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Abstract: The aim of this paper is the interpolation between nullspaces of a fixed
partial differential operator in different Sobolev spaces, for example the subspaces of
divergence-free functions. We present several methods of proofs, which allow for han-
dling various operators in different geometries, with or without boundary conditions.
Our application is the optimal approximation of divergence-free functions in a cube
by high degree polynomials, which is useful for the numerical analysis of the spectral
discretization of the Stokes problem.

1 INTRODUCTION

In this paper, we intend to interpolate the nullspaces of a fixed partial differential
operator in different Sobolev spaces. Let us make precise the framework: if X and Y
are Hilbert spaces such that X is dense in Y, for any 6, 0 < # < 1, the interpolate space
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[X,Y]p is well-defined, independently of the Hilbertian interpolation method which
can be chosen among: the K—method (with p = 2), the interpolation by domains of
operators, the complex interpolation and the trace method. Next, let A be a linear
operator defined on Y. We have the natural associated nullspaces of A:

NS ={ueX]| Au=0} and A ={ucY| Au=0}.

On the other hand, the interpolate space [, 4o is well-defined too. We are
interested in conditions insuring that:

(AL Ao ={ue [X,Y]g| Au=0}. (1.1)

When the operator A has a finite-dimensional range, (1.1) holds (¢f [14, Chap. 1,
Th. 13.3] for instance). However, this result cannot be extended to operators with
infinite-dimensional range in general.

We are going to investigate the situation where:

(i) the operator A is a partial differential operator acting on scalar or vectorial functions
(our main purpose is the application to the Laplace and divergence operators),

(ii) the spaces X and Y are standard Sobolev spaces on a domain 2 C R? or weighted
Sobolev spaces in an hypercube, with or without boundary conditions (these spaces
appear naturally in the numerical analysis of spectral methods).

In a first step, the result is proven in Sobolev spaces without boundary conditions.
We present two methods:

(i) for homogeneous operators with constant coefficients in star-shaped domains: the
idea is to use the interpolation by the trace method, and the main tool of the proof of
the interpolation result is the construction of a “stable” lifting operator which maps
functions ¢ defined on Q and satisfying Ap = 0 into functions ®(-,¢) satisfying for
each t, A®(-,t) = 0;

(i) for strongly elliptic operators in Lipschitz—continuous domains: the proof relies on a
result of interpolation of subspaces [14, Chap. 1, Th. 14.3] and requires the construction
of a right-inverse for A. We also apply this method for the divergence operator.

In Section 2, we construct a lifting of trace and in Section 3 we present the two
interpolation methods.

In a second step, we introduce the Dirichlet boundary conditions: we interpolate
subspaces of functions ¢ satisfying Ap = 0 in Q and ¢ = 0 on the boundary 90X of €.
In view of our application, we limit ourselves to the case of the divergence. Once again,
we present two different methods (each of them can be extended to other situations).
Both of them rely on [14, Chap. 1, Th. 14.3] already quoted:

(1) starting from an interpolation result for functions with a null trace on 0f2, we
construct a right-inverse for the divergence operator in spaces of functions satisfying
the Dirichlet condition;

(ii) starting from our interpolation result for divergence-free functions, we construct a
right-inverse for the first trace on 9€) in spaces of divergence-free functions.

In contrast to the situation without boundary conditions, the presence of singular
points on the boundary of 2 introduces technical difficulties due to the limited smooth-
ness of solutions of an elliptic boundary value problem. That is why, in Section 4, we
study successively the cases of a smooth domain, of an orthogonal cylinder, and of a
cube.

An application to spectral methods is described in Section 5: the numerical anal-
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ysis of the spectral discretization of the Stokes problem relies on optimal results of
approximation of divergence-free functions by divergence-free polynomials on a cube.
These results are proven in [17] only for functions such that all their third order deriva-
tives are square integrable. However the solutions of the Stokes problem do not satisfy
this regularity property in general (see [7] for instance), even for smooth data. The
interpolation property which is proven in this paper allows for extending the results
of [17] to less smooth functions on a cube. As a consequence, the convergence of the
spectral method is established for any variational solution of the Stokes problem. This
result is useful for the numerical analysis of the spectral discretization of the nonlinear
Navier—Stokes equations.

2 CONSTRUCTION OF A LIFTING OPERATOR

2.1 Sobolev spaces

Let © be an open set in R%, where d is an integer > 1; the generic point in € is denoted
by x. On this domain, we shall use the space L?(Q) of square-integrable functions
for the Lebesgue measure dx, the standard Sobolev spaces H*({2) for any real number
s > 0, together with the spaces Hj(2) defined as the closure in H*({2) of the subspace
of infinitely differentiable functions with a compact support. A separable Banach space
X being given, we also consider the scale of Sobolev spaces H*(£2; X) of functions with
values in X.

We introduce the cylinder Q = Qx]0, 1[. The generic point in this cylinder is
denoted by (x,t). Then, the Lebesgue measure in the cylinder is the tensor product
dx dt. We are going to define weighted Sobolev spaces on the cylinder.

On the interval I =|0, %[ and for a real parameter 5 > —1, we define successively:
(i) the space L%(I) of measurable functions ¢ on [ such that f()% P2(t)tP dt < +oo,
(ii) for any positive integer m, the space Hj'(I) of functions in L3(I) such that their

derivatives up to the order m also belong to L%(I ),
(i1) for any real number s > 0 which is not an integer, the space Hj(I) as the inter-

polation space of index s — [s] between H E]H(I ) and H E](I ) (where [s]| stands for the
integral part of s).

Finally, for any real number s > 0, we define the space Hj3($2) by the formula
H5(Q) = L* (5 Hy(1)) N H* (Q; L3(1)).

