On an operator related to the convergence of Uzawa’s algorithm for the Stokes equation

Michel Crouzeix

I.R.M.A.R. Université de Rennes 1 Campus de Beaulieu 35042 RENNES Cedex (France)

Dedicated to Roland Glowinski on his 60th birthday

1. INTRODUCTION

Let Ω be an open subset of R^d, d = 2 or 3. We assume that it is bounded, connected and that its boundary is Lipschitz continuous. We consider the space L^2_0(Ω) = {p ∈ L^2(Ω); ∫ Ω p(x)dx = 0} equipped with the inner product (p, q) = ∫ Ω p(x)q(x)dx and the norm | p | = (p, p)^{1/2}. In this paper we are concerned with the study of the operator D which is defined in the following way. Given p ∈ L^2_0(Ω), we denote by ⃗u the unique solution of ⃗u ∈ (H^1_0 (Ω))^d and Δ⃗u = −−→ grad p, in Ω, (0.1)

and we set Dp = div ⃗u. (0.2) This operator is related for instance to the convergence of Uzawa’s algorithm used for solving the stationary Stokes equation : given ν > 0 and ⃗f we are looking for a velocity ⃗v and a pressure q satisfying −νΔ⃗v + −−→ grad q = ⃗f in Ω, ⃗v = 0, on ∂Ω, div ⃗v = 0, in Ω.

Starting from q_0 ∈ L^2_0(Ω), Uzawa’s algorithm provides a sequence of approximations (⃗v_n, q_n) of (⃗v, q) from the induction scheme (Glowinski and al. 1976) −νΔ⃗v_{n+1} = ⃗f − −−→ grad q_n in Ω,

⃗v_{n+1} = 0, on ∂Ω,

q_{n+1} = q_n − ρ_nν div ⃗v_{n+1}.

We have q−q_{n+1} = (I −ρ_nD)(q−q_n), therefore q−q_n = (I−ρ_{n−1}D) · · · (I−ρ_0D) (q−q_0). Since D is a self-adjoint operator on L^2_0(Ω) we get the L^2-estimate |q − q_n| ≤ max_{λ∈Sp(D)} | | n−1∏ k=0 (I − ρ_kλ) | | |q − q_0|. (0.3)

It is clear from this estimate that a good knowledge of the operator D, and particularly of its spectrum Sp(D), is of interest for analysing the convergence of q_n towards q and for judiciously determining the parameters ρ_k (Crouzeix 1974). A similar analysis will be working for an augmented Lagrangian version of this algorithm (Fortin-Glowinski 1982).

2. BASIC PROPERTIES OF D

First we remark that the restriction of D to the following subspace of L^2_0(Ω),

N = {p ∈ L^2_0(Ω); ∃θ with Δθ = p in Ω and −−→ grad θ ∈ (H^1_0 (Ω))^d},

is the identity operator. Indeed if p = Δθ ∈ N , we have in (0.1) ⃗u = −−→grad θ, therefore Dp = div ⃗u = p.

We introduce now the orthogonal subspace

M = {p ∈ L^2_0(Ω); (p, q) = 0 for all q ∈ N } = N^⊥.

The subset N is closed, thus we have L^2_0(Ω) = M ⊕ N . Since D is self-adjoint on L^2_0(Ω), it maps M into M . As D_{|N} is completely known, the remaining part of this paper will be mainly concerned with the study of the restriction D_{|M} of D to M .

The space M

We need a better knowledge of the space M . We first remark that it follows of its definition that M ⊂ H = {p ∈ L^2_0(Ω) ; Δp = 0} and that M = H when the boundary of Ω is connected (indeed we have H ∩ N = {0} in this case). We equip now the set (H^1_0 (Ω))^d with the inner product and the associated norm

(⃗v, ⃗w)_{1,Ω} = d∑ i,j=1 ( ∂v_i ∂x_j , ∂w_i ∂x_j ) = (div ⃗v, div ⃗w) + ( −−→ curl ⃗v, −−→ curl ⃗w), | ⃗v |_{1,Ω} = (⃗v, ⃗v)^{1/2}_{1,Ω}.

