CONSTRUCTION OF CORNER SINGULARITIES FOR
AGMON-DOUGLIS-NIRENBERG
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Martin Costabel and Monique Dauge

Abstract. Corner singularities in plane domains are characterized by certain
singular exponents and angular functions. Our construction of singularities is based
on two Cauchy integrals at two different levels of symbolic calculus. This construc-
tion yields new information about the angular functions and also more explicit for-
mulas for the computation of the singular exponents.

Introduction

We consider the classical question of the singularities of the solutions of an elliptic
boundary value problem near a corner of a plane domain. The solution has there,
for smooth right hand sides, the form of the sum of a reqular part and a linear com-
bination of certain singular functions: the regular part has the maximal regularity
allowed by the right hand side and the ellipticity of the problem; the singular func-
tions have unbounded derivatives near the corner but correspond to smooth right

hand sides.

As is well known from many now classical papers (see e. g. Wasow [25], Lehman
[17], Kondrat’ev [15], Grisvard [13], Maz’ya and Plamenevskii [19], Dauge [9]), the
singular functions admit themselves ezpansions of the form:

Q
> w, with w, =Y r"Plogr-¢,,(0), VpeN (0.1)

peN q=0

where (r,6) are the local polar coordinates at the corner. The terms u, with p =0
are the principal terms of the singularities and the others come from the curvature
of the boundary and from the non principal terms in the operator.

The exponents v are either solutions of some eigenvalue problem or nonnegative
integers. In many instances of practical importance, one knows analytic functions



A — F(X) whose zeros coincide with the exponents v : the equation F(\) = 0 is
called the characteristic equation of the problem.

The problem of finding the roots of the characteristic equation has been exten-
sively studied for the standard boundary and transmission problems for Laplace and
bi-Laplace equation and for the Stokes and Lamé systems: see e. g. Kondrat’ev [15],
Seif [24], Lozi [18], Blum and Rannacher [3], Costabel and Stephan [8], Grisvard [14],
Bernardi and Raugel [2], Dauge [10], Séndig, Richter and Séndig [23], Nicaise and
Sandig [21].

Thus the dependence on r in the singular functions is described by the functions
r+— r’TPlog?r. On the other hand, the angular functions () are less well studied:
the only general information available about their dependence on @ is their regularity:
they are analytic functions.

In some of the standard examples quoted above, these functions of the angular
variable are also known explicitly for the principal terms ug in the singular functions.
They are eigenfunctions of some Sturm-Liouville problems and it turns out that they
are always linear combinations of functions of the form

0% cos(afl +b) . (0.2)

We show in this paper that in fact such a simple description holds for the whole
expansion of the singular functions of any elliptic boundary value problem for sys-
tems of linear partial differential equations elliptic in the sense of Agmon—Douglis—
Nirenberg (“ADN-elliptic systems”). We give explicit formulas for the construction
of these singular functions in terms of powers of the complex variable

C=re?. (0.3)

Until now, such a description was only known for the Laplace operator (and second
order operators with real coefficients): see Wasow [25], Lehman [17], Maz'ya and
Rossmann [20], Costabel and Dauge [6, 7]. These formulas for the singular functions
describe in particular also their dependence on the angular variable 6.

Numerical method for computing the exponents v (and also the angular functions
©pq(0) for p = 0) have recently been developped in the literature: see [16] and [22].
These methods apply when no analytic expressions of the characteristic equation
is known (for instance for anisotropic elasticity) and are based on the numerical
solution of the Sturm-Liouville problem. Our formulas can provide a new method
for computing the exponents v, where the numerical solution of the Sturm-Liouville
problem is no more needed. This method would be based on our expressions for the
homogeneous solutions of an ADN system.

The paper is organized as follows.

In §1, we describe the setting more precisely and give the recurrence relations that
govern the asymptotic expansion (0.1) of each singular function — see Conclu-
sion 1.1.



In §2 and 3, we study solutions u homogeneous of degree A € C of an equation
Mu = 0 where M is an ADN system which is homogeneous and has constant
coefficients. We derive explicit formulas for a basis of the space of these solutions
in the form of complex contour integrals — see Theorem 2.1 and Lemmabasis.

In §4, we use this solution basis for the construction of the characteristic equa-
tion and the resolvent of the associated Sturm-Liouville problem. That yields the
principal terms ug in the singular functions — see Theorems 4.4 and 4.5.

In §5, we study the higher order terms in the singular functions, using the recurrence
relations given in §1. We prove that all terms w, have a common form — see
Theorem 5.2.

The formulas we derive in this paper can also provide stable expressions with
respect to a parameter: we investigate this question in the forthcoming paper [?].

1. Recurrence relations for singular functions

1l.a Domains with corners. We study the behavior of the singular solutions
of an elliptic boundary value problem in a neighborhood of a corner of a plane
piecewise smooth domain 2. In this neighborhood, 2 has the following description
in polar coordinates (r,6):

Q={(r0)]ar) <0 <a'(r)}.
Here o and o' are functions in C*°([0, R]) for some R > 0, and we assume
a’(0) < a*(0).

The latter condition excludes a zero angle at the corner, that is an outward cusp,
but it admits a reentrant cusp with corner angle 27.

By applying a C* diffeomorphism, we can assume that a°(r) = 0, and we write

in this case. Note that except in the case w(0) = 7 and w(0) = 27, we could even
assume that w(r) is constant.

We introduce the following notation with wy := w(0):
I'={(r,0)]|0<6<w}
is the plane sector tangent to (2 at the origin.
2°Q, 9'Q and 0T, o'’

denote the boundary components of €2 and I', respectively, where the superscript 0
corresponds to 0 = 0.



1.b ADN elliptic systems. We consider the boundary value problem

Lu = f in (1.1)
Biu = g/ on &Q forj=0,1. '

We assume that L is a N x N system of linear partial differential operators
with C*(Q) coefficients, properly elliptic in the sense of Agmon, Douglis and Niren-
berg [1], and that each of the two boundary systems B’ satisfies the Shapiro-
Lopatinski covering condition. Then the order of the determinant of L is an even

number, which we denote 2m, and we have

w=(uy,...,un); F=f, ) &= ..9);

and

L= (Lk7l)1§k,l§N ) B] = (B%,l)]_<h§m :

1<I<N

In the standard way, we have nonnegative integers

(O—k)kzl,...7N ) (Tl)lzl,...,N ) (Ui)h:17_“7m for .7 = 07 17

such that
N

2m = Z(Uk — Tk)

k=1
and for the orders of the differential operators there holds

ord(Lg;) <o, — T, and ord(B,]llyl) <o) — T

The constant coefficient principal parts of L and B’ at the origin are denoted by

M = (Mk:,l> and Cj == (C}lel)

1<k,I<N 1<h<m

1<I<N
respectively, where now

ord(My,) =0, — T, and ord(C’,]l"l) = o] — T

We note that
D :=det M

is a properly elliptic scalar operator of order 2m.

1.c Singular solutions. Our aim in this paper is to give a simple and con-
structive description of the singularities of the solution w at the origin. For regular
right hand sides f and g7, any solution u of the boundary value problem (1.1) can
be decomposed into a regular part and a linear combination of singular functions
that do not depend on the right hand side but only on the domain and the dif-
ferential operators. It is not our intention here to prove any new result about the
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fact that any solution of (1.1) can be decomposed into regular and singular parts.
Such decomposition theorems are well known from the classical papers quoted in
the introduction.

We begin by reproducing here the standard wisdom about the form of the singular
functions. The singular functions are solutions of the boundary value problem (1.1)
with zero or polynomial right hand sides. In the case of the constant coefficient
model problem

{Mu = f in T (1.2)

Ciu = g on T forj=0,1.

a basis for the singular functions is given by functions of the form

Q
u = (ula"'qu)a Uy :TA_Tl Zlogqr'wlq(8)7 Plq S Coo([()?w()])
q=0

Actually, the functions ¢y, are restrictions to [0,wp] of functions in C*°(R). We
introduce the following spaces of singular functions.

