LONG-TIME DYNAMICS OF COHERENT STATES IN STRONG
MAGNETIC FIELDS

GREGORY BOIL, SAN VU NGOC

ABSTRACT. We consider the Schrédinger evolution of strongly localized wave pack-
ets under the magnetic Laplacian in the plane R?2. When the initial energy is low,
we obtain a precise control, in Schwartz seminorms, of the propagated states for
times of order 1/%, where ki is Planck’s constant. In this semiclassical regime, we
prove that the initial particle will always split into multiple coherent states, each
one following the average dynamics of the guiding center motion but at its own
speed, demonstrating a purely quantum ‘ubiquity’ phenomenon.

1. INTRODUCTION

1.1. Motivation. The aim of this article is to study the propagation of coherent
states in the 2-dimensional plane, subject to a strong magnetic field B. In general,
a magnetic field is a closed 2-form; in R?, it is naturally identified with a function
B :R? — R. In this article, B will be a C° smooth, non vanishing function. From
the Poincaré lemma, one can find a smooth function A : R? — R2, the magnetic
potential, such that

dA = 82141 — 8114.2 = B.
The classical magnetic Hamiltonian is
H:R*xR*3 (¢,p) = |lp— A(g)|” € R,

giving rise to the Hamiltonian flow ®%, (g0, po) = (q(¢),p(t)) defined by Hamilton’s
equations

(1.1) p(t) = —%—Ij(q(t),p(t)%

with initial condition ¢(0) = o, p(0) = po. The corresponding quantum operator, or
magnetic Laplacian, is the differential operator given by

(1.2) L= | —ihV — A(q)||* := (—ihdy — Ay(q))* + (—ihdy — As(q))*.

{q'(t) = 51 (a(t). p(t))
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It is well known that £ 4, as an unbounded operator acting on L?(R?), is essentially

self-adjoint [22], and one can define the associated Schrodinger unitary group on

L?(R?) given by

ih@tgot = ﬁﬁ,ASﬁt

(1.3) =0 i 0 !
$Ph o = Ph

We shall consider the case where the initial quantum state ¢ is coherent, which
means strongly localized in phase space (see Section 2). The general semiclassical
theory states that, for finite times (by finite, we mean a time ¢ that does not depend
on h), the quantum evolution (1.3) closely follows the classical trajectories (1.1),
in the regime where h is small. Early works in semiclassical physics and chemistry
emphasize the importance of this idea, see [20, 25]. More precisely, one can define the
classical limit (or semiclassical wavefront set, see Definition 2.16) of a coherent state;
this is a position z = (¢,p) in phase space. Then, if z;, denotes the classical limit
of the initial quantum state ¢?, Egorov’s theorem (Proposition 2.9) ensures that the
classical limit of ¢! coincides with the flow at time ¢ of the classical Hamiltonian
starting from zy. See for instance [13, 5] for a mathematical account of this in the
case of electric potentials, or [35, 46] for a more general formulation.

However, for long times, i.e. times that tend to infinity when A — 0, most of the
results break down. In many cases, the non-commutativity of the limits A — 0 and
t — oo is simply inextricable, at least beyond the so-called Ehrenfest time ¢ < |ln A|.
The importance of the Ehrenfest time, in relation to classical dynamics, is not to
be demonstrated anymore, in particular in the presence of chaotic dynamics, where
it plays a major role in the understanding of the Gutzwiller trace formula, see for
instance [41, 36, 11, 44] and the many reference therein. In this paper, we will
investigate the propagation of a coherent quantum wave packet under the action of
strong magnetic fields, for times of order ¢ =< 1/h. How is this possible?

Classical trajectories of a charged particle under a strong magnetic field have a
distinctive feature: they can be approximately described as a superposition of a fast
rotation motion (cyclotron, or Larmor motion) with a slow drifting motion (often
called the guiding center motion [24]), see Figure 1. If the energy of the initial state is
small enough, then this guiding center motion can be controlled, and the fast rotation
is almost decoupled, giving rise to an adiabatic invariant (see the classical book [28],
or the recent review [6]). Then, since we work on a two-dimensional plane, the
motion becomes nearly integrable. For general Hamiltonian systems, it is expected
— at least in the sense of semiclassical measures, see [1, 26, 2] — that the control
on the classical dynamics offered by the integrability permits the treatment of longer
times for the associated quantum problem, see also [39, 40]. Thus, for a low energy
motion under a strong magnetic field, even though the magnetic Hamiltonian is in
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FIGURE 1. Motion of a classical particle in a strong magnetic field. The
particle oscillates around a level line of B. Here B(q1,q2) = 2 —cos(q1) + q3.

general neither classically or quantum mechanically integrable, this near-integrability
is a crucial element in an attempt to explain why it is possible to describe the motion
for such long times.

1.2. Mathematical background. We shall assume that the magnetic field B and
its derivatives have at most polynomial growth at infinity, in the sense that B belongs
to a symbol class S(m) for some order function m on R? (see Section 2.2). For
instance, m(q) = (||g||> + 1)™ for some M € R. Then one can find a potential A
lying in some S(m'), with an order function m’ on R?, showing that H € S(m") for
an order function m” on R*. The magnetic Laplacian defined in (1.2) is the natural
symmetric (Weyl) quantization of H, acting of the Schwartz space .#(R?):

Ly 4= Opy (H).

Since Ly, 4 is essentially self-adjoint on L*(R?) we will identify £; 4 with its self-
adjoint extension, and we may now consider the magnetic Schrodinger evolution
equation (1.3), where ¢} € #(R?). From Stone’s theorem (see e.g. [34]), there is
a unique continuous family of unitary operators (P?),cr satisfying the propagation
equation

ih@tPt = £ﬁ’APt
Pt:O - id]}(ﬂ@)
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and for any ¢ € R, the solution to (1.3) is given by ¢! := P!y). In this work, ¢9
will be a coherent state in a generalized sense, as follows (see Section 2 for a precise
definition).

Defining for & > 0 and z = (¢, p) € R? x R? the rescaled translation operator

1 i i r—q
To(2) oAy : T2H(R?) 3 f s |2 ——e 2mIPer™P
h(z) o Ay T(R®) > f 7 f 7
a state ¢, will be called a coherent state if one can find a function f € .(R?) with
normalized I?-norm, a family of functions (gn)ne(o,ny) € < (R?) with seminorms that
are uniformly bounded in A, and a real number 3 > 0, such that

sz = Th(z)Ah . (f + hﬁgﬁ).

Such a coherent state is said to be centered at z in phase space. We denote by € the
set of coherent states. Since we are interested in the propagation of quantum states
with low energy, we shall consider coherent states centered at a vanishing point of
the Hamiltonian H, i.e. z € ¥ with

2= H'({0}) = {(¢,A(9)) | ¢ € R*} C RZ x R,

On this smooth surface we define the pull-back B of the magnetic field B as follows.
Let 7 be the projection

j:Y3 (¢, Alg) —qeR.
Since X is the graph of the function A, j is invertible and then we can view the
magnetic field as a function on ¥ via

B::Boj

One can check that, when B is non-vanishing, ¥ is a symplectic submanifold of the
canonical phase space R? x R? = T*R? (in fact, the restriction to ¥ of the canonical
symplectic form on T*R? is exactly the pull-back j*(Bdg A dgz)). Hence B is now
a Hamiltonian on ¥ and we can consider its Hamiltonian flow ®;. A basic result in
magnetic dynamics (see also [33]) is that this flow gives a good approximation of the
guiding center motion. In this work, in order to simplify notations, we will assume
without loss of generality that B is positive.

1.3. Description of the main results. The main goal is to prove the following
fact. Let ¢} be a coherent state centered at a point z in the characteristic surface
Y. Classically, this state cannot move because it has zero kinetic energy. However,
due to the uncertainty principle, the quantum state lives on a ball of radius =< h'/?
around z, and so almost all the points in this ball will actually move slowly, at various
speeds of order A, with a precise factor depending on the distance to . But, because
of energy quantization, the involved speeds will actually be quantized: only integer
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multiples of hBy, for some positive constant By, will play a part. Thus, the initial
state will be split into a number of new coherent states evolving at theses speed
scales, becoming genuinely separated from each other after a time of order < A1

Theorem 1.1. There exists a self-adjoint pseudodifferential operator Jy (the ‘Quan-
tum adiabatic invariant’) on 12 (R?) such that for any o € (0,1) and K > 0, if J, € N
is a family of integers satisfying J, = Kh™, then the following holds.
Let o) € € be a coherent state centered in zg € ¥ = H'(0) and consider its
propagation (¢h)er through the Schrédinger equation (1.3):
Vt € R, ¢h == P'¢).

Then @} can be decomposed as follows:

Jh
(1.4) on =Y a0+
j=0

where (a;)jen € (2(Ry), there exists T > 0 such that the remainder r} satisfies, for
any N € N,

(1.5) sup |[(La,a) "1l @2y = O(R),
te[0,T'/h]

and the gog-ﬁ have the following properties.
(1) vj =0, s, is the orthogonal projection of ¢} onto ker(Jy — (25 + 1)h);
(2) vi e 0.7,

(1.6) on €€
(3) we can follow the center of these coherent states : for any t € [0,T], we have
(1.7) WF (o)) = {=((2j + D)D)}

where z(t) := (I)%Zo, and @% is the Hamiltonian flow of B on X.