Next, we take the domain Q equal to the hypercube ] — 1, 1[4, which is the elemen-
tary domain for spectral methods. Let us recall that spectral methods are of two types:
Legendre and Chebyshev. The Legendre type techniques involve tensorized bases of
Legendre polynomials and they rely on a variational formulation of the problem in
standard Sobolev spaces. In Chebyshev type techniques, Chebyshev polynomials are
involved, which are orthogonal in the interval | — 1, 1] for the measure (1 — C2)~= dC.
Weighted Sobolev spaces are therefore useful. To have a unified presentation, we deal
with the general case of the Jacobi weight where the power —1 is replaced by a general
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Let a be a real number > —1. We firstly define the weight

d
o () = H(1 — %), (2.1)

where & with coordinates xq, ..., x4, is the generic point. Next, we introduce the
space L2 () of measurable functions ¢ on  such that

/ 0% () wo(x) dx < 4o0.
Q

Then, for any positive integer m, H™(Q2) stands for the space of functions in L2 (1)
such that all their partial derivatives of total order < m also belong to L2(2). For
any real number s > 0 which is not an integer, the space HS(€2) is the interpolation
space of index s — [s] between HL™(€) and HE!(Q). We refer to [3] and [4, Chap. 4]
for the main properties of these spaces. These definitions are extended to the spaces
H: (; X) for any separable Banach space X in a natural way.

We also need the corresponding spaces on the cylinder Q=Qx1I: for any param-
eter § > —1 and for any real number s > 0, we define the space

35(Q) = L2(Q; Hy(D)) N HE(Q; LA(D)).

2.2 Definition of the lifting operator

In this section, we assume that € is star-shaped with respect to a ball, i.e., there exists
a ball B such that, for all  in Q and y in B, the segment [z, y] is contained in .
Note that, even if 2 has a Lipschitz—continuous boundary, it can be star-shaped
with respect to a point without being star-shaped with respect to a ball (see the
following figure where the domain on the left is star-shaped with respect to only one
point and the domain on the right is star-shaped with respect to a ball without being
convex). A convex domain is star-shaped with respect to any ball contained in it.

The standard way to construct a lifting operator is the convolution by a regular-
izing family. But such a method will never produce an operator acting from functions
defined on €2 into functions defined on the whole cylinder 2. However, the composition
of such a convolution with a change of variables (transforming a cone into the cylinder)
allows for the definition of a correct lifting. Such a strategy is linked with an idea due
to Gagliardo [8] and Lions [13] (which has already been used by Babuska and Suri [1]
for the p—version of the finite element method and developed in [3]).

Let x be a fixed integrable function on R¢ with its integral equal to 1. With any

4



function ¢ in L2(R?), we associate the function

PYe)@t) = [ (1=t + ty) x(v) dy. (22)
R

It is readily checked that, for any continuous function ¢ on R?, the function FX(y) is

continuous on R% x I and satisfies

Ve € R, FX(p)(x,0) = p(x). (2.3)

Hence, the operator F'X is a trace lifting operator and, when the function x has a
compact support in a ball B, it is a lifting operator of traces on any star-shaped
domain €2 with respect to B, with values in the corresponding cylinder Q. A special
(and standard) case is obtained when the domain (2 is convex and x is its characteristic
function yq. We are going to prove some stability properties of the operator FX.

REMARK 2.1 If the function ¢ is a polynomial on R?, so is FX(). Moreover, the
operator F'X preserves the total degree of the polynomials and also the degree with
respect to each of the first d variables.

2.3 Stability of the lifting operator

We use the Fourier transform on R? and denote it by a hat. The first theorem states
the basic result.

THEOREM 2.2 Let s be a real number > 0 and (8 a real number > —1. Assume that
the function x is integrable and satisfies:

sup HX('W)’|H;(R+) < +o00. (2.4)
weSd—1

Then the operator FX defined in (2.2) is continuous from s (R?) into HE(]Rd xTI).

ProoF: The proof relies on several arguments: change of variable, use of the Fourier
transform, homogeneity properties. B

1) The change of variables: (x,t) — (X = (1 —t)x,t) maps the cylinder 2 onto a part
of a cone and the band R? x I onto itself. It can also be checked that, for any s > 0,
it induces an isomorphism of H E(Rd x I) onto itself. Thus, let us set:

)Xt = [

P(X +ty) x(w)dy = (-0 [ o(X — o) (- D)o,
Rd

Rd

Taking: x:(v) = (—t)~% x(—2), we observe that G(¢)(-, ) is the convolution product
with respect to the X variable of the functions ¢ and x;. So, denoting by a hat the
Fourier transform with respect to the X variable and by & the corresponding Fourier
variable, we derive the formula

GX(p)(&,1) = (&) Xe(€) = p(€) X(—t€).
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Next, we note that the statement of the theorem reduces to the estimate

(16 My + (+ €97 16Ny ) € < e [ (1+16 5 ot de.
or equivalently to
(RO + 0+ 162 15C- O30 ) 10O de -

<o [ (+lgry T e e

2) We deduce (2.5) from the properties (2.4) of x and from the homogeneity relations
(¢f 3, (2.a.5)])

s s—it8
VA e Ry, [Ju(- )‘)||%{§(R+) + (14 2% [lu(- )‘)H%%(R_,_) < eI+ ||UH%I§(R+)

that we use for each fixed w in S4~1, A\ = |¢] and u(t) = X(tw). |

Let us conclude with the case of the star-shaped domain: it is readily checked that
any €°° function y with support in B satisfies (2.4).

THEOREM 2.3 Let €2 be a Lipschitz-continuous domain, which is star-shaped with
respect to a ball B. Let x denote a €°° function with support in B. Then, for any
real number s > 0 and for any real number 3 > —1, the operator FX defined in (2.2)

is continuous from s (Q) into Hg(ﬁ)

REMARK 2.4 When the domain € is convex, its characteristic function yq satisfies
(2.4) for any s > 0 and for —1 < § < 1. So, when x is equal to yq, Theorem 2.3 holds
for these values of s and (.

In the case of weighted Sobolev spaces in the hypercube, the analogue of Theorem
2.3 is the following.

THEOREM 2.5 Let Q be the hypercube | — 1,1[%. Let x denote a € function with
support in 2. For any real numbers s > 0, « > —1 and > —1, the operator FX is

s 118 =
continuous from Ho * (2) into H;5(0).

