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Abstract

This is the second of 2 papers in which we study the singularities of solutions of second
order linear elliptic boundary value problems at the edges of piecewise analytic domains
in R3. When the opening angle at the edge is variable, there appears the phenomenon
of “crossing” of the exponents of singularities. In Part I, we introduced for the Dirichlet
problem appropriate combinations of the simple tensor product singularities.

In this second part, we extend the results of Part I to general non-homogeneous bound-
ary conditions. Moreover, we show how these combinations of singularities appear in a
natural way as sections of an analytic vector bundle above the edge. In the case when
the interior operator is the Laplacian, we give a simpler expression of the combined singu-
lar functions, involving divided differences of powers of a complex variable describing the
coordinates in the normal plane to the edge.

INTRODUCTION.

We continue in this paper the investigation of asymptotics along analytic edges
which we began in Part I [1]. The results are generalizations of those announced in
[2].

We use “natural” local coordinates to describe these asymptotics : roughly speak-
ing, y denotes a curvilinear abscissa along an edge, r is the distance to the edge and
0 is an angular variable. Coming from corresponding problems in two-dimensional
sectors, the Ansatz for the singularity type is

Cra(y,0) 7= log r (0.1)

where the v, (y) are the singularity exponents at the point y (they are analytic
functions, combinations of integer numbers and of eigenvalues of the Sturm—Liouville
problem M, which is associated to the principal conormal part of the operator in y)
and where the functions ¢, , are analytic (they arise from eigenfunctions of M, and
from the lower parts of the operator).

We proved in Part I that such an Ansatz is correct away from any “crossing
point” of the singularity exponents, i. e. away from any isolated point y, where two
of the exponents coincide (v, (yo) = v (yo) with k # k). We also proved (and this



was the main point of our work) that in the neighborhood of such a crossing point,
the functions (0.1) have to be replaced by

Yaly, 0) Sl (y), - - v, (); 7] (0.2)
where the functions v, are analytic and the functions S|...;r| are the divided dif-
ferences of the function A — r* at the points u§(y), ..., us (y) which are some of

the exponents v, (y) meeting in yo. Let us recall (compare Part I, § ?7) that, when
i1, ..., g are all distinct, the divided difference of w at the K-tuple puq, ..., ux is
defined by the classical recursion formula :

wlpn] = w(p) (0.3)
and for j =2,..., K
1
wlp, . p5] = (wlpa, oy pja] = wlpg, - ooy 1)) - (0.4)
K1 — Hy
Moreover for analytic functions w one has for any 1, . .., g not necessarily distinct
1 w(\)
. =— | ———dA\ 0.5
w[:ulu muK] 2271_‘/‘)/ K ( )
[T = ny)
j=1

where v is a simple curve surrounding all p;. Thus we have

1 r
[T = my)

j=1

We see that S[u1(y), ..., px(y);r] with analytic u1(y), ..., ux(y) is a linear combi-
nation of terms of the form 7#®) log? r with coefficients that are meromorphic in y.
If all p;(y) are equal to the same u(y) then

1
Sy puyr] = —=rtlogdr. (0.7)
g+1 times

Thus the singular functions of type (0.2) are linear combinations of singular functions
of type (0.1) with coefficients depending meromorphically on y.

We have proved our results for the special case of the Dirichlet problem for
strongly elliptic operators in Part I. In this Part II, we show how all these results
can be extended to more general second order elliptic boundary value problems (§ 1).

Afterwards, we investigate more closely the singularity types (0.1) and (0.2). We
describe algorithms for their construction (§ 2). We show them from a new point
of view, by proving that they can be considered as sections of some analytic vector
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bundles over the edge (§ 3). We will use certain facts about such bundles which we
have gathered in an appendix (§ 5).

In the case when the interior operator is the Laplacian A, we show that it is
possible to give simpler and more explicit formulas for the singularity types (0.1)
and (0.2). Such formulas are inspired by the paper by Maz’'ya and Rossmann [11]
where they investigate the question of obtaining asymptotics in two-dimensional
cones which smoothly depend on the opening angle. These new formulas are based
on the divided differences of the function

Ai— ¢ where (=reeC.

Then the functions corresponding to ¢, ,(y,6) and ¥,(y,6) are simply powers of
e~2 see Theorem 4.1 in § 4.

We refer to the equation numbers and statement labels of Part I by the adjunction
of “I.”.

1. GENERAL BOUNDARY CONDITIONS

Just as in Part I, the domains we consider are three-dimensional bounded Lipschitz
domains €2 with piecewise analytic boundary and analytic edges. For such a domain,
there exists an analytic manifold M of dimension 1 and without boundary such that
00\ M is the disjoint union of a finite number of connected components 9;€2, which
are analytic manifolds of dimension 2 and with boundary. M is the union of the
edges and the 0;(2 are the faces. We assume that near any y € M, (2 is analytically
diffeomorphic to a dihedral angle.

In each point y of M, let w(y) be the opening of Q) in y : more precisely, w(y) is
the angle between the two tangent planes to 02 at y. We also admit some line of
discontinuity for the boundary conditions or the boundary data, where w(y) = 7 in
the whole connected component of M which contains such a line.

Let
A(x;0,) = Z ao ()0

o <2

be an elliptic second order operator with complex coefficients, analytic on €. On
each face 0;Q2 let be given an operator A; of order m; € {0, 1} with analytic coeffi-
cients. We assume that each of these operators A, covers A on @—Q If m; =0, we
can assume without restriction that A; is the identity, thus we have the Dirichlet
condition there. If m; = 1, this is in general an oblique derivative operator with
possibly a term of order 0. Let us set

m = maxm,; .
j



We want to describe the structure of solutions of the following boundary value
problem :
Au=f in Q,
{ Aju = gj n an . (11)

We assume regularity hypotheses on the right hand sides : for a positive real number
s (with s > 1/2if m = 1)

feH ),
g; € H=™i+12(9,Q) - (1.2)
Vi, 7 st mj=my =0, Yy € 0,Q2N0;Q g;(y) =gy(y).

This compatibility condition between Dirichlet data insures the existence of u €
H'(Q) such that u = g; in 9, for any j such that m; = 0.

For any nonnegative s > m — %, the operator A := (A, A;) makes sense on
H**t1(Q) and it acts continuously from H**1(2) into the product

H7Y Q) x [[H™2(0,Q) = HH(Q).
J

When m = 1 and when a variational formulation is possible on H' (for instance
for the Laplace operator with Neumann conditions), by the use of duality we change
the definitions of A and H*~1(Q) for 0 < s < 1/2 so that A still acts continuously
on H*(Q). When a “semi-variational” formulation is possible (for instance for
the Laplace operator with oblique derivative conditions), there exist also natural
definitions for 0 < s < 1/2. See for instance [5]. We set :

e in the case of a variational formulation : Bo=—1/2
e in the case of a semi-variational formulation : Gy =0
e when no such formulation is possible : fo=m—1/2.

Now we adopt correct definitions for A and H*"! so that for any nonnegative
s > 3, A is continuous from H**! into H*~!.

In order to define certain principal conormal operators associated to each point
y of an edge ¥ C M, we need the introduction of special systems of coordinates.
We fix y as a curvilinear abscissa along E. We denote by II, the orthogonal plane
to E at the point y. An admissible system of coordinates is a local analytic map
x +— (y, z) such that

rell, N\U <<= y(z)=yand 2(z) e, NY,
reENU <~ z(x)=0

where I'y is a plane sector, U is a neighborhood of y and U, is a neighborhood of 0.
To any such admissible system of coordinates (y, z) =: (y, 21, 22) are associated the
cylindrical coordinates (y,r, ), where

P
r=1/22422 and 6= Arctan —.
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Let T'“ be the plane sector with opening w. The following two types of choice
are possible for the family of plane sectors I, :

1. The sector I'y is equal to I“®_ This choice will be used to obtain more
information about the case when the interior operator is the Laplacian.

2. The sector I'; is equal to I'Y, where w is fixed. It is possible to choose the
same w for all points y € E. It suffices that w belongs to the same set as any
of the w(y), y € F among the three following ones (0,7), {7} and (7, 27).