Here, WF(f) denotes the semiclassical wavefront set of the function f € .(R?),
see Definition 2.16 below. The quantum adiabatic invariant 7, corresponds to the
pure cyclotron motion that one would obtain for a homogeneous magnetic field of
strength 1. Tts spectrum consists of the eigenvalues {(2j + 1)h;j € N}, and the
corresponding eigenspaces

,Hjﬁ = ker(jh — (2] + 1)h)

are infinite dimensional Hilbert spaces that one can call the adiabatic Landau levels of
the system. Up to an error of size O(h>), these spaces are preserved by the quantum
dynamics. We see from (1.7) that the “adiabatic value” (2j + 1)h is coupled with
the original dynamics in that it defines a quantized speed of motion for a coherent
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state living in H;y. Since, to the best of our knownledge, the description given
by Theorem 1.1 is new, it would be very interesting to observe this quantization
effect in a (real or numerical) experiment; but the long time A~! clearly poses serious
numerical challenges.

Notice that the remainder in (1.5) is controlled in terms of the obvious Sobolev-like
norms that are preserved by the dynamics: the I?-norms of arbitrary powers of the
magnetic Laplacian (which, in particular, control the quadratic form (L 4%, 1), and
hence, by the Cauchy-Schwarz inequality, the norm of the usual magnetic Sobolev
space H, where derivatives are replaced by magnetic derivatives hd;+A4,). But recall
that Ly 4 is not elliptic in the semiclassical sense, since the characteristic manifold
> extends to infinity in ¢. Therefore, if one is interested in quantum transport or,
rather, quantum localization, it is in general an important, non obvious question to
check whether, and to which extent, these norms can be compared to more ’localized’
norms like Schwartz seminorms or standard Sobolev norms. The answer is expected
to depend on the geometry of the magnetic field. Recently, the control of Schwartz
seminorms has been obtained in [4], under the assumption that the magnetic field is
uniformly non-vanishing, and satisfies the following property.

(P) : for all a € N2, there exists C' > 0 such that, for all z € R?,
10°B(z)|| < C||B(2)]]-

This assumption states that the derivatives of the magnetic field are controlled
by the magnetic field itself, preventing B from ‘oscillating too much’ at infinity.
It appears to be rather known and used in literature. In dimension d > 3, this
property is crucial to obtain that, under some ellipticity condition, £ 4 has compact
resolvent and hence no essential spectrum; and if these ellipticity conditions do not
hold, there is a rather precise description of the essential spectrum (see [3, 18]). The
lower bound at the bottom of the essential spectrum of £, 4 obtained in [19] is an
important ingredient in the localization estimates of [4].

In general, Property (P) is optimal to prove the compactness of the resolvent: in
the paper [10], the author constructs a magnetic field that does not satisfy this prop-
erty and such that £ 4, while enjoying some ellipticity properties, has no compact
resolvent. On the other hand, in dimension 2, the diamagnetic inequality gives an
immediate lower bound on the essential spectrum without needing (P). It would be
interesting to investigate whether, in dimension 2, the localization estimates of [4]
could be obtained under a weaker condition than (P).

In this work, we take advantage of the results of [4] to obtain a stronger estimate
of the remainder 7, in Theorem 1.1, as follows.
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Theorem 1.2. With the same notations as in Theorem 1.1, for a magnetic field B
satisfying the above property (P), assuming that there exists by > 0 such that

(1.8) Vg €R?, B(q) > o,

we get the following estimate of v} : given any T € R and any Schwartz seminorm
p, we have
(19) sup pl(r}) = O(h)

te[0,T/h]

We surmise that this result does not hold for general magnetic fields B. Although
the control in terms of Schwartz seminorms is much more satisfying in the setting
of coherent states, the price to pay for this is that the proof of Theorem 1.2 is
substantially more involved than the proof of Theorem 1.1.

1.4. Organization of the article. In section 2, we define the class of coherent
states that we will use, and we present some facts about their propagation. We will
prove some short time propagation properties for these coherent states and some
long-time estimates in the case of coherent states centered at a critical point of the
classical dynamics. In section 3, we introduce the symplectic and quantum magnetic
normal forms, which are here the main tools to study the long time dynamics. In
section 4, we prove Theorems 1.1 and 1.2.

2. A GENERAL CLASS OF COHERENT STATES AND RELATED PROPAGATION
RESULTS

The goal of this section is to introduce a class of ‘coherent states’, which is large
enough to contain the usual ones (such as the Gaussian coherent states and the
squeezed ones — see for instance [7]), but also more flexible, allowing to replace
exponential localization by a softer Schwartz-like ‘rapid decay’ As the following
discussion holds in any dimension, in this paper we will not limit ourselves to the
dimension 2, but we will consider instead the general dimension n. Recall that the
Schwartz space .%(R™) has the Fréchet topology induced by the seminorms

(2.1) PN (f) = sup ’:pﬂﬁo‘f(a:) , m,N eN.

aeN" |a|<m
BENT,|BIKN

2.1. Definition of the class. We consider first s/, the set of shapes of coherent
states defined as follows.

Definition 2.1. We say that f; € s if and only if one can find f € . (R") with
[ fllizgny = 1, a family (gn)ne,n) C < (R") with seminorms uniformly bounded with
respect to h, and a real number > 0 such that

fr = f+ g



8 GREGORY BOIL, SAN VU NGOC

In the definition below, we use the following unitary operators on LQ(]R”): the
rescaling operator
1 T
Apu)(x) = u| —=
( h )( ) Bn/4 ( \/7—1)
and the translation operator

V2= (q,p) € R™, (Ti(2)u)(x) = e~ 59Pei®Pu(z — q) .

Definition 2.2. A coherent state o, in the class €™ is given by its center z in the
phase space Rg X ]R%, a phase 6 € R and a shape f; € s by the formula

©On = €_i6/h Tﬁ(Z)Ah . fﬁ.
In other words, we have

el .= {gph = e /M Th(2)Ay - ‘ S§eER, zeR™ f, 5[”}} )

We will denote € := €. In this text, unless explicitly stated, the expression
‘coherent state’ will always refer to an element of €. This definition mildly generalizes
the ones in [13], [8] or [5], that only allow a & independent part in the shape f;. In
[31, 29], the author uses a full expansion in A'/? for the shape in .#(R") in the
Borel sense. In this paper, the shape of the coherent state admits an expansion at
the first order in any A”? in the shape, 3 > 0, bounded in % in .%(R"). Finally, an
interesting thing in this definition is that, using results in [7, 8, 37], under short-time
propagation this class must remain stable. This point will be dealt with in what
follows.

2.2. Propagation results. A first and natural question is ‘How is such a coherent
state propagated for finite times?’. The propagation of coherent states has been
widely studied over the last few decades. A lot of results are related to approximation
of the propagation of coherent states by sums of coherent states whose parameters
depend on time. In [13, 14, 15] we find such propagation results for finite times and
for Gaussian like coherent states, defined as the squeezed states in [8]. In [16, 17],
the authors investigate the propagation for longer times, reaching Ehrenfest times,
i.e. times of order |log(f)| and the bounds in these approximations are precised in [7]
in terms of the the linearized flow around the underlying classical dynamics, using
the well-known propagation of purely Gaussian coherent states through quadratic
Hamiltonians and the theory of metaplectic operators. One can find a precise review
of the quadratic propagation of coherent states in [36, 29]. In [43] the authors
investigate expansion in power of % instead of A'/2 of the dynamics of coherent states
defined in the formalism of Lagrangian states. Nevertheless, due to the analysis of
the turning points, this study holds for short times in the propagation. Finally, we
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can state the work done in [30, 31] where the authors use coherent states and their
propagation in order to build quasimodes for general Schrodinger operators

We now present some facts about the propagation of coherent states in the class
¢ and some Schwartz estimates of these propagations. Our goal is not to approx-
imate the propagation by expansions of coherent states but, because of the general
definition of the shape fj;, to turn these results into a stability property of the class
through finite time propagation. We also give estimates on these propagations. To
do so, it will be convenient to introduce the semiclassical Sobolev spaces, which are
more suitable for pseudodifferential computations. We recall here their definition,
and refer to [46, Chapter 8] for a more detailed presentation.

An order function on R?" is a function m : R>® — R for which there is an integer
N and a constant C' > 0 such that for any X,Y € R*"

m(X) < C{X —Y)Vm(Y)
where (X) := (14 || X||)"/2, | - || denoting the euclidian norm on R™ (see for in-
stance [9, Definition 7.4]). The symbol class associated with this function is

S(m) :={a € C*(R™;R) | Ya € N*", 3C, > 0,¥X € R™, [0a(X)| < Cam(X)}.

One can find an order function 7m such that S(m) = S(m) and m € S(m); therefore
we will always assume that the order function m lies in its own class, i.e.

