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1 Introduction

The first goal of this paper is to extend a result obtained by Samorodnitski and Grigoriu in [11].
They consider the stochastic differential equation

dX; = dL; — f(X;)dt, (1.1)

where f is a quickly increasing to infinity function and L is a symmetric Lévy motion and they
study the exact rate of decay of the tail probabilities of the random variables X, ¢ > 0. The
proof in [11] is technical and in Remark 3.2, p. 76, the authors conjecture that their main result
remains true without the assumption of symmetry of the Lévy process. The first part of the
present paper (Section 2) contains a proof of this conjecture and we try to reduce the technical
difficulties announced in the cited remark by assuming that the Lévy process is a-stable. More
precisely, we assume that X is a solution of the stochastic differential equation

dXt = dft - f(Xt)dt, X(] =, (12)
where £ is the asymmetric a-stable Lévy process having its Lévy measure given by
v(dz) = |z| 71 [a,]l{z<0} + a+]l{z>0}] dz. (1.3)

Here a € (0,2) \ {1}, a4+ # a— and z is a real number.
Our second objective is to prove a similar result that we obtained recently in [4] about non-
linear Langevin dynamics driven by Lévy noises. Consider the dynamics of a particle whose



speed satisfies a one-dimensional stochastic differential equation driven by a small a-stable Lévy
process in a potential of the form a power function of exponent S + 1. Let us recall that the
dynamics of some integrated processes driven by Lévy noises appears in financial mathematics
models or in physics. In [4] a scaling limit of the position process having this speed was studied
and it was proved that when the driving noise is a symmetric stable process, its limit in distri-
bution is a Brownian motion. Diffusions in heterogeneous materials or prices in finance could
be modelled by using stochastic differential equations driven by asymmetric Lévy noises (see for
instance [12]). In the second part (Section 3) we explain which are the differences in order to
obtain a similar result as in [4] when the driven noise is the asymmetric a-stable Lévy process.
More precisely, one considers the stochastic differential equation

1
dvi = edt; — SU(v))dt,  v5 =0, (1.4)

with the potential U(v) := %Mﬁ“ and assume again that ¢ is the asymmetric a-stable Lévy

noise. To get the limit in distribution, as € — 0, of the position process z; = fg vids, one uses
the exact rate of decay of the tail probabilities for the speed process obtained in Section 2.

2 Tails for the invariant measure of the solution

2.1 Notations and main result

We will always assume that ¢ is the asymmetric a-stable Lévy process having its Lévy measure
given by (1.3), with o € (0,2) \ {1}, a4+ # a— and a4 # 0 and a_ # 0.
Let f : R — R be a non-decreasing function with f(0) = 0 which is regularly varying at

infinity with exponent § > 1: for all ¢ > 0, lim ! ((a;j) = a®. Recall that the process X satisfies
T—r0o0

t
Xi=x+4 — / f(XS)dS, t>0. (25)
0

Let us note that the existence and the uniqueness of a global solution for the equation (2.5) is
justified in [11] for a general Lévy driven noise and it is a consequence of Theorem 6.2.11, p.
376 in [1] (see also Proposition 1.2.10, p. 27 in [3]). The statement of our main result of this
section is the following:

Theorem 2.1. Denote, for all u >0

T v((y, +00))
Then P, (X )
>u
li A Rt 2.
urtoo  h(u) (2.7)
uniformly with respect to x € R and t > 1.

As a consequence we obtain the behaviour of the tail for the invariant measure. According
to Proposition 0.1, p. 604 in [8], and under the assumptions on the function f, the exponential
ergodicity of the solution X of (1.1) is insured. Moreover its unique invariant measure, denoted
e, 3, satisfies

Vr €R, [P — myg|Tv = O(exp(—Ct)), as t — oo, (2.8)

where P! is the distribution of X; under P, and || -||Tv is the norm in total variation. Therefore
letting ¢ goes to infinity in Theorem 2.1, we get:



Corollary 2.2. Under the same assumptions as in Theorem 2.1, we have

lim ma,ﬂ((uv +OO))

Jm = =1. (2.9)

2.2 Proof of the result on tails of solutions of SDE

We split the proof of Theorem 2.1 in several steps.

