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Abstract. Solutions of linear elliptic partial differential equations in unbounded
domains can be represented by boundary potentials if they satisfy certain conditions at
infinity. These radiation conditions depend on the fundamental solution chosen for the
integral representation. We prove some basic results about radiation conditions in a
rather general framework.

Fundamental solutions GG are considered that are defined only on the complement
of a compact set. It turns out, however, and we present examples for this, that the more
interesting results only hold if GG is defined on all of R™ or if it is a Green function for
an exterior boundary value problem.
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1 INTRODUCTION

An essential step in the boundary element method for an elliptic boundary value
problem is the representation of the unknown solution by boundary potentials. As
is well known, even if the domain under consideration is bounded, any analysis of
the integral equation method involves the complementary domain. Therefore one
always has to study boundary potential representations on unbounded domains.

Such integral representations make use of a fundamental solution of the elliptic
differential operator, and their validity is strongly linked with a certain behavior
at infinity: a function will have such a representation only if, in a certain sense, it
behaves at infinity like the fundamental solution chosen to represent it.

There are several classical approaches to the question of characterizing the
behavior at infinity of solutions of elliptic partial differential equations:

« In the widely studied cases of the Laplace or Helmholtz equations, condi-
tions guaranteeing existence and uniqueness of exterior boundary value problems
are known. These conditions allow the construction of Green functions and repre-
sentation formulas (see [5, Chap.II]).

« For strongly elliptic homogeneous operators, weighted Sobolev spaces have
been studied by Nedelec [11, 12] and Giroire [6], which allow variational formu-
lations of exterior problems, and as a consequence, representation formulas by
boundary potentials.

« In [10], Nazarov and Plamenevskii study spaces with asymptotics at infinity
and discuss the validity of Green formulas and variational formulations. Radiation
conditions appear as conditions for obtaining well-posed problems.

Here we concentrate on the question of validity of the representation by bound-
ary potentials in exterior domains. We can consider rather general elliptic opera-
tors having a fundamental solution, and we can also consider general fundamental
solutions, including Green functions for exterior domains. This gives a lot of flex-
ibility in the choice of the behavior at infinity (see the examples in section 7).

For the behavior at infinity guaranteeing the validity of the representation
formulas in the exterior domain, we choose the expression “radiation condition”.
The study of radiation conditions in this generalized sense was started in [3, 4].

In this paper, we prove some general results on representation formulas and
radiation conditions. In particular, we prove for fundamental solutions in R" :

- Every fundamental solution satisfies its own radiation condition;

- If a solution can be represented by any combination of boundary or volume
potentials, then it can be represented by its own Cauchy data on a given surface;



- There is a one-to-one correspondence between radiation conditions and funda-
mental solutions for any given elliptic differential operator.

We generalize these results to the case of Green functions of an exterior domain.

Next, we consider boundary conditions covering the elliptic differential oper-
ator. It is well known that such an elliptic boundary value problem induces a
Fredholm operator in the interior bounded domain. With the help of the represen-
tation formulas, we prove that we also obtain a Fredholm operator in the exterior
unbounded domain on spaces of functions satisfying the radiation condition at
infinity.

We discuss many examples, some of them well known, some less. We see
in particular that the general results above are no longer true in general if the
fundamental solution is not defined on all of R™.

2 FUNDAMENTAL SOLUTIONS AND GREEN FORMULAS

Throughout the paper, we consider the following geometric situation:
K a compact set in R, D its complement R"\ K.

We assume that D is connected and D will be the underlying domain of everything
we want to consider. In fact the case when D = R™ is the most important case
for us, but the possibility of considering other underlying domains allows to treat
for example the Green function related to the domain D .

The basic boundary on which we will work is denoted I'. We assume that I’
is a bounded ¥*° manifold of dimension n — 1 and that T' is the boundary

{ of a bounded open set Q= O K

and of an unbounded connected domain QF = R\ Q.

We refer to €~ as the interior and to Q7 as the exterior domain.

Our purpose is to study representation formulas in 27 by boundary potentials

on I'. Let
L(z,0,) = Z aq () OF

la| <2m

be a properly elliptic differential operator with scalar coefficients
ao € €= (D).
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We denote by
L'(x,0,) = > (=D ay(z)

o <2m

the formal transpose of L.

The two main assumptions concern the availability of a fundamental solution
and of a Green formula.

