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The inf-sup constant, alias LBB constant

Ω bounded connected open set of Rd (d ≥ 1)

L2(Ω) space of square integrable functions q on Ω. Norm ‖q‖
0,Ω

H1(Ω) Sobolev space of v ∈ L2(Ω) with gradient ∇v ∈ L2(Ω)d

L2
◦(Ω) sub-space of q ∈ L2(Ω) with

∫
Ω

q = 0.

H1
0 (Ω) sub-space of u ∈ H1(Ω) with null trace on ∂Ω. Poincaré inequ.
→ Semi-norm |u|

1,Ω
:= ‖∇u‖

0,Ω
equivalent to norm ‖u‖

1,Ω

The inf-sup constant, alias LBB constant a

aAfter Ladyzhenskaya, Babuška and Brezzi

[B1] β(Ω) = inf
q∈L2

◦(Ω)

sup
v∈H1

0 (Ω)d

∫
Ω

div v q

|v |
1,Ω
‖q‖

0,Ω
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Elementary properties

β(Ω) = inf
q∈L2

◦(Ω)

sup
v∈H1

0 (Ω)d

∫
Ω

div v q

|v |
1,Ω
‖q‖

0,Ω

If d = 1, β(Ω) = 1:
Ω is an interval (a, b). For q ∈ L2

◦(Ω), take v(x) =
∫ x

a q(t) dt .

In any dimension β(Ω) ≥ 0

In any dimension β(Ω) ≤ 1, because of the identity

∀v ∈ H1
0 (Ω)d , |v |

2

1,Ω
= ‖∇v‖

2

0,Ω
= ‖−→curl v‖

2

0,Ω
+ ‖ div v‖

2

0,Ω

β(Ω) is invariant by dilations, translations, symmetries and rotations.
Depends only on the shape of Ω

Less elementary: [Michlin 1973] GO [Cosserat-Cosserat 1898] GO

∀d ≥ 2, β(Ω)2 ≤ 1
2 and if d = 2, β(Ω)2 = 1

2 for discs

2/30



LBB constant Friedrichs constant Horgan-Payne Counter-examples Lower bound References Appendices

Positiveness: β(Ω) > 0 for Lipschitz domains

Figure: A Lipschitz domain with infinitely many corners

The boundary ∂Ω is locally a Lipschitz epigraph.
[Nečas 1964]
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Positiveness: β(Ω) > 0 for finite ∪ of Lipschitz dom.

Picture by Martin at San Juan de la Peña, near Jaca (Spain),
Sept 18, 2012.
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Positiveness: β(Ω) > 0 for weakly Lipschitz domains

Figure: A weakly Lipschitz domain: the self-similar zigzag

The boundary ∂Ω is locally described by bi-Lipschitz maps.
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Positiveness: β(Ω) > 0 for John domains

∃x0 ∈ Ω, ∃ρ > 0, s.t. any point x ∈ Ω is joined to x0 by a rectifiable curve γ
parametrized by arclength t ∈ [0, ` = `(x)], ∀t ∈ [0, `], ρ t ≤ d(∂Ω, γ(t))

[Acosta-Durán-Muschietti, 2006]
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•x0
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Non-positiveness: β(Ω) = 0 for outward cusps

Ω

Figure: A domain with an external cusp

[Tartar 2006]

7/30



LBB constant Friedrichs constant Horgan-Payne Counter-examples Lower bound References Appendices

Relation with the Schur complement

Denote
D the positive vector Laplacian D = (−∆) Id : H1

0 (Ω)d → H−1(Ω)d

S the Schur complement [of the Stokes operator]

S : L2
◦(Ω) −→ L2

◦(Ω)
q 7−→ − div D−1∇ q

Bounded, self-adj, non-negative. Not compact, no compact resolvent.