Step 1. Introduce, for ¢ > 0 and for some ¢ > 0 to be chosen, the Lévy process (%) with the
following small jumps prescribed by the Lévy measure

V9 (dz) = 2|71 [a-Tfc oy +aslpnen] dz (2.10)

The process /(%) has a finite number of jumps on each finite interval of time. Denote by T; the

time when the j-th jump occurs (with the convention Ty = 0) and by Wj(g) its size. The random

variables (VV](U)) are i.i.d. We will choose the constant ¢ such that, for all y and o,

a) _
E(W) IL{*ySWf”)Scy}) =0

Since the probability density of Wl(g) is given by

—Q

1 —1l-a : o -«
Z )\—U]z| la-Tfc oy + a4l sey],  with Ay :i= " (a— +apc™®), (2.11)
we deduce that the only possible value of the constant is
A\ /(1=a)
¢= (‘L) . (2.12)
a4
Let us point out that, by the definition of V(@ for u > co > 0,
V() (4, +00)) = v((u, +00)) =: p(u). (2.13)
Step 2. Let us denote
t
X =g +6 - / F(X)ds, t > 0. (2.14)
0

According to Theorem 19.25 in [7], p. 385, X (@) converges in distribution to X, as ¢ tends to 0.
To get (2.7) it is enough to prove that there exists g, such that,

P, (X7 > )

Tt 1’ <o(l), asu — +oo, (2.15)
uniformly in z € R, 0 < og and ¢t > 1.
Step 3. The ordinary differential equation
t
z(t) =z — / f(z(s)ds, t=0 (2.16)

has a unique solution. As in [11], p. 93, we introduce, for all u > 0

400 1
g(u) := /u mdy. (2.17)



This function is clearly finite, non-negative, continuous and strictly decreasing for large u. Let us
fix 1 < s <t It is no difficult to see that the solution of (2.16) satisfies g(z(t)) = g(x(s)) +t—s
and in particular, for any u > 0, if z(t) > w then g(u) > g(x(t)) > t —s. We deduce that the
solution of (2.16) on [t — g(u), t] will end up, at time ¢, not higher than w.

At this level let us recall an important result from [11] (see Lemma 5.1, p. 94). Let A > 0
and denote by y, the solution of the deterministic equation (2.16) on each interval of the form
(Si—1,S;) with 0 = Sy < -+ < S, < A but with jumps at time S; of a size j;. More precisely

y'(t)=—f(yt)), on (Si-1,8;) and y(Si) =y(S;)+ji, y(0) == (2.18)

As previously, it is not difficult to see that y satisfies g(y(A)) = g(y(Sn)) + A — S, and in
particular, for any u > 0, if y(A) > u, then A — S,, < g(u). Moreover, one can compare the
solution z of (2.16) with y:

- i) <y(A) —z(4) < ( z) :
o, () <o) o) < max (303),

In particular, if we set, for a > 0, N(a) =sup{i <n: j;+---+jn > a} (=0 if the set is empty),
then
for ¢ € [Sn(q), A] such that y(t) < b, we have y(A4) <a+b. (2.19)

Step 4. For t > 1, denote by Nt(o) the number of jumps of £(9) during the interval [0,t] and
define, for all a < 0 and b > 0,

Ml(o) (a,b) :=sup{j < Nt(g) : Wj(g) ¢ [a,b]}, and =0 if the set is empty. (2.20)

To simplify notations we will denote by 7 := TM the time of the jump with index

(o)
1 (—eu,ceu)
Ml(a)(—eu, ceu). We can write
IPI(Xt(o) >u) =P, (Xt(g) >u, 1 <t— g(éu)) +P, (Xt(g) >u, T €[t — g(éu),t])
= p1(u) +p2(u). (2.21)

Let us fix s <t and for ,7,9 > 0 and u > 0, introduce the event

AE"V’(S’“’S = sup Z W](U)]l{—au<W.("><ceu} > yu ' (2'22)

1N (o) DA
s—g(du)<T;<s SISV
We can state the following lemma:

Lemma 2.3. If (1V ¢)e < v/4 then there exist ug(e,~,d), oo and a positive constant C(3,7)
such that, for all u > up(g,~,d) and o < op,

Py Az 5s) < Cle,7)g(du)p(u)/ V). (2.23)
Remark 2.4. Let us point out that all the constants in (2.23) do not depend on t.

We postpone the proof of Lemma 2.3 and we proceed with the proof of our main result.



Step 5. To begin with, we study the term p; in (2.21). We can write

P1(u) S Po(Acnsui) + Pul(AS 50 N XS > u, 1 <t — g(ou))). (2.24)

Since the solution of (2.16) on [t — g(du), t] will end up, at time ¢, not higher than du, by using
(2.19) we get,

Xt(o) <du+vu ontheevent A7 5 N {r <t—g(ou)}.

