotes the space of §-Hélder functions on'Y ).
Moreover, if [ f =0, then Cor(f,goT") = O(1/n”).

When m[p, > n] =< 1/n® and [f,[g # 0, Theorem 1.3 implies that
Cor(f,goT") x 1/n”~1. Thus, the exact speed of decay of correlations is poly-
nomial, with exponent 3 — 1. Surprisingly, the decay rate is better for functions
with zero integral, with a gain of 1 in the exponent. This kind of result is {to
the knowledge of the author) new, and does not seem to be obtainable by more
crude estimates: the methods giving only upper bounds on the speed of decay of
correlations do not distinguish between functions with zero or nonzero integral,
since they do not “see” the higher order terms in the expansion of T},.

As an application, we obtain the summability of the correlations for functions
with zero integral (and supported in Y') even when 3 < 2, which gives a Central
Limit Theorem in cases where it was not expected. Note that the condition of
zero integral is important and cannot be eliminated by subtracting a constant,
since the functions would not remain supported in Y. In fact, the estimate in the
previous theorem shows that, when 3 < 2, the correlations are not summable for
a function with nonzero integral supported in Y. In the same way, this speed of
decay of correlations does not hold for general functions with zero integral but
not supported in Y: take a function f of nonzero integral supported in Y, the
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function g := f — f f has zero integral but its correlations are the same as those
of f, whence they decay at a rate < 1/n%1,

The following Central Limit Theorem is stated more accurately as Theorem
6.13.

THEOREM 1.4: Under the same hypotheses as in Theorem 1.3, if f € L is
supported in Y and [ f = 0, then the sequence ﬁ S s f o T* converges in
distribution to a Gaussian random variable of zero mean and finite variance o2

with -
02:—/f2dm+22/f-foT”dm.
n=0

Finally, even though Theorem 1.3 describes the speed of decay of correlations
only for functions f and g supported in Y/, it is possible to drop this hypothesis
on g. However, the results obtained are less precise and give only an upper bound
on the decay of correlations, in O(1/n"~1)if [ f # 0 and in O(1/nP)if [ f =0
(see Theorem 6.9 and Proposition 6.11). This kind of result is useful in the proof
of the Central Limit Theorem.

The following corollaries are already present in weaker form in [Sar02], where

’

the notations are explained. Some details on their proofs will be given in the
last section of this article. The first corollary (stated more precisely as Corollary
7.1) deals with an explicit one-dimensional Markov map with a neutral fixed
point, while the second corollary (see section 7.2 and Corollary 7.2) is essentially
Theorem 1.3 expressed in the framework of LS Youung towers, which are devices
built up from non-Markov maps which have proved very useful in studying their
statistical properties (see [You99]).

COROLLARY 1.5: In the case of the Liverani-Saussol-Vaienti map T: [0,1] —
[0, 1} defined by
a1l +2%2) f0<2<1)2
T(x)_{Qx—l if1/2<x<1
(see [LSV99)), if e € (0,1), f is Lipschitz, g is bounded measurable, [ f, [ g #0
and f,g = 0 in a neighborhood of 0, then

Cor(f,g o T") ~ ih(%)a_l/a(i B l)ﬂnl_l/a/f/g

with respect to the invariant probability measure.

Moreover, if [ f =0 (and f, g are still Lipschitz and zero in a neighborhood of
0), then Cor(f,goT") = O(1/n'/®). Consequently, f satisfies a Central Limit
Theorem.
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This result is in fact not specific to this particular map and can easily be
extended to a class of maps admitting a neutral fixed point in 0 with a prescribed
behavior, and expanding outside of any neighborhood of 0, making use of the
following corollary and the techniques of [You99]. Note that Mark Holland has
recently obtained upper bounds for the decay of correlations when the fixed point
is more neutral ([Hol02]) — the techniques of the present article are not sufficient
to prove that these upper bounds are always optimal.

COROLLARY 1.6: Let (A, B,m, F) be a probability preserving LS Young tower
with gcd{R;} = 1 and m[R > n] = O(1/n?) where 3 > 1. If f € Co(A), g € L™
are supported inside U(I)V ~Y A, for some N, then

Cor(f,go F") = Zm[R> k]/f/g-f—()(Fg(n)).

k>n

Moreover, if [ f = 0, then Cor(f,go F") = O(1/n?). Thus, f satisfies a
Central Limit Theorem.

The aperiodicity hypothesis on gcd{R;} is the same as Young’s, and cannot
be omitted. In her paper [You99], Young proved that, if m{R > n] = O(1/n?),
then Cor(f,go F™) = O(1/n”~1) for any f € Co(A), g € L™ (not necessarily
supported in Ug/_l A;). Corollary 1.6 proves that this upper estimate is in fact
optimal, and gives additionally a Central Limit Theorem even if 1 < 8 < 2.

From this point on, the paper is divided into two parts: the first one (sections
2, 3, 4 and 5) is devoted to the proof of the abstract results on renewal sequences
of operators, and the second one (sections 6 and 7) deals with the applications
to Markov maps.

2. Preliminary results

2.1 C''** FUNCTIONS IN BANACH ALGEBRAS. The results in this section are
mainly straightforward computations, and most of them can be found in [Sar02].

Let A be a Banach algebra (in the applications, 4 = Hom(L, £)). Fix K a
compact subset of C, in which two points are always joined by a C! curve. The
distance on A" will not be the usual one, but the geodesic distance, i.e., d(x,y) is
the infimum of the lengths of C!-paths in i joining x to y. We assume that this
distance is equivalent to the usual one, which will be true for K =D or k' = S*.

Fix some 0 < o < 1. For any f: K — A, we will say that f is C* if there
exists a constant C such that, for any z,y € K with d(z,y) < 1, ||f(z) — f(y)]| €
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Cd(x,y)*. Let Do(f) denote the least such constant. We write || f|la = || f]leco +
D, (f), and denote by C*(K) the space of all functions such that || f]|s < +oco.

PROPOSITION 2.1: The space (C*(K),|| lla) is a Banach algebra. In fact, we
even have, for f,g € C*(K), Da(fg) < ||fllcDa(g) + llgllocDa(f)-

We say that f: K — A is C! if there exists a continuous function g: K — A
such that f(z + h) — f(z) — hg(xz) = o(h) for any x € K. The function g is
unique if it exists, and we write g = f’. Contrary to the usual derivative of f, it
is defined on the whole set &, and not just on its interior.

ProposITION 2.2: If f is C! on K, then Do(f) < || lloo-

Proof: Let z,y € K with d(z,y) < 1. Let v be a C! path in K from z to y.
The Taylor-Lagrange inequality along this path gives || f(x) = ()| < |fllocl(7)-
|

We consider the geodesic distance on K instead of the usual one precisely to
get the above proposition.

Let C'**(K) denote the space of all C? functions from K to A whose derivative
is C*, endowed with the norm ||f||l1+a = [|fllec + || f'lloc + 3Da(f')-

PROPOSITION 2.3: The space (C'**(K),|| ||1+a) is a Banach algebra.

The following proposition will be used systematically in Section 3, often
without explicit reference.

PROPOSITION 2.4: Let f: K — A be a C'** function such that, for every z € K,
f(2) is invertible (as an element of A). If g(z) = f(z)~!, then g is C'** and
there is an inequality ||9l|1+0 < F(ligllcos || fll14+a) for some universal polynomial
function F'.

Proof: Differentiating g(z) = f(2)7!, we get ¢'(z) = —g(2)f'(z)g(z), hence
l19'lleo < NgNZ N Nloo-
Then we note that
Da(g") < Da(@)lIf'llsoliglico + liglloc Da(f)iglleo + ligllsoll fllocDalg)
< 209" lloo £ oo llglioo + lgllZ Da(F)-

The control on ||g||o enables us to conclude. 1
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2.2 FOURIER SERIES IN BANACH ALGEBRAS. Let A be a Banach algebra. For
f: S — A a continuous function, we define the nth Fourier coefficient of f to be
the element of A defined by

1

27
() =50 | S,

Let us first recall a very useful result concerning functions from S* to C.

THEOREM 2.5 (Wiener Lemma): Let f: S' — C be a continuous function,
everywhere nonzero, whose Fourier coefficients are summable. Then the Fourier
coefficients of 1/ f are also summable.

The classical proof of this result, which uses commutative Banach algebra tech-
niques, can be found, for example, in [Kat68] (see also [New75] for an elementary
proof).

PROPOSITION 2.6: If f: S' — A is continuous and satisfies Y |lca,(f)]] < +oo,
then f(e¥) = 3" ¢, (f)e'™?, the series converging in norm.

Proof: Replacing f by f— 3 cn(f)e™?, we can assume that ¢, (f) = 0 for every
n, and we want to prove that f = 0.

Suppose on the contrary the existence of z such that f(z) # 0. There exists
a bounded linear functional ¢ on 4 with ¢(f(z)) # 0. The linearity of ¢ gives
en{po f) = plen(f)) = 0 for every n. As o f is continuous and complex-valued,
a classical result (proved, for example, using Parseval’s equality) gives po f = 0,
which is a contradiction. |

PROPOSITION 2.7: If the Fourier coefficients of f and g are summable, then it
is also the case of fg.