Let (y,z) — (7, 2) be a change of admissible system of coordinates. We have

Uy, 2) =y Vy,z (1.3)
and
Z(y,0) =0 V. (1.4)

Relations (1.3) yield the following properties for the Jacobian matrix J(y, z) which
we write in block form :

9y 0z 1 92

0 O O
J(y’z):(az aZ):( aZ)‘

% U

Moreover, relation (1.4) shows that we have on the edge

100 =g o). (15)

9z

Now we are able to introduce the three conormal operators Bg (y; 0.) and M(y; 0,)
which have the following role :

1. The two operators B (y;d,) come from the principal conormal operator val-
ued symbol of A. We will make hypotheses of injectivity on them. Roughly
speaking A is supposed to be injectively elliptic along the edge.

2. The operator M(y; 0,) generates the analytic family of operators (here Sturm-—
Liouville problems) whose eigenvalues are the leading exponents of the singu-
larities.

In the neighborhood of any point yy € M, we choose an admissible system of
coordinates : y in an interval I’ and z in a neighborhood of 0 in I',. The operator
A is transformed into a triple B := (B, By, By) where B is the interior operator and
By, By are the boundary operators on the two faces which meet the edge in yy. Let
m; be the order of B;.

Let By(y; 0y, 0,) denote the principal part of B frozen on the edge :
By (y; 9y, 0.) = (pp B, pp By, pp Ba)(y, 0; 0, 0z
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where pp B, resp. pp B, is the homogeneous part of degree 2, resp. m;.

We need the following three operators defined on the sector I'; :
By (y; 0-) = Bo(y; £, 9z). (1.6)
and
M(y; 0.) == By(y; 0, 0.). (1.7)

From the operator M we construct in the standard way (see [6]) the holomorphic
family of operators

M, (A) : H*(0,w,) — L*(0,w,) x C*.

where w, is the opening of the sector I'y. M, (\) consists of an interior operator
M,y () and two boundary operators in § = 0 and § = w,. The interior operator
is constructed as follows : we write the interior operator M,(y;d,) in cylindrical
coordinates

r? M(y; 0.) = My, 0;70,,0p) (1.8)
and M, (\) is the Mellin symbol of M(y) :

The boundary operators are constructed in the same way, taking into account their
order m;.

For each fixed y € I’, M, ()) is invertible except on a countable set, the spec-
trum, which we denote Sp(M,). The set of the real parts of Sp(M,) is denoted
by ReSp(M,). Later in this section, we are going to give information about the
structure of this spectrum.

For the injectivity conditions, we need the ordinary Sobolev spaces H*(I') and
also the weighted spaces E§(I') (see (1.77)) :
E;(T) = {v e H*T) | rl*I=*6% € L*(I'), Va € N? |a| < s}.

Definition 1.1 Let y € I' and § > 0. We say that 3 satisfies the condition (CV)
in y if there holds :

B¢ ReSp(My)
(CV) B> Bo
B¢ (y) and By (y) are injective on Ey TH(T) .

If B is a nonnegative function on I C I" we say that (B satisfies (CV) on I if Vy € I,
B(y) satisfies the condition (CV) in y.

Definition 1.2 Lety € I and > 0. We say that (3 satisfies the condition (CH) in
y if there holds :

3 & ReSp(M,))
(CH) B> Do
B (y) and By (y) are injective on HP+H(T) .
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If B is a nonnegative function on I C I" we say that (3 satisfies (CH) on I ifVy € I,
B(y) satisfies the condition (CH) in y.

The elements of the kernel of B (y) in any weighted Sobolev space are rapidly
decreasing when r — oo — ¢f [8]. Therefore we have

Lemma 1.3
(1) If B satisfies (CH), then [ satisfies (CV).
(11) If B satisfies (CV) and 3’ > [ is such that

B'(y) € ReSp(M,) Vyel

then (' satisfies (CV).

Remark 1.4

(i) Concerning Dirichlet, Neumann or mixed Dirichlet-Neumann problems for strongly
elliptic operators, it follows from results of Agmon (see [13]) that B7 (y) are asso-
ciated to coercive forms on H'(T') ; therefore conditions (CV) and (CH) hold for
[ = 0. See also [12] for general self-adjoint problems.

(77) Concerning oblique derivative problems for the Laplace operator, the validity
of condition (CH) depends on the sign of an angle ¥(y) which is the difference
Vo(y) — V1 (y) where 9;(y) is the angle between the oblique derivative direction and
the normal direction (in the normal plane to the edge I1,). When ¥(y) < 0, condition
(CH) holds for any 8 > 0 small enough. When 9J(y) > 0, condition (CH) holds for

B> % (compare [9], [5]).

(i7i) For any (second order) elliptic boundary value problem, there always exists 3
large enough so that condition (CV) holds : see [3].

(iv) Conditions (CV) and (CH) are invariant, i. e. they are independent of the choice
of admissible coordinates, as can be seen from the form (1.5) of the Jacobian matrix :
we have

B0 = B3 s 5010 - 00

Such injectivity conditions yield some a priori estimates and tangential regularity
for the operator B. Let us note that [8] and [10] use an isomorphism condition for
the operators ]B%Oi(y), which is necessary for index results but not for tangential
regularity and expansions results.

We assume now that the coordinates are chosen so that w, = w does not depend
on y. The sector of opening w is simply denoted by I' and for 0 < p < p/, Iy, resp.
I’ denotes the set of the points in I' with » < p, resp. r < p’. Let us recall from
Part I the definition (I1.7?) of the weighted space

V(I xT,)={ve H(IxT,)|r*=#0% e L*(I xT,), Va €N |a| < s}.



Theorem 1.5 Let 3 > 0 be a real number.
(i) If B satisfies (CV)) on I' then for any u € Vi "' (I' x ') there holds
C (| Bull

) T [l

HUHVOﬂH([xF = vyt (I'xT Vg (I'xT,, ))

(ii) If B satisfies (CH) on I' then for any u € HPT(I' x T',,) there holds

] < C(|[Bull i

HB+1(IxT,) HA=1(I'xT HA(I'T, ))
A proof of this theorem can be given using standard techniques, following the
lines of the proofs for the closed range properties in [4], which are similar to the

arguments in [8].

For the tangential regularity, we use the spaces H®' and V3"* with additional
regularity ¢ in the direction y which we introduced in Part I, § 77,

Theorem 1.6 Let 3> 0 andt > 0 be real numbers.
(i) We assume that 3 satisfies (CV) on I'. Let t > 0. If u € V{TH(I' x I'y) is such
that Bu € Vi "'(I' x T ) then u € Vi V(I x T,).

(i) We assume that B satisfies (CH) on I'. Lett > 0. Ifu € HPTY(I' x Ty) is such
that Bu € H~(I' x T'y) then uw € HPHH(I x T,).

The proof is based upon Theorem 1.5 and follows the same steps as the proof of
Proposition 1.77. It is known [3] that conditions (CV) and (CH), respectively, are
also necessary for the tangential regularity results (i) and (ii).

This property of tangential regularity is a necessary condition for the existence
of splittings such as the following ones in Theorem 1.8. Before stating it, we fix
some notations for the exponents of singularities. These exponents are constructed
from the spectrum of M.

We show that in our situation the spectrum Sp(M,) of M, consists of simple
eigenvalues which depend analytically on y. This is seen by explicitly solving the
Sturm-Liouville eigenvalue problem as follows : one can write the interior differential
operator M, as a product of first order operators

(822 - &1821) (822 - a2821)

with z = (21, 22), and a, as complex numbers with Ima; < 0 and Imay > 0.
Therefore, two independent solutions of the differential equation M,(A)K = 0 on
(0,w) are given by

K;(A\)(0) =0, j=1,2

when A # 0, with

a; cos ) —sin 6

- /09 £(C)dC where  f;(8) =

a;jsinf + cosf



Calculating the characteristic determinant with the use of boundary conditions we
obtain an equation of the form

A™ sinh (()\ O Fl(“’)> =0

2

where m € N and v depends analytically on a;, as and the coefficients of the
boundary operators. We set
2T
@) - (@) (140

So Sp(M,)) is the set of kv + v, k € Z.

