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Abstract

This paper is devoted to the presentation of two elementary inequalities concerning poly-
nomial functions of one matrix. After having extended them to more general functions and
more general operators we give the proofs. Then we detail some applications to different
areas of mathematics.
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1 Introduction

Let A ∈ C
d,d be a square matrix with complex entries ; its numerical range W (A) is defined by

W (A) = {〈Af, f〉 ; f ∈ C
d, 〈f, f〉 = 1},

where 〈f, g〉 =
∑d

j=1 fjgj denotes the inner product in C
d and ‖f‖ = 〈f, f〉1/2 the associated

norm. Our first result is the following

Theorem 1. There exists a constant Q ≤ 30.46 such that the inequality

‖p(A‖ ≤ Q sup
z∈W (A)

|p(z)|, (1)

holds for all matrices A ∈ C
d,d, for all polynomials p : C → C and for all values of d ∈ N

∗.

By definition Q will be the best constant such that the previous inequality holds. The proof
of this result will be the object of Sections 4, 5 and 6.

Remark. For A =

(

0 2
0 0

)

it is easily seen that its numerical range is the closed unit disk

W (A) = D. Taking p(z) = z we get ‖p(A)‖ = ‖A‖ = 2 and supz∈W (A) |p(z)| = 1. This shows
that necessarily Q ≥ 2.

Up to now I have failed to prove my conjecture Q = 2.

The second theorem is the tensorial form of the previous result. If P : C → C
m,n is a

polynomial with m× n matrix values P (z) =
(

pkℓ(z)
)

, we define P (A) ∈ C
dm,dn by :

if f =









f1

f2

.
fn









, g =









g1
.
.
gm









are block-vectors with fℓ ∈ C
d, gk ∈ C

d, then

g = P (A) f means gk =

n
∑

ℓ=1

pkℓ(A) fℓ, k = 1, . . . ,m.

1



Theorem 2. There exists a constant Qcb ≤ 30.46 such that the inequality

‖P (A‖ ≤ Qcb sup
z∈W (A)

‖P (z)‖, (2)

holds for all matrices A ∈ C
d,d, for all polynomials P : C → C

m,n and for all values of d,m, n ∈
N
∗.

We clearly have 2 ≤ Q ≤ Qcb. We have also the conjectures that Q = Qcb and Qcb = 2.

Remark. In the language of operator theory, Theorem 1 means that the map p 7→ p(A), act-
ing from the algebra of polynomials equipped with the norm supz∈W (A) |p(z)| into the algebra

L(Cd,Cd), is bounded with the constant Q. Theorem 2 means that this map is “completely
” bounded with constant Qcb, the adverb “completely” points out that the constant Qcbcan be
chosen independently of m and n.

.

Remark. Let us consider now a matrix B, the unit disk D and the map p 7→ p(B), from the
algebra of polynomials equipped with the uniform norm supz∈D |p(z)| into the algebra L(Cd,Cd).
A famous conjecture due to Halmos was “bounded implies completely bounded”, but it has
been disproved by Gilles Pisier. Here we are not in the same situation ; we do not consider all
matrices B corresponding to a bounded map but, for each matrix A given, only the matrices with
W (B) = W (A).

The organisation of the paper is the following

We will not give the proof of Theorem 2, leaving to the reader the care to adapt the one of
Theorem 1. The tools which are used are Cauchy-Schwarz inequality in Theorem 6 and Lemmas
14, 16, 17, von Neumann inequality in Theorem 8 and Lemma 11 ; it is well known that these
inequalities are also valid in completely bounded form.

2 Some remarks on the numerical range

To the square matrix A ∈ C
d,d we associate the two self-adjoint matrices B = 1

2(A+A∗) and
C = 1

2i(A−A∗) ; so we have A = B + iC. Recall that the numerical range is defined by

W (A) := { 〈Af,f〉
〈f,f〉 ; f ∈ C

d, f 6= 0} = {〈Af, f〉 ; f ∈ C
d, 〈f, f〉 = 1}.

The following properties are easily verified :

• W (A) is compact and contains the spectrum σ(A) of the matrix A,

• W (λA+ µI) = λW (A) + µ,

• if U is a unitary matrix, then W (U∗AU) = W (A),

• if λ /∈W (A) then ‖(λ −A)−1‖ ≤ 1
d(λ,W (A)) .

Now we give a simple proof of the result due to Toeplitz and Hausdorff
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Lemma 3. The numerical range is convex.

Proof. Let λ = 〈Af,f〉
〈f,f〉 and µ = 〈Ag,g〉

〈g,g〉 be two distinct points of W (A). Replacing if needed g by

eiθg, we can assume that

〈(A−λ)f, g〉
µ− λ

− 〈(A∗−λ̄)f, g〉
µ̄− λ̄

∈ R, thus

〈(A−λ)f, g〉 + 〈(A−λ)g, f〉
µ− λ

=
〈(A−λ)f, g〉

µ− λ
− 〈(A∗−λ̄)f, g〉

µ̄− λ̄
+ 2Re

〈(A−λ)g, f〉
µ− λ

∈ R.

Then, for t ∈ R, we set

ϕ(t) :=
〈A(f+tg), f+tg〉 − λ〈f+tg, f+tg〉

(µ−λ)〈f+tg, f+tg〉

= t
〈(A−λ)f, g〉 + 〈(A−λ)g, f〉

(µ−λ)〈f+tg, f+tg〉 + t2
〈g, g〉

〈f+tg, f+tg〉 ∈ R.

Clearly the rational function ϕ is continue on R, and takes real values. One has ϕ(0) = 0,
ϕ(∞) = 1, thus (0, 1) ⊂ ϕ(R). Noticing that

(1−ϕ(t))λ + ϕ(t)µ = (λ−µ)ϕ(t) + λ =
〈A(f+tg), f+tg〉
〈f+tg, f+tg〉 ∈W (A),

we deduce that the segment joining λ to µ is contained in W (A).

It is also easy to prove the following properties :

• if A is a normal matrix, W (A) is the convex hull co(σ(A)) of σ(A),

• If C
d = E1 ⊕ · · · ⊕En is a orthogonal sum of subspaces Ej which are invariant by A, then

W (A) = co(W (A1), . . . ,W (An)), (convex hull of the union of W (Aj) ,

where Aj denotes any matrix which represents A (restricted to Ej) w.r.t. an orthonormal
basis of Ej .

Remark on the algebraic character of the boundary ∂W (A) of the numerical range.
Let σ0 = x0+iy0 = 〈Ag, g〉, with ‖g‖ = 1, be a point of this boundary. There exists a half-

plane Π = {(x, y) ;ux+ vy +w ≥ 0} with σ0 ∈ ∂Π (thus ux0 + vy0 +w = 0) which contains the
numerical range : Π ⊃W (A). We set

G(f) := u Re〈Af, f〉 + v Im〈Af, f〉 + w 〈f, f〉.