PROPOSITION 2.8: If f: S — A is C1** then

“f”1+cv

n1+a

“Cn(f )” £C
for some universal constant C.

The classical proof for complex valued functions can be found in [Kat68] and
is easily adapted to this context (see also [Sar02, Lemma 3]).
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3. Proof of Sarig’s first main lemma under our weaker assumptions

The following lemma, which is the analogue of Sarig’s first main lemma, is crucial
to the proof of Theorem 1.1.

LemMma 3.1 (First Main Lemma): Under the assumptions of Theorem 1.1,
o0
Z T — Taa|| < oo.
n=1

As (I — R(2))™! = 5" T,2™ (where we write Ty = I), we have

A(z) = (1= 2)T = R(2))™' = > (Tn — Tno1)"™

Our strategy is to study 4 on S!, and to see that its Fourier coefficients are
summable. As
I- R(z))-1

A(z):( 1-=2

A is well controlled on S! outside of any neighborhood of 1. Near 1, the problem
comes from the eigenvalue A(z) of R(2) closest to 1. To use Fourier series methods
to control this eigenvalue, we must be able to extend A(z) to the whole circle S';
that is why we will have to modify R(z) and to construct a function R(z) on S%,
whose spectrum will be “nice.”

Proof of Lemma 3.1: 'We will write 3 = 1+ «a. We can assume 0 < o < 1, which
amounts only to weakening the hypotheses.

STEP 1: R(z) is C'** on D.

Proof: As R(z) = Y Rnz" with 3, [IRx]| = O(1/n'*%), we have R, =
O(1/n'*?), and the series defining R converges in norm on all D. Thus, R is
continuous on D.

The sum F(z) = 3 nR,z""! converges also in norm on D, as 3, n||R,|| =
Y n>19n < 00 (where we write S, = 3,5, [|Ril|). Hence, this is the derivative
of R and R is C' ou D (in the sense of Section 2.1).

What remains to be checked is that F' is C®. Let z and z + h be two points in
D; we estimate from above ||F(z + h) — F(z)|]. The Taylor-Lagrange inequality
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gives, for every n € N, |(z + h)™ — 2| < n|h|. Let N € N. We have

N +o0
|F(z+h) = F(2)| < >_nl|Ralll(z + A" ="+ > 20| Rl

n=1 n=N+1

+o0

Z (Sn = Susn)lhl + Y 20(Sy = Sntn)

=1 n=N+1

N— +0o

}: 2nSnlhl+ > 25, +2(N +1)Sn41.

n=1 n=N+2

As nS, = 0(1/n%), N 'nS, = O@1/No~Y), while 4, S, = O(1/N?)

and NSy = O(1/N?*). Hence, for some constants C' and D (independent of N
or h),

C D
[F(z+h) — F(2)| € W|h| + o
If we choose N close to 1/|h|, we get a bound of the order of |h|*. |

STeP 2: (R(z) — R(1))/(z — 1) can be continuously extended to S!, and its
Fourier coefficients are suminable.

Proof: For z #1,

f@ SR

n=1 k=1
Moreover, R(1)/(1 — 20128 Ry.)2", hence
R(z) - R(1) § ( ‘{f )
NS N Rk :’n
-1 n=0 “k=n+1

— 1+ay 3
The last sum converges in norm, since 3y Znt1 IRl = O(1/n'*<) is summable.
This guarantees a continuous extension to 1. Moreover, the nth Fourier coefficient
is 3420 | Ry, which is summable. |

STEP 3: Construction of a function R on S, equal to R in a neighborhood of
1in S?, C**, whose spectrum consists in an isolated eigenvalue 5\(:) close to 1
together with a compact subset of C— {1}, with A(z) # 1 for z # 1. Furthermore,
for any ¢ > 0, R can be chosen such that Vz € ', ||R(z) - R(1)|| < e.

Proof: We construct two candidates for R, U and V. The second one, i.e. V,
will be the good one.
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Fix some v > 0, very small. Let ¢ + % be a C™ partition of unity associated
to the sets {6 € [0,7)} and {# € (v — 5, 7/2]} where 8 is the angle on the circle
(for some very small 0 < 5 < ). We define U(z) = @(z)R(z) + ¥(z)R(e'") on
{6 € [0,7/2]}: U is equal to Ron {# € [0,v—n]} and to R(e*”) on {6 € [y,n/2]}.
In particular, the spectrum of U(z) will be “almost the same” as the spectrum
of R(1), if v is small enough.

We define in the same way U on {# € [-7/2,0]}, equal to R(e™*) on
{6 € [-7/2,—~]} and to R on {6 € [ + 1,0]}.

Finally, we construct U on the remaining half-circle by symmetrizing, i.e.
U(ei(m/24a)) = [/ (e¥("/2=9))  to ensure that everything fits well.

Provided « is small enough, there is a well defined eigenvalue close to 1 for every
U (z), depending continuously on z, which we denote by p(z). The problem would
be solved if p(z) # 1 for z # 1, which is not the case since p(—1) = p(1) = 1.
Consequently, we have to perturb p a little. There exists a C* function v on
{6 € [x/2,3mw/2]} arbitrarily close to p. We can assume that v does not take the
value 1. On {0 € [7/2+n,37/2 — 1]}, we define V(z) = ';Jé%U(z): its eigenvalue
close to 1 is v{z) # 1. Finally, we glue U and V together on {8 € [n/2,7/2+ 7|}
and {6 € [37/2 — n,3n/2]} with a partition of unity, as above. As the spectrum
of U(e"/2) = R(e'") does not contain 1 by aperiodicity, the gluing will not give
an eigenvalue equal to 1 if we choose 77 small enough and v close enough to p.
]

STEP 4: (R(z) — R(1))/{z — 1) can be continuously extended to S' and its
Fourier coefficients are summable.

Proof: As R(1) = R(1),

R(z) - R(1) _ R(z) — R(2) N R(z) - R(1)
z-1 z—1 z—1

The first term is C1*% outside of any neighborhood of 1, and zero on a neigh-
borhood of 1. Thus, it is C1*%, which shows that its Fourier coefficients are
summable by Proposition 2.8.

The coefficients of the second term (R(z) — R(1))/(z — 1) are summable by
Step 2, which gives the conclusion. [ |

STEP 5: Let P(z) denote the spectral projection of R(z) corresponding to its
eigenvalue A(z) close to 1. Then P(z) is C'*°, and its Fourier coefficients are
summable.
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Proof: The projection P(z) can be written, for § small enough (and independent
of z if, in Step 3, ¢ was taken small enough),

. 1 1

P(z) = - ———du.
( ) 2 Jlu—1|=6 u]—R(Z) "

We already know that R is C'*<, which is also true of ul — R for every u, and
of (ul — R)~™! (with a uniform bound on its C*** norm) by Proposition 2.4. So,
we can integrate to get a C!'** function.

The summability of the coefficients is then a corollary of Proposition 2.8. 1
STEP 6: The function (P(z) — P(1))/(z — 1) can be continuously extended to
S1 and its Fourier coefficients are summable.

Proof: The expression of the spectral projection used in Step 5 gives

P(z) — P(1) 1/ 1 R(:)-R1) 1

= - ——du.
z—1 2m Jjy—yj=s ul — R(z) z-1 ul-R(1)

Let us fix u such that |u— 1| = §. We have seen in Step 5 that the coefficients
of 1/(ul — R(z)) were summable. Moreover, Step 4 gives the summability of the
coefficients of (R(z) — R(1))/(z — 1). As a consequence, the coefficients of the
product

ul —R(z) =2-1
are also summable.
To obtain the summability of the coefficients of (P(z) — P(1))/(z — 1), we just
have to integrate with respect to u, since

P(z)-P(1)y _ 1 1 R()-R1) 1
C"(_z_—l__) = 'm‘_n/,u_l,zé c"(uj_ R(z) =-1 uj_ﬁ(l))du'

To conclude, we must get a uniform summable bound on the Fourier coefficients
in the integral, i.e., we have to check that all previous estimates are uniform in u,
which does not present any difficulty: the norms of (ul — R(z))!, for u—1| =8
and z € S', are bounded by compactness, and so are the 14+« norms of vl — R(z).
Proposition 2.4 guarantees that the 1 + a norms of (v — R)~? are bounded
by a constant independent of u. Proposition 2.8 gives that ¢, ({ul — R)‘l) =

O(1/n'**) uniformly in u, which enables us to conclude. |
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STEP 7: (A(2) —1)/(z—1) = pas z — 1 on S!, where p # 0 satisfies

P(1)R'(1)P(1) = pP(1). Hence, the function (z — 1)/(A(z) — 1) is well defined.
Moreover, its Fourier coefficients are summable.

Proof: For every z € S' — {1}, we have

1 1— /\(z)p(z) :I 1— R(Z)P(z)
(1) -z 1=z ) i
z___-__R(lz - f("‘) P(z)+ (I - R(l))———————P(zi - 5(1).

If we multiply on the left by 15(.2) and let z go to 1, the right hand term tends to
P(1)R'(1)P(1) (because the other term tends to P(1)(I—R(1))P'(1) = 0, and we
can drop the tildes because R = R in a neighborhood of 1). But P(1)R'(1)P(1)
can be written uP(1), with 4 # 0 according to the hypotheses. We get

LA gy ),

1—=z z—1

Apply a bounded linear functional ¢ such that ¢(P(z)) # 0 for every z (which is
possible: take p(P(1)) # 0, and then ¢ small enough in the construction of R).
We obtain the convergence of (1 — A(2))/(1 — z) to p.

