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Corner domains

Corner domains (3D)

Figure: Axisymmetric domain & Cayley’s tetrahedron (M. Costabel with POV-Ray)
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Corner domains

Corner domains (definition)

•
c

•
0

Uc Kc ∩ BRφc

Ω

Figure: Corner domain: Local map (made with Fig4TeX)

Ω has a finite set C of corners c:
All corners are points
All corners c are in the boundary ∂Ω of Ω

Around each boundary point x0 6∈ C , Ω is smooth
Around each corner point c ∈ C , Ω is diffeomorphic1 to a cone Kc

A polygonal domain is a plane corner domain whose boundary is a
union of segments

1Here we consider C∞ diffeomorphisms in Cartesian variables.
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Edge domains

Edge domains

Figure: Flying saucer and skew cylinder (M. Costabel with POV-Ray)
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Edge domains

Edge domains: Definition

Ω ⊂ R3.
Ω has a finite set E of edges e:

All edges are closed curves

All edges e are subsets of ∂Ω

Around each boundary point x0 6∈ ∪e∈E e, Ω is smooth

Around each edge point z ∈ e, Ω is diffeomorphic to a wedge Kz × R

Edge opening

The diffeomorphism φz is tangent to a rotation: ∇φz(z) ∈ O3

Kz is a plane sector: Let ωz be its opening.

z 7→ ωz can be variable or constant

If z 7→ ωz is constant, it defines ωe
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Polyhedral domains

Polyhedral domains

Figure: Fichera corner and seed (M. Costabel with POV-Ray)
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Polyhedral domains

Curvilinear Polyhedral domains: Definition

Ω ⊂ R3.
Ω has a finite set E of edges e and a finite set C of corners c:

All edges are smooth open arcs of curve

All edge boundary points c ∈ e \ e are corners

All edges e and corners c are subsets of ∂Ω

Around each boundary point x0 6∈ C ∪ (∪e∈E e), Ω is smooth

Around each edge point z ∈ e, Ω is diffeomorphic to a wedge Kz × R
Around each corner point c ∈ C , Ω is diffeomorphic to a cone Kc

Let Gc be the solid angle of Kc , i.e. Gc = Kc ∩ S2

The regularity of diffeos implies compatibility between edges and corners:

Polyhedral cone

If c does not belong to a e, Kc is a regular cone, i.e. Gc is smooth

If c ∈ e, Kc is a polyhedral cone, i.e. Gc is a 2D corner domain

9/50



Domains Laplace Regularity Laplace Corner Singularities Laplace Edge Singularities Maxwell equations Maxwell singularities References

Outline

1 Domains
Corner domains
Edge domains
Polyhedral domains

2 Laplace Regularity
Corner domains
Edge and Polyhedral Domains

3 Laplace Corner Singularities
Preliminaries
Corner domains

4 Laplace Edge Singularities
Edge domains
Polyhedral domains

5 Maxwell equations

6 Maxwell singularities
Model singularities along edges and at corners
Regularity and Singularities

7 References

10/50



Domains Laplace Regularity Laplace Corner Singularities Laplace Edge Singularities Maxwell equations Maxwell singularities References

Dirichlet and Neumann problems for ∆

Two typical problems:

Dirichlet

For f ∈ L2(Ω),
find u ∈ H1(Ω):{

∆u = f in Ω,
u = 0 on ∂Ω.

Existence and uniqueness.
If Ω is smooth, regularity shift:

f ∈ Hs−2(Ω) =⇒ u ∈ Hs(Ω),

with estimates (s ≥ 1, s 6= 3
2 )

‖u‖
s;Ω

≤ C‖f‖
s−2;Ω

.

Neumann

For f ∈ L2(Ω), g ∈ H−1/2(∂Ω),
find u ∈ H1(Ω):{

∆u = f in Ω,
∂nu = g on ∂Ω.

Existence if compatible data.
If Ω is smooth, regularity shift with
estimates (s > 3

2 )

‖u‖
s;Ω

≤ C
(
‖f‖

s−2;Ω
+

‖g‖
s−3/2;∂Ω

+ ‖u‖
1;Ω

)
.

11/50



Domains Laplace Regularity Laplace Corner Singularities Laplace Edge Singularities Maxwell equations Maxwell singularities References

Corner domains

Regularity on plane corner domains

Corner c ∈ C → Opening ωc ∈ (0, π) ∪ (π, 2π] of the tangent sector Kc .