We introduce the sets

V_1 = {⃗v ∈ (H^1_0 (Ω))^d ; div ⃗v = 0}, V_2 = {⃗v ∈ (H^1_0 (Ω))^d ; −−→ curl ⃗v = 0},

W = {⃗v ∈ (H^1_0 (Ω))^d ; (⃗v, ⃗w)_{1,Ω} = 0, ∀ ⃗w ∈ V_1 and ∀ ⃗w ∈ V_2}.

These subsets are orthogonal with respect to the inner product in (H^1_0 (Ω))^d and we have (H^1_0 (Ω))^d = V_1 ⊕ V_2 ⊕ W .

We admit for a while the following lemma

Lemma 1 The operator “div ” is an isomorphism from W onto M . The three quantities | ⃗v |_{1,Ω}, |div ⃗v| and |−→curl⃗v| define equivalent norms on W.

Now we can summarize some basic properties of the operator D.

Theorem 2 The operator D is self-adjoint positive definite on L^2_0(Ω) and there exist two real numbers 0 < α < β < 1 such that

a) ∀p ∈ L^2_0(Ω), α| p |^2 ≤ (Dp, p) ≤ | p |^2, b) ∀p ∈ M, α| p | ≤ |Dp| ≤ β| p |, c) Sp(D) ⊂ [α, β] ∪ {1} and we have β = 1 − α when d = 2.

Proof.

a) Using (0.1) and (0.2) we deduce |Dp|^2 ≤ |div ⃗u|^2 + | −−→ curl ⃗u|^2 = | ⃗u |^2_{1,Ω} = (p, div ⃗u) = (p, Dp).

Therefore from the Cauchy-Schwarz inequality, we have |Dp| ≤ | p |, which proves the right part of the inequality a). We also have (Dp, p) = | ⃗u |^2_{1,Ω} = ‖−−→grad p‖^2_H�1_{(Ω)} ≥ α| p |^2, since | p | and ‖−−→grad p‖_H�1_{(Ω)} are equivalent norms on L^2_0(Ω) (Nečas 1965).

b) The left inequality follows from the part a). Since D is self-adjoint, the optimal value for β is β = max_{p∈M} (Dp, Dp) (Dp, p) From the definition (0.1), (0.2), Dp = div ⃗u and (⃗u, ⃗w)_{1,Ω} = (p, div ⃗w). It follows that ⃗u ∈ V^⊥_1 ; moreover if ⃗w ∈ V_2 we can write ⃗w = −−→grad θ and then (⃗u, ⃗w)_{1,Ω} = (p, Δθ) = 0 since p ∈ M . Therefore ⃗u ∈ W and we get from the lemma β = max_{⃗u∈W} |div ⃗u|^2 | ⃗u |^2_{1,Ω} = 1 − min_{⃗u∈W} | −−→ curl ⃗u|^2 | ⃗u |^2_{1,Ω} < 1. c) It remains to prove that in two dimensions we have β = 1 − α. From the previous part, the optimal value of α is α = min_{p∈M} (Dp, Dp) (Dp, p) = min_{⃗u∈W} |div ⃗u|^2 | ⃗u |^2_{1,Ω} . But it is easy to see that if ⃗v = (v_1, v_2) ∈ W then ⃗w = (−v_2, v_1) satisfies div ⃗v = curl ⃗w, curl ⃗v = −div ⃗w and ⃗w ∈ W , therefore we have min_{⃗u∈W} |div ⃗u|^2 | ⃗u |^2_{1,Ω} = min_{⃗u∈W} |curl ⃗u|^2 | ⃗u |^2_{1,Ω} .

We turn now to the proof of the lemma Proof of the lemma

If ⃗v ∈ W and −−→grad θ ∈ (H^1_0 (Ω))^d then (div ⃗v, Δθ) = (⃗v, −−→grad θ)_{1,Ω} = 0, since −−→grad θ ∈ V_2; therefore “div” maps W into M . If q ∈ M then there exists p ∈ M such that q = Dp = div ⃗u (see the part a) of the theorem) and we have noticed that ⃗u ∈ W . Therefore the linear operator “div”, which is bijective and continuous from W onto M , is an isomorphism ; consequently | ⃗v |_{1,Ω} and |div ⃗v| are equivalent norms on W . If d = 2 a similar proof gives that “curl” is an isomorphism from W onto M and therefore the norms |⃗v|_{1,Ω} and |curl ⃗v| are equivalent on W .