By choosing §+7 < 1, the second term on the right hand side of (2.24) is equal to 0. Furthermore,
assuming that (1V ¢)e < /4, using Lemma 2.3, we see that there exist ug(e,~,d) and oy such
that, for all u > ug(e,7,9) and o < g,

p1(w) < Py(Acysut) < Cle,7)g(0u)p(u)/ V), (2.25)
We analyse now the term po in (2.21). Let us introduce, for all a < 0 and b > 0,

M7 (a,b) = sup{j < M{”(a,0) : W\” ¢ [a, ]} (2.26)

and again, to simplify, we set o :=T (o) the time of the jump with index MQ(U) (—eu, ceu).
2

My’ (—eu,ceu)
We can write

pa(u) = Po (X7 > u, my € [t = g(0u),1]) <P(t =1 < g(ou), 71 — 72 < g(6u))

+ P, (Xt(a) >u, t—1 < g(du), 11 — 12 > g(éu)) =: po1(u) + poa(u). (2.27)

Step 6. First, we estimate pa;. Since Ng(?é)u

of £{9) in the interval [t — g(du),t], we get

) has the same distribution as the number of jumps

P(r <t — g(6u)) = IP(Vj e{1,...,N9

g(5u)}’ —eu < W < ceu).

J

o)

By using the fact that Ng(( 5u) is a Poisson distributed random variable of parameter \,g(du) and

is independent of the VVZ-(U), we deduce

P(r <t—g(du)) = e~ Ao9(du) +f M

n=0
= e_A“g(‘su)(l —P(—eu < Wl(a) < ceu)) = e_’\"g(‘su)IP(Wl(U) ¢ [—eu, cau]).

N
=
S
N
o
0
£
3

p P(—cu

Since 1
o c T4
IP(W1 ) ¢ [—au,cau]) = Aip(gu)’
we get 1
P(r < t— g(6u)) = e~ (¢ e Mg(0u)p(en)

Since t — 71 and 71 — 79 are independent and have the same distribution, we obtain

—ay 2
p21(u) o ]P(t -7 < g(éu)’ T1 — T2 < g(du)) — (1 — e_(cl +c )9(5u)p(6u))
< (74 2 p(eu)?g(du)? (2.28)



To estimate pao, we fix 1 that will be chosen later. We can write

poo(u) < Py (Xt(U) > u, t — 11 < g(0u), X£f1 < nu)

+ P, (t — 711 < g(0u), Xgl > nu, 1 — Ty > g(&u)) =: poo1(u) + pooa(u). (2.29)

Step 7. We begin with the study of pos;. We have

p221(u) < Pu(Acys5u) + Po <A§7%57u’t N {Xt(a) >u, t—1 < g(ou), Xifl < nu})
= Pu(Acy5ut) + Pmain(u). (2.30)
By using Lemma 2.3, for all u > ug(e,,0) and o < oy,
Py (A 5u1) < Cle,7)g(60) (p(a))?/ 10V, (231)

Furthermore, by the definition of g and (2.19), for all u > ug, on the event

AL gt 0 {Xt(a) > u, t — 711 < g(0u), Xﬁfl < nu},

the magnitude W(U()(,) of the jump at time 7 should satisfy
M7 (—eu,ceu)
_ (o) ) < —
e Wi, ) <ol =),

Hence, since g is positive and decreasing, we get

t—7 <g((1—>)u) and W](\;()a)( > g g((1 —y)u) — (t —11) — nu).
1 (—eu,ceu)

At this level, we need to assume that (1V c)e +~v+n < 1. For all s € (0,g((1 — v)u)),

p(w > g g((1=7)u) = (¢ = ) =)

IP(Wla) ¢ [—eu, czu)) (e~ + =) p(eu)

P > g gl — =) =) pl (g((1 = 1)) — 5) — )

Since t — 7 and W(U()U) are independent and recalling that the distribution of ¢ — 7 is
M;" (—eu,ceu)

exponential with parameter (¢!~ + ¢~%)p(eu), we obtain
Prmain(u) = Py (A;%(;,u,t N {Xt(a) >u, t — 711 < g(ou), Xﬁfl < nu})
9((1=7)u) o —a .
< [T e s g (1= 9)u) ~ ) - ))ds
0

((1=v)u)
< / T o (1 = ) — ) — ).
0

We perform the change of variable y = g~ (g((1 — v)u) — s) and we get

o +00 M oo ply(1—n/(1 —7)))
pmam( ) < /(vl_’y)u f(y) dy < /(vl_’y)u f(y) W

_ (1 - 1_777) B /(:j)u ;’g;dy _ (1 _ 1_”7> R =), (2.32)