σ(Ω) the bottom of spectrum : σ(Ω) = inf
q∈L2

◦(Ω)

〈
Sq, q

〉
Ω〈

q, q
〉

Ω

Lemma

[B3] σ(Ω) = β(Ω)2

Proof ingredients:

1 LBB constant as duality estimate β(Ω) = inf
q∈L2

◦(Ω)

|∇q|−1,Ω

‖q‖
0,Ω

2 Conversion by D the Riesz isometry between H1
0 (Ω)d and H−1(Ω)d
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Relation with the Cosserat problem

Introduce the family of operators σ 7→ Lσ

L : H1
0 (Ω)d −→ H−1(Ω)d

v 7−→ σ∆v −∇ div v

Spectrum

Cosserat spectrum, S(L): set of σ such that Lσ is not invertible,

Essential spectrum, Sess(L): set of σ such that Lσ is not Fredholm.

Relation of Cosserat spectrum with Schur complement S:

S(L) = S(S) ∪ {0} and Sess(L) = Sess(S) ∪ {0}

[Michlin 1973]:

0, 1 ∈ Sess(L) because Lσ is not elliptic inside the domain
1
2 ∈ Sess(L) because Dirichlet conditions do not cover Lσ

RETURN
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Friedrichs constant

Ω ⊂ R2 ∼ C
F(Ω) space of complex valued L2(Ω) holomorphic functions.

F◦(Ω) the subspace of F(Ω) with mean value 0.

Definition

Let h, g ∈ L2(Ω) with real values.

h is harmonic conjugate to g if the function
(x1 + ix2) 7→ h(x1, x2) + ig(x1, x2) is holomorphic. Equivalently:

∆h = 0, ∆g = 0, and ∇h =
−→
curl g in Ω.

The Friedrichs constant Γ(Ω) ∈ R ∪ {∞} is the smallest constant Γ
such that for all h + ig ∈ F◦(Ω)

‖h‖2
L2(Ω) ≤ Γ ‖g‖2

L2(Ω)
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Friedrichs constant and LBB constant

Theorem [Horgan-Payne 1983] [Costabel-Dauge 2013]

1 If β(Ω) > 0, then Γ(Ω) is finite and

Γ(Ω) + 1 ≤ 1
β(Ω)2

2 If Γ(Ω) is finite, then β(Ω) > 0 and
1

β(Ω)2 ≤ Γ(Ω) + 1

1 Let h + ig ∈ F◦(Ω). Define u ∈ H1
0 (Ω)2 such that

div u = h and |u|
2

1,Ω
≤ 1
β(Ω)2 ‖h‖

2

0,Ω

2 Let p ∈ L2
◦(Ω). Define u = D−1∇p, q = div u and g = curl u.

Then g and q − p are conjugate harmonic functions.
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Horgan-Payne ingredients

Domain Ω star-shaped with respect to a ball B (Ω strictly star-shaped).
Center O ∈ B
Polar coordinates (r , θ) centered at O
Polar parametrization f ∈ W 1,∞(T) of the boundary:

f : R/2πZ =: T −→ ∂Ω
θ 7−→ Aθ =

(
f (θ) cos θ, f (θ) sin θ

)
Normal Nθ to ∂Ω at Aθ
Angle γ(θ) between line [O,Aθ] and Nθ, and ω(θ) = π

2 − γ(θ).
Nθ

γ(θ)

••
Aθω(θ)
•

O
••

θ
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Horgan-Payne bounds (original and updated)

Bounds for the “Friedrichs constant” Γ(Ω)
Theorem

=
1

β(Ω)2 − 1

/ mHP original bound, nicer, but flawed proof

, MHP updated bound, uglier, but correct proof (by us)

Defined by means of function P (assuming without restriction max
θ∈T

f (θ) = 1)

(0, 1)× T 3 (α, θ) 7−→ P(α, θ) =
1

αf (θ)2

(
1 +

tan2γ(θ)