(2.2) m € S(m).
Given an ‘observable’ a € S(m), its Weyl quantization is the operator

[Opy (a)¥](x) := B ﬂlh)n //R% er " a (232, ) P(y)dy dn

for v € S(R"). Let g := log(m) and g* := Op}(g); the exponential e*9" is a
pseudodifferential operator with symbol cy € S(m).

Definition 2.3. The generalized Sobolev space associated with m is given by
Hy(m) = {u c .S (R") | e u € LQ(R")}
and the norm on Hy(m) is defined by
[ulltnomy = Nl ullizny-
We have the following equivalence of seminorms.

Lemma 2.4. Let p be a Schwartz seminorm. One can find two order functions m
and m satisfying (2.2) and C > 0 such that for any v € #(R™) and h € (0, 1],

1
EIIUHHE(M < p(u) < COfullm,mm)-
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Operators with a symbol in S(m) map the Schwartz space to itself and, more
precisely, the continuity between semiclassical Sobolev spaces is given by the following
proposition.

Proposition 2.5. Given two order functions my, ma, if a € S(my), then

Op; (a) : Hy(ms) — Hy <mz>

my

defines a continuous operator uniformly for h € (0, 1], such that as h — 0
1005 (@) |14 (me)—Ha(ma /m1) = O(1).

The following well-known (and straightforward) lemma will be repeatedly used to
deal with the v/A-localization of coherent states.

Lemma 2.6. Let ¢ € S(m), for some order function m on R**. Then
-1
(Th(2)An)  Opy ()Th(z) A = Opj_y (1),
where ¢1(X) = c(z + VAX) (and hence ¢, € S(m)).
We can now prove some propagator estimates.

Lemma 2.7. Let 2 € R*™ and h > 0. Then for any f,p € S (R"), for any order
function v on R*",

ITh(2)Anf|

m,v) < Cill fllm )
and

-1
H(Th(z)/\h) <P‘ i S Collellanm
with Cy, Cy independent of h, and Hy(v) := Hy—1(v).

Proof. Let f, z, v as above. Let v := log(v), and v := Op; (v), 71* := Opj_; (7).
Then, using the unitarity of T, (z)Ay,

—1 w w w
||Th/(Z)Ahf||Hﬁ(V) = H(Th(Z)Ah) e Th(Z)Ahﬁ_’h e f

I2(R7)
Since e = Opy’(c¢*) with ¢* € S(V:ﬂ>, Lemma 2.6 gives
-1 _w w
(Th(2)An) € Ti(2)An = Opj_y(c1)
with ¢; : X — c(z + ViX), ¢; € S(v). Therefore,
(Th(z)Ah) eV Ty(2)Ape™ ™ = Opi_,(c1)e™ "
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is bounded on I*(R) because it is a pseudodifferential operator with a symbol in
S(1). Finally,

I1T5(2) Anf Ilita ) < 1OPRZ ()™ [z emy 1 iy

For the reverse inequality, we can write

71 w 71 w w
(Th(=)An) w‘ — I Th() A (Th()An) e " Pl

Hi(v

But,
w -1
Th(z)Apen (Th(z)Ah> = Opy(c_1)

Cc_1 :X|—>c<X\/_ﬁ2>,

The symbol c_; belongs to the ‘limit’ class Sy /2(v) (see [46, Chapitre 4] for a definition
and the related theory). Thus, Op; (c_1)Opy (c™) is a pseudodifferential operator
with a symbol in S;/5(1), and from the Calderon-Vaillancourt theorem it defines a
bounded operator on I?(R"). Finally,

-1 w Cw
1(Th(2)An) @l < 1ODE (e-0)e™ [l [ l,0),

which concludes the proof. 0

with

We prove now the following continuity property of bounded propagators on gen-
eralized Sobolev spaces.

Lemma 2.8. Let (Hy)eo) be a real-valued time-dependent family of Hamiltonians.
We assume (Hy)iepoq) to be continuous in time and to lie in S(1) uniformly in times.

Then there exists a family (Ux(t, s))sseo,1) of unitary operators on I2(R") satisfying
(1) Un(0,0) = idyzgny and for any r € [0,1],
Un(t,s) = Un(t,r)Us(r, s);
(2) Uy(-,-) is strongly continuous on 1*(R™);

(3) for any ¢ € IZ(R™) and any s € [0,1], the map t — Uyx(t, s)v is differentiable,
and satisfies

(2.3) ihO,Us(t, s) = Opy (H)Us(t,s)y  in I2(R™),

and this family is unique. Moreover, for any order function v, for any ¢ € 7 (R"),
we have

1Un(t, 0)ellm,0) < Cllelm, e
where C' is h-independent.
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Proof. We consider the equation
(2.4) ihd,Ux(t, 0)p = Opy (H)Ui(t,0)¢ ¢ € Z(R").

Let v be an order function on T*R". Since H; € S(1) uniformly for ¢t € [0,1],
Op; (H:) defines a continuous linear operator on Hy(v) with a uniform bound for
t € [0,1]. So, considering (2.4) as an EDO with values in H;(v), the Cauchy-
Lipschitz theorem gives us a unique solution (Uy(t,0)p) € C'([0,1], Hy(v)), with
(Un(t, 5))t,5)cp0,1) satisfying the above assumptions (1), (2) and (3). One should re-
mark that Uy (¢, 0) then defines an operator in C'([0, 1], L(Hx(v))), that is unitary for
v =1,ie. on I*(R"). In order to prove the announced estimate, let now ~ := log(v)
and 7 := Op¥(v). We set also U} := "' Upe ", and H) := " Op¥(H,)e ", so
that U} € C'([0,1], L(IZ(R™))) and H; is a pseudodifferential operator with symbol
in S(1) such that

ihd, Uy (t,0) = HYUY(t,0) and  — ihd,U; (t,0)* = U} (t,0)" H, "
Then we have for ¢ € I7(R"),
(2.5)
ihdy U7 (£, 0) [ faqemy = (UR( (", Opy (Hy)]e " Uyl (+,0)20, o)
h(n ( )U”(t 0)¢, Uy (,0))12(@n)

where 7 (¢) := Opy, (n(t)) = e~ 7" [e*", Opy, (H,)]e™" whose symbol 7(t) belongs to
S(1) uniformly in time. Therefore 5*(t)U; (t,0)p € I7(R™), which justifies the above
computation. Then by Proposition 2.5, we have

O (&, 0) @Iz ey < 11" ()i )2 1UR (£, 0)0 Il gy

which implies

I2(R")

1U; (2, O)SOHLZ Rn) (exp/ 17 ( ||L2(]R” —1?(Rn) 3) ||90||L2(Rn)~

Considering now v € Hy(v) and ¢ = €7" ¢ proves the result. O

We now turn to the propagation of coherent states for finite times. The following
proposition generalizes to the class €™ the result obtained by Robert for Gaussian
states (see [8, Section 4.3.1]).

Proposition 2.9. Let (H;)icjo1) and the associated propagator (Uh(t, s))t o be as

in Lemma 2.8. Consider the associated Hamiltonian flow ®p : [0,1] x R*" — R?",
Then, for a coherent state o, € €M centered at 2y € R*", the state 1y := Uy(1,0)pn
is still a coherent state in €M, centered at z := @47 ().
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Proof. Let

en(t) = Un(t,0)pn  and ¢ = pp(1).
Since ¢ € . (R"), from Lemma 2.8 we know that, for all £ in [0, 1], @x(t) € .7 (R™).
Because ¢y € € there are (S s 6y € R and z, € R*" such that
(2.6) on = M Ty (20) An(f + Wgn),
>0, fe (R and (gn)ne.n) C -7 (R") (see Definition 2.2). Let (2;)o<i<1 denote
the classical evolution from z, led by the time-dependent Hamiltonian (H;)o<i<1,

Vit € [O, 1], 2 = q)th(Z())

As (Hy)icpo,1) lies uniformly in times in S(1), the corresponding Hamiltonian vector
field is uniformly bounded in times, that ensures us the global existence of the flow
(®%)tefo]- Introducing the action integral

0y := 0o + /Ot(ps -G — Hy(zs))ds — ;(Qt "Dt — Go " Do),
we define
(2.7) un(t) := PN (= 2) Un(t, 0) o5 (0).
We establish the propagation equation of v,(t). Noting that Vi € 7 (R™),

o(T)0)@) = [Tz (—5 (MG 4 pe o - inV. ) ) 0] (@)

and by the differentiability property (2.3),

1

i0n(t) = 7

A};lTh(—Zt)Op%}(Ht)Th(Zt)Ah

— A <Opz}($)8th(Zt) - Op};"(f)ath(zt)>Aﬁ - Ht<zt)] un(t)

where (z,¢) = X € R?*". Since
A VT3 (—2)OpY (H) Th(2) A = OpP (X +— Hy(z + VEX)),

we are naturally led to Taylor expanding the function X — H;(z; + VhEX ) around
the point z;; let
Ko(t, X) := X Hess(Hy, z) X
and let R%S) be the integral remaining term of order 3 in this Taylor expansion. We
obtain
i0un(t) = Opjy (Ka(t, X) + VAR (8, X) )un(t)
un(t=0) = f+ g,
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Recall, from the definition (2.7) of v,(t), that this equation admits a propagator
Pi(-,") given by

Pi:(t,s) € 0,1 = Pi(t,s) = (Tu(z)An) Un(t, s)Ta(z0) An.