For scalar functions in a plane sector:
Q
SRy x R) = {v [ v(r,0) =1 Y log?r-0,(0); QEN, @, €C*R)}. (1.3)
q=0
For vector functions of multi-degree 7:= (7y,...,7x) in a plane sector:
ST i={u=(uy,...,uy) | uy € S*T(Ry xR) forl=1,...,N}. (1.4)
For scalar functions on the half-line:
Q
SMRy) :={v|v(r) =r*Y log?r - 9;; QEN, 1, €C}. (1.5)
q=0

Note that for any fixed 6, S*(R,) = SMR, x R)‘
SR, ) ® C(R).

and that S*(R, x R) =
6=0,

For right hand sides of multidegree & := (0q,...,0n5;0,...,0%;01,...,0k%) :
T 7 ={(f.¢°g")| F=(,...fn), @ =(g.....90);
kaS’\’Uk_(R+ xR) fork=1,...,N; (1.6)

g e 2 (Ry) forh=1,....,m}.

Thus the boundary value problem (1.2) acts from §*~7 into T*~% for any A € C.

In the case of the boundary value problem (1.1) with variable coefficients and
curved boundary, the singular functions are perturbations of the previous ones. They
have asymptotic expansions of the form:

U~)> u, u, € SMPT. (1.7)

p=0



Here the first term uy € §*77 is a singular function of the boundary value problem
(1.2) and the higher order terms w, are given by the following recurrence relation
whose terms A, we are going to describe in the next section:

p—1
Aju, = — Z A, u,. (1.8)
n=0

1.d Expansion of the boundary value system. Let 1°, +!, ' denote
the restriction operators on 9°T' = 9°Q, 9'T and 9'€), respectively. Ag is the prin-
cipal part frozen in O :

AO = (M7700077101>' (19)

The operators A,, arise from the Taylor expansion in 0 of the coefficients of L,
B B' and of w(r) and they have the mapping property for any A € C :

A, : 8T — T (1.10)

They are such that for any uw € S*7, the following relation holds in the sense of
asymptotic developments when r — 0:

(L,°B°,4'BYu ~ Y Au. (1.11)
n=0

A rather precise description of these operators A, is possible using ideas from the ex-
amples given in [8], [9] and [6] (Prop. 2.7): let ${? denote the operator that extracts
from a differential operator of order < d with C*°(R?) - coefficients its component of

degree n — d: if
H(x,0;) = ) halx) 0y,

jal<d

then 5
ODH)(.0,) = X T ha(0) 0.

e

|B|—|a|=n—d

We have then .
An = (L(n)7 ’}/OB(()TL)7 'le(n)) .

Here

Ly = (57 L) and By, = (917 7By

1<k,I<N 1<h<m

1<I<N

—1
In order to define B ,, we need the asymptotic expansion of the operator At of

restriction on the curved boundary 9'€) with respect to the restriction on its tangent
o',



Let v € S*(R; x R); we have ¥'v(r) = v(r,w(r)). Then the composition of the
two Taylor expansions

0o o u)(]>k )
v(r,w(r)) ~ v(r,wp) Z Iyv(r,wp)
and .
W(r) ~ wy+ Z% 9w(0)
=1

gives an asymptotic expansion
o
r)~ Y w,(r) with v, € SMP(R,).
p=0

Thus for example,
vo(r) = wv(r,wo),
vi(r) = 7-W'(0)- dhv(r,wp),

v(r) = %Q(w”(())ag+w’(0)283>v(7“,w0).

Now we introduce this expansion into the expansion of the operator B’

B'~Y B, with B}, = (90" Tl)Bhl)

m
1§l§N

and obtain the asymptotic expansion of the operator ¥'B' = B'(z,d,) b :

@1311)) (r) ~ ( 'B U) Z B(n) x,0;) v(r,wp) .

It is easy to check that if ug is a solution of (1.2) with a certain right hand side
(f,g° g") and if u, for p > 1 are solutions of the recurrence relations (1.8), then,
in the sense of asymptotic developments when r — 0:

(LB B (Cw) ~ (F.9%9").

Conclusion 1.1 A generating set for all singular functions of the boundary value
problem (1.1) is given by the formal series (1.7)

o0
U ~ Z U,
p=0

where:



e there is A\ € C such that Vp € N, u,, belongs to S~

e wu spans the set of all solutions in §*~7 of the boundary value problem (1.2)
— the principal part of problem (1.1) —

Agug = (f.9°.9") (1.12)

with zero or polynomial right hand sides (f, g%, g) ;

e for p > 1, u, is any solution of the boundary value problem (1.2) with right
hand side — P20 A,_pu, — cf (1.8).

Our aim is to give a description of the above functions w,. For this we do not
need the above explicit form of the operators A,,. What has to be retained is
(i)  the mapping property (1.10),

(ii) the fact that the interior operators L,y have all the form >, hq(z) 05 with
polynomial coefficients,

(7i) the fact that the boundary operators act on the sides of the sector I" and have
the form Y, ha(r) (r0,)* 0p? with polynomial coefficients.

The first step of our work is to study solutions homogeneous of multi-degree A—7

of the interior equation
Mu =0

which will then be used to solve the model problem (1.12) with zero right hand side
and finally the recurrence relations (1.8).

2. Solutions of the interior system with zero right hand side

2.a The main result. Let us recall that M = (My)i1<ki<n is a properly
elliptic ADN system, with constant coefficients, homogeneous of “multi-degree”:

with Y (o, —7.)=2m.

(o0, — T A .
k

k l)lgk,lgN

For any complex number \ we are going to construct a basis of the space
W) :={uec S | Mu=0 in T} (2.1)
where the space of “multi-homogeneous” functions S3~7 is defined as:

Sa\_F = {u=(uy,...,un), w=r"Tgp0), @€ C?R) forl=1,...,N}.

(2.2)

This basis will be used to obtain formulas for both the exponents A of the sin-
gularities and their angular components ¢, (6).



For the elementary example when M is the scalar Laplace operator, such a basis
is given simply by ¢* and ¢* for any A # 0, where ( is the complex writing of the

cartesian variables

CZZL‘1+?:ZE2:T€ZO.

This fact is well known and was first used in [25], [17], and recently in [20] and [6, 7].

We are going to prove that such a result can be extended in a certain sense to
any properly elliptic ADN system as M .

Noting that
0y, = 0.+ 0- and O, =1 (0. — 0;)

¢ ¢ ¢
where ., 0. satisty

QCM’J’ZZ:L QZ,@ZCZO,

we obtain for a scalar homogeneous operator M of order 2m and for any complex
numbers a and o :

M(0y,, 0,) (aC+a* ) = A(A=1) - - - (A=2m+1) (al+a )M *" M (a+a*,i(a—a*))
(2.3)
Setting:

M, (o) :=M(a+1,i(a—1)) and M_(a) =M1+ a,i(l —a)) (2.4)

we see that

if at isarootof My(a)=0 then (a*¢+{)* € W)

_ 2.5
if o= isarootof M _(a)=0 then ((+a ()*e (). (2:5)
In the case of M = A, we have M (o) = M_(a) =« and at, a™ = 0.
We extend the ansatz (2.5) so that:
(i)  we cover the case when there are multiple roots,
(i1) we can admit systems instead of scalar operators.
We introduce the following diagonal N x N matrices:
ZE NG Cha) = (A()\ — 1) (A7 4 1) (0l + P 5k,)
<k,l<
1<kI<N (2.6)

Z::¢0) = (MA= D (=74 1) (o aP 7 o)

1<k,I<N

The choice of a branch of the complex power will be discussed below (see (2.9)).
Defining M ; (a) and M _(«) as in formula (2.4), we see that for any ¢ and A in C :

M (0y,,05,) Z2(N (. G a) = Z5(M (G a) My(a). (2.7)



The elements of 20(\) will be obtained as Cauchy integrals in the variable o
around some roots of

Di(a) :=det Mo(«).

