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Q bounded connected open set of RY (d > 1)

L2(£2) space of square integrable functions g on Q2. Norm ||q/| 0.0
H'(Q2) Sobolev space of v € L2(2) with gradient Vv € L?(Q)?
L2(Q2) sub-space of g € L*(2) with [, g =0.

H} () sub-space of u € H'(2) with null trace on 9. Poincaré inequ.
— Semi-norm [u[ = [|Vu|| , equivalent to norm [|ul|,

The inf-sup constant, alias LBB constant ¢

After Ladyzhenskaya, Babuska and Brezzi

/divv q
(B1] B(Q) = inf —2

sup
geL3(Q) veHi(Q)! |V

1l q
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LBB constant
080000000

Friedrichs constant Horgan-Payne Counter-examples Lower bound

[e]e} 00000 000000 000
divv
B(Q)= inf _Jodvva
acz(@) veri@e [Vl o llallyq
Ifd=1,3(Q)=1:

References
[ele]e}

Qis an interval (a, b). For g € L3(Q), take v(x) = [ g(t) dt.

In any dimension 3(2) > 0
In any dimension 5(2) < 1, because of the identity

2 2 — 2 2
Vv € H)(Q)7, VI, o =1VVilyq=llcurvll o +Idivv] g

B(R) is invariant by dilations, translations, symmetries and rotations.

Depends only on the shape of Q2

Appendices
000

Less elementary: [Michlin 1973] @& [Cosserat-Cosserat 1898] CED

1

vd>2, B(QP<1| and |ifd=2 B(Q)?=1

for discs

2/30



Positiveness: 5(£2) > 0 for Lipschitz domains

Figure: A Lipschitz domain with infinitely many corners

The boundary 0 is locally a Lipschitz epigraph.
[Necas 1964]
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Picture by Martin at San Juan de la Pefa, near Jaca (Spain),
Sept 18, 2012.
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Positiveness: 5(£2) > 0 for weakly Lipschitz domains

Figure: A weakly Lipschitz domain: the self-similar zigzag

The boundary 09 is locally described by bi-Lipschitz maps.
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Ixo € Q,3p > 0, s.t. any point x € Q is joined to Xy by a rectifiable curve v
parametrized by arclength t € [0,¢ = 4(x)], Vi € [0,/], pt < d(0Q,~(t))

[Acosta-Duran-Muschietti, 2006]
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Ixo € Q,3p > 0, s.t. any point x € Q is joined to Xy by a rectifiable curve v
parametrized by arclength t € [0,¢ = 4(x)], Vi € [0,/], pt < d(0Q,~(1))

[Acosta-Duran-Muschietti, 2006]
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Non-positiveness: 5({2) = 0 for outward cusps

Figure: A domain with an external cusp

[Tartar 2006]
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Denote
@ D the positive vector Laplacian D = (—A) g : H}(Q)? — H~'(Q)?
@ S the Schur complement [of the Stokes operator]
S: L2(Q) — L2(Q)
g +— —dvD'Vgqg
Bounded, self-adj, non-negative. Not compact, no compact resolvent.

Sq,
@ o(Q) the bottom of spectrum: () = inf <q—q>9
scz@ (9:9)q

(B3] a(Q) = B(Q)?

Proof ingredients: v
q

@ LBB constant as duality estimate 5(2) =  inf 10

scz@ lall, 4

@ Conversion by D the Riesz isometry between H}(Q)? and H~'(Q)¢
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Introduce the family of operators o — L,

L: H(Q) — H=(Q)°
v — ocAv —-Vdivv
Spectrum
@ Cosserat spectrum, &(L): set of o such that L, is not invertible,
@ Essential spectrum, Ggss(L): set of o such that L, is not Fredholm.
Relation of Cosserat spectrum with Schur complement S:

S(L) = S(S)U{0} and Gess(L) = Gess(S) U {0}

[Michlin 1973]:
@ 0,1 € Gess(L) because L, is not elliptic inside the domain
° % € Gess(L) because Dirichlet conditions do not cover L,

» RETURN
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e QCR*~C
@ () space of complex valued L?(£2) holomorphic functions.
@ §,(9) the subspace of F(Q2) with mean value 0.