From this formula, P; inherits the group and strong continuity properties of Uy,.
Moreover, it defines a map from .(R") to itself that satisfies, for any v € . (R"),

10, P1(t,0)v = Opj, (KQ + \/ﬁR;(i?’))U ,
and from Lemma 2.7 and Lemma 2.8, for any order function v,

121, 0ol < Cllvllme)

where C' is time and A independent. We consider now the following propagation
equation in v(®

(2.8) {i@v“’ (1) = Opiy (Kot )0 (1)

v (t=0)=f

Since it is defined by a time-dependent quadratic Hamiltonian, we may apply the
result of [7, Theorem 2.8], which asserts that the propagator is well-defined as long as
the classical flow z; exists. Hence for t € [0, 1], Equation (2.8) admits a propagator
(Py(t,5))s,se0,1) (where the subscript ¢ stands for ‘quadratic’), which is smooth in ¢
and unitary on I7(R"), satisfying
P,(t,r)P,(r,s) = P,(t, s).
In order to prove that P, acts on .(R"), we will use Gaussian coherent states. Let
G be the normalized Gaussian on R",
Co(X) = e
and define
Gg = Thzl(g)Gg.
Since P,(t,0)f € I?(R"), the resolution of identity property of Gaussian coherent
states gives

(2.9) P,(t,0)f = /R ([, By(t.0)°G:)Gxdz.
From [8, Chapter 3, Theorem 16], there is a differentiable map
te[0,1] — Ty eILF

where IT is the Siegel space of complex and symmetric matrices with positive-definite
imaginary part, such that,
Pq(t, O)Gg - tht.
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Here we have denoted, for I € I},

XX

GOF(X):aFe_i T

where ar is the I2-normalization constant and %, corresponds to the Hamiltonian
flow of the quadratic Hamiltonian starting from Z. Since f € .(R") we can, for any
t € [0, 1], integrate by parts and obtain, for any integer N > 0

Cn(f, T
<f7 G2z>L2 g Jz;{;]v)

This ensures, from usual theorems of derivation under the integral (2.9), that
0,1] 5t P,(t,0)f € L(R")

is continuous. We now prove that such a quadratic propagator satisfies the Schwartz
estimates as in Lemma 2.8. To do so, considering v an order function, v := log(v),
and ~{" := Op;_; (), we have for any Schwartz function f,

1P, (80) o) = €78 Polt ) Flhery < [[L, 15 GEO €7 Gl 2

A computation gives (see Proposition 2.12) that there is an integer [ depending only
on the order function v such that

||6710G2||L2(Rn) < C<2>la

where C' is a constant depending only on v; hence one can find an order function v
such that

1542, 0) fllonwy < CW)I[ )

So, Equation (2.8) admits a propagator family (Pq(t, s))t o that satisfies the same

Schwartz continuity property as P;. For t € [0, 1], let
v O(t) := P,(t,0)f € L (R")

be the solution to (2.8); notice that v(®)(¢) does not depend on & and satisfies, for
any t € [0,1], [|v© ) lzrny = Hv(o)(O)HLz(Rn). Using now Duhamel’s principle, we
get

t
un(t) — 0O (8) = KPPy (t,0) gn — ivR /0 Pi(t,5) OpY_, (R™) P, (s, 0) fds.

From Lemma 2.8, as the Schwartz seminorms of (g;)s>0 are bounded, the same holds
for (Pl(t, 0) gh) , for any t € [0,1]. Since Hy € S(1), it follows from Taylor’s

h>

formula that Rg}) e S((X)?), uniformly for ¢t € [0,1]. Therefore we may apply
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Lemma 2.4 and Proposition 2.5 to conclude, from the continuity of <P1 (t, s))
and (Pq(s,0)>

t,s€[0,1]
,, With respect to (t,s) in [0, 1], that the integral

5€[0,1]
/ot Py(t, s) Opj_y (Ry) Py(s,0) fds

is uniformly bounded in .%(R") for all ¢ € [0, 1] and & € (0, 1]. Finally, we have

vn(1) = v (1) + Kg,

where
~ ~ t
Gy = WP Py(t,0) gp — ih*F /O Py(t,s) Op_ (R P,(s,0) fds

and f := min(1/2, 3), which proves v;(1) € s/ (actually we obtain v,(t) € sl for
any t € [0,1]). Finally,

wﬁ = ei(sl/hTh(Zl)AhUﬁ(l)
where 01 := ;-1 and z; := 2z;—1, which establishes the announced result. O

Remark 2.10. The fact that the function f in (2.6) is normalized in 17 is not
relevant. Indeed, the proof still works for any shape function of the form f; = f+h’g;,
where f is an h-independent function of I2(R?), B > 0 and (gn)pso is a family of
functions in 7 (R?) with bounded seminorms, uniformly with respect to h € (0, 1].

We now develop some very useful tools on the study of the coherent state class we
introduced earlier on, that is the Wigner transform.

2.3. Wigner transform of coherent states and applications. The main idea
of the Wigner transform is to take advantage of the strong localization of coher-
ent states (sometimes called ‘peak states’) to get estimates on pseudodifferential
operators from the associated symbol. We refer to [12] for the definition below of
the Wigner transform. In [36, 8], authors use fast decay properties of the Wigner
transform of coherent states to get strong approximation results on the propagation
of coherent states depending on the regularity of the generator of the propagation.
Here, we will take advantage of the Schwartz property of our class of coherent states
to prove some estimates on pseudodifferential operators for symbols class S(m) for
arbitrary large order functions m.

We consider a family (¢,).cren of coherent states with the same shape: for any
2z € R?, p, = Ty(2)Aufy, where f; is a given shape in 5. Now, let a € S(m) a given
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symbol, with m(z) < (z)! for an integer I. We have
2n
27h)n

/ // (z— y)na (G, n)e — qp+ip(2§—x) fh(
R R2n

which leads to the following definition.

<Opq;zu<a)<;0Za 90z/>L2(Rn) = ( X

) dgdn e2rd P —iP'T f ( )dx ,

h

Definition 2.11. We define the Wigner function W, ., associated with the family
(©2).cren of coherent states with shape f;, € s as

n

2 LY=Lz 2—2
Wew(y,1) = 7o75€ i TR

24 p+p/ _ﬂ_ _ﬂ
f“(*T)f Y 2 e 3 Tu d

where w is the canonical symplectic form on R*"

w((a,b),(c,d))=b-c—a-d

and where Y := (y,n).

With this definition we have the following formula
w 1
(2.10) (OB} (@) 0 hzan = (s [, 0V Wer (V)Y

which highlights the Wigner function as a Kernel to compute the action of pseudo-
differential operators on coherent states. Setting

Uy = (9, u) € R*™ = () — w)bu(§ + u),

U, is a Schwartz function on R?" with all Schwartz seminorm uniformly bounded
with i € (0, hy) and we have the shorter expression

n

2 i 1 / 271 —M q+q
Weoa(y,m) = 204 [ e < 2)%(} - 7 )du.

The goal is to use the oscﬂlating integral structure to show some fast decay with
respect to Y — Z+Z and z — 2" and to prove the following key property for this article.

Proposition 2.12. Let a € S(m) for an order function m on R*" satisfying for
leN, C >0,

VY € R* |m(Y)| < C(Y)\
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Let (©,).cren being a family of coherent states with shape £, € s™. Then we have for
e >0, for N,M € N large enough,

10D} (@) @22y < A2"2C(80) 1|6l en,
Y — 42\ N o\ M
// // <2 > dY<Z Z> d’
R27 JJsupp(a) \/ﬁ \/E
with

(2.11) C.(fp) = max <||aaa(y)<y>—l||Loo(Rn)) 3 Hpi’j(fh)ai,j

n
aeN" |a|<K iel jeJ

where K is an integer depending on N and M and I, J finite sets depending only on
N, M, 1l and e, and with p;; being some Schwartz seminorm, ¢, ; > 0 depending on
€.

Remark 2.13. The parameter € is necessary to handle the growth of the symbol
a at infinity, which is compensated by 5. Of course, if a € S(1) we don’t need
this analysis, and the result holds for ¢ = 0, directly from the Calderon-Vaillancourt
theorem.

Proof. Applying Plancherel’s theorem along with (2.10), we first get

1003 (@)= 22y ol 2y = 7573 %h L L, e (v)ay “az.

