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Exercise 1 A basic martingale

Let X = (Xt : t ≥ 0) be a Feller process with generator (A,D(A)) and semigroup (Pt : t ≥ 0).
Show that for every f ∈ D(A), the process

Mf
t = f(Xt)− f(X0)−

∫ t

0
Af(Xs)ds, t ≥ 0, (1)

is a martingale for the canonical �ltration FXt = σ(Xr : r ≤ t) and for any Px, x ∈ Rd.

Exercise 2 A martingale transformation and a martingale problem

1. Let (Mt) be a càdlàg (Ft)-martingale and let f : [0,∞)→ R be a continuously di�erentiable

deterministic function. Show that for all s < t

E(Mt f(t)−Ms f(s)|Fs) = (f(t)− f(s))Ms = E
(∫ t

s
Mu f

′(u)du|Fs
)

(2)

and that Mt f(t)−
∫ t

0
Mu f

′(u)du is also an (Ft)-martingale.

Hint: to get the second equality in (2) introduce a division s = u0 < u1 < . . . < un = t of
the interval [s, t] with uj = j(t− s)/n, j = 0, 1, . . . , n and use the same argument as for the

�rst equality in (2).

2. Let X = (Xt : t ≥) solve the (L,D) martingale problem1 and let φ : [0,∞) → R be a

bounded continuously di�erentiable deterministic function. Show that, for any f ∈ D,

St := f(Xt)φ(t)−
∫ t

0

[
φ′(s) f(Xs) + φ(s)Lf(Xs)

]
ds is a martingale.

Hint : use the �rst part.

3. Application : if φ(s) = e−λs, λ > 0, what is S ?

Exercise 3 Resolvent equation

Let (Pt : t ≥ 0) be a Feller semigroup. Prove that its resolvent operator Rλ satis�es the following

equation

Rλ −Rµ = (µ− λ)RλRµ, for all λ, µ > 0.

1Let L be a linear operator L : D → Bb(Rd), D ⊂ C(Rd): we say that a Rd-valued process X = (Xt : t ≥ 0)
solves the (L,D)-martingale problem if processes (1) with A replaced by L are martingales for any f ∈ D with
respect to its own �ltration. Hence any Feller process X solves the (A,D)-martingale problem, where A is the
generator of X and D ⊂ D(A).