Let h, g € L3(Q) with real values.

@ his harmonic conjugate to g if the function
(X1 + ix2) — h(x1, X2) + ig(x1, x2) is holomorphic. Equivalently:

Ah=0, Ag=0, and Vh—culg in Q.

@ The Friedrichs constant ['(2) € R U {oo} is the smallest constant I
such that for all h + ig € Fo(Q)

1Al ) < T ll9lZq)
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Q If 3(2) > 0, then () is finite and
1
rQ)+1< Q)

Q If I'(Q) is finite, then 5(22) > 0 and

1
Wgr(ﬂ)u

Q Let h+ ig € Fo(R). Define u € H}(2)? such that

. _ 2 < 1 2
divu=h and |u\17s2 < W”h”o,ﬂ
Q Letp e [2(Q). Defineu= D""Vp, g=divu and g = curlu.
Then g and g — p are conjugate harmonic functions.
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Domain 2 star-shaped with respect to a ball B (<2 strictly star-shaped).
Center O € B

Polar coordinates (r, ) centered at O

Polar parametrization f € W'"°(T) of the boundary:

f: R2nZ =T — 0Q
0 — Ay = (f(#)cosb,f(0)sino)

Normal Np to 02 at Ag
Angle v(0) between line [O, Ag] and Ny, and w(#) = 3 — ().
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Horgan-Payne bounds (original and updated)

1
Bounds for the “Friedrichs constant” I(Q) 22" By 1

® muyp original bound, nicer, but flawed proof
@ Mpyp updated bound, uglier, but correct proof (by us)

Defined by means of function P (assuming without restriction max f(6) =1)
€

(0,1) x T 3 (a,0) — P(a,0) = afg@)z (1 N 1teln07f%2>

« is a parameter introduced to optimize the sum of two terms in the proof
Original HP-bound
M) < mue = sup{ inf P(a,@)}
PET " ae (0.5
Updated HP-like bound (the correct one)

M) < Myp = inf { sup P(a,0)}

a€e(0,1) ~ 0T
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2 : arge radius | |
small radius

0 i i

-1 -0.5 0 0.5 1 0 0.5 1 1.5 2

Figure: Q with its center O Plotof « — P(c, 0;), j=1,2

01 =0, 0,

INE
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Horgan-Payne angles (original and updated)

Original HP-angle (introduced by Stoyan)

s . me—1
— —su #) = inf w(#) = arccos
2 aen’?V( ) €T @ (me+1>

WHP =

wip is the | minimal angle between radius and tangent | at boundary pts Ag.

Updated HP-like angle (the correct one)
=
LHp = arccos

“Theorem” Original by Horgan & Payne 1983 and Stoyan 2001 4%

Q) <mye ie. B(Q)>sin %

Theorem (the proved one) [Co-Da 2013] Xt

[(Q) < My ie. B(Q) > sin %
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Examples where myp = Myp and wyp = pigp

@ Disk and ellipses: equation (with a > b)

2 2
LN
a b?
Then
2 . b
Mmyp = MHP = I_(Q) = E7 l.e. B(Q) = W
@ Polygons with concentric corners ¢;, i.e. r(c;) areequal,j=1,...,J

Example 1: Regular polygons
Example 2: Rectangles

@ Polygons with edges e; such that dist(O, g;) areequal,j=1,...,J
Example: Triangles
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[Ho-Pa 1983] + [Stoyan 2001]

M(Q) < mye ie B(Q)>sin“F

Theorem [Co-Da 2013]

There exists a strictly star-shaped domain  c R? such that

Q) > mye ie. B(Q) <sin %

Our counter-example is based on a family of domains with a narrow pass
for which we can prove

an upper bound for 5(2), i.e., alower bound for I'(Q)|
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Domains with a narrow pass