A very general ansatz could be:
| ZE0:¢.G o) M) f(0) da (2.8
g

with v any contour avoiding the roots of Di(a) and f(a) € Ala] ® CV (that is, a
vector-valued entire analytic function). We will show that less general objects are
sufficient.

(i)  Due to the proper ellipticity of M and the properties of the Cayley transform
i(a—1)
a+1 ?

> both determinants D, and D_ have no roots on the unit circle

T={aeC] |a| =1}

and each one has m roots (counted with multiplicity) inside 4. We can there-
fore use 7 as contour of integration in the following way: Define (al + {)*
as the product ¢*(1 + a%)’\. This is well defined for « < 1 and for ¢ on the
Riemann surface of log. In particular, if ¢ is in a sector 0 < arg( < wy < 27,
we can choose the branch of (* that coincides with |(|* on the positive real
axis. Then for h meromorphic in C without poles on 4 and therefore without
poles in {a € C| p < a < 1} for some p < 1, we define

¢

/ﬁ(a(—i—?)”z(oz) da ::/ ¢ (1—1—04?)Ah(a) dov . (2.9)

lal=p

The function (¢ + a()? is treated by a similar argument.

(ii) Instead of 2A[a] @ CV we can use special polynomials in Py_;[a] ® CV (d is
the maximal degree of the matrix elements My, of M) constructed from the
shifted polynomials MEI:,E ,0=1,...,d where, for

we denote
Al(a) = S A, a0,
n=4

The main result of this section is the following theorem whose proof will be given
in §3. Here we exhibit a finite dimensional generator for the space (2.1). We will
construct a basis more explicitly in Lemma 4.2.
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Theorem 2.1 Let A be any complex number. We set:
W) = { [ ZENCTa) ME () (M, + 4+ M, q) da |
gl
ql,...,qu(CN}.

There holds:

(i) for all X\ € C, the dimension of the solution space () — see (2.1) — is
equal to 2m ;

(ii) for all X € C\ N, the dimension of 2% () is equal to m and
WH(N) &AW () =W(N).

Remark 2.2 The definition of the spaces 20%()\) is independent of the choice of a
branch of the complex power functions as dicussed above. Note, however, that the
elements of 20%(\) are well defined analytic functions on the Riemann surface of
the logarithm and therefore on a neighborhood of the corner of our domain 2.

Remark 2.3 In the expression of 20%()\), we can replace d, the maximal degree of
M, by d. which we define as the maximal degree of M .. We saw in the example
of the Laplace operator and we shall see from the example of the Stokes operator
that d4 can be strictly less than d.

2.b Particular cases and examples. The generic elements of the spaces
20%(\) have a simpler expression when the operator is scalar or when it is a first
order system (see Corollary 3.13 where 207 ()\) is given when M (a) = a A + B).
We also get some simplifications when the system is rotationally invariant.

2.b (i) Scalar operators. When N = 1, the order dy of M, («) is equal to
its degree as a scalar polynomial and one can assume that its leading coefficient
is 1. Then all the shifted polynomials M:ﬁt,cs for 6 = 1,...,d+ have their leading
coefficients equal to 1, so they form a basis of Py, _1[a], and we have

W) = { [ (@¢+0* M) f(@) da | fla) € Pa,afal f:
v

W () = { [ (€ +00) M (0) f(0) da | F(e) € Py s].
v

If f(«) is chosen as the product of all the roots of M, («) except one inside the
unit disc, say a®, then the above Cauchy integrals give back the ansatz (2.5). But
such expressions are not necessarily stable with respect to parameters on which the
coefficients of M may depend. On the other hand, if Myi(a) and f(«) depends
smoothly on a parameter, so does the Cauchy integral.
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2.b (ii) Polyharmonic operators. If M = A™ then ML = 4™a™. Tt is
straightforward that in such a situation:

QU*(A)Z{ZA_jCj | jzo,...,m—l};

w () ={7¢ | j=0,....m-1}.

2.b (iii) Rotationally invariant systems. We denote by R, the rotation in
R? with angle n € [0,27). We say that the system M (0,) is rotationally invariant
if for each n € [0,27) there exists a linear isomorphism J,, : CV — C" such that for
any u € 0 @ CV :

M (9,)(Fyuo Ry) = (J, M(0,) u) o R, . (2.10)

As there holds
M(9,)(uo Ry) = (M(R_,0,) u) o Ry,

relation (2.10) yields that
M(R_,£)oJd,=J,0 M(&) V&eR? (2.11)

Hence the determinant of M () is a radial function. As its degree is 2m, we deduce
that there is a nonzero constant ¢ such that

det M(¢) = c (& + &)™

From this we deduce that Dy (a) = 4™ca™ and that the components of the elements
of 2(A) have a form similar to what we found for the m-harmonic operator. Ex-
amples of rotationally invariant systems are given by the Stokes and Lamé systems.

2.b (iv) Stokes system. The two-dimensional Stokes operator associates to
(u1,u2, p) the triple (f1, f2,9) by

Ay + Oup = N
Aus + Owp = fo
O, u1 +  Opyuz = gq.

Using the differential operators 9, and d; and the change of functions

( = Uy + 1 U Uz = U] — 1 Uy

fo=h+ife  fe=h—if

the Stokes system can be written:

_ 1
20.0-u, + Op = o f
20.0zuz + Op = gfz
du + U = 59.



Hence
20 0 1 20 0 «
M. (o)=| 0 20 « and M_(o)=| 0 2o 1 |.
a 1 0 1 o 0

The degree of My is 1, and according to Remark 2.3 we have only to compute
= _ d
[ Zion (6.0 M) o (G M) g do
gl

for ¢ € C®. We find that the following triples wji()\, -) for j = 1,2 are bases of
2E(N):

wi (X Q) =(¢10,0);  wi(\Q) = (AT O 200

wy (A Q) =(0,¢4,0);  wy (M) = (¢ =AM 2.

3. Proof of Theorem 2.1

3.a The dimension of the space 20()\). In this section, we are going to
prove the point (i) of Theorem 2.1, i. e. that for any A € C, dim 20(\) = 2m.

We write the system M in polar coordinates: for each k,[ there exists an oper-
ator .#,; with smooth coefficients such that:

?"U’kal(ax) r = //lkl(ﬁ;ag,rﬁT). (31)

We introduce the system .4 (\) = .4 (0; 0y, \) whose coefficients are the .y, (0; Oy, \).
We denote by #(\) the space

W\ ={peCR)@CN | .#(\)p=0}. (3.2)
The following equivalence holds for any w in SS‘_? :
u = (r)‘_Tlgol(H), . ,T’\_TNQON(G)) EW) <= ¢ :=(p1,...,0n) €E#(N). (3.3)

Thus we are going to study #/(\).

We use the ADN linearization procedure (see [1]), to reduce the problem to the
case when the order d of M is equal to 1: the new operator M is an ADN-elliptic
system of size N > N and multi-degree (6r — 71),, with the sum 37, (5 — 7x) still
qgual to 2m. Note that 7, — 7, can be different from 0 or 1, but that in this case
My = 0. The linearization operator w — w induces a bijective mapping from 20())
onto 2W(\).

From now on, we assume in this section 3.a that M is of order 1 (and ADN-
elliptic, homogeneous with constant coefficients). Then there are N x N matrices
MP°, M*' and M? such that:

M (0,,,0,,) = M'0,, + M?0,, + M".
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Hence .# is of order 1 and .# (\) can be written as
AM(N) =/ (0)0p + B0, N) .
We check that:

() = —sinf M" + cosd M?
BO,\) = (cos 0 M' +sinf MQ) (diag()\ — Tl)> + M
where diag(A — 7;) denotes the diagonal matrix (5k1(>\ - Tl))k ;
As a direct consequence of the fact that the system M (9,,, 0.,) is ADN-elliptic

of multi-degree (o} — 7) ,, With the sum Y w(okr — ) equal to 2m, we obtain the
following lemma.