As particular cases we find that
e for the Dirichlet problem v = 0,
e for the Laplace operator v = 7/w,
e for A with mixed Dirichlet—Neumann conditions v = 7/(2w).

Notation 1.7 Let 3 be a smooth nonnegative function on I'. We assume that

Vyel', B(y)  ReSp(M,)

For each y € I' let v1(y) be the only element of Sp(M,) satisfying

Revi(y) > B(y)

and v1(y) has the least real part satisfying this property in Sp(M,). The map y —
v1(y) is analytic on I'.

The other elements A of Sp(M,) such that Re A > (3 have the form
n(y) + (k= Dv(y) = wly), fork=>1
Theuwr translations by integers are denoted by vy :
vi(y) = ve(y) +1, forl>0.
To have a unique notation we set

vy =1, forl>0.

We can state the main result of this section.

Theorem 1.8 Let 3 be a nonnegative function as in the previous Notation 1.7. Let
s be a positive number, s > 3. We assume that

B satisfies condition (CV),
we V(I xTy) and BueH\(I'xT,)
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or
B satisfies condition (CH),

{ we HYYI' xTy) and Bue H(I'xT,).

Let g > 0 be given. Then for all yo € I' there exists I CC 1" with yo € I and the
following splitting of u :

w=w+ Y (ca*®)(y,r) Valy,0) S (W), . .- pe, (y);7] (1.11)

with
we Vet (I xT,).

Here p§ € {vi | (k,1) € N*; Revyy < sVy € I} and for all o one has
Co € H?Ha750(])

with pa(y) = max{Repf(y) | j=1,....¢a}-
The 1, are analytic functions on I X [0,w] and independent of u.

Proof. Since the proof follows the same lines as that for the Dirichlet problem
(Theorem 1.7?7), we do not repeat all the details, but indicate only the necessary
changes :

e If condition (CH) holds, we want to reduce to the case when u belongs to a weighted
space V3o (I’ x T y). By localization, we can assume that 3 is constant. If 3 ¢ N,
we take s = 3. If not we choose sq slightly greater so that sy € N and

13,50 "ReSp(M,)) =0, yel’

Then u € H**™(I x T',) — ¢f [4]. Then we use the Taylor expansion of u according
to Lemma 1.77. For |a| < sy we have the traces

1 !
galy) = — O u(y,0) € HH1oI(T').

Then
uo(y, 2) == u(y, 2) = D (g * ®)(y,7) 2% € V5OH(I xT)).

la)<so
Since sq satisfies condition (CH) too, Theorem 1.6 yields that
w € HoHs=50([ x T,).

Therefore the trace g, belongs to H*~1®!(I). This implies that for the lifting of traces
we have :

> (ga* ®)(y,r) 2" € HHH(I X T,).

|l <so

Now we see that ug € V5™ (I x T,) is such that Buy € H*" (I’ x T'). Since sq
satisfies (CV), this reduction is complete.

e We have to perform rather obvious modifications to take into account the different
orders of the operators B, By and By. As an example let us explain the modifications
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in the statements concerning operations about singular functions : Lemmas 1.77
and .77 and Proposition 1.77.

In Lemma [.77, B has to be replaced by B and 9t by M. u is the same and f is
now the triple (f, hy, ho) given by the corresponding formula :

u(x) := (c* ) (y,r) (Y, 0) Sl (y), - 1s(y); 7]
and
(1, ho) () := (e D)y, ) M[0(y, 0) Sl (y), - ma(y)ir]] .

Then, with the same f, ¢, @1, and pk?,

L
Bu=f+>3 (fiphip hip) + (9,9% 9%

=1 p
where
geH>,, . .(IxT,) Ve>0
g € HZ o, 1j2—pie(I X O51) Ve >0
and

Fip(@) = (cip* @)y, ) pup(y, 0) STy (y) = 2+ 1, P (y) — 2+ ;7]

hi (@) = (cupx @)y, ) 0, (y) STd?(y) —my + 1, il (y) —my + ;7]

In Lemma I.77 the functions f;, and g are changed exactly as above. Instead of a
simple function f, we have to consider in Proposition .77 three sorts of right hand
sides ' : (f,0,0), (0,hy,0) and (0,0, hy) with

f(@) = (ex @)(y,r) p(y,0) Sli(y) = 2, 1ely) = 2577
and
hi(x) i= (e @)y, ) 0;(y) Sl (y) —my, ..., pg(y) —my;r].
Then the solution u has the same form and the remainder Bu — F' belongs to

H> 1 e (I X T',) where

sl x 1) = Hg0 (I X T) X HS g oI x O 1) X HgP, o (1 X GT).
|

Remark 1.9 A semi-global version of the previous theorem also holds : compare
Theorem 1.77.

Remark 1.10 We have to use both conditions (CV) and (CH) for the following
reasons:

o If we want to obtain an expansion for a variational solution in H', we have to
use condition (CH) for 5 = 0 for the Neumann problem. Condition (CV) would not
be sufficient because in general a solution of the Neumann problem, even with flat
data, does not belong to the space V.
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e On the other hand for Dirichlet or mixed Dirichlet-Neumann problems, the con-
dition (CV) in 8 = 0 is sufficient, because if the Dirichlet data are zero or even with
a zero Taylor expansion at the edge, the variational solution belongs to V.

2. THE STRUCTURE OF THE SINGULARITIES

In this section we take a closer look at the structure of the singular functions that
appear in the decomposition (1.11) and in Part I, (I1.77?), (1.??) and (1.7?7). In
particular, we want to describe the procedure, contained in the proof of Theorem 1.8
— which is based on the proof of Theorem 1.77 —, that generates the singularity type,
that is the part of the singular functions which depends only on the geometry of the
domain and the differential operators but not on the right hand sides.

Thus we consider singular functions

Ya(y,0) Saly,r) with  Su(y,r) = ST (), kg, (y);7] (2.1)

that appear in the decomposition (1.11) of Theorem 1.8. The index « spans a finite
set A(s, I). For each «, 1, is analytic in y € I and S, is the radial part of this
singularity type. Thus the set

{¥a(y,0) Saly,r) | o € A(s, 1)}

is a generating set of singular functions, by which we mean any set of functions
Yoy, 0) Saly, r) such that the decomposition (1.11) can be written with the singular
part in the form

Using = Z(Ca * CI))(y, T) ¢a(y7 ‘9) Sa(y7 T)

[e%

with coefficients ¢, of the appropriate regularity.

Our decomposition Theorem 1.8 merely states the existence of the analytic func-
tions 1, (y,#), but our proofs contain a certain iterative algorithm that produces
them. The set of the corresponding singularities ¢, S, is not minimal in general,
yet this algorithm still serves its threefold purpose : In the decomposition theorems,
it allowed norm estimates for the coefficients and the regular part of the solution,
and in the next two sections it will be used to reveal the analytic bundle structure of
the singularity type and to describe in a simple way the explicit form of the singular
functions in the case of the Laplace equation.

We will describe at the end of this section another version of this algorithm that
does indeed, for the case of the simple asymptotics, give a minimal set of singular
functions and which is necessarily more complicated.

Let us now begin with the description of the elementary algorithm. We use the
notations of the previous section, in particular M(y; d,) for the conormal principal
part of the operator B, and M, (\) for the corresponding family of Sturm-Liouville
operators on [0, w,] defined by Mellin transformation.
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Proposition 2.1 Let I be an interval where a splitting (1.11) holds. Let o be an
index in UA(s, I). Then one of the following three possibilities is verified :

(CL) M(y7 az) (wa Soz) =0,
(b) Vo Sa is a polynomial in the coordinates (z1, z9) with coefficients depending an-
alytically on y € 1,

(c) There exist aq,...,q, € A(s,I) such that with oy = «, the radial parts

Sags -+ -394, are independent functions and such that
M(% az) (Z ¢a]- Saj) =27 85 ag (¢ﬁ Sﬂ) : (22)
§=0

where |y|+ 1> |8], p+ 16| <2, and p € A(s — 1,1).

