MAXWELL EIGENMODES IN TENSOR PRODUCT DOMAINS

MARTIN COSTABEL AND MONIQUE DAUGE

ABSTRACT. We describe eigenpairs of the Maxwell system with normalized constant
coefficients in a tensor product three-dimensional domain. As an application, we find
eigenpairs in a cube, in a cylinder, and in a cylinder with a coaxial circular hole.
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2 MARTIN COSTABEL AND MONIQUE DAUGE
I. INTRODUCTION

Let ) be a domain in R3. Let ¢ and p are the electric permittivity and the magnetic
permeability of the material inside (2. We assume that the boundary of () represents
perfectly conducting or perfectly insulating walls:

(1.1) 00 = 00q U Ons,  00cg N OQins = 0,

where 04(? is the perfectly conducting part and 0,52 the perfectly insulating part.

The cavity resonator problem is to find the frequencies @ € R, and the non-zero
electromagnetic fields (E, H) € L*(Q)° such that

(

curl E — zw,uH =0 in €, (Faraday law)
curl H + icweE = 0 in €, (Ampere law)

(1.2) Exn=0 and H-n= 0, on 0fyq, (perfectconductorb.c.)
E-n=0 and Hxn= 0, on 0%, (perfectinsulatorb.c.)
diveE=0 and divpgH=0 in Q, (gauge conditions).

\

Here, as usual, n denotes the outward unit normal to J€2. The gauge conditions on the
divergence are a consequence of the first two equations if @ # 0. Nevertheless we look
for solutions of (L2) including o = 0. In the constant coefficient case and perfectly
conducting boundary, the occurence of @ = 0 happens if and only if the domain 2 is
topologically non-trivial, i.e. if €2 is not simply connected, or if OS2 is not connected, see
Propositions 3.14 & 3.18 in the reference [/1]].

Remark 1.1. (i) We consider here the situation with zero conductivity (case of the air or
of a dielectric material). Then € and y are real. Therefore, without restriction, the fields
E and H can be supposed real valued.

(ii) In presence of a non-zero conductivity, w should be searched in C, and the fields
would be complex valued.

Definition 1.2. The triples (w? E,H) solution of (L2) with (E,H) # 0 are called
Maxwell eigenmodes, @ is called eigenfrequency, w? eigenvalue and (E, H) eigenfield.

In sections 2 to @l of this paper, we consider the case when ¢ = ¢y and y = i in €.
We also in general assume that the perfectly conducting conditions are applied on the
whole boundary of €2, except when we explicitly mention it. Then (L2) reduces to

curl E — iw,uol:l =0 in €, (Faraday law)
(1.3) curl H + Zw&?oE =0 in €, (Ampere law)
’ Exn=0 and H-n= 0, on OS2, (perfect conductorb. c.)

diveE=0 and divpgH=0 in Q, (gauge conditions).
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We introduce the following normalization

(1.4) Kk = wy/eoptg (wave number), E = \/%é and H= /1 H.
Then (.3)) is transformed into

curlE —ikH =0 in
curl H 4+ txE =0 in
Exn=0 and H-n=0, on 09,
divE=0 and divH=0 in €.

(1.5)

Remark 1.3. (i) Stricto sensu, w is not the frequency but the “pulsation 1 1t corresponds
to the time dependency ¢ — exp(iwt). The associated period is 7" = 2;” The frequency
fisthen f = %, and is measured in Hz. Therefore

w=2nf
(ii) The constants €y and p satisfy
1
gopo = — (¢ speed of light).
c

We recall that jop = 471077 Wb A~ m~! and ¢ ~ 2.99792458 x 10® m/s. Hence the
relation between the wave number and the pulsation:

w=ck~3x10%k

This paper is organized as follows. In sections P and Bl we give formulas for the
normalized Maxwell eigenmodes (2, E, H) solution of the normalized equation (C3)
in the case when (2 has the tensor form w x I with w C R? and I C R, separating
the modes in TE and TM types. A sort of common type TEM appears when w is not
simply connected. We mention generalizations to special combinations of conducting
and insulating boundary conditions.

As an application of our formulas, we consider in section H the case when €2 is a cube
(or a parallelepiped), and in section Bl and [l the case when € is a cylinder. We bring
special attention to the case when the cylinder has a coaxial cylindrical hole. This serves
as a limit model for the situation of a cylindrical conductor body inside a cavity. Then
the TEM modes appear and are of special importance.

Finally, in sections[Zland [§ still in teh tensor product case, we investigate the variable
coefficient case, namely when ¢ is varying independently of the axial variable. Then
the TE and TM structures are no longer a valid Ansatz, in general. In replacement, we
obtain wave guide formulations.

I “pulsation” is the French word for “angular frequency”. We prefer “pulsation” because of possible
mixing up with angular Fourier transformation for axisymmetric domains!
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2. PRELIMINARY NOTIONS AND NOTATION
‘We recall that all functions are real valued.

2.1. Electric and magnetic formulations for the Maxwell spectrum. We first recall
the definition of the standard continuous spaces associated with Maxwell equations on
a domain  C R3: H(curl, Q) is the space of L*(Q) fields with curl in L*(2), while
Ho(curl, Q) is the subspace of H(curl, Q) with perfectly conducting electric bound-
ary conditions; H(div, Q) is the space of L?*(2) fields with divergence in L?(Q)) and
H(div, 2) the subspace of H(div, 2) with perfectly conducting magnetic boundary con-
ditions. We recall the formula for the curl in 3D:

Ooyug — O3y
curlu = 83u1 — 01U3 for u= (ul, U, Ug).
O1ug — Oy

Spaces associated with electric and magnetic variational formulations of problem (.3])
are

Xn(€2) := Ho(curl, Q) N H(div, ) and X¢(€2) := H(curl, ) N Hy(div, ) .