Theorem 1 for Dirichlet and Neumann problems

Let s > 3
2 real. If

∀c ∈ C , s − 1 <
π

ωc

Dirichlet: f ∈ Hs−2(Ω) =⇒ u ∈ Hs(Ω)

Neumann: f ∈ Hs−2(Ω) and g ∈ PHs−3/2(∂Ω) =⇒ u ∈ Hs(Ω)

Here PHσ(∂Ω) =
∏

j Hσ(∂jΩ) with ∂jΩ the sides of Ω.

Mixed Dirichlet-Neumann problems

The regularity condition is then (even if ωc = π)

∀c ∈ C , s − 1 <
π

2ωc
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Corner domains

Regularity on corner three-dimensional domains

Notations
Corner c ∈ C → Solid angle Gc of the tangent cone Kc .
µdir

c = 1rst eigenvalue of Laplace-Beltrami with Dirichlet bc on Gc

µneu
c = 2nd eigenvalue of Laplace-Beltrami with Neumann bc on Gc

Theorem 2 for Dirichlet and Neumann problems. Let s > 3
2 real.

Dirichlet: λdir
c positive root of λ2 + λ = µdir

c . If

∀c ∈ C , s − 3
2 < min{λdir

c , 2}

Then: f ∈ Hs−2(Ω) =⇒ u ∈ Hs(Ω)

Neumann: λneu
c positive root of λ2 + λ = µneu

c . If

∀c ∈ C , s − 3
2 < min{λneu

c , 1}

Then: f ∈ Hs−2(Ω) and g ∈ PHs−3/2(∂Ω) =⇒ u ∈ Hs(Ω)

Note: The bound 2 for Dirichlet can be omitted if Kc is contained in the
null-set of a quadratic equation. See later.
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Corner domains

Corner Regularity: The secret of generality (Dirichlet)

Recall: µdir
c = 1rst eigenvalue of Laplace-Beltrami with Dirichlet bc on Gc

Laplace-Beltrami first eigenvalue

In dimension n = 2, Gc = (0, ωc) and µdir
c = ( π

ωc
)2.

Necessary regularity conditions

n = 2: s − 1 < λdir
c with (λdir

c )2 = µdir
c .

n = 3: s − 3
2 < λdir

c with λdir
c (λdir

c + 1) = µdir
c

∆ in polar coordinates in Rn

∆ = r−2((r∂r )
2 + (n − 2)r∂r −∆Sn−1

)
General necessary regularity condition (Lapace-Dirichlet)

∀c ∈ C , s − n
2 < λdir

c

with n = dimension and λdir
c positive root of λ(λ+ n − 2) = µdir

c .
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Corner domains

3D Corner Regularity: Values for λdir

48 Chapter II. Functions

!

"
ν

0

1
2

1

3
2

α
0 π

4
π
2

3π
4 π

k = 0
$ = 1

k = 1
$ = 1

k = 0
$ = 2

Figure II.4.1

then the solution ŭ of problem (II.4.1) admits the following splitting

ŭ = ŭreg +
∑

|k|≤Ks

∑

"

γ(k) "
c · S(k) "

c (r, z) eikθ in V̆c ∩ Ω̆,

with ŭreg ∈ Hs+1(V̆c ∩ Ω̆),

(II.4.25)

where, for any k , the sum extends to all $ such that 0 < ν(k) "
c < s , and the following

a priori estimate holds

‖ŭreg‖Hs+1(V̆c∩Ω̆)
+

∑

k

∑

"

|γ(k) "
c | ≤ c

(
‖f̆‖

Hs−1(Ω̆)
+ ‖ğ‖

Hs+1(Ω̆)

)
. (II.4.26)

As a consequence, for each k , |k| ≤ Ks , the Fourier coefficient uk admits the
splitting

uk = uk
reg +

∑

"

γ(k) "
c · S(k) "

c (r, z) in Vc ∩ Ω, with uk
reg ∈ Hs+1

(k) (Vc ∩ Ω), (II.4.27)

and for each k , |k| > Ks , the coefficient uk belongs to Hs+1
(k) (Vc ∩ Ω) and satisfies

uk = uk
reg .