1− αf (θ)2

)
α is a parameter introduced to optimize the sum of two terms in the proof

Original HP-bound

Γ(Ω) ≤ mHP = sup
θ∈T

{
inf

α∈
(

0, 1
f (θ)2

) P(α, θ)
}

Updated HP-like bound (the correct one)

Γ(Ω) ≤ MHP := inf
α∈(0,1)

{
sup
θ∈T

P(α, θ)
}
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An example where MHP 6= mHP

1 0.5 0 0.5 1

0.5

0

0.5

mHP = 5.83
MHP = 6.86

0 0.5 1 1.5 2
0

2

4

6

8

10

12

 

 

large radius
small radius

Figure: Ω with its center O Plot of α 7→ P(α, θj ), j = 1, 2

θ1 = 0, θ2 = π
4
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Horgan-Payne angles (original and updated)

Original HP-angle (introduced by Stoyan)

ωHP :=
π

2
− sup
θ∈T

γ(θ) = inf
θ∈T

ω(θ) = arccos
(

mHP − 1
mHP + 1

)
ωHP is the minimal angle between radius and tangent at boundary pts Aθ.

Updated HP-like angle (the correct one)

µHP = arccos
(

MHP − 1
MHP + 1

)
“Theorem” Original by Horgan & Payne 1983 and Stoyan 2001 �

Γ(Ω) ≤ mHP i.e. β(Ω) ≥ sin
ωHP

2

Theorem (the proved one) [Co-Da 2013] ☼
Γ(Ω) ≤ MHP i.e. β(Ω) ≥ sin

µHP

2
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Cases of agreement,
Examples where mHP = MHP and ωHP = µHP

Disk and ellipses: equation (with a ≥ b)

x2

a2 +
y2

b2 = 1

Then

mHP = MHP = Γ(Ω) =
a2

b2 , i.e. β(Ω) =
b√

a2 + b2

RETURN

Polygons with concentric corners cj , i.e. r(cj ) are equal, j = 1, . . . , J
Example 1: Regular polygons
Example 2: Rectangles

Polygons with edges ej such that dist(O, ej ) are equal, j = 1, . . . , J
Example: Triangles
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Cases of disagreement/
[Ho-Pa 1983] + [Stoyan 2001]

Γ(Ω) ≤ mHP i.e. β(Ω) ≥ sin
ωHP

2

Theorem [Co-Da 2013]

There exists a strictly star-shaped domain Ω ⊂ R2 such that

Γ(Ω) > mHP i.e. β(Ω) < sin
ωHP

2

Our counter-example is based on a family of domains with a narrow pass
for which we can prove

an upper bound for β(Ω), i.e., a lower bound for Γ(Ω)
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Domains with a narrow pass

Let us define for the (connected) domain Ω ⊂ R2

Ω+ = {(x1, x2) ∈ Ω, x1 > 0}
Ω− = {(x1, x2) ∈ Ω, x1 < 0}

and Π = {(x1, x2) ∈ Ω, x1 = 0}.

We assume that Ω+, Ω− and Π are connected and non-empty.
Let |Ω±| denote the area of Ω± and `(Π) the length of Π

Theorem [Co-Da 2013]

We have the upper bound for σ(Ω) = β(Ω)2

β(Ω)2 ≤ 8
3
`(Π)2 |Ω+|+ |Ω−|

|Ω+| |Ω−|

Particular case

If |Ω+| = |Ω−| β(Ω)2 ≤ 16
3
`(Π)2

|Ω+|
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Example of domains with a narrow pass

The proof of the Theorem is based on property [B2]

β(Ω) = inf
q∈L2

◦(Ω) with ‖q‖
0,Ω

=1
|∇q|−1,Ω

choosing q =
χΩ+

|Ω+|
−
χΩ−

|Ω−|

Ω+Ω− Π

`(Π) = 2ε with ε = 0.2

|Ω+| = 4

β(Ω)2 ≤ 16
3
ε2 ≈ 0.2133

Ω is not strictly star-shaped

Π Ω+Ω−

`(Π) = 2ε with ε = 0.2

|Ω+| = π − arcsin ε+ ε
√

1− ε2

β(Ω)2 ≤ 64
3π

ε2 +O(ε5) ≈ 0.2720

Ω is strictly star-shaped
19/30
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More on the two circles example

• ••

•
ε

ω(π2 )

We take `(Π) = 2ε with ε = 0.2. Hence |Ω+| = π − arcsin ε+ ε
√

1− ε2.

