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Helmholtz equations Impedance boundary conditions
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Consider the Helmholtz equation with Dirichlet bc
Au+rPu=f in Q ueH(Q)

For diffraction, we may think of 2 as the complementary set of a bounded
polygonal or polyhedral domain in a large sphere.
Let ¢ € ¥ and x. be a smooth cut-off, y. = 1 near corner c¢. Expansion of
solutions
U=u S e U oge, U9 e H(Q)
ce®

where we can write vz as

= 3 a( X e)
A=k [we peNy
0<A<s—1 A-2p<s—1
with 2% = r sin \d and ®2% € S;2(K,) solution (always exist!) of
AP 4 OQP2 =0, p=1,2,...
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Helmholtz equations Impedance boundary conditions
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By separation of variables, for non-integer A we can calculate a function W}
such that

AV + k2U2 =0in K, and V) - dXasr—0

Recall that ®2°° = r* sin A0. We find

Bessel type singularites

A _ oA Y\ o
v =2"T(\+ 1)JA(/£) sin A0
with the Bessel function of the first kind Jy .

In fact
o0
A 20\, 2p
Wy =) PO,
p=0
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Helmholtz equations
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Dirichlet Eigenpairs provide singularities
ARy =y yields &0 = r*p(0) with A2+ X =p
By separation of variables, we can still calculate a function W7 such that
AV) +K*U2 =0inK, and V) — d}%asr—0

We find
/r
vy = ’YAL\(;)#@(@)

with the spherical Bessel function jy. There holds

i) = \/;% it 2(0)

Bessel type singularites

v =2 r0+ Ha(D)wo)

Impedance boundary conditions
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Impedance boundary conditions
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Helmholtz equations
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With « € C, the problem is
Au=1fin Q and 9d,u+au=0 on 909

From the corner point of view, is a perturbation of the Neumann bc
Singularities have the general form

\ N Cbi\’o — o
smg d < q) ,p) W|th c
A ;q} pEZNO ‘ ¢2\,P € SA+p(Kc), p = 1,2, Ce
0<)\<S—? A+p<s—1
Recall
A = = X og? 1
S (K) = {0 = 3 rlog?riq(6), vq € H'(Go)}

g>0, finite
The shadows of singularities ®7* are solution in S*P(K;) of the problems
p=1,2...

and 9,3 + adyP~! =0 on OK,,
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Helmholtz equations Impedance boundary conditions
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With o € C and k > 0, the problem is
Au=1fin Q and d,u+au=0 on 909
The shadows of singularities ¢ﬁ’p are solution of
AP} =0inK, and 9,0)" 4+ ad)® = 0on K,
andforp=2,3...
AGYP + KPO)P2 =0in K, and 9,02P + ad)P~" = 00on IK,

If « = ik, one can define shadows independent of x
ADY' =0in K, and 9,)" 4 ido}0 =0 on K,
andforp=2,3...
APYP + O2P2=0in K, and 0,937 4 id3P~! =0 on OK;

Then
= Y @ Y wer)
0<A<s—1 A+p<s—1
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