Indeed all singular functions 1¥q S in the decomposition (1.11) of Theorem 1.8 are
inductively generated by either (a), (b), or repeated application of (c¢) with a right
hand side 13 Sg generated in a previous induction step.

Proof. One only has to inspect the proofs of the decomposition theorems as
given in Part I. In particular, situation (a) corresponds to the case of flat right hand
sides, see Proposition 1.77. Situation (b) corresponds to the Taylor expansion of the
solution u at the edge, and situation (¢) corresponds to the case of singular right hand
sides, see Proposition 1.7?7. The latter is repeatedly applied in the final induction
proof of Theorem 1.77. Note that crossings of exponents are only generated by part
(c) of the algorithm. ]

In the same way one obtains a certain converse of Proposition 2.1.

Proposition 2.2 Let Uy = {¢,(y,0) Sa(y,r) | o € A} be a set of functions of the
form (2.1) that satisfy :

(1) Ya(y,8) is analytic iny € I, § € [0,w,],

(i1) For each y € I, Uy contains a basis for the solutions of steps (a) and (b), i. e.
for the eigenfunctions and the polynomials of exponents less than s,

(iii) There is an € > 0 such that for any 8 € A, Uy contains Vo, Sa,;, (j =0,...,m),
such that ZT:O Yo, Sa; 15 a solution of (2.2) and

min{ﬁaj \j:O,...,m}zﬂﬂjLe

where p = inf{ug(y) |y €, ¢=1,...,qa}
Then Vg is a generating set of singular functions in the sense defined above.

The smaller is the set {S,(y,7) | @ € A(s,I)} of the radial parts, the better is
the accuracy of the algorithm. In the iterative procedure, the radial parts S,; and
Se in step (¢) are related in a way which can be described more precisely. We are
going to do that when the interval I contains no “crossing points” of the exponents
Vs
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In Part I, we also described the singularities outside of the “crossing points”.
These “simple asymptotics”, see Theorem .77, are of course also valid in the more
general setting of this Part II. Indeed they are a particular situation of the asymp-
totics in Theorem 1.8 : when there is no crossing point in 7, the mixing between
different exponents v, in the radial part of a singularity type is no more necessary.
So to each av € (s, I) is associated a triple (k, q,n) according to the notations of
Theorem 1.77 with the following rules

Vi=1l....0 pj=vs
q=qa—1
n describes a finite set {1,...,n,4}.

Now we consider the corresponding singular types 1, S, :

wa(ya 9) Sa(y> T) = Qpﬁ,q,n(ya 9) @ log?r

— compare with (0.7) —, that appear in the decomposition (I1.7?) of Theorem 1.77.
The function ¢, 4, is analytic in y and 6 for y € /. In this situation, we can write
the elementary algorithm of Proposition 2.1 in a more explicit way.

Proposition 2.3 Let I be an interval without crossing point where a splitting (1.77)
holds. Let o = (k,q,n) be an index in A(s,I). Then one of the following three
possibilities is verified :

(a) k= (k,0), ¢=0,n=1 and M(y;0,) (prqnr"*) =0,

(b) k = (0,1), ¢ = 0 and puqgnr’ is a polynomial in the coordinates (21, z) with
coefficients depending analytically on y € I,

(c) k= (k,1) with k #0 and | # 0, and there exist m > q and ny, . .., N, such that

M(y; 0-) (0r,g.n(y, 0) T 10877 + 3 P jin, 7 log ) = 27 05 O (9 7<) logT )

j=0
Jj#q

(2.3)
where |y| +1> 0], p+ [0 <2, and

Ve =vi+ 7 +2—10] e k=kandl=1+]|y|+2—]|d

The situation (a) simply means that ¢(y,-) is an eigenfunction of M, i. e., a
solution of

M, (v (y)) ¢(y, ) = 0.

In this case ¢ can be chosen such that it has an analytic extension to any interval
I' O I on which admissible coordinates are defined.

Also in case (b) these coefficients can be chosen in such a way that ¢ has an
analytic extension to such an I’.

The situation (c¢) can also be described explicitly.
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Corollary 2.4 Let I be an interval without crossing point where a splitting (1.77)
holds. Let I' D I be an interval on which admissible coordinates are defined. Let
us choose @, 4n(y,0) analytic in y and 0 for y € I' in the initiating steps (a) and
(b) of the above algorithm (i. e. for k = (k,0) or (0,1)). Then for any index
a=(k,q,n) €A, 1), prgn(y,0) has an extension to I' which is analytic in 6 and
meromorphic in y.

Proof. One only has to describe the step (¢) of the algorithm explicitly. The right
hand side of (2.3) is of the form

gk
Z% y, 0) 2 log? it pu(y) = fly) + || — 16] + 2.
where 1 stands for v,. Now we can construct the solutions ¢;(y,0), 1 =0,...,qy of

G+k

(Z iy, 0) 7@ log! 7“) Z% y,0) @2 log! r (2.4)

explicitly. Our function ¢, ,,(y,6) is then given by ¢,(y,0). We solve (2.4) by
Mellin transformation :

w0l ‘gf M, (A) "5y, ) 5! 25)
A—p)™ = (A=ply)H!

From this it follows that ¢,(y, #) is given by the coefficients of the Laurent expansion

of My (A)~"1;(y, ) at A = p(y) :

G+k
)= s 3 ij iy,) - (A= () (2.6)

Now it suffices to check the following lemma. [}

Lemma 2.5 Ify — ¢(y) and y — p(y) are analytic on I' and if m € N, then the
function

y ply) = Res M,(A)0(y,) - (A= p(y) ™"

is meromorphic on I'. If 1 is only meromorphic on I', then @ is still meromorphic
on I'.

Proof. e If = v, then (A — p(y))M,(\) ! is analytic in y and A for y € I' and
A in a neighborhood of u(y). Then

ml(y) = 05 (A — p(y))M, (V) )|

Then ¢ is analytic if ¢ is analytic.

“Y(y)

A=p(y)
o If there is a crossing in yo, i. e. if u(yo) = vk(vo) and p(y) # ve(y) for y € I'\ {yo},

we see that for y # yo (if m > 1)
(m = 1)lp(y) = 07~ My(A) ™
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As O§M, (X\)~! is obtained by composing M, (A\)~* and derivatives 95 M, (\) of M, (\),
we obtain the lemma. [

Whereas this simple form of the algorithm was sufficient for our purposes, there
is a more precise version for the case of the simple asymptotics which we will describe
now. For simplicity, we consider the Dirichlet problem only.

Proposition 2.6 Let the hypotheses of Theorem 1.77 be satisfied. Then for the
singular part of the solution u there exists the following more precise description

B t
Using = Z (Cﬂ * (I)) Z— + Z Z(dg/ck * (I)) Skl,j (27)

|ﬂ‘<5 /8' k,l:l/k’l<8 7=0
where cg € HVPI=¢(I) and ¢, € H*""~5(I) for all e > 0 and

Skl,j = Z @kz,jq(y, «9) r’k log?r
q

with functions i ja(y,0) analytic iny € I, 6 € [0,w,].

Our algorithm gives a formula of recursion for the singular functions 8 ;. In
order to formulate this, we introduce the following decomposition of the operator B
into homogeneous components : Let b,,, be the coefficients of B and b, be their
Taylor expansions according to :

B = Z bam(y7 Z) a?a;n and bamﬁ(y) = azﬁbam(y> Z)‘

2=0"
|a|+m<2

Then we set 5
< (0%
B (y, z;0,) = Z bams(Y) E 2. (2.8)
|B1+2—|a|=T ’
Note that if 7 = 0 then m = 0 and that By = M.

Proposition 2.7 Let the hypotheses of the previous Proposition 2.6 be satisfied.
Then we have the following recursion formula for any k € N* and | > 1 such that
Vg < s andany j <1 :

M(y7 az)g’kl,j = - Z <m> er(ﬁg"_”Skvl_m_n). (29)

n

Here M(y, 0.)8 = T means the interior equation M(y,0,)8 = T and the zero Dirich-
let conditions.

