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“Shell theory attempts the impossible: to provide a two-dimensional
representation of an intrinsically three-dimensional phenomenon.”

KOITER & SIMMONDS, 1972.




'Outline

Three-dimensional linear elasticity in a shell and the three related problematics:
1. “Shell theory”, 2. Asymptotic analysis, 3. Multi-scale expansions.

Three categories of shells:
a. Plates, (a. & b. = plate-like), c. Real shells.

- Two-dimensional models for the three categories of shells and their relations

between each other.

Limits as the thickness tends to zero. Comparison between scaled and unscaled
theories allows unification of results.

Convergence in energy : reconstruction operators from the mean surface into the
shell and “estimates” by Koiter, = compared to optimal estimates provided by the
multi-scale expansions (for plate-like domains and elliptic shells).
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1.

2.

'What is a shell ?

Less and less inaccurately:

A three-dimensional body with one dimension small (h).

A bounded domain €2 € R3 with one dimension small (k) and its two other
characteristic lengths >> h.

A bounded domain €2 € R3 associated with a smooth surface S and a smooth
diffeomorphism @ : S X (—h,h) — Q = ®(S X (—h, h)). The pointwise
values of ® and V@ are bounded independently of h.

A bounded domain fl € R3 associated with its smooth mean surface S and with

its constant thickness  (2h) . Let a unit normal field m : * — n(x) be fixed on
S . The following mapping is a smooth diffeomorphism:

$: Sx(—h,h) — Q=&(Sx (—h,h))
(x,t) — @ 4 tn(x)

/
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‘ Three-dimensional linear elasticity for an isotropic body

Simply in cartesian coordinates

e Displacement tensor : u = (u;)
® Linearized strain tensor : e = (e;;) : e;j(u) = %(&,;uj + 0;u;) .

® Stress tensor : o = (0;;) : o= Ae | (Constitutive Equations)

e Elasticity tensor of the constitutive material A = (A*F) .
AL = N §9 R 4 (8F67 4+ 6°169%)  with Lam’e coeff. A and
e \Volume force field : f = (f7)

divo = f | (Equations of Equilibrium)

e® Boundary conditions on the lower and upper surfaces : traction-free (or imposed).

\o Boundary conditions on the lateral surface : here, clamped , in general.

/
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/ ' Problematics \

Given a shell €} with mean surface S and (half-)thickness h, and a volume load f

let @ be the solution displacement. Problem  (&).

1. Shell Theory |

Find a problem (]J3) on S (the two-dim. model) whose solution 2z provides, via a

A

reconstruction operator V' agood approximation V' z of @ inenergy normon 2.

2. |Asymptotic Analysis |

Define a family of 3-dim problems € +— (&.) s.t. (&) = (&). Let 4. be the
sol. of (&.). Find (£) := lin%(QEs). The solution ¢ of (£) will be liH(l) U, .
g— £—>

3. Multi-scale Expansions

Define a family of solutions 1. asin 2. and expand & +— 1. with respectto &

G ~ ) €PuP(y) | with profiles uP and arguments y = (x, X (g)). The

\ partial (finite) sums for p < IN are improved approximations of #. as IN 7. /
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/ 'Classification \

The body € with mean surface S and half-thickness  h is given once for all.
Let R be the minimal principal curvature radius of S and D its geodesic diameter.
R =00 Plate: S isadomain w C R?.

R~ 1 Shell : S is a manifold embedded in RR3.

If R > 2D ,then S can represented by only one chaBE above a flat
surface w immersed inR? . And E satisfies the estimates

_ _ C
12|+ |[VE| <

< —, with C =C(D).
R

[ANDREOIU-DA.-FAOU, 2000]

\ /
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This definition of shallow shells is distinct from that used
- in engineering and also
- in the framework of a particular mathematical analysis.

This other definition starts from a similar inequality D << R
but considers R as fixed and D small. This corresponds to a spatial
localization on a manifold S, concentrating around one point.
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| Associated families of domains

Plate: . =w X (—e,e). Wehave S = w.

Shell: Q. = {a': +tn(x), =€ S, te (—e,e)}.

Normal coordinates (aza,t) on Qs,with T local surface coordinatesin S (S¢ in
the case of Sh. Sh.) and t € (—e,¢).

Extend the volume force f In € — fs

- either by restriction  fe = f | 4.
-orby the formula  fe(xa,t) = f(xa, %) for |t| < e.

