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Abstract. We consider boundary value problems for elliptic systems in the sense
of Agmon-Douglis-Nirenberg on plane domains with corners, where the domain, the
coefficients of the operators and the right hand sides all depend on a parameter. We
construct corner singularities in such a way that the corresponding decomposition
of the solution into reqular and singular parts is stable, i. e. the regular part and
the coefficients of the singular functions depend smoothly on the parameter. The
construction of these singular functions continues the paper [4] and generalizes results
known for second order scalar boundary value problems — see [2, 3] [11].

Introduction

0.a Motivation. Parameter dependence in elliptic boundary value problems
is important in a variety of applications, for example in the question of stability
of numerical approximations, in shape optimization problems (optimal control of
the domain), or in the case of quasi-cylindrical domains (the geometry is almost
independent of one of the variables which can be considered as a parameter); an
example of the latter are domains with edges which can be partly treated as corner
domains depending on a parameter.

Unlike regular elliptic boundary value problems, for which the usual stability
theory for invertible or Fredholm operators can be applied, boundary value problems
with corner singularities may show phenomena of unboundedness or non-regularity
in the dependence of the singular parts on a parameter. A well-known aspect of that
instability is the occurrence of logarithmic terms in the asymptotics near a corner



for certain isolated values of its opening angle w, while such terms are absent for
any other value of w: for example, concerning the first term in the singular part of
the solution of the Dirichlet problem, the set of exceptional openings is formed by
the angles 7/n with n = 2,3,... for the Laplace operator and this set reduces to
wp =~ 0.8137 for the biharmonic operator — see [6] for instance.

In the general situation, corner singularities are determined by eigenvalues and
eigenfunctions of certain associated spectral problems. The multiplicity of these
eigenvalues may change for some values of the parameter: then the differentiability
with respect to the parameter may be lost (“branching”), or even if the eigenvalues
remain smooth functions of the parameter, the eigenfunctions may become linearly
dependent and their coefficients unbounded (“crossing”). The latter phenomenon of
crossing is the only to appear in the case of second order scalar operators and was
studied intensively in [2, 3], [10, 11].

There it was shown that certain linear combinations of the usual singular functions
had to be constructed in order to obtain stability of the coefficients. These special
linear combinations were given either by divided differences or, equivalently, in the
form of complex contour integrals [2, §8]. The approach via contour integrals turns
out to be successful also in the case of general boundary value problems elliptic in
the sense of Agmon-Douglis-Nirenberg.

In the general case of higher order equations (order > 4) or for systems, the first
one of the above-mentioned phenomena, namely the “branching” of the eigenvalues
may appear. This is well known for standard boundary values problems for the
biharmonic operator or the Stokes system (the first branching occurs at the above-
mentioned opening wy ~ 0.8137). We show that also in this case the construction
based on contour integrals leads to a form of the singular functions that generates
smooth parameter dependence for the corresponding coefficients.

Our aim in this paper is twofold: We want to show that our construction of
corner singularities, which continues the paper [4], provides on one hand stability and
smoothness with respect to a parameter and on the other hand also rather explicit
formulas for the singularities. Thus we think that these formulas, in spite of the
intrinsic difficulties coming from the fact that we treat general ADN-elliptic systems
and admit also corner angles m and 27, are sufficiently explicit to be used, for example,
in numerical approximations.

Our formulas can be compared to the general analytic functionals of Schulze [13,
14] and to the stable Keldys chains of Schmutzler [12].

0.b Plan. In §1, we describe the class of parameter dependent corner problems
that will be studied. We introduce a class of diffeomorphisms that does not exclude
corner angles m and 27. Thus corners may develop out of (or disappear into) smooth
parts of the boundary and (inward) cusps may appear. We formulate the main results
on the existence of corner asymptotics which depend in a stable and smooth way on
the parameter (Theorems 1.1 and 1.3). The aim of the rest of the paper is the
description of these stable asymptotics and the proof of the theorems.



In §2, corner singularities are constructed. The construction uses complex integrals
on two levels: First for the construction of a basis of solutions of a certain associated
system of ordinary differential equations without boundary conditions. Here the
contour integral is only needed if the multiplicities of the (complex) characteristics of
the principal part are changing; we illustrate this by several examples. In a second
step, this solution basis is used to construct the eigenfunctions of a corresponding two-
point boundary value problem. Here the above-mentioned phenomena of “crossing”
and “branching” have to be treated. This section introduces the study of three types
of spaces of singular functions associated to complex contours v: 2"(v) and %/ (7)
for the principal parts of the asymptotics corresponding to flat and polynomial right
hand sides, respectively (Theorems 2.7 and 2.12), and various spaces Z () for the
non-principal terms of the asymptotics (singular right hand sides, Theorem 2.21).

In §3, we formulate and prove the basic results of decomposition when the gain of
regularity is < 1 (here only the principal parts of the problem and of the asymptotics
are involved).

In §4, we introduce the Taylor expansion of the boundary value problem at the corner
(interior systems and boundary operators on the curved sides of the domain) and,
using the spaces 2 (v), % (y) and Z(v), we give in Lemma 4.5 and Theorem 4.6
expressions in the form of finite sums of elementary terms, of the “abstract” stable
asymptotics of §1 and prove the stability theorems 1.1 and 1.3. As an example, we
calculate the first terms of these asymptotics for the Laplace operator on a domain
limited by a portion of a parabola or of a circle (Examples 4.9 and 4.10).

In §5, starting from the formulas with contour integrals that we introduced in §2, we
derive the radial and angular behavior of the terms in the asymptotics. For this we
rely on a generalization of the Leibniz formula for divided differences to more general
contour integrals which we present in the Appendix, §6.

0.c Outline of results. We explain roughly the structure of the stable asymp-
totics by a short discussion of their radial behavior. If r denotes the distance to the
corner, the ordinary behavior that every one knows is r*log?r with u describing a
finite set of complex numbers. These y appear as eigenvalues, and they are conve-
niently constructed as zeros of certain polynomials. Thus the ordinary asymptotics
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where the contour v surrounds u. If the p depend smoothly on a parameter, but ¢
is not constant (for instance equal to 1 for some values of the parameter and to 0

everywhere else), we say that there are crossings. The stable asymptotics behave like
divided differences of the function r — 7
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where, in fact, d = @ + 1 with ) the maximal value of ¢. But in general the p,
themselves do not depend smoothly on the parameter; there are branchings. However




there are polynomials a of degree d > 2 whose coefficients depend smoothly on the
parameter which intervene as denominators for the radial functions:

1 ™
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If there is a branching, it is impossible to factorize a into a product of stable mono-
mials and all the functions giving the stable radial behavior are described by:

1 P
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where (qj)j:1 ;1 a basis of the space Py of polynomials of degree < d. In §5, we
give examples for such formulas when d = 2 or 3.

1. Parameter dependent boundary value problems

1l.a General setting. We consider a class of plane elliptic boundary value
problems depending on a parameter

te.7, where 7 CR isa compact interval.

This means that we have:

e a family of bounded domains €, C R?,

e a family of elliptic systems of differential operators Ly,
e a family of systems of boundary operators By,

and we look for the solutions u; of the problem

Lu, = fi in

Btut = g on 8Qt .
Our results will be valid under the following global hypotheses — however, to simplify
the notation, we will consider only a more restricted class of problems later on.

The domains €); are piecewise smooth, i. e. their boundaries are composed of a
finite number of €* arcs 0,€, j = 1,...,J whose dependence on ¢ is also €*°. The
corner angles are ¥ functions of ¢, and we assume that they are always contained
in the interval (0,27]. Thus cracks and inward cusps are allowed (angle 27) but not
outward cusps (angle 0).

crack mward cusp outward cusp



Figure 1

A corner angle 7 corresponds to a point O where the boundary arcs meet tangen-
tially. In Figure 2, we sketch an example of possible variations with respect to the
parameter.

@) @) (@
Figure 2

The operators L, are systems properly elliptic in the sense of Agmon-Douglis-
Nirenberg [1], their coefficients are € on §; and are €’ functions of the parameter
t €.7. On each arc 0;);, the boundary operators B; are defined by a system B!
which satisfies the usual covering condition and whose coefficients are € on 9,2,
and are €°° functions of the parameter ¢ € .7 — so we can treat mixed boundary
value problems.

For the right hand sides f; and g;, we consider several levels of regularity with
respect to the parameter ¢, namely mere boundedness, differentiability of order k,
%> or analyticity. Since differentiability with respect to ¢ with values in some func-
tion space on (); is, in general, not an intrinsic notion but requires the definition
of diffeomorphisms between the €);, by localization we will first reduce our class of
domains to a more restricted class, where all domains {2; have only one corner and
are the image of a single domain by a family of (singular) diffeomorphisms ;.

1.b Localization. Let us denote z = (21, 23) the cartesian coordinates in RZ
The first simplification is the localization at one “corner” O, of ;. O, is the meeting
point of two arcs 0,2, and the function ¢t — O, is €°>°. We can always assume, via
a global diffeomorphism on R?, ¢ with respect to ¢, that the corner coincides with
the origin O and that one of the two arcs meeting at O is a segment in the coordinate
axis zo = 0. In a neighborhood of the origin O, the domain €, is described in polar
coordinates (r,6) by
0 <0 <w(r)

where for a ry > 0
(t,r) = w(r) is € onT x[0,79) and Vte.T, w(0) € (0,2n].
As a convention, we denote by w; the opening of the tangent sector to €2, at O, i. e.

wy := wy(0).



Note that, if there were no angle w; equal to m or 2w, we could even assume, after
a global diffeomorphism, that w;(r) is a constant independent of r and ¢. But as
we want to admit these somewhat delicate cases, we have to use a slightly more
complicated setting.

In any case, there exists a family of diffeomorphisms

Xt - (Ta 9) — (Ttaet)7

mapping a neighborhood of the corner O of a fixed domain {2 onto a neighborhood
of the corner O; of ;. For 2 we can take any bounded domain whose boundary is
%> outside the origin and which coincides in the neighborhood of the origin with a
sector

F={(rd)|0<r<+4o00, 0<<w}

of arbitrary opening w € (0,27). The mappings x; are smooth when expressed in
polar coordinates:

(t,r,0) — ri(r,0) and (t,r,0)— 0,(r,0) are € on.7 x [0,ry) x [0,w].
They satisfy

r(0,0) =0 forallt,0,
0:(r,0) =0, 6i(r,w)=w(ri(r,w)) forall (¢,r) €T x[0,10).

For x;, we can always choose near the origin:

_ wi(r)

0.

=T, et (7”, 6)

But such a diffeomorphism cannot be extended as a diffeomorphism (in cartesian
coordinates) to the whole closure of Q including the origin. Only if all angles w; are
different from 7 and 2w, it is possible to choose w and the x; so that they can be
extended as € diffeomorphisms to all of R? — namely, in this situation, either all
angles w; are < 7 and it suffices to take w € (0,7), or all angles w; are > 7 and it
suffices to take w € (m, 27).

At this stage, we localize our problem in the neighborhood of the corner O; and
assume that the only corner of €2, is O;. To be completely specific, we assume that
Q) is a subset of I', and we fix €2; globally by requiring

Xt : Q2+, is a homeomorphism for all ¢t €.7 .

Since our stability results are of local nature, this is not really a restriction.

1.c ADN elliptic systems. We take as interior operators ADN-elliptic sys-
tems of multi-order (mq,...,my) as explained below. For the sake of simplicity,
we consider Dirichlet boundary conditions only. We want to emphasize, however,
that the corner singularities as constructed in the paper [4], are valid in the general



situation described in Section 1.a and that the results of the present paper can be
formulated for the general situation, too.

For the system L; = (Lt;kl)1<k I<N

following hypothesis: there exists (my,...,my) € NV such that L; is ADN-elliptic

of multi-degree (my, + ml)1 hI<N- This means that

of partial differential operators, we make the

deg(Lyw) <mp+my, 1<k I<N

and if 5 }
L, = (Liw)

1<k,I<N

is the principal part of degree (my + my) of L;, we assume that L, is prop-

1<kJI<N
erly elliptic in the sense of Agmon-Douglis-Nirenberg [1]. For such operators, the

homogeneous Dirichlet conditions are written as
u € H™ (), 1<I<N

and this defines complementing boundary conditions.

