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MAGNETIC LAPLACIAN IN SHARP THREE-DIMENSIONAL CONES

VIRGINIE BONNAILLIE-NO EL, MONIQUE DAUGE, NICOLAS POPOFF,
AND NICOLAS RAYMOND

ABSTRACT. The core result of this paper is an upper bound for the gratze energy
of the magnetic Laplacian with constant magnetic field onesatinat are contained in a
half-space. This bound involves a weighted norm of the mtigfield related to moments
on a plane section of the cone. When the cone is sharp, i.en itghsection is small, this
upper bound tends 1. A lower bound on the essential spectrum is proved for famili
of sharp cones, implying that if the section is small enoughdround state energy is an
eigenvalue. This circumstance produces corner concamntiatthe semi-classical limit for
the magnetic Schrodinger operator when such sharp coeésvatved.

1. INTRODUCTION

1.1. Motivation. The onset of supraconductivity in presence of an intensenetagfield

in a body occupying a domaif is related to the lowest eigenvalues of “semiclassical”
magnetic Laplacians i€ with natural boundary condition (see for instandé,[9, 10]),
and its localization is connected with the localizationtad torresponding eigenfunctions.

The semiclassical expansion of the first eigenvalues of Newnmagnetic Laplacians
has been addressed in numerous papers, considering domstemiable magnetic field.
In order to introduce our present study, it is sufficient tecdiss the case of @nstant
magnetic fieldB and of a simply connected domdin

For any chose > 0, let us denote by, (B, (2) the first eigenvalue of the magnetic
Laplacian(—ihV + A)? with Neumann boundary conditions. HeReis any associated
potential (i.e., such thatirl A = B). The following facts are proved in dimension

i) The eigenmodes associated WitfB, 2) localize near the boundary as— 0, see
[11].
i) For a smooth boundary, these eigenmodes concentrate ree@oitfits of maximal
curvature, seef].
iii) In presence of corners for a polygonal domain, these eigdemimcalize near acute
corners (i.e. of opening 7), see P, 3].

Resultsi) andiii) rely on the investigation of the collection of the groundistanergies
E(B,II,) of the associatetingent problemsi.e., the magnetic Laplacians far = 1
with the same magnetic fielB, posed on the (dilation invariant) tangent domdihsat
each pointx of the closure of). The tangent domaikl, is the full spaceR? if x is an
interior point, the half-spac®? if x belongs to a smooth part of the boundaxy, and
a sectorS if x is a corner of a polygonal domain. The reason ijois the inequality

E(B,R%) < E(B,R?) and the reason faii) is that the ground state energy associated
1
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with an acute secta$ is less than that of the half-plafi€.. Beyond this result, there also
holds the small angle asymptotics (s€e Theorem 1.1]), withS,, the sector of opening
anglea,

o
1.1 E(B,S,) = ||B|—= + O(a?).
(1.1) (B,S.) = [1B] 7 ()
Asymptotic formulas for the first eigenvalug (B, (2) are established in various configu-
rations (mainly in situations) andiii) ) and the first term is always given by

(1.2) lim (B, ) = inf F(B,1ly).
h—0 h xeQ)

As far as three-dimensional domains are concerned, in ttenteontribution 4] for-
mula (L.2) is proved to be still valid in a general class of corner damador which tangent
domains at the boundary are either half-planes, infiniteg@e@r genuine infinite 3D cones
with polygonal sections. Various convergence rates aregaroThus the analysis of the
Schrodinger operator with constant magnetic field on gamemnes is crucial to exhibit the
main term of the expansion of the ground energy of the magheaplacian in any corner
domain. As in 2D, the interior cadé, = R? (x € ) is explicit, and the half-space is
rather well known (seelf, 127]). The case of wedges has been more recently addressed in
[17, 18, 19.

When the infimum is reached at a corner, a better upper boung (&, (2) can be
proved as soon as the bottom of the spectrum of the corresmgptehgent operator is
discrete §}, Theorem 9.1]. If, moreover, this infimum is attairectorners onlythe corner
concentration holds for associated eigenvectérSection 12.1]. So the main motivation
of the present paper is to investigate 3D cones in order tcsfiffecient conditions ensuring
positive answers to the following questions:

(Q1) A 3D conell being given, does the enerdy B, 11) correspond to a discrete eigen-
value for the associated magnetic Laplacian?

(Q2) A corner domaiif2 C R? being given, is the infimum inl(2) reached at a corner, or
at corners only?

In [16], positive answers are given to these questions Whena cuboid (so that the 3D
tangent cones are octants), under some geometrical hygastioe the orientation of the
magnetic field. In$]-[6], the case ofight circular coneg(that we denote here [} with
« its opening) is investigated: a full asymptotics is provadrting as

3

42
whereg is the angle between the magnetic fiBldnd the axis of the cone. When combined
with a positivea-independent lower bound of the essential spectrum, suelsymptotics
guarantees that far small enoughF (B, C:) is an eigenvalue, providing positive answer
to Question (Q1).