Lemma 3.1 Let po(6;n) denote the determinant of </ (0)n + M°. The degree d3po
of po(0;-) as a polynomial in n is equal to 2m for all € R and X € C.

Hence for all 6y € R, the equation
 (0) Opp + M p = 1 (3.4)

is a (singular) system of algebraic-differential equations (singular as soon as 2m <
N), which can be solved with the help of the reduction to the Smith form :

/ (00) n+ M° = E(n) D(n) F(n) (3.5)

where D, E and F have polynomial coefficients, EZ and F' have their determinants
equal to 1 and D is diagonal, see [11]. Hence det D(n) = po(0y,n). From this, we
deduce that the equation (3.4) has exactly 2m independent solutions ¢ € C*(R) ®
CN for any ¥ € C*(R) @ CV (for 9 = 0, this result is referred as Chrystal’s
theorem). Moreover, there exists 2m Cauchy conditions which determine completely
the solution of (3.4).

On the other hand, the ADN-ellipticity of &7 (6) 9y+M? yields a priori estimates
between appropriate Sobolev spaces. As a consequence of the previous facts we
obtain:

Lemma 3.2 Let 0, € R. Let I be a bounded interval and let 6, € 1. There exists
2m independent Cauchy conditions in 6y : X; ,...,sz such that for any s > sg
1 1

with s large enough, the operator

HS—T(I) N Hs—&'(]) D C?m
o = dO)de+Me (X (#))

is an isomorphism. (Here H*™" denotes the product [[., H*™™ ).

Now we can prove:
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Theorem 3.3 Let I = (0,w) be an interval. Then for any s > sy with sy as in
Lemma 3.2, the operator

H"(I) — H*%I) @&
e = ANy . (X))
1S an isomorphism.
Remark 3.4 We see that the space of Cauchy data in # = 0 for the system
(7 (0)0 + (0, \) ) = (3.6)

is the same as the space of Cauchy data for the constant coefficient system (3.4)
with 6 = 0. We shall see in Remark 3.15 how to write the space of these Cauchy
data explicitly.

Proof. We use Lemma 3.2 with localization arguments. For any 6, € R and p > 0,
let us introduce:

. - 0, . . .
Ay (0:0,05) = (dlagw))x%(%m(e—eo),f,»x(d1ag<p D) ifp>0
N, (0:0,0p) = < (00) Op + M° ifp=0

Note that, as o7 (6y) 9y + M is homogeneous of muti-degree (o}, — 71),,, we have for
any p > 0:

A, (050,05) = (diag(p)) x Ay (0; 05, %) x (diag(p™)).

Let us fix an interval I containing #,. By standard arguments, we obtain the esti-
mate:

|4y, (P36, 9p)p — A, (00, 05)p HHs_g([) < Cpllel g1

with C' independent from p (see for instance [9, Lemma 10.13]). This estimate and
Lemma 3.2 yield that for p > 0 small enough, .45, (p; 8, 0s) joined with the Cauchy
conditions in 6y induces an isomorphism. Defining

: -, o —0 : -0
p,(0) = (diag(p™™)) (00 + — ) ad ,(0) = (diag(p™7%))9(00 +
we can see that
Jl/eo(p;e,ﬁg)cp =tYponl <= .ANp,=1,0n Iy,

where Iy, = {6y+p(0—06y) | 0 € I}. Hence, M () joined with 2m Cauchy conditions
in 0y induces an isomorphism on Ij,.

0 — 0y

)

Thus we find locally 2m linearly independent solutions of the homogeneous equation
A (N)p = 0. By the unique solvability of the Cauchy problem just shown, these
solutions can be extended over the whole interval I as a basis for the kernel of the
operator .# (\). By the same matching arguments, any solution of the inhomoge-
neous equation .# (A)e = 1 can be extended to I. [
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Remark 3.5 The degree of the determinant of </ (0)n + 2(0,\) as a polynomial
in 1 is 2m for any # and any A. This condition on the determinant is sufficient
in the constant coefficient case to have exactly 2m independent solutions to the
homogeneous equation. But, in the variable coefficient case, such a condition is not
sufficient to have the same result, as shown by counterexamples in [4, ch.6]. Here,
we need supplementary information to obtain the result. This is supplied by the
ellipticity in our case.

Remark 3.6 If all the multi-degrees o, — 7; are > 0, we can show that for all 6,
rank <7 (0#) = 2m. This provides an alternative proof to Theorem 3.3 by a direct
solution by block elimination of the equation .# (\)¢ = 1. But in the general case
we consider here, it may happen that rank.c/(f) > 2m and this solution method
does no longer work.

3.b The spaces 207 (\) and 20~ (). As an obvious consequence of relations
(2.7), we obtain that 20%(\) C 20()\). Now we only have to prove that dim 20%()\) =
m and that 207 (A) N2~ (\) = {0} to make the proof of Theorem 2.1 complete.

We introduce the following notations: 2{; is the space of functions holomorphic
in a neighborhood of the unit disk in C and, in relation with the ansatz (2.8), 207 ()\)
is defined as

W) = { [ ZECTio) M) fla) da | fla) e 2.
v
We have:
WE(N\) C WE(N) C W(N).
Lemma 3.7 If A € N, then the intersection 207 (\) N AW (N) is reduced to {0}.

Proof.  Let u belong to the intersection. Then, using (2.9), we have for any
component u; of u:

=

=\ AT,
ul — / CA—Tl (1 + a%) hl_ (OZ) dOé7

lor|=p

A-T,
i o (1 +a%> h' (@) da
al=p

and

A—T,
where hj~ () are meromorphic in the unit disk and pis < 1. Expanding (1 + aé) :

& ¢
A—T,
and (1 + a%) ' we obtain two series

[e.e]

ul — Z C;ﬁl— Z/\—Tl—ncn )\
and n:OO with ¢ = ( h T’) / oz”hli(a) dov.
w, = 3 e O " el
n=0
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The coefficients ¢ satisfying the estimate
e < Cp
the two above series are converging for  such that p < ‘%’ < 1. Thus, setting

p
n = %, we have:

oo oo 1

Yot =3 e, for p<|pl <=,

n=0 n=0 P
If A € N, all exponents are different from each other. Hence all coefficients are 0.
[ |
Lemma 3.8 If A ¢ N, then the mapping

Q[{V/MJF Qq\f - Wi (N)
oo [ ZENGGa) M ) £la) da
¥

15 an isomorphism and the corresponding result holds for + replaced by —.

(3.7)

Proof.  This mapping is obviously well defined and onto. It remains to prove
that it is injective. If f is such that [, Z7(a) M () f(a) da = 0, then, setting
(hi(a),...,hn(a)) := M;'(a) f(a) computations as in the previous proof yield
that for each [ :

/ a"h (o) da =0 VneN,

lal=p
Here we have used that (A;Tl) # 0 for all n € N if A € N. Hence each h; is
holomorphic in the unit disk. Thus f = M h with h € 2. [

From now on, we only consider the case of the + sign for M. The case of the
— sign is exactly similar.

Let us denote by 9™ the subspace of ALY defined by
m*;:{Mﬂ7dq1+...+Mﬂ7lqd | ql,...,qde(CN}

where d is the order of M . As a straightforward consequence of Lemma 3.8, we
obtain:

Corollary 3.9 If A € N, then the following mapping is an isomorphism:
m+/M+ Q[i\f - W*(N)

o= [ ZHN GG a) MY ) fla) da
v

Our proof is organized in two parts now:

(i)  The study of the case when the order d is equal to 1.
(i) The linearization to pass from the order 1 to any order.