This algorithm corresponds to case (¢) of Proposition 2.1. The case (b) obviously
corresponds to the first part of the asymptotics (2.7). The initiation of the algorithm
comes from 8o which is in the situation (a). We note that the function ¢, j, is
a linear combination with analytic coefficients ¢,(y) in I of the functions ¢, ., in
Proposition(2.3).
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3. SINGULAR FUNCTIONS AS SECTIONS OF
ANALYTIC VECTOR BUNDLES

The singular functions are separated into coefficients ¢(y) depending on the right
hand sides of the differential equations and functions

V(y,0) Sl (), - - - pg(y); 7]

depending only on the geometry of the domain and the differential operators. This
separation which is by no means unique, can be described by associating invariant
objects, namely a family of analytic vector bundles over the edge, to the geometry
and the differential operators, and regarding the actual singular functions as sections
of these bundles.

This point of view allows a better understanding of the asymptotics in the neigh-
borhood of crossing points. There we have the phenomenon that the number of basis
functions v, S, of the form (2.1) needed to describe the singularities of a function
w is, in general, higher than the number of basis functions ¢,,r"~log?r needed to
describe the “simple asymptotics” in an interval not containing any crossing point.
This was seen in the simplest example in § [.77. There the simple asymptotics was
described by two basis functions for each y different from the points where the two
corresponding exponents coincide. In the crossing points themselves, the singulari-
ties are still described by two coefficients and two basis functions. Using the form
(2.1) for the singularities, however, one introduces three basis functions. There are,
however, still only two linearly independent coefficients. This situation is a simple
case of that one described in Proposition 3.4, namely that the bundle defined by the
simple asymptotics away from the crossing points (Theorem 1.77) is a subbundle
of the bundle defined by the the asymptotics at the crossing points as described in
Theorems 1.8, 1.77 and 1.77.

The bundles defined by the simple asymptotics outside the crossing points, have
a unique extension as analytic bundles over the whole edge including the crossing
points. The sections of these extensions can be written in terms of the functions
P(y,0) S[(y), - ., pe(y);r] (Theorem 3.3). Thus these functions, and the larger
bundles generated by them, appear here in a very natural way as function theoretic
objects.

Let us now define the bundles in question. We fix an interval J on the edge
for which an admissible system of coordinates exists. We shall consider two kinds
of vector bundles over J, bundles which are generated by functions of (y, ) only
and bundles which are generated by functions of (y,r,0). Thus we consider two
“large” bundles with Hilbert space fibers in which all our analytic vector bundles
with finite fiber dimension will be embedded as subbundles. For the first one, we
require that continuous functions ¢(y,0) (y € J, 8 € [0,w,]) are sections of this
bundle X; with Hilbert space fiber X;(y) which can be taken for instance as X;(y) =
L*(0,w,). For the second case, we choose the Hilbert space fiber X5(y), for example,

as L2(R, x [0,w,]; dp) with du(r,0) = e+ dr df, or also as L*([1,2] x [0,w,]). In
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any case, for continuous functions ¢(y,0) (y € J, 0 € [0,w,]), u(y) (y € J) and ¢ in
N, the function ¢(y, 8) r*® log?r will appear as a section of this bundle.

Now we consider a subinterval I C J. We fix integers k, [ and ¢ and set k = (k,[).
We assume that there is no crossing point for the exponent v, (y) in I, i. e.

vey) # vw(y) Vyelif x#r (3.1)

We say that an analytic function ¢ = log?r “appears as a singular function” if
the following condition is satisfied :
There exists a finite number of analytic functions 1., with (x',¢") # (k,q) such
that the function

u(y,r,0) = oy, «9)7"”“(9) log?r + Z Vg (Y, «9)r”~’(y) logq/ r (3.2)

qul

is locally a solution of the boundary value problem with regular right hand side :
For some s > v, (y) Yy eI :

Bue V=Vt x [[vg ™2 (3.3)
J

Let now W, (1) be the set of all analytic functions ¢(y,#) such that the func-
tion @ r*=log?r appears as a singular function. According to our decomposition
Theorem 1.77, there is a finite number of analytic functions

Orgn  for n=1,... Ny

such that every ¢ € U,,(I) can be written as

P00) = 3 ) Pran(s.) 3.4

with analytic coefficients ¢, (y).

This shows that for any y € I, the space span{y(y,-) | ¢ € V,,(I)} is a subspace
of the finite-dimensional fiber at y of the bundle

spai{@rgn | n=1,... Ny}

(see Definition 5.4).

One can therefore select ¢1,..., ¢, € W, (1) such that ¢1(y),...,vn(y) span
this subspace for all y except for a finite number of points. It is easy to see that
the subbundle span{ ¢y, ..., p,} is the unique analytic bundle that extends span{y |
@ € U, (I)}. In this sense we define

Definition 3.1 B,,(/) = span{¥,,(])}.
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Remark 3.2 By definition, the analytic sections of B,,() contain the functions
necessary to describe the edge asymptotics in the case where the coefficients ¢ are
analytic. The precise version of the algorithm for the construction of the singularity
types given in Proposition 2.7 shows that these same functions suffice to describe
the (“simple”) edge asymptotics also in the case where the coefficients have a finite
regularity. The bundles B,, are minimalin this sense. Note, however, that the fiber
dimension of the B,, does, in general, not give the right number of independent
coefficients. Namely, it is impossible to capture, in the framework of vector bundles,
the dependence among the coefficients that is given by differential operators, see
Proposition 2.6.

Now we use Corollary 2.4 which implies that the generating sections 1, ..., ¢,
of B,,(I) can be chosen in such a way that they have a meromorphic extension on
the whole interval J. By Remark 5.3, this defines a unique extension of B,,(I) to
an analytic vector bundle over J which we denote by B,,(J).

These bundles B,,(J) and their sums contain now a description of the singular
functions also at the crossing points in .J, and this in a minimal way. We will now
show how this description is related to that one given in our decomposition theorems.

To this purpose we define first some more bundles. Firstly, we reattach the
functions r*® log?r to the bundles B,,(J) and look at this in the neighborhood
of a crossing point. Thus let now the interval I contain one crossing point y, with
the corresponding exponents pf, ..., u) — see Section 1.7? in Part I. We recall the
notations of this § I1.77, in particular Xy, ; for the indices of the exponents v, that
satisty v.(yo) = p¥, and Ky, = U2, Ky ;. We define

B, = span{r”“(y) log?r - o(y,0) | k€ Ky jy q€N, (3.5)
¢ is an analytic section of B, (/ )}
= span{r””(y) log?r - B, (y) |k €y q€ N} .

Next, we repeat the above constructions where we replace now the simple asymp-
totics by the asymptotics as we described them for the crossing points in Theo-
rems 1.8, .77, 1.7?7. Since we do not strive for minimality here, we can simply
define the bundles ®; as follows :

Let ¥, be the set of all functions v, S, for o € A(s,I) — see § 2 where they are
constructed according to the algorithm in Proposition 2.1 — and such that

Su = SIS, o pir] with (o), (o) = .
We consider these functions as sections of the bundle X5, and we define
D; = span{%;}. (3.6)

The relation between the bundles B; and ®; is given by the following description
of the sections of B;.
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Theorem 3.3 Let €., be analytic subbundles of X1 over I with finite fiber dimen-
sions and define the subbundle of X,

¢ = span{r””(y) loglr-Co(y) |k €Ky, ¢=1,..., qo} . (3.7)

Then any analytic section of €; is of the form

™=

U(y>fr79): S[Vma-'wym;r] %(?/79) (38)

=1

with k; € IKCyy ; forl =1,..., K and the functions v, are analytic sections of
span{@,{q(y) |k ey ¢=1,.. .,qo} :