The aim of this paper is to deal with more general cones, édpewith polygonal sec-
tion. We are going to prove an upper bound that has similar clarsiits as the asymp-
totical term in (.3). We will also prove that there exist eigenvalues below tbeeatial

(1.3) E(B,C2) = ||B|[y/1 + sin® 8 +0(a?),
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spectrum as soon as the conslimrpenough, and therefore provide sufficient conditions
for a positive answer to Question (Q1).

One of the main new difficulties is that the essential spectstrongly depends on the
dihedral angles of the cones, and that, if these angles gal, she essential spectrum may
go to0 by virtue of the upper bound

«

1.4 E(B,W,) < ||B||—= + O(c?),

(1.4) ( ) < [IB]] 7 ()
where« is the opening of the wedgd/,,. Here the magnetic fielB is assumed either to
be contained in the bisector plane of the wedge ($&eHroposition 7.6]), or to be tangent
to a face of the wedge (se&q, Section 5]). The outcome of the present study is that
eigenvalues will appear under the essential spectrum &pstones that do not have sharp
edges.

Obviously, (L.4) may also be an obstruction to a positive answer to Quesfah (Com-
bining our upper bound for sharp cones with the positivity Hre continuity of the ground
energy on wedges, we will deduce that a domain that has a sbampr gives a positive
answer to (Q2), provided the opening of its edges remainadded from below. We will
also exhibit such a domain by an explicit construction.

Finally, we can mention that that there exist in the literatuarious works dealing
with spectral problems involving conical domains: Let ustguamong others the)*
interaction” Schrodinger operator, sed,[and the Robin Laplacian, se&é4. We find
out that the latter problem shares many common featuregigtmagnetic Laplacian, and
will describe some of these analogies in the last sectiomopaper.

1.2. Main results. Let us provide now the framework and the main results of opepa
We will consider cones defined through a plane section.

Definition 1.1. Letw be a bounded and connected open subs&tofWe define the cone
C, by

(15) Cw = {X = (Xl,Xg,X?,) < R3 : x3 > 0 and <ﬁ, X—Z) c w} .

X3 X3

Let B = (B, By, B3)T be a constant magnetic field aAdbe an associated linear mag-
netic potential, i.e., such thatirl A = B. We consider the quadratic form

A CJtw) = [ 1=V + Ayl dx

defined on the form domaibom(¢[A,C,]) = {u € L?(C,): (—iV + A)u € L*(C,)}.
We denote byH (A, C,,) the Friedrichs extension of this quadratic form. If the doma
is regular enough (for exampledf is a bounded polygonal domair#,(A, C,,) coincides
with the Neumann realization of the magnetic Laplaciar®gnvith the magnetic fieldB.
By gauge invariance the spectrum@fA, C,) depends only on the magnetic fidBdand
not on the magnetic potentidl that isa priori assumed to be linear. Fare N, we define
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E,.(B,C,) as then-th Rayleigh quotient ot/ (A, C,,):

A C,
(1.6) E.(B,C,) = sup inf M
UL,..cytn—1EDom(q[A,Cu]) u€lur,...,un—1]+ HUHLQ(CW)
u€Dom(q[A,Cu])

Forn = 1, we shorten the notation b¥(B, C,,) that is the ground state energy of the
magnetic Laplaciai! (A, C,,).

1.2.1. Upper bound for the first Rayleigh quotien®ur first result states an upper bound
for E,, (B, C,) valid for any sectionw.

Theorem 1.2. Letw be an open bounded subseffgfand B be a constant magnetic field.
We define, fok = 0, 1, 2, the normalized moments (herg denotes the measure ©j

1
) k. 2—k
my = X1X5 " dxy dxs.

Then-th Rayleigh quotient satisfies the upper bound
@a.7) E.(B,C,) < (4n — 1)e(B,w),
wheree(B, w) is the positive constant defined by

2
9MoMmsa — Ty

1/2
(18) e(B,w) = <B3 + B%mg + B%mo - QBlBgml) .

mg + Mo
Lemma 1.3. There holds

i) The applicationB — ¢(B,w) is anw-dependent norm oR>.

ii) The application(B,w) — ¢(B,w) is homogeneous:
(1.9) e(B,w) = [w|"?||B|| e(b, @) with b= i o=

| | o [
Remarkl.4. a) Although the quantity(B, w) is independent of the choice of the Cartesian
coordinategx;, x») in the planex; = 0, it strongly depends on the choice of the“axis”
defining this plane. Indeed, if a cofecontained in a half-space is given, there are many
different choices possible for coordinates, x,, x3) so thatC can be represented &k ).
To each choice of the; axis corresponds a distinct definitionwof For instance, lef be a
circular cone. If thex; axis is chosen as the axis of the cone, thas a disc. Any different
choice of the axis; yields an ellipse fow and the corresponding quantityB, w) would
be larger.

b) Whenw is the disc of centef0, 0) and radiugan §, the coneC,, equals the circular
coneC; of openinga considered in§]-[6]. Then we find that(B, w) coincides with the
first term of the asymptoticsl(3) modulo O(a?), which proves that our upper bound is
sharp in this case (see Secti®2.1below).
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1.2.2. Convergence of the bottom of essential spectrBythe min-max principle, the
quantity £, (B, C,), defined in (.6), is either then-th eigenvalue of{ (A, C,,), or the bot-
tom of the essential spectrum denotedi)y. (B, C,).