The electric variational formulation of (L3 is:

Find the eigenpairs (A = k?,u) with u # 0 and divu = 0 such that

(2.1) ue Xn(Q): /curlu curlv dx:A/u~vdx, Vv € Xn(),
Q Q

while the magnetic formulation is:

Find the eigenpairs (A = k?,u) with u # 0 and divu = 0 such that

(2.2) ue Xg(9): / curlu curlv dx = A/ u-vdx, YveXg(Q),
Q Q

We gather the equivalence results in the next lemma:

Lemma 2.1. (i) If (k, E, H) is a Maxwell eigenmode solution of (L3l with  # 0, then,
with A = k2, E is solution of @.1) and H is solution of @2)).

(i) If A # 0 and u is solution of @), then with k = VA, E =uand H = i curl E, we
obtain an eigenmode of (L3).

(i) If A # 0 and u is solution of @2), then with k = VA, H = uand E = —i curl H,
we obtain an eigenmode of (L3).

The situation x = 0 (still with the constraint that the fields are divergence free) occurs
when the domain is not simply connected, or if its boundary is not connected, see [l1]].

We investigate the electric boundary condition first. The case of the magnetic field is
considered later.
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2.2. Tensor product domain. Let Q2 C R3 be of tensor product form
(2.3) Q=wxI, wcR? IintervalinR.

We assume that w is a bounded Lipschitz domain. We note that the boundary of €2 is
connected. But, if w is not simply connected, the same holds for 2.

We denote Cartesian coordinates by
x = (21,29, x3) = (1, 23).
and, correspondingly, components by
u = (u, ug, uz) = (uy,us).
Likewise, the exterior unit normal n to 0f2 is written (n,,n3). On w x I, n; = 0 and

ng = +£1. On Jw x I, n  is the exterior unit normal to dw, n3 = 0, and the tangential
component of u; iIsu; X N = uing — UsNy.

The gradient and the Laplacian in the transverse plane are denoted by grad | and A :
grad, v = <gw) and A v =0{v+ djv.
X%
The vector and scalar curls in 2D are given by:

curl, v = ( 851) ) and curl; v = 0vy — Oy0;.

We have the formula

curl, us —Us2
2.4) curlu = +05 | ug
CLII"lJ_ u| 0

The electric boundary conditions u x n = 0 on 0f2 are equivalent to

u xn; =0 and uz3=0 on Jwx1I,

2:5) u =0 on wxal,

The interior partial differential equation satisfied by eigenpairs is the system:

(2.6) curlcurlu =Au in €.
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2.3. TE and TM modes. We start the investigation of the solutions of (L3)) in a tensor
product domain by introducing special Ansétze for the electric part:

Definition 2.2. For the electric part of an eigenmode let:
(1) a TE (Transverse Electric) mode be a solution u of @.1)) of the form

2.7) u(z., z5) = (C“rhO”W) w(zs),

with scalar functions v € H'(w) and w € L*(I).
(ii) a TM (Transverse Magnetic) mode be a solution u of 1)) of the form

rad | v(x 0
(2.8) u(zy,x3) = (g 0 ( )) dzw(w3) — <A¢U($L)) w(ws),

with scalar functions v € H' (w; A1) and w € H*(I).

As a straightforward consequence of the definitions we obtain:

Lemma 2.3. Ifuis a TE or a TM mode, it is divergence free: divu = 0 in ().

Remark 2.4. If w is not simply connected, there exist extended TE modes of the form

(2.9) u(ry,z3) = (curl;v(xﬁ) w(zs),

with v in the space ©(w) defined as follows, cf [[I]: Let w® be w \ X, where ¥ = U, %,
is a minimal set of cuts so that w°® is simply connected. Then

O(w) = {p € H'(w°)| [go}zl =const(l), [ =1,...,L}.

For ¢ € O(w), its curl | ¢ is its curl| in w®, considered as an element of L2 (w).

3. THE TE AND TM MODES IN A TENSOR PRODUCT DOMAIN

3.1. TE modes. Let u be a TE mode. We find that div u = 0 and, using 2.4)

rad | v(z,
curlu = ( 0 ) w(zs) + (g 0 ( )> Osw(xs),

curl; curl v(z,)

and next:

curl, curl, curl, v(z curl, v(z
curl curlu = < . lO Lol l)) w(xs) — < lO ( L)> Bzw(xs).
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Since curl, curl;, = —A,, we find that equation curl curl u = Au becomes

curl; Ajv(xy) curl v(z)\ B
G.D - ( 0 ) w(xs) — ( 0 ) dw(ws) =

Then we find that 3.1]) holds if v and w satisfy

(3.2) —Ajv=Xin w and —0iw=pw in I with A+ p=A.
Boundary conditions on the TE mode u are satisfied if, cf (Z.3)),

3.3) O,wv=0on dvw and w=0 on OI.

