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The equations are the following.

(u,- o V)u,- —viAu; +Vp; =f; in Q;,
V Ui = 0, in Qi7
ou; p
Vi 80"”' = —Cp(ujp —ujp)uip —ujnl, on My, (1)
Ui p
Vi 8r:,- = —c,-(u,~7h —V,‘) on [,
ui-n; =0 on [ UT,

where x, = (x,y) € Ty,

_ [0, L] [0, Lo]

R

is a two dimensional torus, which means that for the sake of the
simplicity, we consider horizontal periodic boundary conditions :

T,

V(n k,q) € NXxZxZ, D"(x+kL1,y+qlz,z) = D"u(x,y,2),

in the sense of the distributions.
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Plan of the following

Define the functional spaces,
Set the variational formulation,

Show a priori estimates,

Define an approximated problem in order to regularize the
system, that we linearize,

Get an existence result by fixed point,

@ Set numerical algorithms,

@ Perform numerical simulations : in particular we will study the
impact of the roughness coefficient Cp on the convergence of
the algorithms.
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Functional spaces

Recall the the interface [',; is given by

Cine = {(xn, 0), x5 € T2}
The boundaries I'; are given by

M1 = {(xn,z"), xpn € T2},
the top of fluid 1,

M2 = {(xn, 25 ), xp € To},
The bottom of fluid 2. For the simplicity we set

h=007] L»=lz,0,

where z;" > 0 and z; < 0. In other word, the domains ; can be
defined
Q,’ = T2 X J,'./

although for pratical calculations

Q,’ = [0, Ll] X [07 L2] X J,'.
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Functional spaces

Let
W; = {u € COO(TQ X J,'), u- n,"r,ntmr,. = 0},

equipped with the norm
ullin = [[Vull2(m, %) + |Itrull 2,

where u — tru denotes the trace operator, which will not
systematically mentionned.
Let W; denotes the completion of W;,

W:W1><W2, W:W1><W2.

In view of a mixed formulation velocity-pressure, we dot consider
spaces for velocities with zero divergence.

Pressures will be seek in :

X = L?(Ty x Jp) x [2(T2 x b).
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Variational formulation

Diffusion :

A(U,V):I/l / Vui - Vv + 15 / Vu, - Vvs.
JT1x NI JTaxJo

We denote by a the continous operator W — W' given by :
(a(U),V) = A(U, V).
Transport :
B(U,V,W) = B;(u1,vi,wy) + Ba(uz, va, wp),

where
1

B,‘(U,’,V,‘,W,‘) = — </ (U,‘ 0 V)V,' W — / (u,- 0 V)W, 0 V,'.) 5
2 \JT,xJ; JTax J;

We also will consider b : W x W — W' which satisfies

(b(U, V), W) = B(U,V, W).

Francois LEGEAIS & Roger LEWANDOWSKI Coupling of two incompressible fluids with a fixed interface



Variational formulation

Pressure :

N(P,V) = (n(p),V) = — / p1V vy — / p2V - vo.
JToxh JTorxJp

Friction terms :

(g(U,V),W) = G(U,V,W) = CD/ luj h—uj p|(Vip—Vjn) (Wi n—Wjp)

Int

h(U),V)) = H(U,V) = C1/ (U17h—V1)'V1,h+C2/ (u2,n—V2)-va p

My P

Source term :

<F,V>:/ f1-V1—|— f2'V2
Tox ) Tax o

Francois LEGEAIS & Roger LEWANDOWSKI Coupling of two incompressible fluids with a fixed interface



Variational formulation

Notice that for all V,U € W,

B(V,U,U) =0,
when V -u; =0,

Bi(uj,uj,v;) = / (ui - V)u; - v;,
. T2><J,‘

and for all P € X,
N(P,U) = 0.

Moreover, for all U € W,

G(UUU): CD/ ‘U1*U2|320,
s

nt
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Variational formulation

Definition
We say that (U, P) = [(u1,u2), (p1, p2)] € W x X is a weak
solution to Problem (1) if :

V(V,Q) e W x X,
B(U,U,V) +A(U,V) + H(U,V) + G(U,U, V) + N(P,V) =
—_—— —m ) e e N—

pressure
(F,V),
——r

sources

transport diffusion top,bottom interface

(Q,V-U)=0.
—_—

incompressibility

In other words, Problem (1) can be written as : U € W, and

{ b(U,U) + a(U) + h(U) + g(U,U) +n(P) =F € W/,
V-U=0 in X,
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A priori estimates

Let (U, P) be any weak solution of the problem (1). Then U
satisfies the energy equality :