Let us define for the (connected) domain Q C R2

Qr ={(x1,x) €Q, x>0}
d M= ’ € Q7 =0}.
Q_={(x1,%) €, x <0} an {(x, x2) X1 }

We assume that 2, Q_ and I1 are connected and non-empty.
Let |24 | denote the area of Q1 and ¢(I) the length of

Theorem [Co-Da 2013]

We have the upper bound for o(Q) = 3(Q2)2
8 o ||+ [0|
B < - (NP ————
=3 4" o, |

Particular case

16 £(M)?
If Q.| =|Q_ 2 o~
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Example of domains with a narrow pass

The proof of the Theorem is based on property [B2]

B(Q) = inf Vql ,, choosing g ot b
9EL2(9) with |l =1 -1 2] Q|
O n
£(M) = 2e withe = 0.2 £(MN) = 2¢ withe = 0.2
Q[ =4 |Qi| =7 —arcsine + e/ 1 — &2
16 4
B(Q) < 3 <2~ 02133 B < g— €2 4 O(c%) ~ 0.2720
us

Q is not strictly star-shaped Q is strictly star-shaped
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More on the two circles example

We take ¢(IM) = 2¢ with e = 0.2. Hence || = 7 — arcsine + ev/1 — &2,
Hence the upper bound 3(Q2)? < 2% &2 4 O(%) ~ 0.2760
T .
wp(Q) = w<§> = arcsine

HP bound: 2
B(Q)? > sin? % - % + O

Not yet a counter-example (no contradiction).

20/30



o S S
The two stadia (counter) example

_—

N

Set p = V/1 — 2. Centers in Q, have abscissa p and p/e. Half-circles
have radius 1.

(M) =2¢ with ¢ = 0.25 (above) and ¢ = 0.0234 (below)

1 2
Q.| =2p(g—1>+7r+(’)(63)=g—2+7r+(’)(€2)

B(Q)? < %53 +0(eh)

2
wip(Q) = arcsine 22 5(0)7 > sin? % = % +0.0(eY 4
(' 7 'X' Sl_;_ 0)
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In the first quadrant, the curve is defined by f(#) = e’
(M) =2e~°"/2 with ¢c=2.58

x/2 f(6) ”
|Q+|_2/ / rords =[5 —209]“/2 St =)

28 ce °"
3Q2<—7m0.0333
O = 5 o=
But
general f /(9) specific

#(0)

1 ) LW 1 1
wip(Q) = arctan — "= 5(Q)7 > sin® IE = o+ O( ) ~0.0837 7

Vo e T, tan~v(6) c, ie tanw(f) =cotvy(0) =
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@ Q C IR? star-shaped with respect to the ball B
@ O center of B and p radius of B (inner radius)
@ R (smallest number) such that Q C B(O, R) (outer radius)

Q ¢ R? bounded domain.

@ Qis strictly star-shaped <= 92 has a polar parametrization r = f(8)
with a periodic Lipschitz continuous function f satisfying

VOeT: f(6)>0.

© Optimal values for p and R with respect to the center O of the
parametrization are given by

£(0)?

R=maxf(d) and p= inf —————
fET 0T \/(0)? + '(0)2
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Universal lower bound for strict. star-shaped domains

Theorem [Co-Da 2013]

The inf-sup constant 3(€2) admits the lower bound

—1
80 2 s (1+)1- &)

~ 2R R
o B(Q) = L 1
(2] p—=+R = ﬁ(Q)_)%

Improvement of [Duran 2012].
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The four logarithmic spirals: upper & lower bounds

For f(0) = e~

e—cn'/2

AR=1 and p:\/1+—cz

Hence the lower bound

e—Cﬂ'

For the counter-example (¢ = 2.25)
0.00014 < 3(R)? < 0.0409
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@ The question of continuity of () wrt Q. Positive answer if 62
variable changes are involved. No answer if less regular, so no answer
for rounded corners or piecewise linear approximation. Though
flawed, the approach by Horgan-Payne is remarkable because only
first derivatives of f are involved.