We turn now to the case d = 3 and assume first that the complementary set Ω^c of Ω is simply connected. We introduce the space Q = {⃗q ∈ (L^2_0(R^3))^3 ; ⃗q = 0 in Ω^c, div ⃗q = 0 in R^3} which is closed in (L^2(R^3))^3. It is sufficient to prove that “−→curl ” is an isomorphism from V_1 ⊕ W onto Q in order to get the equivalence between the norms | ⃗v |_{1,Ω} and |−→curl ⃗v| in V_1 ⊕ W , and a fortiori in W . Since this operator is clearly continuous and injective from V_1 ⊕ W into Q, it is sufficient to prove that it is surjective from V_1 ⊕ W onto Q, or equivalently from (H^1_0 (Ω))^3 onto Q.

Let us consider ⃗q ∈ Q ; then there exists ⃗u ∈ (H^1(R^3))^3 such that div ⃗u = 0 and −→curl ⃗u = ⃗q in R3 (see for instance Girault-Raviart 1986 page 45). Since −→curl ⃗u = 0 in

the simply connected set Ω^c, there exists ρ ∈ H^2_{loc}(Ω^c) such that ⃗u = −−→grad ρ in Ω^c. We still denote by ρ ∈ H^2_{loc}(R^3) an extension of ρ to all the space R^3 and we set ⃗v = ⃗u − −−→grad ρ. We now have ⃗v = 0 in Ω^c and ⃗v ∈ (H^1_{loc}(R^3)^3, thus ⃗v ∈ (H^1_0 (Ω))^3; moreover −→curl ⃗v = −→curl ⃗u = ⃗q in Ω, which proves the surjectivity.

When the set Ω^c is not simply connected, the previous proof still works if we restrict the space Q to the functions which satisfy ∫ ω ⃗q. −→ dS = 0 for all smooth 2-manifold ω with border γ satisfying γ ⊂ Ω^c.

3. STUDY IN THREE DIMENSION

The following theorem shows that the operator D −^1_2 I has regularizing properties as soon as the boundary of Ω is smooth.

Theorem 3 Assume that the boundary ∂Ω is of class C^3, then D −^1_2 I maps M continuously into H^1(Ω). Furthermore if ∂Ω is of class C^{k+3} then D −^1_2 I maps M ∩ H^k(Ω) into H^{k+1}(Ω).

Proof

From the smoothness assumption on ∂Ω we can find a function ξ ∈ C^3(Ω̄) such that ξ = 0 on ∂Ω and −−→grad ξ = ⃗n (the unitary normal) on ∂Ω. We now consider p ∈ H^1(Ω) such that Δp = 0 in Ω; we define ⃗u ∈ (H^2(Ω) ∩ H^1_0 (Ω))^3 by (1) and we set w = ⃗u · −−→grad ξ−^1_2 pξ. Clearly we have w ∈ H^1_0 (Ω) and Δw = 2 −−→grad ⃗u · −−→grad −−→grad ξ+⃗u · −−→grad Δξ− 1 2 pΔξ ∈ L^2(Ω).

Therefore w ∈ H^2(Ω) and ‖ w ‖_H2_{(Ω)} ≤ C_1|Δw| ≤ C_2| p |.

We now consider q = (D −^1_2 I)p = div ⃗u −^1_2 p which belongs to H^1(Ω). We remark that Δq = 0 in Ω and q = −−→grad w · −−→grad ξ on ∂Ω, therefore we have | q |_{1,Ω} ≤ |−−→grad w · −−→grad ξ|_{1,Ω} ≤ C_3‖ w ‖_H2_{(Ω)} ≤ C_2C_3| p |. We have proved for all harmonic p ∈ H^1(Ω) that the inequality |(D−^1_2 I)p|_{1,Ω} ≤ C(Ω)| p | holds; by a density argument this is still valid for all harmonic p ∈ L^2(Ω), and a fortiori for p ∈ M .

If the boundary ∂Ω is of class C^{k+3} we can choose ξ ∈ C^{k+3}(Ω̄). Then for p ∈ H^k(Ω) ∩ M we get successively ⃗u ∈ H^{k+1}(Ω), w ∈ H^{k+2}(Ω) and q ∈ H^{k+1}(Ω).