A(U,U) + H(U,U) +G(U,U) = (F,U),
~—

yields the norm in w >0

leading to the estimate

1013y < AQFIRy: + [Vl + V2l =Ru - (2)
~——

source

top bottom

where the constant A is given by

A= A(V17V2‘, C1, CZ)v

which does not depend on Cp.
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A priori estimates

Let (U, P) be any weak solution of the problem (1). Then (U, P)
satisfies the estimate :

1PI% < BI(1+ Co)lIUIliy + UGy + [IFIfy+

||V1HL2 ) —+ ||V2HL2 ) ]

where
B = B(Vlv V2, C1, C2)

In particular

1PII% < B'I(1+ Co)(IIFII% + IValifzryy + 1V2llfzr,))+

HFH2 r =+ HVlHLZ r) + HV2HL2 ) ] Rp
(3)
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Regular linear system

We aim to regularize athe system by replacing the incompressiblity
condition V - u; = 0 by the equation

—eApi+V -u; =0,

for a given € > 0 with suitable boundary conditions, then we
linearize it for a given V € W, which yields the system

(V,‘ : V)U,' — l/,'AU,' =F Vp,- = f,' in Q,‘,
—eApi+V-u;=0 in Q;,
au,-,h
';)i on; —Cp(ujp —ujp)|vin —vjnl on T,
- - 0 on I pe, (4)
on
v ;r;’h = —c,-(u,-7h — V,') on F,-,
pi = 0 on I—f:
u;-n; =0 on [, UT,
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Regular linear system

in terms of operators :
b(V,U)+a(U) + g(V,U)+h(U)+n(P)=F in W,
—— ——rr
linearized linearized
€d(P)+d(U)=0 in H,

regularization of incompressibility

where

Ho = {Q =(q, @), qi € H'(Q;), g =00n ri},

<‘§('D) Q> - /Q Vp1-Vag + /Q Vp1 - Vo,

(d(U),Q) = —/ Ul'vch—/z uz - Vao.
Jo, Q,

In the Freefem code, we take pi|r, = 1 bar and p»|r, = 3 bars. \
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Fixed point process

Being given U € W, there exists a unique P = P.(U) € Hy s.t.
e3(P)+d(U) =0 in H{,
so that Problem (4) gets the linear problem in U :
b(V,U) + a(U) + g(V,U) + h(U) + n(P-(U)) =F in W', (5)

Lemma

Given any V € W, problem (5) has a unique solution
U=U.(V) e B(0,Ry) s.t. P-(U:(V)) € B(0,Rp). Moreover,

B(O,Ru) — B(O,Ru)
{ V = U.(V),

has a fixed point U., which solves in W' :

b(Ufa Ua) + a(Ug) + g(UE, Us) + h(UE) + ”('DE(Ua)) =F.
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Let p- = P-(U.). Note that the familly (U, p-)s>0 is bounded in
W x X.

There exists (U, p) € W x X, a sequence (ep)nen S.t. €n — 0 and
s.t (Ue,, ps,)nen weakly converges to in W x X to (U, p) and s.t.
(U, p) is a weak solution to Problem (1).

We conjecture that the solution is unique when F is small enough
as well as the roughness coefficient Cp.
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Numerical algorithms

Simple recurrence algorithm

b(Un; Un+1) + a(Un+1) —+ g(Una Un+1) —+ h(U) + n(Pn+l) =F.

Double recurrence algorithm
Let

(EUD, U V) W) =

' 1 1 2 2
Cp / \Ug,h) - “,(-,h)|1/2lu,(,h) - U,(-,h)\l/z(vi,h —Vjh) - (Wi —Wjp)
]

nt

b(Up,Unt1)+a(Upi1)+8(Un—1,Up, Upp1)+h(U)+n(Ppy1) =F.
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2D simulations with FreeFem

Parameters :

@ L =100m, z1 =50m, zo = 30m,

@ Dirichlet BC for the velocities at I'1 and >, which amounts to
Navier's conditions for large ¢;'s : u1|r, = (10,0) (in ms~1),
U2‘r2 - (00)'

@ pi|r, = 101325 Pa (standard atmospheric pressure),
p2|r, = 300000 Pa ~ 3bars,

e F; =(0,5), light convection as Boussinesq force, with
0T =~ 20°C, F, = (0, —pg) = (0, —10000) gravity,

@ Viscosities : nulh = 0.01, nulv =1 Ml
nu2h = 100, nu2v = 100 m?®s~—! (vertical and horizontal
viscosities) nupa = le — 4, nupo = le — 6 (elliptic regularized
pressure).

Relative error :
o HUn+l - UnHL2

§Uy =
[|Unl[ .2
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