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Exercise 1 Functional of Poisson Random measure
Let ® be a Poisson Random Measure (PRM) with intesity measure x4 on S € B(RY) and let
f 5 — R be a Borel measurable function. We set X := [, f(2)®(dz). We want to prove that X is
a.s. absolutely convergent if and only if [ (1 A]f(2)])u(dz) < co and then to compute E(e™X).
1. Assume first that f is a simple function f(z) = Z?Zl fila;(z) with f; positive constants,
Ay, ..., Ay disjoint subsets in S such that p(A4; U...UAy,) < co. Show that X < co a.s. and
compute E(e‘”X) for v > 0.

2. Assume now that f is a positive measurable function. Show that, for any v > 0,
(%) E(e X)) =exp { - / (1- e_”f(z)),u(dz)} .
S
Deduce that X < oo a.s. if and only if, for any v > 0, [ (1 — e_”f(z))u(dz) < oo.!

3. For a general measurable function f write f = f™ — f~ and introduce two random measures
Py =d(-N{z: f(z) >0}) and _ = &(-N{z: f(z) < 0}). Show that P, are independent
PRM and X = X, — X_. Conclude.

4. Under the same condition, show that, for any u € R, E(ei“X) = exp { —Js (1 —ei“f(z)),u(dz)} .

Hint : follow the same steps as precedingly (for instance, show that if f is positive, (x) could
be extended analytically with v replaced by v — iu and conclude for this case).?

Exercise 2 Interlacing
Let Y = (Y(t) : t > 0) be a Lévy process with jumps bounded by 1, but may have jumps of
arbitrarily small size, i.e. that there exists no a € (0,1) such that v((—a,a)) = 0, where v is the
Lévy measure of Y. Assume that its Lévy-1t6 decomposition is Y (t) = bt + Br(t) + f‘z|<1 ZN(t,dz),
t > 0. Define the sequence (e5,)n>1 given by &, = sup{y > 0: f0<‘2|<y 2?v(dz) < 1/s7} and introduce
a sequence of Lévy processes having the size of each jump bounded below by €, and above by 1, as
follows : Y (t) = bt + Ba(t) + [ <.y 2N (t,d2), £ > 0.

1. Show that Y,, can be written as the sum of a Brownian motion with drift C}, and of a compound

Poisson process with jumps AY .3 What is the expression of the drift ?

2. Verify that the sequence (&5,), is decreasing and converges to 0.
3. Fix T > 0. Show that for each n > 1 the process Y, 11 — Yy, is an L2-martingale, satisfying
E( sup |Ypq1(t) — Ya(9)[*) < 47/sm and P(liminf { sup [Yni1(t) — Yu(t)] < V2n}) = 1.
0<t<T n—=00 " 0<t<T

4. Deduce that the sequence {Y;,(¢) }n>1 is almost surely uniformly Cauchy on compact intervals.
Conclude that Y;, tends to Y uniformly on compact intervals of [0, 4+00). %

1. Bonus : Show that the condition in Ex. 1.2 is equivalent with [ (1 A f(z))u(dz) < oo (f is still positive).

2. Bonus : Show that E(X) = [, f(2)u(dz), if [4|f(2)|u(dz) < oo and E(X?) = [q f(2)°u(dz) + [ f(2)u(dz))?,
if [, f(2)*u(dz) < occ.

3. Thus the process Y, can be built by interlacing. Bonus : write the interlaced expression of Y,,.

4. If X is an arbitrary Lévy process, then by the Lévy—-Ité6 decomposition, X (¢t) = Y (¢) + f\z\>1 zN(t,dz), t > 0,
so its paths can be obtained by a further interlacing of Y by a compound Posson process with jumps of size
bigger than 1.




