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1 Hartree Products and Slater Determinants

Let’s consider a system ofN electrons inN spinorbitalsχi (i ∈ 1, ...,N ). φi and
si are defined as the spatial part and the spin part of the spinorbital χi respectively
i.e. χi(x) = φi(r)si(ω).

We aim at the probabilityP12(r1, r2) of finding the electron 1 in the volume
dr1 centred onr1 and the electron 2 in the volumedr2 centred onr2.

1. Give an expression ofP12(r1, r2) depending onΨ the electronic wave-
function of the system.

2. On a first approach, let’s consider that the electronic wave-function can be
written as a Hartree product:

ΨH = χ1(x1)...χN (xN )

Conclude onP12(r1, r2).

3. Ψ is now written as a Slater determinant constructed on theχi:

ΨS = |χ1(x1)...χN (xN )〉

=
1√
N !

χ1(x1) χ1(x2) · · · χ1(xN )
χ2(x1) χ2(x2) · · · χ2(xN )

...
...

. . .
...

χN (x1) χN (x2) · · · χN (xN )

What becomesP12(r1, r2) when both electrons 1 and 2 have different spin
? same spin ? As a first step, one could consider a 2-electron system.
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2 Properties of Slater Determinants

Let’s consider the 2-electron Slater determinants:

Ψ1 =
1√
2

χi(1) χi(2)
χj(1) χj(2)

Ψ2 =
1√
2

χk(1) χk(2)
χl(1) χl(2)

1. Norm and overlap

(a) Let’s suppose that the orbitalsφi, φj , ... form an orthonormalized basis
set.

i. Show thatΨ1 is normalized.

ii. Show that〈Ψ1|Ψ2〉 = δikδjl − δilδjk.

(b) We now consider that the orbitals are no longer orthonormalized. The
overlap matrix is notedS.

i. Show that
〈

χi(1) χi(2)
χj(1) χj(2)

∣

∣

∣

∣

χk(1) χk(2)
χl(1) χl(2)

〉

= 2det(S)

ii. How does〈Ψ1|Ψ2〉 change ?

2. Slater’s rules

The goal is to derive Slater’s rules in the case of systems with 2 then 3 elec-
trons. For both systems, mono and bielectronic operators are writtenO1 and
O2, respectively.

(a) Let’s consider a 2-electron system. The following notations are as-
sumed:

0 = |χiχj〉 S = |χpχj〉 D = |χpχq〉

Evaluate〈0|O1|0〉, 〈0|O1|S〉, 〈0|O1|D〉, 〈0|O2|0〉, 〈0|O2|S〉, 〈0|O2|D〉.
(b) Let’s consider a 3-electron system. The following notations are as-

sumed:
0 = |χiχjχk〉 S = |χpχjχk〉
D = |χpχqχk〉 T = |χpχqχr〉

Same question. Evaluate also〈0|O1|T 〉 et 〈0|O2|T 〉.
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3. Applications

(a) In this question, the system is ruled by a monoelectronicHamiltonian
written as a sum of̂hi whoseφi are eigenvectors corresponding to the
eigenvaluesǫi:

Ĥ =
N

∑

i=1

ĥi

ĥiφj = ǫjφj

What are the energies calculated withΨH ? ΨS ? Conclude.

(b) The system is now ruled by a Hartree-Fock Hamiltonian.

i. Give an expression of this Hamiltonian.

ii. How are changed the previous energies ?
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