Although, relying on [4], we could get the results of the present paper in the most
general case, we are convinced that the simplifications in the notations and in the
technical details of the proofs which are gained by making the symmetry assumption
for the orders of the systems and by restricting to Dirichlet homogeneous conditions,
improve the readability of our results sufficiently to justify this restriction. The
formulation and proof of the corresponding results for the most general case require
no essential new idea.

Let us denote by m the multi-order (my, ..., my). The Sobolev spaces naturally
associated with the above problem are, for any s > 0:

N N N
¢} o
H™:=[[H™,  H*™:=][H*™,  H™:=[[H™,
=1 =1 k=1

where the Sobolev spaces H*® are defined as usual (see [8]) and i *(€2) denotes the
closure of 65°(2) in H*(Q2).

Thus the operator L, is continuous from H**™ () to H*~™(Q;) for all s > 0,

and the homogeneous Dirichlet conditions are defined by the condition u € H ().
We consider therefore the boundary value problem

Liuy, = f; in
u, € H™(Q,).
For the right hand side, we assume the (spatial) regularity

fie H™(Sy) forall teg

with some s > 0.



Assuming some initial regularity for u,:
u, € HOT™(Q,) with 0< s <s,

we have then for every t € .7 the decomposition of u; into corner singularities and
a regular part corresponding to H*t™(Q),) regularity. To be more precise, we have
to introduce the spectral problem associated to the principal part M, of L, at the
origin:

Mt(&z) = j-/t(oa az) .

Let A; denote the set of all complex numbers A such that there exists a non-zero
function, multi-homogeneous of degree A + m, of the form

u(r,0) = ™Mmu(6), ve H™0,w,)
or in components (I =1,...,N)
w(r,0) = u(9), o e H0,w,)

that satisfies
Mu=0 for >0, 60€]|0,w.

Ay is a discrete set in C. It is the spectrum of a certain operator function o@%()\) which
we consider later on (see §2.a).

1.d Uniform estimates. Here is our first stability result.

Theorem 1.1 Let s, s € R be given such that 0 < sqg < s and
ReA#s—1 forall NeA,teT and s N. (1.1)

(i) Then there exists a finite number of singular functions Sy, (¢ = 1,...,L) which
are €°° functions of t € 7, r > 0 (of course, not at r = 0/!), and 6 € R such that
any solution u; of the problem

Liu, = fi in
o (1.2)
u; € Hm<Qt) s
for which there holds

u; € HOT™(Q,), fie H™(), (1.3)

admits a decomposition

c

U = Z ot Sot + Ureg: ¢ (1.4)

(=1



with certain coy € C and Upeg,y € HT™(Qy), with r=° ™ wUyeq., € L*(Q). Moreover,
there is a constant C', independent of t, w and f, such that for allt €. there holds

c
Cot| + || Ureg: stm + T_s_mure ;
ZZZ;I sl + | reg: el g () I gi”L?(Qt) (1.5)

< C (||ut||HSO+m(Qt) + ||-ft||Hs—m(Qt) )

(i) If all angles wy are different from m and 2w, the condition s ¢ N in (1.1) can be
removed and all conclusions of (1) still hold, except that now r=5""™ u,. € L*(Q)
and the estimate (1.5) must be replaced by

L

Cot| + || Ureg: + (| T U,
Z;U,t\ I regytHHHm(Qt) I reg’tHL?(Qt) (1.6)

< C (||ut||HSO+m(Qt) + ||ft||Hs—m(Qt) )’

where € > 0 is an arbitrarily small fized number.

(iii) If, in a neighborhood of r = 0, the diffeomorphisms x; and the operators L,
depend analytically on t, then, for any ty € .7, there exists a decomposition as in
(1.4) fort in a neighborhood of ty with singular functions S, depending analytically
on t.

If the data depend regularly on the parameter ¢, the splitting (1.4) depends reg-
ularly on t too, as we are going to explain now.

1l.e Parameter regularity. In order to describe higher regularity with respect
to the parameter, we need weighted Sobolev spaces V{(€);). Their definition is for
s 2 0 (see [9], [5], [2]):

veVE(Q) <= wveH(Q) and 7 v e L*(€).

The norm is ||v| 3/03(90 = ||vHiIS<Qt) + ||r_svl|i2(ﬂt). An equivalent norm would be
Pl + 3 10200
<s

For further reference we define for 6 € R
Vi) = {o] e V().

The spaces Vj; differ from H?® by the Taylor expansion at the origin. This is expressed
by the following well-known lemma [5].

Lemma 1.2 Let s > 0. For v € H*(S);) there exist the traces at the origin 0°v(0),
for 0 <|B| <s—1. Let

B

vo(2) ==w(z) — Y. = 90v(0).

|Bl<s—1 ﬁ'



(i) If s € N, vy belongs to V§(S%), and

ot X [0 < C el

|8|<s—1

HU0| Hs ()

(ii) If s € N, there (only) holds
vg € H(QY) and v vy € L*(), Ve >0

(in other words, vy € H*() N V() ) and the corresponding norm estimate.

The importance of the spaces V' lies in the fact that they are invariant with
respect to the class of diffeomorphisms y; introduced in §1.b. Thus

Xi v voxe  Vi(Sh) = V5 (Q)

is an isomorphism. This is an easy consequence of the representation of V' in polar
coordinates (see [5]). On the other hand, x; is not an isomorphism between H*(2;)
and H*(f2), in general. Only if x; is a diffeomorphism of R? in cartesian coordinates
(which, once again, can be assumed if there are no angles w or 27), the spaces H*®
are invariant under x;.

We can now define the regularity with respect tot €.7. Let k € {0,1,,...,+0o0}.
Then the function ¢ — v; is k-times differentiable with values in VF(€),

t— v € €T, V5 ()
if the function ¢ — xjv; is in €7(7, V5 (§2)) in the usual sense, i. e.

4’
t— %(w ox:) is continuous with values in Vj(2), 7 =0,1,...,k.

We abbreviate this as

t—v € 6T, Vi () <= t—xju €€ (T,V;(Q). (1.7)
We define analyticity with respect to ¢t analogously:

t—v € (T, V() <= tw—xju e d (T, V5(Q). (1.8)

If x; are diffeomorphisms in cartesian coordinates, we can use the corresponding
definitions for H*(2;) instead of V{(€2):

t—v € 6N(T, H () <= trexgu e (T, H Q). (1.9)

In the general case for s ¢ N, we use the Taylor expansion

.8
v(2) =vou(2) + D = 9%0,(0) (1.10)

18l<s—1 A



and define
t— vor € €T, V5 (%))
t— v € 6€"(T,H*({)) <= { and (1.11)
ts 090,(0) € EX(T) (8] <5 - 1),
respectively
t— vy € (T, V5 ()
t— Ve € %(ﬂ, HS<Qt)) < and (112)
t— 0%v,(0) € Z(7) (I8 <s—1).
In the case where the previous definition (1.9) of € (7, H*();)) is applicable, it is
equivalent to the definition (1.11). One should note, however, that for k > 1 these

definitions are not “intrinsic”. They depend on the choice of the diffeomorphisms y;,
not only on the family of domains €.

Theorem 1.3 Let sy, s € R be given such that 0 < so < s and such that (1.1) holds.
Let k € {0,1,,...,400} be given.

(i) Then any solution w; of the problem (1.2) for which there holds
t—u € €T, H*T(Q)), t— f, e €T, H ™)), (1.13)

admits the decomposition (1.4) with coefficients ¢y € C and a regular part Uyeg.; €
V™ (Qy) which satisfy the estimate (1.5) and moreover

tio cp €CNT) o Ut € CT,VEF™(Q)) (1.14)

(i) If all angles wy are different from 7 and 2w, the condition s ¢ N in (1.1) can be
removed and then any solution w; of the problem (1.2) for which (1.13) holds admits
the decomposition (1.4) with coefficients coy € C and a reqular part yeg.; € H*T™ ()
which satisfy the estimate (1.6) and moreover

tis coy €CN(T) o Unegy € €T, HP™(Q))) (1.15)

(iii) If, in a neighborhood % of r = 0, the diffeomorphisms x; and the operators L,
depend analytically on t, then to any ty € .7 there exists a neighborhood 7 of ty in .7
such that for any solution u; of the problem (1.2) with support in % for which there
holds

t— uy € (T, HT™(Q)), t— f € (T, H™ ™)), (1.16)
w; admits the decomposition (1.4) and moreover
tios e € A (Tp) i Ut € (Tp, H™(Q)) (1.17)

Remark 1.4 If the operator L; and the index s, are such that for the problem (1.2)
there holds uniqueness of the solution u, € H®**™(();), then the initial regularity
hypothesis of u; with respect to ¢, as required in (1.13), is not needed. It is then a
consequence of the hypothesis on f; in (1.13) (see also Remark 4.8(77)).



2. Construction of stable singular functions

Let M,(0.) denote, as in §1, the principal part of the operator L,(z;0.) at the origin.
As “usual” (see [3], [4]) the description of the singularities is performed in 3 steps:
e The singular functions of M;(0,) with zero right hand side;

e The singular functions of M;(0,) with polynomial right hand sides;

e The singular functions of M,(z;0,) with singular right hand sides.

Each step is performed in two stages: firstly solving an interior equation M;u =
ft, secondly solving boundary conditions Ciu; = g; together with the equation
Miu; = 0. For the first step, f; is 0; for the second one f; is polynomial; finally, for
the third step f; is generated by the solutions from the two previous steps and by an
induction procedure.

2.a Singularities with zero right hand side. Tt is well known that any
non-zero solution uw of Myu = 0 with homogeneous Dirichlet boundary conditions,
which has the form

Q o
u(r,0) =Y rloglru,(0) with v, € H™(0,w) (2.1)
q=0

with
so—1<Red<s—1,

contributes to the singularities of the problem (1.2) with conditions (1.3). When
L, = M, i. e. when L; is homogeneous with constant coefficients, and when €,
coincides with a sector near the origin, the above functions generate the whole space
of singular functions of the problem (1.2) with w, € H*™™(Q,) and f, € Vi7" ™(Q,).

This is the reason for the introduction of the space .2;(sq, ) as the space generated
by the solutions w of Miyu = 0 of the form (2.1) with so —1 < ReA < s —1. We
are going to investigate the stability of the spaces .2; with respect to ¢ and construct
stable generators for them. To do that, we write M, in polar coordinates as

M, (0.) = (diag(r™™)) x .#,(0;0p,70,) x (diag(r™))
i. e. in components
M, 11(0,) = 77" My11(0; g, r0,) 7™
With this notation, any multi-homogeneous solution
u(r,0) = r™v(0) of Mu =0
corresponds to a solution v(#) of the system of ordinary differential equations

(009, \) v(8) = 0. (2.2)



Since we are considering homogeneous Dirichlet boundary conditions, we consider this
differential operator on the space H™(0,w;). Thus we define the family of operators

o

(N H™0,w) —  H™(0,w)

ol0) v (0: 00 3) 0(0) (23)

Later on, we shall introduce the corresponding operator family <7 (\) with non-zero
boundary conditions.

Due to the ellipticity of My, A — QZ()\) has a meromorphic resolvent A\ — OQZ()\)‘I.
The poles of this resolvent are given by the set A, introduced above in §1.c, and its
residues generate the spaces 2; of singularities (see [7] and [4, Lemma 4.1]):

Lemma 2.1 Let y be a simple closed contour in C. Let Z;(vy) be the space generated
by the solutions u of Myu = 0 of the form (2.1) with A € int~y. If y N A, is empty,
then

Zi(y) = {/ r”’”g%()\)’l\lf()\) dA | U(N) holomorphic with values in H™"(0,w;)}
Y

As a consequence of the ellipticity, the infinite strip so—1 < Re A < s—1 contains
only a finite number of poles in A; and there exists a closed contour 7(sg, s) such
that 2;(so,s) = 2:(7). Conversely, let 7}, ...,/ be a system of simple closed non-
intersecting curves such that

J .
AN{X | Rexe(so—1,s—1)} C |Jint~i.

j=1
Then p
Zils0,5) = B #i(). (2.4)
j=1

Our first aim is the description of generators of .2;(7) (see Corollary 2.8). To

do this, we study the resolvent 422()\)’1: we construct first a basis of solutions of
the homogeneous system (2.2) without boundary conditions. This construction was
presented in detail in [4]. We describe here the results and illustrate them by some
examples.