The problem (&) is posed on Q2. with the same Lam”e constants A and p and

the volume force f..

\ /
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f ‘ Plate theory: the Kirchhoff-Love models

Use the scalingéi = (uq,eus) and f = (f*,e~1£3) in an essential step.
The two-dimensional models are written in variational form on the displacements. The

elasticity tensor M P9 s that of the “plain stress model”
2\

A+2p

Ma,80'6 — 5\604,850'6 4 M(5a05,86 + 50455,30') with 5\ —
Plate :

1
(Ca C,) — / MQBG& (eaﬁ(C*) eaé(C;) + gaaBC?» 806C§,)d$*

w

1
(¢, ¢") — / M=P78 (&05(C) €06(C') + 5 Oapls AL
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f Shell Theory: the Koiter model \

“It is shown that Love’s so-called first approximation for the strain energy as the sum of
stretching or extensional energy and bending or flexural energy, is a consistent first
approximation, and that no refinement of this first approximation is justified, in general,
If the basic Love-Kirchhoff assumptions are retainedK oITER, 1959]

(22 7) = [ M7 (105(2) 100() + 5 pas(2) poa()) S

with the elasticity tensor (where  aqng Is the 15t fundamental formon S)

2\
A+ 2u
with the membraneor extensionalstrain tensor associated with the change of metrics

M©eBos — )\ q*Bq? 1 u(af’“’aﬁ‘S + aa‘saﬁa) with X\ =

1
Yap(2) = i(DaZB + Dgza) — bagzs

vvhere D, is the covariant derivative on S, and the bendingstrain tensor.../../
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/ ‘Shell Theory: the Koiter model and its intrinsic variants \

and the bendingor flexural strain tensor associated with the change of curvature
Pap(z) = DaDgzs — capzs + b2 Dgzs + Dabgza
where bg isthe 29 fundamental form and Cag = b2 by the 39 fundamental form.

In the variants of the Koiter model the membrane strain is still Yo -

The bending strain is modified
Xap(z) = 3(Dabp + Dgba) + 3 (bSwpo + bfwao) [BUDIANSKI-SANDERS, 1967]
Tas(z) = DaDgzs (minimal model) ,
with the surface vorticity ~ wqg and the transverse vorticity 6, :
was(z) = %(Dazg — Dgzs) and 60,(z) = Dgz3 + b5 25.

There holds
XapB — Pap — %(bgﬂ’ﬁa + bg')’aa)'

\¢ /
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Written in

unscaled

Shell theory...

(G¢) > | M (eap(C) ean(cl) +

w

Set z = (Za, 23) = (Ca,€_163)

unknowns, the bilinear form become

... gives back the plate theory in plate-like domains if the scalings are eliminated.

Recall the bilinear form on plates

1 /
- apCa DsC} ) de

(z,z’)|—>/wM°‘ﬁ"5<

2

5
eap(z+) €ss(z.) + E(‘?agzg 805z§>dzc*.

\

We have eqg(2z«) = Yap(2) and 8a523 = pas(z) = Xap(z) = Tap(z) on S.

/
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4 N

Limits in scaled variables, references

For plate-like domains, find the limitas € — 0 of the scaleddisplacements u(e)
written in scaled variables. Convergencein ~ H'(Q)3 with Q@ = w x (—1,1).
[CIARLET-DESTUYNDER, 1979] for Plates.

[BUSSE-CIARLET-MIARA, 1997] for Sh.Sh.

For shells, find the limitas & — 0 of e2u(e) with u(e) the unscaleddisplacement
written in scaled variables. Convergencein ~ H'(Q2)3 with @ = S x (—1,1).
[CIARLET-LODS-MIARA, 1996].

Similar result for the solution ~ z(&) of Koiter model. [C IARLET-LODS, 1996].

If moreover, S is elliptic, find the limitas & — 0 of u(e) with u(e) the unscaled
displacement written in scaled variables. Convergence in H'(2)? x L?(Q).
[CIARLET-LODS, 1996].

Similar result for the solution ~ z(e) of Koiter model. [C IARLET-LODS, 1996].

