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Abstract. Contrary to what happens over prime fields of large characteristic, the main cost when
counting the number of points of an elliptic curve E over Fan is the computation of isogenies of
prime degree £. The best method so far is due to Couveignes and needs asymptotically O(£?) field
operations. We outline in this article some nice properties satisfied by these isogenies and show how
we can get from them a new algorithm that seems to perform better in practice than Couveignes’s
though of the same complexity. On a representative problem, we gain a speed-up of 5 for the whole
computation.

1 Introduction

Many number theoretic algorithms are based on elliptic curves, among which integer factorization [5] or
primality testing [1]. More directly, counting the number of points on these curves is essential to design
secure cryptographical public schemes [8].

Algorithms to compute the cardinality of elliptic curves defined over finite fields of large character-
istic give now satisfying results with the works of Schoof, Elkies, Atkin, Couveignes-Morain, Miiller,
Dewaghe . .. ; a precise bibliography can be found for instance in [7]. In finite fields of characteristic two
(used to implement cryptographical schemes in hardware), most of the ideas developed in the case of the
large characteristic can be used except the necessary computation of isogenies between elliptic curves.

Couveignes developed in his thesis [4] an algorithm to overcome this difficulty which was implemented
in [7]. It consists of working in the formal group defined by the elliptic curve. However, this algorithm
requires computations with huge series and unlike the finite fields of large characteristic, computing
isogenies still remains the main cost while counting the number of points.

We describe in this paper a new algorithm to compute isogenies in Fan. Instead of working in the
formal group, we work on the curve itself. It is based on identities satisfied by isogenies as, for instance,
commutativity with multiplication by two. Its complexity is similar to Couveignes’s algorithm but it
is conceptually simpler and much more efficient in practice. For instance, while counting points on
elliptic curves over Fasoo, computing isogenies takes 80% of the time in [7] and only 1% by our method.
Section 2 recalls basic facts on elliptic curves and section 3 describes nice properties satisfied by these
isogenies. We explain in section 4 how this algorithm works and finally give accurate benchmarks of our
C implementation in section 5.

2 Elliptic curves over fields of characteristic 2

As explained in [8], we consider elliptic curves defined over Fon by
E,:y* +ay=2°4+a, a € F},. (1)

The invariant of E, is j = 1/a, its discriminant is a and its set of points noted E,(Fan), is the union of
Op with the set {(x, y) €Fi., v +ay = 2% + a}. The formulae of the addition law on F, are:

— VP = (zp,yp) € E4(Fon), P+Op =0Op +P =P, =P = (zp,yp +xp);



—if P = (zp,yp), Q@ = (zq,yq), P # —Q, then if P = Q, let A = zp + yp/xp otherwise, let
A= (yo +yp)/(xzg +2zp)and R =P+ Q = (zp+qQ,yp+¢) is obtained by

Tpig =N+ A+zp+ 20,
yp+Q = Map +TpyQ) + TP+ + Yp-

We easily deduce from these equations the formulae of the multiplication by two,
e (2 (e (2 2) )

[2]a: P=(x,y)— 2P <;v +m2’ x—i—m x+x2 +a:2 . (2)

Since a point P = (x,y) is equal to —P = (z,y + z) if and only if z = 0, the only point of order two is

P, = (0,+/a) (remember that in characteristic two, every element has a unique square root). We will be
specially interested in the translation by P, in section 3. The formulae are

Tpa:P—(x,y)»—»PwLP—<f,ﬁ+f+;+\/ﬁ;). (3)

3 Isogenies

Once given general results about isogenies in section 3.1, we describe the isogenies we are interested in
and give necessary conditions satisfied by this description in section 3.2.
In what follows, Fy» is the algebraic closure of Fan.

3.1 Classical results

The results given here can be found in [11] or [2]. First of all, an isogeny Z between two elliptic curves
E, and Ej is classically defined as a map of algebraic curves from E, to Ej satisfying Z(Og,) = Og, .
It turns out that isogenies are also map of algebraic groups or in other words, Z is a morphism from
Ea(]FQn) to Eb(an).