Then, we show that the Fourier coefficients of the continuous function
(1 — X(2))/(1 — z) are summable. In Equation (1), all terms on the right hand
side have their coeflicients summable, according to the previous steps. This re-
mains true when we apply o, i.e., }Ii—(zz)cp(ﬁ’(z)) has summable coefficients. In
the same way, P(z) has summable coefficients, and p(P(z)) too. But this is
a complex function, everywhere nonzero, so the Wiener lemma gives that its
inverse 1/@(P(z)) has also summable coefficients. Multiplying, we obtain the

summability of the coefficients of (1 — A(2))/(1 — z).

Using once more the Wiener lemma (since (1 — A(2))/(1 — 2) is everywhere
nonzero by construction of R), we get the conclusion. |

STEP 8: (2—1)(R(z)—I)~! can be continuously extended to 1, and its Fourier
coefficients are summable.

Proof: Let Q(z) denote the spectral projection I — }5(2) Then, for every z # 1,

(L= =R = S5 PE) + (- 90~ RE)TQE)
@)

—

_ < . — 2T - (=) "1O(2);
= 1_X(Z)P(~)+(1 2)(I = R(2)Q(2))™ Q(=);
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I — R(2)Q(z) is everywhere invertible on $1 and is C'** (this is true for Q
because P is C1+ by Step 5 and Q =1- ]3). Proposition 2.4 gives that its
inverse is C1*<, hence its coefficients are summable, which remains true when it
is multiplied by Q(z) which is C1te,

To conclude, we have to show that T};(Z—Z)P(z) has summable Fourier coeffi-
cients. We already know this for P(z) (Step 5) and (1 — z)/(1 — A(z)) (Step
7). As the product of functions with summable coefficients also has summable

coefficients, this enables us to conclude. |

STEP 9: (z — 1)(R(z) — I)~! can be continuously extended on all D, and its
Fourier coefficients (on S') are summable.

Proof: We have already proved that (z — 1)(R(z) — I)~! can be continuously
extended to 1 on S!. As R and R coincide in a neighborhood of 1, it shows
that (z — 1)(R(z) — I)~! can be continuously extended to 1 on S!. Since we
are interested in an extension to the whole disc I, we must check that the pre-
vious arguments work well on I, which does not present any difficulty: drop-
ping the tildes, Equation (1) is valid for = in a neighborhood of 1 in D, whence
(1—A(2))/(1 - z) tends to yt when » — 1 in D; using Equation (2), this gives the
desired extension to 1.

On ST,

(=D(R(E) D7 = (= 1)(R(z) - D)7 (R(z) - I)(R(z) = )"
Step 8 shows that (z — 1)(R(z) — I)~! has its Fourier coefficients summable.
Moreover, (R(z) — I)(R(z) — I)~! is C1** outside of any neighborhood of 1, and
equal to I on a neighborhood of 1. Hence, it is C'** on S! and has its coefficients
summable. To conclude, we apply Proposition 2.7 which tells that the product

of functions with suminable Fourier coefficients still has summable coefficients.
[ |

STEP 10: > || Tht1 — Tn|| < +o0.

Proof: Let A(z) = (1 —z2)(I — R(z))~L. For |z < 1, A(2) = (T, — Ty—1)2",
so, when r < 1,
1

Tn ~Tho1 = By

27
/ A(re®)e=™m040.
Q

As A can be continuously extended on D, we can let r tend to 1 and obtain
T, — Th-1 = cp(A). But we have already proved in the previous step that the
coeflicients of A were summable. i
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4. Proof of the main theorem

Once we have obtained the first main lemma, the rest of the proof of Theorem
1.1 is very similar to Sarig’s arguments. We will reproduce here only the parts
which need to be modified to fit the current context.

To obtain the asymptotic expansion of T;,, the main idea is to write

. 1 —1 _ I- R(Z)
= 1_ZS(z) , where S(z) = T,
to decompose S = Sp + (S — Sp) where Sg(z) is a well controlled polynomial

and S — Sp a small remainder, and to make a perturbative development of S~!

T(z)

using this decomposition. This amounts to writing

1 1
(8) T(z)=1— Zs;l + ——Sz1(Sp - 9)S5' +

11—z

1
1—=z

[S51(Ss — S)2S 1.

The term Ti—zSgl(z) will give the contribution ﬁP in the expansion of T}, while

the second one will give the term ,—}7 E,Lofl 41 Px and the third one will give the

error term.
Write Sp as (I — Rp(z))/(1 — =) where
N 00 00
Rp(z) = Zz"Rn+ Z R,+(z-1) Z nR,.
n=1 n=N+1 n=N+1

This expression is such that Rg(1) = R(1) and R3(1) = R'(1). For Equation (3)
to be valid for z € D — {1}, we have to check that Sp is invertible, i.e., I — Rp is
invertible. Following [Sar02, Proof of the Second Main Lemmal, this is implied
by the first main lemma proved in the previous section as soon as N is large
enough.

We recall without proof Sarig’s second main lemma, which is a consequence of
the first main lemma.

LEMMA 4.1 (Second Main Lemma): In the setting of Theorem 1.1, if P is the

eigenprojection of R(1) at 1 and p is given by PR'(1)P = uP, then there exists

Rg: C — Hom(L, £) with the following properties:

Rp is holomorphic, Rg(1) = R(1) and R(1) = R'(1).

&I):ER—B and 1_1_2{&11)_—7’@ — R/(1)] are polynomials in z.

I — Rp(z) has a bounded inverse in Hom(L, L) for every z € D — {1}.

. Vz €D, (%‘%ﬂ)_l = iP%— (1 —2)3,502" An where ||4,]| = O(x") for
some 0 < k < 1.

=W =

Equation (3) together with the following lemma (extending Sarig’s Lemma 7
to the case 1 < 8 < 2 and sharpening it for 8 > 2) gives Theorem 1.1.
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LEMMA 4.2: Under the assumptions of Theorem 1.1, if P is the eigenprojection
of R(1) at 1 and g is given by PR'(1)P = uP, then
1. LS5 = £ 202" (P +e5) where ||l = O(k") for some 0 < k < 1.

1-z2

2. 15555 (S5 =9)S5" = 1 02" (Lisn Peten) where len || = O(1/n)
and P =%, PR.P.

3. 11—;[551(58 -S)Pst= ano 2"E, where

O(1/n”) if B> 2,
HE?;” = O(logn/nQ) if =2,
0(1/n*~2) if2> 8> 1.

To prove the estimates in Lemma 4.2, we will need some results on the convo-
lution of sequences. If a,, and b, are sequences, put ¢, = > keti=n QDI We write
¢ = ab. For the next lemma, see [Rog73, Theorem 2].

LEMMA 4.3: Ifa, = O(1/n®) and b, = O(1/n?) for some a < B € R, then

O(1/n%) ifp>1,
(4) {(axb), =< O(logn/n%*) ifp=1,
O(1/ne*P=1y if 3 < 1.

In particular, for o« > 1 or 3 > 1 (without assuming o < ), (axb), = O(1/n%)+
O(1/n?).

Proof:  We prove the result for g < 1, the other cases being treated in the same
way. If ¢, = 3" p_o akbn_k, we have

oo < (g loo-sl) 22 loul+ (o o) 30 ek
0gk<n/2 n/2<kgn

The sums can be estimated from above by O(1/n%~1) and O(1/n®~!) respec-
tively, while the maxima are O(1/n”) and O(1/n®). This gives the conclusion.
B

Let us state another lemma which will be useful later in Section 5. The proof
is exactly the same, cutting the sum in the middle, and using > oy pn/2 lar] =
O((logn)“*t/n*~1) (and the analogous estimate for 2 ogk<nya 1ok])-

LEMMA 4.4: If a, = O((logn)*/n®) and b, = O((logn)?/n?) for some a < 1,
B < 1andu,v >0, then (axb), = O((logn)“tv+! /potf=1)

In fact, the (logn)“+*'+1 can be replaced by (logn)“*? whenever o < 1 and
3 < 1, but we will not need it.
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We recall a notation used by Sarig: if ¢, is a real sequence and F(z) = Y F, 2"
a formal series with coefficients in a Banach algebra, write F' € R(cy,) if ||Fu|| =
O(cyn). Abusing slightly notation, we write R(1/n®) instead of R(1/(n + 1)%),
discarding the problem for n = 0.

To prove Lemma 4.2, we will first show that S(z)~! € R(1/n%). In his
main theorem, Sarig obtains | 3] instead of 3 since he proves only that S~! ¢
R(1/n1P3); we can avoid this loss of information with the help of Lemma 4.5,
which should replace the general result on Banach spaces Sarig uses and will give

indeed S(z)~! € R(1/n7).

LEMMA 4.5: Let A be a Banach algebra and suppose that F(z) = 3 Fj.z* where

|Fxll = O(1/n?) for some 8 > 1. Suppose furthermore that for every z € D,
I + F(z) is invertible, and that (I + F(z))™' = Y. 2*Gy. If 3 ||Gi|| < oo, then
IGkll = O(1/n").