Figure: Curve α 7→ ν = λdir
c for axisymmetric cones of half-opening α

(Corresponds to k = 0, ` = 1)
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Corner domains

3D Corner Regularity: Comparison for λdir and λneu

Dirichlet

If Gc ⊂ G, then λdir
c ≥ λdir(G)

Known values for λdir(G)

Half-sphere: λdir(G) = 1

Dihedron of opening ω: λdir(G) = π
ω

Half-dihedron of opening ω: λdir(G) = π
ω + 1

Axisymmetric cone (G is a spherical cup, see Fig.)

Neumann

No comparison principle for Neumann

But, if Kc is convex, µneu
c ≥ 1, hence λneu

c ≥
√

5−1
2

M. DAUGE.
Neumann and mixed problems on curvilinear polyhedra.
Integral Equations Oper. Theory. 15 (1992) 227–261.
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Edge and Polyhedral Domains

Regularity on edge domains

Edge e ∈ E , z ∈ e → Opening ωz of the tangent wedge Kz × R.

Theorem 3 for Dirichlet and Neumann problems

Let s > 3
2 real. If

∀e ∈ E , ∀z ∈ e, s − 1 <
π

ωz

Dirichlet: f ∈ Hs−2(Ω) =⇒ u ∈ Hs(Ω)

Neumann: f ∈ Hs−2(Ω) and g ∈ PHs−3/2(∂Ω) =⇒ u ∈ Hs(Ω)
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Edge and Polyhedral Domains

Regularity on curvilinear polyhedral domains

Notations
Edge e ∈ E , z ∈ e → Opening ωz of tangent wedge Kz × R.
Corner c ∈ C → Solid angle Gc of tangent cone Kc , → µdir

c & µneu
c .

Theorem 4 for Dirichlet and Neumann problems

Let s > 3
2 real.

Dirichlet: λdir
c positive root of λ2 + λ = µdir

c . If{
∀c ∈ C , s − 3

2 < min{λdir
c , 2}

∀e ∈ E , ∀z ∈ e, s − 1 < π/ωz

Then: f ∈ Hs−2(Ω) =⇒ u ∈ Hs(Ω)

Neumann: λneu
c positive root of λ2 + λ = µneu

c . If{
∀c ∈ C , s − 3

2 < min{λneu
c , 1}

∀e ∈ E , ∀z ∈ e, s − 1 < π/ωz

Then: f ∈ Hs−2(Ω) and g ∈ PHs−3/2(∂Ω) =⇒ u ∈ Hs(Ω)
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Preliminaries

Definition of corner singularities (Dirichlet)

Let c ∈ C and χc be a smooth cut-off, χc ≡ 1 near corner c
The limit of regularity is due to singularities, i.e. model functions Φ such that

χcΦ ∈ H1
0 (Kc), ∆(χcΦ) ∈ C∞(Kc) and χcΦ not smooth.

Lemma: The spaces of model functions are

Sλ
0 (Kc) =

{
Φ =

∑
q≥0, finite

rλ logq r ϕq(θ), ϕq ∈ H1
0 (Gc)

}
, λ ∈ C

and Φ ∈ Sλ
0 (Kc) is a singularity iff Reλ > 1− n

2 and ∆Φ is smooth.

In view of the form of Φ, ∆Φ is smooth iff ∆Φ is a polynomial function
(thus is 0 if λ− 2 6∈ N0).

Let Pλ be the space of polynomials, homogeneous of degree λ.

Singularities are the default:

Φ ∈ Sλ
0 (Kc) with Reλ > 1− n

2 such that Φ 6∈ Pλ and ∆Φ ∈ Pλ−2
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Preliminaries

Principles for finding corner singularities (Dirichlet)

∆ in polar coordinates

∆ = r−2((r∂r )
2 + (n − 2)r∂r −∆Sn−1

)
Hence

∆
(
rλϕ(θ)

)
= rλ−2(λ2 + (n − 2)λ−∆Sn−1

)
ϕ(θ)

If λ 6∈ N, singularities are the non-zero Φ ∈ Sλ
0 (Kc) s.t. ∆Φ = 0.

Dirichlet Eigenpairs provide us with singularities

∆dir
Gc
ψ = µψ yields Φ = rλψ(θ) with λ2 + (n − 2)λ = µ

Conversely, all singularities have this form (feature of ∆).