In the following construction, ¢t € .7 is a fixed value. We will consider the depen-
dence (stability, regularity) on ¢ later.

Let M;(&1,&2) be the symbol of the operator M;(0,,,0.,). We write it in Cayley-
transformed coordinates:

M, (a) = M(a+1i(a—1)); M, (o) :=M(1+a,i(l —a)) (acC).

These are matrix polynomials in o whose determinants, due to the ellipticity of M,
do not vanish on the unit circle

y={aeC|lal=1}.



For any polynomial

d
AP (a) =Y A, a0,

n=94

Finally, we need the following diagonal N x N matrices:

+ C*))\—l—ml
ZT(N\( Cha) = ( (ag ) >
A6 ¢ e) A+m)A+m—1) - (A+1) ) oy 25)
_ (€ + agx)m ‘
Z=(N(Cha) = ( ) )
(¢, ¢%a) A+m)A+m—1) - (A+1) ) oy
If we identify z € R? with ( = 2, + 1 29 € C, we have the relation
Mt(azn azz) Zi(A; Ca Z; Oé) = AZ/i()‘; Cv Z; Oé) Mt,t(a) (26>
for any A, ¢, a € C, where Z* is defined similarly to Z* as
Z5 G Ca) = (A=) (= 1) ag 4+ ¢ g
B 1<k,I<N 2.7)
Z= (NG ha) = ()‘(/\ — 1) (A =mp + 1) (¢ +a¢ )™ 5kz)
1<kJI<N

We can now describe the space of solutions of the system (2.2). Let us denote
W, (N) = {u(r,0) = r*v(0) | My(0.)u=0 for 0€ (0,w)}
and its angular part
Hi(N) = {v(0) € €°R) @ CN | A,(0;05,\)v(0) =0 for 0 € (0,w)},
so that
w= (M (0),. Moy (0)) € W) = v = (v, ow) € H(N) . (2.8)

The following theorem was shown in [4, Theorem 2.1 and Lemma 4.2]:

Theorem 2.2 Let A be any complex number, and let d be the maximal degree of all
the matrixz elements of My.+ as polynomials in ae. We define:

W, (\) = {¢—w¢) | Ig',....q"eCV (2.9)
w(A, () = / Z* (X (.G a) Mt;j_}(a) (Mt%(@) q +---+ Mtﬁ;i(a) qd) da}.
gl



(i) For all A € C\ N, the dimension of Qﬁf()\) is equal to |my,
W (A) © W, (A) =W,(N),

and there exists q}_r,h, o ,qi’h in CN forh =1,...,|m| (independent of X but possibly
dependent on t, see Remark 2.3 below) such that the

5

w0 = [ 27 (¢ Tia) Mt(a) (MEL@) @byt -+ M) at) da

for h=1,...,|m| are a basis ofﬂﬁti(/\).
(ii) the functions vep (N, -) defined for h=1,...,2|m| by

9) wi, (A, ) for h=1,... |m|
vt;h ) = .

Wiy (X €?) for h=m+1,...,2|m]|
are a basis of Wi ().

Remark 2.3 There is a lot of freedom in the choice of the vectors qi’h. It was
shown in [4] that they can be chosen independently of A € C\ N. If a choice

(@bnlto). - ad()),
to € .7, this choice will work also for ¢ in a neighborhood of t; due to the con-
tinuous dependence of M.+ on t. Thus if .7 is sufficiently small, the vectors q;h can
be chosen independently of ¢. In general, they will depend on ¢, but it is easy to see
that they can be chosen as analytic (even polynomial) functions of ¢t € .7. In the

yields linearly independent functions wtio;h for one

sequel we assume that such a choice is fixed. In any case, the basis functions 'wtt;h
and vy, are € with respect to ¢ (or analytic, if M, depends analytically on ¢). =

Remark 2.4 From the representation (2.9) and the residue theorem, it is clear that
the components of the elements of ﬁUti (M) consist of linear combinations of the ele-
ments of Z* and of their derivatives with respect to o, where o takes values ayq in
the zero set of det M.+ («) inside the unit circle.

More precisely, if w € 20;7(\), then w = (w1, ..., wy), and w;(2) is given in terms of
the complex variable ¢ as a linear combination of functions of the form

_ “n n—=3yim Amy—n
ClanC+ D = (£) T (1 ae )
where n € N and det My, (ap) = 0, |ag| < 1 (n = 0if ap is a simple pole of M)
Similarly, if w € 20; (\), then its component w;(z) is a linear combination of functions
of the form

(oG + QMM = (%)n@*ml (1+ ag %)Mmln

where n € N and det M. (o) = 0, |ao| < 1.

Note that these functions are well defined for || < 1 and ( in a sector of opening
w < 2. [ ]



Example 2.5

(i) For the scalar case N = 1, we denote by d+ the degrees of the polynomials
M («). For the sake of simplicity, we omit the index t. The representation (2.9) then
simplifies to

W) = { [ (@¢+ 0™ M) fla) da | f € Bu,ifal

W) = { [ (€ +a0P™ M) () da | f € Pa ol

Q%\Q

(i1) Note that even in the scalar case, the multiplicities of the roots ap may depend
on the parameter . In this case, the functions ("(an¢ +{)**™ =™ are not regular with
respect to t. The linear combinations defined by the contour integrals in Theorem 2.2,
however, depend regularly on ¢. Consider the following example of a scalar operator
of order 2m = 4:

M,(8,) L (1= 1)°A% = 8t02, 02| = (9 — t02)(92 — t0?).

" 16 o= < ¢
M, is elliptic for |[t| < 1. We find
My.i(a) = (o —t)(1 — ta?) .
There is a branching point ¢ = 0. For ¢t # 0 the functions
(FVECHO™? and (BVEC+ (M

are a basis of 20;()), and for ¢t = 0 the double root at o = 0 gives the basis functions
Z)\+27 CZA—H’ C/H_Qa and ZC)\—H-
This does not depend smoothly on ¢. If we use the above formulas in (i), however, we
can choose 27if(a) = 1 —ta? and 2mif(a) = 2a(1 — ta?) and obtain basis functions
that are analytic with respect to ¢:
1 1= _
wh = [(C+VEOM? = (C = Vi)
wh = (C+VEOM?+(C— VIO
_ 1 _ _
wa = [(C+VEQDM? = (¢ = VEOM?]
W = (CHVEOMH(C-VEQOM?.

(i7i) The two-dimensional Stokes system in complex form associates to (u,u*,p) the

triple (f, f*,g) by

_ 1
28<85u + azp = 3 f
* J— 1 *

* _ 1
du + ozu = 59.



Here 1 {
aC = 5(821 - Zam) aE = 5(821 +i822)

and the complex velocity components are
U= Uy + 1 Usg uw* = 1wy — iU

where (uy,uz) is the usual velocity field. For this system we find

20 0 1 20 0 «
M, (a)=]| 0 20 « and M _(a)=| 0 2a 1
a 1 0 1 «o 0

From the representation in Theorem 2.2, we find that the following triples w}i()\, )
for j = 1,2 are bases of 20°(\):

wi (X)) =(C"10,0);  wi(XQ) = (=(A+ 1) 20+ 1)¢7);

wy (A¢) = (0,¢0); wy (M) = (M (A1) 200+ 1)¢Y).

[
In order to construct solutions for the homogeneous Dirichlet problem
Z(N)wv=0
(see (2.3)), we define the following objects.
For a function v = (vy,...,vn) € H™(0,w;), we introduce the vector of traces

corresponding to the Dirichlet conditions on 8 = 0 and # = w; : The column vector
;v of length 2|m| contains first the |m| terms

'01<O)7 anvl(0)7 c agnflvl(o)’ U2(0)7 an7)2<0>7 ) aleilvN(O);
and then the corresponding |m| terms
v1(we), Opvi(we), -y O o (wy), va(wr), Onva(wy), - ..y 0N Loy (wy).

The normal derivative 9, corresponds here to —0y for # = 0 and to 0y for 6 = wy.
With the solution basis v (), ) defined in Theorem 2.2, we define now

o _¥(A) : the 2|m| x 2|m| matrix of complex numbers whose 2|m| columns are the

Grven(N,¢) for h=1,...,2|m| and

Dy(A) := det A (N);

o Z;(\) : the N x 2|m| matrix of € functions on [0,w;] whose 2|m| columns are
the vy (A, ) for h=1,...,2|m|.



Thus

N(N) = 6o Fy(N).
The operator .#;(\), when acting from H**™(0,w;) to H* ™(0,w;) has a right
inverse #;(\) which is a holomorphic function of A € C (see [4, Theorem 3.3 and
§4.b)).
Note that, according to Remark 2.3, .4;, Dy, 6;, and %, all depend smoothly on ¢.

From the description of the Dirichlet problem

F(Nv=f
as the system
A(Nv = f
Cgt'v = 07

one obtains with these definitions immediately the following result.

Proposition 2.6 (i) The set A; \ Z of non-integer poles of the resolvent QZ()\)_l is
the set of non-integer roots of the equation

(ii) For any A € C\ A, there holds
SN = BN = FLN) M) G AN,

As a corollary, we obtain descriptions of the spaces of singular functions .23() in
terms of the above defined finite dimensional objects.

Theorem 2.7 Let v be a simple closed contour such that Ay N~y = ().
(i) Then

2i(y) = {(r,0) — / PMZ(N0) (NG (N) dA | G2 C s C™ holomorphic)
8
(i) Let a be the polynomial in A with leading coefficient 1 that has as its roots

precisely the roots of Dy(\) inside v with the same multiplicities: it is given for
N & inty, by
1 d log(A — \)
) = — | —<Dy(\) ————=d\).
ain (X) exP(inLdA N o )
Let d(v) be the degree of ar.,. Then

2i0) = {(r.0) = [ PIEN OGO A | 9 € By 1] & )
~
We also have the inclusion

Z(y) C {(T,G)H/r”mﬂt()\,e)
gl

X | & € Py [N @ 2™}

= {0~ / AW d\ | 4 € Pyyya[N @ CHMIY,
Y



Corollary 2.8 Let (v)ier be a family of simple closed contours depending continu-
ously ont € .7 such that
Vtéy Atﬂ%:@
(i) Then d(vy;) =: d is independent of t € .7 .
(ii) Let furthermore (%;)i=1,. 2ymja be a basis of Pq_1[A\] ® C2A™|. Then the functions

.....

Xy4(r,0) = / T Z (N, 0) A(N) TG (N) dA
Tt
are €°° functions of t € .7, r >0, and 6 € R (analytic if the data are analytic) and
they generate the space Zi(7y) for allt € 7.
(iii) Let (t,\) — Z(t,\) € CI™ be a function of class €*(7), holomorphic in a
neighborhood of int -y, for each t, and let v; € 27 () be defined by

v (r, 0) = / PN (0 0) )L (EA) d (2.10)
Ve
Then there are coefficients ¢y € €"(T), L = 1,...,2|m|d such that
vy(r, 0) Zcz ) Xot(r,0). (2.11)
¢
Furthermore, there is an estimate with a constant C' independent of 4 :
c < C su oY (¢, - ) 2.12
S ledlguiz) € € s WG, 212
Proof. Let
2|m|d

G(t, ) = ar,(N) (LN + D )%,

be the Euclidean division of ¥(t,-) by a;, (see Proposition 6.5 in the Appendix).
Here (¢, -) is holomorphic, so it does not contribute to the integral (2.10). The
coefficients ¢, are given by the formulas

Cé(t):i/ g, A) - Q7 (N) dx.

2im - .y (N)
where Q;,, ¢ =1,...,2|mld is a certain basis of Py_i[\] ® C*™! depending regularly
ont € 7. The formula (2.11) and the estimate (2.12) follow immediately. [

Remark 2.9 The family of spaces (.2Z:(v))iez is a (4°° or analytic) vector bundle
of constant fiber dimension dy < d. [ ]

Remark 2.10 The generating functions of the space 2;(7) are in a simple and
natural way functions of the complex variable ¢ = re?, because the matrix function
rAM™ Z, appearing in their definition is the N x 2|m/| matrix of functions

VVt()‘) . C — Wt()‘a C) = 7“/\+m32t<)‘7 6)

whose first |m| columns are the basis vectors w;f, (], -) as defined in Theorem 2.2,
while the second |m| columns are the vector functions w,;,(A,-), h=1,...,|m|.