Let us explain how to derive S(z)~! € R(1/n”) from this lemma. Following
Sarig, we use the identity S~ = Sz'(I + (S — Sp)Sz')~". In order to get the
result for S~1, it is enough to prove that (I + (S — Sg)Sz')~! € R(1/n?) since
we already know that Sg' € R(x") for some x < 1 (Lemma 4.1). Note that
(I+(S—SB)Sg")~! =SS! =1+ (Sg — S5)S™! has summable coefficients
because this is the case for ™! (Lemma 3.1) and for Sg — S (because

R(1)-Rg R(1)-R

Sg—S= -
B=5 1— = 1—z

the first term being a polynomial and the second one in R(1/n?)). Moreover,
Lemma 4.1 gives that I + (S — Sg)Sg' € R(1/n?) (since S — Sp € R(1/n) and
Sz € R(k™)). Consequently, Lemma 4.5 applied to F = (S — Sp)S5' yields
(I+(S—5Sp)Sg")~! € R(1/n?), which gives the conclusion.

Proof of Lemma 4.5: Set ¢, = 3, ., IGillllGkll- As ||Gn|| is summable, this
is also the case for c,,. We will write f, and g, respectively for |F,|| and ||G,||.
Equating coefficients in [(I + F)~!) = —(I + F)"'F'(I + F)~! gives

ngn < Z gz]fjgk = Z]f]cn -i & (Sup]fj ch < +00.

i+j+k=n

Consequently, g, = O(1/n). Moreover, we have (ng,) < ¢ (jf;), with jf; =
O(1/7°7).

We show that g, = O(1/n!*?) for some § > 0. It is enough to prove this when
1< 8<2 Asg,=0(1/n), ¢ = gxg is such that ¢, = O(logn/n) according
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to Lemma 4.3. Hence, ¢, = O(1/n") for every v < 1. Lemma 4.3 again gives
cx (jf;) = O(1/n¥+3=1=1) and g, = O(1/n¥*#~1). As -1 > 0 and 7 can
be chosen arbitrarily close to 1, we can impose v+ 3 — 1 > 1, which gives the
conclusion.

Assume that g, = O(1/n") for some 5 > 1. As ¢ = gxg, we get ¢, = O(1/n"),
whence c* (jf;) = O(1/n") + O(1/n”~1) once again by Lemma 4.3. As {ng,) <
c* (jf;), this implies g, = O(1/n"*1) + O(1/nP).

We already know that g, = O(1/n!*?) for some § > 0. Using the previous
paragraph, we show by induction that, for any integer k such that 1+46+k < 3,
we have g, = O(1/nt+o+k+1) L O(1/nP). For the largest k such that 1+8+k < 3,
we obtain g, = O(1/n?). 1

From this point on, we can strictly follow Sarig’s proof, replacing his estimates
O(1/nlP1) by O(1/n”). This way, we can obtain Estimates (1) and (2) in Lemma
4.2. However, the proof of Estimate (3) has to be adapted.

Proof of Estimate (3) in Lemma 4.2:  As in [Sar02, Step 4 of the proof of Theorem
1] (in fact, due to a misprint, this step is called Step 3 in Sarig’s article), write
G(z) = Sz ' (2}{(Sg(2)~5(2)) = 3. Gxz*. As Sp—S € R(1/nP) and Sg* € R(x")
for some k£ < 1 (Lemma 4.1), we obtain that G € R(1/n%). Moreover, 3" Gy =0
(because Sp(1) = S(1)), hence 11:G(z) = -3 2", ., G and consequently
%Z—z) € R(1/nP~1) (see [Sar02, Step 4 of the proof of Theorem 1] for more details).
Setting E = 1
E. We have
p=(75) s+ [(1 e ()l re(r)e

1-z

~1=3%":"E,, we want to estimate the coefficients E,, of

We know that ;%= € R(1/n%71), G’ € R(1/n”~1) and (S™1) € R(1/nP~1) (since
S-le R(1/n? )) Lemma 4.3 on convolutions gives

R(1/nP-Y) B >2

G \?
(1 ~) € R(logn/n) ifp=2
T R(1/n?-3) fp<2

and we have analogous estimates for the other terms in E’. Integrating, we get
the desired estimates for E,. This concludes the proof of Lemma 4.2 and, with
it, of Theorem 1.1. [ |
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5. Higher order terms in T},

To obtain an asymptotic expansion of T,,, we have used the perturbation series
of T'(2) up to order 2 given in Equation (3). While this is completely satisfactory
when 3 > 2, since it implies an estimate of T}, up to order O(1/n?), it is possible
to obtain a more precise estimate when 1 < 8 < 2, using more terms in the same
kind of perturbation series.
Fix N € N. Then
1 Nl
(5) T(z)= > 1S5 (Se - S)*S5! + —-[53 (Sp—S)NVs.

T 1-2
k=0

To estimate the right hand side terms, we will use the fact that, if G(z) =
Sz'(Sg — S), then G € R(1/nf) and G/(1 — 2) € R(1/nP~1), as we have seen in
the proof of Estimate (3) in Lemma 4.2.

LEMMA 5.1: Let G(z) = > G,2™ be a formal series with coeflicients in a Banach
algebra A, such that G( ) € R(1/n?) and (Z) € R(1/nP~1) for some B > 1.

Then, for any p € N, there exists a constant C such that for any Hy,...,H,_1 €
A,

G(2)H1G(z)... Hp_1G(2)
o

<

1/nf ifB<p(B-1)

ClHyll- -\ Hp1l| - { (logn)/n” if B =p(B-1)

1/nPB=0 it 8> p(B - 1)

(the notation ( ),, denotes the coefficient of 2" in the formal series between the
braces).

Proof of Lemma 5.1: In this proof, if L(z) = ) L,2" is a power series with
coefficients in A, we shall write ||L]| or [|L(z)]| for the sequence (||Ln||)nen. When
(an)nen and (b, )nen are sequences of nonnegative numbers such that Vn, a, < by,
we shall write @ < b. With these notations, if Lo(z) and Lq{z) are power series,
then ||LoL1]| < ||Lol| * ||L1]| where + means “convolution of sequences”. Write
also
1/nP ifB<p(B-1),
Fgp(n) =4 (logn)/n” if B =p(B—1),
1/nPB=0 if 3> p(B - 1).
We will prove the lemma by induction on p. The crucial argument to eliminate
the non-commutativity problem will be the following: if Lo(z),...,L.(z) are
power series for some r < p, consider

Lo(2)G(2)L1(2) - - Lr—1(2)G(2) Lr (2)/ (1 = 2).
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The induction hypothesis gives

H G(z)H1G(z) ... H,_1G(z)
1-2z

< CFa ()| Hql| - |[Hr—1|| for some constant C.
Then
(6)

Indeed, in Lo(2)G(2)L1(z) - - - Lr—1(2)G(2)L.(2)/(1 - 2), expanding the L;{z)s in
series of z gives terms of the form HoG(z)H,- - H._1G(z)H,/(1 — z), to which
the induction hypothesis can be applied.

H Lo(2)G(2)L1(2) -+ Lyor (2)G(2) Lo (2)
1-z

| < CFayx Lol %+ [IL].

We prove Lemma 5.1 by induction on p. The result is part of the hypotheses
when p = 1 and easily follows from the proof of Estimate (3) in Lemma 4.2 for
p = 2 (the same argument works when a term H; is inserted). Assume p > 2.

If 8 < (p-1)(8 - 1), the induction gives

H G(z)H\G(2) - Hyp_2G(2) H
1-=z

< S 1Hyol,

As G(z) € R(1/nf), a multiplication on the right by H,_; and a convolution
with G(z) using Lemma 4.3 give the desired result. Thus, we can assume that
B2 (p—1)(3—1). Asp 2 3, this implies in particular that 3 < 2
Differentiating p — 1 times F(z) = G(2)H\G(z) - - Hp—1G(2)/(1 - z) gives, for
some constants C; ;,

.....

_ G(Z)(ZI)HIH _IG(Z)(iP)
F(p 1)(:) = Z Ci,i] ,,,,, ip (1 _ :)iil

itip4btip=p—1
iheenip0
where G(z)¥) denotes the function G(z) differentiated & times.
Let T'(z) = Ti, ... 5,(2) be a term of this sum. Since i+ Z?zl t; = p—1, there
are i + 1 factors G(z) which are not really differentiated, i.e., for which i; = 0,
for some r > 1. Giving a factor 1/(1 — z) to 7 of these factors, we write

Lo(2)G(z)Ly(2) - G(2) Ly (2)

(=) = 1-2

) are products of factors of the form H;, or GUi) with

where the factors L;(z
z). Equation (6) then gives

i; 21, 0or G(z)/(1 -

IT()| < CFpr % || Lol % - - % [| L]

7 . _ z)
() < O+l By % 16 - G | 2L
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where ||G(5)|| is written in the product on the right only when i; > 0.