A fundamental solution of L in D is a distribution G € 2'(D x D) satisfying

{ Vye D: L(z,0,) G(z,y) = 0,4(x)

VeeD: L(yd)Gz,y) = d.(y). (2.1)

It is well known that fundamental solutions always exist if L has constant coeffi-
cients. At the opposite, there are elliptic operators without fundamental solutions
[7]. Furthermore the following properties are well known.

Lemma 2.1 (i) G € <500({(35,3;) EDXD|x# y}) .
(i) G(z,y) = O (|lx —y|*™"log|z —y|) as |z —y| — 0. Hence

Vre D: G(z,) € LL.(D).

(iii) Let Gy be a fundamental solution for L in D . Then Gy € 2'(D x D) is another
fundamental solution for L in D if and only if

G2 = Gl + H
where H € €>°(D x D) satisfies
V(z,y) € Dx D: L(x,0,) H(z,y) = L'(y,0,) H(z,y) = 0.

(iv) Let G denote the integral operator with kernel G(z,y) :

Gf(x) = /D G(a,y) f(y) dy.

Then G as a continuous operator ¢5°(D) — €>°(D) satisfies
Ve & (D) : LGf = f
Yu € 65°(D) : GLu = u.

Moreover, G has a continuous extension on the space &'(D) of compactly supported
distributions G : &'(D) — 2'(D) and satisfies

Vied&'(D): LGf=f (2.2a)
Vu € &'(D): GLu = u. (2.2b)



Note that (??) means in particular that there are no non-trivial solutions of
Lu =0 in D with compact support.

A Green formula for the operator L in a bounded domain €2 such that Q C D

and with € boundary 0Q consists of two Dirichlet systems [9] of order 2m on

o0 :
(Bj)j:(] oy and (Qlej) =0,...2m—1

.....

such that
2m—1

Vu,v € €°(Q) : / (Luv — uL/v) de= > Bju Qv ds. (2.3)
Q j=0 JOQ

Thus B; and Qgn,—1—; are differential operators on 0§ with ¢ coefficients
whose total order is j and whose order with respect to the normal derivative is
also j. It is known [9] that to any choice of a Dirichlet system (B;)._, ,

there exists a complementary Dirichlet system (QQm—l—j>j=0...2mf1 such that
(2.3) holds.

One standard consequence of Green’s formula is the representation formula in
a bounded domain:

Theorem 2.2 Under the above assumptions, one has
Yu, f € €°(Q) with f=Lu in Q, VrecQ:
2m—1
- | st Dyt Y [ Bu)Q,0:0)6(wy) dsiy)
(2.4)

ProoF. For the proof, one uses
(Lu,v) — (u, L'v) = 0 (2.5)

which is true, by the definition of L', for any u € 5°(D) and for any v € 2'(D),
together with (2.3): By combining (2.5) and (2.3), we see that (2.3) remains true
for any u € €>(Q2) and any distribution v € 2'(D) whose singular support does
not intersect 0€). For any x ¢ 0€), such a distribution is given by

v(y) = G(z,9).
Using L'v = 6, , one obtains (2.4). ]

Remark 2.3 The above proof shows also that under the hypotheses of the theorem,
one has Vx € D\ Q:

Acmw @+§: ¥) Q5(4.8,)G . y) ds(y) = 0.



3 RADIATION CONDITIONS

Let us now study the representation formula in the unbounded domain Q. That
is, we look for conditions on the function u such that

we) = [ G )y [ B Q30w dsty) (1)

holds for x € Q. As above, we write f = Lu in QF. First of all, it is clear that
(3.1) holds if u € €>(Qt) has compact support in QF.

Secondly, let for p sufficiently large,
Q,=0"n{zeR"| |z|<p}, L,:={zeR"| |z| =p}.
Then (2.4) holds for the bounded domain €,

/Gm y) fly) dy + ni Y) Q;(y,0,)G(x,y) ds(y)
2m 1 (32)
- Z y) Q;(y, 0,)G(x,y) ds(y).

p

Here we used 02, = I'UI', and we chose the signs for the boundary integrals such
as to remember the importance of the orientation of the boundary: If {B;, Q;}
are complementary Dirichlet systems for L on a part I'y of a domain €2, then
{—B;,Q;} are complementary Dirichlet systems for L on Iy if one considers
Green’s formula in a domain whose boundary contains I'y, but lies on the other
side of Ty as 2. But, strictly speaking, this sign has no meaning, since the
operators B; and (); on I', are a priori different from those on I', their only
relation being the the validity of Green’s formula in 2, :

Vu, v € €°(Q,) : / (Luv — uL’v) dr =
Q

2m—1 (3.3)
B v ds — B; wvds|.
Z </F juQjv ds / u Qv s)

=0 Tp

The Green formula (2.3) shows in particular that the quantity

2m—1

F (u,v;00) Z Bju Qjv ds (3.4)

does not depend on the choice of the complementary Dirichlet systems {B;, Q;}

on 002, if u and v are € in some one-sided neighborhood of 9 in . It
depends, however, on the orientation of 0f2.
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Likewise, (3.3) shows that _#(u,v;I',) does not depend on the choice of the
complementary Dirichlet systems {B;,Q;} on I', provided the Green formula
(3.3) is satisfied.