Hence the upper bound β(Ω)2 ≤ 64
3π ε

2 +O(ε5) ≈ 0.2760

ωHP(Ω) = ω
(π

2

)
= arcsin ε

HP bound:
β(Ω)2 ≥ sin2 ωHP

2
=
ε2

4
+O(ε4)

Not yet a counter-example (no contradiction).
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The two stadia (counter) example

Π Ω+Ω− •• ••
•

•

Set ρ =
√

1− ε2. Centers in Ω+ have abscissa ρ and ρ/ε. Half-circles
have radius 1.

`(Π) = 2ε with ε = 0.25 (above) and ε = 0.0234 (below)

|Ω+| = 2ρ
(1
ε
− 1
)

+ π +O(ε3) =
2
ε
− 2 + π +O(ε2)

β(Ω)2 ≤ 32
3
ε3 +O(ε4)

ωHP(Ω) = arcsin ε HP bound
=⇒ β(Ω)2 ≥ sin2 ωHP

2
=
ε2

4
+Oε→0(ε4) �

Ω+Ω− •• ••

21/30



LBB constant Friedrichs constant Horgan-Payne Counter-examples Lower bound References Appendices

The four logarithmic spirals counter-example

Π Ω+Ω−

In the first quadrant, the curve is defined by f (θ) = e−cθ

`(Π) = 2e−cπ/2 with c = 2.58

|Ω+| = 2
∫ π/2

0

∫ f (θ)

0
r dr dθ = [− 1

2c
e−2cθ]

π/2
0 =

1
2c

(1− e−cπ)

β(Ω)2 ≤ 128
3

c e−cπ

1− e−cπ ≈ 0.0333

But

∀θ ∈ T, tan γ(θ)
general

=
f ′(θ)

f (θ)

specific
= c, i.e. tanω(θ) = cot γ(θ) =

1
c

ωHP(Ω) = arctan
1
c

HP bound
=⇒ β(Ω)2 ≥ sin2 ωHP

2
=

1
4c2 +O(

1
c4 ) ≈ 0.0337 �
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Inner and outer radii of strict. star-shaped domains

Ω ⊂ R2 star-shaped with respect to the ball B
O center of B and ρ radius of B (inner radius)
R (smallest number) such that Ω ⊂ B(O,R) (outer radius)

Lemma [Co-Da 2013]

Ω ⊂ R2 bounded domain.
1 Ω is strictly star-shaped⇐⇒ ∂Ω has a polar parametrization r = f (θ)

with a periodic Lipschitz continuous function f satisfying

∀θ ∈ T : f (θ) > 0.

2 Optimal values for ρ and R with respect to the center O of the
parametrization are given by

R = max
θ∈T

f (θ) and ρ = inf
θ∈T

f (θ)2√
f (θ)2 + f ′(θ)2
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Universal lower bound for strict. star-shaped domains

Theorem [Co-Da 2013]

The inf-sup constant β(Ω) admits the lower bound

β(Ω)2 ≥ ρ2

2R2

(
1 +

√
1− ρ2

R2

)−1

Corollary

1 β(Ω) ≥ ρ

2R
2 ρ→ R =⇒ β(Ω)→ 1√

2

Improvement of [Duran 2012].
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The four logarithmic spirals: upper & lower bounds

• Ωc = 1.25
ρ

R
For f (θ) = e−cθ

R = 1 and ρ =
e−cπ/2

√
1 + c2

Hence the lower bound

β(Ω)2 ≥ e−cπ

4(1 + c2)

Hence
e−cπ

4(1 + c2)
≤ β(Ω)2 ≤ 64

3
c e−cπ

1− e−cπ

For the counter-example (c = 2.25)

0.00014 ≤ β(Ω)2 ≤ 0.0409
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Masson et Cie (1967).