The proof of that statement relies on Theorem 2.2 combined with a “dyadic”
partition of unity on € as used in [3, Thm 3.d.4].

3 INTERPOLATION OF NULLSPACES WITHOUT BOUNDARY
CONDITIONS

Here, we present two approaches which allow for proving the interpolation result (1.1)
in different frameworks: the differences concern both the geometry of the domain €2
and the properties of the operator A. The first approach allows for treating standard
and weighted spaces and also spaces of polynomials, the second one is simpler and
provides results in a more general geometry.
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3.1 The trace method

Let X and Y be separable Hilbert spaces such that X is dense in Y with a continuous
embedding. The following property can be found in [14, Chap. 1, §3.2] for instance:
for any 0, 0 < 6 < 1, the interpolate space [X, Y]y is the space of the traces u(0) in
t = 0 of the functions

t—u(t) in L3y (I;X)NHyy ((1;Y). (3.1)

Let Q2 be a bounded domain with a Lipschitz—continuous boundary. Let r and s
be real numbers, 0 < r < s. Then for 0 < # < 1, we have

[H*(Q), H"(Q)]g = HL= s+ (). (3.2)

Now, let A be an homogeneous partial differential operator with constant coefficients,
acting on 2'(Q)*. For any real number s, let us denote by .4/#(2) the space

NE(Q) = {ue H(Q) | Au = 0}. (3.3)

THEOREM 3.1 Let 2 be a Lipschitz-continuous bounded domain, which is star-shaped
with respect to a ball B. The following interpolation result holds for any real numbers
r and s such that 0 <r <s and for any 6, 0 <0 < 1:

[AE(Q), AL (Q)]g = A7 (Q). (3.4)

PROOF: Using the reiteration theorem [14, Chap. 1, Th. 6.1], we are reduced to prove
the theorem in the case when r is equal to 0 and s is an integer k. We have the obvious
inclusion

AEQ), AR C [HHQ), L2(Q)s 0 A#2(Q) € #1OF(9).

To prove the converse inclusion, let ¢ be any function in C/VAflfe)k(Q). Let us consider

® defined on the cylinder Q by ® = FX(p) where x is as in Theorem 2.3. We check
that

1
vVt e [0

5l AR() = (1 -1)" FX(Ap)(t),

where m is the degree of the homogeneous operator A. Therefore A®(t) is equal to 0.
On the other hand, choosing 3 = 2kf — 1, we obtain that ¢ belongs to H’“*#(Q)Z,

hence ® belongs to H ’g(Q)Z . But, using the embedding
HE(Q) C Lag_1(I; H*(Q)) N HEy_ 1 (1; L*(9)),
we finally derive that
® € Lig_(I; 44 () N HEy_(I; 47(2)).

Hence we deduce from (3.1) that ¢, as the trace of ®, belongs to the interpolate space

[AX (), A2 (D). u

Of course, by the same method, we can extend this result to weighted Sobolev
spaces in the case of the hypercube Q =] — 1,1[¢. Here, we set for any s > 0 and
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a> —1:
N3 () = {u € HY(Q)" | Au=0}. (3.5)

The same proof with Theorem 2.3 replaced by Theorem 2.5 leads to the following
result.

THEOREM 3.2 Let « be a real number > —1. In the hypercube Q =] — 1,1[%, the

following interpolation result holds for any real numbers r and s such that 0 < r <'s
and for any 6, 0 < 0 < 1:

(A2 (), M o] = O (). (3.6)

REMARK 3.3 As noted in Remark 2.1, the operator FX preserves the polynomials.
As a consequence, if N is a fixed integer, the same arguments imply that, on the
hypercube Q =] — 1,1[? for & > —1 or in any star-shaped domain for a = 0, the
interpolate of index 6, 0 < 6 < 1, between the space of polynomials ¢ with total degree
(resp. partial degree with respect to each variable) < N satisfying Ay = 0 provided
with the norm of HZ () and this same space provided with the norm of H/,(12) is the
space of polynomials ¢ with total degree (resp. partial degree with respect to each

variable) < NN satisfying Ay = 0 provided with the norm of H§ ~"**" ().

3.2 The method of the right-inverse

We recall the result [14, Chap. 1, Th. 14.3] in a simplified framework:

LEMMA 3.4 Let X andY be separable Hilbert spaces such that X is dense in'Y with
a continuous embedding, and let A be a linear operator continuous from X into X and
Jrom'Y into Y. If there exists a right-inverse operator R continuous from X into X
and from Y into Y such that

VgeVY, A(Rg) =g, (3.7)
then the interpolation formula (1.1) holds for any 6, 0 < 6 < 1.

Let 2 be a bounded Lipschitz-continuous domain and let A be a partial differentia}

operator of degree m with smooth coefficients on 2, acting on @’(Q)K into .@’( )é.
For fixed real numbers r and s, r < s, we choose X = H*(Q), Y = H" () and

X=H""(O),Y=H"" m(Q)é If A has aright-inverse R continuous from H7~ m(Q)é
into H°(Q2)* for all o > og for instance, then property (1.1) holds for any r and s such
that og < r < s.

Such a right-inverse can be constructed in a number of situations. For instance, one
can rely on the existence, for a fixed g, of an extension operator £ which is continuous
from H(§2) into H’(R?) for any o, 0 < o < 09, and such that u coincides with
u in  (see [18, §4.2.3] or also [10, §1.4.3]). Using this extension allows for working
on the whole space R%, with the help of the Fourier transform for example when A is
elliptic with constant coefficients (but not necessarily homogeneous). The extension &£
also allows for working in a smooth bounded domain €2y which contains 2. If A can
be extended into an elliptic operator with analytic coefficients on €2y, the Fredholm
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alternative applied to the Dirichlet problem for A on €y together with the unique
extension of functions in the kernel, allows for modifying the operator £ in order to
build a right inverse for the operator A.