The following definition is therefore independent on the choice of {B;,Q;} on
I', for p sufficiently large.

Definition 3.1 Let u € €°(Q1).
We say that u satisfies the radiation condition (%) if

2m—1
(#e)  VeeQ: lim } | Bjuly) Q(y,0,)G(w,y) ds(y) = 0. »
j=0 JT%

The reason of this definition is immediately clear if one compares (3.1) and
(3.2).

Proposition 3.2 Let u € €>*(Q") with Lu = f € €°(QF). Then u is represented
by formula (3.1) if and only if u satisfies the radiation condition (%) .

A simple consequence of (3.2) is the following: If Lu(z) = 0 for |z| > po,
then the function

S () = 7 (u,G(z,-);T,) for p>py and p > |z| (3.5)
does not depend on p. It is therefore well defined for any = € D:
p¢ € €>(D) and Vze D, LpS(z)=0.

So condition (%Zg) is equivalent to the vanishing of p& in QF.

4 FUNDAMENTAL SOLUTIONS ON THE WHOLE SPACE

Here we consider the case
K =10, thatis D=R"

In this case, the class of functions satisfying (Z¢) allows several useful equivalent
characterizations.

The following theorem shows that the class of functions w such that Lu =0
outside a bounded set and satisfying the radiation condition (%¢) is precisely the
class of functions given either as volume potentials or as boundary potentials using

8



the fundamental solution GG. We introduce the following multilayer potentials for
densities defined on a surface I': For ¢ € LY(T):

Vo e RN, Zp(a) = [ o) Q6:0,)G(w.9) dsly).
r
The natural extension to ¢ € 2'(I') can be written as
QJQD([L') = <90a QJ'G('Ta )>

Theorem 4.1 Let G a fundamental solution for L. on D = R". For a distribution
u € 2'(R"™), the following assertions are equivalent:

(i) Thereis a py > 0 such that Lu = 0 for |z| > py and u satisfies condition (%) .
(ii) Thereisa py > 0 and f € &'(R") such that w = Gf in || > p; .

(iii) Thereis f € &'(R™) such that w = Gf in R™.

(iv) There is a smooth closed surface T" with exterior Q)™ such that Vx € Q7 :

2m—1

Z y) Qi(y, 0,)G(x,y) ds(y). (4.1)

(v) There is a bounded set such that for any smooth closed surface T' containing it in
its interior, (4.1) holds.

(vi) There is a smooth closed surface I" with exterior Q" and 2m functions ¢; €
¢ (") such that:

2m—1

Vo e u(x Z y) Q;(y,8,)G (w,y) ds(y). (4.2)

(vii) There is a smooth closed surface T" with exterior Q2 and 2m distributions

p; € 2'(I') such that:
2m—1

u = Z QjQOj in QJr. (43)

j=0

Proor. We show the chain of implications (ii) = (iii) = (i) = (v) = (iv) =
(vi) = (vii) = (ii) . Some of these, namely (v) = (iv) = (vi) = (vii), are trivial.
The equivalence of (i) and (v) was seen above (Proposition 3.2).

(ii)) = (iii)). Suppose u and f as in (ii). Let ug = uw — Gf. Then wuy has
compact support and therefore ug = GLug. Let fi = f+ Luy € &'(R™). Tt
follows u=ug+ Gf =Gf.