Remark

The assumption on the regularity of ∂Ω may be weakened but the increase of order 1 with respect to the smoothness of p is optimal. Indeed, in the case where Ω is the unit ball, taking ξ(x) = (x^2_1 +x^2 +x^2_3 −1)/2, then Δw = 2div ⃗u − 3p/2 = 2q − p/2. If p ∈ H^s(Ω) and /∈ H^{s+ε}(Ω), we have w ∈ H^{s+2}(Ω) and /∈ H^{s+2+ε}(Ω). Since Δ^2w = 0 in Ω and w = 0 on ∂Ω, we deduce^{∂w}_{∂n} ∈ H^{s+1/2}(Ω) and /∈ H^{s+1/2+ε}(Ω). Using Δq = 0 and q =^{∂w}_{∂n} on ∂Ω we get finally q ∈ H^{s+1}(Ω) and /∈ H^{s+1+ε}(Ω).

From this theorem we deduce the following corollary which is similar to the results of Mikhlin (1973) concerning another operator related to elasticity. The approach in this work is different, it can be easily transposed to our case and it is certainly more general, but we think that our analysis which is more elementary is more precise on some aspects and therefore worthwhile. See also the work of Grubb and Geymonat (1977).

Corollary 4 Assume that the boundary of Ω is of class C^{k+3}, k ≥ 0. Then the operator D −^1_2 I is compact from M into M . The values 1/2 and 1 belong to the spectrum of D : L^2_0(Ω) → L^2_0(Ω). The other points of the spectrum consist in a countable set of eigenvalues which have finite multiplicities. The corresponding eigenfunctions belong to the space H^{k+1}(Ω).

In his article Mikhlin mentions the old papers (1898) of the brothers Eugène and François Cosserat. Transposed to our operator their results state

If Ω is an ellipsoid the eigenfunctions of D_{|M} are harmonic polynomials.

We can give a simple proof of that. First we note that the harmonic polynomials are dense in M and secondly we remark that, if P_m denotes the set of polynomials of degree ≤ m, then DP_m ⊂ P_m so that P_m ∩ M is an invariant set for D. Indeed p ∈ P_m ⇒ Δ⃗u = −−→grad p ∈ (P_{m−1})^3 ⇒ ⃗u ∈ (P_{m+1})^3 (since Ω is an ellipsoid) ⇒ Dp = div ⃗u ∈ P_m.

In the case where Ω is a ball we have a full description of the eigen-elements of D_{|M} .

If Ω is a ball the eigenvalues of D are λ_m =^m_{2m+1} ; m = 1, 2, . . .; the multiplicity of λ_m is 2m + 1 and the corresponding eigenspace is the set of harmonic polynomials which are homogeneous of degree p.

Indeed we remark that ⃗x · −−→grad q = kq when q is homogeneous of degree k. Therefore if p is harmonic and homogeneous of degree m, assuming that Ω is the unit ball in R^d, we have ⃗u = Δ^{−1}(−−→grad p) =^1_{4m+2d−4} (x^2_1 +· · ·+x^2_d − 1) −−→grad p. Then Dp = div ⃗u =^1_{2m+d−2} ⃗x · −−→grad p =^m_{2m+d−2} p, and here d = 3.

In this case of a threedimensional ball we can give explicitly the values of the constants which appear in the theorem 2; they are α =^1_3 and β =^1_2 .

4. THE TWO-DIMENSIONAL CASE

We can improve the previous analysis in two dimensions. We first remark that the case of a twodimensional ball is very simple since

If Ω is a disk then D_{|M} =^1_2 I_{|M} .

Therefore in this case the spectrum of D contains only two points Sp(D) = {^1_2 }∪{1}. Making the choice ρ_0 = 1, ρ_1 = 2 in Uzawa’s algorithm we get in (0.3), q − q_2 = 0. Then we obtain the convergence after only two iterations.

In order to improve the previous result for more general domains we will use the following lemma

Lemma 5 Assume that the boundary of Ω is of class C^{m+3}, m ≥ 0. Then there exists a function ⃗a ∈ (C^{m+2}(Ω̄) ∩ H^1_0(Ω))^2 such that curl ⃗a = 0 in Ω and div ⃗a−1/2 ∈ (C^{m+1}(Ω̄) ∩ H^{m+1}_0 (Ω)). Furthermore if the boundary is analytic, ⃗a can be chosen such that ⃗a ∈ (C^∞(Ω̄) ∩ H^1_0 (Ω))^2, curl ⃗a = 0 in Ω and div ⃗a=1/2 in a neighborhood of ∂Ω.