The second step of our investigation is then to determinebtittom of the essential
spectrum. We assume thatis a bounded polygonal domain &?. This means that the
boundary ofw is a finite union of smooth arcs (the sides) and that the taesgentwo
neighboring sides at their common end (a vertex) are noheati Then the set, N S?
called the section of the cortg, is a polygonal domain of the sphere that has the same
properties. For anp € C, N S?, we denote byll, C R? the tangent cone t6, at p.
More details about the precise definition of a tangent conébegfound in AppendiA or
[4, Section 3]. Let us now describe the naturdigfaccording to the location gf in the
section ofC,,:

(a) If p belongs ta’, N S?, i.e. is an interior point, thefl, = R3.

(b) If p belongs to the regular part of the boundaryein S? (that is if p is in the interior
of a side ofC,, N S?), thenlI,, is a half-space.

(c) If pis avertex of’,, N'S* of openingd, thenll, is a wedge of opening.

The condl, is called a tangent substructurelbf The ground state energy of the magnetic
Laplacian oril, with magnetic fieldB is well defined and still denoted by(B, 11,,). Let
us introduce the infimum of the ground state energies on tigeta substructures 6f,:

(1.10) &*(B,C,) ;= inf FE(B,II,).

peC,nS?

Then {4, Theorem 6.6] yields that the bottom of the essential spect.. (B, C,) of the
operatorH (A, C,,) is given by this quantity:
(1.11) E.(B,C,) = &*(B,C,).
Now we take the view point of small angle asymptotics, lik¢lirl), (1.3), and (.4). But
for general 3D cones there is no obvious notion of small anglEhat is why we introduce
families of sharp cones for which the plane sectiois scaled by a small parameter- 0.
More precisely,w C R? being given, we define the dilated domain
(1.12) we :=ew, ¢€>0,
and consider the family of con€s_ parametrized byl(.12, ase — 0. The homogeneity
(1.9 of the bound:(B, w) implies immediately
(1.13) e(B,w.) =¢(B,w)e.
Thus the boundl(.7) implies that the Rayleigh quotienis, (B, C,,.) tend to0 ase — 0.

To determine the asymptotic behavior Bf;(B,C,.) asc — 0, we introduces as the
cylinderw x R and define the infimum of ground energies

&(B,%) = inf E(B, My y)),
x' €w
where, forx in the closure ofy, II, denotes the tangent conedoat x. We note that, by
translation invariance along the third coordinaféB, ) is also the infimum of ground

energies whes varies in the whole cylindep.
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Proposition 1.5. Letw be a bounded polygonal domain Bf, andw,. defined by(1.12).
Then

lim Ees(B,C...) = £(B,D) > 0.

Taking (L.13 into account, as a direct consequence of Thedrétand Proposition..5,
we deduce:

Corollary 1.6. Letw be a bounded polygonal domainkf andB be a constant magnetic
field. Foralln > 1, for all € > 0, there holds

E.(B,C,.) < (4n —1)e(B,w)e.
In particular, for e small enough, there exists an eigenvalue below the eskspéatrum.

Remarkl.7. Itis far from being clear whethdrn — 1)e(B, w)e can be the first term of an
eigenvalue asymptotics, like this is the case for circuteres as proved irb]-[6].

1.2.3. Corner concentration in the semiclassical framewoklet 2 ¢ R? be a bounded
simply connected corner domain in the sense of Definkidh(see i, Section 3] for more
details). We denote by, (A, 2) the Neumann realization of the Schrodinger operator
(—ihV + A)? on Q with magnetic potentiaA and semiclassical parameter Due to
gauge invariance, its eigenvalues depend on the magndtcHie= curl A, and not on
the potentialA, whereas the eigenfunctions do dependdoiWe are interested in the first
eigenvalue\, (B, Q2) of H,(A,2) and in associated normalized eigenveeipfA, 2).

Let us briefly recall some of the results of][ restricting the discussion to the case
when themagnetic field is constan{andA linear) for simplicity of exposition. To each
pointx € Q is associated with a dilation invariant, tangent openikgtaccording to the
following cases:

(1) If xis an interior point]I, = R3,

(2) If x belongs to dacef (i.e., a connected component of the smooth pa@f, 11,
is a half-space,

(3) If x belongs to aredgee, 11, is an infinite wedge,

(4) If x is avertexv, II, is an infinite cone.

Thelocal energyE(B,11,) at x is defined as the ground energy of the tangent operator
H(A,II,) and thelowest local energys written as

(1.14) &(B,Q) := inf E(B, II,).

xe)

Then |4, Theorem 5.1 & 9.1] provides the general asymptotical bsund
(1.15) Au(B,Q) — h&(B, Q) < CAMY as h—0.