(iii) = (i) . If w=Gf with f € &'(R"), we have Lu = 0 outside supp [, thus
for |z| > po for some py. Let us first assume that f € 5°(R™). For p > py,
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the representation formula (2.4) holds in the ball B, with radius p. This can be
written as

u(z) =Gf(x) — 7 (u,G(z,-);T,).
Since u=Gf, we find 7 (u,G(z,-);T,) =0.
Let now f € &'(R") with supp f C B,,. We can approximate f in &' by
(fi)pey With fi € €5°(R"), supp fy C B,,. For p > py, Gfi converges to
u = G f uniformly with all its derivatives on I',. Hence, once again we find

S (u,G(z,");T)p) =0.
Thus w satisfies (%) -

(vii) = (ii) . For p; € 2'(I'), let f; € &'(R™) be the distribution with support
on I' defined by

Vx € €°R") : {fj,x) = <<PjanX’F )-

Then Z2,p; = Gf;, and by assumption we have
u=G(>f;) m Q.
J

Thus (ii) is satisfied. [ |

Remark 4.2 The Calderén operator ¢+ for Q corresponding to the Dirichlet
systems {B;} and {Q,} is classically defined by the mapping

%W(F)Qm 2 (900, K @2m—1) — (Boua ceey B2m—1u) ‘F S %W(F)Qm
2m—1
where u= > o, in Q.

k=0
It is well known [1], [4], that this is a matrix of pseudodifferential operators of
orders (j —k)j v—o. om_1 - From Theorem 4.1 — especially the implication (vi) =
(v) , we see that (¢7)* = %" and that € is a projector onto the space of traces
(Bju). of solutions u of Lu =0 in Q% satisfying (Z¢) . ]

J
Remark 4.3 For fixed yo, if we consider the right hand side f = J,,, one has
G(-,y0) = Gf . Therefore the fundamental solution G(-,y,) satisfies the radiation
condition (Z¢) . It can therefore be represented by (4.1):
G(I'(), yO) = j(G(a yO): G([Eo, )a F)

if 1o is in the interior Q~ and zy in the exterior Q of the closed surface IT'.
The radiation condition (%) gives directly

/(G(> 90)7 G(x(b '); F) =0 (4'4)
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if zy and gy are both in the interior domain 2~ . Of course, the representation
formula (2.4) in the interior domain Q~ yields (4.4) again if xy and yo are both
in the exterior domain Q. [

Here are a few important consequences of Theorem 4.1.

Corollary 4.4 For a distribution u € 2'(R") with Lu € &'(R") there holds

u satisfies (%) <= u=GLu.

Corollary 4.5 The problem
Lu=0 inall R® and wu satisfies (%¢)

has only the trivial solution u = 0.

Corollary 4.6 Let GG and~C~T' be two fundamental solutions for L in R". If (%¢)
implies (%), then G = G'.

PrOOF. The difference u = G(-,19) — G(-,40) satisfies Lu = 0 in R” and the
condition (Z%z). Hence u=0. [

5 GREEN FUNCTIONS

For D # R"™, the results of the previous section are not true, in general. In partic-
ular, functions having a representation as a multilayer potential cannot always be
represented by their own Cauchy data, and the corresponding Calderén operator
is not a projection operator, in general. But these results do remain true if G
is a Green function for L in D . To define this notion in our general setting, we
introduce the following assumptions:

«) The compact K is the closure of an open set with smooth boundary 0K =
oD .

() There are two closed subspaces V' and V' of the space of functions €
in a neighborhood of dD in D which are orthogonal with respect to the
bilinear form _# (3.4):

VueV, YoeV': J (u,v;0D) = 0. (5.1)

The fundamental solution G satisfies the boundary conditions corresponding
to V and V' in both variables:

Vye D: G(-,y) € V; VeeD: G(z,-)e V. (5.2)
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7v) There holds the following trace lifting property: For any u € €°°(D), there
exists ug € €5°(D) such that u—wuy €V .

Typical examples of such spaces V and V'’ are defined by m boundary con-
ditions: The set {0,...,2m — 1} is partitioned into 2 sets:

{0,...,2m—1}:M1UM2, MlmMQZQ)
and the spaces V and V' are defined as:
V=A{u|VjeM: Bju=0 on 0D}, V' ={u|Vje My: Qu=0 on 9D}.

For example V = V'’ can correspond to Dirichlet conditions, and if L is selfad-
joint, Neumann conditions can also correspond to some V =V,

If T is a smooth closed surface containing K in its interior 27, the conditions
(5.2) imply that in the representation formula (2.4) for v € V in the domain
Q) = Q"N D whose boundary is 92 = 0D UT', no boundary integral over 0D
appears. In particular, if u has a compact support, one can choose a surface I’
surrounding the support of u and one obtains the following lemma

Lemma 5.1 Let u € 65°(D), u € V. Then
u = GLu.

Let us note that, because of (5.2), G(x,-) € €°(D \ {z}) ; therefore the operator
f — Gf has a natural extension to f € &'(R") with supp f C D.