Proof

It is sufficient to choose ⃗a = −−→grad θ+(x_1, x_2)/4 where the function θ ∈ C^{m+3}(Ω̄) and satisfies on the boundary ∂Ω θ = − x^2_1 +x^2 8 , ∂θ ∂n = − ⃗x · ⃗n 4 , Δθ = 0, ∂Δθ ∂n = 0, · · · , ∂^mΔθ ∂n^m = 0.

Such a function θ exists from usual trace theorems.

b) If the boundary is analytic, it can be defined by an equation z̄ = f(z) where f(z) = r(x_1, x_2) + i s(x_1, x_2) is an holomorphic function of z = x_1 + ix_2, defined in a neighborhood of ∂Ω. We then set ⃗a = (x_1 − r(x_1, x_2), x_2 + s(x_1, x_2))/4 so that div ⃗a = 1/2 and curl ⃗a = 0 in this neighborhood. Using this last property and ⃗a = 0 on ∂Ω, we can find φ such that ⃗a = −−→grad φ in the neighborhood; then we extend φ to a function φ̃ ∈ C^∞(Ω̄) and finally we take ⃗a = −−→grad φ̃.

We recall also a classical result

Lemma 6 Assume that p is harmonic, belongs to L^2_0(Ω) and that ψ ∈ C^m(Ω̄) ∩ H^m_0 (Ω). Then we have ψ∂^j p ∈ H^{m−|j|}_0 (Ω) for all partial derivatives ∂^j p of order |j| ≤ m. We can now state the theorem

Theorem 7 Assume that the boundary of Ω is of class C^{m+3}, m ≥ 0. Then the operator D −^1_2 I maps M into H^{m+1}(Ω); furthermore, if the boundary is analytic, then, for all p ∈ M , Dp−^1_2 p is analytic in Ω̄.

Proof

Let us consider p ∈ M . Since p ∈ div W we have (−−→grad p, ⃗v) = 0, ∀⃗v ∈ (D(Ω))^2 with curl ⃗v = 0 in Ω. Therefore there exists q ∈ L^2_0(Ω) such that −→curl q = −−→grad p. We have also Δq = curl −→curl q = 0. With ⃗a given by Lemma 5 and ⃗u by (0.1), we set ⃗h = p ⃗a + q(a_2, −a_1) − ⃗u We have ⃗h ∈ (H^1_0 (Ω))^2; using the previous lemmata and noticing that Δa_j ∈ C^m(Ω̄) ∩ H^m_0 (Ω)

Δ⃗h = pΔ⃗a + q(Δa_2, −Δa_1) + 2(div ⃗a− 1 2 ) −−→ grad p ∈ H^m(Ω).

Therefore ⃗h ∈ (H^{m+2}(Ω) ∩ H^1_0 (Ω))^2. We remark now that Dp− 1 2 p = div ⃗u− 1 2 p = (div ⃗a− 1 2 )p − div ⃗h, which proves that Dp−^1_2 p ∈ H^{m+1}(Ω).

If ∂Ω is analytic we have furthermore Dp −^1_2 p = −div ⃗h and Δ⃗h = 0 in a neighborhood of ∂Ω. Together with ⃗h = 0 on ∂Ω that implies the analyticity up to the boundary.

We complete this paper by showing that we loose the regularizing properties of D−^1_2 I if the domain is no more smooth. More precisely

If the boundary of Ω is piecewise smooth with corners, then the operator D−^1_2 I is not compact from M into M . Proof

For the sake of simplicity we give the proof in the case where ∂Ω is smooth, except at the origin, contains at the origin the straight corner C = {z = x_1 + ix_2 = re^{±iθ}; 0 ≤ r ≤ ρ_0}, (θ ≠ π/2), and is symmetric with respect to the axis “x_2 = 0”. We set α_n = −1 + 1/n, p_n = ℑm z^αn, q_n = ℜe z^αn. We define also ⃗u_n by Δ⃗u_n = −−→grad p_n and ⃗u_n ∈ (H^1_0 (Ω))^2, and we introduce

h_{n1} = u_{n1} − x_1 2 p_n + cos θ sin α_nθ 2 sin(α_n +1)θ

ℑm z^αn^{+1},

h_{n2} = u_{n2} − x_1 2 q_n + cos θ cos α_nθ 2 cos(α_n +1)θ

ℜe z^αn^{+1}.