Putting together (2.30), (2.31) and (2.32), we deduce, for all u > ug(e,~,d) and o < oy,
pen() < (1= 175 ) R = 20+ CemgGu)(p() /0. 233)

It remains to estimate p9go. Since 74 — 7o and t — 7y are independent, we can split
poze(u) =Pt — 1 < g(du)) - P, (Xf.fz >nu, 1 — Ty > g(éu)).
We can write
P, (Xifz > nu, T1—To > g(éu)) < IPx(AE’%&u,Tl)—i—IPx( 5,7,5,%71“{)(52 > nu, T1—To > g(éu)})

By choosing «, 6 and € small enough, we can assume that 6 + v < 1. By employing the same
argument used to estimate p;, we deduce

P, (Ag,%&um N {Xﬁfz > nu, T — T2 > g(5u)}> = 0.

We use again Lemma 2.3 and the exponential distribution of ¢+ — 71 with parameter (¢!'=% 4
¢~ *)p(eu) to obtain that, for all u > ug(e, d,v) and o < oy,

paza(u) < C(e, 8,7, m)p(u) 3T/ AV g (3)2, (2.34)

Step 8. Finally, summarizing the inequalities (2.25), (2.28), (2.33) and (2.34), for ¢, v, § and n
such that 0 + v <n <1, (1Vc)e < y/4 and (1V c)e +v+n < 1, there exist ug(e,~,d,n) and
oo such that, for all u > ug(e,v,d,n) and o < o9,

P(x( > )< (1o 1) A=)+ (7 e ey 0

+ C(e, 7, 8,m)g(w)p(u)/(A1vee),

Since h is regularly varying at infinity with exponent 1 —a — 3, g is regularly varying at infinity
with exponent 1 — 8 and p(u) is regularly varying at infinity with exponent —a, choosing ¢, ~,
0 and 1 small enough, we get that for all £ > 0, there exists ug(&) such that, for all u > ug(§),
alzeRandallt > 1,
P, (X7 > )
h(w)

hence we have established the upper bound of the main result.

<1+,

Remark 2.5. At this level we note that, if instead of the regular variation at infinity of the
function f, we made only the assumption f(x) > f(:v) for all z > A for some function f which
is reqularly varying at infinity with exponent greater than one, we would still have the upper
bound, for all & > 0, there exists uy(&) such that, for all u > ug(§), allx € R and allt > 1,

L O D S A A (TR )M
g SIe o= [T



Step 9. We proceed with the proof of the lower bound. For all e < 1, § < 1 and n < 1, we get,
by the strong Markov property and (2.19)

P (X > u) > P, (th) >, >t - glu(l +6)), X7 > —’r)u)

g(u(146)) l—a —a (o
> / (clfa + cfa)p(au)ef(c +c™¥)p(eu)s IPfE(X(t_s)_ > _nu)
0

+o0 d )
P, (XE > v(dy ds.
/ yoml &5 > W) G ey e &

Let us observe that X (@) has, under P,, the same distribution as —X () under the distribution
P_,, but with a drift f(z) = —f(—x) and an asymmetric driving noise where the coefficients
a4,a— in the expressions of its Lévy measure are inverted. By using the hypothesis on f and
Remark 2.5, we obtain that for all u > wug, for all o < ¢, all z € R and all s < g(u(1 4+ 9)),

Po(X() > —nu) > 1 —r(u),

where r is a function converging to zero. In the sequel, the function r can change from line to
line. Observe that, according to (2.19), in a similar manner as we studied py, if

y=nu+g  (g(u(l+96) —s) (2.35)

then, under the distribution IP,,_,,,, the event {X 5(8“) > u} contains, up to an event of probability

zero, the event Af 5,5, ;. Hence, for all s and y satisfying (2.35), we get

IPy—mt(Xéw) >u) 21 —-Pu(Acsi46ut)-
Therefore, by using Lemma 2.3, for all o < 0¢ and u > ug(e, ),
IPy_nu(XSEE“) >u) =1 —r(u),
for all s and y satisfying (2.35), as long as ¢ is small relatively to §. So, for all e < 1, 6 < 1 and
n < 1 such that € is small relatively to 4, for all o < g and all u > ug(e, J),

gu(+8)
PL(X > u) > /0 (e )P(su)S]Px(X((f_)S)_Z—nu)