We can also use this method in the case where the operator A is the divergence
operator. From now on, we denote the corresponding nullspace in H* ()% by A3 ().

THEOREM 3.5 Let Q2 be a Lipschitz-continuous bounded domain. The following in-
terpolation result holds for any real numbers r and s such that 1 < r < s and for any

0,0<6<1:
A (), A ()]g = A5 (). (3.8)

PrROOF: In view of the previously quoted result, it suffices to construct a lifting op-
erator R which is continuous from H*(§2) into H***(Q)4, s > 0, such that div (Rg) is
equal to g for any g in H*(Q). Let €y be an open ball which contains Q. We use the
extension operator £ and modify it so that for any g in H*(Q2), £g satisfies fQo Eg=0;

next we solve the Stokes problem in {y:
—Av+grad ¢=0 in Qg,
diveo=_E&yg in Q, (3.9)
v=0 on 09.

This problem has a unique solution (v, q) in H}(Q0)? x L?(Q)/R, and the mapping:

Eg — vlq, is continuous from H*(Q) into H*T(Q)?. So, we take Rg equal to v|q, and
apply Lemma 3.4 to conclude. [ ]

4 INTERPOLATION OF NULLSPACES WITH BOUNDARY
CONDITIONS

In view of our application in §5, we only deal in this section with the divergence
operator. But similar methods allow for treating various other situations. Our aim is
to interpolate the subspaces A5 () N HE ()% of divergence-free functions in H*(Q)?
which vanish on the boundary of {2 and to investigate whether the following equality
holds

(A () N H(Q), A (@ N HYQ) ]y = AL @ nEHQ (@)

Denoting by =y the first trace operator on 9€), we are going to use Lemma 3.4 as
above in three different ways:

(i) with X = H*(Q)?, Y = H"(Q)¢ and A = (div,y0);
(i) with X = H*(Q)4 N HY ()4, Y = H" ()4 N HH(Q)? and A = div;
(117) with X = A3 (Q), Y = A () and A = .

4.1 In a smooth domain

The idea here is to start from the interpolation result between Sobolev spaces (3.2) and
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to construct a right-inverse for the pair (div, ) with the help of the Dirichlet problem
for the Stokes operator.

THEOREM 4.1 Let m be a fized positive integer, and let Q be a bounded domain with
a €™ Yt boundary. The interpolation result (4.1) holds for any real numbers r and s
such that 1 <r < s <m and for any 6, 0 < 0 < 1.

PrROOF: We take X = H*(2)¢ and

X = {(g, h) e H7Y(Q) x H*71/2(00)4 /Q

g(x) da:—/m(h-n)(a) do = o} (4.2)

and we define R(g,h) as v, where the pair (v,q) is the only solution of the Stokes
problem:
—Av+grad ¢=0 in €,

diveo =g in €, (4.3)
v=~h on O0f).

Due to the regularity property of the domain, the operator R is continuous from X
into X, for any real number s, 1 < s < m. Of course we take Y = H"(2)¢ and the

corresponding space for Y, so that R has the required properties. [ ]

REMARK 4.2 It is readily checked that the orthogonal projection operator P from
HY(Q)% onto AL () N HE(Q)? with the gradient norm, associates with any function
w in H1(Q)? the function v, where (v, q) is the solution of the Stokes problem

—Av +grad g =—-Au in Q,
dive =0 in €,
v=0 on 0f),

hence it has the same stability properties as the operator R in the previous proof.
As a consequence, relying on Theorem 3.1 or 3.5, we have an alternative proof of
Theorem 4.1 since, for 1 < s < m, this operator P is continuous from t/i/dg\l:e)swr((l)
into [ A, (Q) N HE(Q), AL (Q) N HE(Q)4e and its restriction to AL (Q) N HE ()4
coincides with the identity operator.

4.2 In a cylinder

For domains €2 with edges on the boundary like a cylinder for example, we can use a
similar method as above, but we have to handle the singularities of solutions along the
edges. The geometrical hypotheses are that, for each point &y on the boundary 0f2,
there exists a neighbourhood of xy whose intersection with € is diffeomorphic:

(i) to a half-space (x¢ is a regular point);

(ii) to a dihedron (x( is an edge point).

We denote by 0.€) the set of edge points of 2. For each xy in 0.2, we shall use the
following ingredients:

e the plane sector I'y, which is tangent at x( to the intersection of {2 with the normal
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plane to the edge,
e the polar coordinates (r,60) in I'y,, centered in xg.

In order to improve the behaviour of solutions along the edges, we are going to
consider more general operators than the Stokes operator, namely operators L of the

form:
v f\ ([ Mv+gradq
() = ()-("as), @

where M is a d x d strongly elliptic matrix of operators of degree 2. We introduce, for
any s > 1, the following space of “regular” solutions (v, q) of L on

2°(Q) = H*(Q)4 x H71(Q)/R. (4.5)

For 1 < s < 2, the operator (L, ) is continuous from 2°(Q2) into the corresponding
space of “regular” right-hand sides

£5(Q) :{(f,g,h,) e H"2(Q)4 x H*~1(Q) x HY/2(90)" ;

/Qg(a:) dac — /m(h n)(o) do = o}.

We remark that for any s > 2, the gradient of v on 9.€) is completely determined by
the trace h of v on 0N2. Hence div h|g o makes sense and, for s > 2, the operator
(L, o) is continuous from Z°(£2) into:

(4.6)

(@) ={(f.9.h) € H*72(Q)" x B*71(Q) x H*/2(00)"
/Qg(a:) dx — /asz(h ‘n)(o)do =0 (4.7)

(g —div h)|s.0 = O}.

The same result holds with s = 2, the condition (g — div h)|s.q = 0 being replaced by
an integral condition.

Let us denote by 7 = (71, ...,74—2) the tangential coordinates along the edge at
xg and by v = (v1, ) the normal coordinates to the edge. In a first stage we recall the
regularity result [6], [7]: it is linked with the spectral properties of the principal part
i;(a:o;O,&,) of the operator L(xy;0,0,) in each point xy of 9,2, where L(x(;0,0,)
stands for the operator L written in coordinates (7, v), with its coefficients frozen in
x( and the tangential operator 0, replaced by 0.