We now use the fact that the Wigner function is an oscillating integral. Noting that

<Z - Z/ -2 N 1 (Y 2! /) 2 (Y z /)
X (1 _ hAy) cer@Y—52=2) _ oY —F,2—2
Vh >

and, for any integer M,

—2M

<n_P';P/ ( ) ( P+P) M (
—_— (1 — hA)MeTwM=255) — oM Fu
) e

we get

" 1 22n
|Opy (G)SOzH?}(Rn)||thiQ(Rn) < W ’ ﬁx

//RU/R 7 <Y >2M kZOQQMO (Y) 0 a(Y)]x

_m
> (1—hA,) M\ph](“y )

\/ﬁ’\/ﬁ

2
dudY} dz
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with

/ -1
U y_q+q N u 7 2 U y_q+q
o () - x afg)
VR Vi osstigpien  \Vh VRV
constants Cj, not depending on %, for k € N**. As a € S(m), with VY € R*"

Im(Y)| < (Y)!, we have
sup [[2°Y G0y a(Y)(Y) " luwqay) < C(L, M)

0<|k|<N
with C(l, M) independent of h. Moreover,
vy _ cy

et \ 2N Y_%Z/ M= N2N—l [ y—=Z M-
SR ()
Finally, setting
CZ’M(Y) = C(k,l,M)X

S L)

from Holder inequality in Y variable, we get

2M

du,

B Mgk [ U Y~ +q/
(1 hAu) \Ijh (\/ﬁ \/7_1 )

22n

2rhyhn

Bl (G 05E) )
V/Supp(a) Crar (V) dY] dz’

10D3 (@)@ 12 oy 1l ey < C*(2)*

We now estimate

L, G (v)Fay
For more simplicity, we set
L qtd R A N
2 2 2

Noting that
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and that
2N ~ 2M ~
Y M, [K] < u oy > .
- 1—hrA MO | — =) =
|]§::0<\/ﬁ> ( ) h \/ﬁ \/ﬁ

oo (&) o) e (7)o (5)

Z]EI

where the [ is a finite set and C% only depends on the integers k, N, M and [, but
not on the shape fj, we get for § > 0 small enough

w0 204G} (10 (G5)s ()
*a%ﬁ<'

sl e

with again J a finite set and C*/ > 0, these two only depending on the integers
k, N, M and [, but not on the shape fj;, and where x is the convolution product. So,
integrating, we have

1-6

* ] (29)

N —2M
2 i j /
Aquwmygzclﬂ<ﬁ> dn x

ijed

o (w () o (4 ()

2
‘8”#%1_5) ( . 8'Bi’jf,§1_5) ( )

2

) )

due to usual estimates on the convolution product. Noting that

2
i f(1=9) ()
i (G

and that

| aﬁi,jfg*@ (

)

for some fixed integer K and for px a seminorm depending on K, we use the following
lemma to estimate the terms |0 [|;2(gny and [|0°f, |12 (gny. This lemma is known as
the Kolmogorov inequalities.

I2(R") L1 (R")

—-n o, (1-26) ) 9a; 5
< o ]thg Ha 17 ey
1#(R"™)

n/QHa,B,L]f H (1-29) K(aﬁi’jfh)za/(l+26)/ <.I'>Kdl'

? Rn n

Ll(R")
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Lemma 2.14. Let f € #(R"). Then for any L € N, for any ¢ € N, ¢ < L, for any
integer © such that 1 <1 < n, we have

1-£

105 Fllzemy < M lliz oy 107 F I o gy
Then, for any f € S (R"™), for ¢ = (¢1,...,¢,) € N* for L € N, L > max ¢, and
L:=(L,...,L), we have
10 ey < 1 FNE OB T o L)%
So,

(212) /R2n ‘CZ,M(Y>‘2 dY < hign/2CL,K,N7M7l(fh>X

(=) (-)
41=26) I, | 1—-—42 -4
> lall

ijed

for, given i,j € J, a;,; = (a O a ) Bij = (ﬁl) ...,ﬁ(@)), and for L € N,

o7 Jo 27 %)
L > maXi,j,k(O%(,kj)y Z(l;)) Let now € > 0 : for L great enough and ¢ small enough,

from (2.12) we get

[ G aY < R0

12 (Rn)

with C.(f;) satisfying (2.11). We then get the expected result

10p5 (@)@ IF2 gy < B72C(8) | fa]*7 %

Skl (55) o (55) 0

O

We state two applications of this result. The first one is a straightforward appli-
cation of the above Proposition 2.12.

Proposition 2.15. Let (©.).cren a family of coherent states with shape f; € s and
let m be any order function on R?*. Then, given any € > 0 we have the continuity
property

(213)  Vae S(m), Yz € R™, ||Op;(@)¢: |t gny <1 *2C(a)Ce(fn) Il fony

with C(a) < C'maxocja<x ||m 0% 12y where C > 0 only depending on m and
with C.(fy) as in (2.11).
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This property gives a useful boundedness property for pseudodifferential operators
acting on €. We will mainly use this property in the last part of the paper, where
the shape will depend on a parameter j € N. The second property is about the
localization of elements of €™, We first define what mean by localization (one could
also say microlocalization) of a function depending on .

Definition 2.16. Let hy > 0 and let (¢n)neon] be a family of Schwartz functions
on R™ such that

HSOFLHLz(Rn) = Oy(1).
We define its semi-classical wavefront set WF (pr) as follows. Let Zy € T*R™, then
Zo & WF(en) if and only if there exists a € S(1) such that a(Z) > v > 0 for a fized
v € R and for Z in a small neighborhood of Zy with

10D (@)enllizgny = O(A).
Then a function ¢, € . (R™) is said localized at Xy € T*R™ if WF (o) C {Xo}-

Proposition 2.17. Let v, be a coherent state centered at z € T*R™. Let a € S(m),

for some order function m, and assume that one can find & > 0 such that a vanishes
on B(z,0), then

10p; (@)@: [y = C(@)Ce () P2 oy O (R)

with C(a) and C.(f,) as in Proposition 2.15 and with constants in O(h™) only de-
pending on §.

Proof. Let 6 > 0 and a € S(m) such that supp(a) C T*R" = R*" \ B(z,d). Then, if
€ > 0, because of Proposition 2.12, we have

||Op;f(a)90z”i2(w) (fﬁ)HfﬁHL?(Rn

Ll (S )

We denote C. := C(a)C.(f;)||fs]|>~°. Then, setting Y :=Y — z and ¢ := 2/ — 2, we
get

0B (@) e cs( T s () e (S0

(1)

* //Rzn\Bm,a) //R?”\B(Om <\77_i>_]in <\§ﬁ>_ﬂfj§>

(2)
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and one can check that (1) = O(hM) and (2) = O(RY), so that for any integer M, N,
we have

|Opy, (a )90zHL2 Rn) < Ce O(hN + hM)

From this we get the following strong localization property.

Proposition 2.18. Let z € T*R" and ¢, = Tp(2)Anfy € ¢, Then o, is localized
at z, t.e.

WF(p.) ={z}.
Moreover if a € S(m), where m is a given order function, a vanishing near z, then
for any order function p and any € > 0 we have

10p; (@)@: 114 = C (@, 1) Ce () [l ) O(B)
with C(a, ), C-(fy) as in Proposition 2.17.

Proof. From Proposition 2.17, we get that
WF(g:) C {z}.

Now, using stationary phase methods (see e.g. [46, Chapter 3]), for a € S(1) with
compact support we get

||Op%}(a’)¢z|liz(]1{") = |a(q7p)|2||fh||i2(w) +0(h),
which gives
WF(e:) ={z}.

We now consider a € S(m) and v := log(u), for some order functions m, . We have
10Dy (@)@, ) = Hevap%}(a)WZHL?(Rn)-

Since L := ¢7" Op}/ (a) is a pseudodifferential operator with its symbol in S(mu), we
may apply Proposition 2.17 to obtain the announced result. O

In order to apply the above properties to the magnetic propagation of coherent
states, we now introduce the magnetic normal form background.

3. GEOMETRY AND PROPAGATION UNDER MAGNETIC FIELD

In this section, for the reader’s convenience, we recall some recent results on the
geometry and analysis of magnetic fields that will be crucial for our analsis.

The first part of this section is about the geometry underlying the magnetic field,
more precisely about the classical and quantum normal forms of £ 4. Classsical and
quantum normal forms for the magnetic Hamiltonian were introduced by Raymond
and the second author, see [33]. We first briefly present the symplectic normal form
adapted to the Hamiltonian H, and the corresponding quantum normal form. The
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second part of this section recalls the long time quantum propagation estimates
from [4].

3.1. Symplectic normal form. The following symplectic normal form result is
about the existence of a symplectomorphism that locally around ¥ N 2 transform
the magnetic Hamiltonian H into an almost integrable system.

Theorem 3.1 ([33]). Let
H(q,p) = p— AW, (¢,p) € T'R* =R* x R?,

where the magnetic potential A : R* — R? is smooth. Let B := 0, Ay — 0,,A1 be the
corresponding magnetic field. Let Q C R* be a bounded open set such that B does
not vanish on

= {q € R*|(¢q, A(q)) € Q}.

Then there exists a symplectic diffeomorphism k, defined in an open set Qc C., xRR?

~ z2’
with values in T*R?, wich identifies the plane {2, = 0}NQ with the surface { H(q, p) =
0lq € Qo}, and such that

Ho k= |21 (2, |21]*) + O(|21]),
where f : R?2 x R — R is smooth. Moreover, the map
Q3 q k" oj(q) € {0} xRN
is a local diffeomorphism and

fo(e(q),0) =[B(q)l.