The statement corresponding to Theorem 4.1 is

Theorem 5.2 Let «) and [3) above be satisfied. For a distribution v € 2'(D)
satistying u € V', the following assertions are equivalent:

(i) Lu has compact supportin D and u satisfies condition (%) .

(ii) Thereisa py > 0 and f € &'(D) suchthat u= Gf in |z| > p; .

(iii) Thereis f € &'(R™) with sing supp f C D such that w=Gf in D.
(

iv) There is a smooth closed surface I' whose exterior 0 is a subdomain of D such
that:
VeeQt: w(x)=_#(u,G(x,);T). (5.3)

(v) There is a bounded set such that for any smooth closed surface T' containing it in
its interior, (5.3) holds.
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(vi) There is a smooth closed surface I" with exterior Q" and 2m functions ¢; €
¢>°(I") such that:

2m—1
u = Z QjQOj in Q+. (54)

j=0
(vil) There is a smooth closed surface T' with exterior Q™ and 2m distributions
w; € 2'(I') such that (5.4) holds.

PrROOF. In order to see that the proof of Theorem 4.1 is working here, we have
to note the following points:

Because of (5.2), any distribution represented either as Gf with f € &'(D) or
as a multilayer surface potential as in (vi) or (vii), satisfies also u € V.

In the implication (ii) = (iii) , the distribution wy will now have compact support
in D — but not in D in general. But since it satisfies uy € V, the relation
ug = GLug still holds (Lemma 5.1).

In the implication (iii) = (i), one has for Lu = f € €>~(D N B,) the represen-
tation formula in DN B, :

uw(z) =Gf(x) — 7 (u,G(x,-);T,).
Again, no boundary term from 0D appears.
All other arguments remain the same as above. [ |

Corollary 5.3 For any fixed yo € D, G(-,y,) satisfies (Zc¢) .

Corollary 5.4 The problem “Lu = 0 in D, u satisfies v € V and (%g)” has
only the trivial solution u = 0.

Corollary 5.5 Let G and G be two fundamental solutions for L in D . If both G
and G satisty (5.2) with the same spaces V' and V', and if (%) implies (%) , then
G=G.

So far we have considered representation formulas for u in the exterior Q% of
a closed surface I' which is disjoint from the boundary 0D where the boundary
conditions (spaces V' and V') are considered. It is obvious that for the validity
of the radiation condition (Z¢) for w, the condition u € V' has no importance.
Thus we have

Theorem 5.6 Let u € ¢>°(D) satisfy Lu = f € 65°(D) and condition (%) . Then
VeeD: wux)=Gf(x)+ #(u,G(x,-);0D). (5.5)
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Proor. Choose p sufficiently large. Then the representation formula between
0D and T, is

u(@) = GF() + 7 (u, G, );0D) — 7 (u, Gl )Ty).
But #(u,G(z,-);T,) =0 for p > |z| if u satisfies (Z¢). ]

If we make the supplementary assumption 7) about a lifting of traces, for
the equivalence of the assertions of Theorem 5.2 with the exception of (iii), the
condition u € V' can be dropped.

Corollary 5.7 Let uy and f € 6;°(D) be given. Then there exists a unique solution
of the exterior boundary value problem

Lu=f in D; u—wuy€V; wu satisfies (Zg). (5.6)
Moreover u € €*°(D) and there holds the Poisson-type representation

u(x) =Gf(x)+ 7 (ug, G(z,-);0D).

PrROOF. The uniqueness follows from Corollary 5.4. Existence follows from the
explicit solution formula for w :

u = uo+ G(f — Luy).

The Poisson-type representation is then a consequence of Theorem 5.6. [ |

6 ELLIPTICITY OF THE EXTERIOR PROBLEM

In this section, we show that the radiation condition (%) is an elliptic boundary
condition in a certain sense. The classical notion of elliptic boundary conditions
(see [9], for example) means in a bounded domain that the resulting operators are
Fredholm operators between suitable Sobolev spaces.

In an unbounded domain, in general, conditions at infinity will be required so
that the resulting operator is Fredholm, and we can call such conditions elliptic.
Consider, for instance, the exterior Dirichlet problem: It is well known and easy
to see that the operator

us (A + Duu| )+ HY(QF) — L(2F) x HY(T)
is an isomorphism, whereas the operator

u (—Au,u‘r) . HY(QF) — L¥H(Q) x HY(I)
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is not a Fredholm operator. In the latter case, one has to consider conditons
at infinity that are different from those implied by the standard Sobolev spaces
H*(Q%). For the example of the Laplace operator, this can be done by using
weighted Sobolev spaces, see [11, 12]. This approach is, however, restricted to
homogeneous strongly elliptic operators, and is not applicable to the Helmholtz
equation, for example. On the other hand, our radiation condition (%) requires
that the homogeneous differential equation Lu = 0 is satisfied in a neighborhood
of infinity. Thus we shall consider only the homogeneous differential equation. The
corresponding operator which we want to be Fredholm is then given by traces of
u on I'.