THEOREM 4.3 Let s be a real number > 1 and let (v,q) be any pair in 2'(Q) such
that (L(v, q),v|aq) belongs to &°(QY). If for any xo in 0.Q and any complex number \
with 0 < Re A < s — 1, the boundary value problem

j}(mo;O,@V)<T)‘u(9),7”)‘_1p(0)) =0 in L, (4.8)
Pu6) =0 on 9,

has only the trivial solution, then the pair (v, q) belongs to 2°(2).

The strong ellipticity of the matrix M yields the unique solvability of the Dirichlet
problem for L, which provides a right-inverse to the operator (div,~y). Hence
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COROLLARY 4.4 Let s be a real number > 1. If there exists an operator L of the
form (4.4) satisfying the regularity condition of Theorem 4.3, then the interpolation

result (4.1) holds for any real number r such that 1 <r < s and for any 6, 0 < 6 < 1.

EXAMPLE 4.5 Let us consider the case of the cylinder Q = Dx] — 1,1], with D the
unit disk in R2. If we use cylindrical coordinates (p, 1, z), we can take as tangential
coordinates along the edges 7 = ¢ and normal coordinates (p, z). If we take the Stokes
system as operator L, and if we introduce the new unknowns (u,, ug,u.) by

u, = cosvuy +sindug, uy=—sinu; +cosvug, u,=us,

the bi-dimensional problem (4.8) is:

—(05 + 02)(ru,(0)) + 0,(r*'p(0)) =0 in Ty,
—(92 4+ 92)(r*u.(0)) + 0. (r*'p(0)) =0 in Ty,
—(92 +02)(rug(0)) = in Ty, (4.9)
Dp(ru,(0)) + 8z(r>‘uz( ) =0 in Ty,
(M u(f) =0 on 0Tz,

and I'y, is a quadrant. Problem (4.9) is uncoupled into a bi-dimensional Stokes problem
and a Laplacian. The “first” non trivial solution of (4.9) is

A=2, wuy(d)=sin20, wu,=0, u,=0.

This allows to prove the interpolation identity (4.1) for 1 < r < s < 3, which is not
very satisfactory. We obtain a better result with the following operator M, where we
fix a parameter w in |0, 7/2][:

(—A — 2zsin¥ cosw 10,0, )vy
Muv = | (—A+ 2zcosV cosw 10,0 )va
—Avg

(the idea to build this operator is to fold the dihedron in x( in order to reduce its angle
to w, to consider the standard Laplace operator in the dihedron with angle w and to
use a change of variables which maps it back onto the original dihedron).

Then problem (4.8) is uncoupled into a bi-dimensional Stokes problem and the
following Dirichlet problem

{ <82 —1—82 — 2zcosw 0,0 )(r ug(0)) =0 in I'y,, (4.10)

g (0) =0 on Ol'y,.
The “first” non trivial solution of (4.10) is 7™/“ sin(f7 /w). The least positive real part

of a A for which the Stokes part has a non-trivial solution, is & ~ 2.739. We choose
w = 7/3 for example and derive the interpolation identity (4.1). [

Of course, the same argument can be applied in a more general type of cylinder.

COROLLARY 4.6 Let Q be the cylinder Xx] — 1, 1[, where X is a bounded domain in
RI~1 with a €>' boundary. The interpolation result (4.1) holds for any real numbers
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r and s such that 1 <r < s <3.739 and for any 0, 0 < 0 < 1.

4.3 In a cube

In the cube Q =] — 1, 1[3, it is less difficult to treat separately the divergence operator
and the trace operator. We present two different proofs of the following theorem: the
first argument leads to a slightly higher limit for the order of the spaces while the
second one is more constructive and can easily be adapted to treat spaces of functions
with a null normal trace on the boundary.

THEOREM 4.7  On the cube 2, the interpolation result (4.1) holds for any real num-
bers r and s such that 1 <r < s <3.739 and for any 6, 0 < 0 < 1.

First proof — We firstly recall the interpolation result for the spaces with null traces:
[H*(Q) N Hy (), H'(Q) N Hy ()]s = H'=7H7(Q) 1 Hy (), (4.11)

which can be established by using a lifting of traces, we refer to [3] for this proof in a
more general framework.

Relying on (4.11), we need a right-inverse for the divergence operator with values
in H°(Q) N H}(2). The method is similar as above. If we use the Stokes operator,
we are hampered with singularities along the edge, which are not in H3(Q2). As this
is just the interesting regularity for our application, we avoid the edge singularities by
the choice of another operator M. We choose, with w = /3 for example:

(—A 4 229 x3 cosw 0203) vy
Mv = (—A+2.I‘3.I‘1 COS W 3381) (%)
(—A 4 221 x2 cosw 0102) v

Like for the cylinder above, the corresponding operator L in (4.4) preserves the reg-
ularity along the edges for s < 3.739. But now, the corners of {2 may also produce
singularities. As opposed to the edge singularities, the space of corner singularities
associated with a fixed s is only finite-dimensional. Until now, we constructed our
right-inverse Rg as the solution v of the problem L(v,q) = (0, g), cf (4.3). The idea
now is to introduce an operator F' with suitable continuity properties so that the
solution v in H}(Q)3 of L(v,q) = (F(g), g) has no singular part at the corners of 2.