Thus we have found the following families of TE modes:

Lemma 3.1. Let ()\?e“, vj’-‘e”)j>0 be the sequence of eigenpairs of the Neumann problem
in w for the operator —A |, with \j* = 0 and vy® = 1. Let (,ug", w,‘iir)k>1 be the
sequence of eigenpairs of the Dirichlet problem in I for the operator —d2. Then, for all
j > 1,k >1, the field

neu

1, o" .
(3.4) ETE(x,,3) = (“O W) Wi (),

is a TE mode for problem @) associated with the eigenvalue AJTkE = N+ pdir,

3.2. TM modes. Let u be a TM mode. Using @2.4) we find

curl, v(x)) ) curl; A jv(z))
curlu = — < 0 ) Ow(xs) — < 0 ) w(zs)

and next

0 0
curlcurlu = — Dqw — w
curl, curl, v curl, curl; A v

rad, v rad, Ajv
_(g OL >8§’w—<g g . )83111.
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Since curl, curl;, = —A,, we find that equation curl curl u = Au becomes

0 0 grad, v grad, A v
3.5 drw + - dw — Osw =
o (Aﬂf) " (Ai?f)w ( 0 >3w ( 0 "
0 grad, v
—A +A dsw.

Then, like in the TE case, we find that (3.3]) holds if v and w satisfy
(3.6) —Av=XMin w and — 02w =pw in I with X+ p=A.
Concerning the boundary conditions, (Z.3)) yields

v = const. on each Jw or Ozw=0 in I,

(3.7 grad, v=0 in w or Osw =0 on OI,
Ajv=0 on Jw or w=0in [I.
Here, Ojw,l =1, ..., L, are the connected components of dw.

The conditions grad | v = 0 and w = 0 have to be discarded since they imply u = 0.
Therefore we should have 0;w = 0 on 91 and A ;v = 0 on Jw. The latter condition
implies that v = 0 on Ow in the case when A # 0. When \ = 0, the condition v = const.
on each Jyw is sufficient. Thus we can show that @G.6)-@B7) can be summarized as
follows: Either

with A#£0, A\ +p=A,

(3.8) —Ajv=M inw and v=0 on Jw
' —02w =pw in I and Osw =0 on OI

or

—Ajv=01in w and v = const oneach Jw )
(3.9) with p = A.

—02w=pw in I and dsw =0 on OI

Thus we have found the following families of TM modes:

Lemma 3.2. Let ()\d-ir Udir)j>1 be the sequence of eigenpairs of the Dirichlet problem

J 77
neu neu

in w for the operator —A . Let (uk , Wy be the sequence of eigenpairs of the

)kzo
Neumann problem in I for the operator —02, with ;i5** = 0 and wi® = 1. Then, for all
j>1 k>0, the field

grad | v¥"(z ) 0
3.10 ETM 7 — J O™ o . neu 7
(3.10)  E; (v, x3) ( 0 swp™ (x3) AL of(a,) wi™ (x3)
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is a TM mode for problem [2.1)) associated with the eigenvalue AJTkM = )\?” + .

e [f, moreover, Ow has more than one connected components (L > 2), there exist L — 1
independent harmonic potentials vltc’p, [ =1,...,L — 1 with constant traces on each
connected components of Ow. They generate the L — 1 families of TEM modes defined
foralll=1,....L—1andk > 1by

0 wi"(x3).

d, o |
(3.11) Eji™ (w1, 75) = (gra L (m)) di

Remark 3.3. (i) In @II) we have used that the derivatives dswj®" for £ > 1 are an
eigenvector basis for the Dirichlet problem on the interval /.

(ii) There exists potentials #;°° € ©O(w), cf Remark 24, such that for any | < L — 1,
there holds
top

(3.12) curl, " = grad | o]

Therefore for all £ > 1, the mode E;CEM is an extended TE mode. This is why it is called
a TEM mode.

3.3. Completeness. The aim of this section is to prove

Lemma 3.4. Let u € Xy(2) such that divu = 0. We assume that for all integers j > 1
andl € [1,L — 1]

(WES) =0 (Vk>1), (uEM =0 (Vk>0) and (uE;™) =0 (Vk>1).

Here (-, -) is the L? scalar product on ). Then u = (.

Proof. We first draw consequences from the orthogonality properties against the TM

modes: We fix j and k and set v = v{", w = wl® and integrate by parts:

J

0= /I/w u, (21, z3) grad, v(z, )dsw(zs) — us(wy, 23) A v(z )w(zs) de, drs
— /I/w —divy uy (21, 23) v(z ) )Osw(zs) — us(zy, x3) AL v(z) w(zs) do, das
B [[)83U3($L, z3) v(z1)Osw(xs) — us(xy, v3) Arv(z)w(zs) doydes

_ /I /w —us(x1, 73) 0(2.1)Pw(xs) — ug(zL, 75) Aoz )w(zs) drydrs,
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Here we have used that divu = 0, replacing div, u, by —0s3u3. Coming back to the
properties of v = vf" and w = wp* we find forall 7 > 1and k£ > 0

// ug(zy,x3) ()\‘;ir + uze”)v?"(xl)wge” (x3) dx dzs = 0.
IJw

Since AY" + ppe is never 0, we deduce that for all j > 1 and k > 0

// ug(z),x3) v?ir(xl)w,’;e“(xg) dz dzs = 0.
IJw

neu

The set v (z1 )wj (23) being a complete basis in L*(£2), we deduce that uz = 0.

Next, we use the orthogonality against the TE modes: for all ; > 1 and £ > 1 there
holds:

/w,‘iir(xg) / uy (zy,23) - curly 03 (r,) dv drz = 0.
1 w
Therefore, for all j > 1:

/UJ_(ZL'J_,ZIZ'g) ~curly v}*(r, ) dr; =0, Vaz el

We deduce that curl, u, (-, z3) is orthogonal to all v;-‘e“ for j > 1, which means that
curl; u, (-, x3) is constant with respect to ;. There exists a function z = z(z3) such
that

(%) curly u, (z,,x3) = z(x3).