If λ ∈ N, interactions with polynomials have to be considered.
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Preliminaries

Corner singularities versus polynomials (Dirichlet)

Notations:
λ ∈ N. Space of polynomials: Pλ

0 (Kc) = {Φ ∈ Pλ | Φ = 0 on ∂Kc}.
S(∆dir

Gc
) the spectrum of ∆Sn−1 with Dirichlet bc on ∂Gc .

Four possibilities:

1 dim Pλ
0 (Kc) = dim Pλ−2 and λ2 + (n − 2)λ 6∈ S(∆dir

Gc
). No singularity.

2 dim Pλ
0 (Kc) = dim Pλ−2 and λ2 + (n − 2)λ ∈ S(∆dir

Gc
). Singularities.

n = 2, ωc 6= 2π or n ≥ 3, Kc quadratic cone.

3 dim Pλ
0 (Kc) < dim Pλ−2. Singularities.

n ≥ 3, Kc general non-quadratic cone.

4 dim Pλ
0 (Kc) > dim Pλ−2 =⇒ λ2 + (n − 2)λ ∈ S(∆dir

Gc
). Singularities?

Let m be the multiplicity of eigenvalue λ2 + (n − 2)λ.
m = dim Pλ

0 (Kc)− dim Pλ−2 : No singularity. n = 2, ωc = 2π
m > dim Pλ

0 (Kc)− dim Pλ−2 : Singularities.
m < dim Pλ

0 (Kc)− dim Pλ−2 ? Impossible.
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Corner domains

Expansions in polygonal domains

Notations:
Smooth Cut-off χc ≡ 1 near corner c (partition of unity).

Theorem 5 for Dirichlet and Neumann problems

Let s > 3
2 real. Let f ∈ Hs−2(Ω). If

∀c ∈ C , ∀k ∈ N (k odd if ωc = 2π), s − 1 6= kπ
ωc

,

then any solution u ∈ H1(Ω) has an expansion

u = ureg +
∑
c∈C

χc using
c , ureg ∈ Hs(Ω),

Structure of singular terms

using
c =

∑
λ=kπ/ωc

k∈N, k odd if ωc=2π
0<λ<s−1

dλ
c Φλ

c , with dλ
c ∈ R & Φλ

c ∈ Sλ(Kc)
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Corner domains

Singularities in a plane sector

Notations:

ω opening of the sector K

(r , θ) polar coordinates so that K = {x ∈ R2 | θ ∈ (0, ω)}

Formulas for Φλ (Dirichlet). k positive integer and λ = kπ
ω

Φλ =

{
rλ sinλθ if λ 6∈ N
rλ

(
log r sinλθ + θ cosλθ

)
if λ ∈ N

Formulas for Φλ (Neumann). k positive integer and λ = kπ
ω

Φλ =

{
rλ cosλθ if λ 6∈ N
rλ

(
log r cosλθ − θ sinλθ

)
if λ ∈ N

Note: If ω = 2π, no singularity for even k’s for Dirichlet, subject to a
compatitbility condition on traces for Neumann.
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Corner domains

Expansions in curvilinear polygons

Notations:
Cut-off χc ≡ 1 near corner c.
φc local map: neighborhood of c in Ω to neighborhood of 0 in Kc .

Theorem 6 for Dirichlet and Neumann problems

Same assumptions as in Theorem 5: Any solution u ∈ H1(Ω) has an
expansion

u = ureg +
∑
c∈C

χc using
c ◦ φc , ureg ∈ Hs(Ω)

The corner terms have a new level of complexity:

using
c =

∑
λ=kπ/ωc
0<λ<s−1

dλ
c

( ∑
p∈N0

λ+p≤s−1

Φλ,p
c

)
with

{
Φλ,0

c = Φλ
c

Φλ,p
c ∈ Sλ+p(Kc), p = 1, 2, . . .

Note: A similar expansion holds if the Laplacian ∆ is replaced with the
Helmholtz operator, or if Neumann boundary conditions are replaced with
impedance boundary conditions, see complement Talk K08 Helm.pdf
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Edge domains

Expansions in edge domains with constant openings

Notations:
Assume that ∀z ∈ e, ωz = ωe (constant opening).
(re, θe, z) cylindrical coordinates with axis along e.
Cut-off χe ≡ 1 near edge e.
Ke lifting (smoothing) operator from e to Ω.