Here follows the decomposition result into regular and singular parts. We denote
a; = (—1,—-1,-1), ..., as = (1,1,1) the corners of Q. Let Ar be the (discrete) set of
complex numbers A with a real part > —1/2 such that the boundary value problem on
the octant I'; =] — 1, +-00[3

: A A1 _ -

L(ala 6012) <T’ u(9)7 r p(9>) =0 m F17 (4.12)
ru(f) =0 on Oy

has non-trivial solutions, (r,6) denoting the spherical coordinates centered in a; (the

corresponding problems for the other corners are equivalent). Relying on [6] (for the

asymptotic expansion at corners in the absence of edge singularities) and [5] or [16]
(for expressions of the coefficients occuring in these expansions) one can prove:
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THEOREM 4.8 Let s be a real number, 1 < s < 3.739, and let (v,q) be any pair in
21(Q) such that v vanishes on O and L(v,q) = (f,g) belongs to £5(Q). If any X in
Ap satisfies Re\ # s — 3/2, then the following decomposition holds

8
(’U q 1107610 + Z v]aQ] (413)
71=1

where (vo,qo) belongs to 2°(Q) and each (vj,q;), 1 < j < 8, belongs to a finite-

dimensional space of singular solutions. There exist functions (ij, QJ) and (V7 ZJ)
1<k<K,1<j5 <8, which depend only on the operator M such that

(v5,95) = /V*J f+Q gdaz)(Vlg,Q@

These functions (ij, Q‘,ﬁ) and (Vk , }:]) are associated with a A\, in Ar and have the
radial behaviour:

V! ~ e Q7. ~ pAR—L V7~ AL o~ r A2

This statement and a closer look at the structure of the dual singular functions
(V;7, Q) allow for ing th
s Q. proving the

LEMMA 4.9 Let s be a real number, 1 < s < 3.739. There exists an operator F,
continuous from H*~1(Q) into H*72(Q)3 and from L?(Q) into H ()3, such that for
any g in H*~Y(Q), vanishing on 9Q if s > 2, the unique solution (v, q) in () of
L(v,q) = (F(g), g) belongs to 7*().

Setting Rg = v, the interpolation equality (4.11) and Lemma 3.4 give the result.

REMARK 4.10 The limitation s < 3.739 comes from the method. A better choice
of the operator M and/or the direct handling of edge singularities would allow for a
weaker limitation.

Second proof The idea is to construct “by hand” a trace lifting operator from .43 ()
into A5 (Q) N HL(Q)3.

THEOREM 4.11 Let Q be the cube | — 1,1[3. There exists a projection operator Q
from AL (Q) onto A ()N HE(Q)? which is continuous from A (Q) into itself for
any real number s, 1 < s < 3.5.

PROOF: Let uw be any function in A (2), s > 1. We look for a function 9 in
H*t1(Q)3, depending only on vou, such that u — curl 1 belongs to H}(2)3. This
function is built in two steps. We denote by I'; (resp. by I'j13), j = 1,2, 3, the face
with equation z; =1 (resp. z; = —1).

1) In order to cancel the normal trace of w on the faces, we firstly remark that, since
the integral of u - n on 0N is equal to 0, there exists a polynomial x with degree 2,
depending linearly on the quantities frj (u-n)(o)do, such that the modified function
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v = u — curl x satisfies

/ (v-n)(o)doe =0, 1<j<6.
L
Then, A; denoting the bidimensional Laplace operator on the square I'; and n; the

unit outward normal on I'j, the problem —A;p; = v - n; provided with homogeneous
Neumann boundary conditions, has a unique solution ¢; in H*(T';) with [, ¢; = 0.
J

Moreover, it can be checked (see [6] and [10]) that the following regularity result holds
if the function u, hence v, belongs to H*(2)3, 0 < s < %:

o3l o ) S llvllms @y < € lullms@ps. (4.14)

Next, we use the trace lifting theorem to construct on €2 three functions w;, ws and
ws which satisfy

wy =—0yp; only, =36, and w; =03p; only, =205,

wo = —83@2' on FZ', 1= 1,4, and wo = 81@2 on FZ', 1= 3, 6,

w3 = —81@2' on FZ', 1= 2, 5, and w3 = 82@2 on FZ', 1= 1,4,

together with the stability property

3 6
S liwillres < € D2 Iesll e - (4.15)
i=1 j=1

The function w = v — curl (w;, ws, w3) has its normal traces equal to 0 on each face
Pj for 1 S j S 6.

2) In a second step, we want to cancel the tangential value of w on each face without
modifying the normal value: this is achieved by subtracting the curl of a function with
null tangential traces on the boundary. We begin with introducing a function g in
H*T1(Q) such that

wo =0 on Fj U Fj_|_3, j = 1,3, and 637,&0 = —w; On Fg U F6,

which defines a new function w® = w — curl (0,1, 0). Next, the standard results
about the lifting of traces allow for defining successively three functions 11, 15 and 13
such that

Y1 =0 onl;Ul';13, 7=2,3, and vYs=13=0 onl;, 1<j<6,
and that
02t = —wg onI's UT's and O3 = wg on I's UTg,

0319 =0 onI'sUTs and O1¢9 = w% on I'y UTy,
811/)3 = —U)g on Fl U F4 and 82¢3 = w% on FQ U F5,

with w! = w — curl (¢!,4°0), w? = w — curl (¢!,4° + 4?2 0). Then, it can be
checked that the traces of the function z = w — curl (¢!, ¢° + ¥? ¥3) are equal to
0 on 0f2. Moreover, the divergence-free property implies that the right compatibility
conditions on the edges are satisfied, so that the function z belongs to the same space
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H*(2)? as w and satisfies

12| s ()3 < cllw||gs ()3 (4.16)

As a conclusion, the function z is divergence-free and belongs to H}(£2)3. Also, com-
bining the previous estimates implies that, if u belongs to H*(Q)3, 1 < s < %,

2|l s ()3 < ¢l s )s- (4.17)

Taking Qu = z proves the theorem. [ |

Combining Theorem 4.11 with Lemma 3.4 yields Theorem 4.7 with a slightly more
restrictive limit (3.5 instead of 3.739) on the order s of the smaller space. However a
better choice of the operator on the faces should improve the limit.

The previous proofs can be extended to the case of the weighted spaces. Here, we
denote by A, () the space A7 ,(©2) when A is the divergence operator.