Let us distinguish 3 cases:

LIf(-1)B-1)<B<p(B-1)
For every term T(z) = Tig,..4,(2), in which i 4+ r factors G(z) are not
differentiated, we have r < p (otherwise, 7 + r < p would imply ¢ = 0, and
nothing would be differentiated), whence 7(3 — 1) € 3, and we are in the
second or third case of the induction.
We are in fact in the second case only if » = p — 1, which means that ¢ =0
and that one ¢; is equal to p — 1, the other ones being 0. In Equation (7),

Fgp_i(n) = O(nTpl—gl%) =0(1/n") for some vy > 1

(since p(B — 1) > B implies (p — 1)(8 — 1) > 1). When convolving with
|G(2)P=V| € R(1/nP~P*+!) (where 3 —p+1 < 1 since 3 < 2), Lemma 4.3
gives an expression in R(1/nf-P+1).
Consider now another term T ;; 5, withr < p—1. As (p—1)(8-1) < B, we
obtain (p—2)(8~1) < 1, hence r(8—1) < 1. As Fg .(n) = O(1/n"#~1) and
|G| € R(1/nP~is) (with 8 —i; < 1 when i; > 0) and $2 € R(1/nf)
(with 3 —1 < 1), Lemma 4.4 applied p — r times ensures that the right
hand side of Equation (7) is in R((logn)*/n") for some u > 0 and

v= Y (B-i) +i(B-1+r(B-1)~(p-r)=p(B-1) - (p-1).
i; >0
Since p(8 ~ 1) > 3, we have in fact v > 8 — (p — 1), which gives an upper
estimate in C/nf~(P~1).
Summing all terms, we obtain

1

(p—1) -
IF ()11 < CIH - | Hpesll =

Integrating then p — 1 times, we get the desired result.

2. Ifg=p(B-1).
Here, we have 8 < 2, whence 8 —i; <1 and 8 —1 < 1, which implies that
we will be able to use Lemma 4.3 instead of Lemma 4.4.
We use the same reasoning as in case 1. In the case where r = p—1, we have
Fsp-1(n) = O(1/n), which implies that the right hand side of Equation
(7) consists in (1/n) % (1/nf~P*1), which is in R((logn)/n’~P*1) according
to Lemma 4.3.
When r < p—1, we use p— 7 — 1 times Lemma 4.3 to estimate

G || % - - - % |GED| % ||G(2)/(1 = 2)||*%,
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since all the exponents are < 1, to obtain that it is in R(1/n%) where
§ = (p—1)(B 1) —p+2. Convolving once more with Fj ,.(n) = 1/n"#—1),
we get a term in %(1/n") where v = p(8—-1)—p+1 = S-p+1. Summing
and integrating gives the result.
3.IU8>p(B-1).

We do not need to distinguish the term where r = p — 1 any more: in all
terms, all exponents are < 1. A convolution gives terms in R(1/nP(8—1)—P+1)
which gives the result after integration. ]

LEMMA 5.2 (Control of the error term): We have

1 R(1/nP) ifN(B-1)> B,
155" (Se = S)"S™! € { R((logn)/n®) i N(5—1) =5,
N RA/WNE-DY i N(B-1) < 8.
Proof: Set G(z) = Sg'(Sp — S). Then the conditions of Lemma 5.1 are
satisfied (this has been checked in the proof of Estimate (3) in Lemma 4.2).

Consequently, the lemma with p = N and Hy = :-- = H,_; = 1 gives estimates
on G(z)V/(1 — z). As we already know that S(z)~! € R(1/n®) with 8 > 1,
another convolution enables us to conclude. ]

To use this result, it remains only to study the terms in the sum in Equation
(5), i.e., the perturbative terms for k = 0,..., N—1. The method used in Sarig to
estimate the first term still works: estimating Sgl by %P gives an exponentially
decreasing error, which does not matter. Moreover, we can estimate Sg — S
by > oo (1 =2y 322 1 Re. A formal multiplication gives finally the desired
terms. More precisely, the following lemma is valid.

LeEmMMA 5.3 (Estimates on the perturbative terms): For any k € N*, writing
P, =35, PRP, we have

1 o, n 11 [ o 1F
15 (5p = SIS = i< | Y- P+ EG

where E € R(1/n°).

Proof: We already know that Sp — S € R(1/n”) and Sz! also.
We write

R(1) - R] + {R(l) -Rp R’(l)]
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where B(z) is a polynomial, according to Lemma 4.1. Moreover, the same lemma
gives that

Sl = %P + (1 - 2)A(2)

for some A(z) € R(k") with x < 1.

We multiply these expressions to get —[Sg 1(Sp — 5)]kS3" and we expand
the product. If we choose a term (1 — z)A(z) or (1 —-2)B(z), we use it to simplify
the -, and all the other terms are (1/n”), which gives after convolution still
a ®(1/nf). The remaining term gives the expression stated in the lemma. ]

Gathering the results of Lemma 5.2 and Lemma 5.3, together with (5), we
obtain

THEOREM 5.4: Under the hypotheses of Theorem 1.1, we have, for any N € N,
writing Py, = 3o, PRy P,

1 N-1 1 1 [ k
® Y T =1—zuP+Zu’“+11 [Z (- m)P} +E(2)
k=1 m=0
where
§R(1/nﬁ) ifN(B-1)>p,

B(z) € { R((logm)/n?) i N(B-1) =5,

R(A/ANE-DY i N(B-1) < 8.
When 8 > 2, this theorem adds nothing to Theorem 1.1, since the terms for
2 < k < N —1 are already in O(1/n?). However, when 3/2 < 3 < 2, the result
obtained by taking N = 3 is more precise than Theorem 1.1, since we get an error
term in O(1/n?) instead of O(1/n?’~2). In fact, for any 8 > 1, it is possible to
choose N such that N(3—1) > f, which implies that the expansion of T,, with N
terms gives an estimate with an error term in O(1/n?) (but taking N still larger
is useless, since the new terms will be in O(1/n?)). In particular, if Pf = 0, we

obtain T, f = O(1/n#), which is exactly Theorem 1.2.

To obtain a sharp asymptotic expansion for T}, it remains only to expand the

middle terms in Equation (8). We give, for example, the theorem that we obtain
for N =3:

THEOREM 5.5: Under the hypotheses of Theorem 1.1, we have

T, = = Z Pk+—(ZPkPl > PkP,>+En

PP
k=n+1 k,i>n k+l>’:1
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where E,, € Hom(L, L) satisfy

O(1/n”) if B> 3/2,
lEnll = O((logn)/nﬁ) if g =3/2,
O(1/n?B=1)  if3/2> 38> 1.

We give for completeness the next term in the expansion: after tedious calcu-
lations, we find that it is (up to the factor 1/u*)

-2 - > - )

k,m>n  0<ki<n 0<k,mgn o<l,mgn 0<k,l,mgn

k+t>n k+m>n I+m>n k+it>n
m>n {>n k>n k+m>n
- Y - Y + Y + Y mpP.
o<k, l,mgn 0<k,l,mgn 0<k,l,mgn k+ig<n
I+k>n m4k>n k+l>n k+mgn
I+m>n m+l>n k+m>n I+mgn
I+m>n k+l4+m>n

6. Application to Markov maps

6.1 DEFINITION OF MARKOV MAPS. The definitions and results of this section
are for the main part contained in [Aar97].

A Markov map is a nonsingular transformation T of a Lebesgue space (X, B, m)
together with a measurable partition o of X such that, if a € a, m(a) > 0, Ta
is a union (mod m) of elements of «, and T: @ — Ta is invertible. Moreover,
it is assumed that the completion of \/8o T~ia with respect to m is B, i.e., the
partition separates the points.

For ag,...,a,—1 € a define a eylinder by [ag,...,an_1] = ﬂ?:_ol T %a;: two
points in an identical cylinder of length n remain in the same elements of the
partition up to time n. These cylinders can be used to define dyg(z,y) = 8159,
where t(z,y) = sup{n| x,y € [aog,...,an_1] for some ag,...,a,_; € a} is the
time until which x and y remain in the same elements of the partition a, and
0 < 8 < 1 is some fixed number.

A Markov map T is said to be irreducible if Va,b € o, 3n, m(T""aNbd) > 0
(i.e., b C T"emodm). This means that there is no v & « such that the elements
of v are stable by T. An irreducible Markov map T is aperiodic if Va € o, AN €
N,Vn > N,a C T"a. Equivalently, there exists such an a, or there exists an a
such that ged{n| a C T"a} = 1. An irreducible aperiodic Markov map is also
said to be topologically mixing, i.e., Ya,b € «,IN,¥Yn > N,b C T"a (this
is a definition, and does not rely on a topology on the space, even though it
corresponds to the usual notion of topological mixing when dy is a metric).
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The transfer operator T associated to T is defined by I (Tw)vdm = [u-voTdm.
It can be written T f(z) = Y ry=z 9m(¥)f(y), where the weight g,, is defined by

_ dm
T dmoT

m

(the measure m o T is given by m o T(E) = ) ., m(T(E N a))). Different
regularity assumptions are possible on log g,,,, corresponding to different controls
of the distortion.