For instance, the multiplication by m (noted [m],) is an isogeny. There exists a sequence of polyno-
mials f; (called division polynomials) of degree at most Lk—;J such that if m > 2, P = (X,Y) € E,(Fan)
and mP # Og,, then mP = (X,,p, Yi,p) is given by

Xpp =X + 7fm’}fm“ :
. (4)
o fmflferl fmf2f72n+1 2 fmflfmqtl
Yop=X+Y+ ) + X7 +(X°+Y) Xz

Division polynomials can be computed easily by induction [8, pp. 102].
For our purposes, the degree of an isogeny Z can be defined as follows.

Theorem 1. Let Z be a non constant separable isogeny from E, and Ey. Then

1. T (Ey(Fan)) = Ey(Fan). )

2. For every S in Ey(Fan), we note Z-1(S) the set of points of E,(Fan) whose image is S. The cardinal
of T7Y(S) is finite and does not depend of S. We call it the degree of T and note it deg(Z).

3. If m is a positive integer, [m], is an isogeny of degree Trf. .

4. There exists a unique isogeny I from Ey to E, such that ToZ = [deg(Z)],. Moreover deg(Z) = deg(ZT).

Finally, it is easy to find an isogeny whose kernel is given using Vélu’s formulae [12] adapted to the case
of the characteristic 2.

Theorem 2. Let F' be a subgroup (of odd order) of an elliptic curve E,. Ifb = a+Z(X57YS)€F* Ys+Y2,
then there exists isogenies between FE, and Ey of kernel F. One of these isogenies is given by

(X,Y) — <X+ > Xpys, Y+ Y Yp+s>. (5)

SeF* SeF*



3.2 Properties

The improvements of Schoof’s original algorithm [9] to count the number of points on an elliptic curve
can be seen as computing isogenies between this curve and other elliptic curves easily found by solving
“modular equations” [10].

Theorem 3 shows examples of such isogenies.

Theorem 3. Let £ be an odd integer and d = (£ — 1)/2. Let E, be an elliptic curve defined over Fan
such that isogenies of degree ¢ defined from it can be found. There exists a factor Q(X) of degree d of
fo(X) on E, such that one of these isogenies sends (X,Y) to

XP*(X) 2 P*(X) s, X2} (X)
(o + X ga0m + X+ g
5 (QUX) | QaX)Q1(X) + Qs(X)Q(X)
(G (%) ) ©
where, if we let Q(X) = E?(X) + XO0*(X),
P(X) =Q(X) + O(X)E(X), (7)

and Q1(X) = Q'(X) = 0*(X), Q2(X) = E*(X) + XO*(X), Q3(X) = Q5(X) = 0"*(X).

Proof. Since by hypothesis, there exists isogenies of degree ¢ from E,(F2-) to an other curve Ej(Fan),
we call Z' one of these isogenies. The only point P, of order two of E,(Fz») is not in Ker(Z’) because ¢
is odd and we can write that Ker(Z") is equal to {Og, } UG U -6 with &N —& = Og,. Therefore from
theorem 2 and from the formulae of the addition law, an isogeny Z of kernel Ker(Z") is given by

I(X,Y) = (X <1+ 3 (Xi(§(3)2>

Se6

Y + X2 X?
AP (Z=xr <XXS>3>>' i

Let now Q(X) be the polynomial [[g.s(X — Xs). It remains to check by a simple calculation that

equations (8) and (6) are the same. Finally, from theorem 1, there exists an isogeny Z such that ZoZ = [],
and therefore Ker(Z) C Ker([¢],), which implies that Q(X) divides f,(X).
(]

On the other hand, isogenies must satisfy necessary conditions given in theorem 4.

Theorem 4. Let E, and Ey be two elliptic curves defined over Fon, let £ be an odd integer and d =

(6 —1)/2. Let T be an isogeny of degree { between E, and Ey given by (X,Y) — (gz((xx))’ H(Xcéj(lg(lf(x))

where (Q(X),G(X), H(X), K(X)) € Fau[X]* with degrees at most d, ¢, 3d and 2d, then

1. G(X) = XP?(X) where P(X) is a polynomial of degree d such that

ged(P(X),Q(X)) =1 and X9Q(v/a/X) = % ({‘/&)dP(X), or equivalently via X — Ja/X,
XUPEX) = G (40)" QU0 o)

K(X) = P*(X)Q(X);
H(X) = XR(X)P(X) + VbQ*(X) + aP%*(X)Q(X) with

2.
3.
R(X) = X(PQ)'(X) or R(X) = (XPQ)"(X).