We will show now that the radiation condition (Z¢) is an elliptic boundary
condition in this sense. To this purpose, we assume that we are given on our
%> manifold I", whose exterior is the domain Q7 , a set of boundary operators
R = (Ry,...,R,,) that defines elliptic boundary conditions on I'. That is, R
satisfies the usual [9] normality and covering conditions of Shapiro-Lopatinski.

We show that the exterior boundary value problem
Lu=0 in Qf; Ru=g; u satisfies (Zq). (6.1)
is elliptic. Let
Li={ue@®Q")| Lu=0 in QF wu satisfies (Zq)}
and H([) = &>(()™.

We will first give a formulation for € regularity and afterwards, as an easy
consequence, the corresponding result for finite regularity measured by a Sobolev
index s € R.

Theorem 6.1 Let either D = R™ or G be a Green function for D in the sense of §5,
where 0T C D . Then the mapping
YyR: L, — H('), ~Ru:= Ru -

has finite-dimensional kernel and cokernel.

PrROOF. We compare the problem on the unbounded domain Q% with one on a
bounded domain QO# = QtNOY , where O is some large ball with boundary T'# .
On I'# | we choose Dirichlet conditions R* = (1,8,,...,0™ ) and we denote by
v* the restriction operator on I'* .

We also introduce non-local boundary conditions on I'*# :

2m—1

VREu =R ( 32 | Buly) Qi(y, 0,)G(y) ds(y)).

T
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Since ' N I'# = (), the traces V#R# are defined by integral operators with
€>(I'#* xT') kernels. Let

Lp={uee>@)| Lu=0 in Q¥; +#*(R* — Rf)u=0}.

Since the boundary conditions in L4 are given by a regularizing perturbation of
the elliptic conditions ~# R¥ | the standard elliptic theory shows that the mapping

YR : Ly — H(T)
has a finite-dimensional kernel A7 and a closed range YRL4 with finite codi-
mension in H(T').
We will complete the proof by showing that the kernel A} of the mapping

YR : Ly — H(T)

and its range yRL, satisfy
N c N (6.2)
and
YRL, + Ky D vRLy, (6.3)

where Iy C H(I") is some finite-dimensional space.

Let w bein L£;. Then wu satisfies Lu = 0 in QF and the condition (Zg). It
can therefore be represented by its Cauchy data on I', and therefore

v*R*u=~*Rfu,
hence u‘ﬂ# € Ly. Thus Nt C N .

For (6.3), we give the proof in the case of D = R™, and we leave the case of a
Green function of D # R™ to the reader (one uses Corollary 5.7). Let g € YRLy :
g =~yRu? with u# € L4 . We define u on QF by

and ug = u” — u. Since u satisfies Lu =0 and (%¢), we have also
u@) = (G, 1T) i QF

and therefore
J(up,G(z,-);T)=0 in Q.

The representation formula for u, in Q% is thus

uo() = 7 (uo, Gx,-);T) = 7 (uo, G, ); T#)
= =7 (uo,Gx,);T%).
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This formula shows that wuy has a continuation as a solution of Lu = 0 in all of
QFf . In addition, 7#R#uy = 0, because v#Rfiug = v#R#* _# (u9,G;T) = 0 and
Uy = u? —u s € Ly . Altogether, we have g = yRu + yRug where u € L,
and wug belongs to the finite-dimensional space of solutions of the homogeneous
Dirichlet problem in QF :

Lug =0 in Q#; V#R#uo = 0.
Thus (6.3) is shown. ]
For the analogous result in Sobolev spaces, we introduce the space:
£y ={ue H ()| Lu=0 in Qf wu satisfies (%q)}.

Let g1, ..., pm € {0,...,2m — 1} be the orders of Ry,...,R,,. The trace space
on I' is then

H (D) = ﬁ H 1=V,

i=1
It is well known [1] that

YR: L, — HY(T), ur— Ru‘F
is well defined and continuous for any s € R.

Theorem 6.2 Let either D = R™ or G be a Green function for D in the sense of §5,
where 0T C D . Then the mapping

yR: L — HY(T)

has finite-dimensional kernel and cokernel.