Then clearly G(g) = 0 and, since 〈Af, f〉/〈f, f〉 ∈ Π, G(f) ≥ 0 for all f ∈ C
d. Recall that

A = B + i C, we have

G(g+h) = G(g) + 2 Re
(

u〈Bg, h〉 + v〈Cg, h〉 + w〈g, h〉
)

+O(‖h‖2),

which implies Re〈(uB+vC+wI)g, h〉 = 0, ∀h ∈ C
d, and then the equality (uB+ vC+wI)g = 0.

Since g 6= 0, we deduce

P (u, v,w) := det(uB + vC + wI) = 0. (3)

Thus all the tangent lines (and even all the “ droites d’appui“) to the convex subset W (A)
satisfy P (u, v,w) = 0 (furthermore, if P (u, v,w) = 0, the straight line with cartesian equation
ux+ vy + w = 0 has at least a point belonging to the numerical range).
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It follows that the numerical range W (A) is included in the algebraic curve C with tangential
equation P (u, v,w) = 0. The homogeneous polynomial P having the degree d, the curve C is said
of class d. Note also that, if λ = x+iy is an eigenvalue of A, then P (1, i,−λ) = det(A−λI) = 0 ;
there exists a tangent to the curve C with slope i (i.e. an isotropic tangent) passing through the
point λ. In short C is an algebraic curve of class d whose the foci are the eigenvalues of A ; from
the Plücker formulas the degree of this curve is at most d(d−1) [17].

Now if H is a complex Hilbert space, with inner product 〈., .〉 and associated norm ‖.‖, and
if A ∈ L(H,H) is a bounded linear operator on H, we define similarly the numerical range of A
by

W (A) := {〈Af, f〉 ; f ∈ H, 〈f, f〉 = 1}.

We obtain in the same way than before that W (A) is convex ; it is not necessarily closed (if H
is infinite dimensional) but now we have for the spectrum σ(A) ⊂W (A). Indeed, if λ /∈W (A),
we have

∣

∣〈(λ−A)v, v〉
∣

∣ ≥ d(λ,W (A))‖v‖2, ∀v ∈ H,

which shows (Lax-Milgram lemma) that λ belongs to the resolvant and provides the estimate
‖(λ−A)−1‖ ≤ 1/d(λ,W (A)).

For the applications it is important to consider the case where A is a closed linear operator
unbounded on H. We assume that A ∈ L(D(A),H) has its domain D(A) ⊂ H dense in H ; we
then define the numerical range of A by

W (A) := {〈Af, f〉 ; f ∈ D(A), 〈f, f〉 = 1}.
We also assume that the spectrum satisfies σ(A) ⊂ W (A). Then it is easily seen that (same
proof that previously) W (A) is convex and, if λ /∈W (A), the resolvant estimate ‖(λ−A)−1‖ ≤
1/d(λ,W (A)) still holds.

Finally we describe a framework which is frequently met in the variational study of partial
differential equations. We assume that we have two complex Hilbert spaces V ⊂ H, V dense in
H with a continuous imbedding, and a sesquilinear form a(., .) which satisfies for some constants
α > 0 and M

Re a(v, v) ≥ α‖v‖2
V
, and |a(v, v)| ≤M‖v‖2

V
, ∀v ∈ V. (4)

Then we define the operator A ∈ L(D(A),H) by

D(A) = {v ∈ V ;∃Kv s.t. |a(v,w)| ≤ Kv‖w‖H
,∀w ∈ H} and 〈Av,w〉 = a(v,w).

It is an easy consequence of the Lax-Milgram lemma that A is an isomorphism from D(A) onto
H and that D(A) is dense in H and in V . If we define

W
V
(A) := {a(v, v) ; v ∈ V, ‖v‖

H
= 1},

we have

W (A) ⊂W
V
(A), and W (A) = W

V
(A).

Furthermore, using one more time the Lax-Milgram lemma, we see that σ(A) ⊂W (A).

Remark. Note that the assumptions (4) on the sesquilinear form give some informations on the
numerical range :

W (A) ⊂ Sθ := {z ∈ C ; z = 0 or | arg z| ≤ θ}, where θ := arccos α
M .
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3 Extension to a more general context

Using the fact that the constants are independent of d, we will deduce that Theorems 1 and
2 are still valid for any bounded linear operator A ∈ L(H) on any Hilbert space H. We
now consider the algebra C[z] of polynomials p from W (A) into C, provided with the norm
‖p‖∞,A = supz∈W (A) |p(z)|, and, for a convex subset E of C, we introduce the algebra Hb(E)

of continuous and bounded functions in E which are holomorphic in the interior of E. The
following statement shows the existence of a functional calculus based on the numerical range.

Theorem 4. Let H be a Hilbert space. For any bounded linear operator A ∈ L(H) the ho-
momorphism p 7→ p(A) from the algebra C[z], with norm ‖ . ‖∞,A, into the algebra L(H), is
bounded with constant Q. It admits a unique bounded extension from Hb(W (A)) into L(H).
This extension is bounded with constant Q and completely bounded with constant Qcb.

Proof. We assume that (1) is valid if H = C
d, for all integers d. This implies that (1) holds

for any finite dimensional Hilbert space. Let now H be infinite-dimensional and consider an
operator A ∈ L(H) and a polynomial p of degree n. For u ∈ H given, we introduce the Krylov
space Kn = Span {u,Au, . . . , Anu} ⊂ H, denote by Πn the orthogonal projection onto Kn, and
set An := ΠnA|Kn . We clearly have p(A)u = p(An)u and W (An) ⊂W (A), and An acts on the
n+1 dimensional space Kn. We then deduce that

‖p(A)u‖ = ‖p(An)u‖ ≤ Q sup
z∈W (An)

|p(z)| ‖u‖ ≤ Q sup
z∈W (A)

|p(z)| ‖u‖,

which implies ‖p(A)‖ ≤ Q sup
z∈W (A)

|p(z)|. The same proof works also for polynomials with matrix

values, thus the inequality (2) is also valid.

The Mergelyan theorem states that C[z] is dense in Hb(W (A)), which completes the proof.

For many applications it is useful to consider unbounded operators. Assume now that A ∈
L(D(A),H) is a closed linear operator with domain D(A) densely and continuously embedded in
H. Its numerical range is then defined by W (A) := {〈Av, v〉 ; v ∈ ΣH ∩D(A)}. We assume that
the spectrum σ(A) is included in W (A). The numerical range is still convex but unbounded and
we hence cannot apply polynomials. We therefore instead consider the algebra Cb(z) of rational
functions which are bounded onW (A), and provide it with the norm ‖r‖∞,A = supz∈W (A) ‖r(z)‖.
We then have the following statement similar to Theorem 4

Theorem 5. For any closed linear unbounded operator A such that σ(A) ⊂ W (A), the ho-
momorphism r 7→ r(A) from the algebra Cb(z), with norm ‖ . ‖∞,A, into the algebra L(H), is
bounded with constant Q. It admits a unique bounded extension from the algebra Hb(W (A)) into
L(H). This extension is bounded with constant Q and completely bounded with constant Qcb.