Proof. Since [2](Z(P,)) = Z(]2](P,)) = 0 and P, is the only point of order 2 in Ey, Z(P,) = P,. So
VS e E,, Z(S+ P,) =Z(S) + P,. (10)

With the formulas of the addition law between points of E,, we obtain for S = Og,, G(0)/Q%*(0) =0
and consequently X divides G(X). Let I'(X) = G(X)/X. For S = (X,Y) # Og,, equation (10) becomes

(\/ﬁf(\/&/X) H(Va/X) +Va(l +1/X + (Y+\/5)/X2)K(x/5/X))

XQ2(Va/X)’ @Q*(Va/X)

- (11)
VBQUX) o VAQUX) | VEQUX) (H(X)+ YE(X)
(XF( IR YFy +er2<X)( P *@)‘

After simplification, the abscissae of equation (11) lead to v/a I'(y/a/X) I'(X) = VbQ?(Va/X) Q*(X).
The quantities I'(X) = X2'(y/a/X) and
Q(X) = X?Q(y/a/X) are in fact polynomials and the previous equation can be rewritten as

Val'(X)I(X) = VbQ*(X) Q*(X). (12)

Since ged(I'(X), Q*(X)) = 1, I'(X) divides Q*(X). But I'(X) has the same degree as Q2(X), therefore
there exists a constant v € Fan such that F(X ) = '72622( ) (remember that every element in Fon is
a square). So, I'(X) is a square. Let P(X) = y/T'(X), then P(X) = yQ(X) or, equivalently Q(X) =

fTadP(X) Substituting these expressions in (12) gives v = (%)d %7 which proves relation (9).

Since VS € E,, Z(—S) = —Z(S), we have H(XHC(;&)?K(X) H(XC;F&[)((X) +XP E ;, and conse-

quently point 2 of the theorem is proved.

Moreover, from Z(P,) = Py, we obtain H(0) = v/aP?(0)Q(0) + vbQ?(0). Therefore, we can write
H(X) = /aP>(X)Q(X) + VbQ*(X) + XL(X) where L(X) is a polynomial of degree at most 3d.
Furthermore, the ordinates of equation (11) lead to

vaL(va/X) <f++ fY> P2(Va/X) _
XQ*(Va/X) X X Q*(Va/X)
VA (X) | VIQ(X) (XL(X) P%(X)
e X (g O YOgEag) - 0
Taking advantage of equation (9), this equation can be simplified as follows,
3d Va ’ 4\ 3d
VaX*L(/a/X)P(X) = Vb ( %> (¥a)* QUO)L(X). (14)

Since ged(P(X),Q(X)) = 1, we deduce that P(X) divides L(X). The polynomial R(X) = L(X)/P(X)
has degree at most 2d.
As for all S € E,, Z(S) € E, we have

R(X)P(X P2(X)\> [/XP%(X)\*
(X( )2 )+\fb+(Y+\/6)Q2(X)> +(Q2(( ))> =

P
ROX)P(X) (X)) XP(X)
(X ) TV EVa <X>) e "

So,

XR(X) (R(X) + P(X)Q(X))
(X + Va)POQ0) + V@A (x) + XPX(x)) . (15)



Let Ry be a polynomial solution of equation (15) and Ry(X) = Ry (X) + P(X)Q(X). Since the left hand
side of (15) is X Rq(X)R2(X) and the right hand side is a square, X must divide R;(X) or Ra(X). As
R5(X) is a solution of equation (15) too, R1(X) and Ra(X) play a symmetric part and we can assume
that X divides R (X).
Let us prove that R;(X)/X and Ry(X) are both squares. We already know that Ry (X)Ra(X)/X is
a square. Let us assume now that an irreducible polynomial p(X) divides both R;(X)/X and Ra(X)
(p(X) # X). The polynomial p(X) divides Ri(X) + R2(X) = P(X)Q(X) and divides P(X) or Q(X)
but not both since ged(P(X),Q(X)) = 1. Furthermore, p(X) divides the square root of the right hand
side of (15), that is to say it divides (X + ¥/a)P(X)Q(X) + VbQ?*(X) + X P?(X). Consequently, if we
assume that p(X) divides P(X), p(X) divides Q(X) and we reach a contradiction. As we obtain the
same conclusion if we assume at first that p(X) divides Q(X), we proved that gcd(R1(X), R2(X)) = 1.
Moreover, since R;(X)Ra(X)/X is a square, R1(X)/X and Ry(X) are squares. Let R;(X) = XO?(X)
and Ry(X) = E?(X), then
XO*(X) + F*(X) = P(X)Q(X). (16)