G. Stoyan, Iterative Stokes solvers in the harmonic Velte subspace,
Computing 67 (2001), 12–33.

L. Tartar, An Introduction to Navier-Stokes Equation and
Oceanography, Lecture Notes of the Unione Matematica Italiane 1,
Springer (2006).

26/30



LBB constant Friedrichs constant Horgan-Payne Counter-examples Lower bound References Appendices

A couple of irritating questions

1 The question of continuity of β(Ω) wrt Ω. Positive answer if C 2

variable changes are involved. No answer if less regular, so no answer
for rounded corners or piecewise linear approximation. Though
flawed, the approach by Horgan-Payne is remarkable because only
first derivatives of f are involved.

2 The precise value of β(2) (the square). The Schur complement S has
essential spectrum

Sess(S) =
[

1
2 −

| sinα|
2α , 1

2 + | sinα|
2α

]
∪ {1}

=
[

1
2 −

1
π ,

1
2 + 1

π

]
∪ {1}

'
[
0.1817, 0.8183

]
∪ {1}.

Difficult to say whether S has discrete spectrum below 0.1817.
3 Less irritating: The characterization of domains such that β(Ω) > 0.

Almost optimal characterization: the John domains.
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Appendices: Computations of eigenpairs

1 Computation in rectangles by Monique with an
ad hoc spectral method (Matlab)

2 Computation in finite fractal-like domains by
Frédéric Hecht with mixed P2-P1 finite elements
(FreeFEM++)

28/30



LBB constant Friedrichs constant Horgan-Payne Counter-examples Lower bound References Appendices

First eigenpair of S in (0, 1)× (0, ρ) with kmax = 100

ρ = 0.1 σapp = 0.0081
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First eigenpair of S in (0, 1)× (0, ρ) with kmax = 100

ρ = 0.2 σapp = 0.0314
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First eigenpair of S in (0, 1)× (0, ρ) with kmax = 100

ρ = 0.3 σapp = 0.0665
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First eigenpair of S in (0, 1)× (0, ρ) with kmax = 100

ρ = 0.4 σapp = 0.1084
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First eigenpair of S in (0, 1)× (0, ρ) with kmax = 100

ρ = 0.5 σapp = 0.1505

29/30



LBB constant Friedrichs constant Horgan-Payne Counter-examples Lower bound References Appendices

First eigenpair of S in (0, 1)× (0, ρ) with kmax = 100

ρ = 0.6 σapp = 0.1844. Note: infSess(S) ' 0.1817.
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First 4 eigenpairs on “fractal” structure, level 0

IsoValue
-3.26489
-2.96013
-2.75696
-2.55379
-2.35062
-2.14745
-1.94428
-1.74112
-1.53795
-1.33478
-1.13161
-0.928437
-0.725268
-0.522098
-0.318928
-0.115759
0.0874106
0.29058
0.49375
1.00167

Eigen  Vector 1 valeur =0.236161
IsoValue
-2.71862
-2.26222
-1.95794
-1.65367
-1.3494
-1.04513
-0.740857
-0.436584
-0.132312
0.17196
0.476232
0.780504
1.08478
1.38905
1.69332
1.99759
2.30186
2.60614
2.91041
3.67109

Eigen  Vector 2 valeur =0.237397

IsoValue
-1.03781
-0.753504
-0.563963
-0.374423
-0.184882
0.00465842
0.194199
0.383739
0.57328
0.762821
0.952361
1.1419
1.33144
1.52098
1.71052
1.90006
2.0896
2.27914
2.46869
2.94254