COROLLARY 4.12 Let a be a real number, —1 < o < 1. In the cube Q =] — 1,13,
the following interpolation result holds for any real numbers r and s such that 1 < r <
s < 3.739+ « and for any 0, 0 < 0 < 1:

(A0 () N HL o), A, (@) NVHE ()% = A5 (Q) 0 HL o (Q)%. (4.18)

div,«

REMARK 4.13 Exactly the same arguments as in the first step of the second proof
can be applied for the kernels

Aty o(Q) = {v € A, (2) [v-n =0 on Q}.

Hence, in the cube Q =] — 1, 1[3, the following interpolation result holds for any real
numbers r and s, 0 < r < s < 3.5, and for any 0, 0 < 0 < 1:

A 0(), Ao @)]g = AL (@),

5 SPECTRAL METHODS FOR THE STOKES PROBLEM

In the cube Q =] — 1, 1[?, we consider the Stokes problem with homogeneous boundary
conditions:

—vAu+grad p=f in €,
divu =0 in Q, (5.1)
u=20 on 0f).

Here, the unknowns are the velocity w and the pressure p, v is a positive parameter
standing for the kinematic viscosity and f is a density of body forces. As is well-known,
for any data f in H ()3, this problem admits the equivalent variational formulation:
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find a pair (u,p) in H3 ()% x L2(2) such that

VYo € H} ()2, a(u,v) +b(v,p) =< f,v >, (5.2)
5.2
Vg € L*(Q), b(u,q) =0,

where L2(£2) denotes the space of functions in L?(Q) with a null integral on 2 while
the forms a(-,-) and b(-,-) are defined by

a(u,v) =v / grad u(x) . grad v(x) dz,
Q

b(v,q) = — /Q div v(x) ¢(x) dx.

This problem admits a unique solution (u,p) in H ()3 x LE(Q).

5.1 Spectral discretization

Several spectral discretizations of problem (5.2) exist, we only present the simplest one
(see [15]). For any integer n > 0, we denote by P, (£2) the space of polynomials with
three variables and degree < n with respect to each variable and by P% () the subspace
P, () N H}(Q). Next, we fix an integer N > 2. Using the Galerkin method leads to
the following discrete problem: find a pair (uy,py) in P ()3 x (Py_o N LE)(Q) such
that

Yoy € PY(Q2)°, a(un,vn) +blon,pn) = (f,vn),

Vgn € Pn_2(82), blun,gn) =0.

(5.3)

REMARK 5.1 In practical situations, the integrals which appear in the forms af(.,.),
b(.,.) and (f,.) are replaced by Gauss type formulas, however this does not change the
results that follow. So, for the sake of clarity, we limit ourselves to the Galerkin type
discretization.

Due to the continuity properties of the forms a(-,-) and b(-,-) together with the
ellipticity of the form a(-,-), the numerical analysis of problem (5.3) relies on the
following inf-sup condition which is proven in [15][4, Thm 25.7]:

b
BN = inf sup (vw, ) >cN~ L (5.4)
avePr_anL2)(©) wxepd @3 [UN[la @)z llanl (o)

The constant Gy of the inf-sup condition is not independent of N, indeed it is proven
(see [4, (25.26)]) that By is exactly of order N~!. However, these properties are
sufficient to prove that problem (5.3) has a unique solution in P%; ()3 x (Px_2NL32)(Q).

5.2 Error estimate

Let us denote by Vi the space of polynomials of degree < N with null discrete diver-
gence:
Vi = {vn € PR(Q)?; Van € Pn_2(Q), b(vn, qn) = 0}.
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Then, standard arguments lead to the following estimate:

lw —un s + N p— ol
. . 5.5
§c< inf |Ju—wy|g(Q3 + inf HP—CJNHL2(Q))- (5:5)
wnEVN gnvE€(Pn_2NLE)(Q)

Standard polynomial approximation properties yield (see for instance [4, §7]):

inf Hu—’UNHHl(Q)B + inf Hp—qNHLQ(Q)
vN EPY (2)3 aNE€(PN-2NLF)(Q)

< NP (lull gz + 1Pl e-1(0))

if (u,p) belongs to H*(Q)3 x H*71() for a real number s > 1. So, it remains to
estimate the quantity inf,, v |lu —wn| g1 (0)s.

A general result (see [9, Ch. II, (1.16)]) yields

. C .
inf ||'u,—wN||H1(Q)3 < — inf ||'u,—'uN||H1(Q)3,
wN EVN BN wyer, ()3

where By is the inf-sup constant in (5.4). However, since By is of order N1, this
cannot lead to an optimal error on the velocity (one power of NV is lost). So, a separate
study of the approximation error is necessary.

5.3 Approximation error

The idea is now to build directly an approximation of any function w in A} () N
H}(Q)? by a polynomial in A4} () NP ()3 (which is strictly contained in Viy). The
first result in this direction is due to [17]: for any function w in A5 () N Hy(2)3,
with s > 3,

inf Hw — ’U)NHHl(Q)s < CleS ||w||Hs(Q)3. (5.6)

wyENL (NP, ()3

div
However, even if this estimate is optimal as far as the power of IV is concerned, the
condition s > 3 is rather restrictive since it needs to take f in H'(Q2)? and even then,
one does not know whether the velocity w belongs to H3(2)2. Our aim is to lift the
restriction s > 3 and to replace it by the minimal condition s > 1.