The derivation of (16) gives R; = X (PQ)’ and the derivation of (16) multiplied by X gives Ry = (X PQ)’,
which finally proves point 3 of the theorem.
U

According to theorem 3 or 4, it turns out that isogenies are completely determined by their polynomial
P(X) or equivalently by Q(X).

Corollary 1. With the notations of theorem 4, polynomials P(X) and Q(X) must satisfy
X1Q(X + Va/X) = Q(X)P(X), (17)

and
(X + V/a) XP (X + Va/X) = XP*(X) + VbQ*(X), (18)

where P(X) = /P(X?) and Q(X) = /Q(X?2) (polynomials whose coefficients are square roots of
coefficients of P(X) and Q(X)).

Proof. Using the fact that VS € E,, Z([2](S)) = [2](Z(S)), we get <XP2(X)) o(X?+ &) = (X?+ &)o

Q*(X)
2
(%) Taking the square root of this equation twice leads to

oy XP (X +Va/X) _ XP(X) + VbQ(X)
X V) s v vaix) — PRX) (19)

Since ged(XP?(X),Q?*(X)) = 1, the right hand side of this equation is an irreducible fraction. So,
numerators and denominators of both sides of equation (19) are equal, which finally proves (17) and
(18).
O
From theorem 4 and corollary 1, we deduce the following relations.
Corollary 2. Let P(X) = Zfzopri, QIX) =X+ Z;.tol ¢X', a=/a and 3= V/b. We have

4

[e% d—21
q; = \/a Pa—i, Vi €{0,...,d}, 20
75 { } (20)

and

Po = {l/oﬂd +a2=1py 1, pa=1, pa—1=a+f,

Pi_1 + apa—1 + a? if d is odd,
Pd—2 = 4 ; .
Pg_1 T api—1 if d is even.



Proof. Equation (20) is a direct application of equation (9). The coefficient of X2? in equation (17) is
p3+pa, which yields pg = 1. Then, the coefficient of X24 in equation (18) is pg_1 +a+ 3, which gives pg_1.
The coefficient of X249~ in equation (18) is pg_o +ph | +aps—1+a?if disodd, and pg_2+ph | +api—1
if d is even, which yields pg_s. Finally the coefficient of X in equation (18) which is p¢ +a2?¢ +a2?~1p,
gives pog.

O

What was done for two in corollary 1 can be done in the same way for the multiplication by any odd
positive integer m.

Corollary 3. With the notations of theorem 4, the polynomials P(X) and Q(X) must satisfy

£ L(X)Q (hgg))) Q" (X) f (xg jg 3) , 1)

where m is any odd positive integer, fm. o (Tesp. fm.p) is the m-division polynomial on E, (resp. Ey) and
hm,a(X) = Xf’r%z,a(X) + fm—l,a(X)fm+1,a(X)~

4 Computing isogenies

We describe in this section how we take advantage of the previous results to explicitly compute the
polynomials P(X) or Q(X). Precisely, we show in section 4.1 how we use equation (18) to compute
them. Unfortunately the complexity of this method is too high, and we describe in section 4.2 how we
speed it up using equation (17). Finally in section 4.3, we describe how we further improve this algorithm
using equation (7) and equation (21).

4.1 Solving a linear system over Fan

This first method is based on equation (18). With the notations of corollary 2, this equation yields

k

d—1 Ak ,
Vk=0,..., {2J , p;‘é e Zpd—Qk—1+21‘5d—2k—1+2i,i0¢21
i=0
) (22)
+ P Zpd—2k+2i5d—2k+21,ia2iv
i=0
d k—1
VE=1,..., {QJ ) Phok =0 Y Pdy1-2k2i€d 412k 12110
i=0
’ (23)
+ Zpd—2k+2i5d—2k+2i,z‘a%~
i=0
where for all integers 4, j such that 0 < j <4, ¢;; = ﬁlj), mod 2.