Proof. We consider now a closed linear unbounded operator A such that σ(A) ⊂ W (A) and
a rational function r bounded on W (A). It is clear that r(A) is well defined and belongs to
L(H) (write r in simple partial fraction form). In the case W (A) = C, the space Hb(W (A)) is
reduced to constant functions and Theorem 2 follows immediately (but has no interest). In the
other cases, changing, if needed, A to α+ eiθA, α ∈ C, θ ∈ R, we have only two possibilities to
consider :

a) The numerical range is a strip : W (A) = {z ∈ C ; 0 ≤ Re z ≤ a}, a > 0.

We then set Aε = (1+εA∗)−1A(1+εA)−1, for ε > 0.
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b) {x ;x > 0} ⊂W (A) ⊂ {z ∈ C ; Re z ≥ 0}.
We then set Aε = A(1+εA)−1, for ε > 0.

In both cases it is easy to verify that Aε is a bounded operator and that W (Aε) ⊂ W (A). Let
r be a rational function bounded in W (A), clearly r ∈ Hb(W (Aε)). From Theorem 2 we have

‖r(Aε)‖ ≤ Q sup
z∈W (Aε)

|r(z)| ≤ Q sup
z∈W (A)

|r(z)|. (5)

We now note that limε→0 r(Aε) = r(A), strongly on H. Indeed, it suffices to verify that

lim
ε→0

(λ−Aε)
−1u = (λ−A)−1u for all λ /∈W (A) and all u ∈ D(A).

We consider the case of a strip, the other situation being simpler. We have by a simple calculation

(λ−Aε)−1u−(λ−A)−1u = −ε(λ−Aε)−1(1+εA∗)−1(A+A∗)(1+εA)−1(λ−A)−1Au

−ε(λ−Aε)−1(1+εA∗)−1(εA∗)(1+εA)−1A(λ−A)−1Au.

The convergence to 0 of the second member follows from the bounds

‖A+A∗‖ ≤ 2 a, ‖(1 + εA∗)−1‖ ≤ 1, ‖(1 + εA∗)−1(εA∗)‖ ≤ 1,

‖(λ−Aε)−1‖ ≤ 1

d(λ,W (A))
, ‖(λ−A)−1‖ ≤ 1

d(λ,W (A))
,

‖A (λ−A)−1‖ ≤ |λ|
d(λ,W (A))

.

Taking the limit as ε → 0 in (5), we obtain that the map r 7→ r(A) is bounded with constant
Q. The space Cb(z) is dense in the subset Hb,0(W (A)) of functions of Hb(W (A)) which have a
limit at ∞. This therefore allows a first extension of the map to this subspace.

Let us consider now f ∈ Hb(W (A)) and λ /∈ W (A). With gλ(z) = (λ−z)−1f(z) we have
gλ ∈ Hb,0(W (A)), and from the previous extension, gλ(A) ∈ L(H) is well defined. If, in addition,
f ∈ Hb,0(W (A)), then f(A) ∈ L(H) and gλ(A) = (λ−A)−1f(A). This shows that gλ(A) ∈
L(H,D(A)) and f(A) = (λ−A)gλ(A).

We return to the general case f ∈ Hb(W (A)). Recall that we have assumed W (A) ⊂ {z ∈
C ; Re z ≥ 0}. From the inequality, with ε > 0,

‖A(1+εA)−1gλ(A)‖ ≤ Q sup
z∈W (A)

∣

∣

∣

z

1 + εz

f(z)

λ− z

∣

∣

∣
≤ Q |λ|

d(λ,W (A))
‖f‖∞,A,

we deduce, by taking the limit as ε → 0, that ‖Agλ(A)‖ ≤ Q |λ|
d(λ,W (A)) ‖f‖∞,A and gλ(A) ∈

L(H,D(A)). We can therefore define f(A) ∈ L(H) by f(A) = (λ−A)gλ(A). Passing to the limit
in the inequality

‖(1+εA)−1f(A)‖ ≤ Q sup
z∈W (A)

∣

∣

∣

λ− z

1 + εz

f(z)

λ− z

∣

∣

∣
≤ Q ‖f‖∞,A,

we deduce ‖f(A)‖ ≤ Q‖f‖∞,A. It is easily seen that our definition does not depend on the
particular choice of λ.

The same arguments work for the complete bound.

.
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4 Constants associated with a convex domain

Let Ω 6= ∅ be an open convex subset of C. We introduce the following constants

C(Ω) := sup{‖r(A)‖;W (A) ⊂ Ω, |r(z)| ≤ 1,∀z ∈ Ω}, (6)

Ccb(Ω) := sup{‖R(A)‖;W (A) ⊂ Ω, ‖R(z)‖ ≤ 1,∀z ∈ Ω}. (7)

In (6) the supremum is taken over all matrices A ∈ C
d,d, all values of d and all rational functions

r satisfying the prescribed constraints. In the second definition the rational functions R take
their values in C

m,n, the supremum is taken also over all m and n. Note that, in the case of a
bounded convex domain Ω, we can replace rational functions by polynomial functions without
changing the values of the constants. Remark also that these constants are only depending on
the shape of Ω, more precisely C(Ω) = C(f(Ω)) and Ccb(Ω) = Ccb(f(Ω)) if f(z) = λz + µ or if
f(z) = λz̄ + µ, with 0 6= λ, µ ∈ C..

The oldest result is a classical inequality of von Neumann [16] which states that C(Π) =
Ccb(Π) = 1 if Π is a half plane. My research on this subject has started after the reading of the
fundamental work of Bernard and François Delyon [8] where they have shown that C(Ω) < ∞
for all bounded convex domains. In [5] we have proved that Ccb(S) ≤ 2+2/

√
3 if S is a strip or

a convex sector ; in [2] some other constants are estimated for particular domains, in particular
for the disk case D it is shown that C(D) = Ccb(D) = 2. An estimate Ccb(P) ≤ 4.75 where P
is the interior of a parabola is given in [6].

Let us consider now a bounded convex domain Ω and a square matrix A ∈ C
d,d satisfying

W (A) ⊂ Ω. We denote by σ ∈ ∂Ω a generic boundary point and ν the outward unit normal in
σ. To this point and the matrix A we associate the selfadjoint matrix

µ(σ,A) :=
1

2π

(

ν(σ −A)−1 + ν̄(σ̄ −A∗)−1
)

.

The following remark is of crucial importance

W (A) ⊂ Ω ⇐⇒ ∀σ ∈ ∂Ω, µ(σ,A) > 0. (8)

Indeed we have 2πµ(σ,A) = (σ−A)−1
(

ν̄(σ−A) + ν(σ̄−A∗)
)

(σ̄−A∗)−1, and the median term
ν̄(σ−A) + ν(σ̄−A∗) is positive definite if and only if the numerical range W (A) is included in
the open half-plane, tangent in σ to ∂Ω, which contains Ω.