@ The precise value of 5(0O) (the square). The Schur complement S has
essential spectrum

Difficult to say whether S has discrete spectrum below 0.1817.

@ Less irritating: The characterization of domains such that 5(2) > 0.
Almost optimal characterization: the John domains.
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Appendices: Computations of eigenpairs

© Computation in rectangles by Monique with an
ad hoc spectral method (Matlab)

@ Computation in finite fractal-like domains by
Frédéric Hecht with mixed P»>-IP¢ finite elements
(FreeFEM++)
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o = 0.0081289
0.1 4
2
0.05 0
-2
0 s AR -4
0 0.1 0.2 03 04 05 0.6 07 08 09 1
p=01

app = 0.0081
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o = 0.031377

p=02  ogp=0.0314
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First eigenpair of Sin (0,1) x (0, p) with kmax = 100

o = 0.066476
03

p=03  oapp = 0.0665
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First eigenpair of Sin (0,1) x (0, p) with kmax = 100

a = 01084

04
03
02
01
% o1 o0z 03 04 05 06 07 08 09 1

p=04  0mpp=0.1084
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First eigenpair of Sin (0, 1) x (0, p) with kmax = 100

o = 015062

p=05  oapp = 0.1505
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First eigenpair of Sin (0, 1) x (0, p) with kmax = 100

o = 018438
06

0.5

0.4

03

02

0.1

0
o] 01 02 03 04 05 06 07 08 09 1

p =06 0app=0.1844. Note: infGes(S)~0.1817.
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First 4 eigenpairs on “fractal” structure, level 0

Eigen Vector 1 valour =0.236161 Eigen Vector 2 valour =0.257397

3

4
o
0
i
i
i
B
2
3
3

P
7
g
5
8
S
5
5
9
&

Eigen Vector 8 valeur =0312798 v Eigen Vector & valeur 20.324628 v

7308

i
i
1

i
5
B
3
5

s

Smas

B8R
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Eigen Vector 1 valour =0.0715644 v Eigen Vector 2 valour =0.102358

Eigen Vector 8 valeur 0297362 v Eigen Vector & valeur =0.246779 v

HE

30/30




mmmumu:nsu

Cosnet et

Isovalue
Isovalue

AN

°©

>

2

)

L] i .

S BN :

© i i

S j

£ & &

=]

(/2]

©

b

o |

. % BT aaw

O

c

o

N

=

®©

p -

=] !

o i i
13 H

First4 e

30/30



First 4 eigenpairs on “fractal” structure, level 3

Eigen Vector 1 valour =0.0159942

Eigen Vector 8 valour =0.0284235

Eigen Vector 2 valour =0.0284234

Eigen Vector & valaur =0.0300103

mEsEmEmmmAnnmannT

fsovalue

EmmesEEmsEnnans

&

BogRINaeE
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First 4 eigenpairs on “fractal” structure, level 4

Eigen Vector 1 valour =0.0107045 Eigen Vector 2 valaur =0.0159545.

sovalue
o

SRR

;

s

Gttt
i3 wgggw

aansRRzS:
5t

Eigen Vector 8 valour 200159946 ovan Eigen Vector ¢ valeur =0.0199521

sovaluo

ZRaSREY

Pt 1 Pt e
Fieh s
deigasnEt

E:

30/30



3 o g s
H saaﬁawmmmmwmmmm B ochcieoi

To]

—

()

>

Q2

QO

L H §

=8 :

17) ] i

= § i

®

©

i)

(&)

‘f

[

(o]

(2]

e
: ¢
7 i
i H
13 H

©
o
c
(<)
O
(]
<
.
(4
A=
LL

30/30



	The LBB constant
	The Friedrichs constant
	Horgan-Payne
	Counter-examples
	Universal lower bound
	References
	Appendices