Proof. Let v be such a section. Then v is an analytic function in the variables r,
y, 0. For y # yo, v is of the form :
v(y,r,0) = ZT”“(y) log?r - (Y, 0) (3.9)
H?q
with analytic sections ¢, of €.,(I\{yo}). This follows from the linear independence
of the functions
(r,0) = 7@ 1og? 7 - @,y (y, 0)

for different (k,q) if y € I'\ {yo}-

Now let )
w(y, A, 0) :/ r oy, r, 0) dr (3.10)
0

be the Mellin transform of xo1(r) - v(y, r,0). Then w(y, A, 0) is analytic for y € I,
8 € [0,w,], ReXA < 0. From (3.9) follows that for a differential operator D of the

form
) gr+1

d
D = 1;‘[(7“% - Vn(y)
there holds Dv = 0, first for y # 1o, and then by analyticity for all y € I. It follows
that D(xp,(r) - v) is a distribution supported in r = 1, depending analytically on
y eI, 0 e [0,w,]. Mellin transformation gives a function 7(y, A, €), analytic in
y €I, 0 e |0,w,] and holomorphic for all A € C, such that

n(y, A, 0)

w(y, A\, 0) = TIO — va() (3.11)
Inverse Mellin transformation gives for r € (0, 1),
1
v(y,r,0) = %[yr’\w(y, A, 0) dA (3.12)

1 n(y, A, 0)

B i e s L8
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Now we use the Leibniz rule for the divided differences which gives

K
y,’f‘ ‘9 - Z l/,ﬂ '7yﬁl(y);r] ¢l(y76)7 (313)

where 9;(y, 8) are the divided differences of the function A — n(y, A, #) at the points
A= (1Y), ., vg(Yy).
Comparison of (3.9) and (3.11) shows that for y 7é Yo,

n(y, A, 0) Zq " ong(y,0).
Hence the functions v;(y, 0) are, over I \ {yo}, analytic sections of

span{@,{q(y) |k ey ¢=1,.. .,qo} )

Since they are analytic in yg, they are sections of this bundle over all of I. [

Corollary 3.4 The analytic vector bundles B; are subbundles of the bundles ®; .

Remark 3.5 The individual terms in the representation (3.8) of the section v are,
in general, not themselves sections of the bundle B;. Taking the bundle generated
by all these functions S[v,, (y) o, Vi, (y); 7]t (y, 0), one obtains therefore a larger
bundle ‘B These bundles ‘B are minimal possible choices for the bundles ®;
whose sect1ons produce the asymptotics near crossing points in the form we chose
for our decomposition theorems. There is, however, no canonical construction for
%j. In our proof of Proposition 3.3, the construction depends on the arbitrary
choice of an order of the elements of K, ; when applying the Leibniz rule for the
divided differences. All this can be clearly seen in the example in § 1.77.

4. A SIMPLE COMPLEX VARIABLE FORM OF THE
SINGULAR FUNCTIONS

If the conormal principal part M(y;0,) is the two-dimensional Laplace operator,
we can use a complex coordinate in the normal plane to give a simple and explicit
description for the singular functions (2.1) at crossing points. This formulation
was inspired by a recent paper by Maz’ya and Rossmann [11] where a different but
related problem was treated, namely the problem of writing the corner singularities
of a two-dimensional Dirichlet problem for the Laplacian in a form that is stable
with respect to variations of the corner angle. It is in fact not hard to see that our
formulation is equivalent to that one given by Maz’ya and Rossmann, if we consider
the angle w(y) as independent unknown instead of the edge variable y. Thus we
have an equivalent and, in some respect, simpler solution also for this problem of
stable asymptotics in two dimensions.

The restriction to the case of the Laplace operator as conormal principal part
is actually not as serious a limitation as it may look: If the coefficients of our
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operator A are real, we can always achieve this form locally by the choice of suitable
admissible coordinates. In general, we will then have a variable opening angle w,, .

Thus we assume that the coefficients of A are real and we fix an admissible
system of coordinates such that M(y; 9,) = A, fory € I. We will consider Dirichlet,
Neumann and mixed Dirichlet-Neumann boundary conditions. In these cases, the
exponents v, (y) are well known (see (1.10)): For k = (k,l) € N* we have

vely) = k- +1 for Dirichlet and for Neumann conditions, (4.1)

ve(y) = kg + 5, +1  for mixed boundary conditions.

The corresponding eigenfunctions of the Sturm-Liouville problem are also well known.
They are
cither  7*Wsin(v(y)0) or W cos(v(y)6),

depending on the boundary conditions.

We introduce the complex variable
¢ =re’ (4.3)
and we can then write these simplest singular functions as

real or imaginary parts of ¢*® (4.4)

In order to describe the singular functions near crossing points, we fix a regularity
index s > 0 and consider, as in Theorems 1.8 and 1.7?7, the situation of an interval
I that contains exactly one crossing point yo (or no crossing point at all, in which
case yo € I is arbitrary). We use the notations introduced above, such as uf, ..., /190
for the different exponents less than s at y, and ICy, ; for the set of indices x such

that v (yo) = 1.

We define furthermore

(;:=max{l e N |3k € N: vp(yo) = p3} . (4.5)

As we have seen, the singular functions come in “clusters” corresponding to the
clusters Ky, ; of exponents that coincide at y, .We will describe a generating set of
singular functions (see § 2) for each cluster.

We introduce the divided differences of the function A — (* :

A
[T =)
j=1

where 7 is a simple closed curve around the complex numbers pq, ..., ux.
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Theorem 4.1 A generating set of singular functions is given by the real and imag-
inary parts of

Snsromere (U5 2) = €2 S[v (1), - v ()5 €1, (4.7)
wheren € {0,1,...,20;} and ky,...,kxk € Kyyj, 7=1,...,Jo.
Proof. We use the construction of the singular functions as given in the proofs of
our decompositions theorems and as summarized in § 2, Propositions 2.1 and 2.2.
Thus we have to consider three cases (a), (b), (c):

(a) Solutions of M(y;0.) S = 0. As we have seen, these are of the form:
Re or Im of (" = S[vk; ] = So;xo) -

(b) Polynomials of degree [ < s. These are generated by monomials of the form
¢ = e B = S o (Y, 2)

withm+m' <l <s.

Thus in cases (a) and (b) we find the form (4.7).

(c) Here we have to consider solutions S’ of the two-dimensional boundary value

problem
M(y; 0.) S" = 27 9 S (4.8)

with
V[ +1>15], p+1[0] <2, (4.9)

and where S has been constructed previously.

We are looking for solutions of (4.8) that are, for y = yo, sums of terms of the form
s log? 7 1) (yo, 0) . Homogeneity and condition (4.9) show that the exponent 4 in
S’ is at least one plus the corresponding exponent in S. Therefore we can consider
(4.8) as an induction on this exponent.

Since all coefficients are real, we can write (4.8) using the complex variable {. By
induction, we can assume that S has the form (4.7). We have then to show that S’
is composed of terms of this form, too. Now derivatives with respect to y do not
change this form, they increase only the multiplicity of some of the exponents v,
and introduce analytic coeflicients coming from the derivatives of v, . Therefore we
can omit % and we can simplify (4.8) to the form

2.80) =T 00t { () St e} a0)
with
m+m'+1>d+d (4.11)

with the appropriate boundary conditions for 6 = 0 and 6 = w(y) .
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The right hand side of (4.10) is given by

F(¢, G
/ (GOGA gy
v

K
H ()\ - Vﬁj (y))
j=1
where (up to a constant)
F(C’Z’ )\) _ Em’Jrnfd’ Cer)\fnfd (412)
— ,rT—2 62'09

with
T = A+m4+m+2—-d—-d = AN+1,

o = AX+m—-—m'—d+d —2n. (4.13)

We keep now y fixed and set w := w(y). We have to solve
Av = r72¢if (4.14)

for 0 < # < w with the appropriate boundary conditions for § = 0 and § = w. The
solution we look for is of the form

v =r"w).
For v we obtain the Sturm-Liouville problem
(03 + ) w = €’ + boundary conditions. (4.15)