/

Linear Elastic Shell Theory 12

IRMAR



-~

If f3 = O(e),

Limits in scaled variables \

H()° FKL o

Shells . Inextensional disp.

if f=0(1),

e?u(e)

Hl (9)3
_—

\

If S is elliptic, Vg = {0} and

H'xH! xL?
u(e) —

For plate-like domains, define the scaled Kirchoff-Love displacement VKLC by

VKLC = (Ca — X38aC37 C3) on :=w X (_17 1) and X3 = t/&‘.

with ¢ sol. of Dirichlet po for P andrhs g°.
Vr := {¢ € H} x Hj X H2(S) ; ~vas(¢) =0}.

with (™2 € Vr the solution of

V¢! € Vi, % L M35 5 5(C) pos(¢)) dS = /S ¢ go dS.

with ¢? € Hj x HJ x L? sol

v¢' € HY x H} x L2(8), /S MOBo0ny 5(¢) vas(¢) dS = /S ¢ go dS.

/
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Here gg is the first momentum of forces across the thick shell

S x(—1,1) 1
go(xs) = /_1f(aza,X3)dX3.

IRMAR _ _
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[  Plates seen as shel sl:

that i(e) ~ VEE(e (1 4 (%) with ¢~1 € HE x H} x H2(w) solution of

V¢ € Hy x Hy x Hj(w), Aplate(¢™",¢") = =

— ¢~ = (0,¢; ") and the unscaleddisplacement w(e) then satisfies
u(e) ~ e2(0,&) +71(0,80) + O(1).

Onaplate Vg = {(0,¢3); (3 € H2(w)}. Shelllimitis wu(e) >~ e3¢~ with
¢~2 € Vr the solution of

1 1 1t .
V¢ € Ve, / M2 po(Q) pas(¢) S = o [ [ £ ¢jasax,
3 S 2.1 S

= (=10, Cs
QVe see that C3 and C3 solve the same bending equation, thus coincide.

Consider f = O(1) on plates. Split f in e~ 1(0,ef3) + (f=,0). Plate limit yields

1 1
2/ /f?’cjg,,dm*dxg.
—1 Jw

~

/
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f Reconstruction operators

Canonical injections Z: S — Q.. (Zz)(xa,t) = 2(za).

Note that the scaled-variable version I of i' was understood in S.13.

2o

23 .

Modified Kirchhoff ~ V™°dKL fqr shells [K OITER, 1970]

2o

A
25 — s (192(2) — 3203(2)) -

VmodKL (Z) .« —

Formal series of reconstruction operators S — S x (—1,1) in scaled var. é

\V[s] =V° 4+ e2V2 4 ... [Faou, 2000]. /
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/ 'Convergence in energy| \

Let E(£2) be the three-dimensional strain energy norm

X s 1/2
4l gy = ( [ less(@I*az) .

Wanted : a reconstruction operator V' and a two-dimensional model such that, if PSS
the solution of the 2D model there holds an estimate

2
E()

2

la = V()% < ollalls g

with “small” o .

Hope for “universal’ constants 0 tendingto 0 as h — 0 involving only

h the thickness of the shell €2,

R the minimal principal radius of curvature of S

L the wave length associated with  z, i.e. the largest constant such that the following

pointwise estimates hold everywhere in S,for £ =1,2

D*%a8(2)] < LY os(2)] and [D%pap(2)| < LY |ows(2)]
obd

\ o6

IRMAR
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Convergence in energy. Koiter's estimates

Let z the solution of the Koiter model for thickness h and L its wave length.
The paper [K OITER, 1970] yields the formula

h? h

BNZR
But, in the paper [K OITER-SIMMONDS, 1972] we read : “The somewhat depressing
conclusion for most shell problems is, similar to the earlier conclusions of

GOL'DENWEIZER, that no better accuracy of the solutions can be expected than of order
5% — h n h
L R’

even if the equations of first-approximation shell theory would permit, in principle, an
accuracy of ordero ”

\ /
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' The obstruction in Koiter’s estimates

The obstruction comes from the three-dimensional boundary layers, which cannot be
described by any two-dimensional model. In the '60, a correct multi-scale analysis was
seemingly out of reach.

“Concentrating on the interior we sidestep all kinds of delicate questions, with an
attendant gain in certainty and generality. The information about the interior behavior
can be obtained much more cheaply (in the mathematical sense) than that required for
the discussion of boundary value problems, which form a more “transcendental” stage.”
[JOHN, 1965]

A\ ~4

We are going to revisit Koiter’'s estimates in the light of recent results involving
multi-scale expansions.