To a rational function r bounded in Ω, we associate a function r̃ and a matrix r̃(A∗) defined
by

r̃(z̄) =
1

2πi

∫

∂Ω
r(σ)

dσ̄

σ̄ − z̄
, if z ∈ Ω, r̃(A∗) =

1

2πi

∫

∂Ω
r(σ) (σ̄ −A∗)−1dσ̄. (9)

Let s be the arclength abscissa on ∂Ω (which will be counterclockwise oriented) ; we have
dσ = −iν ds. Using the Cauchy formula r(A) = (2πi)−1

∫

∂Ω r(σ) (σ−A)−1 dσ we deduce

r(A) =

∫

∂Ω
r(σ)µ(σ,A) ds + r̃(A∗).

Remark. In general r̃ is not a rational function but an antimorphic function in z ∈ Ω. Taking
the limit as ζ ∈ Ω tends to z ∈ ∂Ω in the relation

r̃(ζ̄) = r(ζ) −
∫

∂Ω
r(σ)

d arg(σ − ζ)

π
,

(

= r(ζ)−
∫

∂Ω
r(σ)µ(σ, ζ) ds

)
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We deduce that r̃ admits a continuous extension to Ω defined by

r̃(z̄) = −
∫

∂Ω
r(σ)

d arg(σ − z)

π
= −

∫

∂Ω
r(σ)µ(σ, z) ds, if z ∈ ∂Ω.

We remark also that, from the maximum principle, the positivity of the measure d arg(σ − z)
and the relation

∫

∂Ω d arg(σ − z) = π, we have

sup
z∈Ω

|r̃(z̄)| = sup
z∈∂Ω

|r̃(z̄)| ≤ sup
z∈∂Ω

|r(z)|. (10)

The following theorem allows to replace the problem of the research of a bound for ‖r(A)‖
by that of a bound for ‖r̃(A∗)‖.

Theorem 6. Let Ω be a bounded convex domain of C, A a square matrix with W (A) ⊂ Ω and
r a rational function with complex values satisfying |r(z)| ≤ 1 for all in Ω . Then (with r̃(A∗)
defined by (9))

‖r(A)‖ ≤ 2 + ‖r̃(A∗)‖.

Proof. We have seen in (8) that µ(σ,A) > 0 therefore we get, if u, v ∈ C
d satisfy ‖u‖ = ‖v‖ = 1,

∣

∣〈(r(A)−r(A∗))u, v〉
∣

∣ ≤
∫

∂Ω
|〈µ(σ,A)u, v〉| ds

≤ 1
2

∫

∂Ω
〈µ(σ,A)u, u〉 ds + 1

2

∫

∂Ω
〈µ(σ,A) v, v〉 ds = 2.

The last equality comes from
∫

∂Ω µ(σ,A) ds = 2 I, which holds from the Cauchy formula. We
deduce

‖r(A) − r(A∗)‖ ≤ 2.

Remark. It can appear quite surprizing to look for a bound of ‖r̃(A∗)‖ in place of a bound directly
on ‖r(A)‖, but it appears that the first bound seems easier to obtain. An instructive example
(which has been a guide for our investigations) is given by the case where Ω is the unit disk.
Then σ̄ = σ−1 and a simple calculation gives r̃(A∗) = −r(0) I. Thus, in the case of a disk D we
obtain in a simple way C(D) ≤ 3.

Note that this result is not optimal ; a nice result due to Catalin Badea [2] states that C(D) =
Ccb(D) = 2, but the corresponding proof is very specific to the disk case. Note also that Theorem 6
cannot be used for proving my conjecture Q = 2.

It is natural now to introduce the following constants

D(Ω) := sup{‖r̃(A∗)‖;W (A) ⊂ Ω, |r(z)| ≤ 1,∀z ∈ Ω},
Dcb(Ω) := sup{‖R̃(A∗)‖;W (A) ⊂ Ω, ‖R(z)‖ ≤ 1,∀z ∈ Ω}.

The previous theorem implies that C(Ω) ≤ D(Ω) + 2 ; similarly Ccb(Ω) ≤ Dcb(Ω) + 2.

Conjecture. I have also the conjecture D(Ω) = Dcb(Ω) = 1.

It follows from Theorem 1 that we have C(Ω) ≤ 30.46 for all convex domains Ω. Conversely,
if we prove D(Ω) ≤ 28.46, and consequently C(Ω) ≤ 30.46, for any bounded convex domain
which has a smooth boundary with a strictly positive curvature in each of its point, then we
deduce Theorem 1 by using the next lemma
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Lemma 7. Let A be a matrix with complex entries. There exists a sequence of convex domains
Ωn ⊃ W (A) such that Ωn → W (A), with respect to the Hausdorff distance, and satisfying the
constraints : the boundary ∂Ωn is analytic and in each point of ∂Ωn the curvature is stricltly
positive.

Proof. In the case where the interior of W (A) is empty, this is easily realised with a sequence
of ellipses. Otherwise, we can assume that the origin O is interior to W (A). Then let a be
the Riemann conformal mapping from the (open) unit disk D onto the interior of W (A). We
set Dn = (1−1/n)D ; with an appropriate choice of εn → 0, Ωn = (1+εn)a(Dn) fullfills the
requirements. Indeed classical calculations give that, for z = (1−1/n)eiθ the curvature c(z) at
the point a(z) ∈ ∂a(Dn) is given by

c(z) =
1

|z a′(z)| Re
(

1 +
a′′(z)z
a′(z)

)

,

The strict positivity of |z a′(z)| c(z) follows from the maximum principle.

From this lemma, starting with ‖p(A)‖ ≤ C(Ωn) supz∈Ωn
|p(z)|, we deduce that

‖p(A)‖ ≤ lim inf
n→∞

C(Ωn) sup
z∈W (A)

|p(z)|,

Therefore Q ≤ lim infn→∞C(Ωn).
In order to prove Theorem 1 we will estimate the constants D(Ω) first in the case of smooth

thick domains, then in the more tricky case of thin domains.

5 The thick domain case

Let Ω 6= ∅ be a bounded convex domain of the complex plane. In order to avoid technical
difficulties without interest we will assume that its boundary is analytic and that in each point
of ∂Ω the curvature is strictly positive. We define the rate of flatness τΩ by

τΩ := min
ω∈Ω

max{|σ − ω| ;σ ∈ ∂Ω}
min{|σ − ω| ;σ ∈ ∂Ω} . (11)

We will say that the domain is thick if τ
Ω
≤ 1001, otherwise it will be considered as thin.

Theorem 8. Let Ω 6= ∅ be a bounded convex domain of the complex plane. We set

γ := arccos 1
τΩ
, g(t) := (1

2 + | arctan t|
π )

√

1+t2 and G(γ) :=

∫ γ

0
g(tanϕ) dϕ.

Then we have

D(Ω) ≤ 4G(γ) + 2G(π−2γ), if τΩ ≥ 2, D(Ω) ≤ 6G(π3 ), otherwise.

In particular D(Ω) ≤ 28.46, if τΩ ≤ 1001.

