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Plan

• A Lamé boundary value problem in thin plates.

• A two-scale membrane or bending asymptotics for the displacement in thin plates.

• A three-scale asymptotics for the displacement in thin elliptic shells.

• A numerical evidence of the boundary layer for strains in a bending plate.

• Prospects.
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Connection with literature, concerning theoretical aspects

• Philippe CIARLET and his group, concerning the limits as the thickness goes to 0 .

• Sergei NAZAROV with co-authors and students, concerning asymptotics using

refined Korn inequalities (in general requires clamped conditions).

• Doug ARNOLD with co-authors and students, concerning the asymptotics of the

2D models, e.g. the Reissner-Mindlin model.
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Three-Dimensional Equations in Linearly Elastic Plates

• Displacement Field u = (u1, u2, u3)

• Linearized Strain Tensor e = (eij)1≤i,j≤3
: eij(u) = 1

2
(∂iuj + ∂jui) .

• Stress Tensor σ = (σij)1≤i,j≤3
: σ = Ae (Hooke’s law)

• Matrix of Rigidity of the constitutive material A = (Aijkl) : symmetries

Aijkl = Ajikl = Aijlk = Aklij

Here we consider the simplest situation

Isotropic Aijkl = λ δijδkl + µ(δikδjl + δilδjk) with Lamé coeff. λ and µ

• Volumic Force Field f = (f1, f2, f3) (Equations of Equilibrium)

div σ = f in Ω.
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Boundary Conditions

Plate Ω = ω × (−ε,+ε)

with small ε

Mean surface ω = smooth plane domain.

2 ε

Horizontal boundaries ω × {−+ε}
• Zero Traction T := σ(n) = 0 .

Lateral boundary ∂ω × (−ε,+ε)
©1 Hard Clamped us = 0 , un = 0 , u3 = 0 .

©2 Hard Simple Supported us = 0 , Tn = 0 , u3 = 0 .

©3 Sliding Edge Ts = 0 , un = 0 , T3 = 0 .

©4 Free Ts = 0 , Tn = 0 , T3 = 0 .
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Scaled variables

∂ω

X3

+1

−1
R0

In Ωε :

variables x = (x1, x2, x3)

In ω :

variables x∗ = (x1, x2)

In ω , near ∂ω :

r distance to ∂ω , s arclength,

κ = κ(s) curvature.

Scaled vertical variable:

X3 =
x3

ε

Scaled distance to ∂ω :

R =
r

ε
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Membrane answer

Membrane load: fε(x∗, x3) = f(x∗, X3) , i.e. such that

fα(X3) = fα(−X3) and f3(X3) = −f3(−X3)

Ingredients

Kirchhoff-Love displacements uk
KL,m(x∗, x3) =

(
ζk
1 (x∗), ζk

2 (x∗), 0
)

Displacements with mean values zero across each fiber
∫ +1

−1

vk
m(x∗, X3) dX3 = 0, ∀x∗ ∈ ω

Boundary layer terms Φk
m(s,R,X3), Φk

m exp. decaying as R → ∞
Expansion

uε � u0
KL,m +

∑
k≥1

εk
(
uk

KL,m + vk
m + Φk

m

)
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Bending answer

Bending load: fε(x∗, x3) = f(x∗, X3) , i.e. such that

fα(X3) = −fα(−X3) and f3(X3) = f3(−X3)
Ingredients

Kirchhoff-Love displacements

uk
KL,b(x∗, x3) =

(
−x3∂1ζ

k
3 (x∗),−x3∂2ζ

k
3 (x∗), ζk

3 (x∗)
)

Displacements with mean values zero across each fiber
∫ +1

−1

vk
b(x∗, X3) dX3 = 0, ∀x∗ ∈ ω

Boundary layer terms Φk
b(s,R,X3), Φk

b exp. decaying as R → ∞
Expansion

uε � ε−2u−2
KL,b + ε−1u−1

KL,b +
∑
k≥0

εk
(
uk

KL,b + vk
b + Φk

b

)
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(Clamped Elliptic Shells – Result by Erwan FAOU)

Loading fε = f(x∗, X3) .