For any function ¢ : X — C, the variations of ¢ are defined by v, (¢} =
sup{|e(z) — ¢(¥)|| z,y € lao,...,an—1] where a; € «}. The function ¢ is said
to have summable variations if 3_, -, v () < +00, and to be Holder continuous
for the exponent 6 if 3C > 0,Yn > 1,v,(¢) < CO" (this is a definition, which
corresponds to being Lipschitz with respect to the “metric” dy on each element
of the partition «). By a slight abuse of notation, we will say that a measurable
function f has summable variations if there exists a version (mod 0) of f which
has summable variations, and the notation f will denote this version.

If log g, has summable variations, the distortion is bounded, meaning that
there exists a constant C such that, for all x,y € [ag, ..., an-1],

(n)
gm (y)
where gﬁ,’? = 1_[;:01 gm © T is the weight associated to T™. In particular, this
implies that
(n) 2} = Ci] m[ao, R an—l]
Im (II') m[Tan_l]

. 1mlag,... an_1] (n) mlag, ..., an_1]
IR e U kL R N O
(1e C mTanp_1] gm'(v) < € m|Tan—1] )

When the “big image” property inf,c, m[Ta] > 0 is satisfied, we even obtain
{n) — D:tl
gm (x) = mlag, ..., Gn_1)-

PROPOSITION 6.1: Let (X, B, T, m, «) be an irreducible Markov map with the big
image property for which log g, is of summable variations. Then T is conservative
and ergodic.

Proof: This is a corollary of Theorem 4.6.3 in [Aar97] (where the hypotheses are
in fact weaker, since this theorem requires only the “weak distortion property”),
and was originally proved in [ADU93]. |
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If log g, is Holder continuous, the distortion is better controlled, which gives
stronger results. In particular, the transfer operator T acting on the space of
Holder continuous bounded functions admits a spectral gap ([Aar97, Thm. 4.7.7]).
More precisely, let ¢’ denote the smallest partition such that, Va € a,Ta is o’'-
measurable; the partition o’ is coarser than . Fora € o’ and f : X = R,
write Do f = sup{|f(x) — f(y)|/de(2,y)| x,y € a} the best Lipschitz constant of
f on a. Finally, let £ be the space of functions f: X — C such that ||f|; =
| flloo + SUPgeqr Daf < +00. It is the space of Lipschitz functions on X, but the
norm is not the usual Lipschitz norm. When log g,, is Hoélder continuous (for
some exponent #) and T has the big image property, Ruelle has proved that the
essential spectral radius of T acting on £ satisfies 1'ess(T) <4.

6.2 INDUCED MARKOV MAPSs. From this point on, (X,B,m,T,a) will be a
probability preserving Markov map.

Let @ # v C a. I Y =, a, the induced map T,,: ¥ — Y is defined as the
first return map from Y to Y, i.e., Iy = T%¥~, where

pr(ry=mf{n > 1| T"(x) e Y}

is the return time to Y. If # € Y, we set ¢, (z) = 0. By the Poincaré recurrence
theorem, 77, and all its iterates are defined for m-almost every point of ¥ —
replacing Y by this smaller set, we can assume that T is in fact defined on all
Y.

A measure m., is defined on ¥ by m, = m)y. As m is invariant by T, the
measure 1., is invariant by T’,.

Let 6 = {[{a,&1,....&n—1,7]l @ € v, &1, &nmt & 1ola&aye e €] # O):
this is a partition of Y, for which T is a Markov map. The cylinders for this
partition will be denoted by [do,....dn—1], (with dg,...,d,—1 € 3). If d =
[, &1, .., &n—1,7] € 6, its image is Tyd = T€,_1NY — hence, it is y-measurable.
In particular, if v is finite, its elements have a measure > ¢ > 0, which implies
that vd € 4, m,(T,d) > e. Thus T, has the “big image” property.

The following straightforward lemma establishes a link between the mixing
properties of T and those of the induced transformation T,.

LEMMA 6.2: If T is irreducible, then T, is irreducible.

We will be interested in induced maps which have good distortion properties.
More precisely, write
g dm,
my = dm,oT,’
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We assume that there exist constants C > 0 and € < 1 such that Vvn > 1,
vp(log gm,) < CO™ (where vy, is the variation with respect to the induced map
T,): we say that log g, is locally Holder continuous. In this case, the previous
theorems on maps whose distortion has summable variations apply to T.

As above, let ¢’ denote the smallest partition such that Vd € 4, T',d is a union
of atoms of §'. As every T,d is y-measurable, this partition is coarser than 7. For
z,y €Y, let t,(x,y) = sup{n| z,y € [do,...,dr_1]y} and let £ denote the space
of functions f: ¥ — C such that |||z := [[fllec + Supges Daf < +o00, where
Dgyf is the least Lipschitz constant of f on d for the “distance” d(z,y) = §¢(=¥),

We now state the main theorem of this section:

THEOREM 6.3: Let (X, B,m, T, a) be a topologically mixing probability preserv-

ing Markov map, and § # v C «. Assume that T, has the big image property

and that g,,  has a version such that log g, is locally 6-Holder continuous for

some 0 < 6 < 1. Assume moreover that m[p. > n] = O(1/nP) for some 3 > 1.
Then 3C > 0 such that Vf, g integrable and supported inside Y,

[o0]

Z 997>k>

k=n+1

Cor(f.g0T") - ( < CF3(m)gllooll fll

where Fs(n) = 1/n? if 3 > 2, (logn)/n? if 3 =2 and 1/n**~2 if2> 8 > 1 (and
L denotes the space of §-Holder functions on'Y').
Moreover, if [ f =0, then Cor(f,goT™) = O(1/n”).

6.3 ProoF oF THEOREM 6.3. The strategy is to apply the abstract Theorem
1.1 to “first return transfer operators”. In this section, (T, a) will be a Markov
map and v a subset of a such that the hypotheses of Theorem 6.3 are satisfied.
The proof of Theorem 6.3 will be quite similar to Sarig’s proof of his Theorem
2 (in particular, the first three lemmas can essentially be found in {Sar02]), but
there is a significant difference in the proof of the aperiodicity hypothesis (Lemma
6.7), since the hypothesis to be checked is different.

For d = [do, ..., dn_1]y # 0, set Maf(x) = g)(do -+ dn_12)f(do "+~ dn—12) if
this point is defined, 0 otherwise.

LEMMA 6.4: There exists a constant B such that, ¥d = [dy, ..., dn-1)y, Vf € L,

IMale < Bnid) (6"l + o / siam).

Proof: This lemma is classical and uses the distortion control to obtain explicit
estimates. See, for example, [Sar02, Lemma 8] or [Aar97, Lemma 4.7.2]. |
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Let L be the operator defined by Lf(z) = > r,_, gm(y)f(y): it is a version
of the transfer operator T, but it acts on actual functions and not on func-
tions deﬁned almost everywhere. In the same way, but for the induced map, set

L,f(x ZTwy » 9m., (y) f(y). Write also
T.f =1yL™(fly) and R,f=1yL"(fliy —n})-

The operator T,, counts all returns from Y to Y at time n, while R,, takes only
the first returns at time n into account. Note that, by definition, ¢, = 0 outside
of Y, so R really counts returns to Y. For z € D, we set T(2) = I + 3 T,2"
and R(z) = > R,2"

LEMMA 6.5: T, and R, are bounded operators on L, |T,|| = O(1), |Rx|| =
O(m[p, =n]) and, Vz € D, T(z) = (I — R(z))~".

Proof: We have R, = ZQ:[dO]V,dOZ[aowwanyl,,y] M,. Thus, Lemma 6.4 shows
that ||R,[| < B(1+8) Y m[d] = (1 + 6)Bm[p, = n].

In the same way, T, = > My where the sum extends to all d = [do, ..., dk-1]4
with d; = [&0, . - .,fmi,'y] and Y (n; + 1) = n. Hence, ||T,|| € B(1+8)m[Y] (the
sum is a sum of measures of disjointed sets included in Y, less than m[Y}]).

Finally, T,, counts all returns to Y while R,, counts only the first returns.

Hence, T,, = Zi]_,,___“k:n R;, -+ R;,, which gives the renewal equation. [ |

LEMMA 6.6: The operator R(1): £ — L has a simple isolated eigenvalue at 1,
the spectral projection being given by Pf = ﬁ fy fdm.

Proof: As R(1) counts the first returns to Y, it is not hard to check that
R(1) = L. is the transfer operator associated to T, i.e., R(1) = Zg:[do]y M
In fact, R(1)" =3, (4 rrsdn_1], Md, hence Lemma 6.4 shows that

9) IR flle < BO™ || fllc + Bllfll-

The injection £ — L'(m) is compact by the Arzela-Ascoli theorem. Hence, the
Doeblin-Fortet inequality (9) gives, with the use of Hennion’s theorem ([Hen93]),
that the essential spectral radius of R(1) acting on £ is < #. Thus, if 1 is an
eigenvalue of R(1), it is automatically isolated and of finite multiplicity.

As T, preserves the measure m., (since T preserves m), L1 =1 and PR(1) =
R(1)P = P. By Lemma 6.2 and Proposition 6.1, T, is ergodic, whence there is
no other eigenfunction for the eigenvalue 1. Finally, there is no nilpotent part
for this eigenvalue either, since ||R(1)"|| remains bounded. ]
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LEMMA 6.7: Vz € D~ {1}, I — R(z) is invertible on L.