Proof. Without lost of generality we can assume that the minimum in the definition of τ
Ω

is
reached when ω = 0 is the origin of the complex plane, that maxσ∈∂Ω = 1 and minσ∈∂Ω = cos γ.
We will assume also τ

Ω
≥ 2. Thus we consider a matrix A with numerical range W (A) ⊂ Ω and

a rational function r satisfying |r(z)| ≤ 1 in Ω. Now we introduce the angles θ and ψ such that
(recall that s is the curvilinear abscissa)

9



ψ = arg σ

eiθ = dσ
ds ∂Ω

ψ

θ

0 •

•

tσ
σ
•

Taking into account the conditions maxσ∈∂Ω = 1 and minσ∈∂Ω = cos γ we can assume that
the determinations of θ and ψ are choosed such that 0 < π

2 − γ ≤ θ − ψ ≤ π
2 + γ. From our

assumptions on the smoothness of the boundary and the strict positivity of the curvature, σ can
be considered as a C∞ function of θ. Then we introduce

~v(θ, t) =
1

2πi

r(tσ(θ))

(t−1)σ(θ) + e2iθ(σ̄(θ)−z̄)





−σ(θ)

tσ′(θ)



 .

We have clearly for the second component v2(θ, 0) = 0, v2(θ, 1) = 1
2πi

r(σ)
σ̄−z̄e

−2iθσ′(θ), and also

dσ̄ = e−2iθdσ. Therefore using the Green formula we have, if z ∈ Ω,

r̃(z̄) =
1

2πi

∫

∂Ω
r(σ)

dσ̄

σ̄ − z̄
=

∫ 2π

0

(

v2(θ, 1) − v2(θ, 0)
)

dθ

=

∫ 2π

0

∫ 1

0
div~v(θ, t) dt dθ.

Setting

Jr(θ, z̄) :=

∫ 1

0
div~v(θ, t) dt = e2iθ

σ(θ)(σ̄(θ)−z̄))
π

∫ 1

0

r(tσ(θ))
(

(t−1)σ(θ) + e2iθ(σ̄(θ)−z̄)
)2 dt,

we deduce

r̃(z̄) =

∫ 2π

0
Jr(θ, z̄) dθ, and therefore r̃(A∗) =

∫ 2π

0
Jr(θ,A∗) dθ.

We consider now the open half-plane Πσ tangent in σ to ∂Ω, which contains Ω. We remark that
Jr(θ, z̄) is antiholomorphic for z ∈ Πσ, bounded and continuous in Πσ, and that W (A) ⊂ Πσ.
Using a von Neumann inequality and then the maximum principle, we obtain

‖Jr(θ,A∗)‖ ≤ sup
z∈Πσ

|Jr(θ, z̄)| = sup
x∈R

|Jr(θ, σ̄ + xe−iθ)|

≤ sup
x∈R

∫ 1

0

|σ| |x|
π |(t− 1)σ − xeiθ|2 dt

≤ max
ε=±1

∫ ∞

0

dτ

π |τeiψ − εeiθ|2

=
max(θ−ψ, π−θ+ψ)

π sin(θ−ψ)
= g(tan(π2 −θ+ψ)).

(We have used the change of variables τ = (t−1)|σ|/|x|). We deduce the estimate

‖r̃(A∗)‖ ≤
∫ 2π

0
g(tan(π2 −θ+ψ)) dθ =

∫ 2π

0
g(tan(π2 −θ+ψ)) dψ.
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If we consider ρ(ψ) := |σ| as a function of ψ, we have tan(θ−ψ) = ρ(ψ)/ρ′(ψ). We have obtain
the bound

D(Ω) ≤
∫ 2π

0
g
(ρ′(ψ)
ρ(ψ)

)

dψ.

Note that the function g is even and convex on R. It can be shown [7] that, with the constraints
cos γ ≤ ρ(ψ) ≤ 1, the right member is bounded by 4

∫ γ
0 g((tan(ϕ)) dϕ+2

∫ π−2γ
0 g(tan(ϕ)) dϕ.

6 The thin domain case

We assume that the flatness of the convex domain Ω satisfies τΩ ≥ 1001 and that its diameter
is equal to 2. After a change of origin and a rotation of the axes if needed, we can assume that
there exist two functions η± ∈ C0([0, 2]) ∩ C∞(]0, 2[) such that

0 ∈ ∂Ω, 2 = diameter (Ω) ∈ ∂Ω,

Ω = {x+i y ; 0 < x < 2, η−(x) < y < η+(x)}.

We set h(x) := 1
2(η+(x) − η−(x)).

We set α = h(1) ; for β > α given, there exist unique a, b such that 0 < a < 1 < b < 2 and
h(a)
a = h(b)

2−b = β. We introduce the median curve

Γ = {z = τ(x) ; a ≤ x ≤ b, τ(x) = x+
i

2
(η+(x) + η−(x))}.

∂Ω

h

ψ

θ

Πθ

Γ

•x •

b0
• •

2
•a

•

σ+(b)
•

•

•

•

τ(b)
τ(a) •

•
τ

σ+
•

σ
−

•

σ
•

We have not respected the scale in order to make the figure readable.

As previously σ denotes a generic point of arclength s on the counterclockwise oriented
boundary ∂Ω, dσ

ds = eiθ. Due to the strict convexity, the point σ is a C∞ function of θ. We
define some functions of the real variable x ∈ (0, 2)

σ+(x) = x+ i η+(x), σ−(x) = x+ i η−(x),

θ+ = arg(
dσ+

ds
), θ− = arg(

dσ−
ds

).

Note that σ+ and σ− belongs to ∂Ω and that σ+ > 0 and σ− < 0.
We use also the notations

ξ(θ, t) = tσ(θ) + (1−t) τ(a) if Reσ(θ) ≤ a,

= tσ(θ) + (1−t) τ(Re σ(θ)) if Reσ(θ) ∈ [a, b],

= tσ(θ) + (1−t) τ(b) if Reσ(θ) ≥ b,
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Jr(θ, z̄) =
1

π

∫ 1

0
r(ξ(θ, t))

∂ξ

∂t

e2iθ(σ̄(θ) − z̄)

(ξ(θ, t) − σ(θ) + e2iθ(σ̄(θ)−z̄))2 dt,

G+r(z̄) =
1

2πi

∫ b

a

r(τ) e−2iθ+

τ̄ − z̄ − i (1+e−2iθ+)h

dτ

dx
dx,

G−r(z̄) =
1

2πi

∫ b

a

r(τ) e−2iθ−

τ̄ − z̄ + i (1+e−2iθ−)h

dτ

dx
dx.

The estimation of the constant D(Ω) is based on the following lemma.

Lemma 9. For any rational function r bounded in Ω and for any z ∈ Ω, we have the represen-
tation formula

r̃(z̄) =

∫ 2π

0
Jr(θ, z̄) dθ −G+r(z̄) +G−r(z̄). (12)

Furthermore if A is a square matrix with W (A) ⊂ Ω, we have

r̃(A∗) =

∫ 2π

0
Jr(θ,A∗) dθ −G+r(A

∗) +G−r(A
∗). (13)

Proof. We first note that Jr(θ, z̄) is well defined, continuous, analytic in z̄, for all θ ∈ R and all
z ∈ Ω. We set

~v(θ, t) =
1

2πi

r(ξ(θ, t))

ξ(θ, t) − σ + e2iθ(σ̄−z̄)





−∂ξ
∂t

∂ξ
∂θ



 .