Since divu = 0 and ug = 0, we have div; u; = 0. Besides, the orthogonality relations
against the TEM modes yields forall k > 1land ! < L — 1

/Iw,‘ii'(:cg) / uy (z,,23) - grad, v;°*(z,) dz dzz = 0.
We deduce that
/uL(xL,xg) -grad | v}®(z,)der; =0, Vaze€l,
from which we find that

/ UJ_'nJ_dO':O, lzl,,L
Oowy

Combined with div, u; = 0, this provides the existence of a potential y € L*(I, H'(w))
satisfying the Neumann boundary condition on dw such that

UJ_(I'J_a $3) = curl y(f’fl, $3)-
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With (x) we find
—Ajy(ry, w3) = 2(73).

Since y satisfies the homogeneous Neumann condition with respect to x|, this implies
that z(z3) = 0 for all x3. Finally we have obtained that u; = 0. O

3.4. Eigenmodes. Summarizing, we have proved:

Theorem 3.5. Let Q) = w x I. The eigenpairs @) of the Maxwell operator with electric
boundary conditions are the three families:

0

grad, v{"(z,) 0
E — 8 neu _ ) neu
jk < 0 3Wy, (25'3) AJ_'U;I"(:EJ_) Wk (25'3)

with AR = X"+, j>1, k>0,

rad | v/°P(z -
ETEM _ <g Lo <L>> wi(zs) with A =pf", 1<I<L—-1k>1

curl v“e“ T :
E]TkE — ( + ( L)> 2"(1’3) with AJTkE = )\;e“ +u2'r, 1>1, k>1,

0

See Lemma Bl and B2 for the definitions of Nj*, A3", psl", jupe", etc... All the associated
eigenvalues AIE, ATM and AJPM are non-zero.

Since the magnetic field H associated with the electric field E is given by

H=—— curlE,
2\/7

for any non-zero eigenvalue A, we deduce:

Corollary 3.6. Under the conditions of Theorem we set k = \/A. The associated
magnetic fields are given by

1 grad | vj*(z ) . 0 .
H'E = Dawi (13) — o k>,
Jk ,L'H;!'kE { ( 0 3Wy, (l’g) ALU;eu(.]}'l) Wy, ($3) J =

curl vd'r x
ij = —m]TkM < Lo l)> wpt(zs3) j>1, k>0,

0

KTEM 0

. top
HTEM 2 CllI'lJ_ (%) (LL’J_)
Ik

)&@W@)lglgL—LkEL
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Remark 3.7. (i) The electric fields in the pairs (E'5, H'F) are transverse to the axis s,
whilst in the pairs (E™, H™) the magnetic fields are transverse to the axis 3.

(ii) We notice that for all £ > 1, H;;CEM can also be written as

[curl v®(z})
HEM = ( Ol wpt(z3)

The expression above also makes sense for k£ = 0. The associated eigenvalue is 0 and
the corresponding electric field is 0. These eigenmodes are those produced by the 3D
topological non-triviality of §2. Note that for all £ > 1 we can write

K

TEM 1 [curl, v, (z,)
Ep = 0

) Oswp (z3).

Remark 3.8. If w contains holes, i.e. if TEM modes are present, they often contribute
the smallest positive eigenvalues. Let us make formulas for eigenvalues more explicit:
Let ¢ be the length of the inerval I and let us assume that w has one hole. Besides the
magnetostatic zero eigenvalue, we find

km

2
i k

14

2

and
2
AJEM = (7) (Vk > 1).

Then the smallest positive eigenvalue is either A{} or AT*M. If w is fixed and ¢ large
enough, A is smaller than A{Y', see also Remark 63

Remark 3.9. Similar results hold for mixed boundary conditions, i.e. when the perfectly
conducting or insulating parts 0€)q and 9€,s are chosen to be either dw x I or w x OI:

(i) Let us consider the case when
Og = 0w x 1T and 0 =w X OI.

Then, the essential boundary condition for the electric field E on w x OI is E3 = 0 and
the natural boundary condition is curl E x n = 0, reducing to 03E; = 0. Thus we find
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the three families of eigenfields:

curl; v (x
E]TkE — ( LOJ ( l)> wpt(z3) with 7 > 1, k>0,

rad, v9"(z . 0 .
E/M = (g L ”) Dawi" (x3) — ( " >wg"(x3), with j > 1, k> 1,
0 AJ_U]' (xJ_)

rad | v;°"(z
E;I];EM _ (g J_Ol ( J—)) wgeu(zg) with 1 SZSL—L k> 0.

associated with the eigenvalues ATF = A0 4 e, ATM = XIT 4 i and AJEM = ppe.

(ii) We set I = (0, ). Let us consider the case when
0N = (0w x I) U (w x {0}) and 0Q,s = w x {¢}.

The axial generators w;, can be described thanks to the eigenvectors wg‘ix, k > 1, of the
mixed problem in w:

—03w = pw, w(0)=0, dsw(l)=0.

We find

curl, v (x )
E]TkE — < + 0] ( l)) wp™(z3) with 7 > 1, k> 1,

rad, v9"(z . 0 .
EJTkM = (g L4 L>> 3w (x3) — (A dir ) Ozwp™(xz), with 7> 1, k> 1,
0 J_’Uj (SL’J_)

rad, v,°°(z .
Ej " = (g LOI ( l)> W (z5) with 1 <1< L—1, k> 1.