A first way to solve system (22, 23) is to write each p; as a linear combination in a polynomial basis
1,7, T2, . 7Tm_l of Fon, P = pio + pi,lT + ...+ pi’nilTn—l with Vj € {O, cee,n = 1}7 pij € {0, 1}
Rewriting the system (22, 23) with these notations gives us a linear system of n(d — 2) equations in
n(d — 3) variables p; ;, once substituted pg, pa—1, pa—2, and py as functions of a and § (corollary 2).

Unfortunately, such a method costs asymptotically O(£3n3) elementary operations (or O(¢£3n) field
operations) with classical algorithms. Furthermore, in practice the huge size of the matrix is a serious
drawback. For instance, finding an isogeny of degree ¢ ~ 500, in Fai000 (as what was done in [7] with
Couveignes’s algorithm) yields a matrix of size one gigabyte.



We suggest two improvements. Rather than solving system (22, 23) in Fo, we first write [p?, ...,

P24 from [p2" 7, ..., p2"5’], and then write in the same way [p2" ..., p3 4] from [p2" ", ... p2 5.
After O(n) such iterations we finally get a linear equation for [p1, ..., pa—3] because p?n = p; in Fon.

The main cost of solving this system in such a way is the computation of O(n) (or may be O(logn) as
suggested by F. Morain) product of matrices of size d, that is O(¢£3) multiplications in Fon. So we finally
need O(£3n3) operations (or maybe O(£3n?logn)).

Another solution takes advantage of the shape of system (22, 23). We notice that we easily get ps—_s
as a function of p; by setting k = 2 in equation (22) and once substituted it in the other equations,
pd—3 as a function of p; by setting k = 1 in equation (23). Then by induction, we easily get pg_2;—1

as a function of py, ..., p; by setting k = 7 in equation (22) and once substituted it in the remaining
equations, pg_2;—2 as a function of py, ..., p; by setting k = ¢ + 1 in equation (23). We iterate this
process until ¢ =d —2¢ — 1 or ¢ = d — 2¢ — 2. So, at the end of this process, we express pq_3, ..., Pit+1 as
a function of p;, ..., p1 where ¢ ~ d/3. Furthermore, the ¢ 4+ 1 remaining equations (22, 23) for k > i, are

polynomials whose monomials are p; raised to the power 27. So these equations still are linear equations
when considered over Fo and we can use the method given at first with a matrix whose size is divided

by 3.

4.2 Solving a non linear system over Fo

The information obtained with equation (17) enables us to replace a linear system with unknowns in Fan
by a non linear system with unknowns in Fy. Equation (17) leads to the following d 4+ 1 equations,

K 5]
i d+-2k
Vk=0,...,d, %prpfl_k+ia2 = /Bya’t? Zpk—%gd—k+2i,i- (24)

1=0 =0

From equation (24), each p; is solution of an equation of degree 2. Consequently, p; = a; +m;b;, where
b; € Fon, a; depends on pq, ..., p;—1 and 7; € Fy. So combined with the ideas expressed at the end of
section 4.1, each py for k = 0..d can be written as a multivariate polynomial in binary variables ;. This
is an important simplification in relation to the computations we did in the last section. Furthermore, p;
satisfies an equation of degree 2 whose coefficients are linked by a “compatibility” relation; this has the
surprising effect of keeping the number of these variables m; almost stationary when ¢ increases.

The following algorithm is based on these two facts. Once the initialization done (step 1), it consists
of two phases. The first phase is a loop in which we compute each p; for k=1, ..., d—3 as a a function
of binary variables ;. In fact, for K from 0 to d/3, we get px with equation (24) as a function of the
binary variables g, ..., Tx—1 (step 2) and then we extract pg—ox11 (step 3) and pg_ax (step 4) also as
functions of mg, ..., mx—1. In the second phase (step 5), we solve the equations satisfied by the binary
variables m; and finally get the pg’s.