+oo
X / Py (XEY > w)v(dy)ds
nut+g = (9(u(1+0))—s)

y (O »
> (1 r(u)) /0 (WS s - g (gL + 6)) — 8))ds

+
> (1 — r(u))2e (e pleu)g(u(145)) / T oty
wits)  f(Y)

gt [ A A e
> (=ryt [ PO Dy — () (14 15 ) hu(1-+)

We conclude that, for all £ > 0, choosing 71, ¢ and ¢ small enough, there exist ug(§) and o¢(§)
such that
P, (X7 > u)

h(u) >1-¢



for all u > up(§), all 0 < 0p(§), all z € R and t > 1. O

Proof of Lemma 2.3. Recall that we denoted p(u) = v((u, +00)) and

—Q

Ao = ? (a— +ayc™@).
«

Set q := dﬁ For all ¢, v and o, 0 is a quantile of order ¢ for the random variable
(o) : .
1) ]l{Wl(U)E[—su,ceu]} since, by using (2.11),
(o) _ o) P _ 1 —a a
P(W, ]I{ng)e[_eu,cm” <0)=P(W," € [-eu,—0]) = o (a_o a—(su)™%)
q —« —a
= — g s
(o= (eu) ) <4
and
(o) _ o) o)
P(W,; ]l{Wl(U)G[fsu,cau}} <0)=PW;" < —o)+P(W;" > ceu)

a_o ¢

1
=3 a(a,a_o‘ +apc ¥(eu)™)

WV

pyre -

Recall that N;ZS)U) has the same distribution as the number of jumps of £(%) in [s — g(du), s]. By
using Theorem 2.1 p. 50 in [9], we get

(o)
g(du)

Px(Ag,%(S,ws) S IP( Z Wi(a)]l{Wfo)e[fsu,cau]} 2 /}/u)
i=1

Q|

Again we use the fact that N;E?u) is a Poisson distributed random variable of parameter \,g(ou)
and is independent of the Wi(g). By conditioning, we obtain
L A) Ry
Po(Acsias) < oxp(=Aog(du) S P ( S W 0 ey 'yu). (2.36)

n>1 ’ i=1

Recall that Wl-(a)]l (W e[—eucen]} 2T i.i.d. random variables with expectation 0, bounded by

(1V c)eu, we can use Theorem 1 in [10], p. 201. We get

Y W 2
D < _ T aresi yu?e(1V c)

(o)
nVar (W1 1 {WY) €[—eu,ceu]}

Furthermore, we can estimate

(o) — ()2
Var(Wi T wiore apeauy) = BV L yong oy ceny)

1 —0 CEU 11—« 2—q

Setting € := %, we can write

]P(; VVZ ]I{Wi(fr)E[*su,ceu]} Z U ) % eXp 26(1 v C) arcsinh

9



Since arcsinh(z) ~ log(z) when  — 400, there exists a > 0 such that for all x > a, arcsinh(z) >
CA’Eo‘*l'y)\g

apl) o We get

3 log(). Therefore, if n <

P, < z; Wi(g)]l{wi(")e[—su,cau}} > 7u>

< exp {_ Y o (éga—lf}/Ao.)] _ (Cnp(u) )W/(Zla(lv(:)).

1 =
4e(1Ve) © np(u) ga=ly),
By injecting this result in (2.36), we obtain

]P"E (A&‘,")/,(S,u,S)

1 p(u) v/ (45(1ve)) ) 1 B} Crealyn,
< (2 v L Lp(n@ o €y
g (C’Ea_17)\g> E((NQ(JU)) ) T qIP<Ng(5u) > ap() > (2.37)

It is no difficult to see that, if £ is a Poisson distributed random variable, for all p > 1, there
exists C), such that

E(&) < Cy(E(6) + E(©)).

Since (1V ¢)e < /4, we can apply this result to N

o(6u) and we deduce

E((N{7,)7 D) < L (Mrg(8u) + (Aog(du)) /4D,

We obtain an estimate for the first term on the right hand side of (2.37): there exists C(e,7)
such that

1 ( p(u) >’7/(4€(1VC))E((N(U)

\amin () VAV ) < O(e,7)g(Bu) (p(u) VD (2.39)

To study the second term on the right hand side of (2.37), we set 9 := log (g(%%);&)). There
exists ug(e,7,d) such that for all u > ug(e,~,d), ¥ is strictly positive. We get, for all u >

U(](E,’}/,(S),
0 _ Ce* Iy IN') Ce*y), < 9 e,
IP(NQ(M) > an(a) ) = IP(e 9(8u) > exp <19 an () )) < exp ((e DAsg(du)—0 an () >,

by using Markov’s inequality. By using the expression of 9 and choosing C'(e,v) and ug(g,~, d)
large enough, we obtain