It is, of course, very easy to write the solution w explicitly. The solution is unique
and meromorphic in 7 with simple poles at 7 = 14(y), K € N. The form of the
solution is particularly simple outside the two resonance points 7 = +o. Now
7 = o does not appear since this is equivalent to m’ +n+2 = d’ which is impossible
since d < n. The other resonance 7 = —o appears for A = n +d — m — 1, which
can be avoided for A € v by a slight deformation of 4. Thus for A € v we can write
the solution w of (4.15) as

w(f) =

SR (ewe +a(y, 7)™ +b(y, T) 6_”9) . (4.16)
T2 —0
Here the coefficients a and b have simple poles at most at 7 = v, (y), k € N, and
are otherwise holomorphic. (For the Dirichlet problem we have a = ¢ ——¢ "~
h= ety

2isinTw

2isin Tw ’

Now we can choose the contour 7 in such a way that there is at most one £k € N
such that the curve v (y) — [, y € I, meets the interior of v, with the integer [ as
defined in (4.13). In the interior of v, there might be a pole related to 7 = —o,
i.e, A=n+d—m — 1. This is relevant only if this integer coincides with ,ug-), the
exponent at yy, common value of vy, (yo), ..., Ve (Yo) -

Therefore if we define

G = (A= W) A +1— my) v,
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we have
T _iof T it

G = qy,7)r e’ + gy, 7)1 e —|—gg(y,7)7”e’”9 (4.17)

with functions g;(y,7) that are analytic in y € I and in 7 in the interior of the
shifted contour v+ (.

The solution S’ of (4.10)is given by

g / vdA _ / , G d\ (4.18)
s v K
E(A s Zn) H(A — U, (y))

where K < K’ < K + 2, since at most two poles are added as we have seen, and by
a slight abuse of notation, we have set v, = v, —1.

Now we consider the three terms of G in (4.17) separately.
The simplest one is

1T _

g2y, T)r"e 92y, 7)¢7

The integral

/ g0y, 7)C" ) :/ ely,m)C
K’ | K
T =) I = ) 1)

Jj=1 J=1

can be decomposed, by the use of the Leibniz formula (1.77?) for divided differences,
as a sum

> 924 (4) Sl (9) + -1y ) + 5]

with analytic coefficients go,(y) . Here we have therefore the desired form (4.7), even
with n =0.
Secondly, the term

g3y, 7)1 e = gs(y, 7) 7
leads to the complex conjugates of the basis functions just considered. Again n =0
here.

Finally, we consider the term

iof _ —2in/0 CT

gi(y,7)r"e gi(y,7)e
with

n=(r—-0)2=n+m+1-4d. (4.19)
Using again the Leibniz formula, we obtain terms of the form (4.7) with the increased
value of n' =:n+1".

It remains to prove the bound on n: 0 < n < 2¢;. To this purpose we show that in
the last part of the above induction step we have always

I < 2. (4.20)
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This will suffice, since [ is the increment in the exponent u(;- , and [’ is the increment
in n, and for the beginning of the induction, namely (a) and (b) above, one has
obviously 0 <n < 2/; (namely n =01n (a) and n =m' <m+m’ = ¢; in (b)).
We have, according to (4.13) and (4.19),

'=m"+1—-d and [ =m+m'+2—-d-d.

Hence I" =1 —m — 1+ d, and since d + d’ < 2, the only case where [’ > [ can
appear is for m =0 and d = 2.

In this case necessarily d' =0 and m’ > 1, hence

!'=m'+1 < 2m' = 21.
Thus (4.20) is shown and the proof is complete. ]

Remark 4.2 For every fixed y € I, the singular function (4.7) is a linear combina-
tion of terms of the form
¢ logi ¢ (4.21)

This is the classical complex-variable form of the singularities for Laplace’s equation
on a two-dimensional sector [7]. Note, however, that logarithmic terms show up in
the edge singularities not only, as in the two-dimensional case, together with integer
exponents v, (that is, at crossing points), but generally for any exponent vy with
[ > 1. This is due to the presence of tangential derivatives in the differential operator

A.

Remark 4.3 If y and the multiplicities in (4.7) are such that all vy, ,..., v, are
different, then one can write the singular function (4.7) as
3 K
St = ¢ Y ag(y) ¢ (4.22)
q=1
with the coefficients .
1
a,(y) = ] (4.23)

5. APPENDIX :
SOME FACTS ON ANALYTIC VECTOR BUNDLES

We will consider real analytic vector bundles on a compact interval J C R. In fact,
we will need subbundles of finite fiber dimension of some fixed analytic vector bundle
X on J, whose fibers we assume to be Hilbert spaces.

Since J is contractible, there exists a global trivialization of X. The structure of
X can therefore be described as follows : there is a Hilbert space X (whose inner
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product we denote by <-,->) and for each y € J one has a Hilbert space X(y) and
an isomorphism

T(y) : X(y) — X.

An analytic section ¢ : J — X is then defined by a mapping y — ¢(y) € X(y)
such that the associated section ¢r of the trivial bundle J x X is analytic, i. e. the
function

pr=(y—=erly) =TWey): ] — X

is analytic. (Analytic functions on J with values in the Hilbert space X can be
defined in a variety of equivalent ways. One possible definition is : ¥ : J — X is
analytic if for any w € X the function y —<w, ¥ (y)>: J — C is real analytic).

An analytic subbundle of X of finite fiber dimension n is given by a set {¢1, ..., @n}
of analytic sections of X such that for each y € J, the vectors {¢1(y),...,vn(y)}
are linearly independent in X(y). We denote such a subbundle B by

B = span{y1,...,Pn}

Since every analytic vector bundle over J is trivial, we obtain every subbundle
of X of finite dimension in this way. More precisely, let {B(y)},cs be a family of
finite dimensional subspaces of X(y) with the property that to every point in .J there
exists a neighborhood U and a set {¢Y, ..., ¥} of analytic sections of X ‘u such that
{4 (y), ..., (y)} is a basis of B(y) for any y € U. In this case there exists a global
basis {¢1,. .., s} of analytic sections of X on J such that B = span{¢1,...,¢n}.

Our first result concerns the span of a finite number of analytic sections of X.
This is not a subbundle of X, in general, since its dimension can collapse in a finite
number of points, but it determines in fact a unique subbundle.

Lemma 5.1 Let {¢1,...,¥,} be not identically vanishing analytic sections of X
over J. Then there exist analytic sections {p1,...,om} such that ©1(y),..., em(y)
are linearly independent for all y € J and a finite set {yy,...,yr} C J such that

span{y1(y), - -, Yn(y)} = span{wi(y), .. ., em(y)}

forally € J\A{y1,...,yx}. That is, the subset span{ty, ... 1} of X coincides on
J\Av1, ..., yr} with the subbundle B := span{ey, ..., om}.

Proof. By application of the global trivialization T" of X, we can assume that X
is trivial, i. e., X(y) = X for all y € J. The proof uses induction on n.

For n = 1, the number of zeros of ¢, is finite and there exists a polynomial p;
vanishing at these zeros with the appropriate multiplicity such that

_ P1(y)
p1(y)
is an analytic section on all of J that vanishes nowhere.

e1(y) :
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Now suppose {91, ...,1,} were given and {¢1, ..., @, } have been constructed ap-
propriately. Let 1,1 be given and consider the Gram determinant of the vectors

P15 Py Yngr
D(y) = det(<95i(?/)> Pi(Y)>ij=1... m+1)
where ¢; = @; for 7 =1,...,m and @41 = V1.
If D(y) vanishes identically, the bundle 9B,, = span{p1, ..., @} is already suitable
for {op1, ..., Ypia}

Otherwise, the analytic function D(y) vanishes at most on a finite set of points in
J. Let yo be such a point and let k£ be the order of the zero 1yy. Thus

(y — yo) "D(y) is analytic and different from 0 in y,.