17



3.b (i) The case of the order one. We assume that the order of M, is 1;
hence there are two matrices A and B such that M, («) = «A + B. Only one
shifted polynomial is defined from M . : this is M i,l which coincides with A. Thus
the space M* coincides with A(CY). Define the operator:

1
P=_— | (aA+B)'Ada.
20 J~
f‘y
Lemma 3.10 The operator P is a projector in CN and its rank is equal to m.

Proof. The fact that P is a projector can be deduced in a classical way, see for
example [12], from the resolvent identity:

(tA+B) ' —(dA+B)'=—(a—d)aA+B)'A(d’A+B)"t. (3.9
Hence we have:

rank P = Tr %/ (cA+ B) A da
;}'/

= %[ Tr (@A + B)™' L (aA + B) da.
5

Using the reduction of (A + B) to the Smith form E(a) D(«a) F(a) as in (3.5),
and with the help of the commutativity relation Tr AB = Tr BA we obtain:

Tr(tA+B)'L(aA+B) = TtF 'D'E"'(E'DF + ED'F + EDF')
= T'D'D'+TrE'E'+ Ty F'F'.

Since the determinants of E and F are equal to 1, the functions Tr E~'E’ and
Tr F~'F' are holomorphic and:

1
rank P = —— [ Tr D '(a)D'(a) do.
2im 5
As D is diagonal, the above integral is the number of the roots of the determinant

of D which are inside 7. But det D = det M . We know that the proper ellipticity
of M implies that det M | has exactly m roots inside 7. Hence rank P =m. @

Lemma 3.11 Let f belong to AY. We define an element q = q(f) € CV by

1 -1
q::%/:y(aA%—B) fla) da.

Then we have for all ¢ and X\ :

/Z?J(A;Cf;a) (@A + B)"' f(a) da:/ Z1(X¢, G a)(0A+ B) ' Ag da.
5 j

Proof. We omit the variables ¢ and A in the notations. We introduce p and p/,
0 < p < p' < 1such that (A + B)~! is holomorphic in the ring p < |a| < 1. Using
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the resolvent identity (3.9), we obtain:
/ Z%(a) (A + B) 'Aq da =
;5/

— [ ZH)(A+B)'A[ (A4 B) (o) da’ da
lor|l=p |oe|=p'
_ ﬁ/ / Z(a) (0A+B)"'— (/A+ B)~

!
o —
laf=p” al=p'

f(o) do do.

The contribution of the term with (o’ A + B)~! is 0 because for any o/, |o/| = p/,
the function
o — ZE(a) (o' —a) (' + B) T F(a)

is holomorphic for |a| < p. Then the Cauchy residue formula applied on |o/| = p/
for f yields the wanted equality. [

Corollary 3.12 For all A € C, the spaces 20+ (\) and 207 (\) coincide.
Corollary 3.13 If A € N, then the following mapping is an isomorphism:
P(CY) — 27(A)
q / ZE(X ¢, Ga)(aA+ B) "t Aq do. (310)
v

Corollary 3.14 In the case when d =1, if X\ € N the dimension of the space 20 (\)
15 equal to m.

Proof of the corollaries. The first corollary is a straightforward consequence of
Lemma 3.11. The third corollary is a direct consequence of the second one and of
Lemma 3.10. Let us prove Corollary 3.13.

Due to Lemma 3.11, the mapping (3.10) is onto. As in the proof of Lemma 3.8 we
obtain that:

/ Z1(¢a)(tA+B) tAqgda =0 = / (tA+B) tAgda =0, i.e. P(q)=0.
gl y

Conversely, Lemma 3.11 yields that:

/ Z1(¢a)(aA+ B) 'Ag da = / Z1(¢a) (@A + B) A P(q) da.
¥ v
Hence the kernel of the mapping (3.10) is ker P. As P is a projector, the corollary
is proved. [ |

Remark 3.15 Let &/ and Z# be two N x N matrices such that the degree of the
determimant of &/n + % as a polynomial in 7 is equal to 2m. Let v be a contour
surrounding all the roots of the determinant. Then defining

1
P = —/ (ne/ + B) "Lt dy,

2um ~
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by the same arguments as above for Corollary 3.13, we obtain that the following
mapping is an isomorphism

2(CY) — {o | (0 + B)p(d) =0}

g — olf) = / (diag(e™)) (ne/ + 2) " e/ q dn.

We see that the natural Cauchy conditions in § = 0 are, for any fixed g € Z(C") :
’@(SO ‘9:0) -7

As an example, we can consider &/ = M? and # = M° and according to Theo-
rem 3.3, the space of Cauchy data for the system .# () (3.6) is given as above for
any A with the projector

1
P = —/ (nM? + M)~ M? dy.
2 v

We obtain as consequence of the Corollaries 3.9 and 3.12:

Corollary 3.16 In the case when d = 1, the following natural injection is an iso-
morphism:

+ N
M gy W gy
3.b (ii) The linearization. We treat now the general case when

d
M. ()= Msa® with d>1.
6=0

For any ¢ and v in A, we check that the equation M ¢ = 1) is equivalent to the
following “linearized” equation in CY @ C? :

My 0 - 0 Mg, -+ M, M, atlp "
0 I - 0 —I - 0 0 a2 0
al . |+ o L . = .
0 0 - I 0 - —I 0 o 0

which we write in a condensed form
(0A+ B)p =1p.

The system aA + B defines @Jﬂ the first order system associated with M .. The
space associated with M, is 9T :

m-={AG | §=(q',....q") eC" C"}.
The link between the case when d = 1 and the general case is made by:
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Proposition 3.17 The following mapping is an isomorphism:

Mt/ — o+
I nr (3.11)
Aq — Mﬁ-,dql—l—‘..—'—MS’qud'

Proof. The mapping (3.11) being onto by construction, it suffices to prove that it
is well defined and injective.

Lemma 3.18 Let ¢ = (q',...,q%) € CYN @ C? and @ = (¢p',..., %) € AN @ C*L
We suppose that
Aq = (a¢A+ B)p(a).

Then:
M, q' +- -+ M\ q" =Mo"

Lemma 3.19 Let (q',...,q%) =G CY @ C? and ¢ € AN. We suppose that
M, q" +---+ M. q" = Mo
We define @', ..., %t € AV by

O = at ol 4 ot 2t 1.t o +
@ = a2t 4 at3gl 4.4 g
Pl = ap? + q°

Then, setting @ := (¢, ..., ¢%), we have:

Aq = (cA+ B)p(a).

Lemma 3.18 and Lemma 3.19 prove that the mapping (3.11) is well defined and
injective, respectively. [

The proof of the two lemmas being similar, we only prove the first one.

Proof of Lemma 3.18. The equality Aq = (A + B)@(«) yields the relations:

(1) aMgp' + Ma1p' + -+ Mop” = M,q'
and
(2) T rapi=¢q¢/  for j=2,....d.
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Let us compute ¥ := Mi}d q' +- -+ MJr 1 q%. We first use the definition of MJr 55
next the relations (1) and (2).
d—1 d
Y = Mug'+3 > o Mg

51]5
d—1 d

— OéMdQO +ZM]‘pd j+zzaj 5M( 90d+1_5_90d_6)
7=0 0=1j=6
J

— (SM]( Z ag+1 ) d+1 ) Oéj—écpd—d)>
§=0

+ OéMd(Pl + Md Z(adJrlf(s‘PdJrlfts . ad*écpdfé)

0=1
d—1

= > M;dl¢ + M e
=0

The last equality yields that ¢ = M . n

Conclusion 3.20 Lemma 3.9 and Proposition 3.17 give that VA ¢ N the spaces
20+(\) and 20F()\) (associated with the linearized operator 9, ) are isomorphic,
via the commutative diagram below, where all arrows are isomorphisms.
I+ | — Y+
m /M+Q[¢11N — W)
l |
M/ pp oy — WO

Combining this with Corollary 3.14, we obtain that dim 20" (\) = m.
Remark 3.21 We have just proved a little more than necessary: the consideration

of the spaces 207 (\) and 2}/ M. AN could have been omitted to reach the aim
+ 4

of proving Theorem 2.1. Indeed we have the following diagram of commutative
isomorphism which complete the above one:

M3z qav — Wz qav — WO =T

! | |
Mgy — W/pg gy — WO =W

To check that, it suffices to see that the mapping (3.11) is onto on the space
AN/ ~ which can be shown like Lemma 3.18.