2.b Singularities with polynomial right hand sides. The second step
in the description of the general form of the singular functions is the case of polynomial
right hand sides. We are thus looking for solutions of the form (2.1) of the system
Mu = f where f € P[21, 2] @ C| i. e. the components of the vector function f are
polynomials in the cartesian variables (21, 22).

We use, as above, the notation PP, for the space of polynomials of degree at most n
and IP(,y for the space of homogeneous polynomials of degree n. In order to obtain a
convenient description, we decompose the space of vector polynomials into subspaces
of (multi-)homogeneous polynomials according to the multi-order of our system L:
for any A\g € N,

N N
Pixgtm) = [T Pogsm)  and Pogm) = I Pog-my) -
=1 k=1

Ao—myg

Thus the components of f € P(y,_m) have the form fi.(r,0) =r vr(0), where @y,
belongs to a space of trigonometric polynomials in 6 of degree Ay — my; we denote
the space of these trigonometric polynomials ¢ = (1, ..., @x) such that r*~"¢ is
a polynomial, by Ty,_m.

Let then %;(y) be the space generated by all the solutions u of Myu = f of the

form (2.1) with A € int~y and f € (&) Prg—m)-
Ao €(intv)NN

If (int v) NN is empty, % (y) coincides with 2;(y). We can without restriction assume
that int v contains only one integer element Ay — cf. the decomposition (2.4).

The Mellin transforms of the polynomials in Py,_y,) are meromorphic vector
functions ¥ with a simple pole in int v of the form

T(A) = PN+ (A=) ' with @€ Ty,
where ® is holomorphic with values in H~"(0,w;). In analogy to Lemma 2.1 we
have
Lemma 2.11 Let v be a simple closed contour in C, int vy containing the only integer

Xo- If vy Ay is empty, then

() = {/ r”m;zx%()\)*l\lf()\) d\ | WU(X) meromorphic with a simple pole in Ao
v

and a polar part in Ty, _m}.

Due to the presence of the term Z;(\) in the formula for 0@2()\)_1 in Proposi-
tion 2.6, the preceding lemma cannot be used directly to give a description of %(7)
in the spirit of Theorem 2.7. In [4], this description was obtained by writing the poly-
nomial right hand side as a special case of a very general form of singular functions.
Here we shall give a slightly simpler and more precise formulation.

Theorem 2.12 Let v be a simple closed contour such that Ay Ny =0 and such that
(inty) NN = {XNo}. Then, with a,, the polynomial introduced in Theorem 2.7, we



have the inclusion
G\
70) < {0 [ Pz
v

(A = Xo) ar(A)

d\ | 9 € Pyp[N] ® C™}

+ P(Ao—&-m)‘

Proof. The theorem is a consequence of the following more precise statement and
of Theorem 2.7. |

Lemma 2.13 Let f; € P(x,—m) be such that its coefficients are €*(7") functions (or
analytic). Suppose that also the coefficients of M, have this reqularity with respect to
t €.7 and that v, depends continuously on t with Ay Ny, =0 and (inty) NN = {\o}
for all t. Then the system

Miu, = f;
Cgtut(rv ) =0 (T > 0)7
has a solution of the form
U = Upol;t + Using; t

where Upol,t € Pirg+m), the coefficients of wpory are €°(F ) (or analytic) and there
exists 9, € Py [N @ CH™ whose coefficients are €*(F) (or analytic) such that

%)

= o) ar (V) dA. (2.13)

Weing. (1, 0) = / T () 6)
Vi

Proof. We show first that
M; : Pogrm) — Pog—m)

is surjective. Let f € P(y,—m). Consider the Dirichlet problem on B, the disk of

radius 2: )
M,w=f, w e H™(By).

This is an elliptic boundary value problem which is therefore solvable provided f
satisfies a finite number of solvability conditions. These can be satisfied by modifying
f on By \ Bj (here we use that M, has constant coefficients and hence the kernel
of the adjoint problem is generated by analytic functions). There exists therefore a

solution w € }OIm(Bg) of Myw = f with f = f on B;.

For r < 1 we have therefore Myw = f, and w is analytic in (21, 22) for r < 1. Let u
be the Taylor polynomial of w at 0 of (multi-)degree Ag+m. Then the [-th component
of My(w — u) vanishes to the order O(r*~™*1) at the origin. On the other hand,
M, (w — u) is a polynomial of (multi-)degree < Ao —m. Hence M;(w — u) = 0 for
r < 1. Let ug € P(\,4m) be the part of u homogeneous of degree Ao + m. We find
again My(u — uo) = 0, so that finally Myuo = f holds.

As a surjective mapping between two finite-dimensional spaces, M has a right inverse
R4, poi(Ao) which depends regularly on t.



We can therefore define
Upol;t = %t, pol(/\()) .ft .
We have to find now a function g, + satisfying
Mt Using;t = 07 Cgt Using; t = Cgt Upol; t -

Using Mellin transformation as in [4, (5.6)], we find a solution of the form

(A
e 0) = [ 7000 400 L 0
Tt (A= o)
with A — %,(\) holomorphic. This implies (2.13). =

Remark 2.14 In some cases, the space % () coincides with the space of polynomials
P(xg+m); for example:

(i) If the angle w is different from 7 or 27, and we assume in addition to the hypotheses
of Theorem 2.12 that A, N (int ) = 0, then Z(v) = Po1m)-

(i7) If w is ™ or 2w and the only possible element of A; in intvy is Ay € N then

(7)) = Pagrm)- "

Proof. (i) Since \g € A, the operator

(Mt7 Cgt) . IED()\()—l-m) L ]P)()\o—m) X C2‘m|
w  — (Mw , Guw| )

is bijective: indeed, since

dimIP’()\Oer) = dimP()\O,m) X CQ|m| = ()\0 + 1)N + |m| R

it suffices to prove that the operator is injective; if w € P4m), w = POt M,

satisfies Myw = 0 and Gw|,._, = 0 then @2(%)90 = 0 and the assumption ¢ # 0
would lead to the contradiction A\g € A;.

Therefore to any w € %;(7), there exists u € P(y,1m) such that Myu = M;w and
Gu(r, ) = Gw(r,-). As Ay N (intvy) =0, 2:(v) = {0}. Hence u = w.

For the proof of (ii) we refer to the paper [?]. There this is shown for the case of
general boundary conditions and it is furthermore shown that for w = 27, A; contains
only integers and half integers. [ |

2.c Singular right hand sides. The third step in the description of the
singular functions is the construction of classes of singularities which are “closed”
under the solution of the model boundary value problem. That means

If f and g have these forms, then both problems
M,u = f (no boundary conditions)

and
Miu=0,  Gu(r,-)=g(r)

have solutions with a similar form.



We shall, in fact, define two classes of spaces Z(7;a;v) and Z(v; a; v) depending
on a simple closed contour v C C, a polynomial a and an integer v. The difference
between % and 2 corresponds to the difference between Z* and Z* in (2.5) and
(2.7) respectively.

Definition 2.15 Let vy NN = 0 and a # 0 on v. Then Z(v;a;v) is the space
generated by all functions 4™ and u~ where

) = / Vi(A;gff GO —, H € Pog(a)1[N @ CV (2.14)

where V*(), ) is the diagonal matrix diag(v, (A, ¢)) with (v;,...,vy) = v* defined
by

. Z*(N( Ga)h .
v (N C) = / C(letgwif(‘i)y(a) do with h€Pp,a] ®@CY.  (2.15)

The space Z(v;a;v) is defined analogously, where Z* in (2.15) is replaced by Z*.
n

It is clear that
Z(yia;v) C Z(y;d5v), and  Z(v;a;v) C Z(Y5d3V)

provided that inty C int~', a divides o’ and v < /.

Note that, in polar coordinates, the functions in Z(~;a;v) are of the form

Z PNt 1og? v;4(0)

Jq
where A; are the roots of a in int~y, whereas the elements of 5@(7; a;v) are of the
form
> ™ Jog?r v, ,(0).
J4q
A simple calculation shows that the operator My maps %(v; a; v) into 5@(7; a;v).

Lower order terms in the differential operator and terms coming from the Taylor
expansion of the coefficients give rise to a shift in the contour ~:

Lemma 2.16 Let v C C be a simple closed contour. Let p € N and L, be a N x N
matriz of multi-homogeneous differential operators with polynomial coefficients of the
following form, for k,l=1,... N:

Ly = (P P29 9.2 with — By — Bort + inw + ok = M +my — p.

Then there exists a polynomial by with integer roots and vy € N such that for any
polynomial a without roots on v and any v € N, the operator

L, maps Z(v;a;v) into 5@(7’;@’;#)
with
V=v+p={re€Clr-per}, d)=alA-p) b)), V=v+un.



Proof. We consider one component u; of an element w € Z4(~; a;v) and
wi = (TR Y 2y, (C)  with = Bug — Bar + iak + Gaw = T + 1y — p.

We have to show that wy, is the k-th component of an element w € %(+;d’; /). By
definition, u; = u" + u;", where

- Loz lila) A
u _/7</7 Zr (N GG )bg(a) d ) o) (2.16)

Here J#/(\) and h;(«) are (scalar) polynomials, Z;‘r is the [-th entry of the diagonal
matrix defined in (2.5), and b4 is the polynomial b} (a) = det M.+ (a)”.

We will give the details only for u;". By definition (2.5) of Z;%, (2.16) is of the form

u (¢) = /7</ (al + O)M™ Z{((Zi da)#él/\())\) dX, (2.17)
gl

where by () is a polynomial with integer roots. Using the binomial formula for

" = (¢ + ¢ — ()™,

we can write
1782 9 i1 9 i F\A+m
CIC 28{ 1822(Oé<+§) 1
as a sum of terms of the form

by(A)

b3(A)
where 0 < (3 < 5, and by, and b3 are polynomials with integer roots. Note that
A+my+ 14+ Pa—i1 —ia = A+p—my. Now we use partial integration in the integral
over 4 with respect to o, which gives a denominator bi’ (o) with v/ = v+ + B2. We
find that wy is a sum of terms of the form

/

ail +03 8£1 +83 (OéC + Z>A+mz+ﬁl +B2—i1—1i2

(/ ZFA+ ;¢ Ca) bh,f,(a> doz)ajﬁ/@) d\

AL 7o) ) A by
with Z; as defined in (2.7). According to Definition 2.15, this is indeed the form of
the k-th component of a function in 2 (y + p;a’;v/'). [

Lemma 2.17 Let v be a simple closed curve, v € N and a be a polynomial without
zeros on vy. Then to any f € Z(v;a;v), there exists u € Z(v;a;v + 1), solution of

M;(0,)u = f.
Proof. Let
sz( {Z/*(A,C,C’ )det]’\?ji)(@)v d ){j%) d\. (2.18)



Then with relation (2.6), we see immediately that

o=/ </ Zoveto) el M W) 20

is the desired solution. ]

Let us now study inhomogeneous boundary conditions corresponding to singular
functions. Let C; be the boundary trace operator corresponding to Dirichlet bound-
ary conditions on I';: Cyu is a function of r > 0 defined by

(C’tu)(r) = (ul(r, 0),..., 0" tun(r,0); ur(r,wr), ..., 0m Luy(r, wt)). (2.20)

The relation with the operator %; as defined in §2.a is given by

(Ct rmu)(r) =r"Gu(r, ), (2.21)
where
H = (0'17---7(7|m\a‘717~-70|m\) (2.22)
and
o=(my,m;—1,....1,mg,....1,....mpy,...,1). (2.23)

The spaces of traces corresponding to the spaces % are defined as follows.

Definition 2.18 .7 (v;a) is the space generated by all functions g = (g1, .., g2jm|)
of the form

g(r) = /WTAW f((;)) d\ with 9 € Paeg(a)—1[A] @ C*™I. (2:24)

The trace result is the following:

Lemma 2.19 Let v € C be a simple closed contour. Then there exists a polynomial
by with integer roots such that for any polynomial a without roots on v and any v € N,
the operator

C: maps Z(v;a;v) into F(v;a-by).