Theorem 7 for Dirichlet and Neumann problems

Let s > 3
2 real. Let f ∈ Hs−2(Ω).

If ∀e ∈ E , ∀k ∈ N (k odd if ωe = 2π), s − 1 6= kπ
ωe

, then u expands as

u = ureg +
∑
e∈E

χe using
e , ureg ∈ Hs(Ω),

Structure of the edge singular terms when s = 2

using
e =

∑
ωe>π

Ke[de] rπ/ωe
e sin

πθe

ωe
, for de ∈ H1−π/ωe (e)
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Edge domains

Edge Expansions: More general, but still simplified

Drop the assumption s = 2.

The simplified expression below is valid if:

The edge e is a straight line.

There is no resonnance between exponents: The sets

N ∩ (0, s − 1),
{

kπ
ωe

+ 2p |p ∈ N0

}
∩ (0, s − 1), k = 1, 2, . . .

are pairwise disjoint.

Simple Structure of the edge singular terms: Let Φλ,0
e = rλ

e sinλθe

using
e =

∑
λ=kπ/ωe
0<λ<s−1

( ∑
p∈N0

λ+2p≤s−1

Ke[∂
2p
z dλ

e ] Φλ,2p
e

)
, with

{
dλ

e ∈ Hs−1−λ(e)

Φλ,p
e ∈ Sλ+2p(Ke)

Note: Ke can be omitted if the data are more regular in the direction of the
edge (z variable).
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Edge domains

Edge Expansions: The real thing

Now we hide each singular block into one packet.

Most general form of singular terms

using
e =

∑
λ=kπ/ωe
0<λ<s−1

Uλ
e,s−1[d

λ
e ], with dλ

e ∈ Hs−1−λ(e)

Edge packet

Uλ
e,s−1[d

λ
e ] = Ke[dλ

e ] rλ
e sinλθe + h.o.t. as re → 0

Here h.o.t. is a finite sum of terms of the form

Ke[dλ,p,q
e ] Φλ,p,q

e with Φλ,p,q
e ∈ Sλ+p(Ke)

with
p ≥ 1 such that λ+ p ≤ s − 1
dλ,p,q

e functions of z ∈ e obtained from dλ
e by a Ψdo-differential

operator with polynomial-logarithmic symbol of “degree” p.
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Polyhedral domains

Expansions in polyhedral domains: Preliminaries

Notations:
Λ∆

e = set of exponents λ associated with e, i.e.

Λ∆
e =

{kπ
ωe

| k ∈ N1, with odd k if ωe = 2π
}

Λ∆
c = set of exponents λ associated with c

Dirichlet: ∃ non-polynomial Φ ∈ Sλ
0 (Kc) with polynomial ∆Φ.

Λ∆
c ⊂ {λ | λ2 + λ ∈ S(∆dir

Gc )} ∪ N2

Neumann: ∃ non-polynomial Φ ∈ Sλ(Kc) with polynomial (∆Φ, ∂nΦ).

Λ∆
c ⊂ {λ | λ2 + λ ∈ S(∆neu

Gc )} ∪ N1

Assumptions of Theorem 8

Let s > 3
2 real. f ∈ Hs−2(Ω).{

∀c ∈ C , s − 3
2 6∈ Λ∆

c

∀e ∈ E , s − 1 6∈ Λ∆
e
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Polyhedral domains

Expansions in polyhedral domains: Statement

Notations:
Cut-off χc ≡ 1 near corner c.
Cut-off χe ≡ 1 near edge e (conical near corners).

Conclusion of Theorem 8: Corner-Edge expansion

Then u expands as

u = ureg +
∑
c∈C

χc using
c +

∑
e∈E

χe using
e , ureg ∈ Hs(Ω),

Structure of singular terms

using
c =

∑
λ∈Λ∆

c
− 1

2 <λ<s− 3
2

∑
q, finite

dλ,q
c Φλ,q

c , with dλ,q
c ∈ R & Φλ,q

c ∈ Sλ(Kc)

using
e =

∑
λ∈Λ∆

e
0<λ<s−1

Uλ
e,s−1[d

λ
e ] , with dλ

e ∈ V s−1−λ(e)
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Polyhedral domains

Expansions in polyhedral domains: What is hidden?