4. Solutions of the boundary value system with zero right
hand side

The next step of the description of the singular functions >, u, — see Conclusion 1.1
— is the construction of the first terms uy which correspond to a right hand side
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equal to 0 : thus we search for all solutions u of

Apu=0 and u € S¥ 7 for a certain \y € C. (4.1)

4.a Mellin transform. If u satisfies (4.1), multiplying u by a cut-off function
X € Z(R) which is = 1 in the neighborhood of 0 and computing the Mellin transform:

o d
W) = (W, Uy) with 2%\ 6) ::/ o) (8 L 1=1,.. N
0 r

we see that .#(\) % ()\) is an entire analytic function of A, where we recall that
A (N) is the system whose coeflicients are the .#;(0;0p, A) defined in (3.1). In a
similar way, for j = 0,1 we define €7 ()\) as the system whose coefficients are the
€7,(6; 09, ) where €, satisfies

oG (D) T = C7(0; 09, 70,) | (4.2)

Thus for each A € C, /() is a solution of the following boundary value problem
in (O, u)())I

ANUN) = P in (0,w)
CNrN|,, = PO (4.3)
cNrW|,_, = 'Y

with 9°, @' analytic with values in C™. We define .2/ ()) as the following analytic
family of boundary value problems on (0,wy) :

o (N) = (A (N),E°(\), 61 (V). (4.4)
We write (4.3) in the condensed form:
I (N)U(N) =T(N).

As it is well known — see also the next section, it follows from the ADN ellipticity
that /(\)~! is meromorphic in C and since w € S~ we reconstruct u by the
residue formula

u= QL (diag(r~™)) / a7 (N) (N dA

1T ol

where ~ is a simple curve surrounding A\q. It is easy to see that, conversely, any
function u of the above form with ¥ holomorphic, is a solution of Aqu = 0. Let us
summarize:

Lemma 4.1 Let 27 (\g) be the space of all solutions of (4.1). Then Z (\g) is not
reduced to {0} if and only if \g is a pole of </ (N\)~" where <7 (\) is the operator of
problem (4.3) and

2 (No) = {i (diag@fﬁ)) [y(AO) e (AN)TW(N) dX | U(N) holomorphic }

where v(\o) is a simple curve surrounding only one pole Ao of </ (\)~L.
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4.b The meromorphic inverse of </ (\) We are going to describe &7 (\)~*
by solving the equation

MU = 9% in (0,w)
%O(A)@/)H = o° (4.5)
%I(A)%yezwo =

for ap given in H* 7(0,wy) — for s > sy large enough — and ), ¥, in C™. The
strategy for solving (4.5) is classical: we solve in a first step the interior equation
A (N) % = 1p with the help of a right inverse Z(\) to .#(\) acting between the
spaces H*77(0,w) and H*7(0,wp). The second step is to solve the boundary
conditions in the space #(\) = ker .# (\) — cf (3.2). Let us give details for these
constructions.

Let us define the space .7’ () as the orthogonal complement of the space #'(\) in
H*7(0,w). As a direct consequence of Theorem 3.3, the operator .2 (\) induces an
isomorphism from .2 ()\) onto H*?(0,w,) with a locally bounded inverse .# (\)~".
We define Z(\) as the composed operator () o A (\)7! where I\ 1s the
canonical injection of # () into H* ™7 (0, w).

Let us denote by %’(\) the system of the boundary operators
T U — (GPN) %(0), ..., G\ 2(0), G\ X (wo), .-, G (\) % (wo))
and by 7, and 7w the canonical projections

v o H70,w) @ C*™ — H*(0,wp)
e H7(0,w) ®C*™ — C™

We see that the solution of (4.5) will be given, if it exists, by the sum % = 24+
where 24 = Z(\) ¢ and %4 is the solution (if it exists) of

Uy € W (\) and EN% = (Y°, ') —CN)% .

To choose a basis of #/()\), we use the equivalence (3.3), Theorem 2.1 and Corol-
lary 3.9. We have

Lemma 4.2 Let p € C\N. There exist g%, ...,q%, in CN for h=1,...,m such
that the

wi (1, ) = /~ Z: (¢, G a) M () (Mgt,d%lc,h + "'+M§:,1 Qi,h) da
Y

for h=1,...,m are a basis of W+ ().
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Moreover, for any A € C\N, the wj (), () for h=1,...,m are a basis of W*(\)
and the functions (X, -) defined for h =1,...,2m by

wi(\e?)  for h=1,....m
aoy=0 T
w;,_ (A e?) for h=m+1,...,2m

are a basis of W' ().
We introduce the following three matrices.
Definition 4.3 We define:
o JV(/\) as the 2m x 2m matriz whose 2m columns are the € (N)@y (A, -) for
h=1,....2m ;
o .7 (A\) as the N X 2m matriz whose 2m columns are the @, (\,-) for h =
1,...,2m.
e W(A)(r,0) as the N x 2m matriz (diag( T )) AFZ(N)(0). Thus the 2m

columns W, (X\) of W () are the basis vectors wi (), -) defined in Lemma 4.2
according to

wi (N, ) for h=1,...,m
Wh()\) = {

w;,_..(A) for h=m+1,...,2m.

Note that the elements of the matrix .4 (\) are complex numbers, whereas the
elements of .#(\) are functions of 6 and the elements of W (\) are functions of
¢ =re?.

Theorem 4.4 We have for any A € C (in the sense of the equality between two
meromorphic functions):

SN =2\ omy + F(N) AN (e = C(\) Z(N) o T )

Proof. The equality being obvious if one knows that .#"(\) has a meromorphic
inverse, let us prove that det.# () is not identically zero. This fact is a consequence
of the ellipticity which implies that for any & > 0, there exists n > 0 such that for
any \ satisfying Re A < ¢ and Im A > 7, the operator <7 () is injective. Hence, for
such A, .#(\) is injective, thus invertible. [

4.c The principal part of the singularities. We are now able to exhibit
finite dimensional generators for the space .27 (o) of all solutions of (4.1). First we
join together Lemmas 4.1, 4.2 and Theorem 4.4. We find that

1, . m -
%(AO)Z{%(dlag(r H) A (A:Aﬁ(A)/(A) '9(X) d\ | ¢ : C — C*" holomorphic}.
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Theorem 4.5 Let \g in C. There holds:
(1) If Xo is a pole of </ (\)~! then \g is a pole of A (N)~1 ; let d be the order
of this pole of A (N\)~L. Then

%(Ao):{%/ W) A (NGO dA | 9 € Pa N 0T,

(ii) If a non-integer Xy is a pole of N (N)~! then N is a pole of </ (\)~!

Proof. The point (i) is a consequence of the previous considerations and of the
fact that any holomorphic function can be written as the sum of a polynomial of
degree d — 1 and of a term of the form (A — X\g)?h(\) where h is holomorphic.

