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Plan |

® A Lamé boundary value problem in thin plates.

® A two-scale membrane or bending asymptotics for the displacement in thin plates.
® A three-scale asymptotics for the displacement in thin elliptic shells.

® A numerical evidence of the boundary layer for strains in a bending plate.

® Prospects.
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Connection with literature, concerning theor etical aspectsl

e Philippe CIARLET and his group, concerning the limits as the thickness goes to O.

e Sergei NAZAROV with co-authors and students, concerning asymptotics using

refined Korn inequalities (in general requires clamped conditions).

e Doug ARNOLD with co-authors and students, concerning the asymptotics of the

2D models, e.g. the Reissner-Mindlin model.
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/ ‘ThreeDimensionaI Equationsin Linearly Elastic Platesl

e Displacement Field uw = (u1,us,us)

® Siress Tensor o — o= Ae | (Hooke’s law)

(7id)1<ijcs

e Matrix of Rigidity of the constitutive material A = (Aijkl) : symmetries
Aijkl = Ajikt = Aijik = Aklij

Here we consider the simplest situation

e \olumic Force Field f = (f1, f2, fa) (Equations of Equilibrium)

\

dive = f| in Q.

® Linearized Strain Tensor € = (eij)1<ij<3 : €ij (’U,) = %(&ug —+ Bjuz)

~

Isotropic Aijk:l = )\57;3'5“ + u(éikdﬂ + (57;15_7'1.3) with Lamé coeff. A and pu
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f ‘ Boundary Conditionsl

Mean surface w = smooth planedomain.
Plate Q2 = w X (—e&,+¢)

with small el 2¢ I

Horizontal boundaries w X {*e}

® Zero Traction 7' := o(n) = 0.

Lateral boundary dw X (—e&, +¢)

@ Hard Clamped us; =0, u, =0, uzg = 0.
(2) Hard Simple Supported u, =0, T,, =0, uz = 0.
@) SlidingEdge T; =0, u, =0, T3 =0.

\ @ Free T, =0,T,=0,T3=0.

~
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/ \Scaled variablesl \
¢

In Q2°:
variables © = (x1, 2, T3)

In w:

variables x, = (1, x2)

In w, near Ow :
r distance to dw, s arclength,
Kk = k(s) curvature.

Scaled vertical variable:

X3=—
>

Scaled distanceto Ow:

N S
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/ \ M embrane answer |

Membrane load: f€(x.,x3) = f(x«, X3),i.e. such that
fa(X3) = fa(—X3) and f3(X3) = —f3(—X3)

Ingredients

Kirchhoff-Love displacements | ugy (%4, ®3) = (¢F(2+), ¢35 (2+),0)

Displacements with mean values zero across each fiber

+1
/ V¥ (T4, X3) dX3 =0, Vz,€c€w

—1

Boundary layer terms <I>’fn(s,R, X3), <I>’fn exp. decaying as R — oo

Expansion

u® NU’KLm_l_Z (uKLm—I—v —|—<I>k’)

\ k:Zl
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/ ‘ Bending answer |

Bending load: f€(x4,x3) = f(x«, X3),i.e. such that

fo(X3) = —fa(—X3) and f3(X3) = f3(—X3)
Ingredients

Kirchhoff-Love displacements

u%L,b(az*,wg) = (—x30:1C5 (z+), —2302C5 (x4), C5 (24))

Displacements with mean values zero across each fiber

+1
/ vF (T4, X3) dX3 = 0, Ve, € w
—1

Boundary layer terms <I>,’§(s, R, X3), <I>,’§ exp. decayingas R — oo

Expansion

c _o -2 —1_ —1 k( k k k
U” X E TUgy g, TE TUkypy, T E : € (uKL,b T Uy, T (I)b)

\ kzo

/
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/ (Clamped Elliptic Shells— Result by Erwan Faou) \

Loading f¢ = f(x«, X3).

r
New scale T = 7 (cf Novozhilov & Koiter models) and new profiles
€

Z = Z(s,T,X3), exp.decayingas T — oo, polynomialin X3

Expansion

w ol + 204 VE(up 4 20 )+ Y e (kg ot 4 28 4 @)

k:l,%,z,
Elastic energy Membrane Plate Bending Plate Elliptic shell
Boundary layer terms g2 gl VE
In-plane terms £ g1 5
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/ ‘Structureof first termsin plat%l \

A

Displacements with mean values zero — with p = 6(A+251)

vl = p(O, 0, —6X3 div, cg) and 00 = p(O, 0, (3X2 —1) A*cg—z)

Boundary layer profiles (in tensor product form)

P! (s, R, X3) = lin(5) P (R, X3) and @ (s, R, X3) = ly(s) Pp(R, X3)

Case b (2 4y Py,
@ le* CS (07 (T)na @3) A*Cg—2 (07 (T)na (T)3)
0) k¢ (0, @, P3) K OnCs 0, &, ®s3)
©) 0 0 K 0:(5° (®5, 0, 0)
@ 0 0 (0n + K)OC5 % | (®s, 0, 0)
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‘Singularitiesl

The singularities concentrate in the boundary

layer terms, via the typical profiles ®.

N

The ® have singularities atthe corners (0, 1)

of the half-strip: - /\

(i) — (i)reg(Ra X3) + Z Si_(Qi_v'ﬁi_) 1

+9_
@ Exponents versus log;q & —
Never H? . -
“4 -2 0 2
@ Ssingularity in plog o. Almost H? .
@) Singularity in g% log @. Almost H?3 . —— Second exponent
@ Idem.
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f Boundary layersin Strainsl \

In order to measure boundary layer effects we introduce the quantity

(X[ 2gv)?
1] — (/ / / |€’LJ| dV)
|4 s—=s1 Jr=0 Jaxg=—¢

Clamped plate: e,.3 = erx,[®'] + &(---). Freeplate: es3 = esx,[P'] +&(---).
0 - N O
] —=—— mod1 ]
—_— mod 2 ]
_1_ : —_— mod 3 _l_
] mod 4 i
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\loglo I.3 versus log,, €. With different models. log,o Is3 versus log, EJ/
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/ ‘Convergence of models outside the boundary Iayerl \

o 4 ~\ 0
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Ordinates : log,, of the relative error with 3D. In-plane | 1 |1 | 3

Each curve : avalue of ¢ = 10°.

\ Tranverse | 0 | 2 2 |4 |4 /
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Convergence of modelsinside the boundary layer |
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Abscissa : the degree in the hierarchy (in StressCheck)

Ordinates : log,, of the relative error with 3D. Different ranges for clamped and free.
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\Each curve : avalueof ¢ = 10°.
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Pr ospectsl

Shallow shells, general material law with non-necessarily clamped boundary
conditions: in progress with Georgiana ANDREOIU and Erwan FAOU.

Modal analysis for lowest families of eigenvalues in thin structures: in progress
with Ivica DJURDJEVIC, Erwan FAOU and Andreas ROSSLE.

Modal analysis for High frequencies in thin structures: planned with Sergei
NAzAROV and Andreas ROSSLE.

Shells: in progress by Erwan FAOU.
Plates with corners: planned with Martin COSTABEL and Andreas ROSSLE.

Numerical experiments with Zohar YOSIBASH.

IRMAR

Boundary layers in thin structures

12