1 The space V s−1−λ(e): Weighted space, defined for real σ ≥ 0

V σ(e) = {d ∈ Hσ(e) | τ k−σ
e ∂k

z d ∈ L2(e), ∀k , 0 ≤ k ≤ σ}

with the distance function z → τe(z) to the two ends of the edge e.

Edge coefficients

V s−1−λ(e) is the subspace of Hs−1−λ(e) of functions flat at the corners

2 The generating term in the packet Uλ
e,s−1[d

λ
e ]:

Edge packet

Uλ
e,s−1[d

λ
e ] = Ke[dλ

e ] rλ
e sinλθe + h.o.t. as re → 0
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Polyhedral domains

Expansions in polyhedral domains: Comments

1 Theorem 8 states a corner-edge expansion: The converse
(edge-corner) approach is less natural.

2 The edge expansion alone provides different edge coefficients d̃λ
e :

The Generalized Stress Intensity Functions

d̃λ
e =

∑
µ∈Λ∆

c
− 1

2 <µ<s− 3
2

∑
q, finite

aµ,q rµ−λ
c logqrc + dλ

e
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Harmonic Maxwell equations with PEC conditions

Ω three-dimensional domain. κ ∈ R. J such that div J = 0.

Maxwell equations with Perfectly Electric Conducting conditions{
curl E − iκH = 0 and curl H + iκE = J in Ω

E × n = 0 and H · n = 0 on ∂Ω.

If κ = 0, add the gauge conditions (if κ 6= 0, they are implied).

Gauge conditions

div E = 0 and div H = 0 in Ω.

Look for E and H in L2(Ω)3. Then{
E ∈ XN := {u ∈ H(curl; Ω) ∩ H(div; Ω) | u × n = 0 on ∂Ω}
H ∈ XT := {u ∈ H(curl; Ω) ∩ H(div; Ω) | u · n = 0 on ∂Ω}
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Regularized formulations

Elimination of H
Variational formulation for E in H0(curl; Ω)
Regularization by a div E div E ′ term
Variational formulation in XN : Find E ∈ XN , ∀E ′ ∈ XN :∫

Ω

curl E · curl E ′ + div E div E ′ − κ2E · E ′ = iκ
∫

Ω

J · E ′

Consider the Principal Part (i.e. κ = 0): Same regularity properties.
Same singularites, at least up to H2(Ω).

Theorem: Regularity of the divergence

For f ∈ L2(Ω)3, let u ∈ XN , ∀u′ ∈ XN :∫
Ω

curl u · curl u′ + div u div u′ =
∫

Ω

f · u′

Then div u ∈ H1
0 (Ω), and is solution of ∆(div u) = div f
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The curse of the variational space XN

Ω polyhedral domain (i.e. with planar faces).
The potentials ϕ such that gradϕ ∈ XN are all elements of

D(∆dir) := {ψ ∈ H1
0 (Ω) | ∆ψ ∈ L2(Ω)}

If D(∆dir) 6⊂ H2(Ω), then XN 6⊂ H1(Ω)

Application of first part: When is D(∆dir) a subset of H2(Ω)?
If and only if all edge openings ωe < π

If and only if Ω is convex

Theorem [BiSo’87]

Let C(∆dir) be a closed complement of H2 ∩ H1
0 (Ω) in D(∆dir). Then

XN = grad C(∆dir)⊕ HN , with HN = XN ∩ H1(Ω)3

A bad news for FEM approximations: Theorem [Co’91]

HN is closed in XN for XN ’s norm
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A few references for Maxwell

M. BIRMAN, M. SOLOMYAK.
L2-theory of the Maxwell operator in arbitrary domains.
Russ. Math. Surv. 42 (6) (1987) 75–96.

A. BONNET-BENDHIA, C. HAZARD, S. LOHRENGEL.
A singular field method for the solution of Maxwell’s equations in
polyhedral domains.
SIAM J. Appl. Math. 59 (6) (1999) 2028–2044.

M. COSTABEL.
A coercive bilinear form for Maxwell’s equations.
J. Math. Anal. Appl. 157 (2) (1991) 527–541.

N. FILONOV.
Système de Maxwell dans des domaines singuliers.
Thesis, Université de Bordeaux 1, 1996.
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Formulation as boundary value problem

Maxwell regularized problem (principal part)

Let f ∈ L2(Ω)3.  ∆u = f in Ω
u × n = 0 on ∂Ω
div u = 0 on ∂Ω

with curl u ∈ L2(Ω)3 and div u ∈ H1(Ω).