The proof is the same as for Theorem 6.1, and it shows in fact that this kernel
and cokernel are independent of s and the same as in the € case.

7 EXAMPLES

7.a Operators with invertible symbol

We assume here that D = R" and that L has constant coefficients. If the symbol
o(L) does not vanish on R™ | then there is a unique tempered fundamental solution
given by Fourier transformation:

G(z,y) = ﬁ’l(



The corresponding radiation condition can be expressed simply by requiring that
ue L (R"). (7.1)

In fact, if v € '(R") with Lu = f € &'(R"), one has o(L)(§) ZFu(&) = .Z f(€),
hence u = Gf. On the other hand any distribution v = Gf with f € &'(R")
decays exponentially at infinity. Thus an equivalent formulation of (%¢) is in this
case:

de > 0 such that u(z) =0 (e’sm) as |z| — oo. (7.2)
Of course there are many other equivalent formulations between (7.1) and (7.2).

As the well-known example of the operator
L=-A+1 in R®

shows, besides the tempered fundamental solution

6_|$_y|

Go(z,y) = Irlz— g’

there exist exponentially growing fundamental solutions

Gi(z,y) = (t etlz=yl 4 (1—1) ef\xfy\)

Ar|z — y|

that give rise to different conditions (Zg,) for each t € C. These seem to have
no simple characterization in terms of asymptotics at infinity.

7.b Homogeneous operators

We assume again D = R™ and L has constant coefficients, so we can choose G
as a convolution kernel in ./(R™). For any u with Lu =0 in QT there holds
the representation formula, cf (3.5):

up(x) = Z(u,G(x,-);T") satisfies (Zq)

G
u(xr) = uo(z) — p, () where .
( ) 0( ) ( ) { pg satisfies Z/pS—O on R™

If L is homogeneous and u € .%/(R"), this implies that p¢ is a polynomial. Its
vanishing is equivalent to (%), and this is therefore a condition on the expansion
of u at infinity (whose terms behave as products of log|z| and powers of |z|).
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7.c The Laplace operator

(i) THE STANDARD FUNDAMENTAL SOLUTION IN R?. For D =R? and L =A:

1
Golz,y) = —5-log |z — y].
The corresponding condition (Zg,) is
deeC: wu(z)=cloglz|+e(1) as |z| — occ.

In connection with integral equations methods, this condition has been used for a
long time instead of the more classical condition of boundedness at infinity [8].

Corollary 4.6 shows that there exists no fundamental solution G on all of
R? such that its radiation condition (Z%g) characterizes the class of harmonic
functions vanishing at infinity.

(ii) FUNDAMENTAL SOLUTIONS ON R?\ {0} . We examine three families of fun-
damental solutions on R? \ {0} . Of course they cannot be considered as Green
functions. Thus we can expect that the self-representation will not always occur.

Example 1. Let
t
Gt($7y) - G0($7y) - tGo(I',O) - G0($7y) + % 1Og |ZE‘

For all ¢ € C, this is a fundamental solution on R?\ {0} . By using Remark 4.3
for Gy, it is easy to verify that for |zo|, |yo| < p one has

2 —t
/(Gt('ay0)7Gt(x0a )7F,O) = - 27{' IOg ’.TO‘

This means that

- for ¢ # 0, the condition (Zg,) is equivalent to
u(r) =e6(1) as |z| — oo;

- the fundamental solution G; is representable in Q7 by its own Cauchy data —
and therefore the conclusions of Theorem 4.1 are true with K = {0} — if and
onlyif t=0or t=1.

Thus . | |
x J—
Gi(z,y) = —5-log Y
T

||
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is suitable for the representation of harmonic functions vanishing at infinity if
0&0".

Example 2. Let ét(x, y) = Gi(y,z) . Then one has

f(ét(-, Yo), ét(ng, )iT,) = t=t

log |yo|.

Thus, once again, the conclusions of Theorem 4.1 are valid in D = R?\ {0} if and
onlyif t=0or t=1.

From the relation
Pt (x) = pS°(z) — tpg°(0)

one obtains that (Zg,) implies (%Zg,) for any t. In fact, (Zq,) is equivalent to
(Za,) for t #1. For t =1, (%g,) is equivalent to

de,deC: wu(zx)=cloglz| +d+ (1) as |z| — oc.
Example 3. By symmetrisation of G, one obtains a fundamental solution

1 lz —y|
G — ]

for —A on R?*\ {0} whose condition (Z¢) is equivalent to the boundedness of
the harmonic function at infinity.