\ /
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Clamped plates, 2-scale expansion
Simply supported and free plates, 2-scale expansion

Clamped and free shallow shells, 2-scale expansion

Clamped elliptic surfaces, 2-scale expansion for the Koiter model

Multi-scale expansions: references

t normal coordinate, 7 distance to the edge, s tangential coordinate along

e,k € N, scales (zq,c) and (s,Z,2%).

ek/2 k € N, scales (xq) and (ss 72)-

Clamped elliptic shells, 3-scale expansion : [FAou, 2000].

ek/2 k € N, scales (Tas £), (8, =,%) and (s,Z,2).

Ve e e’ e

oS .

: [NAZAROV-ZORIN, 1989] and [D A.-GRUAIS, 1996].
: [DA.-GRUAIS-ROSSLE, 2000].

: [ANDREOIU-DA.-FAOU, 2000].

: [FAou, 2000].
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‘ Strain-energy and H*-norm of the different “objects”

~1 2

~112

Name Type of displacement Scale ||| E(f) ||| H1(6)
UKL,b bending KL on plates (Tayt) O(h®) O(h)
UKL,m | membrane KL on plates (Tast) O(h) O(h)

UKL general KL on shells (Tayt) O(h) O(h)

i 3D boundary layer (sy Fy %) O(h°) O(h°)

Z 2D boundary layer (s, ﬁ) O(h'/?) O(h'/?)
VA% 2D boundary layer KL (s, Vi t) O(h3/?) O(h'/?)

w 2D-3D boundary layer (s, T £) Oh=Y?%) | O(h~/?)
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The above Table gives the behavior with respect to h of the
strain-energy of typical profiles (which could also be called “ob-
jects”) regardless of any particular asymptotics. This means for v
for example that we fix a profile V on S x (=1, 1) and evaluate the
energy of v(zq,t) = V(z4,5) on S x (—h,h) as a function of h,
and similarly for the others: the profile is fixed and only h varies.

The object type Zkg, is specific to shells and is a KL displace-
ment generated by a 2D boundary layer profile of the form

’
(070723(87 \/E))

In Slides 21 and 23 this is applied to real asymptotics with the
aim of evaluating the asymptotic behavior of the relative error in
energy norm with respect to h, in the “generic” case when the first
terms u 2 and u in plates and shells respectively, are not zero. In
Slide.22 we do a similar procedure in squared H!'-norm.

IRMAR _ _
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/ ‘ Reappraisal of Koiter’'s estimates: plate-like domains

In plate-like domains:

u=h" uKLb+h Yugr, + kO (ufy, + D)+
Energy h~ ! h—1 ht h°

Note that z = h~2(0,¢5 %) + h~1(¢S1,0).

It is necessary to include  h%v? in the reconstruction operator. We have
ymedKL () — b~ uKL L+ h uKi,m + hO%°.

Hence

la — Vmedkl ()3 o < chllal} g -

E($t) —

The wave-length L = O(1), for plates R = oo andforsh.sh R =1/h.
Hence 6 ~ h? and 6* ~ h.

Q(oiter’s estimate holds for 6™* and not 0.

IRMAR . :
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f ‘ Relative squared H* -norm estimates for clamped elliptic shells \

Expansion:

ﬁ:u(l){L‘FZO h1/2( 1/2 Zl/2 +W1/2)+h(u11<L+ wi + (I)l)_|_...
h h1/2 h2 h3/2 h1/2 h3 h3/2 h2

The most energetic partin  H*' -norm is the two-dimensional boundary layer Z9 of
the Koiter model.
The solution of the Koiter model expands as

z2=C0+ Z° 4+ nY2(¢Y2 4 ZY2) 4+ O(h), with ZV/% £ 712
The reconstruction operator ymodKL jncjuydes W '/2 There holds the expansion
VmOdKL(Z) — ug{L —I_ ZO hl/Z( 1/2 _I_ Zl/2 _I_ W1/2) _I_ _|_ .

Error estimate :
| — VmodKL ()2 < ch||all

\ H(Q) —

IRMAR
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[ ‘Reappraisal of Koiter’s estimates: clamped elliptic shells \

Expansion:

@ = uly + 2%y, + WY 2wl + ZE + Z05) + h(W 4ol 4 [ 814

surf

h h3/2 h2 h5/2 h3/2 h3/2 h h2

The solution of the Koiter model expands as
z=C" 4+ Z° 4+ /22 4 ZY2) 4 O(h), with Z1/? = Z1/%
The reconstruction operator ~ V™°9dKL jncjuydes W' .There holds the expansion

VmodKL(z):u(I)(L+Z 4+ h/ 2( 1/2 1/2_|_Zl/2 —|—h(W1—|—’Ul—|—'°')

surf

Error estimate (still due to the 3D boundary layer like in plates!):

la — VmedKh(z))| 7 E@) = chljall

) —
Qhe wave-length L = O(h'/?) and R = O(1). Hence & ~ 6* ~ h. /

E(f)

IRMAR : :
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For plates the same as Slide.21 holds if the forces have the mem-
brane parity and non-vanishing first momenta across the thickness.