We leave the simple proof to the reader. We will prove a more general statement,
analogue of Lemma 2.16 for the trace operators, in Lemma 4.1 below. Here, we
prove the fundamental statements about the solution of the boundary value problem
(M,;, C;) with singular right hand side.

Lemma 2.20 Let v C C be a simple closed contour with Ay Ny = 0. Let a;~, be
the characteristic polynomial defined in Theorem 2.7. Let a be a polynomial without
zeros on vy. Then to any g € .7 (7;a) there exists a solution w € Z(v;a - a;; 1) of

the system
Mt u = 0
Ct u = g.



Proof. Let d = deg(a). Let ¢ be the unique polynomial in Py 40,)[A] ® C*™I such
that
1 P(A)
a(A) - ary(A) a(A)
has no poles in int~y (see the Appendix). We define u by

u(r,ﬁ):/ MM Z (N, 0) —a()\)%iz)\) o
¥ Lyt

From the definition of ., and Theorem 2.2, we see that u belongs to Z(v;a-a;,;1)
and satisfies My;u = 0. By the definition of ¢, we can write u as

G(N) = AN

dA.

u(r, 0) :/ MM (N 0) A (N) % dX.
gl

The operator 6, = 6;(0,0p) commutes with the integral and with the multiplication
by powers of r. Using 4,.%; = .#;, we find with (2.21)

Ciu(r) = / AT kG d\=g(r).

" a(\)
[ |
Theorem 2.21 Consider the boundary value problem on I';:
Miu; = fy,
(2.25)
Ciu = g,

where, for anyt € .7, f; € 5@(%; a;; V) and g € (v, ar). Suppose that fi and g,
depend regularly on t € 7, i.e. all the polynomials in their definitions are €"(T)
functions (or analytic), that 7, depends continuously on t, and that for every t the
hypotheses of lemmas 2.17 and 2.20 are satisfied. Then there exists a polynomial by
with integer roots such that the problem (2.25) has a solution

wy € (a0 by - gy v+ 1)

which depends reqularly ont € .7, too.

Proof. We solve first the interior equation with the help of Lemma 2.17, correct the
traces with Lemma 2.19, then solve the boundary value problem with Lemma 2.20
and observe that all operations in the proofs of the lemmas conserve the regularity
in t. |

3. Regularity in weighted Sobolev spaces

Following the by now classical Kondratev method [7] (see also [5], [9]), we consider
now regularity in weighted Sobolev spaces. There are two kinds of regularity re-
sults: The first one follows from the Agmon-Douglis-Nirenberg estimates on smooth



domains, applied to a dyadic partition on a neighborhood of a corner. Here the
regularity with respect to a parameter is well known, and we present the result
(Proposition 3.1) therefore without proof. The second result describes the asymp-
totic behavior at the corner and its proof uses Mellin transformation. In Theorem 3.2,
we present a version where the gain in regularity at the corner is described in terms
of the weight, whereas the Sobolev exponent remains fixed. By combining Propo-
sition 3.1 and Theorem 3.2 one can obtain versions where the gain in regularity is
described by changing the weight and the Sobolev index at the same time.

In addition to the weighted Sobolev spaces (see §1.e)

N N
Vo™ (@) = [TV ™ () and V™ (Q) = [ V7™ (),
=1 k=1

we consider the following spaces of (Dirichlet) traces on the boundary 0€2;:

|m|
Vit (09,) = [T V5" (0) .
h=1
If we define the trace operator By(0,) by
By(0:)u = (uy, Opu, -, Op" My, ua, ., O, O uy) ’BQ ,

we have then the continuous trace mapping (for s > —%)

sto_1
By(0.) : V™ () — V5T E (0%)
where o0 = (my,m; —1,...,1,mq,....1,....mp,...,1).
Proposition 3.1 Let dg, 01, Sg, s1 € R be such that
—% < Sp <8 and Sy— 0y =S5 — 01.

Let k € N. Let u, € (7, V™™ () be a solution of

{Ltut = ft> (3 1)
Biu, = g,

with o
s1— % S 0'—5
ft S Cgﬁ( 7V(-51 m(Qt)) and g; € i3 ( ,‘/:;11 (aQt))

Then u, € €°(T, V5 7™ (), and there is an estimate

HutHcg,{(97‘/:;11+m(Qt)) S C( Hut||<gn(97‘/620+m(9t)) +

Hft”%(y,%jl’m(ﬂt)) T ||gt”%(9,‘{fll+°_%(am)))'



Theorem 3.2 Let 6y, 61 € R, s > —% be such that
50 > 51 > (50 —1
and
YAeA : Rex#s—1—06y, ReA#s—1—90;.
Let k € N. Let u, € €7(7, Vi ™ () be a solution of the boundary value problem
(3.1) with
sto—1
F €T VE™) and g € CNT, VT2 (0%)).

Then there exists Ureg;y € (T, V5™ (Qy)) and coy € €7(T) such that

L
Ut = Ureg; ¢ + Z Cost Xﬁ;t .
(=1

The singular functions Xy, belong to the space 2 (y.), where vy, is a curve surrounding
the finite set
AN{AeCls—1—-0<Red<s—1—-0d}.

They are € functions in (t,r,0) € .7 x (0,00) X [0,w;] independent of u;, fi, gi.
There are estimates

L
; HCZ;tH%(g) + ‘|ureg;t‘|<€“(ﬂ,‘{i"’m(ﬂt)) < C(Hutncgn(gj/;?m(gt)) +

“ft“cgn(g’véifm(gt)) + ||gt||<gm(97‘/6sl+0—%(aQt)))'

Proof. We begin by transforming the boundary value problem (3.1) with the help
of the diffeomorphism y; : © — Q; (see §1.b). In the following we will reserve the
notation with ¢ as a subscript for objects defined on €2;, whereas for those defined on
(), we write t as a variable. For the function

u(t,r,0) = (xju)(r,0) = (ur o x¢)(r,0),

we obtain a family of boundary value problems on the fixed domain 2 which we write
as

L(t,r,0;r0,,0p) u(t,z) = f(t,z) (t,2) €T x Q,
{ 32

C0.)u(t,z) = g(t,2) (t,z) € T x 0.
The hypotheses on u, f, g are conserved:
we T VIO, FETHTVETTMQ), g e iV, T R (09).

Note that the differential operator L(t, -) does not, in general, have regular coefficients
when written in cartesian coordinates. Due to our hypotheses on the diffeomorphism
X¢, however, the operator

ZL(t,r,0,r0,,09) = r"™L(t,r,0;10,,09) r™



has coefficients regular in (r,60) € [0,79) x [0,w]. Let
A (t,0;10,,09) = Z(t,0,0;10,,0p)
and
M(t,r,0;10,,09) = r " (t,0;1r0,,09) 7.
Then we have the following continuous mapping
L(t,r,0;70,,09) — M(t,r,0;19,,0) : V5 ™(Q) — V5 _T(Q) C V5 ™(Q)
which is also continuous

CHT, Vg Q) — T V).

This principal part M (t,-) is related to the principal part M, as defined in §1.c by
transformation with the principal part x; of the diffeomorphism y;: Let

Tt(pu 9) ]

Xo(r,0) = (#,0,) with #(r,0) =7 lim , 0,(r,0) = 6,(0,6).

p—>0+ 10

w
Thus for the choice described in §1.b, one finds X, (r,0) = (r,0 —).
w
Let x; be the corresponding transformation operator, i.e.
Xiu=uox;.

Then we have .
M(t,7,0;70,,09) = X; Mi(9:) (X;) - (3.3)

This can easily be seen if we introduce the dilation operator T, by T,u(z) = u(pz)
and use the relations
T -1 . BT -1 .
M. = pliglerm T LT, 0™ M(t,-) = pll>I(I)1+'0m T, Lt )T, ™
and

. * r— * * -1
Xi = lim Tpx; T, Y L) =X L (%)

Let ¢ be a cut-off function near the corner point, i.e. ¢ € C5°(R?), ¢(r,0) = 1 for
r < Ry, ¢(r,0) = 0 for r > 2R,, where Ry > 0 is chosen such that for r < 2R,
coincides with the sector I' (see §1.b). Let @ = ¢u. Then u satisfies a boundary
value problem

{M(t,r,@;r@r,ﬁg)ﬁ(t,z) = f(t z2),
C(az)la’(t’z) = g(t,z),

(3.4)

where the initial regularity hypotheses on u, :f, g are still the same as before. The
problem (3.4) is (multi-) homogeneous in r and can be considered as defined on T.

It can therefore be subject to Mellin transformation: Let
o d

At 0) = / v ma ) O

0 r

FEN0) = / T—Hm}’(t,r,e)@,
0 T



. o0 d
gt = / r—A—"g(t,r,e)—r @=j-w, j=01)
0 T

Then u is holomorphic for Re A < s — §y — 1, while ]A" and g’ are holomorphic for
ReX < s—46; — 1, and for Re A < s —dy — 1, one has the boundary value problem on
[0, w]:

{//l(t,@;)\,ag)ﬂ(t,)\,e) = F(t,\0),
(3.5)

Gl Dp)ult, A1) = gt N)
where we set for § = jw, 7 =0,1:
E(Op)v = (va(6),.., 05" va(0), va(0), .., 5 va(0), .., G uw(6)).
We abbreviate this as

(6, Nt \) = (g(t, A))

Inverse Mellin transform gives

1

a(t,r,) = — / A/ (8 A) TV (8 N) dA.
20T JRer=s—59—1

If ~; is a contour around the (finitely many) poles of </ (¢, A\)™! between the lines
Red=s—60p—1and Re\ = s —§; — 1, then we can write

1 -
a(t,r,) = — MM/ (LN TV (M) dX

2im ReA=s—61—1 1
+ / P (6 0) o F(E, ) d) (3.6)

AL L
= Ureg + Using -
Here the first term on the right hand side, @, is a function in V;7"™(T') for each ¢
which is easily seen to belong to €" (.7, V8+m(F)) and to satisfy the estimate

||ul‘eg||<gn gverm( )) = (Hf”cgn(g VS m(F + ||g||<gn(9 VS+0- 2(8F))>

so it contributes to the regular part weg. .
For the description of the second term, gy, we would like to use Corollary 2.8. We
cannot apply it directly to the integral involving the resolvent .o (¢, \)™!, because,

unlike the operator @20\), the operator 7 (t, \) is not derived from a differential
operator with constant coefficients with respect to cartesian coordinates. We do
not, therefore, have the explicit description of a basis of the kernel of .# (¢, \) as we
have it for .#;(\) (see Theorem 2.2). We can, however, use the description given in

Proposition 2.6 for the resolvent of 4212, together with the isomorphism induced by
the principal part x; of the diffeomorphism x; between the solutions of .Z;v; = 0 and
A (t,)v(t) = 0.
Namely, from the definitions, from the identities

M(t,0;09, ) v(0) = 17 (t,0,70,,0) " v(6),

M (0;00, Y w(0) = r,(0;70,,05) r* w(h),



and from (3.3), we find
At \)v = (7"_’\+m X; TA_m)%t(A)(T_A_m ()“(f)_lr’\er)v. (3.7)

Note that the mapping which associates to any function w defined on (0,w;) the
function on (0,w) :

0 (0,7(0.0))" " w(0:(0,0) (= (™ A w e > 0),

is an isomorphism of €>°([0, wy]) ® CY onto €*>°(]0,w]) @ C¥, depending smoothly on
t and .

From (3.7), we see that the solution of (3.5) is given by
a(t,\) = o (t,\) " F(t,\)
= RENFEN) = F (6N (6N (CEN2ENF(EN) - §(t,N)
where the operators and matrices Z(t, \), .7 (t, \), €(t,\), A (t,\) are related to
(M), Fi(N), G(N), A(A) in Proposition 2.6 via the isomorphisms of equation (3.7).
It follows that g, has the representation
Uging (t,7,+) = / PMTF (NN (G N) TG () dA,
o0

with a ¢ (¢, \) holomorphic in A € int v,, regular in ¢, and estimated by

su g ‘7)\ K S C f K s—m + g
S Ml gy S CUFllnir yomeey + 181,

_1 .
CAT (6F>))

The analogue of Corollary 2.8 shows now
Uging (T, 7,0) = Z co(t) Xo(t,r,0)
¢

where the functions (r,0) — X,(t,7,6) span the space .2 (t,7;) of all solutions v
of M(t)v = 0, Cv = 0, where v is quasi-homogeneous as in (2.1) with exponents
A € int~y,. This space 27 (t,7;) is mapped isomorphically onto the space .Z;(~;)

-1
studied in §2 by the mapping ()“(f) . The functions

X = () Xult)

are therefore a generating set of singular functions in .23(;) depending smoothly on
t. The function

-1 _
Using; t = (X:) using(t>
has therefore the properties of the singular part as stated in the theorem.