(iii) GREEN FUNCTIONS FOR THE EXTERIOR OF A CIRCLE. A Green function
for the Dirichlet problem in the exterior D, of a circle of radius p is obtained by
the classical reflexion method. We set
2
=g (7.3)

~af?

Then a Green function is given by

L, r lz—y
e - log 2 .
po(@,9) o |z| |x* —y

G0 1s symmetric as can be seen by the complex writing

1. plz—yl
Gpolz,y) = —5-log 2 —ayl

The corresponding radiation condition is the boundedness at infinity.
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For any t € C, the following is also a Green function for D, :

T
Gpa(a,y) = Gpolw,y) +1 log % log %

For every ¢, the results of §5 hold. In particular, conditions (Zg,,) are different
for different ¢, and for each t the exterior Dirichlet problem

Au=0in D,, u=g on I,
has a unique solution satisfying (Zg,,) -

(iv) THE STANDARD FUNDAMENTAL SOLUTION IN R". For L = —A and n >
3:

Go(z,y) = ¢ o —y* ™
It corresponds to harmonic functions vanishing at infinity. By Corollary 4.6, there
does not exists any fundamental solution on all of R™ corresponding to the class

of harmonic functions bounded at infinity. However, the latter class corresponds
to (%Zq,) for

Gi(x,y) = ealz =y = [y[*™") on R"\ {0}.

(v) GREEN FUNCTIONS FOR THE EXTERIOR OF A SPHERE. In R? the following
is a Green function for the Dirichlet problem in the exterior of a sphere of radius

a 1 1 1
Gp,O(xv y) = < P )

dr \Jz —y| 2| Jo* — vy

where z* is defined as in (7.3). Condition (Zg,,) is equivalent to the vanishing
at infinity. For every t

Gyola.) = Cpolary) +1 (1 _ ﬁ) (1 L )

Y|

is also a Green function.

7.d Helmholtz equation

For the operator L = A+ k?, k>0, in R", the classical outgoing Sommerfeld
radiation condition

(O — ik)u(z) = o (Ja] " V2) as o] — o0 (7.4)
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is equivalent to the condition (Z¢,) for the fundamental solution

1

Gi(r,y) = — ( i

2|z — y|

1
2
v ) H | (Kl — y)). (7.5)

To see this, one first has to show that (7.4) implies pr lul*ds = 0 (1) as p — oo,
see [2].

Thus in R?, the standard outgoing and incoming fundamental solutions

1 ik|z—
G s (n,y) = e

correspond to the outgoing and incoming Sommerfeld conditions

(O F ik)u(z) = o (Jo] ")
On the other hand, the fundamental solution

cos k|z — y|

G(z,y) = %(GJr(x,y) + Gf(ﬂf,y)) = Anlw — 4

for A+ k% in R?® does not allow a simple description of the asymptotic behavior
of the functions u satisfying (Zg), or so it appears.

7.e Bilaplacian

For the operator L = A% in R?, we look at the fundamental solution

1
Glz,y) = e =yl log|z —y|.
The condition (%Z¢) is given by

Ja,b,V,c,d,d e C,
u(x) = alz|*log|z| + (bx + V'z)(2log |z| + 1)
+

1
+ c(log |z| + 1) + —= (dz* + d'z*) + ¢ (1), as |z| — oo.

|z
Here we used the complex variable z € C = R?.

For the operator L = A2 —k*, k>0, in R", a fundamental solution is given
by
1

G =5

(G1 — Ga),
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where G is a fundamental solution for A —k? and G5 is a fundamental solution
for A + k%. This follows from A? — k* = (A — k?)(A + k?). If we choose G
exponentially decaying and G5 as the standard outgoing fundamental solution
G4 (7.5), then the radiation condition is the same as for the Helmholtz equation:

(00 — ik)u(z) = o (Jz]" " V2) as |a| — oo, (7.6)

To see that (7.6) is sufficient, suppose u € 2'(R") satisfies Lu = f € &'(R")
and (7.6). From (7.6) it follows that v € ./(R™), hence u; = (A + k*)u and
Uy = (A — k*)u = uy — 2k*u satisfy

u; € .L'(R") and (A —k*)uy = f,

hence w; satisfies (Zg,), is representable by G and is therefore exponentially
decreasing (see §7.a). Hence uy satisfies (A+k%)uy = f and (7.6) and is therefore
representable by G5. Thus u; = G1f and us, = Gof , hence u=Gf .
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