() o G Clem)o/p(u)
P(N 25 ) <o, , . 2.
Replacing (2.38) and (2.39) in (2.37), we get (2.23). O

3 Asymptotic stability for SDEs driven by the asymmetric a-
stable noise

Recall that ¢ is an a-stable Lévy process with o €]0; 2[\{1}. Consider the equation for the speed
process starting from 0 and the corresponding position process

t t
vy = el —/ sgn(v)[vs|Pds  and af = / vids. (3.1)
0 0

10



We denote

satisfying

To simplify, denote

«
0=0,3:=———>0 if —1>0.
o,B o+ B 1 y I o+ ﬂ
We introduce o ' e
afb —(B—1)6 afb
== tfﬁ_l)e/a and V7= L2 (3.3)
€ c €

Since ¢ is self-similar it can be easily verified that L® is a a-stable Lévy process with the same
Lévy measure as £, so there is no dependence on the parameter €. Moreover, we have

—af

t te
VE=L; - / sgn(VE)|VEPds  and  XF = 5(25)0/ Vids. (3.4)
0 0

Again, there is no dependence on the parameter ¢ for the speed process. We will skip indices ¢
for the processes L and V. Our second main result is the following:

Theorem 3.1. Assume that o € (0,2) and 8+ § > 2. Then there exists a positive constant
Ko, such that the process

[00+52) (e, — 0 /R e p(d)) 1> 0 (3.5)

converges in distribution toward a Brownian motion with diffusion coefficient ko g, when ¢ — 0.
Here my g is the invariant measure of the speed process V' which is exponentially ergodic. The
constant kq, g has the following integral representation

o = =2 [ (o= [ 1 p(09)) 50 o) > 0. (3.6)
To prove this result we need some important results concerning the speed process.

3.1 The speed process V

If B > 1 the drift coefficient in the equation (3.41) is a locally Lipschitz function hence there
exists a locally path-wise unique strong solution V', defined up to an explosion random time
(see, for instance [1], Thm. 6.2.11, p. 376). As in [4] Lemma 4.1, p. 7, it can be proved that
the explosion time is infinite almost surely hence the solution V is global.

Provided that 8 > 1, the drift coefficient —f(z) := —sgn(z)|z|’® and the jump measure
v(dz) = [z] 77 [a_1 00y + aqly,50y] dz clearly satisfy the conditions of Proposition 0.1, p.
604 in [8]. Hence V' is an exponential ergodic and Harris recurrent process having an unique
invariant distribution, denoted by m, g.

At this level we use the result obtained in Section 2: thanks to Corollary 2.2 m, g satisfies

fa fa_

and  mq g((—00, —x)) (3.7)

o, 5 ((2, +00))

z—+oo 2gpatB—1 z—+oo 2gpatB-1"

These equivalents will play an essential role during the proof of Theorem 3.1.
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By the classical ergodic theorem, for all f € L!(mq.g),

T—oo T

1T _
lim /0 f(Vs)ds—/]Rf(:c)ma,g(da:), a.s. (3.8)

Under the hypothesis of Theorem 3.1, the identity function id belongs to Ll(maﬁ) , SO
—ab

te
lim 50‘9/0 (Vs — /Rxmaﬂ(dx))ds =0, a.s.

e—0

Since we are interested on the behaviour as € — 0 of

te—0
gB+5-2) (mg,at - se_at/ xmaﬂ(dx)) =% [Eae/ (Vs —/ JUma,B(dx))dS] (3.9)
R 0 R

we are looking for the behaviour of a functional of V' in large time, hence it is quite natural to
perform the study in steady state. In other words, we should assume that V is starting with
mq, 3 as an initial distribution. This fact is contained in the following

Lemma 3.2. Suppose that 3+ § —2 > 0 and assume that the process

P /Ots—a" v, _/]Rxmaﬁ(dx))ds =

converges in distribution to a Brownian motion, as € — 0, provided that the initial speed Vy has
the distribution my g. Then the process Z. o converges in distribution to a Brownian motion, as
e — 0, when V = 0.

The proof works in exactly the same manner as for Lemma 4.2, p.9 in [4], by replacing V; by

Ve .= v, —/ xmy g(dx), s > 0. (3.10)
R

Note that this process is centred under the invariant measure m, g.