Eigen  Vector 3 valeur =0.312796
IsoValue
-5.89304
-5.04862
-4.48567
-3.92272
-3.35978
-2.79683
-2.23388
-1.67093
-1.10798
-0.545035
0.0179131
0.580861
1.14381
1.70676
2.26971
2.83265
3.3956
3.95855
4.5215
5.92887

Eigen  Vector 4 valeur =0.324628
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First 4 eigenpairs on “fractal” structure, level 1

IsoValue
-0.848189
-0.727123
-0.646412
-0.565701
-0.484991
-0.40428
-0.323569
-0.242858
-0.162147
-0.0814367
-0.000725881
0.0799849
0.160696
0.241406
0.322117
0.402828
0.483539
0.56425
0.64496
0.846737

Eigen  Vector 1 valeur =0.0715644
IsoValue
-0.764489
-0.659742
-0.589911
-0.52008
-0.450248
-0.380417
-0.310585
-0.240754
-0.170923
-0.101091
-0.03126
0.0385714
0.108403
0.178234
0.248066
0.317897
0.387728
0.45756
0.527391
0.701969

Eigen  Vector 2 valeur =0.102358

IsoValue
-3.2666
-2.80418
-2.4959
-2.18761
-1.87933
-1.57105
-1.26277
-0.954486
-0.646204
-0.337922
-0.0296395
0.278643
0.586925
0.895207
1.20349
1.51177
1.82005
2.12833
2.43662
3.20732

Eigen  Vector 3 valeur =0.237392
IsoValue
-2.91775
-2.67261
-2.50918
-2.34575
-2.18232
-2.01889
-1.85546
-1.69203
-1.5286
-1.36517
-1.20174
-1.03831
-0.87488
-0.71145
-0.548021
-0.384591
-0.221162
-0.0577322
0.105697
0.514271

Eigen  Vector 4 valeur =0.246779

30/30
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First 4 eigenpairs on “fractal” structure, level 2

IsoValue
-0.671886
-0.575876
-0.511869
-0.447862
-0.383855
-0.319848
-0.255841
-0.191834
-0.127828
-0.0638206
0.000186294
0.0641932
0.1282
0.192207
0.256214
0.320221
0.384228
0.448235
0.512242
0.672259

Eigen  Vector 1 valeur =0.0284222
IsoValue
-0.45705
-0.377956
-0.325226
-0.272497
-0.219767
-0.167037
-0.114308
-0.0615783
-0.0088487
0.0438809
0.0966105
0.14934
0.20207
0.254799
0.307529
0.360258
0.412988
0.465717
0.518447
0.650271

Eigen  Vector 2 valeur =0.0506881

IsoValue
-1.07542
-0.921783
-0.819359
-0.716934
-0.61451
-0.512086
-0.409662
-0.307238
-0.204813
-0.102389
3.49608e-05
0.102459
0.204883
0.307308
0.409732
0.512156
0.61458
0.717004
0.819428
1.07549

Eigen  Vector 3 valeur =0.0715714
IsoValue
-1.07469
-0.921052
-0.818628
-0.716203
-0.613779
-0.511355
-0.408931
-0.306506
-0.204082
-0.101658
0.000766696
0.103191
0.205615
0.30804
0.410464
0.512888
0.615313
0.717737
0.820161
1.07622

Eigen  Vector 4 valeur =0.0715716

30/30



LBB constant Friedrichs constant Horgan-Payne Counter-examples Lower bound References Appendices

First 4 eigenpairs on “fractal” structure, level 3

IsoValue
-0.626491
-0.536979
-0.477304
-0.417629
-0.357954
-0.298279
-0.238605
-0.17893
-0.119255
-0.0595799
9.49915e-05
0.0597699
0.119445
0.17912
0.238795
0.298469
0.358144
0.417819
0.477494
0.626681