Let F..(B,1I,) be the bottom of the essential spectrumFfA, I1,). If there exists a
vertexv of () such that

(1.16) &(B,Q) = E(B,11,) < Ex(B,11,),
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then there holds the improved upper boundB, Q) < h&(B,Q) + C h*?|logh|, see
[4, Theorem 9.1 (d)]. Finally, if the lowest local energy isaated at vertices only, in the
following strong sense (hef8 is the set of vertices d)
(1.17) &(B,Q) < inf E(B,Il),

xeQ\Y
the first eigenvalua, (B, 2) has an asymptotic expansion/as+ 0 ensuring the improved
bounds

(1.18) M(B,Q) — h&(B, Q)| <Ch¥? as h—0,

and, moreover, the corresponding eigenfunction condesstraear the verticassuch that
£ (B, Q) = E(B,II,). Thisis an immediate adaptation G} fo the 3D case, seé€[Section
12.1]. In this framework, our result is now

Proposition 1.8. Letw be a bounded polygonal domainkt, andw, defined by(1.12).

a) Let((e))_ be a family of 3D corner domains such that
i) One of the vertices(e) of Q(¢) satisfiedl, ) = C..,
ii) The edge openings, of all domaing2(¢) satisfy the uniform bounds

(2.19) Bo < ax <21 — [y, Vxedge point of)(e), Ve > 0,

with a positive constant,.
Then conditior(1.17) is satisfied for small enough.
b) Families(€2(¢))_ satisfying the above assumptions i) and ii) do exist.

1.2.4. Outline of the paper.The paper is organized as follows: Secti@r8 are devoted to
the proof of Theorem..2 To get an upper bound df,,(B, C,,), we introduce in Sectio a
reduced operator on the half-line, depending on the chogsxa> 0, and introduce test
functions for the reduced Rayleigh quotients. Then, iniBe@, we optimize the choice
of the magnetic potentiaA in order to minimize the reduced Rayleigh quotients. The
obtained upper bounds are explicitly computed in some elestife discs and rectangles.
In Sectiord, we focus on the essential spectrum for a sharp €gneith polygonal section
and prove Propositiod.1that is a stronger form of Propositidn5. Section5 is devoted

to the proof of Propositiori.8 that provides cases of corner concentration for the first
eigenvectors of the semiclassical magnetic Laplacian. dielade the paper in Sectid@n

by a comparison with Robin problem. Finally, for completesiave recall in Appendii

the recursive definition of corner domains.

2. UPPER BOUND FOR THE FIRSRRAYLEIGH QUOTIENTS USING A1D OPERATOR

The aim of the two following sections is to establish an uggmemd of the:-th Rayleigh
quotientt, (B, C,,), valid for any domainw.

For any constant magnetic potenti&lwe introduce the subspace
AB)={AcL(R*): 9,A=0 and V x A =B},

where£(R?) denotes the set of the endomorphism&df The set4d(B) is not empty and
we can consideA € A(B). Letw be a bounded polygonal domain. We evaluate now the
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quadratic formy[A, C,](y) for functionsy only depending on the; variable. This leads
to introduce a new quadratic form on some weighted Hilbeaitsp

Lemma 2.1. Let us introduce the weighted spaké (R, ) := L?(R,,x*dx). For any
parameter\ > 0, we define the quadratic forpj\| by

p[N] () = / (o' () + M) 2) 2 dx,

on the domaiB, (R, ) := {u € L2 (R,) : x*u € L2 (R, ),v € L2(R,)}.
LetA € A(B) andy € B, (R,). Then the functiod, > x — ¢(x3), still denoted byp,
belongs taDom(q[A, C,]). Moreover there holds

A Al?,
L 12 (€2 W 1 [
lele,  TeRem, ]

Proof. Let A = (A}, Ay, A3)T € A(B). Sincey is real valued and depends only on the
variable, we have

A, Cl(p) = /C APl + [Aal?lol” + (=i + Az)ipl* dx
= [ A0t + ot e
Let us perform the change of variables
(2.2) X = (X, Xz, X3) = (—, —,Xg) :
SinceA is linear and does not depends>gnwe have
A CAp) = [ (AP + 100 ) Xi X

— ol [ IO X+ [l [ 00X X
R

and, with the same change of variabl2sl)

el = lol [ o0 ax

Thus the Rayleigh quotient writes

e
q[A, C](») o fRJr |90/(X3)‘2X§ dX3 + L2( : fuw lo( X3)‘2X4 dXs
ol . Jor |s0(><3)I2X2 dX; ’

and we deduce the lemma. ]
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With Lemma2.1 at hands, we are interested in the spectrum of the operaociased
with the quadratic fornp[A]. Thanks to the change of functien— U := xu, the weight
is eliminated and we find by using an integration by parts that

IO[A](U)Z/]R (TP +MUP) dx - and fullz e,y = U2, )-
+

So we are reduced to an harmonic oscillatofanwith Dirichlet condition ab. Its eigen-
vectorsl,, are the restrictions t& ;. of the odd ones oR. Therefore, see alsé[Corollary
C.2], we find that the eigenvalues associated with the fpjkh are simple and the-th
eigenvalue equals'/?(4n — 1). Then, by combining the min-max principle with Lemma
2.1, we deduce that the-th eigenvalue associated with the fog, C,,| is bounded from
above by(4n — 1)|| A2 /+/]w|. Since this upper bound is valid for atye A(B), we
have proved the following proposition.