Let us prove the point (ii). If A\ & N, the basis vectors ¢, (X, ) for h = 1...,2m
are independent — according to the notation of Lemma 4.2. Theorem 3.3 and the
linearization procedure of section 3.a yields the existence of 2m independent Cauchy
conditions x(A) in € = 0 with analytic dependence in A. Let x(\) be the matrix
of the 2m Cauchy conditions x,(A). As x(A)Z(A) is non singular, composing the
representation formula of Theorem 4.4 with x(\) yields that <7(\)~! has a pole in
Ao if A4 (A)~! has a pole in \. |

Corollary 4.6 If Ay is a pole of A4 (A\)~! of order 1, then
2 (N) = {W)p | pEkert(h)}.
Corollary 4.7 If \g is a pole of A (N\)™! of order d, then
1 W (N9 (N)

Z(A — ——— dA G Py 2m

5. Solutions of the boundary value system with polynomial
or singular right hand side

The last step of the description of the singular functions >, u, — see Conclusion 1.1
— is the construction of the terms u, which correspond to a polynomial or a singular
right hand side:

° In the first case p = 0 and A\g € N and we search for solutions u of
Aou = (f,¢° g") and u e S with (f,¢°%g") € T*? polynomial.
(5.1)
° In the second case, p > 1 and we search for solutions u of

Aju=(f,9°,g") and w e ST with (f,¢%,g') € TV™7.  (5.2)

In this case, \g is an integer or a pole of &/ (\)~! where &/ ()) is defined in (4.4)
and the right hand side (f, g°, g') is determined by the recurrence relation —
cf (1.8):

(f.9° 9" ZAp DU .
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5.a Solvability. For (f,g° g') € §*77, we introduce the Mellin transforms:
dr

P(A) = (1., ¥n)  with (A, 0) == /OOO % x (1) fi(r, 0) - k=1,...,N

and for 7 =0, 1:
; ; - ) ; 00 Ly ; dr
W) = @) with w0 = [ ge) =1 m

with x € Z(R) a cut-off function which is = 1 in the neighborhood of 0. We set

The vector function ¥ is meromorphic in C and admits only one pole in A = .

Lemma 5.1 Let (f,g° g") € 877, W(\) being defined as above, a solution u of

Aﬂu = (fagovgl)
is given by the Cauchy integral

u= QL (diag(r~™)) / a7 (\) TN (N) dA

v 7(Xo)

where v(Xo) is a simple curve surrounding \g and avoiding the poles of </ (\)~'. We
can assume that the only possible pole of <7 (X))~ inside y(N\o) is Ao-

The proof of the Lemma is a straightforward consequence of the definitions and
of the inverse Mellin formula:

(f.g%.9") = % (diag(r~7)) / N PN dA. (5.3)

Note that one can take as W(\) an explicit rational fraction determined from the
expansion of (f, g% g') in polar coordinates. All possible definitions of W(\) have
the same polar part in A = Ay and the inverse formula (5.3) is still valid.

5.b Conclusion. We summarize the results we have obtained.

The asymptotic expansion near the corner of any solution of the system (1.1) is
a sum of terms Y U, where Ao € N or ) is a pole of the inverse of </ ()) defined
in (4.4). The relevant A\ are determined by the regularity of the solution and the
regularity of the right hand side of (1.1) — cf [15].

Each U, is a formal sum

U)\o = Zu)\o,il’ with Uyy,p € SAO_HD_T.
p
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Note that only a finite number of terms has to be taken into account, depending on
the regularity of the right hand side.

If Ao € N, uy, 0 is a solution of (4.1), i. e. is an element of the space .2 (\o), and
has the form determined in Theorem 4.5.

If Ao € N, uy,0 is a solution of (5.1); if A\g is not a pole of & (\)~!, wy, 0 is
completely determined by Lemma 5.1; if A is a pole of &7 (X\)™!, uy, o is the sum of
an element of 27()\g) and the term defined by Lemma 5.1.

The term uy, , for p > 1 is a solution of (1.8), determined with the help of
Lemma 5.1.

Any u,, , for any Ao in N or pole of &/ ()™

form described in the following Theorem 5.2.

and for any p € N has the general

5.c General form of the singular functions.

Theorem 5.2 Any function u,, , defined above can be written as the sum of a finite
number of terms of the form uj\“0+p and u) ., as follows. (Ao +p) denotes a simple
curve surrounding Ao +p and avoiding the poles of </ (\)~t. We can assume that the
only possible pole of </ (X\)~! inside v(Ao + p) is Ao + p. There exists three positive
integers dy, dy and dy such that

WO =5 [

A% +Oo+p)

VI Q) AN
(A =X —p)d

d\  with % € Py 1[N @CY (5.4)

where VE(X, €) is the diagonal matriz diag(viE(\, ) with (vi, ..., vx) =: vZ defined
by

1 1 ZZ(X( Ga)ht
B = L [ EECT
2im 5 adt det M 4 («r)%

da with h* € Py yma,—1[N@CY. (5.5)

The matrices Z= are defined in (2.6) and My (a) in (2.4) — compare with Theo-
rem 2.1.

Remark 5.3 For rotationally invariant systems as defined in 2.b (iii), det M 4 («a) =
ca™. Thus vi(\, () is a combination of terms of the form

D (T, ()
and v= (A, () is a combination of terms of the form
T )

respectively, with ¢;,..., ¢y in N. Hence, u, +»(¢) is a combination of terms of the
form

ZA(H—I? 1quz (ghz—ﬁ—ﬁ? ol Q‘ENE_KN_TN>
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and uy ,,(C) is a combination of terms of the form

C>\0+p loqu (Zfl C*&*ﬁ’ o ’ZKNC*EN*TN)

respectively, with ¢ € N.

Proof of Theorem 5.2. If p =0 and if ug is solution of (4.1), the representation
of uy by the two Cauchy integrals (5.4) and (5.5) is a straightforward consequence
of Theorems 4.5 and 2.1.

Otherwise, u, is a solution of (5.1) or (5.2). We are going to prove in a first stage
that the interior right hand side f can also be represented by two Cauchy integrals
similar to (5.4) and (5.5).

First case: f is a polynomial in S*~7 with Ay € N. Then f can be written as the
sum of terms of the form

(1) ¢ (Ch ¢ CZZ_Z_GN)
with £ € N, £ < )\g and ¢y, ..., gy some coefficients.
For k € {1..., N}, let us define v} as

U0 = (A ) "k)ZA—%—f&

We have the integral representation

L (aC+OM%
+ _
Uk ()‘7 C) - % /~ -+l do
f‘)/
Since R
-0, \ FA—a, —L L
E/\o—ak—ﬁcﬁ _ L ( ¢ k)C e d\

2im Logy (M7 (0= X)
there exists dy € N and a polynomial g € P;_1[)] such that

Qro-on—{ct _ 1 / v (A, Q) gr(N) )\
i +(M0) ()\ — )\0)d0

Hence the term (1) has a form similar to (5.4) with v (), ¢) replaced by vx (A, () :
q

ZET(N ¢
g = [ BT,
v

20m

where g = (q1,...,qn)-

Second case: Now p > 1 and f = — Zﬁ;é L,_nyu, — see section 1.d for the defi-
nition of the operators L,). We assume that wuy, ..., u,_; have the form described
by the Theorem 5.2. Let usfixn € {0...,p—1}and k, [ € {1..., N}. We consider
the action of k-th line of the system L(,_,) on the [-th term of u,. The resulting
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function can be written as a sum of terms of the form

+

(2) Cﬂlz/@za(hagz/ Yy <)‘7 C) gl<)‘c)l d\
'Y()\O"‘n) ()\ - )\0 - 77,) 0
with 01 + s —i1 —ia =p—n—o0, + 7, and
+Q)M7 ()

3 Fo o=/ G d
®) w00 = [ S e
— where D, («) denotes det M, (o) — and similar terms with the minus sign.

Evaluating the term (2) reduces to calculate (779" 02v,"(), ¢), hence with (3)
81782 i1 F\A-T,
¢ ¢ 2841822(O‘g+€) L

We get rid of the term (7 by the binomial expansion of (2 = (a + { — a()™.
Then we eliminate the powers of ( by integration by parts in a. The derivatives
with respect to « of the fractional part of (3)

d 1

dai a® D, (a)®
can be represented as rational fractions with a denominator of the form a® D (a)%.
Finally, the power of (a¢+() is equal to A — 7+ 1 + 2 — i1 — g, i. €. A =0, +p—n.
We change the contour of integration in the integral (2), replacing (Ao + n) by
V(Ao +n)+p—n= 7 +p).
Conclusion: In all situations, the interior right hand side f can be written as a sum
of terms

(4) d\

1 VI QAN
/ (A=Xg—p)

2im v(Xo+p)

with 7+ € Pg,_1[\] ® CV and V£ the diagonal matrix whose diagonal is
1 / Z; (N (.G a) b (o)

(5) ’U;'l':(/\7 C) = % o Di(a)‘b

do

with h* € Py, 4 may—1[\] @ CV.
In the last stage of the proof we construct a solution u, of (5.1) or (5.2).