From this theorem, we get a better understanding of the dynamics near the char-
acteristic surface 3. Indeed, up to an O(|z1]*°) term, that is for trajectories very
close to X, the trajectories in the (21, 22) coordinates are given by the Hamiltonian
|21|2f (22, |21]?) that gives the center-guide dynamics, whose center zo(t) follows the
Hamiltonian flow led by f(-, |21]?). Moreover, as f(zs,|2z1|?) = B(z2) + O(|z1|?), still
near the surface 3, the dynamics of the center z5(t) is given by the magnetic field
pulled back on 2, B:= Bo ¢ L.

Remark 3.2. The formal form |z1|*f(22, |21]%), together with the ‘adiabatic invari-
ant’ \21]2, is a completely integrable Hamiltonian system in the sense of Liouville.
Since the flow of |21|* is periodic, this system is actually semi-toric [42, 32], at least
in a loose sense (the Morse type conditions imposed in [42] will depend on B itself).
It would be interesting to systematically develop a KAM-like perturbation theory for
semi-toric systems, with a view to applying this to the Schrédinger evolution problem.
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3.2. Quantum normal form. The following theorem is the quantum version of
Theorem 3.1. It introduces the normal form of Ly 4.

Theorem 3.3 ([33]). For h small enough, there is a unitary Fourier integral operator
Uy, such that

Up Ly AU, = N + Ry,
where

(1) N is a pseudodifferential operator that commutes with
T, = W0 1 2

(2) For any hermite function h;, such that Iph; = h(2j + 1)h;, the operator N0
acting on I7(R,,) by

(3.1) hy @ N9 (u) = N(h; ® u)

is a classical pseudodifferential operator in S(1) of order 1 in h with its prin-
cipal symbol

nY (22, 6) = h(2j +1)Bo ¢~ (2, &)
with ¢ the diffeomorphism in Theorem 3.1;
(3) Given any pseudodifferential operator Dy whose principal symbol dy such that

do(21, 22) = c(22)|21|2+O(|21]?), and any N > 1, there exist pseudodifferential
operators Sy n and Zy such that

Ry = Sh,N(Dh)N + Zn,

with Zn a pseudodifferential operator whose symbol is supported away from a
fized neighborhood of |z1| = 0.

(4) N = HY+H}, where H) = Opy (H®), H® = Bo¢g'(25)|21|?, and the operator
H} is relatively bounded with respect to HY), with an arbitrarily small relative
bound.

In [33], the authors used this normal form to produce magnetic quasimodes to
all orders in various situations, the generic one being obtained by finding excited
states of the reduced operator N'U). Then, the true eigenfunctions have the form
of “Gaussian beams”, and can be seen as a degenerate (or subprincipal) case of the
Gaussian beams studied in [45].

Actually, the above theorem is a slightly different formulation of the one stated in
[33]. Indeed, in that paper, the Fourier integral operator Uy, is unitary only microlo-
cally in a fixed neighborhood of . It will be useful for us to have a genuinely unitary
operator, which microlocally satisfies the same assumptions. Since the canonical
transformation associated to Uy is obtained by the flow of a compactly supported,
time-dependent Hamiltonian, one can in fact obtain Uy as the quantum flow of a
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time-dependent, uniformly bounded self-adjoint propagator, as in Lemma 2.8; see
[46, Chapter 11].

3.3. Quantum propagation under magnetic field. As is well known, for a gen-
eral Schrodinger operator, and for times bigger than the Erhenfest time =< [In#|,
propagated coherent states may not remain coherent. Thus, in order to obtain a
rough control on the localization of the propagated state, it is natural to estimate
the growth of its Schwartz seminorms. In the case of a purely magnetic propagation,
this is given by the following theorem, proved in [4]. For the purpose of this article,
we only state it in the 2-dimensional case.

Theorem 3.4 ([4]). Let P* be the propagator of Ly a, given by Stone’s theorem,
P:teRws P = ¢ ibna,
Under property (P), and assuming B > by > 0,we have
vt e R, PLYRY c S (RY).

More precisely, for all M € N*, for any Schwartz seminorm p, there exist hg > 0,
C >0, N € N* and a seminorm p, such that, for all h € (0,hy), and for all
Yy € L (R, and all t € [0, i~ M],

p(P'o) < CRNp(ay) .

In general, the difficulty for obtaining propagation estimates is to control the
bracket term similar to the one appearing in (2.5). A general framework where the
bracket can estimated by symbolic calculus (which unfortunately does not apply to
our situation) was recently set up in [27]. The proof of Theorem 3.4 involves iterated
brackets, based on the special form of the magnetic Laplacian as a sum of squares,
in the spirit of Hérmander’s approach to hypoellipticity [21].

4. PROPAGATION OF €-CLASS STATES

Our goal is to propagate a state ¢ € € through the magnetic Schrodinger equa-
tion,

(4.1) {ihé‘m}% = Lpap}

e’ =¥h,
where the initial state ¢? is such that
WF(p)) € {X°} for X° € ¥ NQ.

We consider the Fourier integral operator Uy from Theorem 3.3. Since Uy is the
time-1 flow of a time-dependent quantum Hamiltonian, the same holds for the adjoint
(or inverse) Uy, and we may apply Proposition 2.9, which shows that ¢ := Uj¢ is
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still a coherent state of the class €. Moreover, because the canonical transformation
associated with U} is the symplectomorphism =1, we obtain that ¢ is centered at
a point zg := Kk 1(Xy) € k1(X) = {21 = 0}. Our strategy is to first propagate 1}
through the quantum normal form N and then to relate it to the propagation of ¢
through the initial Schrédinger equation (4.1).

4.1. Propagation through the normal form. The normal form N of Theorem 3.3
defines an essentially self-adjoint operator on .#(R?). Indeed, as

N =H) +H;

with H} relatively bounded with respect to HY, it suffices to prove that H) is es-
sentially self-adjoint. This follows from the fact that HY is a tensor product of two
essentially self-adjoint operators on .%’(R). Thus, we can study the following Cauchy
problem:

(4'2) {ihatw% = Nq/ffti

Po=h-

From Stone’s theorem, we have a unique family of propagators (Q");cr, unitary on
I7(R?) and satisfying

Vi € L (R?)  ihd,Q"p = NQ"p.

Then, we denote 1! := Q)Y the solution to (4.2). As explained above, 1) € € is
localized on

FTHXT) = (0, 22).
Considering the harmonic oscillator in the variable z7,
I, = —h*0;, + =,
and the associated Hermite functions (h;);eny C 7 (R,,), we get the following Lemma.

Lemma 4.1. There is a family of states (fjo)jeN C L (Ry,) and a sequence () jen C
*(R,) such that

Uh=2_hj®f}
=0
with for any integer j, if a; # 0 then ozj_lf]Q c ¢l and WF?2(f7) = {23}, In the
case of a; = 0, we have f; = Op2(hP) and WF=(f)) C {23}

Proof. From Definition 2.2, one can find a function f in & (R?), with || f|l;2ge) = 1,
and a family (g)ne(o,n,) C - (R?), with seminorms in .%(R?) bounded uniformily in
h, such that

Wy = Th(0, 2)Au(f + WP gp).
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Then we let
z z h_
(4.3) = W hy)as, = TE2 GOAT((f + Bogn), b asy € S (Ryy).
Since (h;)jey is a Hilbert basis of I7(R,, ), after defining
Vi €N, a; = (£, 2 e leg.,)

we get Y af = ||f||L2 g2y = 1 and, for j € N, o # 0, ozj_lfjo € ¢l centered at
9. In the case of a; = 0, we get f? = O (h”) and applying Proposition 2.17 we
have WF*2(f) C {29}, with equality if g; is not O»(h>) (in that case, we have
WF™(f2) = D) 0

Lemma 4.1 expresses ¢} as a sum of functions, each one corresponding to a ‘Lan-
dau level” of the harmonic oscillator: fjQ corresponds to the occupation of the ;%
energy level. The following lemma gives the energy distribution of these levels, in
the semiclassical limit A — 0.

Lemma 4.2. Taking the h-independent sequence (o) en C €2(Ry) introduced above,
there is an h-dependent sequence (e(h)); C R such that for any j € N

IF717 = of + 1Pe;(h)
with 3 ;o0 0F = 1 and where 35 |€;(h)] is bounded independently of h.

Proof. From the proof of Lemma 4.1 we have >, oz? = 1 and we can compute,
using (4.3):

hl
102 e,y = ICE B w3+

& (2Re (R amrs (on i, ) + e B e, )
= Oé? + hﬁgj(h),

where
1 h 1 h=1 h=1
&3] < U AT ™ an e, + 1gm 55 ac Ie,) + A1 gm 15" a1,
and .
> lei(h)] < ||thi2(R2)(§ +1)+1,
7>0
wihch is uniformly bounded for & € (0, Ag). O

Remark 4.3. The result of Lemma 4.2 can be extended to the functions x5, for
any v, 0 in N2, Indeed, we have

DTy (2) Ay = BT (2) Awlg + vz [ip + VRO,]’
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where we denote z = (21,23) € Cx R?, 2y = q +1ip1, 22 = (g2, p2) and finally
q = (Qh QQ)f b= (p17p2>‘ Then, fOT’ ¢2 = Th(Z)Ah : (f + hﬁgh); with f and the famlly

(gn)n as in Definition 2.2, we get
D05 = BT A + W),
with B = min(1/2, B), where the function f7° € #(R?) is independent of ki, and the

famaly (gg"s)h belongs to the Schwartz class with bounded seminorms, uniformly in h,
satisfying the definition of €. Then, letting

R =Y by @ 70
JjeN

with f]’é = WOz 0%92, hj)as,, mimicking the above proof, we get

76 ,6 5 ,6
1f7 ||i2(dx2) = |a] |2+hB537 (R)

where (a}’6)j and (5;7’5) are sequences as in Lemma 4.2 except that Y= |oz]7’5|2

necessarily equal to 1.