Proposition 2.2. Let B be a constant magnetic field. Then foralE N*, we have
4

n—1
2.2 E,(B,C,) < inf [|All20,
(2.2) ( ) N AeA(B)II |12 (w)

with
AB)={AcL(R*): 9,A=0 and V xA =B}

3. OPTIMIZATION

The aim of this section is to give an explicit solution to theimization problem

(3.1) Find Ay € A(B) such that |[Aglliz) =  inf 1Al

for a constant magnetic fieB® = (B, By, B;)T. We also provide explicit examples in the
case where the domainis a disc or a rectangle.

3.1. Resolution of the optimization problem and proof of Theorem1.2 Let A =
(A1, Ay, A3)T € A(B). SinceA is independent of the;-variable, we have

aXz'Ag Bl
curl A = —0y, A3 = | By
axl A2 - aXQAl B3

By linearity of A, we have necessarily;(x) = Bixs — Box;. Therefore considering
A ={N € LR?): V,,,xAN =1},
the infimum in @.1) rewrites

1/2
(3.2) Aeing) 1ALz () = <B§ Ailgv A2z + /w(lez — Boxy)? dxg dx2) ,
and 3D optimization problen8(1) can be reduced to a 2D one:
(3.3) Find A} € A’ such that ||Ag|1zw) = Aian4 A ||12(0)-
/e ’

This problem can be solved explicitly:
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Proposition 3.1. For £ = 0, 1, 2, we define the moments
M, = / xlfxg_k dxq dxa.

Then, we have

MoMs — M?
inf [|A||2,, = L
AI’I;.A’ H ||L2(w) MO + M2

Moreover the minimizer of3.3) exists, is unique, and given by

/ o 1 M, —M, X1
o) = 3075 s —an) \xo)

Remark3.2 The divergence of the optimal transverse potemiglis 0, just as the full
associated potentid,.

Proof. Let us introduce the space of linear applications of the@&{R?) endowed with
the scalar product

<f7 g)LQ(w) = / f(X17X2) ’ g(X17X2) dxy ng, vag € ‘C(RZ)

Then A’ is an affine hyperplane af(R?) of dimension 3, and Problen3.§) is equivalent

to find the distance from the originto this hyperplane. In particular there exists a unique
minimizer to @.3), which is the orthogonal projection @fto .A’. To make the solution
explicit, we look for a linear functiol\;, € A’ of the form

= (125 2) ()

where(a, 3, ) are to be found. Then we have

Fla, B,7) = ||A6||12J2(w) = /(axl + 0x2)? + (14 B)x1 + yxa)” dxy dxs
= My(a® + (14 8)%) + 2Mi(aB + (L + B)y) + Mo(8* +7%).

Solving VF = 0 gives a unique solution
1

(o, 8,7) = M(Ml’ — Mo, —M),
and computations provide
(A2, = Moo — M
011L2(w) My + M,
We deduce the proposition. O

Proof of Theoreni.2 Now, combining Propositio.2, (3.2) and Propositior3.1, we get
the upper bound

E.(B,C,) < (4n — 1)e(B,C,),
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with

1/2
+ /(XlBQ — BQX1)2 Xm ng)

A2
o(B.w) = L <2MOM2 M:

VWl 5 Mo+ M,

1 ( L MMy — M2
V|wl My + My

momsy — m3 12
= <B§M -+ B%mg + B%mo — QBlBle) s
mo + Mo

1/2
+ B3 M, + B2 M, — 2BleM1)

with my, = M, /|w|, and we deduce Theoren2. O
Proof of Lemmal.3. Let us discuss the quantities appearing(B, w):

e The coefficientnym, — m? corresponds to a Gram determinant, and is positive by
Cauchy-Schwarz inequality.

o The coefficientng +m, = ; [, (x +x3) dx; dx, is the isotropic moment of order
2inw.

e When(By, B,) # 0, we denote by C R? the line borne by the projection of the
magnetic field in the plangé<; = 0}. Then the quantity

/(BZXI — 81X2)2 dX1 dX2

is the square of th&? norm (inw) of the distance ta\.

Consequently, the functioB — e(B,w) is a norm onR*. Furthermore, although the
normalized moments depend on the choice of Cartesian cwiedi inR?, the above three
points show that this is not the case for the three quantitigs- m,, momy — m? and
b2may+b3mo —2b,bomy. We deduce that the constaiB, w) depends only on the magnetic
field and the domain and not on the choice of Cartesian coatetn Lemma..3is proved.
0

3.2. Examples. In this section we apply Propositidhlto particular geometries, namely
discs and rectangles.

3.2.1. Circular cone. The case of a right circular cone is already considered]iH §],
and we compare our upper bound given in Theofiewith the existing results.

For any disav centered at the origin, the normalized moments equal

m():mg:% and mq = 0,

so that Theorem.2gives

(3.4) E,(B,C,) < (4n —1)e(B,w) — 3

4An—1 [|w| (B3
2 s

, , 1/2
rBire)
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In [5]-[6], the right circular cone&®; with openinga is considered: Here is the disc
centered at the origin with radidsn 5. In this case, a complete asymptotic expansion is
established as — 0 and the first term is given by

. E.(B,C) _An—1 5
(3.5) ili% o = 5 \/1+sin” 3,

wheref is the angle between the magnetic fiBldnd the axis of the cone. Let us compare
with our upper bound3.4), applied withB = (0,sin 3, cos )" and|w| = 7 tan® . This

provides:
o dn —1 o |/ . 9
Vo S (0, 7T), En<B,Ca) S W tan 5 1+ sin 5

In view of (3.5), this upper bound is optimal asymptotically, as— 0. Let us notice
that the solution of the minimization probler®.9) is in that case the so called symmetric
potentialA; = % (—xa, xl)T (see PropositioB3.1).