New scale T =
r√
ε

(cf Novozhilov & Koiter models) and new profiles

Z = Z(s, T,X3), exp. decaying as T → ∞ , polynomial in X3

Expansion

uε � u0
KL + Z0 +

√
ε
(
u

1
2

KL + Z
1
2

)
+

∑
k=1, 32 ,2,...

εk
(
uk

KL + vk + Zk + Φk
)

Elastic energy Membrane Plate Bending Plate Elliptic shell

Boundary layer terms ε2 ε0
√
ε

In-plane terms ε ε−1 ε
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Structure of first terms in plates

Displacements with mean values zero — with p = λ
6(λ+2µ)

v1
m = p

(
0, 0, −6X3 div∗ ζ

0
∗

)
and v0

b = p
(
0, 0, (3X2

3 − 1) ∆∗ζ
−2
3

)

Boundary layer profiles (in tensor product form)

Φ1
m(s,R,X3) = �m(s) Φ̄m(R,X3) and Φ0

b(s,R,X3) = �b(s) Φ̄b(R,X3)

Case �m Φ̄m �b Φ̄b

©1 div∗ ζ0
∗ (0, Φ̄n, Φ̄3) ∆∗ζ

−2
3 (0, Φ̄n, Φ̄3)

©2 κ ζ0
n (0, Φ̄n, Φ̄3) κ∂nζ

−2
3 (0, Φ̄n, Φ̄3)

©3 0 0 κ∂sζ
−2
3 (Φ̄s, 0, 0)

©4 0 0 (∂n + κ)∂sζ
−2
3 (Φ̄s, 0, 0)
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Singularities

The singularities concentrate in the boundary

layer terms, via the typical profiles Φ̄ .

The Φ̄ have singularities at the corners (0,−+1)
of the half-strip:

Φ̄ = Φ̄reg(R,X3) +
∑
+,−

S−+(�−+, ϑ−+)

©1 Exponents versus log10
µ
λ

−→
Never H2 .

©2 Singularity in � log � . Almost H2 .

©3 Singularity in �2 log � . Almost H3 .

©4 Idem.

First exponent
Second exponent

20- 2- 4 4
0

1

2
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Boundary layers in Strains

In order to measure boundary layer effects we introduce the quantity

Iij =
( 1

V

∫ s2

s=s1

∫ ε

r=0

∫ ε

x3=−ε

|eij|2dV
) 1

2

Clamped plate: er3 = eRX3 [Φ
1] + ε(· · ·) . Free plate: es3 = esX3 [Φ

1] + ε(· · ·) .
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log10 Ir3 versus log10 ε . With different models. log10 Is3 versus log10 ε .
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Convergence of models outside the boundary layer
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Abscissa : the degree in the hierarchy

Ordinates : log10 of the relative error with 3D.

Each curve : a value of ε = 10a .

Degree 1 2 3 4 5

In-plane 1 1 3 3 5

Tranverse 0 2 2 4 4
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Convergence of models inside the boundary layer
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Abscissa : the degree in the hierarchy (in StressCheck)

Ordinates : log10 of the relative error with 3D. Different ranges for clamped and free.

Each curve : a value of ε = 10a .
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Prospects

• Shallow shells, general material law with non-necessarily clamped boundary

conditions: in progress with Georgiana ANDREOIU and Erwan FAOU.

• Modal analysis for lowest families of eigenvalues in thin structures: in progress

with Ivica DJURDJEVIC, Erwan FAOU and Andreas RÖSSLE.

• Modal analysis for High frequencies in thin structures: planned with Sergei

NAZAROV and Andreas RÖSSLE.

• Shells: in progress by Erwan FAOU.

• Plates with corners: planned with Martin COSTABEL and Andreas RÖSSLE.

• Numerical experiments with Zohar YOSIBASH.
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