Proof of Lemma 3.2. For ¢t,A > 0 we set

te 0L A

te—0 LA
Zoa(t) = 5_29[50‘9/ (Ve —/ ﬂjmaﬁ(dx))ds} :E;/ yeen s,
A R

A

As in [4] we prove that Z. A(-) converges in distribution to a Brownian motion, as A — oo and
€ — 0, when Vp = 0, and, by choosing A = A(e) = £=*%4% we prove that

oo e~ 0L A(e)
{87 / ernds t > 0}
0

converges in distribution to a Brownian motion, as ¢ — 0, when V{) = 0. We finish by applying a
consequence of the continuous mapping theorem for the composition function stated in Lemma
p. 151 in [2], to deduce that

0570‘9
6%9 0 Vscends—l—A(E)E%e /]Rxma,ﬁ(dx)

converges in distribution to a Brownian motion, as ¢ — 0, when Vi = 0. We can conclude since
lim. o A(g)e™? Jg #map(dz) = 0. O

12



Although in the asymmetric case the expression of the infinitesimal generator 4, g of V is
slightly different, several of its properties remain true. Indeed, since the process L is asymmetric,
it is classical (see for instance [1], Thm. 6.7.4, p. 402) that there exists b € R such that

(Fa5.9)(x) = (~sgn(@)la|’ + b)g' (@) + /R (@ +y) — 9(2) — 4o @)Lyt [r(dy).  B11)

By a similar reasoning as in [4], Lemma 4.3, p. 10, one can prove that its domain D 4,5 COntains
the space of bounded twice differentiable functions Cg(]R). Suppose that 3+ § > 2 and choose
p and ~ such that

p>1, py>2, 2—-fF<y<a.

Then the function
hp () = (14 |z[PV)!/P (3.12)

is a Lyapunov function for 4, g: there exist a continuous function f, o 3.~, a compact set K and
a constant d, depending only on p, «, 3, 7, such that

and
(Aap hp ) () < _fp,aﬁ,’y(m) +d1g(z). (3.14)

To prove this statement it suffices to follow the proof of the second part Lemma 4.5 in [4], p.
18, and use the expression of the operator 4, 3. Moreover, by using the first part of the same
lemma (see p. 11 in [4]) we can obtain the behaviour of the speed process:

Proposition 3.3. Suppose that 3+ § > 2 and let p and v such that

!
p>1, p’y>2,2—5<7<§. (3.15)

Then, as ¢ — 0, {6a9/2hpﬁ(5*9‘1/f) it = 0} converges to 0 in probability uniformly on each

compact time interval. More precisely, there exists ¢ > 2 such that, for any fired T > 0,

ti | sup <% (90) '] =B sy Fon (i) =0 010

The proof of this proposition is exactly the same as in for the symmetric driving noise (see [4],
pp. 11-12).

3.2 The position process X°

We are ready to sketch the proof of our second main result concerning the behaviour of the
position process. The proof of the first part is similar to the proof of Theorem 2.1, pp. 12-15,
in [4] while proof of the second part is similar to the proof of Proposition 4.6, pp. 15-16, of
the same article. Here we will point out the differences for this asymmetric case. Recall that,
thanks to Lemma 3.2, we will assume that V' is starting with m, g as an initial distribution.

Proof of Theorem 3.1.

Step 1) As for the symmetric case, thanks to (3.13) we can apply Theorem 3.2, p. 924 in [5].
The Poisson equation is slightly different

A9 = id—/ xmg, g(dx) (3.17)
R
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with 4, g given by (3.11). This equation admits a solution g, g satisfying |gng| < c(hpy + 1),
with ¢ a positive constant. Applying Ito-Levy’s formula with g, g, we get

t t
s (Vi) = g (Vo) = / (Vi — / o s(de))ds + M, = / Veends |, (3.18)
0 R 0
where .
M= [ [ lgale Vo) = sV} ¥ (ds,02) (3.19)
0 R

Here N is the compensated Poisson measure which appears in the Lévy-Ito6 decomposition of
L. As in [4], it can be proved that M given by the latter formula is a square integrable true
martingale. Note that h?w is continuous, it behaves as |z|?” in the neighbourhood of the infinity
and v was chosen such that % V (4 —208) < 2y < a. By using (3.7), we see that

/ hpy () o (d) < (3.20)

We point out that the assumption 5 + § > 2 is essential in proving the quadratic integrability
of the martingale M. The quadratic variation of M is given by

M), = /0 /R s (4 + Vo) — s (Vo) (dly)ds, (3.21)

and furthermore, we get

E[(M)] = (/R2 Ya,8(z +v) —gaﬁ(x)]zu(dy)ma’g(dx)) t=:Kqpt < 00. (3.22)

Since g, 3 satisfies (3.17) it could not be a constant function. Moreover, m, g has a non-empty
support and v is absolutely continuous with respect to the Lebesgue measure. Hence the con-
stant K, g is positive.