3.2.2. Rectangular conelLet us assume that is the rectanglé’,,, ¢;] x [Lq, Ly).
The moments of order 2 can be computed explicitly:

(b —Ca)(Ly — Lg) _ 1

(L} + LyL, + L),

moy =
3|w| 3
0?2 — 0?)(L? — L? 1
my = ( b a)( b a) — _(€b+€a)(Lb+La)a
4|wl 4
(gg - gg)(Lb - La) 1 2 2
= < ==y +0l, + 12).
mo 3|C<J| 3( b + Lyl + a)
Let us apply Theorem.2 in several configurations. Note that/if = —¢, or L, = —L,

(which means that we have a symmetry), then= 0 and

m0+m2

1/2
E.(B,C.) < (4n—1) (ng 4 B2mg + Bng) .
Assuming, bott, = —/¢, andL, = —L,, we obtain the following upper bound for the
ground state energy for the rectangle, ¢| x [—L, L] (for shortness( = ¢, andL = Ly):
dn —1 B2 212
V3 Sz 4 L2
In the case of a symmetric rectangle of proportiérs L. = 1, the last formula becomes

(3.6) E.(B,C,) <

1/2
LB B%ﬁ) |

dn — 1 % 12
E,(B,C,) < B3 BI +B3* | .
( 7C ) — \/g ( 362 +1 + 1 + 2 )

We observe that this upper bound does not converge to 0 ®heh0 and/ tends ta0. In

contrast whem3; = 0 there holds

4n —1 B2 1/2
E,(B < 3 B2
N( acw)— \/g €(€2+1+ 2) )

which tends td) as¢ — 0. This configuration; = 0 and/ — 0) means thaB is almost
tangent to the con@, in the direction where it is not sharp. This can be comparéh thie
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result (L.4) on wedges. This shows the anisotropy of the quantitiesapygein our upper
bounds.

For the squaré—/, (], we deduce the upper bound of the first eigenvalue
4n —1 (B2 V2 gn -1 lw| /B2 1/2
3.7) E,.B,C,) < ((2+B?+B2) = Y (2 +B*+BZ) .

Remark3.3. Assuming thatw| is set, our upper bounds in the case wheis a square or
a disc can be compared, s&4) and @.7). The distinct factors are

1 1
— ~0.5642 and — ~ 0.5774.

va V3
4. ESSENTIAL SPECTRUM FOR CONES OF SMALL APERTURES WITH POLYG@N
SECTION

Here we consider the case of a family of cones parametrizechhgdel plane polygonal
domainw C R? and the scaling factar > 0. We characterize the limit of the bottom of the
essential spectrur.s(B, C,,.) ase — 0, whereC,_ is defined in {.12). The main result
of this section is Propositiof.1, which is a stronger version of Propositidrb.

In such a situation, relationg.(10—(1.11) take the form

E.(B.,C,.) =&%(B,C,.) = inf E(B,IIL,).
p €Cu.NS?

We define the bijective transformatioh: w x R, — C, by

(X', 1)
1<, DI
Notice thatx’ — P(x',1) defines a bijection froniR* onto the upper half sphef& :=
{p € %, p; > 0}, and that for alk > 0, P(ew, 1) is an open set 3% and coincides with
C.. N S2.

If pis a vertex ofC,_ N S?, thenx’ = P(-,1)~!(p) is still a vertex ofw., but its opening
angle is not the same as fpyin particular the tangent conék, andIl, are both wedges,

but they cannot be deduced each one from another by a rgtatidrin general the ground
state energies on these two domains are different.

4.1) P(x',t) =t V(X' t) € w x Ry

The following proposition estimates the difference betwtes ground state energies as
e —0:

Proposition 4.1. There exist positive constantsandC'(w) depending only ow such that
(4.2) Ve € (0, &), |&%(B,C,.) — &(B,d)| < C(w)e'?.

In particular, lim. o £*(B,C,.) = &(B, ).

Proof. Recall that the transformatidn is defined in 4.1). Denote by0 the origin in the

planeR?. The differentiald o 1)P of P at the point(0, 1) is the identityl. So there exist
positive constant§’ ande, such that for alk € (0, <),

(4.3) v ew:, ||dwnP —1I| <Ce.
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DefineN, the scaling of rati@ around the plane= 1:
(4.4) Ne @ (X1, Xa,t) — (ex1, %2, 1 +£(t — 1)).

The scalingN. transforms a neighborhood @f x {1} into a neighborhood ofts x {1}.
Then the composed applicatibr N. is a diffeomorphism from a neighborhoodmok {1}
onto a neighborhood af,,, N S2.

Let us pick a poink’ in the closure of the polygonal domain By definition of polyg-
onal domains, there exists a local diffeomorphistinat sends a neighborhood xfin @
onto a neighborhood di of the tangent plane sector (in broad serisg) The differen-
tial d,J equalsl by construction. Thed := J ® I, realizes a local diffeomorphism that
sAends a neighborhood &f:= (x/, 1) in & onto a neighborhood dj of the tangent cone
HX = HX/ x R.