If w contains holes, TEM modes are present and contribute the smallest positive eigen-
2
value (Z)".

4. APPLICATION 1: MAXWELL EIGENVALUES OF THE CUBE

Let 2 be the cube (0, 7)3. We can apply Theorem B3 with w = (0, 7)% and I = (0, 7).
Since w is simply connected we have TE and TM modes only. Therefore the normalized
Maxwell eigenvalues are

Al i >1,k>1 and A4, j>1, k> 0.
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We have
pir = k2 k>1 and 0=k kE>0.
The Dirichlet eigenvalues on w are

K24+ k3, Ky ke > 1.

The non-zero Neumann eigenvalues are

k:f + k%, ki,ke >0, kyorky #0.
Therefore the TE eigenvalues are

k%+k§+k§, ki,ke >0, kyorky #0, k3> 1.

The TM eigenvalues are

k2 4+ ks 4+ k3, ki ke >1, k3 >0.
Therefore we have once

k? 4 k3 + k3, ki, ko, ks > 0 with only one index v € {1,2, 3} such that &k, =0,

and twice
k2 4+ k3 + k3, Ky ko, ks > 1.

The first eigenvalues are
2 (mult. 3), 3 (mult. 2), 5 (mult. 6), 6 (mult. 6), 8 (mult. 3),...

A larger multiplicity of 12 is attained for example for 14 = 1 + 4 4+ 9. But 12 is not the
maximal multiplicity (e.g. the multiplicity of 26 =25 +1+0 =16+ 9 + 1 is 18).

The Dirichlet eigenvectors on (0, 7) are ( +— sin k(, k > 1, and the Neumann eigen-
vectors are cos k(, k > 0. The components of the electric eigenvectors in the cube are
(sums of) products of two sin terms by one cos term.

For a rectangular parallelepiped
Q= (0,£1> X (O,£2> X (0,63),
we find the eigenvalues: Once

k\* | (Rar\* (k)"
2 ly s

Vky, ko, ks > 0 with only one index v € {1, 2,3} such that k, = 0,



MAXWELL EIGENMODES IN TENSOR PRODUCT DOMAINS 15

]{?17'(' 2 ]{7271' 2 ]{7371' 2
ES I (A IR B A R T S A
( 1 ) ( @ - b by >
Compare with the (slightly wrong) formulas in
http://scienceworld.wolfram.com/physics/ResonantCavity.htmll.

and twice

5. APPLICATION 2: MAXWELL EIGENVALUES IN A CYLINDER

We assume that, besides the assumption that {2 = wx I, the domain 2 is axisymmetric.
This implies that w is a disc, or a disc with a concentric hole. We investigate both
situations. Let R be the external radius of w and ry be its internal radius, with the
convention that ry = 0 corresponds to the case when w is a disc.

We use cylindrical coordinates (1,0, x3) € (9, R) x (0,2m) x 1. Setting @(r, 0, x3) =
u(z), we introduce cylindrical components (u,, ug, uz) of the field u = (uy, ug, us),

Uy, = Uy coSH + Ugsinf and wug = —1q sin 6 + 1y cosb.

Therefore, for a scalar function v, the radial and angular components of grad , v are 0,.v
and %891), and those of curl | v are %8921 and —0,.v. Thus the TE electromagnetic modes
given by Theorem B3 and Corollary Bl have the form (E, =H) with E and H given by

E, = 20pv(r,0) w(zs), H, = 0,v(r,0) Osw(xs3),
5.1 Ey = —0v(r,0)w(zs), and Hy = %8921(7“, 0) Ozw(x3),
E;=0 Hy = —%((r0,)* + 93)v(r, 0) w(xs),

while TM electromagnetic modes have the form (E, —ixH) with E and H given by

E, = 0,v(r,0) Osw(x3), H, = %8921(7“, 0) w(xs),
(5.2) Ey = 20pu(r, 0) Osw(x3), and Hy = —=0,v(r,0) w(xs),
By = —%((@)2 + 02)v(r, 0) w(xs), Hy=0

Definition 5.1. Let u be a scalar function, u € L*()) and let 1 the function defined
on (ro, R) x (0,2m) x I by u(r,0,z3) = u(x). For any n € Z, the angular Fourier
coefficient of order n of u is denoted by u™ and is defined as:

(5.3) u™(r, x3) (r,0,23)e ™ df, ro<r<R, z3€l.

)

Let u = (uy, ug, uz) be a vector field, u € L*(Q). For any n € Z, the angular Fourier
coefficient of order n of u are those of the scalar functions .., ug and us and denoted by
uy, uy and uy. See [2] for more details.


http://scienceworld.wolfram.com/physics/ResonantCavity.html
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The Fourier coefficients of a TE electromagnetic modes of the form (E, iH) are

Eln __in n(,,,.) W(l'g), Hn — a Un( )8310(3:3),
(5.4) E} = —8,4)"(7" w(zxz), and Hy = 20" (r) Osw(zs),
EY=0 H} = —%2((7"8,1)2 —nH)v"(r) w(xs),

and likewise for the TM modes of the form (E, —ixH):

" = 90" (r) dsw(ws), 2om(r) w(xs),
(55) Eg = n n( )83UJ(JJ3), and 8 ( ) (1’3),
E} = —T%((rar)Q —nH)o™(r) w(ws), H3 =0.