It remains to show that
Ureg;t = Wt — Using; ¢
is in €°(7, V5™ (€,)) and satisfies the right estimates. Now

Ut = (7)) (1= @)ult) + () Tueg(t) + ((x:)‘l - (%:)‘1)asmg<t>.



We have to consider only the last term. Hence we have to show that x; — X} maps
the functions Xy, into €*(7, V7™ (2)). But from the assumptions on x, it follows
by Taylor expansion that x; — Y; maps 6" (7, V™ (Q)) into € (7, V3T (Q)).

Remark 3.3 Singular functions in .2;(7,) and, more generally in 24 (v;; a;v) (see
Definition 2.15), belong to V™ (Q;) if s — 6 — 1 < inf{Re X | A € v }. ]

Theorem 3.2 can be extended to the case of right hand sides in ordinary Sobolev
spaces. The singular functions X,; € 23(y:) are then replaced by Yi: € Z(v),
where %;(;) is the space studied in §2.b.

Corollary 3.4 Let s >0, let 0 < §y < s and 6; = max{0, dy — 1} with the additional
condition that s ¢ N if 6y = 0. We assume that

YAeA : ReA#s—1—06p, Red#s—1—9;.

Let k € N. Let uy € 6"
(3.1) with

s+m

, Vi I (€)) be a solution of the boundary value problem

s+o—1

e EHT HI ™)) and g € NI,V 00,).
Then there exist Ureg;y € C"(T, V3™ () and cgy € €*(T) such that
L
Ut = Ureg: ¢ + Z Ceit Yﬁ;t .
=1

The singular functions Yy, belong to the space (i), where v is a curve surrounding
the finite set

(A UN) N {AeC|s—1—-9<Red<s—1—0}.
They are € functions in (t,r,0) €.7 x (0,00) X [0,w;] independent of u;, fi, g;.
There are estimates

L
; ||Cf;t||<g:<(g) + ||ureg§t||<gn(g7v:;‘1+m(ﬂt)) < O(Hut||<gn(g7v:;(‘)+m(gt)) +

1 fellgn i premony + ||gt||<gn(9,vsi+°%<am>>)'
Proof. By §l.e, f; has a Taylor expansion
ft = ,fO;t + fpol;t
with fo € €T, V5 "™ () and foo¢ € €T, P(ag—m)). Here Ao = [s — dg] € N.
The proof follows then immediately from Lemma 2.13 and Theorem 3.2. |

Remark 3.5 If the diffeomorphisms y; are smooth in cartesian coordinates, then
s € N is allowed for 6; = 0 (cf [5]). ]

Remark 3.6 For the case of analytic parameter dependence, there hold analogues
of the statements of Proposition 3.1, Theorem 3.2 and Corollary 3.4. [



4. Complete asymptotics

In this section, we finish the proof of Theorem 1.3 and we describe the complete
stable asymptotics. We do not give a separate proof of Theorem 1.1, because this
follows from the same arguments by just omitting the regularity with respect to the
parameter ¢t € .7. For the same reason, we do not repeat the proof for the case of
analytic parameter dependence.

4.a Taylor expansion of the operators. We begin by considering the Tay-
lor expansion at 7 = 0 of the interior operator L; and the boundary operator B;. An
explicit description of this expansion was given in [4, §1.d]. Here we describe it in a
shorter way by using the dilation operator 7}, defined by

Tyu(z) = u(p2)
as in the proof of Theorem 3.2. Consider the differential-operator-valued function
pr—L(p) = p" T, LT, p™  (p>0). (4.1)

Let
L(p) ~ > p" L

p=>0

be its Taylor expansion at p =0, i.e.

Lot
p! dp?

L(p)|

p=0"

Then L§°) = M,;, and Ll(fJ )is a multi-homogeneous differential operator with polyno-
mial coefficients, linear combination of operators L,, as considered in Lemma 2.16. If
we define the remainder RT(L;) by

P-1
L, =Y LY + RUL),

p=0
then for any s and 0 we have continuous mappings

RALy) « €T, V5™ () — G5 Vg™ (). (4.2)

For the Taylor expansion of the boundary operator, we consider the family of
operators
p— B(p):=p *T,B,T,"p" (p>0). (4.3)
In this formula, we interpret the boundary operator B; in a neighborhood of the
origin as the (2/m| x N) matrix valued operator B; defined by

(Bt u) (r) = (ul(r, 0),..., 0" tun(r,0); ur(r,wi(r)), ..., 0" tuy(r, wt(r))).
(4.4)



Thus for p > 0, the operator B(p) maps a N-component vector function of (r,0)
defined in a neighborhood of (0, 7] x [0,w;] to a 2|m|-component vector function of
r, where the first |m| components correspond to the traces for # = 0 and the second
|m| components to those for 6 = w;(pr). For example, the (|m| + 1)-st component
of B(p)u(r) is uy(r,wi(pr)). Let

B(p) ~ Y p" B

p=>0

be the Taylor expansion of B(p) at p = 0. For p = 0, we find Bt(o) = C} according
0 (2.20). We define the remainder R7(B;) by

Bt_ZB '+ RUB,).

We use this Taylor expansion to describe the action of B; on singular functions in
the spaces % (7; a;v) of Definition 2.15 and we obtain a statement corresponding to
Lemma 2.16.

Lemma 4.1 Let v, a, v, p satisfy the hypotheses of Lemma 2.16. Then there exists
a polynomaial by with integer roots such that the operator

BY  maps Z(v;a;v) into (Y5 a)
with
V=7v+p={AeClA-pen}, d(A)=al—p) bo(}).

Proof. We write the proof for u™ as defined in (2.14)—(2.15), the case of u~ being
similar. From (2.14), we have

(P) v+
B VCE(AA’)O‘%&(A) d\  with 7 € Paeg(a)-1[\] @ CY (4.5)

Bt(p) ’U,+

and from (2.15), we obtain

B(P) Zr N C.Ca) b
Pyt (A, ¢) = / d det(Mff(;jZ (@) 4o with h € Pimjy_1]a] @ CN. (4.6)

From the definition of Bt(p ), we see that it satisfies
p T, B T p™ = p# B
Together with the homogeneity of the functions Z+
T,Z* (N (. Ga)=Z5 (X pC. pCia) = ™ ZH(N (G a),
this shows that the function G (\;r; «) := BY) Z* (N ¢, ¢ a)(r) satisfies
T,G*(\r;a) = pPPHEGT (N1 a).
Setting b(A) := (A +1)--- (A + max; m;) and defining
g (Na) =G (A La) - b(N),



we therefore obtain a function g* holomorphic in A and « such that

()
G (\rya)=r )

_ [ 9N a)h(a
d)l()\) /7 detMt+(a)V

Let

With (4.5)—(4.6), we find

BPut(r) = / prpts D0
f)/

which, after Euclidean division modulo a, reduces to the required form. Finally we
obtain

BPu(r) = / Pt e —¢1§)A-)bo(A) dX\. (4.7)

Y+p
|

Lemma 4.2 Let v, a, v be as in the preceding lemma. Then there is ro > 0 such
that for any P € N

RE(B,) maps Z(v;a;v) into Viflf_%(o,ro)
for any s, ¢ satisfying (compare with Remark 3.3)
s—0—1<inf{ReX | X € n}.
Proof. We consider again a function " as in the previous proof. From the
definition 4.3 of B(p) and the definition of RF(B;), we find
p R T, RY(B) T, p™ = p"R(p),
where R(p) is € at p = 0 and R(0) = R¥(B,).
Setting G*(\;7; ) := (RP(Bt) ZT(N (G 04))(7“), we find
T,GT(\ria) = PP G (N rsanp).
Here Gt (\;7;05p) = R(p) ZT(\; ¢, ;) and we see that, with the polynomial b(\)
as above, the function
(A7, p) — GF (N 7505p) - b(A)
is holomorphic in A and a and € in r > 0 and p > 0. Thus writing
G (\r0) =T, G (M 1;a) = PR G (N 1 a;r)
we see that 7 — GT(\;r;a) belongs to VS+N 2(0,7‘0) for any o and any A with
Re A > s— 39— 1 such that b(\) # 0. This is uniform in o € 5 and A € ;. Integrating
over 4 and ~; according to (2.14)—(2.15), we find u* € VS+” 2(0,7“0). [

Whereas the preceding two lemmas were formulated for a fixed t €.7, their proofs
show that the regularity with respect to ¢ is conserved.



Proposition 4.3 Let the hypotheses of Lemmas 4.1 and 4.2 be satisfied for every
t €. 7. Let vy depend continuously on t. Suppose that wy € % (y;as;v) is smooth
with respect to t in the sense that all the polynomials in (2.14)—(2.15) are € in the
variable t. Then also the polynomial o' and the polynomial 1 in the formula (4.7) for

Bt(p)ut are € with respect to t €.7. Furthermore,

st
RAB) u, € €7, V; F72(0,10)) .

4.b Expansion of the singular functions. In the following we denote by
E> (T, Z(v; ar; v)) the space of functions

t— uy € (v anv), tes

such that the polynomials in their definition (2.14)—(2.15) are ¥ functions of t € .7.
Analogously, we define € (7, 2:(y;)) and €°°(7, %,(7;)) — we do not know whether
this is equivalent to the requirement that the functions themselves are > functions
of .7, but this is not important for the following.

We will now describe the construction of the complete singular functions of the
operator (L;, B;). By 9 we denote a neighborhood of the corner in §; which can
be identified with a neighborhood of the origin in OI;.

Lemma 4.4 Let v, C C be a family of simple closed curves depending continuously
ont €.7. Suppose that for an integer P > 2 and all t € 7 there holds

(v+p) NN=0, (py+p)NA=0 forp=0,....,P—1.
Then for any X, € €°(T, 2:()) there exist Xt(p), p=0,...,P—1, with
x" = X,
X" e ¢(7, Klp+pal, bW 2p+1), p=1...P-1
such that the function
SAX,) = Pfxt‘p)
p=0

satisfies

L, S"(X,) € €T, Vi (),
s+0'71

B, ST(X,) € €=(7,V; 7 1(09?))

(p) ar

for any s and 6 with s =6 —1 <inf{ReX | A € v, t € 7}. The polynomials a;., are

given by
a?(f?’y)t (/\) = a’ta’Yt-f-p()‘) ’ at,”/t-‘rp—l()‘ - 1) T at,”/t(/\ - p) (48>

and b(()p) has integer roots.



Proof. We construct the Xt(p ) inductively as solutions of the boundary value

problems
p—1

(M, C)X" = -3 (L, B ) X{". (4.9)
q=0
Note that this holds also for p = 0, namely (M;, Ct)Xt(O) = 0 due to the definition
of the space .23(). It is clear that X belongs to C(T, Z (v arqy; 1)). Sup-
pose that for g = 1,....p— 1, X\? € C(T, 2 (v; aﬁ?@t - b{: 2q + 1)) have been
constructed. Then according to Lemma 2.16 and Lemma 4.1
<L£pfq)7Bt(pfq))Xt(q) _ (f(q),g( ))
with
e Fu+ps e, A —p+a) b7V 20+ 1+ 1”)

g’ € Su+p; e\ —p+aq) v,
with a polynomial bg")
operators in L?"? and the proof of Lemma 2.16, we see that ¥ < p — ¢, hence
2¢+1+ ué") < 2p.

Hence we conclude from Theorem 2.21 that the boundary value problem

with integer roots. Considering the degrees of the differential

p
(Mt, Ct>Xt(p) = - Z(ft(q)7gt(q))

q=0
has a solution X ) ¢ Z(vi+p;a- bo Qg yy4p; 2p + 1) where b(()p ) has the required
form and a; is the least common multiple of
0t (A =p+q) = arasgA=p+0) Ay (A—p+1)-ars, (A—p) forq=0,...,p—1.
Thus X*) is in the right space.