We setp, := P o N.(x). For any= € (0, ¢¢), the composed application
Jo(PoN.)™!

is a local diffeomorphismAthat sends a neighborhood of thetgo in C.,, onto a neigh-
borhood of0 of the conell,. Let D. be the differential ad of the inverse of the map
Jo (P oN.)~!. Then, by construction, the modified map

D.oJo (PoN,)™!

is such that its differential at the poipt is the identityl. Therefore this modified map is a
local diffeomorphism that sends a neighborhood of the gaiiti C,,. onto a neighborhood
of 0 in thetangentconell,, _.

We deduce thdb. is a linear isomorphism between the two cones of interest
D, : ﬁx — 1I,_.

We calculate:
D. = do(PoN.oJ ") = dy Po dN. o dpJ".

But doj‘1 = Iand d,N. = ¢I. So we have obtained thaid, P is an isomorphism
between the two cones of interest. By homogendjjyP is also an isomorphism between
the same sets. Thanks t# 8) we have obtained that

Lemmad4.2.Letx’ € W, x = (¥, 1) andp, = PoN.(x). Thenthe linear map, . := d, P
is an isomorphism betweéh, andll,_, that satisfies

(4.5) |ILyc — I|| < Ce,
whereC' depends neither oxi nor one and withP, N, defined in(4.1), (4.4).

Therefore
(4.6) E(B,TI,) — E(B, I, ) = E(B,II,) — E(B, L, .(Ily)).

Relying on @4.5), we are going to estimate the right hand side4) depending on the
position ofx’ € @:
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(a)x' is insidew. Thenll, is the full spaceR?, jUSt|IkE‘Lx5( ). SOF(B, I «) coincides
with £(B, Lxg(H )) in this case.

(b) x’ belongs to a side ab. Thenll, andLXE( «) are half-spaces. The lowest energy
E(B,II) whenlI is a half-space is determined by t#@ functiono acting on the unsigned

angled € [0, 7] betweenB anddlIl. If 6, 0, . denote the angle betwedd and 8ﬁx,
8Lx,€(ﬁx75), respectively, then for a constatitdepending om:

4.7) |0x — bxc| < Ce and |o(by) —o(b.)| < Ce.

(c) X' is a corner ofv. Thenll, and Lxg( «) are wedges of openln@X anday . Wlth

lax—ax | < Ce. Moreover there exist rotatioris, andegthattransfornH andeg( %)
into the canonical wedged/,, andW,, . and there hold§R,. — R,|| < Ce. Since

E(B,IL,) = E(R;'B,W,,) and E(B,L,.(IL,) = B(R;!B,W.,,.),
we deduce from19, Section 4.4]
|E(B, L) — E(B, Ly.(IL,))| < Ce'/3.

Taking the infimum ovex € @ x {1}, we deduce the4(2). As stated in4, Corollary 8.5],
there holdss’ (B, w) > 0. Therefore we deduce Propositidri O

5. APPLICATION TO CORNER CONCENTRATION

In this section, we discuss the link betweénl@ and (L.17), and we then prove Propo-
sition 1.8

We first prove that conditioril(17) implies condition £.16). If (1.17) holds, there exists
a vertexv such thats’(B, 2) = E(B,Il,). By [4, Theorem 6.6], the essential spectrum of
H(A/II,) is given by
&*(B,1l,) := inf FE(B,II,).

p € II,NS2
But for eachp € II,NS?, the condl, is the limit of tangent cones, with pointsx € Q\U
converging tov. The continuity of the ground energy then implies that

E(B,II,) > inf E(B,Il).

xeOQ\Y

We deduce

£ (B,1L,) > inf E(B,II,).
x€OQ\Y

Hence conditionX.16) holds.

Proof of pointa) of Propositionl.8 By conditioni), and as a consequence @f{) and
(1.13, there holds

(51) E(B,Hv(a)) < 3e e(B,w).
Let us boundnf, g F(B, TI,) from below. Letx € Q \ 0.

(1) If xis an interior point, the®?(B, I1,) = E(B,R3) = ||B||.
(2) If x belongs to a facd], is a half-space anéi(B, II,) > ©,||B|| > 3| B|.
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(3) Sincex is not a vertex, it remains the case whepelongs to an edge 6f, and then

II, is a wedge. Lety denote its opening. TheRA(B,II,) = E(By, W,,) Where
B, is deduced fronB by a suitable rotation. At this point we use the continuity
result of [L9, Theorem 4.5] fo(B, o) — FE(B, ) with respect tax € (0, 27) and
B < S?, which yields

5.2 i E(B,W,) =: >0,

2 foaso B IBj-1 2\ ) = elfo)
where the diamagnetic inequality has been used to get thigvjigs\We deduce by
homogeneity’(B, I1x) > ¢(5o)||B||-

Finally
inf E(B,Il) > min{c(f), 3 }|BI.
xeQ\Y
Combined with the previous upper bourid1) at the vertex(¢), this estimate yields that
condition (L.17) is satisfied for small enough, hence poiaj of Propositionl.8

Proof of pointb) of Propositionl.8. Let us define
Q(E) = ng N {X3 < 1}

By construction, we only have to check {9. The edges of)(¢) can be classified in two
sets:

(1) The edges contained in those’pf. We have proved in Sectighthat their opening
converge to the opening angleswofse — 0.
(2) The edges contained in the plajyg = 1}. Their openings tend t§ ase — 0.