Using that ∂
∂θ

(

− σ + e2iθ(σ̄−z̄)
)

= 2 i e2iθ(σ̄−z̄), we get

div~v =
1

π

∂ξ

∂t
r(ξ(θ, t))

e2iθ(σ̄ − z̄)

(ξ(θ, t) − σ + e2iθ(σ̄−z̄))2 .

Then, using the Green formula,
∫ 2π

0
Jr(θ, z) dθ =

∫ 2π

0

∫ 1

0
div~v dt dθ

=

∫ 2π

0
v2(θ, 1) dθ −

∫ 5π/2

π/2
v2(θ, 0) dθ.

We clearly have
∫ 2π

0
v2(θ, 1) dθ =

1

2πi

∫

∂Ω

r(σ)

e2iθ(σ̄−z̄) dσ =
1

2πi

∫

∂Ω
r(σ)

dσ̄

σ̄−z̄ ,

∫ 3π/2

π/2
v2(θ, 0) dθ =

1

2πi

∫ θ+(a)

θ+(b)

r(τ)

τ − σ + e2iθ(σ̄−z̄)
dτ

dθ
dθ,

thus, using that σ+ − τ̄ = τ − σ+ = −i h,
∫ 3π/2

π/2
v2(θ, 0) dθ =

1

2πi

∫ a

b

r(τ) e−2iθ+

τ̄ − z̄ − i (1+e−2iθ+)h
dτ = −G+r(z̄).

Similarly
∫ 5π/2

3π/2
v2(θ, 0) dθ = G−r(z̄), which shows (12).

The representation (13) follows immediately.
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Now we write A = B + i C, with B = 1
2(A+A∗), C = 1

2i(A−A∗) self-adjoint.

Lemma 10. We have the estimate

D(Ω) ≤ D1(α, β) +D2(α, β) + 2D3(α, β),

where

D1(α, β) = sup
{

‖
∫ 2π

0
Jr(θ,A∗) dθ‖ ;W (A) ⊂ Ω, |r(z)| ≤ 1 in Ω

}

,

D2(α, β) := sup
Ω,λ,r

{

|G+r(λ) −G−r(λ)| ;λ ∈ (0, 2) |r(z)| ≤ 1 in Ω
}

,

D3(α, β) = sup
{

‖G+r(A
∗) −G+r(B)‖ ;W (A) ⊂ Ω, |r(z)| ≤ 1 in Ω

}

.

In these definitions the suprema are understood for all square matrices A ∈ C
d,d, for all rational

functions r (satisfying the mentionned constraints), and all domains Ω with h(1) = α and
diameter (0, 2).

Proof. We deduce from (13) that

r̃(A∗) =

∫ 2π

0
Jr(θ,A∗) dθ − (G+r(B)) −G−r(B))

−(G+r(A
∗) −G+r(B)) + (G−r(A

∗) −G−r(B)).

From the spectral theory for the self adjoint matrix B we have, noticing that σ(B) ⊂ (0, 2),

‖G+r(B)) −G−r(B)‖ ≤ sup
λ∈(0,2)

|G+r(λ)) −G−r(λ)| ≤ D2(α, β).

We have clearly ‖G+r(A
∗)−G+r(B)‖ ≤ D3(α, β) ; changing Ω in its conjugate and A in A∗, we

obtain also ‖G−r(A∗) −G−r(B)‖ ≤ D3(α, β).

We first begin with an estimation of D1(α, β).

Lemma 11. We have (using the notations of Theorem 8)

D1(α, β) ≤ 4G(γ′) + 2G(π − 2γ′)

where γ′ = arccos
β

√

1 + 4β2
√

1 + (β+2α)2
.

For the values α ≤ 1
1000 and β = 1

10 that gives D1(α, β) ≤ 10.074.

Proof. In the same way as in the previous section we obtain the estimate

‖Jr(θ,A∗)‖ ≤ sup
z∈Πσ

|Jr(θ, z̄)| ≤ g(π2 −θ+ψ),

where

ψ = arg(σ − τ(a)) if Reσ ≤ a, ψ = arg(σ − σ̄) if a < Reσ < b,

ψ = arg(σ − τ(b)) if Reσ ≥ b.

The determination of ψ is chosen in such a way that θ−ψ ∈ (0, π) ; Πσ denotes the half-plane
tangent in σ to Ω which contains Ω. Then we obtain

∫ 2π

0
‖Jr(θ,A∗)‖ dθ ≤

∫ 2π

0
g(tan(π2 −θ+ψ)) dθ =

∫ 2π

0
g(tan(π2 −θ+ψ)) dψ.
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We introduce now the sets Ωa, Ωb, Ω′ defined by

Ωa := {x+ iy ∈ Ω ;x ≤ a}, Ωb := {x+ iy ∈ Ω ;x ≥ b},
Ω′ := {x+ iy ;h(a)(x + iy) + τ(a) ∈ Ωa} ∪ {x+ iy ;h(b)(x + iy) + τ(b) ∈ Ωb}.

Ωb
Ωa

Ω′

b
•

0
•

0
•

•

2
• a

••

•

•

•

It is easily verify that Ω′ is convex and that the quantity
∫ 2π
0 g(tan(π2−θ+ψ)) dψ for Ω is the

same that this quantity defined in Theorem 8 for the thick domain Ω′. Therefore the present
lemma holds with the constant γ′ = arccos 1

τ
Ω′

, where τ
Ω′

is the flatness of Ω′. We have

τ
Ω′

≤
max
σ∈∂Ω′

|σ′|
min
σ∈∂Ω′

|σ′| =

max( sup
σ∈∂Ω∩∂Ωa

|σ − τ(a)|
h(a)

, sup
σ∈∂Ω∩∂Ωb

|σ − τ(b)|
h(b)

)

min( inf
σ∈∂Ω∩∂Ωa

|σ − τ(a)|
h(a)

, inf
σ∈∂Ω∩∂Ωb

|σ − τ(b)|
h(b)

)

.

We deduce from the convexity that Ωa contains the triangle with vertices σ−(a),0, σ+(a). There-
fore the infσ∈∂Ω∩∂Ωa

|σ − τ(a)| is less than the inf for σ belonging to the broken line σ−(a),0,
σ+(a). The worst case corresponds to η−(a) = 0, which gives,

inf
σ∈∂Ω∩∂Ωa

|σ − τ(a)|
h(a)

≥ 1
√

4β2 + 1
, and similarly inf

σ∈∂Ω∩∂Ωb

|σ − τ(b)|
h(b)

≥ 1
√

4β2 + 1
.

We have also from the convexity on the boundary ∂Ω

Imσ+

Re σ+ − 2
≤ tan θ+ ≤ Imσ+

Reσ+
,

Imσ−
Reσ−

≤ tan θ− ≤ Imσ−
Reσ− − 2

, (14)

| Imσ| ≤ 2h(Re σ) and ∀x ∈ (0, 2), h(x) ≤ α max(x, 2 − x).