Solution of the interior equation Mw = 0 : Using the rglations (2.7), we obtain for
the right hand side (4) the following solution in S~

— dA
2im (A — Ao — p)o

v(Xo+p)

with V£ the diagonal matrix whose diagonal is

) o 0 = / Zz (X ¢, Ga) Mi(a) "t h*(a)
TS < a®t Dy (o)

2w

da .

The form (6) coincides with (5.4) and we see that (7) has the form (5.5).
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Boundary conditions: We solve the equation Agu, = (f, g% g') by setting
U, =Uu+u

where u is the solution of Mwu = f we have just constructed and 4 is a solution of:

{ Mu = 0 in T

C'u = ¢o—C’u:=¢° on 0TI forj=0,1. (5-6)

It remains to prove that @ has the desired form. Using the spaces (1.5) we see that

@ =l,....3) with g e S)‘OJ“”*U{L(]RJr), h=1,...,m
Defining () as previously for Lemma 5.1 by
PN = @9 .. 0 bl L) with

. 0o . d
W = [T ) S for =1,

and applying Lemma 5.1, we obtain that

§ 1 _
=5 (diagr ) [ P )7H0,96) dA
v 7(Ao+p)
is a solution in S**P=7 of (5.6).
Using Theorem 4.4, we deduce that
1
i = (diag(r™)) / P FO) N (V) Pe(N) dA
2im 7(Ao+p)

With W () the matrix introduced in Definition 4.3 we see that

. 1 _

WO =5~ [ WO H N e dA
v v(Ao+p)

We can split @ into two terms @, and % _ defined as

WS Wi, O G (N

Y(Ao+p) (A =20 —p)®

dA

where wi are defined in Lemma 4.2, dy € N is large enough and %,"(\) is the

only polynomial in Pg,_1[A] such that the difference between the h-th component
of A (N Mpo(N) and 41 (N) x (A — Ao — p)~% is holomorphic inside (Ao + p).
Lemma 4.2 yields that @4 has the desired form. ]

31



REFERENCES

[1] S. AamoN, A. Doucuis, L. NIRENBERG. Estimates near the boundary for

solutions of elliptic partial differential equations satisfying general boundary
conditions II. Comm. Pure Appl. Math. 17 (1964) 35-92.

2] C. BERNARDI, G. RAUGEL. Méthodes d’éléments finis mixtes pour les

équations de Stokes et de Navier-Stokes dans un polygone non convexe. Calcolo
18 (3) (1981) 255-291.

[3] H. BLum, R. RANNACHER. On the boundary value problem for the bihar-
monic operator on domains with angular corners. Math. Mech. Appl. Sci. 2

(4) (1980) 556-581.

[4] S. L. CAMPBELL. Singular systems of differential equations. Research Notes
in Mathematics. Pitman, London 1980.

[5] M. COSTABEL, M. DAUGE. Stable asymptotics for elliptic systems on plane
domains with corners. In preparation.

(6] M. COSTABEL, M. DAUGE. General edge asymptotics of solutions of sec-
ond order elliptic boundary value problems II. Publications du Laboratoire
d’Analyse Numérique R91017, Université Paris VI 1991. To appear in Proc.
Royal Soc. Edinburgh.

[7] M. CoSTABEL, M. DAUGE. Edge asymptotics on a skew cylinder: complex

variable form. In Partial Differential Equations. Banach Center Publications,
Vol. 27, Warszawa, Poland 1992.

[8] M. CosTABEL, E. P. STEPHAN. The method of Mellin transformation for
boundary integral equations on curves with corners. In A. GERASOULIS,
R. VICHNEVETSKY, editors, Numerical Solutions of Singular Integral Equa-
tions, pages 95-102. IMACS, New Brunswick, N.J. 1984.

9] M. DAUGE. Elliptic Boundary Value Problems in Corner Domains — Smooth-
ness and Asymptotics of Solutions. Lecture Notes in Mathematics, Vol. 1341.
Springer-Verlag, Berlin 1988.

[10] M. DAUGE. Stationnary Stokes and Navier-Stokes systems on two- or three-
dimensional domains with corners I. SIAM J. Math. Anal. 20 (1) (1989) 74-97.

[11] I. GOHBERG, P. LANCASTER, L. RODMAN. Matriz polynomials. Computer
Science and Applied Mathematics. Academic Press, New York 1982.

[12] I. GOHBERG, E. SIGAL. An operator generalization of the logarithmic residue
theorem and the theorem of Rouché. Math. USSR Sbornik 13 (4) (1971) 603~
625.

[13] P. GRISVARD. Boundary Value Problems in Non-Smooth Domains. Pitman,
London 1985.

[14] P. GRISVARD. Singularités en élasticité. Arch. Rational Mech. Anal. 107 (2)
(1989) 157-180.

32



[15]

[20]

[21]

22]

23]

[24]

[25]

V. A. KONDRAT’EV. Boundary-value problems for elliptic equations in do-
mains with conical or angular points. Trans. Moscow Math. Soc. 16 (1967)
227-313.

D. LEGUILLON, E. SANCHEZ-PALENCIA. Computation of singular solutions
in elliptic problems and elasticity. RMA 5. Masson, Paris 1987.

R. S. LEHMAN. Developments at an analytic corner of solutions of elliptic
partial differential equations. J. Math. Mech. 8 (1959) 727-760.

R. Lozi. Résultats numériques de régularité du probleme de Stokes et du
laplacien itéré dans un polygone. RAIRO Analyse Numérique 12 (3) (1978)
267-282.

V. G. MAz’YA, B. A. PLAMENEVSKII. Estimates in LP and in Hélder classes
and the Miranda-Agmon maximum principle for solutions of elliptic boundary

value problems in domains with singular points on the boundary. Amer. Math.
Soc. Transl. (2) 123 (1984) 1-56.

V. G. MAzZ’yA, J. ROSSMANN. On a problem of Babuska (Stable asymptotics

of the solution to the Dirichlet problem for elliptic equations of second order in
domains with angular points). Math. Nachr. 155 (1992) 199-220.

S. NICAISE, A. M. SANDIG. Transmission problems on polygons. Preprint,
Lille - Rostock.

P. PApaDAKIS. Computational aspects of the determination of the stress inten-
sity factors for two-dimensional elasticity. Phd thesis, University of Maryland
1989.

A. M. SANDIG, U. RICHTER, R. SANDIG. The regularity of boundary value

problems for the Lamé equations in a polygonal domain. Rostock. Math. Kolloq.
36 (1989) 21-50.

J. B. SEIF. On the Green’s function for the biharmonic equation on an infinite
wedge. Trans. Amer. Math. Soc. 182 (1973) 241-260.

W. Wasow. Asymptotic development of the solution of Dirichlet’s problem at
analytic corners. Duke Math. J. 24 (1957) 47-56.

Address, IRMAR, Université de Rennes 1
Campus de Beaulieu, 35042 RENNES Cedex (FRANCE)

33