Now we compute (L;, B;)SY(X;) by using their Taylor expansion
P—1

(L, B.)S"(x,) = > (L. BP)S"X,)  + RY(L., B,)S"(X))

p=0

_ Ifzp:(Lipq%Bt(“))X}q’Jr > (1 BY)x

p=0 ¢=0 p+q>P
D, q SP_I

+ RY(Ly, By)ST(X,).

According to the construction, the first sum on the right hand side vanishes.
For the second sum, we note that for p + ¢ > P we have
LPX{" € Z(yw+p+q ;) C Vi ()

and
s+o—

BY X € (3 +p+q ) C VY 2(090),
because s — (6 — P) — 1 <inf{ReA | A € v+ +p+q}.



Finally, for the remainders we use the fact that
X" € Hy+p a0 2p+1)
and hence, with (4.2),
RAL)X{Y € V()

and, with Lemma 4.2
s+o‘—%

RA(B)X" € V72 (00).
For the traces, we identified |m|-component vector functions on 90 with 2|m/|-
sto—1 . stp—2
component vector functions on (0,79), and thus V(;_J;g 2(09Y) with V(;j; 2(0,7r9).

The proof is complete if we remark that all above constructions conserve the regularity
with respect to t € .7. m

If we admit polynomial right hand sides, we obtain the following generalisation.

Lemma 4.5 In addition to the hypotheses of Lemma 4.4, suppose that int v, contains
exactly one integer element \.
Then for any Y; € €*°(T,%,(v,)) there exist Y;(p), p=0,...,P—1, with

v, = v,
Y];(p) € %00(97 %(715 +p7 ag)q?t bgp)7 2p+1)+P()\0+p+m))7 b= 17"'7P_ 17
such that the function
P-1
SP(Yt) _ Z Yt(p)
p=0
satisfies
L SUY,) € €T, VEF () + Pog-m)),
sto_1
B SY) € €*(7.Viy *(00)).

(p)

The polynomials a;, are given in (4.8) and b§p ) are polynomials with integer roots.

tv’Yt
Proof. The proof follows the same scheme as above. The functions Y;(p ) are
solutions of the boundary value problems
p—1
(M, C)Y,” = — 3 (L, B 9)y,"), (4.10)
q=0

The main difference is the situation for p = 0: as Y; € %(7;), we have
(Mta Ct)Yi(O) = (fpoho)a with fpol S ]P)(Ao—m)‘

The construction of the Yi(q) is based on Lemma 2.13 and Theorem 2.21. With similar
calculations as in the previous lemma, we obtain

(L., B)S"(Y:) = (£, 00+ > (L, BV, + RY(Ly, B,) S"(Y)).

pt+q=>P
p,q<P-1

Hence the lemma. ]



4.c  Proof of Theorem 1.3. We will show now that the singular functions
SP(Y;) are the correct objects to use in the decomposition Theorems 1.1 and 1.3.

Thus let s be given as in (1.1). Without restriction (see, however, Remark 4.7)
we assume sg = 0. We choose a sequence &, ..., & € R with the properties

—2<§0§_1<€1...<€]:S—1,

§N |6 -6 <1 ReA£&forall e, ter (i=1,...1. *U

Since this restricts the variation of the A, the condition (4.11) might not be satisfied
for the whole interval .7 . In this case we can find a covering of .7 by open subintervals
for which (4.11) is possible. We will then get the results of Theorems 1.1 and 1.3
for these subintervals and we can patch them together with the help of a smooth
partition of unity. For the case of analytic dependence on the parameter, we only
obtain a local result. So we assume now that (4.11) is valid. We can then cover the
set

(AMUN)N{A e C | & <ReAd<s—1}

with a finite number of open sets of the form int 7, j = 1,...,.J, where 47 are simple
closed curves depending continuously on ¢t €.7 and satisfying

(v+p) N (MLUN) N {AeC | &<Redx<s—1} =10
forall j=1,...,J,t €.7 and p € N, and
ReA#£¢& forallen!, ted, j=1,...,J; i=1,...,1I.

According to Theorem 2.12, each of the spaces % (%7 ) is generated by a finite number
of functions described there.

The following theorem then holds.

t and j be such that
Y € Z(vl) and & < Re) < &y for all X €7,
and define Py = [s — &;]. Then with the singular functions Sy, defined by
Sy = SP(Yy)
Theorems 1.1 and 1.3 hold.

Proof.  Let f, € H*"™(£;) be given and u; € Io{m(Qt) be a solution of the
boundary value problem (1.2). We begin by using the interior regularity theorem,
Proposition 3.1:

w, € H™(Q,) € V™(Q,), Liu, € H™(Q,) C VE™(Q,), Biu, =0
implies u, € VFT™ () C V5™ (Q,) with dy = s — & — 1. We define
bi=s—-§&—1=& —¢&.



With u§°) = u,, we have therefore the beginning ¢ = 0 of the following situation:
u) € VE™(Q,);  Liw)) € H™(Q,); Biu € Vo7 2(0Q).  (4.12)

We will show that by splitting off suitable singular functions, we can pass from ¢ to
i + 1. At the end, we shall have Uyeg,; = ugl).

In (4.12), we can apply Corollary 3.4 and obtain
Iu’l(€Z) = ul(ri)g;t + Z Ceit }/E;t
¢

with
ulte € Varklt 5,-0)(Q) € VT (@)
and Yy, € %(v]) for a 7] such that
ANevy) = Rede(s—1—10;, s—1—0i41) = (&, &)
We take a smooth cut-off function 7(r) supported in [0, ry) and define:

uf ™ = ull 3 e (Yiu — - 87 (V).
l

Each term in the sum is in V7™ (€),) for any 6 > s — 1 —inf{Re X | A € 7/} — 1 (see
Remark 3.3) and thus in V3™ (), since
5i+1 >5,—1:S—§Z—2>s—2—mf{Re/\|/\Ev‘g}

i+1) c ystm

5 (). Furthermore we have

™™ =l =03 e ST(Yi).
Y/

Hence 'u,g

Lemma 4.5 gives us

LtSPZ(Yz;t) € V:;f:g(Qt)—i-P(Aj—m)a

s+o0— 1

Bt SPZ (if&t) € %i—Pg > (GQ?)7

where A; is the only integer in int fy,f . If there is no integer in int ’yg , the polynomial
part in L; S7(Y},) is absent. Also, §; — P, < 6; — (s — & — 1) = 0. Hence

L S"(Yy) € H™(Q),

B,S"(Yy) € ViR (o)),
and with (4.12) we find

Loul™ e H*™(Q,) and B,ul™ e V;7772(00,).

This shows the induction step, and the proof of the theorem is complete if we note
once again that all the tools used here conserve the regularity in t € .7. [ |

Remark 4.7

(1) If u; € H*T™(Q,) is given as in Theorems 1.1 and 1.3 with sy > 0, then, due
to the obvious inclusion H*t™(Q,) € H™();), we can apply the above theorem
for so = 0. Note that, however, we then obtain for u; a decomposition which uses



as singular functions the S (Yy,) where Yz, € #(7{), and the ~/ cover all the
singular exponents with real parts in (£, s — 1), not only those in (so — 1,5 — 1).
Now functions in #;(y;) with Re~; C (—o0, 59 — 1) can only belong to H*T™(Q;) if
they are polynomials. Thus the singular functions Sy, which actually appear in the
decomposition of a u, € H**™(Q;) will have the form S (Y,.;)

(a) with Yz, € %(y]) and Re C (so — 1,5 — 1) — so the Yy, themselves belong to
H#ot™(€),) without belonging to H*™ (),

(b) or with a polynomial Y.

(i) We consider the case (b).

e If an opening w; is equal to 7 or 27, the following situation may occur: A polynomial
Y,.; whose exponents do not correspond to the interval (so—1, s —1), generates terms
Ygff ) which belong to H st ((),) without belonging to H*T™(€),), although they

cannot be represented as combinations of other functions Yg%)

whose exponents correspond to the interval (sg — 1,5 — 1).
e On the other hand, if the openings w; are never equal to 7m or 2, this situation
never occurs. See also the examples in the next subsection (§4.d). n

coming from a Yy,

Remark 4.8

(i) If certain eigenvalues p; in Ay cross the line Re A = sy — 1, i.e. Repy < so — 1 for
t € % and Re iy > so — 1 for t €.77 with .% and .7; two open subsets of .7, then the
corresponding functions Sy, do not belong to H**™(Q,) for t € 7, but they belong
to H*t™(Q,) for t € .Z;. In the ¥ case, this situation is treated by localization
in ¢. In the analytic case, the assumption w; € /(7 , H*"™(€),)) implies that the
corresponding coefficients ¢y, are identically 0 on.7.

(ii) If problem (1.2) has a unique solution in w € H®*+t"(Q,) for any f € H*~™(Q;)
and any t €.7, then

[ €T, H ™) = wu; €6 (7, H* ™))

and
fie (T H* ™) = wu€ d(ﬂ,HS“m(Qt)).

Moreover, the eigenvalues in A; never cross the line Re A = sy — 1. This situation is
well known for so = 0 when L is a strongly coercive system. [ |

4.d Examples. Wetake N =1 and L = A and give a few examples of singular
functions for domains with curved sides. Here we describe the first terms in the
asymptotics of a solution of the Dirichlet problem for a fixed opening w at O. Next
we discuss stable expressions for these terms in the neighborhood of the angles w = 7
and w = 27.

We are going to consider two types of curved sides:

(i) the parabola (P) : y = 2, whose branch x > 0, y > 0 is described in polar

coordinates by
5r3 5
r—>w7>(r):7“——6 +O(r’) as r—0;



(ii) the circle (C) : y = z* + y*, whose branch > 0, y > 0 is described in polar

coordinates by
3

r — wc(r)zr+%+(’)(r5) as 1 — 0.

Example 4.9 We consider for w € (7, 27| the domain

{(,9) |0 <0 <w—wp(r)}.

e For w different from 7 and 27 the generating term of the first singularity is an
element of a space .27 (7):
X0 y) ==,

W,

From the Taylor expansion of its trace on § = w — wp(r), we see that the first
generation of derived terms has to satisfy Dirichlet conditions:

Xl)‘ =0: Xl)‘ :_E 7":+1
w,l 0—0 ) w,l 9=w w
This gives
1 T 1 s
Xu()’i(m,y) = — — Im (v,
w sinw

The generating terms of the second and the third singularities are
XOh(a,y) =Im = Xj(r,y) = Im ¢

W,

The first polynomial generating the space %/(y) where 7 surrounds 1, is
Yuf?l) (x,y) =y (xsinw — ycosw).

These singular functions depend regularly on w for w € (3, 7) U (7, 27). In order to

obtain stable expressions for w near 7 or 27, we have to change Xu(}l% into

iy ™ il 2m
X0 =5 —— (Im (3 —Tm (¥
W Sin w
or
X0 =T = (Im (3 — ().
W S1inw

These stable expressions for m and 27 are obtained as integrals according to the
proof of Lemma 2.20 where the contour v goes around {Z, 2 — 1} and {Z,%% — 1}
respectively. Here r*™™.% (), ) is the vector function (Q)‘H CA“) and a(\) = A z.

e When w = 7, the first term in a space .27(y) is a polynomial:
XW (@, y) = Im .

and the corresponding generated term is

1
Xi(,y) = —— I ¢*log¢

)



which is the limit as w — 7 of XS%7T This function is the first non-polynomial term
in the asymptotics for w = w. Nevertheless, it does not correspond to the polar part
of the resolvent of@;()\) at A = 1. Foru € HSOH(Q)QISF(Q) with Au = f € H*1(Q)
and 1 < sy < 2 < s, if we consider the singularities of u with respect to H**!, we have

to include the term Xﬂ, although its “parent” term X,(r?} has an exponent outside

the relevant interval (sg, s), cf. Remark 4.7.

The polynomial terms of degree 2 are
Xop(w.y) =22y and Y (x,y) ="
e When w = 27, the first term is
X0 (@, y) =Im 2.

w,

and the corresponding generated term is

1 3
XoH(a,y) = - InFlog.

The same considerations as for the case w = 7 hold for this term.