Using (14) at the points σ±(a), we also deduce that the points σ ∈ ∂Ω ∩ ∂Ωa satisfy

0 ≤ Re(τ(a) − σ) ≤ a and

| Im(τ(a)−σ)| ≤ h(a) + (a−Re σ)
| Im σ(a)|

2 − a
≤ β a

(

1 +
2 a

2 − a

)

.

which shows

sup{|σ−τ(a)| ;σ ∈ ∂Ω ∩ ∂Ωa} ≤ a

√

1+β2
(2 + a

2 − a

)2
.
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Note that β a = h(a) ≤ α (2−a) thus a ≤ 2α
α+β , therefore

sup{|σ−τ(a)|
h(a)

;σ ∈ ∂Ω ∩ ∂Ωa} ≤
√

1+(2α + β)2

β
.

The same estimate holds for sup{ |σ−τ(b)|
h(b) ;σ ∈ ∂Ω ∩ ∂Ωb}, therefore

τ
Ω′

≤
√

1 + 4β2
√

1+(β+2α)2

β
.

Recall that τ
Ω
≥ 1001 ; the assumption α ≤ 1

1000 is then justified by the following lemma

Lemma 12. If the convex domain Ω satisfies τ
Ω
> 7.5, then we have α ≤ 1

τΩ − 1
.

Proof. In the same way as in the previous lemma (but with β = α) we have

inf
σ∈∂Ω

|σ − τ(1)|
h(1)

≥ 1√
1 + 4α2

, and sup
σ∈∂Ω

|σ − τ(1)|
h(1)

≤
√

1 + 9α2

α
.

Therefore

τ
Ω
≤

√
1 + 9α2

√
1 + 4α2

α
≤ 1 + 6.5α2

α
thus q(α) := 6.5α2 − α τ + 1 ≥ 0.

It is clear that α < 1 ; since q(1) < 0, α is less than the smallest root of q. Since q(1/(τ − 1)) =
(7.5 − τ)/(τ − 1)−2 < 0, we deduce α ≤ 1/(τ − 1).

Lemma 13. We assume α < β ≤ 1
4 . Then we have the estimate

D2(α, β) ≤ 4

πδ1

(π

2
+ arctan 2β

δ1

)

+
4β

1 − δ2
(
√

3 +
2β

π
),

with

δ1 =

√

3 − 52β2 + 16β4

1 + 4β2
, δ2 =

8β2

1 + 4β2
+

√

4β2

3
+

( 8β2

1 + 4β2

)2
.

. For the values α ≤ 1
1000 and β = 1

10 that gives D2(α, β) ≤ 2.215.

Proof. We have

G+r(λ) −G−r(λ) =
1

2πi

∫ b

a
r(τ)R0(x, λ) dτdx dx,

where R0(x, λ) =
e−2iθ+

τ̄ − λ− i (1+e−2iθ+)h
− e−2iθ−

τ̄ − λ+ i (1+e−2iθ−)h

Using that |r(τ)| ≤ 1 and |dτdx | =
√

1+γ′(x)2, we deduce

2π |G+r(λ) −G−r(λ)| ≤
∫ b

a
|R0(x, λ)|

√

1+γ′(x)2 dx.
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Now we introduce (recall that τ(x) = x+ i γ(x))

D0(x, λ) := (τ̄ − λ− i h (1+e−2iθ+))(τ̄ − λ+ i h (1+e−2iθ−)),

R1(x, λ) :=
(x−λ)(e−2iθ+ − e−2iθ−) + ih(1+e−2iθ+)(1+e−2iθ−)

D0(x, λ)
,

R2(x, λ) := −i γ(x) (e−2iθ+ − e−2iθ−) + h(x) (1 − e−2iθ+e−2iθ−)

D0(x, λ)

= 2 e−i(θ++θ−)−γ(x) sin(θ+ − θ−) + h(x) sin(θ+ + θ−)

D0(x, λ)
,

and we note that

R0 = R1 +R2.

Therefore we have

|G+r(λ) −G−r(λ)| ≤ T1(λ) + T2(λ),

where Ti(λ) =
1

2π

∫ b

a
|Ri(x, λ)|

√

1+γ′(x)2 dx, i = 1, 2.

a) Estimation of T1. We first begin by a lower bound for |D0|. We have

ReD0 = (x−λ)2 − γ2 − (x−λ)h (sin 2θ+−sin 2θ−)

+h2(1+cos 2θ++cos 2θ−+cos 2(θ++θ−)) − γ h (cos 2θ+−cos 2θ−).

Using that |γ| ≤ h we obtain

|D0| ≥ ReD0 ≥ (x−λ)2 − |x−λ)|h | sin 2θ+−sin 2θ−|
+h2

(

cos 2(θ++θ−) + 2 min(cos 2θ+, cos 2θ−)
)

.

From the convexity of Ω we have

−h+ γ

2 − x
≤ tan θ+ ≤ h+ γ

x
et − h− γ

2 − x
≤ − tan θ− ≤ h− γ

x
.

This implies, for x ∈ [a, b],

− 2h

2 − x
≤ tan θ+ − tan θ− ≤ 2h

x
, thus | tan θ+ − tan θ−| ≤ 2β.

We deduce

| sin 2θ+ − sin 2θ−| = 2
|(tan θ+ − tan θ−)(1 + tan θ+ tan θ−)|

(1+tan2 θ+)(1+tan2 θ−)
≤ 2| tan θ+ − tan θ−| ≤ 4β.

Assume for instance that | sin θ+| ≥ | sin θ−|. Then, using that | tan θ+| ≤ 2β,

cos 2(θ++θ−) + 2 min(cos 2θ+, cos 2θ−) = 3 − 2 sin2(θ++θ−) − 4 sin2 θ+ ≥ 3 − 12 sin2 θ+

≥ 3 − 12 tan2 θ+
1 + tan2 θ+

≥ 3
(

1 − 16β2

1 + 4β2

)

.

We obtain in this way the lower bound

|D0| ≥ (x−λ)2 − 4β |x−λ)|h+ 3h2
(

1 − 16β2

1 + 4β2

)

. (15)
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Note that the right member is always positive since it is assumed that β ≤ 1/4. Now we remark
that

2h′ = tan θ+ − tan θ− =
1

i

(1 − e−2iθ+

1 + e−2iθ+
− 1 − e−2iθ−

1 + e−2iθ−

)

= −2

i

e−2iθ+ − e−2iθ−

(1 + e−2iθ+)(1 + e−2iθ−)
.

Therefore

|R1(x, λ)| = |(1 + e−2iθ+)(1 + e−2iθ−)| |(x−λ)h′ − h|
|D0|

= 4 cos θ+ cos θ−
|(x−λ)h′ − h|

|D0|
.

We remark now that

γ′(x) =
1

2
(tan θ+ − tan θ−) =

1

2

sin(θ+ + θ−)

cos θ+ cos θ−

1 + γ′2 =
4cos2 θ+ cos2 θ− + sin2(θ+ + θ−)

4 cos2 θ+ cos2 θ−

≤ 4 cos2 θ+ cos2 θ− + 2(sin2 θ+ cos2 θ− + sin2 θ− cos2 θ+)

4 cos2 θ+ cos2 θ−

≤ 2 cos2 θ− + cos2 θ+
4 cos2 θ+ cos2 θ−

≤ 1

cos2 θ+ cos2 θ−
.