Step 2) Performing a simple time change in (3.18), we see that the process in (3.5) can be written

P+ (a7 — 59‘%/ w110,3(02) ) = £ [ap (Veeo) = g0 p(V0)] = ¥ Myooan.  (3.23)
R

On one hand, we can show that the martingale term on the right hand side of the latter equality
converges to a Brownian motion by using Whitt’s theorem (see Theorem 2.1 (ii) in [13], pp. 270-
271). As in [4] the hypotheses of this result can be verified. We illustrate only the convergence

of the quadratic variation of E%QM.E—QG. The essential estimates (3.7) allow to verify that the
function

s / W5 (@ + 1) — gas(@)]20(dy)
R

belongs to L!(m, ). By using (3.21) and the ergodic theorem (3.8), we deduce that

—aG
hm(s Y M, —ao)t = hn%e 2 / / a8y + Vi) — gaB(V)] v(dy)ds = kqpt.

e—0

Finally, the process {e( 0/ *M, . O} converges in distribution toward /<c/ 5B, where B is
a standard Brownian motion. On the other hand, by using that |, g| < c(hp7 —|— 1) we get

+ ‘hm(vo)‘z +2).

2
ﬂaﬂ(vts—fw) _ﬂa,ﬁ(vﬂ)‘ < 402(’}113,7(‘/1&5—&9)
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By using Proposition 3.3,

lim E [sae sup

2
e=0 t€[0,T] gaﬂ(VtFae) 7‘%76(%)‘ } -0

hence {£°/?[g,5(Vyo-a0) — ga,5(V0)] : t > 0} converges in probability toward 0, uniformly on
compact sets. The proof of the first part of Theorem 3.1 could be finished exactly in the same
manner as in [4], by using the joint convergence theorem (Theorem 11.4.5, p. 379 in [14]) and
the continuous-mapping theorem (Theorem 3.4.3, p. 86 in [14]).

Step 3) Recall that, by (3.22), kap = tE[M?], for all t > 0. By taking ¢t = €, using (3.18)
and performing the similar computations as in [4], p. 15, we get

Fap = VB (g (Vo) = g, (V0) = /0 - Vscendé‘ﬂ = & B (g0, (Vi) —ﬂa,ﬁ(%)ﬂ

+E [( /Oeae V:ends) 2} — 2E[(ﬂa,6 (Vsag) _ﬂa,ﬂ(vb)) /Oea" Vscends} } (3.24)

The first term on the right hand side of (3.24) can be written, by successive transformations:

2 [ o @), 5(02) = 2[5 (Vo) V)] = 2 [ (@) )
= 2B [go 5(V0) (Teosn ) 04)] = —2E g () | - | () )]

af

=26 [(o= [ p(40) g )i 5(d2) =2 [ g (o) () [ C(id) —id) (2)ds.

Here (7;)¢>0 is the semi-group associated to the operator 4, g and we used the Poisson equation
(3.17) to see that

Tigon 5 (Vo) — o (Vo) = /0 72 (id - /]R e 5(da)) (Vo)ds.

By using the Holder inequality, we prove that, as ¢ — 0,

B | (40 (V) = 0 p000) | ~ =26 [ (0= [ ymosliposloImastan). (325

Similarly, by successive transformations using the Markov property, conditioning and Fubini’s
theorem, the second term on the right hand side of (3.24) can be written

/Osag js /05E<1@<f3%cen)du:/osae ds/OSE(VOCen ‘I:S_ug(id_/IRxmaﬁ(dx))(%)>du
- /Oga B [%Cen<(7;a9—uﬂa,ﬁ)(‘/()) —ﬂa,ﬁ(VO)>] du = /:a du/R(x_/Ryma,ﬁ(dy))ma,ﬁ(dx)

% ((To ) = ) @):

Once again by the Hoélder inequality, we prove that, as € — 0,
b

(f

E

Vscends> 2] = o(e2?). (3.26)
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Finally, the third term in (3.24) is analysed by using the Cauchy-Schwarz inequality and the
behaviour of the other terms. We get that, as ¢ — 0,

2B (g5 (Veos) = 05(W0)) / VEnds| = o(e). (3.27)

Putting together (3.24)-(3.26), we obtain that, as ¢ — 0,

o = 2 /R (2 - /R 5 () o () 5 () + (1),

and the result is proved. The interested reader may consult [3| for all detailed computations.
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