Algorithm:
1. Initialization: K =1, K1 =0, Ko = 1 and pg, p4g—2, Pd—1, P4 are initialized as in corollary 2.
Phase 1: 2. At the beginning of this step, we already have py, ...px—1 and pg_2K+2, ..., pq known as functions
of the binary variables g, ..., Tx_2. We rewrite equation (24) for k = K as
Pk +bkpk + cx =0 (25)

K— ; d+2K £
where cx = (Zi_olpfpflKHam + v/BV« Z};lj pK—Ziad—K+2i,i)

/ (a*X Y/a) and by = \‘VB\/adHK/(azK Va). So, ¢ is a multivariate polynomial in the unknowns

TOy «ooy TK—2.
Let cx /b3 = > oz _2)e {0,351 Cum” . X5 Equation (25) has a solution if and only if

Trg,, /F2(CK/b%<) = 0, that is to say,

Z 7oL = 0. (26)
(110, —2)€{0,1 1K1
Fon /Fo (Cu)zl



Phase2:

3.

4.

5.

The left hand side of equation (26) can be

(a) 1: Then E, and E, are not isogenous and we return FAIL.

(b) 0: We set px = bgmrx_1 + bi Z(u07-~~7#K—2)€{0»1}K71 Puﬂ'go 71'?(117;
is any solution of X? + X +C,, = 0 (we easily check that this formula gives us the two solutions
of equation (25)).

a multivariate polynomial with coefficients in Fo: We get a monomial from equation (26) as a
function of the others and substitute it in cx /b% to obtain pg as in step 2b. Whenever it is
possible, we choose for this monomial a single variable 7 (this is always the case in practice)
and substitute it in pg, ...px—1 and pg_2K+2, .., pq in order to decrease the number of binary
variables to handle.

Finally, we increment K. If K > d — 2K + 1 then we go to step 5.

We set K1 = K and we extract pg_ox+1 as a function of g, . .., mx_o from equation (22) for k = K;.
If K > d— 2K then we go to step 5.

We set Ko = K — 1 and we extract pg_ox as a function of mg, ..
k = Ks. Then we return to step 2 if K # d — 2K.

At this step, each p;, i = 0, ..., d, is a multivariate polynomial in at most K — 1 binary variables,
7o, --., Tk—2. Furthermore, we have K = (d + 2)/3 (resp. (d +1)/3, d/3), K1 = (d — 1)/3 (resp.
(d+1)/3,d/3) and Ky = (d —4)/3 (resp. (d —5)/3, d/3 — 1) according to d mod 3. So, in any case,
it remains d — 1 — K7 — Ky = K equations obtained from (22) and (23).

We substitute the p;’s in these K equations. It is then easy to get a variable mx_5 as a fraction of
o, ..., Ti_3 from one of these equations, to substitute it in the K other equations and iterate until
. If the last two equations do not give the same value for my, E, and Ej are not isogenous and we
return FAIL. Otherwise we only have to go back to get step by step 71, ..., Tx_2 and p1, ..., Di—3-

where mg_1 € Fy and P,

()

., Tk—o from equation (23) for

Ezample: In Foio ~ Fo[T]/(T'° 4+ T3 + 1) with the notation 7o + 712 + ... + 7929 = 7o+ 71T +...+ 79717,
we are going to show how we can compute an isogeny of degree ¢ = 37 between Eg and Fg=. Here,
d=18, a =794 and 8 = 6.

First we get at step 1 of the algorithm pg = 153, p1g = 334, p17 = 796, p1g = 1. Then the first phase
of the algorithm consists of these 5 iterations:

K 1 2 3 A 5
bk 253|212 536 575 m
= = 660 + 353m +
ck |51 @W0+E%+ 58mo+ % + f%) Il + 199r0m, +
oom m "2 |187m, + 118y
— _ 5367y + ﬁﬂg +ﬁﬂ'2 +4707y + T4lmy +
212 299 O70mg + (1T + |21 b
PK %ﬂo+@i2+ﬂz@7ﬁ 74‘2471'1 +574’/T0+@T2 +%)7r07r17—|—
! 4127y +329(04 6567, + 4497, + 724
5 G n 679 +|6m3 + 5297y +|6m4 + 5297wy +
Pa-2K-1/55" + B 2 R () +{566my + 521w, +
0 268mg + 611|822mg + 853|187y + 23mg + 434
— 59073 N — —
I 29 T
500, L[590m 120 e 4 P07+ 57hms +
Pd—2K—2 m mﬂ' +m 57].7T1 + m ﬁ ].97’7'('2 + 5147T07T1 +
0 @Wo+mmﬂl+ WO—’_Wﬂl + 237 + 240