The Dirichlet and Neumann problems for A | in w are axisymmetric problems (the do-
main and the operators are invariant by rotation). Therefore, they commute with 0y and
share with 70y a common eigenvector basis. Therefore the eigenvectors of the Dirichlet
and Neumann problems in w can be classified according to their angular Fourier coeffi-
cient, and we obtain a similar classification for the TE and the TM modes: As a corollary
of Theorem B.3] we have

Corollary 5.2. Let w be a disc of radius R. For any n € 7, the TE modes of order n
have only their n-th Fourier coefficient non-zero: It has the form (&.4) with w Dirichlet
eigenvector on I and v" (non-constant) eigenvector of the problem

—z((rg,)? —n®)v"(r) = " in (0, R),
(5.6) v"(0)=0 if n#0, 00"(0)=0 if n=0,
0 v"(R) = 0.
Similarly the n-th Fourier coefficients of the TM modes are given by (3.3l with w Neu-
mann eigenvector on I with v™ eigenvector of the problem
2 ((r0,)? —n?)(r) = W in (0, R),
(5.7 v"(O) 0 zf n#0, 020"(0)=0 if n=0,
v"(R) =
When w has a hole, the new feature is the appearance of the TEM modes. Indeed, the
generator v'*°P can be defined as the function x +— logr. It is axisymmetric, therefore

the TEM modes are axisymmetric too. In connection with Remark B.3] we note that the
“conjugate” potential 9*P is the function x — 6. There holds, cf G.12):

top __ top _ __

(5.8) curl, %P = grad | v and curl, v

O O
O3 O
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‘We summarize our results for an annulus w:

Corollary 5.3. Let w be an annulus of interior radius o and exterior radius R. For any
n € Z, the TE modes of order n have only their n-th Fourier coefficient non-zero: It has
the form (B.4) with w Dirichlet eigenvector on I and v" (non-constant) eigenvector of
the problem

—5((rd,)? = n?)o"(r) = " in (1o, R),
(5.9) 8,1)”(7"0) =0,
8TUH(R> =0.

Similarly the n-th Fourier coefficients of the TM modes are given by (3.3l with w Neu-
mann eigenvector on I with v™ eigenvector of the problem

5 ((r0,)? = n?)v"(r) = A" in (1o, R),
(5.10) v"(ro) =0,
v"(R) = 0.

Besides, the family of TEM modes is axisymmetric and has the form (E, —ixH) with

ET(,) = %03’&U(£L'3), HS = 0,
(5.11) EJ =0, and HY = —Lw(zs),
EY =0, H) =0

with w Neumann eigenvector on I associated with the eigenvalue k*. For k = 0, the

TEM mode is (E,H) = (0,H) withH= (01 0)".

Remark 5.4. As ry tends to 0, the Dirichlet and Neumann eigenmodes of the annulus
tend to the Dirichlet and Neumann eigenvalues of the disc of same radius. Hence the TE
and TM modes of the cylinder with hole tend to the TE and TM modes of the cylinder
without hole. In contrast, the TEM modes do not depend on 7, as long as ry # 0, but
disappear at the limit when ry = 0. This fact has a practical importance when thin
conductor wires are present.

6. APPENDIX: DIRICHLET AND NEUMANN EIGENVALUES IN A DISC

Let w be the disc of radius R. The Dirichlet and Neumann eigenvalues for —A in w
can be determined by the solution of problems (&.6) and (57). This is based on Bessel
functions of the first kind .J,,(z), with the same n as in (&.6) and (&7). The function J,,
is the solution of the differential equation

22+ xy + (x2 _ nz)y — 0,

which is bounded in x = 0. Moreover, Jy(0) = 1 and J/(0) = 0, and J,,(0) = O(z").
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Lemma 6.1 ([3]]). (i) Let zgi&- be the positive zeros of of J,,. The eigenvalues of B.) are

dir \ 2
6.1) Adir (@) n>0, j>1.
’[’L’] R ) — ) —

and the corresponding eigenvector is v — Jy, (235 %).

(ii) Let z)%' be the positive zeros of of J),. The non-zero eigenvalues of (5.6 are

neu 2
(6.2) A;‘;;:(g), n>0, j>1.

eur”r

and the corresponding eigenvector is v +— J; (275 %)

We give in the next table values for the first three zeros zg'; and z;%' forn = 0,1,2.

We use the relation .J,_1 — J,1 = 2.J), to compute Zpes - Since J_; = —Jj, there holds
2 =" Vi>1
RS
2.4048 3.8317 5.1356 3.8317 1.8412 3.0542
5.5201 7.0156 8.4172 7.0156 5.3314 6.7061

8.6537 10.173 11.620 10.173 8.5363 9.9695

TABLE 1. The first three zeros of Jy, Ji, Jo, Ji, Ji, J3.

Corollary 6.2. (i) Let Q2 be a cylinder of radius R and length (. Let n € Z. The TE
modes with angular order n are associated with the eigenvalues

6.3) oy 2+ AN i>1, k>1
( . R 7 ) J=1L - &
The TM modes with angular order n are associated with the eigenvalues
6.4 —d — > 1, k> 0.