We clearly have Δ⃗h_n = 0, in Ω and ⃗h_n = 0, on C, furthermore ⃗h_n is uniformly (w.r.t. n) smooth in ∂Ω \ C. We deduce (Grisvard (1985) |⃗h_n|_{1,Ω} ≤ C (constant independent of n) and ⃗h_n ∈ H^{3−2θ/π−ε}(Ω), for all ε > 0.

Now we remark that

div ⃗h_n = div ⃗u_n − 1 2 p_n − (α_n+1) sin 2θ 2 sin 2(α_n +1)θ ℑm z^αn, therefore Dp_n − 1 2 p_n = (α_n+1) sin 2θ 2 sin 2(α_n +1)θ p_n + div ⃗h_n. (0.4)

Since p_n /∈ H^{1/n} (except for n = 1) and div ⃗h_n ∈ H^{2−2θ/π−ε}(Ω) this formula shows that Dp_n −^1_2 p_n is no more regular than p_n if n >^π_{2(π−θ)} .

We normalize now with respect to the L^2-norm by setting γ_n = |p_n|^{−1} and p̃_n = γ_np_n. We have |p̃_n| = 1 and, as n → ∞, γ_n → 0 and p̃_n ⇀ 0 weakly in L^2. If D−^1_2 I were compact from M into M , we would have |Dp̃_n −^1_2 p̃_n| → 0. But we deduce from (0.4) Dp̃_n − 1 2 p̃_n = (α_n+1) sin 2θ 2 sin 2(α_n +1)θ p̃_n + γ_n div ⃗h_n.

Therefore |Dp̃_n −^1_2 p̃_n| →^{sin 2θ}_{4θ} ≠ 0, which is in contradiction with the compactness of D−^1_2 I.

We remark also that we have |Dp̃_n−(^1_2+^{sin 2θ}_{4θ} )p̃_n| → 0, which implies that the value 1 2 +^{sin 2θ}_{4θ} belongs to the spectrum of D.

REFERENCES

Cosserat E. and F. (1898) Sur les équations de la théorie de l’élasticité. C.R.Acad.Sc. (Paris),

126, pp. 1089–1091.

Cosserat E. and F. (1898) Sur la déformation infiniment petite d’un ellipsoide élastique.

C.R.Acad.Sc. (Paris), 127, pp. 315–318.

Crouzeix M. (1974) Étude d’une méthode de linéarisation. Résolution numérique des équations de Stokes stationnaires. In Cahier de l’INRIA, 12, pp. 139–244.

Fortin M., Glowinski R. (1982) Méthodes de lagrangien augmenté. Méthodes Mathématiques de l’Informatique, Dunod-Bordas, Paris.

Glowinski R., Lions J.L., Trémolières R. (1976) Analyse numérique des inéquations variationelles. Dunod-Bordas, Paris.

Gaultier M., Lezaun M. (1992) Quelques propriétés du spectre de l’opérateur �div (�Δ)�^1r dans L^2. C.R.Acad.Sc. (Paris), 315,série I, pp. 799–802.

Girault V., Raviart P.A. (1986) Finite Element Methods for Navier-Stokes Equations.

Springer Series in Computational Mathematics.

Grisvard P. (1985) Elliptic problems in nonsmooth domains. Monographs and Studies in Mathematics, 24, Pitman Advanced Publishing Program.

Grubb G., Geymonat G. (1977) The essential spectrum of elliptic systems of mixed order.

Math. Ann., 227, pp. 247–276.

Kobel’kov G.M., Orlova N.B. (1989) A fast method for the Stokes problem. Mosc. Univ.

Comp. Math. Cybern, 4, pp. 43–49; transl. from Vestn. Mosk. Univ., ser XV, 4, pp. 39–45. Mikhlin S.G. (1973) The spectrum of a family of operators in the theory of elasticity. In Russ.

Math. Surveys 28, translated of Uspehi Mat. Nauk 28 (1971), pp.45–88. Nečas J. (1965) Équations aux dérivées partielles. Presses de l’Université de Montréal.