In the second phase (step 5), equation (22) for k = 7,8 and equation (23) for k =6,7,8,9 yield

331 + 6157wy + 4387 + 43674 + 33173 =0 (27)

168 + 1257 + 86771 + 384mgmy + 35072 + 79573 + 94774 = 0 (28)
444 4+ 3997y + 2387 + 8497omy + 523me + 99173 + 6117y =0 (29)
611 + 21771y + 2451, + 654mom; + 26875 + 522715 + 10574 = 0 (30)
214 + 574mg + 6667, + 848momy + 25573 + 273 + 21214 = 0 (31)
127 + 16371y + 1117w + 394mgmy + 7047ms + 85175 + 81274 = 0 (32)



With equation (29), we obtain m4 = 843 + 9357 + 2557 + 256mgm; + 47072 + 84273. Once substituted
74, equation (28) yields w3 = 1 + 876wy + 10371 + 79672. Then 74 and 73 substituted in equation (27)
yields mo = 979wy + 144m; + 194mm;. Afterwards, 74, m3 and my substituted in equation (30) yields
71 = mo/(176 4+ 795mg) and once substituted 7y, 73, T2 and 71 , equation (31) gives 79 = 0, and we only
have to check that equation (32) is trivial, which is the case. Therefore, 1y =0, 7o =0, 713 = 1, m4 = 1,
and

P(X) =X 4514 X' 4560 X'¢ + 573 X1® 4 753 X4 4 364 X3 + 709 X124+
34X +752 X0 + 627 X2 + 300 X® + 986 X7 + 129 X6 4+ 744 X°+
318 X* 4+ 549 X3 + 905 X2 + 295 X + 465.

Remark: When E, and F are isogenous of degree ¢, most of the time there are only two isogenies from
E, and E}, defined over Fo» (an isogeny and its opposite) and in this case, the algorithm always produced
only one solution in our experiments. If by chance, the system of equations had several solutions, we would
have to compute all of them and test if each solution is an isogeny or not. When there are more than two
isogenies from F, to Ej, these systems have several solutions. When E, and E} are not isogenous, these
systems have in practice no solution and this fact can be detected quickly because at step 2, equation
(26) is most of the time false (typically 1 = 0) for a small index K.

At step 5 of the algorithm, the K equations obtained from (22) and (23) lead in fact to nK equations
between the binary unknowns m; once rewritten in a polynomial basis 1,..., 7"~ of Fyn. Firstly, that
means this system is very constrained, secondly, we can use this to speed up the computations. For
instance, in the previous example, the equation 71 (176 +795m) = 7o leads to mymwoT? +mmeTS + 1 T7 +
mT% + 7y (mo + 1)T* + mmoT? + mymoT + mimo + 7o = 0 and we immediately find my = 0 and 7; = 0.

Complexity: The complexity of this algorithm is hard to estimate. As sketched at the beginning of
this section, the number of variables remains more or less the same during the computation because
of equation (26). For K > 10, each time we write px as a function of a new binary variable 7x_1,
we observed we are able to get m; (kK < K — 1) as a polynomial function of the other m;’s except
a logarithmic number of times. Therefore, asymptotically, we assume that the number of variables 7;
grows heurististically as O(log¢).

With this hypothesis, the maximal number of terms in the multivariate polynomials computed in this
algorithm is at most O(2!°8()) = O(¢) and so we estimate that the cost of this algorithm is probably at
most O(¢3) multiplications in Fax.

With regard to the storage, we have to write in phase 1 each px as a multivariate polynomial of
O(log ¢) binary variables, that is to say a storage of at most O(£?) elements of Fa.. In phase 2, we have
to write d/3 equations as a function of O(log ¢) binary variables, which yields a storage of at most O(¢?)
too.