(1) Let €2 be a cylinder of radius R and length (, with a coaxial circular hole of diameter
ro < R. The TE and TM eigenvalues tend to those of the cylinder without hole as rqo — 0.
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Moreover, the TEM modes have their angular order equal to 0 and are associated with
the eigenvalues (which are independent of R and ry):

2
(6.5) (k%) . k>0,

Remark 6.3. Let €2 be a cylinder of radius R and length ¢, with a coaxial circular hole of
diameter ry < R. (i) If r( is small enough and

(6.6) (>R e (>L13064R,
0,1

the smallest positive Maxwell eigenvalue in €2 corresponds to a TEM mode. The relation
between the frequency f (see Introduction, §Il) and the first non-zero TEM mode is then

which means that / is the half-wave length.
(ii) In case (ii) of Remark 3.9 i.e. when

0Ny = (0w x I) U (w x {0}) and 0, = w x {{}.

the smallest positive Maxwell eigenvalue in ) always corresponds to a TEM mode,
associated with the frequency f such that

which means that ¢ is the quarter-wave length.

7. EXTENSION TO NONCONSTANT ELECTRIC PERMITTIVITY

Let us consider the original Maxwell system (L3]) again. We still assume that the
magnetic permeability y is equal to 1 in the whole domain 2. But we allow now that
the electric permittivity € may vary in {2. We set

€ = Erel€0, Erel = 1.
We consider domains (2 in the tensor product form w x I. We assume that
(71) 8rel(l’) = <C:rel(xJ_)a Erel € Loo(w)’

like in wave guides or optic fibers. Then the splitting of eigenvectors between TE, TM
and TEM does not hold any more (at least not in the form given by Theorem and

Corollary B.6).
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The splitting of the spectrum according to frequencies with respect to the axial vari-
able x3 remains possible, as we will see. We are going to investigate the magnetic field
H, taking advantage of its local regularity even if € is not continuous.

We consider the same normalization as in the introduction. Then, instead of (L3) we
have

curlE —ikH =0 in
72) curl H + ike, o E =0 in €,
) Exn=0 and H-n=0, on 0f),

dive,qE=0 and divH=0 in €.

The magnetic variational formulation becomes, instead of [Z.2):
Find the eigenpairs (A = k?,u) with u # 0 and divu = 0 such that
1 / / /
(7.3)  ueX(): — curlu curlu"dx =A [ u-u dx, Vu' € X:(Q),
Q Evrel Q

To simplify notations, let us assume that

(7.4) I=(0,m)

Note that, in the constant material case, considering the Maxwell eigenmodes from the
magnetic point of view, we can reformulate the magnetic part of eigenmodes given in
Corollary B.@in the following way

k grad, v"(z ) cos(kx
(7.5) HTkE _ grad  v; ( J_)' (kx3) i1 k>,
! —A v (zy) sin(krs)
curl, v9"(z ) cos(kzx
curl, v"°P(z,) cos(kx
an H;EM:< Lo} <OL> ( 3>> Lcl<l-1 k>0

We are going to prove that we still have a similar structure with respect to the axial
variable zs.

Theorem 7.1. With the assumptions (1)) and L), the magnetic eigenmodes solution
of @A) can be written as

k oAk
(Hj’Aj)jzl,kzo
with
vE (z) cos(kx
(78) Hf: J];,]( J_) ' ( 3) .
vs ;(x1) sin(kxs)
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Here, for all k € N, vg? = (Vlim 'U]?ij) and Af are the the eigenvectors and eigenvalues
of the problem:

Findv = (v ,v3) # 0and A € Rwith div, v, + kvs = 0 such that

(7.9) v, € X1(w), v3 € H'(w) :

1
/ { curly v curl; v, + (grad, vs + kv,) - (grad, v§ + kv')) } dx
Erel

= A/v-v’ dx, W € X7(w) x H'(w).

Proof. Solutions of (Z3) satisfy on w x {0} the essential boundary condition u3 = 0,
and the natural boundary condition i curlu x e = 0. Since u3 = 0 on w x {0},
O1us and Oyug are also 0 on w X {O} and the natural boundary condition implies that
O3u; = O3us = 0 on w x {0}. Therefore, defining the extension

GJ_(I’J_, —1’3) = UJ_(ZL’J_,ZL’g) and ﬁg(l’J_, —1'3) = —U3(I’J_,l’3), \V/l'g c (0,71')

we obtain an element u € Xt(w X (—m, 7)) which satisfies divu = 0 and is solution
of (Z3) on the extended domain w x (—7, 7). Moreover, u(z,, —7) = u(x, ) and
Osu(xy,—m) = Osu(x,7) for all z; € w. We deduce that u is solution of (Z3) on
the domain Xt(w x T) where T = R/27Z. Since the coefficient £, does not depend
on x3, the underlying Maxwell operator commutes with 0;. Therefore the spectrum of
problem [Z3)) can be decomposed according to the eigenvectors of 93 on T, which are
the functions x5 — %3k € Z.

For any positive integer k, we notice that if (v, (1), v3(z1))e’*** is solution of [Z3)
on the domain Xt(w x T), then (v, (z 1), —vs(z1))e™"**s is also solution of the same
problem. Therefore, their sum is also solution of the same problem. Moreover this sum
has the form (Z8)) and satisfies the boundary conditions (perfectly conducting wallsﬂ of
the space X+(€2). Conversely this sum is, up to a multiplicative constant, the only linear
combination of (v (1), vs(x))e™ and (v (1), —vs(z1))e*** which satisfies the
boundary conditions of the space X1(£2).