Hence (.19.

6. ANALOGIES WITH THE ROBIN LAPLACIAN

We describe here some similarities of the Neumann magnaptakcian with the Robin
Laplacian on corner domains. For a real paramet#his last operator acts as the Laplacian
on functions satisfying the mixed boundary conditipm—~u = 0 whereo,, is the outward
normal andy is a real parameter. The associated quadratic form is

u»—>/Q|Vu(x)|2dx—7/89|u(3)|2ds, u € HY(Q).

Since the study initiated inlB], many works have been done in order to understand the
asymptotics of the eigenpairs of this operator in the limit+ +o00. It occurs that in
this regime, the fist eigenvalue°®(Q2) of this Robin Laplacian shares numerous com-
mon features with those of the magnetic Laplacian in the s#asisical limit. Levitin and
Parnovski prove that for a corner domdinsatisfying a uniform interior cone condition,
there holds (se€lll, Theorem 3.2])

Rob 2 - Rob
(6.1) AR oy 7 inf EPR(IL),
where, as beforeyR°P(I1,) is the ground state energy of the model operator(1) on the
tangent conél, atx. In fact, ER°(II,) < 0 for any boundary point. This result leads to
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the same problematics as ours: compare the ground statgesnef model operators on
various tangent cones. Whelj is either a half-space or a wedde?°"(I1,) is explicit:
—sin (%) if a€ (0,7

6.2 EFPRY) =—1 and ERPW,) =
(6-2) (R4 an (Wa) {—1ifoz€[7r,27r).

This shows, in some sense, that the Robin Laplacian is sirfgpi¢hese cones. We notice
that ER*(W,) — —oo asa — 0. This fact should be compared tb.4). The general idea
behind this is an analogy between the degeneracy of the drstate energies, as follows:
Whereas the ground energy (always positive) is going fiar the magnetic Laplacian on
sharp cones, the ground energy (always finite) of the Robpldceéan goes te-oo, as we
shall explain below.

However, for cones of higher dimensions, no explicit expi@slike ©.2) is known for
ERb(TL,). In [14, Section 5], a two-sided estimate is given for convex corfiesnension
> 3. The idea for this estimate is quite similar to our strate@iuen a suitable reference
axis{x3 > 0} intersectindl N S? at a point denoted b§, one defines the plane tangent
to S? atf, so that the intersectioR N 11 defines a section for which the condl coincides
with C,, given by (L.5). Using polar coordinate®, ¢) € R* x S' in the planeP centered
at ¢, one parametrizes the boundarywoby a functionb through the relatiop = b(¢).
Thert, [14, Theorem 5.1] provides the upper bound
(6.3)

EROb(H) S o <f§1 U(‘b) b(‘b)Q d‘b

2
with  o(¢) = /1 +b(¢p)=2 +V(h)%b(p)~%.
) (6) = V1T 00) 7 + H(6H0)
Note that this estimate depends on the choice of the referemardinatess, exactly as in
our case, see Rematk4, and can be optimized by taking the infimumén

Estimate 6.3 shows in particular that for our sharp congs, the energyER?°®(C,.)
goes to—oo like 72 ase — 0. This property is the analog of our upper bountls)-
(1.13. We expect that an analog of our formulaXl) is valid, implying that there exists a
finite limit for the bottom of the essential spectrum of thedelbRobin Laplacians defined
onC,., ase — 0. This would provide similar conclusions for Robin problendéor the
magnetic Laplacian.

APPENDIXA. TANGENT CONES AND CORNER DOMAINS
Following [7, Section 2] (see also!] Section 1]), we recall the definition of corner
domains. We call @aoneany open subsét of R" satisfying
Vp>0 andx € II, px €1l
and thesectionof the condT is its subsefl N S"~'. Note thatS® = {—1,1}.

Definition A.1 (TANGENT CONE). Let() be an open subset 8f = R" or S”. Letx, € €.
The condl,, is said to beangent td? at x, if there exists a local™ diffeomorphisnU>°

lin [14, Theorem 5.1], the quantity ER°P(11) is estimated, so that the upper bound presented here,
corresponds to the lower bound of the palper cit.
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which maps a neighborhodd,, of x, in M/ onto a neighborhood,, of 0 in R" and such
that

U (x0) =0, UU, NQ) =V, NTI,, and U (Uy, NON) = Vy, NIy, .

Definition A.2 (CLASS OF CORNER DOMAINS. For M = R" or S", the classes of corner
domains® (M) and tangent cone$,, are defined as follow:

INITIALIZATION : 3, has one elemenf0}. D(S°) is formed by all subsets &f.
RECURRENCE Forn > 1,

(1) II € B, if and only if the section dfl belongs ta® (S" 1),
(2) Q € D(M) if and only if for anyx, € , there exists a tangent coig, € 33, to
Q at Xq-
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