Written in abstract form as Lu = f in Ω
Du = 0 on ∂Ω
Tu = 0 on ∂Ω
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Model singularities along edges and at corners

Edge analysis

Edge e.
Local coordinates x = (y , z), with y = (y1, y2) ∈ Ke and z ∈ e.
u = (v ,w) with v = (v1, v2) normal to e and w tangent to e.
Write L as L(∂y , ∂z) and set Le = L(∂y , 0).
Same with boundary operators: Te = T (∂y , 0), and De = D.

Te(v ,w) = divy v and Du = (v × n,w).

Model problem  Leu = 0 in Ke

Deu = 0 on ∂Ke

Teu = 0 on ∂Ke

Model edge problem ∆y v = 0 in Ke

v × n = 0 on ∂Ke

divy v = 0 on ∂Ke

and
{

∆y w = 0 in Ke

w = 0 on ∂Ke
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Model singularities along edges and at corners

Model analysis

Model edge problem ∆y v = 0 in Ke

v × n = 0 on ∂Ke

divy v = 0 on ∂Ke

and
{

∆y w = 0 in Ke

w = 0 on ∂Ke

Model corner problem curl curl u − grad div u = 0 in Kc

u × n = 0 on ∂Kc

div u = 0 on ∂Kc

Look for v , w and u in the homogeneous form rλϕ(θ), with
Reλ > − n

2 (L2 fields) and Reλ ≤ 2− n
2 (L2 RHS)

curl u = 0, rot v = 0, or Reλ > 1− n
2 (L2 curls)

div u = 0, div v = 0, or Reλ > 2− n
2 (H1 divergence)

For w , Reλ > 1− n
2 = 0 (L2 vector curl)
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Model singularities along edges and at corners

Model singularities

w = Laplace-Dirichlet singularity on the sector Ke

w = rπ/ωe sin
( π
ωe

)
, if ωe > π

v = gradient of Laplace-Dirichlet singularity on the sector Ke

v = grady

(
r kπ/ωe sin(

kπ
ωe

))
, 0 <

kπ
ωe

≤ 2.

Smallest exponent λe = π
ωe
− 1. Set of exponents =: Λe

u can have two types (for simply connected Gc)
1 u = gradient of Laplace-Dirichlet singularity on the cone Kc

u = grad
(
rλϕ(θ)

)
λ ≤ 3

2 , λ(λ+ 1) ∈ S(∆dir
Gc

).

2 curl u = grad Φ with Φ Laplace-Neumann singularity on Kc , λ ≤ 1
2 .

Smallest exponent λc = λdir
c − 1. Set of exponents =: Λc
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Regularity and Singularities

Regularity for PEC Maxwell in a polyhedron

Theorem [CoDa’00]

Let f ∈ L2(Ω)3. Let s ∈ (0, 2]. If{
∀c ∈ C , s − 3

2 < λdir
c − 1

∀e ∈ E , ∀z ∈ e, s − 1 < π/ωz − 1

Then: u ∈ Hs(Ω)

Remark

“Regularity Electric Maxwell” = “Regularity Dirichlet ∆” − 1
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Regularity and Singularities

Singularities for PEC Maxwell in a polyhedron

Theorem [CoDa’00]

f ∈ L2(Ω)3. Assumption: ∀c ∈ C , 1
2 6∈ Λc . Then

u = ureg +
∑
c∈C

χc using
c +

∑
e∈E

χe using
e , ureg ∈ H2(Ω)3,

Structure of singular terms

using
c =

∑
λ∈Λc

− 3
2 <λ< 1

2

Dλ
c Φλ

c , with Dλ
c ∈ R and Φλ

c ∈ Sλ(Kc)
3

using
e =

∑
λ∈Λe

−1<λ<1

Uλ
e [Dλ

e ] , with Dλ
e ∈ V 1−λ(e)

Edge packet

Uλ
e [Dλ

e ] = Ke[Dλ
e ]Φλ

e (re, θe) + h.o.t. as re → 0
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Regularity and Singularities

Improving regularity (removing a gradient)

Let f ∈ L2(Ω)3. The main singularities can be gathered into a gradient.