With free lateral edge, the same holds for plates with bending
load having a non-vanishing first momentum across the thickness.
But if the load has the membrane parity and still non-vanishing
first momenta across the thickness, the constant is now h?, i.e. the
“nice” o !

Thus for clamped and free plates, for clamped elliptic plates, we
obtain an asymptotic Koiter-like relative estimate in energy norm
if the first momenta g, of forces are not vanishing. Of course if it
happens that gy = 0, this estimate is definitely wrong.

IRMAR _ _
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Towards universal models, a motivation

Until now we have seen

1. Reduced operators acting between tensors on the mean surface S, in the form
P(e) = P° 4 eP' 4 €2 P?, namely the Koiter operator,

2. Reconstruction operators transforming tensors on the mean surface S into
tensors in the scaled shell S X (—1,1) (orin the shell Q2¢) in the form
V() =VO0 4 eVl 4 e2Vv?2

so that, if z(e) solves a problem of the type  P(g)z(e) = g then V(e)z(e) isa
good approximation of the three-dimensional shell solution u(e).

Here the edge boundary conditions are discarded, and the above statement is almost
meaningless...

A correct statement in this direction is... given on the next slide.

\
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/ Formal series approach, case without loading

Consider the equations inside the scaled shell (2 and the boundary conditions on
lower and upper surfaces in the form a formal series equation

Llelwle] = fle]

5
) Blelw[e] = 0,

(and compute the coefficients L* and B¥). There exist
1. Aformal series of reduction operators ~ Ale] = >, ek A*,
2. A formal series of reconstruction operators Vie] = >, e*VE,
so thatif f = 0 (i) For any sol of w|e] of (F),thef.s. z[e] := wle] ‘S satisfies

(1) Alelzle] = 0,

(2) wle] = Ve|zle].

\(ii) Forany z[e] solof (1), the formal series w]e| defined by (2) solves (F)-.

IRMAR . .
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/ ‘ Formal series approach, general case

For general right hand side  f[e] in (&), prove the existence of two extra formal series
actingon fle]:

1. Areduction series Gle] from S x (—1,1) to S,

2. Asolution series Q[e] from S to S x (—1,1)

so that if (i) For any sol of wle] of (&), thef.s. z[e] := w]e] ’s satisfies
(17) Ale]z[e] = Gle|flel,
(2%) wle] = Ve]z[e] + Q[e] f[e]-

(ii) Forany z[e] solof (1’),the formal series wle] defined by (2’) solves (F).

AP classical membrane operator. A' = 0 (in relation with the isotropy).
A? = F 4 B where F is Koiter's flexural operator and B }VF = 0.

~
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| Towards universal models

When 9S = 0 : Ifeq. Ale]z[e] = GJ[e]f[e] can be solved (such is the case for
elliptic arches and elliptic shells), then the reconstruction equation gives back the
complete asymptotics of  u(g).

When S is a manifold with boundary, the reconstruction equation does not yield
in general a displacement satisfying the edge boundary condition: this would

require infinitely many boundary conditions on the two-dimensional series zle].

Equation (1) completed with all these boundary conditions is never solvable.

Buteq. Ale]z[e] = G|[e]|f[e] is completed by the only 4 Dirichlet boundary
conditions of the space  Hg x HJ x H2(S). These are just the right conditions
so that the adjunction of plate-type 3 dimensional boundary layers yield the full
clamped boundary condition on the edge of the shell.

~

/
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Open problems

e [s asymptotic Koiter-like estimate valid in a more general
framework (subject to gq is not zero)?

e Can we find a more universal error indicator between the 3D
solution and a 3D displacement reconstructed from the solu-
tion of a 2D problem?

e Do the 3D solution always admits a multi-scale expansion,
when the data are smooth, piecewise-smooth,... Probably not
In any case.

e Special attention within these approaches to lateral boundary
conditions, which may change dramatically the nature of the
solutions.
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