Eigen  Vector 1 valeur =0.0159942
IsoValue
-0.894055
-0.766739
-0.681862
-0.596985
-0.512108
-0.427231
-0.342354
-0.257477
-0.1726
-0.087723
-0.00284593
0.0820311
0.166908
0.251785
0.336662
0.421539
0.506416
0.591293
0.67617
0.888363

Eigen  Vector 2 valeur =0.0284234

IsoValue
-0.891409
-0.764092
-0.679214
-0.594336
-0.509458
-0.42458
-0.339702
-0.254824
-0.169946
-0.0850681
-0.000190151
0.0846878
0.169566
0.254444
0.339322
0.4242
0.509077
0.593955
0.678833
0.891028

Eigen  Vector 3 valeur =0.0284235
IsoValue
-0.367256
-0.295958
-0.248426
-0.200894
-0.153362
-0.10583
-0.0582979
-0.0107659
0.0367661
0.0842981
0.13183
0.179362
0.226894
0.274426
0.321958
0.36949
0.417022
0.464554
0.512086
0.630916

Eigen  Vector 4 valeur =0.0300103
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First 4 eigenpairs on “fractal” structure, level 4

IsoValue
-0.620581
-0.531935
-0.472839
-0.413742
-0.354645
-0.295548
-0.236451
-0.177354
-0.118257
-0.0591602
-6.32595e-05
0.0590337
0.118131
0.177227
0.236324
0.295421
0.354518
0.413615
0.472712
0.620454

Eigen  Vector 1 valeur =0.0107045
IsoValue
-1.00959
-0.865366
-0.769218
-0.67307
-0.576922
-0.480773
-0.384625
-0.288477
-0.192328
-0.09618
-3.16948e-05
0.0961166
0.192265
0.288413
0.384562
0.48071
0.576858
0.673006
0.769155
1.00953

Eigen  Vector 2 valeur =0.0159946

IsoValue
-1.00983
-0.865606
-0.769457
-0.673309
-0.577161
-0.481012
-0.384864
-0.288716
-0.192567
-0.096419
-0.000270683
0.0958776
0.192026
0.288174
0.384323
0.480471
0.576619
0.672768
0.768916
1.00929

Eigen  Vector 3 valeur =0.0159946
IsoValue
-0.638705
-0.570381
-0.524832
-0.479282
-0.433733
-0.388184
-0.342635
-0.297085
-0.251536
-0.205987
-0.160437
-0.114888
-0.0693386
-0.0237893
0.02176
0.0673093
0.112859
0.158408
0.203957
0.317831

Eigen  Vector 4 valeur =0.0199521
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First 4 eigenpairs on “fractal” structure, level 5

IsoValue
-0.634518
-0.543866
-0.483431
-0.422996
-0.362561
-0.302126
-0.241691
-0.181256
-0.120821
-0.0603863
4.86769e-05
0.0604836
0.120919
0.181354
0.241789
0.302223
0.362658
0.423093
0.483528
0.634616

Eigen  Vector 1 valeur =0.00793114
IsoValue
-0.979547
-0.839594
-0.746293
-0.652991
-0.55969
-0.466388
-0.373086
-0.279785
-0.186483
-0.0931813
0.000120382
0.093422
0.186724
0.280025
0.373327
0.466629
0.55993
0.653232
0.746534
0.979788

Eigen  Vector 2 valeur =0.0107047

IsoValue
-0.979566
-0.839614
-0.746312
-0.653011
-0.559709
-0.466407
-0.373106
-0.279804
-0.186502
-0.0932007
0.000100992
0.0934027
0.186704
0.280006
0.373308
0.466609
0.559911
0.653213
0.746514
0.979768

Eigen  Vector 3 valeur =0.0107047
IsoValue
-0.28567
-0.217536
-0.172114
-0.126692
-0.0812697
-0.0358475
0.00957464
0.0549968
0.100419
0.145841
0.191263
0.236686
0.282108
0.32753
0.372952
0.418374
0.463796
0.509219
0.554641
0.668196

Eigen  Vector 4 valeur =0.0143559
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