Theorem [CoDa’00]

Let s ≤ 2 such that
{
∀c ∈ C , s − 3

2 < λdir
c

∀e ∈ E , ∀z ∈ e, s − 1 < π/ωz

Then u = ureg + gradψ, ureg ∈ Hs(Ω)3 and ψ ∈ Hs(Ω),

Structure of potential term: ψ =
∑

c ψc +
∑

e ψe with:

ψc =
∑

λ∈Λdir
c , λ< 1

2

dλ
c Φλ

c dλ
c ∈ R Φλ

c = rλ
c ϕ(θc)

ψe =
∑

λ= π
ωe

, λ<1

Ke[de] Φ
λ
e de ∈ V 2−λ(e) Φλ

e = rλ
e sinλθe

Comparison

∇Φλ
c = Φλ−1

c =⇒ dλ
c = Dλ−1

c

Comparison

∇Φλ
e = Φλ−1

e =⇒ dλ
e = Dλ−1

e

46/50



Domains Laplace Regularity Laplace Corner Singularities Laplace Edge Singularities Maxwell equations Maxwell singularities References

Outline

1 Domains
Corner domains
Edge domains
Polyhedral domains

2 Laplace Regularity
Corner domains
Edge and Polyhedral Domains

3 Laplace Corner Singularities
Preliminaries
Corner domains

4 Laplace Edge Singularities
Edge domains
Polyhedral domains

5 Maxwell equations

6 Maxwell singularities
Model singularities along edges and at corners
Regularity and Singularities

7 References

47/50



Domains Laplace Regularity Laplace Corner Singularities Laplace Edge Singularities Maxwell equations Maxwell singularities References

References for corner asymptotics

V. A. KONDRAT’EV.
Boundary-value problems for elliptic equations in domains with conical
or angular points.
Trans. Moscow Math. Soc. 16 (1967) 227–313.

P. GRISVARD.
Boundary Value Problems in Non-Smooth Domains.
Pitman, London 1985.

M. COSTABEL, M. DAUGE.
Construction of corner singularities...
Math. Nachr. 162 (1993) 209–237.

S. NICAISE.
Polygonal interface problems.
Methoden und Verfahren Math. Phys., 39 1993.

V. A. KOZLOV, V. G. MAZ’YA, J. ROSSMANN.
Elliptic boundary value problems in domains with point singularities.
Mathematical Surveys and Monographs 52 1997.
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References for edge asymptotics

V. G. MAZ’YA, J. ROSSMANN.
Über die Asymptotik der Lösungen...
Math. Nachr. 138 (1988) 27–53.

T. VON PETERSDORFF, E. P. STEPHAN.
Regularity of mixed boundary value problems in R3...
Math. Meth. Appl. Sci. 12 (1990) 229–249.

M. COSTABEL, M. DAUGE.
General edge asymptotics... I & II.
Proc. Royal Soc. Edinburgh 123A (1993) 109–155 & 157–184.

M. COSTABEL, M. DAUGE, R. DUDUCHAVA.
Asymptotics without logarithmic terms...
Comm. P. D. E. 28, no 5 & 6 (2003) 869–926.

M. COSTABEL, M. DAUGE, Z. YOSIBASH.
A quasidual function method for extracting edge stress...
SIAM Journal on Mathematical Analysis 35, no 5 (2004) 1177–1202.
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References for edge-corner asymptotics

M. DAUGE.
Elliptic Boundary Value Problems in Corner Domains – Smoothness
and Asymptotics of Solutions.
Lecture Notes in Mathematics, Vol. 1341. Springer-Verlag, Berlin 1988.

M. COSTABEL, M. DAUGE.
Singularities of electromagnetic fields in polyhedral domains.
Arch. Rational Mech. Anal. 151(3) (2000) 221–276.

M. COSTABEL, M. DAUGE, S. NICAISE.
Singularities of Maxwell interface problems.
M2AN Math. Model. Numer. Anal. 33(3) (1999) 627–649.

M. DAUGE.
“Simple” Corner-Edge Asymptotics.
perso.univ-rennes1.fr/monique.dauge/publis/corneredge.html

M. COSTABEL, M. DAUGE, S. NICAISE.
GLC Project
Book in progress (20??)
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