4.3 Practical improvements

The improvements described here are based on equation (7) and on equation (4). They are practical in
the sense that they probably do not change the asymptotic complexity of the algorithm described in
section 4.2, but decrease in practice its computation time.
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Vélu’s equation. Equation (7) enables us to decrease the number of binary variables 7; needed in the
algorithm by half. This equation leads to the following d + 1 equations,

o\ afpi + apy_y =

k
. d—1
Zpd72i71pd72k:+2i7 ifk=0,..., {J )

i=0
d/2—1

Z Dd—2i—1P2i, if d is even and k =
=0

d—1

- . d+3

Z Pd—2i—1Pd—2k+2i, if k= — s d.
i=+[4]

w\& o
—
)
w
=

Using this equation is straightforward. At step 2 of the algorithm when K =1 mod 2 (K > 3), we replace
the computation of px with equation (24) by the computation of px with equation (33) for £k = K. In
this way we directly get px as a function of py, ..., px—1 and we do not have to introduce a new binary
variable g . So, we are able to express po, ..., ps as functions of at most d/6 binary variables instead of
at most d/3. Unfortunately, in this case, equation (26) becomes useful later in practice (K < 22, which is
twice larger than initially) and so for a “large” degree ¢ (¢ > 200), the number of variables m; to handle
is more or less the same as above.

Multiplication by three. Our last improvement is a heuristic improvement based on equation (21)
with m = 3. It enables us to express a variable m; as a function of mg,...m;_1 much earlier than with
equation (26). This system is

L5t L1
> Plgicask+ 8> digisk =
0.7 i2iza 0.[td
) 5 )l T8
i—3 (34)

8d+4.i 1= J4d isd dLJ
qu iTij+ Z Ti-2j- SZ qng PIPi-a1-
O,z d 0[1 3 41 0,] d O,[%‘\

mn

where ¢ = 4,..,9d, T; ; is a constant which depends on a and Z must be read as >

min(m,n)
j=max(k,l)’
ol

From this expression, we deduce that at step 2 of the algorithm, we can compute this equation for
i < 2K. So, we obtain new relations between the binary variables ;. In practice, we observed that it
is enough before computing px at step 2 of the algorithm to compute equation (34) for i = 2K — 1
when K = 1 mod 2, the other equations giving no new information. In this case, for K large enough, we
can write one variable 7; as a function of the others. In practice, this phenomenon happens already for
K = 11. So, at the expense of an additional computation, the number of binary variables we have to
handle is asymptotically smaller compared to the original algorithm.

5 Results

We implemented in C the algorithm described in section 4.2 (called MULTBY2) and its improvements
described in section 4.3 (called VELU) and 4.3 (called MULTBY3). We did not implement the methods of
section 4.1 because we estimate that the resources (space and time) they need are too high. Furthermore,
we compare these algorithms with the implementation of Couveignes’s ideas [4] as done in [7], which we
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call COUVEIGNES. Notice that the multivariate polynomials we have to manipulate in this case are sparse,
so we implemented them as lists.

We measured the time needed to compute isogenies of prime degrees between ¢ such that 3 < £ < 500
in Faio >~ Fo[T]/(T*° + T3 + 1) on a DEC Alpha workstation and the number of binary variables 7 at
the beginning of step 5. The results are given in figure 1 and 2.

As in [6], we did benchmarks to count points of the elliptic curve Egysg defined over Fasoo o~
Fo[T] /(T3 + T® + 1). Time to compute isogenies is now completely negligible as shown in the fol-
lowing table.

COUVEIGNES|MULTBY2|VELUMULTBY3
Isogenies (s) 22974 146| 59 71
Total (s) 30221 6103|6074 6079

6 Conclusion

We outlined in this paper nice properties of isogenies of degree ¢ in Fan, and we showed how to take
advantage of these properties to compute them efficiently. In practice, the algorithm we described is, as
far as we know, the best method to solve this problem. Time needed to compute isogenies while counting
the number of points of an elliptic curve is now negligible whereas it used to be the major cost. Moreover,
the storage needed is much smaller than what was necessary before.

In finite fields of small characteristic greater than 2, it remains to be seen if we can (or not) adapt
these ideas, and possibly to compare them with a new algorithm of Couveignes [3]. Lastly, as noticed in
[7], the break even point between methods to compute isogenies in large characteristic and methods for
small characteristic is not clear. This will be the subject of further research.
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