THEOREM 5.2 Let s be a real number > 1. Estimate (5.6) holds for any function w
in A, () N HEQ)?,

Proor: Of course, we have

inf Hw—wNHHl(Q)s = Hw—HNwHH1(Q)3,

wn €L (NP, ()3

div

where Iy is the projection operator from .43} (£2) N H () onto A () NPY(£2)3.
Thus the operator Id — Il is continuous from A4t (2) N H}(Q)? into H*(Q)? with

norm < 1 and from A3 () N H}(Q)? into H*(2)3 with norm < ¢ N~2 by (5.6). So
an interpolation argument relying on Theorem 4.7 leads to the desired result.
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REMARK 5.3 The analogue of estimate (5.6) in the case of weighted Sobolev spaces
and for s > 3 is proven in [17] for « = —1 and can easily be extended to any value of «,
—% <a< % The same arguments as previously, together with Corollary 4.12, lead to
the following estimate, which holds for any function w in A, (Q)NH} ()%, s > 1:

div,a

inf Hw — 'wNHHg‘(Q)?' < CNliS HwHHg(Q)s. (57)

wyENL (NP, (Q)3

div,a

As a conclusion, we obtain the following error estimate for problem (5.3), if the
solution (u, p) of problem (5.1) belongs to H*(Q)3 x H*~1(Q),

lu —un|lmi@p + N7 P = pnllzz) < e N2 ([ullas@s + Ipla-r@)-  (5.8)

5.4 Convergence of the spectral discretization

We are going to link the error estimate (5.8) with the properties of regularity of the
Stokes problem in a cube. Let S denote the Stokes operator in (5.1). We already
indicated that we have the regularity along the edges for s < 3 and that the regularity
at the corners depend on the set Ag of complex numbers A with real part > —1/2 such
that the boundary value problem on the octant T' =]0, +-00[3

{5<Mu(0),rk1p(9)> =0 in I, (5.9)
r’\u(Q) -0 on OT

has solutions satisfying w # 0. The following result is proven in [7]:

THEOREM 5.4 Let & be the least real part of the elements of Ag. Let s be a real
number, 1 < s <min{3,& + 3}. Then, for any f in H*2(Q)3, the solution (u,p) of
problem (5.1) belongs to H*(2)3 x H*~1().

It is proven in [7] that &y is > 1, but, presently, it is not known if &y is > % The
set Ag and the associated singular functions are extensively studied in [11] and [12]
(for instance, it is proven that, in some strip 1 < Re A < &1, the elements of Ag are
real and that there are no logarithmic singularities).

As a consequence, the value s = min{3,& + 5} is > 2. For any s < sy and any
f in H572(Q)3, we have the error estimate for the solution (u,p) of problem (5.1):

lw—unllar@p + N p—pllczg) < N2 Fllge-2a)ps- (5.10)

Also, the standard Aubin—Nitsche argument, combined with Theorems 5.2 and 5.4,
gives an estimate for the L? norm of the velocity:

|lu — ’LLNHLQ(Q)B <cN~° HfHHsf2(Q)3. (5.11)

Combined with a density argument, estimate (5.10) yields the convergence of the
discrete velocity uy towards w for any f in H—1(Q)3. The spectral discretization
(5.3) can be extended to the full Navier—Stokes equations in a natural way, and the
convergence property for the Stokes problem is useful for the numerical analysis of the
nonlinear problem.

19



REFERENCES

1.

10.
11.

12.

13.

14.

15.

16.

17.

18.

[. Babuska and M. Suri — The h-p—version of the finite element method with
quasi-uniform meshes, Modél. Math. et Anal. Numér. 21 (1987), 199-238.

C. Bernardi, M. Dauge and Y. Maday — Relevement de traces préservant les
polynémes, Note C.-R. Acad. Sci. Paris 315 Série 1 (1992), 333-338.

C. Bernardi, M. Dauge and Y. Maday — Polynomials in Weighted Sobolev Spaces:
Basics and Trace Liftings, Internal Report 92039, Laboratoire d’Analyse Numé-
rique, Université Pierre et Marie Curie, Paris (1992).

C. Bernardi and Y. Maday — Spectral Methods, in the Handbook of Numerical
Analysis, P.G. Ciarlet and J.-L. Lions eds., North-Holland (1994).

M. Bourlard, M. Dauge, M.-S. Lubuma and S. Nicaise — Coefficients des sin-
gularités pour des problemes aux limites elliptiques sur un domaine a points
coniques I: Résultats généraux pour le probleme de Dirichlet, Modél. Math. Anal.
Numér. 24 (1990), 27-52.

M. Dauge — Elliptic Boundary Value Problems on Corner Domains, Lecture
Notes in Mathematics 1341, Springer—Verlag (1988).

M. Dauge — Stationary Sokes and Navier-Stokes systems on two- or three-dimen-
sional domains with corners. Part I: linearized equations, SIAM J. Math. Anal.
20, n° 1 (1989).

E. Gagliardo — Caratterizzazione delle trace sulla frontiera relative ad alcune
classi di funziono in n variabili, Rend. Sem. Padova 27 (1957), 284-305.

V. Girault and P.-A. Raviart — Finite Element Methods for the Navier—Stokes
Equations, Theory and Algorithms, Springer—Verlag (1986).

P. Grisvard — Elliptic Problems in Nonsmooth Domains, Pitman (1985).

V.A. Kozlov, V.G. Maz’ya and C. Schwab — On singularities of solutions of the
Dirichlet problem for the Lamé-system near the vertex of a cone, to appear in
Arch. Rat. Mech. Anal.

V.A. Kozlov, V.G. Maz’ya and C. Schwab — On singularities of solutions of the
Dirichlet problem of linearized hydrodynamics near the vertex of a cone, to appear
in J. Reine und Angew. Math.

J.-L. Lions — Théoréme de traces et application (IV), Math. Annalen 151 (1963),
284-305.

J.-L. Lions and E. Magenes — Problemes aux limites non homogenes et applica-
tions, Dunod (1968).

Y. Maday, A.T. Patera and E.M. Rgnquist — The Py — P _2 method for the ap-
proximation of the Stokes problem, Internal Report 92025, Laboratoire d’Analyse
Numérique, Université Pierre et Marie Curie, Paris (1992), to appear in Numer.
Math.

V. G. Maz’ya and B. A. Plamenevskii — Coefficients in the asymptotics of the
solutions of an elliptic boundary value problem in a cone, Amer. Math. Soc.
Trans. (2) 123 (1984), 57-88.

G. Sacchi Landriani and H. Vandeven — Polynomial approximation of divergence-
free functions, Math. Comput. 52 (1989), 103-130.

H. Triebel — Interpolation Theory, Function Spaces, Differential Operators, North
-Holland (1978).

20