18 not

Applying Lemma 4.1, we now study the propagation of

= h;® f].

J=0

From (3.1), the solution to (4.2) can be written as
vh=2_h;® fj
=0

where for all j € N, f]t satisfies the evolution equation

" [ = ()
=0 = f0

where %N () is a semi classical pseudodifferential operator whose principal symbol
is (2j + 1)Bo ¢ !. In order to apply usual propagation results to (4.4) we rescale
time as follows. Given j € N, we set 7; := t x h(2j + 1) so that 7; represents the
reduced time corresponding to the slow drift of the j*" landau level. So for a global
time propagation ¢t € [0,Th™'], we have a reduced time 7; € [0, (25 + 1)T]. We let
now ijj = f; and get the following equivalent propagation equation

{Z' ho,, f7 = FO) 7

T;=0
fj] = ]Qa
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where
. 1 )
FU) .— : NG)
h(2j+1)

is a pseudodifferential operator acting on LZ(RIQ) whose principal symbol is Bo ¢!,
At this point, we may highlight that even if the total symbol of F) depends on j, its
principal symbol does not. Since N'V) is the restriction of an essentially selfadjoint
operator to a stable subspace, it is essentially selfadjoint on I?(R,,). Therefore, from
Stone’s theorem we get a family of propagators (Q;j )r;er for this equation; coming
back to the initial propagation time ¢, we obtain, for ¢t € [0,T'/A],

T 2j+1)ht
fi =5 =
Furthermore, from Lemma 4.1 and Proposition 2.9, we know that ozj_l ijj is a coherent

state in €l when 7; is fixed, and the evolution of its wavefront set is governed by
the Hamiltonian flow of

K:=Bo¢ !,
which is the pull back of the magnetic field B from g C Rg on the zero energy
surface {21 = 0} by ¢ = ko (jjx) . More precisely, let ®% denote the Hamiltonian
flow of K, and let T > 0 be such that @gﬂl)t(zg) stays in the open set Q for £ € [0, T7.
Then, since
WFo(f;7°) € {25},
we get
WF.,(f]7) C{PF(25)}

for 7; € [0, (25 + 1)T]. In other words, for any ¢ € [0, T, the wavefront set of ff/ﬁ is
given by

(45) WEL (") {2V (),
while the solution to (4.2) is given by
Ve [0, T/H, wr=3 h®f.

jEN

We can then at this stage of the proof give an informal explanation about the
quantum phenomenon occurring here. Actually, our coherent state splits into a
weighted sum of coherent states, each one with a wavefront set with its own dynamics.
For times ¢ of order A~', the localization of ! is no more a point in phase space
but a sequence of points lying on the integral curve of the Hamiltonian provided
by the magnetic field in restriction to the characteristic set, or the zero set. The
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point labelled by ‘j’ corresponds to the occupation of the ;'™ Landau levels of Z;.
Furthermore, since the Schrédinger evolution preserves the I2-norm, that is

(4~6) Hf;Hﬁ(RxZ) = ||f](')||L2(Rx2)a

the occupied energy level of the harmonic oscillator remains occupied with the same
amount of energy, that is aJQ-. In other words, we do not have any shift of energy to
higher or lower levels during the evolution.

4.2. Back to the initial magnetic laplacian. After the study of the propagation
in the normal form setting, we need to return to the initial laplacian £ 4. The first
step is the following lemma. Recall that from Lemma 4.1 that we write

(4.7) by => h;®f;.
j=0

Lemma 4.4. Let a € (0,1) and for K > 0 consider an h dependent integer J, such
that J, > Kh™“.

Then, for
(4.8) Uhi= Y h®f),
J<JIn
we have

Up —Uh = 00 (h™).

Proof. Let us first recall a useful fact about Hermite coefficients of Schwartz func-
tions. Consider some function ¢ in .#(R). We have

V=2 ¢h
jEN
with ¢; := (¥, hy)12(r)- Since ¢ € L (R), forany N € N, for any h > 0, Z}Y+) € /(R).
Furthermore, we have
IV =" BN (25 + 1)Nejh;

jeN
Hence, taking the I7-norm of Z}V¢), and h = 1, we get
(1.9 2+ 1 < oo

jeN
and so for any non negative integer N the sequence (j*V|c¢;|?)jen is bounded. Consider
now the above function ¢ € € C .(R?). We have

U = Th(0, 22) A - (f + 1Wgp)
with f and (gs)s as in Definition 2.2. In (4.7) we have f) = (V) hj)12(4,,) and
HijHig(dm) = a?+h’e(h) according to Lemma 4.2. Then, from (4.9), and by definition
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of the sequence (a;);, for any non negative integer N, (a3j*"); is bounded (and
independent of h). Moreover, from the h-boundedness of (g;)n in 7 (R?), we get
that for any N, ||Z,Y gnlli2gey is bounded uniformly with & € (0, ho). From this, we
have that for any non negative integer N, (j*Ne;(h)); is bounded uniformly with
h € (0,hy). We now turn to (4.8); let

V= —dp =Y h@f

J>Jn

and we wish to prove that, for any ~, § € N?

127950]| o« = O ().
To do so, we note that

19,0 = Y a{ O hy @ 2052 .
J>Jn

First, if we set

f720 = B (@ 0% 1),

then because of the definition of the sequence (f;); and applying Remark 4.3, we get

Y202
J

sequences (5]7262 (h)); uniformly bounded with respect to i € (0, g) such that

that there is a sequence of real numbers («)***); independent of /& and a family of

5 5\ 2 G 26
17271 ey = (0722) " + B2 (),

We now study the z]'9%' h; term. One can note that from the 1-D recursion relations

J [7+1
h;' - \/;Lj—l - Thjﬂ

and
' [j+1
:Eh; = \/Zhj_l + jThj—i-l
we get
J+(mn+é1) A
b= Y Gk
k=j—(71+61)

where (C’,Zl‘slj )k.; is a sequence of real numbers such that for any integers v;, 01, there
exists C,, 5, > 0 such that for any k, j in N,

L1t61

5
G < CroJ
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We finally get

Jtm+d1 5o s
lﬁfaga _ h—éz Z Z C}Zl Uhk ® fj’m 2

J>Jn \k=j—(71+61)

that we rewrite as

k+v1+01 )
D=k Y me| Y o).
)

E>Jp—(71+01 Jj=k—(v1+01)
Denoting
s k+vy1+61 s 5
v . __ 71017 £y202
D Y S
j=k—(v1+01)

33

which is a Schwartz function as a finite sum of Schwartz functions on R, we get that

_ Yo
[Eo] R D DI /14 Y

k>J710

with JJ* := J, — (7 + 61). Note that there is a constant K > 0 such that J**' >
Kh~®. The sequence ((Zk—i—1)N||flz5||L2(dm2))k, is bounded uniformly with & € (0, h).

Indeed, from above computations,

J

Ny fro SRS N (2k+1 " 8212 | pB| 726
@k + DV F 2ty < Cose Do 42 F () [(a]22)” + hgle) (h)]

j=k—(71+61) J

kE4(y1+61) s

v+ ) 3
< CN7161 Z ]712 1+N(a;7252)2 + 57 +Nhg‘€'\/262(h)‘]

J
j=k—(m1+d1)

C1t9q
< (200 +6) + 1) Cans, <Hy2 N (2|

3, .J1F%1 5
e +Ne;”<h>||oo)
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and from what precedes, for any non negative integer N, the sequences ( (04]7252)2 g2 ) ‘
J

and (5}252(@ 52N ) are bounded uniformly in & € (0, hp). Finally, from the bounded-
ness of ((Qk: + 1)N|]f,25||L2), we get

_ £y
||x7820||iz(R2) =h 202 Z ”fl;y H%?(dxz)

k>J710

D DR ([ el e
k>J)101

<075N7:L2(Na_62) Z (kha)—2N

k>0

for any non negative integer N. Then, by sum-integral comparison methods, we have
5 N-1)a—25
||$V3ma”12}(11e2) = @(h(2 Da—2 2),

from what we obtain that 279%0 = O2(h*°) for any multi-indices ~, ¢ in N2. So,

giving any order function m, we get ||9||u,m) = O(h>), which is the expected result.
[

Remark 4.5. It appears in the above proof that for any Schwartz seminorm p and
for any 6 > 0, we have

Y p(f)) < oo

jEN
We will use this property later on.