Calculating

1
— curlu curlu’ dx
Q Erel

. (v(xl) cos(kx3)> nd o — (v’($¢) cos(kx3)>

for

v3(x ) sin(kxs) vi(xy) sin(kxs)

2Considering the difference instead the sum, we would find the perfectly insulating boundary conditions
onw x OI.
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we find

1
/—{curlle curl | v/, + (curllvg—i-kvL ><e3) . (curlLvé—H{:vl X eg)}dx
wgrel

which coincides with

1
/—{curlLvl curl | v/, + (gradlvg+kVL) : (gradlvg +le)}dx-
w Erel

O

Remark 7.2. For k = 0, problem (Z.9)) reduces to two uncoupled problems: The magnetic
2D Maxwell eigenvalue problem in w for v, and the Neumann eigenvalue problem for
—A in w for vs. This last problem does no yield any non-trivial solution of (Z.9)) since
for £ = 0, the third component in the Ansatz (Z8)) is zero. Moreover, we can show
that the solutions of the magnetic 2D Maxwell eigenvalue problem in w are the pairs

(curly v§", A9"), j > 1, with the eigenpairs (v, \{") of the problem
(7.10) —Av=Xev in w, veEH(w).

Thus we have found for £ = 0 one family of TM modes:

dir
HIM — <C“rli gj (:@) j> 1.

Remark 7.3. (i) The bilinear form a;, of problem (Z.9)) can be regularized by

/L{(dival+kvg)(divlvl—|—k‘vg)}dx.

Erel

Let by be the corresponding regularized bilinear form:

1
(7.11)  bi(v,v') = / —{curll v, curl; v/|
w Erel

+ (grad, vs + kv,) - (grad, v} + kv )
+ (divle+kv3)(diva’l+kv§)}dx.

(ii) If £,¢ 1s constant, we can show that

1
(7.12) by(v,Vv') = - / curl; v, curl, v/, + grad v3 - grad, v}
re w

+divy v, div, v + k2(V¢ V| + v3vs) dx.



MAXWELL EIGENMODES IN TENSOR PRODUCT DOMAINS 23

(iii) If Ow is not connected, let v*°P be a non-zero harmonic potential with constant traces
on each connected component of dw. For v defined by v, = curl, v*P and v3 = 0, we
find div| v, + kvs = 0 for all k and

1
(7.13) /€_| {curlLvl curl; v/, + (grad, vs +kv,) - (grad, v} + k:vl)}dx
1
=k | —v-Vvdx
w Erel
The corresponding magnetic field is, compare with (Z.7))

(curlL VP (z ) cos(kx3)>
0 :

It is divergence free and its Rayleigh quotient is < k2. Nevertheless, it is not an eigen-
vector of problem (Z3)), in general: Indeed we have

rad , v*°P(z ) sin(kzx
curl{_:L curl H = —k curl Ei (g + (OL) ( 3)) .
rel rel

8. AXISYMMETRIC NONCONSTANT ELECTRIC PERMITTIVITY

We consider now the case when w is a disc or an annulus, and the situation where
Erel(T 1) = €ra(T), 1.€. €1 depends on the radial variable only. Then we can combine the
above decomposition into wave-guide problems indexed by k (Theorem [Z]]) with the
angular Fourier transformation (Definition B.TJ).

We recall first the expression of grad, curl and div operators in cylindrical coordi-
nates and components: For a scalar function v

(gradv), = 0,v,
(8.1 (gradv)y = 20yv,
(grad v); = 050,

and for a vector function v,

(curlv), = %891)3 — O304,
(8.2) (curlv)y = d3v, — O,vs,

(curlv)s = 0,vp + %U@ — %89%,
and

(8.3) divv = d,v, 4 v, + L9gvp + D3vs.
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Let us now write the bilinear form b, (ZI1]) with respect to the cylindrical coordintates
v, Vg and vs of v:

1
(8.4) bi(v,Vv) :/(€ |

+ (&vg + l{:vr) (&vg + l{:v;) + (%891)3 + kvg) (%891){), + l{:vé)
+ (8rvr + Lu, + 2059 + kus) (0,v] + Lul + L0pv) + kvg)} dx.

{(8 vy + Ug — 89%) (&Ué + %v{, — %891)7’0)

Therefore, the contribution of angular Fourier modes of order n is

(85) bn(vv,)_/R 1 {(a'u + U _in n)(a,u 1/n+i_n@/n)
. kY - € el 0 [% r ror

0o

+ (0,08 + ko) (0,05 + k™) + (208 + kuy) ( — 205 + kvg?)
+ (0,0 4+ 2o7 + Zop + kol (9,0 + Lot — 2y + koj )} rdr.

It is a priori not possible to prove any monotonicity property with respect to k or n:
Integrating by parts the mixed terms containing &k or n allows to eliminate them in the
case when ¢, is constant, and not otherwise. The simplification which subsists is the
uncoupling between vy and (v,., v3) when n = 0:

R
8.6) b (v,v) :/ 51 {(8 vy + 209) (9,09 + L) + k*vjoy
rel

L]

+ (0,08 + kv?) (0,08 + k)
+ (8,02 + 200 + ko) (0,00 + Lo + koy) } rdr.

Remark 8.1. (i) The Rayleigh quotient of “pseudo-TEM” modes (cf @&IT))

HTEM — %

is equal to kz(fRiﬁ)(fRd—")_l.

TO Erel T TO T
(ii) The boundary conditions associated with the axisymmetric magnetic problem (i.e.
n = () are

hg=0 on z=0,m, 8Th9+%h920 on r=ryR
h.,h3 =0 on z=0,m, h.,h3 =0 on r=ry R.
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