We construct ¢,,+1 by induction on k.
Since D(yo) = 0, there exist Ay, ..., A, € C such that

Vni1(Yo) = f: Aj @i (Yo) -

J=1

If we set

Pul(y) = ; _1 m (nsay) — ]é i ei(v),

then D™ (y), the Gram determinant of ¢;(y), ..., om(y), @,ﬂl(y) satisfies

1
D(y).
Y—1Y ()

DW(y) =

Thus the order of the zero has decreased by one. We construct gp,(flrl (forj=1...k)
analogously. For

(k)
Pm+1 = Pmr1

we have then

This means that {¢1(y), ..., ¥m+1(y)} are linearly independent for y in a neighbor-
hood of yy. By construction we have also

span{¥1(y), - -, Yni1(y) } = span{p1(y), ..., om1(y)}

for y in a neighborhood of yo, ¥ # yo.
Thus we have constructed the bundle ®8,,,; locally. By the above remark, there
exists also a global basis. [}

Remark 5.2 If we replace “analytic” by “C'*”, the corresponding result does not

hold, as the following example shows. The space R3 is taken as space X and J =
[—1,1]. We set

77Z)1(y) = (17 0, O)
1

1
a(y) = (1,e7 ¥ cos =, e V¥ sin =),
Y Y
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When y # 0, the dimension of W(y) := span{u;(y),¢2(y)} is 2. In y = 0 this
dimension is 1. But in a certain sense the bidimensional space ¥(y) tends to R?
when y — 0, because

Ve eR? Ve>0 Ty, |yl<e: x€U(y).

No smooth functions ¢; and ¢, exist such that U(y) = span{¢i(y), p2(y)} in a
neighborhood of 0.

Remark 5.3 Lemma 5.1 remains true if the given sections 11, . . ., 1, are only mero-
morphic on J. This means that the 1), are analytic sections outside of a finite num-
ber of points (“poles”) and that there exist non identically vanishing polynomials
p; : J — C such that p;(y) - ¢;(y) are analytic sections on J.

Definition 5.4 In the situation of Lemma 5.1 and Remark 5.3, we will also say
that the bundle

span{ty, ..., ¥, } ’J\{th,yk}

can be extended as an analytic bundle B = span{¢y, ..., om} on J and we write

B :m{¢177¢n}

Corollary 5.5 Let By and By be two analytic subbundles of X with finite fiber
dimensions. Then their sum B1+By can be extended to a unique analytic subbundle
of X, denoted by

span{B;, B, }.

Proof. Consider trivializations {¢], ..., gofnj} of %B;, i. e. analytic sections such

that for each y € J, ©](y),. .., @), (y) are a basis of B;(y). Then with Lemma 5.1
and Definition 5.4 we can simply define

span{B;, By} = span{gp%, o gp}nl, 03, .., 90312}.
[ |

We end this section by a result which shows a relation between the sum of
analytic vector bundles and divided differences. We consider special bundles which
are “generated” by an analytic function w in the sense we explain below.

So let D be a domain in C and X a Hilbert space. Let w : D — X be a holo-
morphic function. Let us denote by w® the k-th derivative of w. Let puq, ..., pn be
analytic functions from a compact interval J into D. We assume that the functions
p; for j =1,...,n are all distinct i. e. :

i = pjonJ=i=7j.
Let ¢, ..., g, be positive integers. According to Lemma 5.1

span{w(u;(y)), - ., w9 (u(y))}
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defines for each j = 1,...,n an analytic vector bundle B; over J and the sum
span{B,...,B,} =B

is an analytic vector bundle.
We want to find analytic sections of B. We assume the following hypothesis.

Hypothesis 5.6 Let N be the sum >7_; q;. For any finite set of distinct points
{\, .., ) in D, the nN wvectors w®(\;) fork =0,....,N—1andj=1,...,n
are linearly independent.

Proposition 5.7 We assume Hypothesis 5.6. Then a trivialization of B is given
by

where
fip =y  for q+---+ga<k<q+---+g
| S

=0 if j=1
(this is the repetition according to the multiplicity).
Remark 5.8 Compare with Theorems 3.3 and 4.1 where the generating function
is, respectively, w(\) = r* and w(\) = (.
The proof of Proposition 5.7 relies upon the following lemma.

Lemma 5.9 Let w: D — X be holomorphic and vy, ...,vy be elements of D (not
necessarily distinct). Let ky, ..., k, be distinct integers in {1,...,N}. Then

Wy s Uk |
1S a linear combination of
wlnl, ..., wly, ... vN].
Proof. Let 7 be a contour around vy, ..., vy. We have according to (0.5)
Wy ey V| = i/v &d)\

1 (Mw(A)
- [y ALV

2im P(\)
where P(X) = [[)2;(A — v;) and Q()) is the polynomial
Q) = A
H()\ — l/k])
j=1



The Lemma is then a consequence of the Leibniz formula (1.77). [

Proof of Proposition 5.7. A first application of the Lemma 5.9 proves that for
any y € J the space €(y) generated by

wlin(y)], -, wlin(y), ..., in(y)]

contains all the w® () for j =1,...,nand k =0, ...,q;. Now it suffices to prove
that the dimension of €(y) is equal to N in every point y € J. Let us fix yo € J
and let {v1,...,v,} be the distinct values of {fi1(vo),...,fin(y0)} and p; be the
multiplicity of v; for j =1,...,m. As a consequence of Lemma 5.9,

wP V() € Clyy) Yi=1,....m 1,...,p;.
Hypothesis 5.6 implies that these N vectors are independent. [

REFERENCES

[1] M. COSTABEL, M. DAUGE. General Edge Asymptotics of Solutions of Second
Order Elliptic Boundary Value Problems I. Preprint, Publications du Labora-
toire d’Analyse Numérique, Université Paris VI, 1991.

[2] M. COSTABEL, M. DAUGE. Développement asymptotique le long d’une aréte
pour des équations elliptiques d’ordre 2 dans R®. C. R. Acad. Sc. Paris, Série
312 (1991) 227-232.

[3] M. DAUGE. Probléme de Dirichlet sur un polyedre de R? pour un opérateur
fortement elliptique. Séminaire Equations aux Dérivées Partielles 5, Université
de Nantes 1982-1983.

[4] M. DAUGE. Elliptic Boundary Value Problems in Corner Domains — Smooth-
ness and Asymptotics of Solutions. Lecture Notes in Mathematics, Vol. 1341.
Springer-Verlag, Berlin 1988.

[5] M. DAUGE. Higher order oblique derivative problems on polyhedral domains.
Comm. Partial Differential Equations 8-9 (1989) 1193-1227.

6] V. A. KONDRAT'EV. Boundary-value problems for elliptic equations in do-

mains with conical or angular points. Trans. Moscow Math. Soc. 16 (1967)
227-313.

[7] R. S. LEHMAN. Developments at an analytic corner of solutions of elliptic
partial differential equations. J. Math. Mech. 8 (1959) 727-760.

8] V. G. Maz’vyA, B. A. PLAMENEVSKII. LP estimates of solutions of elliptic

boundary value problems in a domain with edges. Trans. Moscow Math. Soc.
1 (1980) 49-97.

31



[9]

[10]

[11]

[12]

[13]

V. G. MAz’yA, B. A. PLAMENEVSKII. On boundary value problems for a
second order elliptic equation in a domain with edges. Vestnik Leningrad Univ.
Mathematics 8 (1980) 99-106.

V. G. Maz’va, J. RossMANN. Uber die Asymptotik der Losungen ellipti-
scher Randwertaufgaben in der Umgebung von Kanten. Math. Nachr. 138
(1988) 27-53.

V. G. Maz’yA, J. ROSSMANN. On a problem of Babuska (Stable asymptotics
of the solution to the Dirichlet problem for elliptic equations of second order in
domains with angular points). Preprint LiTH-MAT-R-90-33, Linkoping Uni-
versity 1991.

C. A. Hazapos, B. A. I[lnmamenesckuii. 3amaua Heimana mis camoco-
IPSLKEHHLIX SJIJIMITUYECKLIX CMCTEM B ODJIACTU ¢ KyCOUYHO-TJIA KON IpaH-
nneii. Tpynot Jleauurp. mar. o-sa. 1 (1991) 174-211.

F. STUMMEL. Rand- und FEigenwertaufgaben in Sobolevschen Raumen. Lecture
Notes in Mathematics, Vol. 102. Springer-Verlag, Berlin 1969.

32