Proof: Summing the estimates given by Lemma, 6.4 for d of length n gives that

(10) 1R(2)" flle < Bl=|" (6”11 f1lc + 1£11)-

As the injection £ — L!(m) is compact by the Arzela—~Ascoli theorem, the the-
orem of Hennion ([Hen93]) ensures that, ¥z € D, the essential spectral radius of
R(z) acting on £ is € # < 1. To obtain the invertibility of I — R(z), it is thus
enough to show that 1 is not an eigenvalue of R(z). The only problem is for
|2| = 1 because otherwise, again by Equation (10), the spectral radius of R(z) is
< |zl < 1 (since {|fll1 < |Ifllc)- So, let = = e* be fixed, with 0 < t < 27.

Suppose that R(z)f = f for some nonzero f € £. We will write, for u,v €
L*(my), (u,v) = [wvdm,. Define the operator W: L*®(m,) — L*°(m,) by
Wu=e " uoT,. As R(z)v = R(1)(e*7v), this operator W satisfies

R = [aRE = [aR)E) = [aor,eten = [Wa-y
=(Wu,v).
We show that f is an eigenfunction of W for the eigenvalue 1:
W f — fI3 =W I3 — 2Re(W £, £} + I f1I5 = [WFII3 — 2Re(f, R(2)f) + | f1I3
=W fll5 - 2Re(f. f) + IF13 = IWFII3 — [ £113-

As T, preserves the measure m., we have [|Wf|3 = [|f|?o T, = [|f|* = ||f]3,
which gives ||W f — f||3 = 0. Hence, the function W f — f is zero m.-almost
everywhere. As f € L and m, is nonzero on every cylinder, the function f is
continuous, thus W f — f = 0 everywhere.

We have a function f such that e~®#+f o T, = f. Taking the modulus, the
ergodicity of T., gives that |f] is constant almost everywhere, hence everywhere
by continuity. As f # 0, this constant is nonzero, and we get e~i¥+ = f/foT,.
We can apply Theorem 3.1 in [AD01] and obtain that f is §*-measurable, where
6* is the smallest partition such that Vd € 4, T,d is contained in an atom of 6*.
As every T,d is a union of sets of v, this implies in particular that f is constant
(almost, everywhere, hence everywhere by continuity) on each set of 7.

Let @ € v. On [a], f is equal to a constant ¢. As T is topologically mixing,
there exists N such that, Vn > N, [a] C T"[a]. Let n > N, and z € [a] be such
that T"z € [a]. Let T*iz,T*x, ..., T*ra be the successive returns of = to Y,
with k, = n. Then T"z = TPz and n=3"00 (T¥z). Thus,

e—itn — it Thg vy (Tha) f@) f(Tyz) . f(T}Y’“lx) _ fl) e

P f(T2)  FT)  F@a) e
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This is true for any n > N. Taking, for example, n = N and N 4+ 1 and
quotienting, we obtain e = 1, which is a contradiction. [

LEMMA 6.8: We have PR'(1)P = m—[‘ﬂP.
Proof: Using the explicit formula for the spectral projection P, it is not difficult
to check that

mfpy = nj
PR,P = P,
" m[Y]
and consequently PR'(1)P = F{ly‘]P by the Kac formula ([Aar97, Formula 1.5.5]).
To apply this formula, we have to check that T is conservative and ergodic,
knowing that this is the case for T,. This can be done, for example, using
[Aar97, Proposition 1.5.2]. |

Proof of Theorem 6.3: The lemmas above show that the hypotheses of Theorem
1.1 are satisfied. Consequently, we get the existence of F, € Hom(L, £) with
|E.|| = O(F3(n)) such that Vf € L,

1yTnf:1y(ffdm+ i m[«pv>n]/fdm+Enf).

k=n-+1

Multiplying by an arbitrary g € L*(X, B, m) supported inside Y, we have by
the definition of the transfer operator

[1-gerram=[1[o+ 3 mioy> K [ 1 o+ [ Bugam

k=n-+1

The absolute value of the last term is bounded by ||g|loo!| Enllc||f]] . which gives
the result.

Finally, if [ f = 0, we use Theorem 1.2 and conclude in the same way, the
estimates with Fj(n) being replaced by estimates in O(1/n?). |

6.4 DECAY OF CORRELATIONS ON THE WHOLE SPACE. Theorem 6.3 gives a
very sharp estimate on the decay of correlations when the functions f and g are
supported in Y. It is also possible to estimate the speed of decay for a general g,
not necessarily supported in Y, although the estimates will be less precise. This
kind of result will be useful in the proof of the Central Limit Theorem.
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THEOREM 6.9: Under the hypotheses of Theorem 6.3, assume that f is supported
in'Y and that g € L*°(m). Then there exists a constant C (independent of f or
g) such that

C
Cor(f.90T") < —5 [/ lelgle
To obtain this theorem, it is enough to prove that |T"f — [ f||; < m;C_—IHfH,;

LEMMA 6.10: There exists C such that VA € B, | [, T"fdm — m(A) [ f] <
= lfle.

Proof: In the course of this proof, we shall write L for the transfer operator act-
ing on functions in £. Write also Kof = 1y f and, Vk > 1, K f = Lk(l{%>k}f):
K counts the first returns to Y at time k, but for points not starting in Y
(contrary to Ry). It is then easy to check that L"™f =Y ) _o KxT,_xf for any f
supported in Y (recall that, outside of Y, ¢, = 0 by definition).

Then, writing T,,f = [ f + & with |lenllz < =211l

n
/ L"f =/lYnATnf+Z/1ALk(1{¢7>k}Tn——kf)
A k=1

n
=/1yranf+Z/1AOTIc Yo, >kyTn—if
k=1

n
:/f</1YnA+Z/1A OTk'1{<p7>k}>
k=1
n
+ (/1YmA€n +Z/1A oTk. 1{¢,>k}€n-k>
k=1

:I/f+II.

I can be expressed as m(Y NA) + Y, m(Y NT*4 — Ule T-3Y). Thus, by
Kac’s Formula (see [Aar97, Lemma 1.5.4]),

00 k
I=m(A)- Y m(YnT*A-JT7Y).
k=n+1 j=1
As m(YﬁT'kA—U;.C:1 T=3Y) < m|p, > k] < C/k? by hypothesis, a summation
yields I = m(A) + O(1/n"~1).
In the same way, II < |lenlloc + Ypey Moy > K]llen—kllco: this is a con-

volution between sequences respectively in O(1/2”) and O(1/nP~1), whence
II = O(1/n"~1) by Lemma 4.3. |
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Proof of Theorem 6.9: Lemma 6.10 yields that, VA € B,

[ (= [ 1)am| < st

Apply this estimate to A = {77 f — [ f >0}, thento A= {T"f— [ f < 0}, and

sum to obtain that
[l [ tlam< e

6.5 CENTRAL LIMIT THEOREM.

PROPOSITION 6.11: Under the hypotheses of Theorem 6.3, assume that f is
supported in Y and that f f =0. Then there exists a constant C' (independent
of f) such that |T"f|l; < 5|fllc.

Proof: This is an analogue of Theorem 6.9 in the case where f f = 0 (which
implies that there is a better bound on ||T}, f||z, according to Theorem 6.3). The
same proof works again, and is even easier because the term I in the proof of
Lemma, 6.10 disappears. |

The following lemma will be useful in the Central Limit Theorem to make
precise the regularity of the cocycle in the case of zero variance.

LEMMA 6.12: Let (X,B,T,m,a) be an irreducible probability preserving
Markov map with the big image property and for which the distortion log g,
is Holder for an exponent 6 < 1. Let L denote the space of bounded functions
such that sup,c, Dof < +00. If f € £ and g: X — R is measurable and satisfies
foT=goT —g,thenge L*

Note that g is not assumed to be integrable, whence it is not possible to apply
T to g and to use spectral methods to prove this lemma.

Proof: Denote by a™(x) the element of the partition \/;_, 'T-ig containing .
A classical theorem on continuity points of measurable functions (true on [0, 1]
with the Lebesgue measure, in which X can be canonically imbedded) implies
that

miy € a™(2)] |g(y) — g(x)] > &}
mfa™(z)]

* We use the abuse of notation already mentioned in Section 6.1: this really means
that there exists a version of g belonging to L.

for almost every x,Ve > 0,

—0 asn— oo.
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The points that visit infinitely many times every element of the partition «
form also a set of probability 1. We fix a point z, satisfying these two properties.

Fix ¢ > 0. Let ny — oo be a sequence such that 7™+ xq visits infinitely often
every element of o too, and

)3 miy € o™ (o)l l9(y) ~ g(wo)| > €} _

mam (o))

< 0.

For every k € N, the control on the distortion implies that

m{y € X| Iy € a™ (x0), Ty =y, |g(¥') — g(x0)| > €}
m[T7k o ()]

. miy’ € a™(20)| lg(y) — g(z0)| > e}
m[a™ (zo)]

Thus, 3>, m{y € X| Fy' € a™(xg), Ty = y,|9(y") — g(zo)| > €} < +oc.
Consequently, A, := {y € X|3K,Vk > K, if y’ € a™*(x) is such that Ty’ = y,
then |g(y') — (xo)l < ¢} is of full measure.