The first polynomial term is an element of a space .2 (7):
0) _
Xw,Q('x’ y) - Im(
and the corresponding generated term is
M 1 2
Xy, y) = —5— Im (" log(.
2T

The next term is

Example 4.10 We consider the 43 domain

{(z,y) |we(r) <0 <m—wp(r)}.

The first polynomial is
0
X" (@, y) = Im¢

and we find for the first three derived terms
(1) 2 2) (3) 1 s
Xl (Iay>:_Re< ) Xl (x7y)207 Xl (x,y)z;lm( IOgC

Here again, for H**-regularity with s > 4, we have to consider the term X 1(3) whose

“parent” X {0) has an exponent 1 which may be outside the interval (s, s). [ |



5. Structure of the stable asymptotics

The principal parts of the singular functions are elements of spaces 2;(v;) or %(v;),
whereas the other terms are described as elements of spaces Z. We shall give addi-
tional information on the behavior of such functions in the polar coordinates (r,8).

5.a Radial behavior. It suffices to consider the elements of the spaces %,
since the radial behavior is similar for the spaces 2;(y;) or %4 (v:).

Lemma 5.1 Assume that the coefficients of a family a; of polynomials of degree d
belong to €"(7) and that the contours ; are such that int v, contains all the roots of
a;. Let v € N and let w; belong to €"(7, Z(ve; a13v)). If ey Gra € €°(T,Paq)
are for each t a basis of Py_1, then there exist d functions of 0:

Pi1r--2Pra € (7, 6([0,27]) ® (CN)

such that
/ TM—m Gt ()\)
Vi at()\)

Proof. By Definition 2.15, we have

Vir\ O AT () V(N QA (N
Ut(o B / at(>‘)

w(r,0) = i(

j=1

dA) ().

dX.
v

From the formulas (2.15), we see that Vti()\, ¢) has the form T’\+m!l7;‘r(/\, 6). Setting
we obtain an holomorphic function of A, € in 6 and €*(7"). Then

ut<<>=/vw i,

and the use of the “Leibniz formula” (6.4) yields the lemma with

0,(0) = 1 / (A 0) g;;(N) A\

T 2 y ar(\)

Remark 5.2 The relation of this lemma with the notion of “crossing” or “branching”
is the following: when the roots of the polynomials a; all depend smoothly on ¢, and
when some of them coincide for a certain t, € .7, we say that there is a crossing in
to. When the roots of the polynomials a; do not depend smoothly on t, there is a
change of multiplicity in the points where the roots are not regular and we say that
there is a branching in such points.

In the asymptotics ST(Y') of singular functions, the polynomials a; are products of
characteristic polynomials a;,, whose coefficients are smooth. When the polynomials



at~, have the degree 1, as it is the case for second order scalar problems, we only
have crossings. [ |

We can give expressions of the radial functions with respect to the divided differ-

ences of the function A — r*. We recall the notation used in [2]: for pi,...,us in
mnt 7,
S| = | ” i\ (5.1)
e T = . .
B i L ) )

Here, for a polynomial a € P; with leading coefficient equal to 1 and a polynomial

q € Py_q, we set
1 [ g\
rl = — dX. 2

If we denote by 1, ..., g the roots of a, there holds
Sla, ¢;r] = q(rd,) (Sl .., pai r]),
and also, by formula (6.4):
d
Sla,q;r] =" Slprs s g r] - gl - pa) -
j=1
By special choices of ¢, we obtain

dka

S[G,W;T]:k! > Sy ] (5.3)
J1<.<Jk
and, if the p; are distinct,
PR
Sla, \¥; 7] = Z e (5.4)
il | [CYRPY)
i#]

Remark 5.3 When « = 0, i.e. when we only need a continuous dependence in ¢,
we can always use the ordinary divided differences (and not necessarily the “sym-
metrized” ones as above) because the roots 1, ; depend continuously on t. [ |

Let us give detailed expressions of stable bases of the form S|at, ¢; ;; r]jzl _,ina

few particular cases (d = 2, 3).
e Case of 2 roots.

— If the roots p1 and g2 depend smoothly on ¢ and are never equal to each other
(t €.7), we can choose for instance g;1(A) = A — jeo and gi2(A) = A — pie.1, which
gives as a stable basis {r#t1, r#2},



— If the roots p; and g2 depend smoothly on ¢ and can be equal to each other,
we choose for instance g;1(\) = A — 2 and ¢ 2(A) = 1, which gives as a stable basis

/r.,U«t,l _ rﬂt,2
{r“f’l, }
He1 — He2

— If the roots p;; and j; 2 do not depend smoothly on ¢, we choose for instance
g1 (N) =2X — 1 — 2 and ¢ 2(A) = 1, which gives as a stable basis
/)/-Ht,l — /ruu‘t,Q

{TMM SRS }
He1 — He2

e Case of 3 roots.

— If the roots pus1, pe2 and p 3 depend smoothly on ¢ and can be equal to each
other, we choose for instance ¢ 1(A\) = (A — pra)(A — pe3), @a(A) = X — 3 and
¢r3(A) = 1, which gives as a stable basis

{7”’”’1, Sy pir2s 7], S[“t’17”t:2’“t73;r]}'

— If only the root y 3 depends smoothly on ¢, we can choose for instance g1 (\) =
(2X — pe1 — pe2) (N — pues), @a(A) = A — 3 and g 3(A) = 1, which gives as a stable
basis

{rrer otz Sl uoir], Slues, ez, iesirl )

— If the roots 1, 2 and g3 do not depend smoothly on ¢, we can choose
for instance q;1(\) = 3A% — 2\(pe1 + puuo + fe3) + peifies + feotes + peap1 and
Gr2(N) = 3N — e — pe2 — 3, @r3(A) = 1, which gives as a stable basis

{Tut’l F 2 frtS Sl o v 4 S 2, fes T+ S s, es ], ST, He2s e 3 7’]}

5.b  Angular behavior. In the most general situation, the angular behavior
is determined by the functions ¢, ;(f) as defined in the proof of Lemma 5.1. In the
cases where we know det M.+ («) sufficiently well to compute the integrals in formula
(2.15) explicitly, we can obtain explicit expressions for u; in terms of the variables
¢ and (. For example, we proved in [4] that for systems “invariant by rotation” the
roots of det M.+ (a) = 0 are all equal to 0. Thus the following result, whose proof is
similar to that of Lemma 5.1, is interesting in numerous cases:

Lemma 5.4 We suppose that the roots of det M.+ () = 0 are all equal to 0. Assume
that the coefficients of a family a; of polynomials of degree d belong to €"(7) and
that the contours v, are such that int v, contains all the roots of a;. Let v € N and let
u; belong to €°(7, Z(vi;a;v)). If ¢ray. .. Gra € € (T, Py_1) are for each t a basis
of Pa_1, then there exist 2d polynomials U7, ..., Uy and Uy, ... Uy, in PIX]@CN
with €% (T) coefficients such that — with the notatzon (5.2):

d —
Z S at7 qt]7 dlag(cm) Ut—j_] <%> + S[atv Ch,j? C] dlag(Cm) t_] <%> .
7=1



6. Appendix:
Stable divided differences and Leibniz formulas

All the expressions of our singular functions are based on complex contour integrals
fv q:(A) a;(A) 7t dX with, as denominator, a polynomial a; whose coefficients depend
smoothly on ¢ and a numerator which is holomorphic, or is more specifically written
as a product of two holomorphic functions which also depend smoothly on ¢. The
divided differences which we used in [2, 3] could also be used here if the roots of
the polynomials a; depend smoothly on ¢ too. But although the continuity of the
coefficients of the polynomials is transmitted to their roots, higher regularity (x > 1)
is not transmitted in general.

Proposition 6.1

(i) Let v C C be a simple contour and let a be a polynomial of degree d > 1, whose d
roots belong to int~y. Let qi,...,qq be a basis of Py_1.Then there exists a (dual) basis
qi,---,q; of Py_y such that

Bl = g [ G = (6.1)

(ii) Assume that the coefficients of a family a; of polynomials of degree d belong
to €"(7) and that the contours v, are such that int~y, contain all the roots of ay.
If o1, . qta € €°(T,Py_1) are for each t a basis of Py_y, then the polynomials
G1s- - Grq of the dual basis have also €*(7) coefficients.

The proof of the proposition is based on two lemmas.

Lemma 6.2 If a and vy satisfy the hypotheses of Proposition 6.1(i) and if ¢ € Py_o,

then

/ ORI,

)
Lemma 6.3 [1] Let a(\) = S0_gc;M and y be as in Proposition 6.1(i). Let, for
k=1,....d, a*()\) = Z?Zk c;M7F be the shifted polynomials associated to a. Then,

forj,k=1,...,d
1 N=Laf ()
— ———— d\ = ;. 6.2
i / a(\) * (6.2)
Y
Proof. One can choose 7 such that 0 € int v, without changing the above integral.
o If j <k —1, the integral (6.2) is 0 by Lemma 6.2.

o If j >k, Ma*(\) = N7Fa(\) + M ~Fry, with r, € Pr_y.
— If j =k, the integral (6.2) is equal to

2im oy A o 2im y Aa(N) ax
—_—

=1 = 0 by Lemma 6.2



— If j > k, the integral (6.2) is equal to

1 ) 1 j—k—1
— / Ny 4 N (M) d\
2im y 2im oy a()

=0 = (0 by Lemma 6.2
[

Proof of Proposition 6.1. We have just exhibited a basis and a dual basis, which
are also stable with respect to the parameter regularity. We generalize to any basis
g; by the introduction of the coefficients c;; such that

d
G(A) =D N h
=1

The matrix (c;;) is invertible. Let (&) be its inverse. With

d
aGr(N) =" pa®,
=1
we obtain the relations (6.1). [

Corollary 6.4 We assume that v and a are as in Proposition 6.1 and that a is a

product ay ---ap. Let for each p, q,; and q; . be biorthogonal bases for the form B,,.
Then the basis

{gi;}U{ar -t U{ar-as-g3;}U---U{ar---ap_1-qp;}

and the dual basis

{1 -az---apy U - U{qp_ys-ap1-ap} U{qp_y - art U{dp,}
are biorthogonal for the form B,.

Biorthogonal bases of B, provide expressions for the (Hermite) interpolation poly-
nomial on the roots of a:

Proposition 6.5 We assume that vy and a are as in Proposition 6.1. Let u be a holo-
morphic function in a neighborhood of int~y. Then there exists a unique polynomial
ula] € Py such that

Vg € Py_q B,(q,u —ula]) = 0.

For instance, if the roots 1, . . ., g of a are all simple, u[a] is the Lagrange interpolant
of w at py, ..., ug. More generally, ula] appears as the remainder of the Euclidean
division of u by a:

I holomorphic, u=ayp+ulal.

For any biorthogonal bases q; and q;, of B,, we have

ula] = ’; Ba(qe, u) g - (6.3)

In particular, if a and u depend smoothly on a parameter t, so does ulal.



We deduce “Leibniz formulas”:

Proposition 6.6 We assume that v and a are as in Proposition 6.1. Let u and v be
holomorphic functions in a neighborhood of int~y. For any biorthogonal bases q; and

g of B, there holds B, (u,v) = Zizl B (qr, u) Ba(qs,v), i.e.
1 U gk vy
e }j ( / d/\>< / Y gy ). (6.4)
20w ~ a 20w ~ a 20 ~ a

The proof is straightforward, using that B,(u,v) = B,(ula], v[a]) and the equali-
ties u[a] = 31—, Balqr, u) g; and v[a] = XI_; Ba(q},v) q;.

Example 6.7
(i) If a(\) = [T, (A — ), a possible choice is (cf Corollary 6.4)

7j—1 d
a=1 ¢\ =T[A-m) forj>2; ¢=1 a(\)= ] A—w) for k<d—1.
=1 l=k+1

One recovers the ordinary divided differences and the corresponding product formula
(cf [2, §8]). In the special case py = ... = g, the formula (6.4) is just the ordinary
Leibniz formula for the derivative of order d — 1 of the product uwv.

(ii) In connection with Lemma 6.2, for any fixed Ao, we can take g;(A) = (A—Xg)’ 1.
The dual basis is then given by ¢f = a)\ , which denotes the quotient of the Euclidean

division of a by (A — A\g)*.

(i) One can choose the derivatives of a: g;(\) = % (see (5.3)). ]
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