Thus, this lemma teaches us that only the first Landau levels of our initial state
¥ matter in the propagation, but we need to consider a large number of levels in
order to get a nice estimation of the remainder. We now relate the propagation of

the state
1/’2 = Z ¢?,h

J<Jn

through A to the propagation of () through the initial laplacian.

Propagation under general magnetic fields. In what follows, we assume that
the magnetic field B does not vanish on €y, but we don’t require Property (P). Recall
also from the introduction that B belongs to a symbol class S(m). Theorem 3.3 gives
the relation between £ 4 and N,

Lia = UNU; + UpRyUy.
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For j € N and t € R, we let ¢}, := h; ® fj. From (4.4) we get the following
propagation equation:

ih@tthﬁh =Ly AUh¢§h - Uthwé'h-

Considering a € (0,1) and J; € N as in Lemma 4.4 and summing for j < J;, we get
the following propagation equation for 1/’5 =<, i ® f;.

WO Ut = Ly aUntt + ¢}
(4.10) v _t ﬁwfzo nAUry + ¢
with ¢} = U,Ryibf. We compare the solution to (4.10) to the solution ¢} to (4.1).

For any i > 0 and for any t € R, setting D} = ¢, — Uptbh, the Duhamel principle
gives

) t
(4.11) D} = P'D} - / Poesds
0

where P! is the propagator associated with (4.1), given by Stone’s theorem. We
aim at proving that for a given time 7" and a given integer N, uniformly for times
t€[0,7/h,

Nyt
204"

= O(F™).

L2(R?)

Since P! is unitary and commutes with £ 4, we have

—l—z sup HﬁhA e

HE;LI,,AND}LL I12(R2) hQ cl0.1/1]

N
R2) < Hﬁh Dj

I2( I2(R2)

Since Ly, 4" is a pseudo-differential operator with symbol in S(m™) and Uy, is unitary,
we have due to Lemma 4.4

204D}

Z w]ﬁ

J>Jn

= O(F).

Hp(m—N)

I7(R2) S

Noting that [|£na™ e} llizg2) < [R5 |, (m-n), it remains to prove

4.12 su R = O(h™).

(4.12) S | R,y o) = O)

Actually, we prove that for any order function pu,

(4.13) sup Hhaph = O(R™),
s€[0,7/1] (k)

which implies (4.12). To do so, we begin with giving an explicit expression of Rj.
Using Dy = Hg in Item 3 of Theorem 3.3, we get that for any N € N, there are
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pseudodifferential operators Sy n, Zy such that R, = Sh,NHéV + Zn. Then, for any
order function u, as j < Kh™®

(4.14) B > ¥l < OnhON 3 | Sy nOpy (Bo o) (h; @ 1))

J<Jn J<Jn

Hp(p)
+ 3 |12l gy

J<Jn

From Proposition 2.15, we get that for ¢ € [0,T/A], for a given ¢ € (0, 1),

(4.15) || SinOpy (Boo™) (hy® ||, < B C(u NCWEI .,

Hy(p)
because of (4.6), with C(¢},) as in (2.13). To estimate this constant, we note that

¢§,h = idpg, ) ® Qj' [hy® f](')]

where £ = th € [0, 7] so from Lemma 2.8 and because of n\9) € S(1), we have for any
order function p

sup |95l < sup [lidize, ) © Q5 - [hy @ gy < CUIF e, -
t€[0,T/h) t€[0,T

Then using the link between the Schwartz seminorms and the weighted Sobolev
norms in Lemma 2.4, we get

(4.16) sup  C(¢f,) < C(f))

te[0,T/h)

and because of the definition of fjo, <||f;)||Hh(V)> o is a bounded sequence for any
j

order function v, and so is (é(fjo)) - Then (4.15) becomes
J

(4.17)  sup (HSE,NOp%} (B © (b_l) (h; ® f]t)HH (

< h32M O(p, 0
S ) 0

We now estimate the Schwartz seminorms of Zyv:. Using Proposition 2.18, as
Zn is a pseudodifferential operator with symbol ¢y supported away from a fixed
neignborhood of {2z = 0}, where the states ¢ , are centered at any time t € [0,7'/A],
and because of (4.16), we get for any order function p and for any € > 0,

(4.18) sup (12504 ly0) < Clln )C- (D155, O().

t€[0,T/h]
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Finally, using (4.17) and (4.18) with (4.14) we get, for any ¢ € [0,7/A],
||Rﬁ Z w] ﬁ||Hh(M) < MCNC(NW N)h(l ON=3/2 Z ||f0||L2 (R2)

J<Jn J<Jn

+ Clly, )O(h®) 3 C(N 16

J<Jh
Now, from Remark 4.5, we get that
> L+ CINNF g
J<Jn

is a convergent series whose sum is bounded uniformly with A, so that

(4.19) sup ||Ry > 5w, = O(h%)

t€[0,7'/1] 3<Jn

for any order function u. This proves (4.13), and then we get
(4.20) sup || £4.a™ (o} — Unid}) = O(h™).

te[0,T/h]

I?(R2)

Propagation under magnetic fields satisfying the property (P). We now es-
tablish the propagation result for magnetic fields satisfying (P). We assume hence-
forth that (P) holds for B. We assume also there exists by > 0 such that Vg € R?,
B(q) = by. Considering again D} = ¢, — Uptbt, from (4.11) we have
it
D! = P'DY — % /O Ptsetds
and we now aim at proving that for a given T' > 0, uniformly for times ¢ € [0,T/h],
Dl = O, (h™).
We will reach this goal in two steps. We first prove that P'D) = O (h>). We have

UhDh Z 1/’;);5

J>Jn

then from Lemma 4.4, we get that
(4.21) UrD) = Oy (R™).
Applying Lemma 2.8 to Uy, which is a time-1 quantum flow, we get
Dy =U, (Ung) =0z (h).
Finally, applying Theorem 3.4 to P*, ¢ € [0, T/h], we have the long-time estimate
sup (p(Pth)) = O(h™).

te[0,T°/h]
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It remains now to be shown that

t
(4.22) /O Pseids = O (1K),

We first prove that uniformly for times s € [0,7/h], ¢ = O»(h™). Recall that
¢, = UnRi X<y, 5y and the estimate (4.19), holding for any order function .
Using Lemma 2.4 and Lemma 2.8, we get for any Schwartz seminorm p,

sup p (UhRﬁ > wﬁﬁ) = O(h™)
te[0,T/h)

J<Jn

and so

sup p(e;) = O(h™).
s€[0,T/H]

Now, applying Theorem 3.4 again, the same estimate holds for p(P'*¢;), and by the
semi-norm property we may integrate and obtain (4.22). This gives

sup p (Dfi) = O(h>).
te[T/h)

In other words, letting ¢}, = Upt!,, we have proved

te[0,7/h] 3<JIn

(4.23) sup p (@% - @;,h) = O(h™),
where (¢})ier is the solution to (4.1),

4.3. End of the proof of Theorems 1.1 and 1.2. We consider for any j the
subspaces

Hin="Up- (Span(hj) ® LZ(RM))
and the operator
TIn = UiUy

which is pseudodifferential by the Egorov theorem. Since (h;);en is a Hilbert basis,
the spaces H; are in direct sum, and

Vi eN, VfeHn Tnf=(2j+1)hf.
For all t € R, ¢, := Upt%;, and 9%, is the projection of ¢} on the space span(h;) ®
I*(R,,). Therefore, p; is the projection of ¢, on H,, so ¢, € H;p, and

t t
Yy = Z Pjn
jeN
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This with (4.20) proves (1.4) and (1.5). Now, for each j, using (4.5) and Proposi-
tion 2.9 applied to the Fourier integral operator Uy, we see that the wavefront set of
¢t is located at the point

w(0, @57 '29) = B3V Xg

which proves (1.7). Finally, (1.6) is proved by Lemma 4.1. This ends the proof of
Theorem 1.1. In order to prove Theorem 1.2, we still need to estimate the remainder
rp in Schwartz seminorms. These estimates are given by (4.23), which gives (1.9).

5. CONCLUSION

In this paper, we have shown that localized quantum particles can be split into dis-
tinct pieces by long time magnetic propagation, a property that, in similar contexts,
was sometimes called quantum ubiquity. On a mathematical level, this splitting al-
ways holds modulo a small O(h*) term in L? norm (Theorem 1.1). In order to get
the stronger Schwartz estimates (1.9), in our study it was necessary for the magnetic
field to satisfy property (P) and the ellipticity condition (1.8). These properties
allow the use of Theorem 3.4 which is crucial in handling the remainder terms. It
would be interesting to investigate whether, under magnetic confinement leading to
discrete spectrum, as in [33], we could get rid of property (P). In this case, thanks
to the control on the Hamiltonian dynamics (see [33, Section 3]), one expects to get
good estimates for quantum propagators up to times of order A~ for any M > 0.
In this regime, the split wave-packets should self-interfere, giving rise to magnetic
revivals (see [38, 23]). We hope to return to this question in the future.

Acknowledgement : The authors are grateful to Nicolas Raymond for his impor-
tant contribution to the article by bringing to their attention the property (P),
leading to the proof of Theorem 3.4.
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