Take y1,y2 € A. such that y; and yp are in the same element of o', with
d(y1,y2) = 8" for some n > 0. Take k such that T™*xq is in the same element of
o' as y; and yo. If k is large enough, by definition of A, the preimages y} of y;
in o (z0) satisfy |9(y}) — 9(x0)] < &, hence [g(y}) — 9(y3)] < 2. Then

l9(y1) — g9(y2)] =i9°T"’“ (y1) —go T™ (33)]
<Z|f0T’ foT (yh)l + lg(yh) — g(yh)l

||f||c

< Z £ 16477 + 26 < 5 do(y1,92) + 2.
i=1

Finally, for y1,y2 € A =) A: of full measure,

< Wl

lg(y1) — g(y2)| < 1-0 d(y1,y2).

Hence, there exists a unique version of the function ¢ which is Lipschitz on every
set of ', which we will still denote by g.

To see that g € L, it remains to prove that g is bounded. Let # > 0 be such that
Va € a,m[Ta] > 1. There exists a1,...,an € « a finite number of partition sets
such that Eiv___l mla;] > 1 — 5. Thus, Va € a, Ta contains one of the sets a;. On
each of these sets, g is Lipschitz, hence bounded by a constant C;. If # € [a] has its
image in a;, then |g(z)| = |goT(z)— foT (x)| € Ci+||flloo € max; Ci+||flloo =: C
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Finally, for y € [a],
()| < lg(x) — g+ lgy)| < % +C .

THEOREM 6.13: Under the hypotheses of Theorem 6.3, if f € L is supported in
Y and f f =0, then the sequence % ZZ;& foT* converges in distribution to a
Gaussian random variable of zero mean and finite variance o2, with

02:—/f2dm+2§:/f-foT"dm.
n=0

Moreover, o = 0 if and only if there exists a measurable function g such that
foT =goT —g. Such a function g automatically satisfies g;y € £ and Vr €
Y,Vn < ¢, (2), g(T"z) = g(z).

We will use an abstract result due to Liverani [Liv96, Theorem 1.1] inspired
by Kipnis-Varadhan to obtain this Central Limit Theorem. We recall for the
convenience of the reader the version of this theorem that will be useful in our
setting.

THEOREM 6.14: Let (X,B,T,m) be a non-singular probability preserving
dynamical system. Let also f € L*(X), [ f = 0 be such that

L. Z;I'O:0|ffofoT’i|<oo.

2. The series Y oo T"f converges absolutely in L'.

-1 L .
Then the sequence —=3 ;7 f o T* converges in distribution to a Gaussian
random variable of zero mean and finite variance o2, with

02:~/f2dm+2i/f-foT"dm.
n=0

Moreover, o = 0 if and only if there exists a measurable function ¢ such that
foT=goT ~g.

Proof of Theorem 6.13: It is enough to show that the hypotheses of Theorem
6.14 are satisfied. As we have formulated this theorem, the first hypothesis is in
fact a consequence of the second one, since

[ / f-foT"dmI _ ] [ 75 gam| <A e

Consequently, it remains only to check that 3_ /7" f|l; < +co. By Proposition
6.11, || f|]1 = O(1/n®) with 8 > 1, thus the series is summable.
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To obtain the regularity results on ¢ when ¢ = 0, we use the fact that f =0
outside of Y. As foT = goT — g, this implies that g(x) = g o T(z) when
T(x) ¢ Y. In particular, Vo € Y,Vn < ¢,(z),g(x) = g(T"x). Using once more
the cocycle relation gives that f o T, (z) = g o T,(z) — g(z). Thus, Lemma 6.12
applied to (Y, T,) shows that g;y € L. |

7. Applications to specific maps

7.1 THE LIVERANI-SAUSSOL—VAIENTI MAP. The Liverani-Saussol-Vaienti
map is the map T [0,1] — [0, 1] defined by

_Jz(1+2%z*) if0<2<1/2,
T(x)_{Q:r—l if1/2 << 1.

It is an analogue of the Pomeau-Manneville map x — {z+z'*%}, but the second
branch of the map is affine, which simplifies to some extent the computations
(our results also apply directly to the Pomeau-Manneville map). It is shown in
[LSV99] that, when 0 < o < 1, T admits an integrable invariant density h which
is Lipschitz outside of any neighborhood of 0. '

COROLLARY 7.1: If @« € (0,1), f is Lipschitz, g is bounded measurable,
J 1, [9#0and f,g =0 in a neighborhood of 0, then

Cor(f,goT") ~ %h(%)a“”"‘(é —1)_ln“1/°‘/f/g

with respect to the invariant probability measure.

Moreover, if [ f =0 (and f, g are still zero in a neighborhood of 0, f Lipschitz),
then Cor(f,g o T*) = O(1/n'/®). Consequently, f satisfies a Central Limit
Theorem.

Proof: If zg = 1/2 and x;41 = T~ (x;) N[0, 1/2], the partition

a = {(zis1, 2] U (1/2,1]

is a Markov partition for T, which makes it possible to apply the results of the
previous section to this map. The distortion of the induced map on {1/2,1] is
locally Holder continuous for the density &, whence Theorem 6.3 applies and gives
a precise asymptotic on the speed of decay of correlations for functions supported
in (1/2,1], which can be calculated precisely (see [Sar02]).
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As the distortion from (x;41,2;] to (2, zi-1] is bounded, it is not hard to
check that the induced map on v = {(x;+1,2]| ¢ < N} U{(1/2,1]} has still a
Holder continuous distortion for any N. Thus, Theorem 6.3 gives also estimates
on the decay of correlations of functions supported in {x,1]. More precisely, for
functions f € £ and g € L™ supported in (zx, 1],

o0

> m[%>k])/f/g‘

(11) Cor(f,goT") ~ <
k=n+1

For functions supported in (1/2,1], Sarig has shown, estimating m[¢(/2,1j] > 7,
that

(12) Cor(f,goT") ~ i—h(%)a‘”a(é —1>_1n1_1/0‘/f/g.

The estimate (11} can be applied in particular to functions supported in (1/2,1],
which gives, using (12), that Y p, . ; m[p, > k] ~ 2h(3)a V(L 1)~ Ip!=1/e,
This proves the corollary. |

7.2 LS YOUNG TOWERS. A LS Young tower is a non-singular conservative
transformation (4, B, m, F') with a generating partition

{Al‘i!iENalZO,...,Ri—l}

with the following properties:
1. Vi, the measure of A;; is positive and finite. Moreover, if A; = J A,
m(Qg) < 00.
2.1+ 1 <Ry, Fr Ay; = Ay, is a measurable bijection and Fima,, =
MAL
3. f I+ 1=R,;, F: A;; — Qg is a measurable bijection.
4. Let R: Ag — N be the function Rja,, = R;, and set

_ dm|A0
dmya, o FR

g has a version for which 3C' > 0,6 € (0, 1) such that V¢ and Va,y € Ay,
‘g(fv)

-1/ < CBS(FRm,FR’y)

g(y)

where s(z,y) = min{n| (F®)"z, (FR)"y lie in different Ag ;}.
The fourth condition corresponds exactly to saying that the induced map on
the base Ay of the tower has a distortion which is locally Hélder continuous.
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Henceforth, we assume for simplicity that [ Rdm < +o0o and that m is an
F-invariant probability, which is possible because m has an integrable invariant
density h such that ¢y L<h<e (see [You99, Theorem 1]).

Set Co(A) = {f : A — C| 3CVx,y € A, |f(z) — f(y)| < COHEV)}: this is the
space of locally Holder continuous functions (s has been extended to all pairs
z,y € A by setting s(z,y) = 0 if z, y are not in the same A;; and, for z,y € A},
s(z,y) = s(a’,y') where ', y' are the corresponding points in Ag ;).

COROLLARY 7.2: Let (A,B,m,F) be a probability preserving LS Young
tower with gcd{R;} = 1 and m[R > n] = O(1/n”) where 8 > 1. If f € Cy(A),
g € L are supported inside UéV_IAl for some N, then Cor(f,g o F") =
SisnmlB> K [ f [ g+ O(Fs(n)).

Moreover, if [ f = 0, then Cor(f,go F") = O(1/n?). Thus, f satisfies a
Central Limit Theorem.

Proof:  For the partition {A;;}, F does not have the big image property.
However, it is still a Markov map for the partition {A;} composed of the points
at different heights. If v = {A;| | < N} for some N, then 7 is finite, whence the
induced map T, has the big image property.

For the induced map, the partition ¢ is constructed as follows: at each height
0<l<N-—1,cut A in two pieces A; N F~1Ag and Ay — F~1A¢. Ay remains
intact, and Ay_; is cut into all the small pieces Ax_; ;. With this explicit
partition, it is not hard to check that the induced map has §'/V-locally Holder
continuous distortion.

Thus, Theorem 6.3 applies and gives an estimate

(13) Cor(f,go F") = Z mipy > k] /f/g + O(Fg(n)).
k>n
To finish the proof of the theorem, we have to show that 3~ . m[p, > k] =
> ksn MR > k] + O(Fp(n)). If f and g are supported in Ag and of nonzero
integral, Estimate (13) applies. Moreover, the estimate for NV = 1 applies also.
Equating these two estimates of Cor(f, g o F™), we get the result. |
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