This shows that (cos θ+ cos θ−)
√

1+γ′(x)2 ≤ 1 and then

T1(λ) =
1

2π

∫ b

a
|R1(x, λ)|

√

1+γ′(x)2 dx ≤ 2

π

∫ b

a

|(x−λ)h′ − h|
|D0|

dx

≤ 2

π

∫ b

a

|(x−λ)h′ − h|
(x−λ)2 − 4β |x−λ)|h+ 3h2

(

1 − 16β2

1+4β2

)
dx.

Now we set u(x) = x−λ
h(x) and note that u is an increasing function of x. The previous inequality

becomes

T1(λ) ≤ 2

π

∫ b

a

u′(x)

u(x)2 − 4β |u(x)| + 3(1 − 16β2

1+4β2 )
dx

≤ 4

π

∫ ∞

0

1

(u− 2β)2 + δ2
du =

4

πδ1

(π

2
+ arctan 2β

δ1

)

with δ1 =

√

3 − 52β2 + 16β4

1 + 4β2
.

b) Estimation of T2. We have

|R2(x, λ)| := 2 cos θ+ cos θ−
| − γ(x) (tan θ+ − tan θ−) + h(x) (tan θ+ + tan θ−)|

|D0(x, λ)| ,

We deduce from tan θ+ = h′ + γ′ and tan θ− = −h′ + γ′ that

| − γ(x) (tan θ+ − tan θ−) + h(x) (tan θ+ + tan θ−)| = 2|γ′h− h′γ|,
and then

T2(λ) =
1

2π

∫ b

a
|R2(x, λ)|

√

1+γ′(x)2 dx ≤ 2

π

∫ b

a

|γ′h− h′γ|
|D0(x, λ)| dx.
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Now if we set

δ2 =
8β2

1 + 4β2
+

√

4β2

3
+

( 8β2

1 + 4β2

)2
,

we deduce from (15) that

−(1−δ2)
(

(x−λ)2 + 3h2
)

+ |D0(x, λ)| ≥ δ2(x−λ)2 − 4β|x−λ|h + 3h2
(

δ2 − 16β2

1+4β2

)

= δ2
(

|x−λ| − 2βh/δ2
)2 ≥ 0.

This shows that

1

|D0(x, λ)| ≤
1

(1−δ2)((x−λ)2 + 3h2)
,

and thus

T2(λ) ≤ 2

π(1−δ2)

∫ b

a

|γ′h− h′γ|
(x−λ)2 + 3h2

dx

≤ 2

π(1−δ2)
(S1(λ) + S2(λ)), (16)

where

S1(λ) :=

∫ λ

a

|γ′h− h′γ|
(x−λ)2 + 3h2

dx, S2(λ) :=

∫ b

λ

|γ′h− h′γ|
(x−λ)2 + 3h2

dx.

From now we assume that λ ∈ [0, 1] ; by a symmetry argument it will be clear that our
estimate would be still valid if λ ∈ [1, 2]. We remark that, if λ ∈ [0, a], then T2(λ) ≤ T2(a).
Thus we have just to consider λ ∈ [a, 1].

We begin by an estimate of S1. For that we use that |γ(x)| ≤ h(x) ≤ h(λ) 2−x
2−λ ≤ 2h(λ).

From the convexity of Ω we have, for x ∈ (a, λ), |h′(x)± γ′(x)| ≤ 2β, thus |γ′h− h′γ| ≤ 4βh(λ).
We also use the estimate h(x) ≥ h(λ)x/λ. That gives

S1(λ) ≤ 4βh(λ)

∫ λ

a

dx

(x− λ)2 + 3h(λ)2x2/λ2
=

4β√
3

arctan
(1 + 3h(λ)2/λ2)x− λ√

3h(λ)

]λ

a

≤ 4βπ√
3
.

It remains to estimate S2. We now use

h′(x)γ(x) − h(x)γ′(x) = h′(x)(γ(x)−γ(λ)) − (h(x)−h(λ))γ′(x) + h′(x)γ(λ) − h(λ)γ′(x),

therefore

|h′(x)γ(x) − h(x)γ′(x)| ≤ |h′(x)(γ(x)−γ(λ)) − (h(x)−h(λ))γ′(x)| + 2β h(λ).

We also remark that

h′(x)(γ(x)−γ(λ)) − (h(x)−h(λ))γ′(x) =

∫ x

λ
h′′(t)(γ(t)−γ(λ)) − (h(t)−h(λ))γ′′(t) dt,

which yields

|h′(x)(γ(x)−γ(λ)) − (h(x)−h(λ))γ′(x)| ≤
∫ x

λ
|h′′(t)(γ(t)−γ(λ)) − (h(t)−h(λ))γ′′(t)| dt

≤ β

∫ x

λ
(|h′′(t)| + |γ′′(t)|)(t− λ) dt.
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We note that h(x) ≥ h(λ) 2−x
2−λ , for x ∈ (λ, b), and |γ′′| ≤ |h′′|, thus

S2(λ) ≤ 2β

∫ b

λ

∫ x

λ
|h′′(t)|(t− λ)

1

(x− λ)2
dt dx

+2βh(λ)

∫ b

λ

dx

(x− λ)2 + 3h(λ)2(2 − x)2/(2 − λ)2

≤ 2β

∫ b

λ

∫ b

t
|h′′(t)|(t− λ)

1

(x− λ)2
dx dt+

2βπ√
3

Finally we have obtained

S2(λ) ≤ 2β

∫ b

λ
|h′′(t)| dt +

2βπ√
3

≤ 2β(h′(λ) − h′(b)) +
2βπ√

3
≤ 4β2 +

2βπ√
3
.

Taking this estimate and the estimate of S1 in (16) we obtain

T2(λ) ≤ 4β

1 − δ2
(
√

3 +
2β

π
).

Before estimating the constant D3(α, β) we need some technical lemmas

Lemma 14. We set

Γ(λ, x) := h′(x) (λ−x) + h(x) and γ(x) = Im τ(x), for x ∈ (0, 2).

The condition W (A) ⊂ Ω is equivalent to : 0 ≤ B ≤ 2 and, ∀x ∈ (0, 2),

∀u, v ∈ H, |〈(C−γ′(x) (B−x)−γ(x))u, v〉| ≤ ‖(Γ(B,x))1/2u‖ ‖Γ(B,x))1/2v‖.

This condition implies

∀u, v ∈ H, |〈C u, v〉| ≤ 2 ‖(Γ(B,x))1/2u‖ ‖Γ(B,x))1/2v‖.

Proof. a) We first remark that X+iY ∈ Ω is equivalent to

0 ≤ X ≤ 2 and, ∀x ∈ (0, 2), |Y −γ′(x) (X−x)−γ(x)| ≤ Γ(X,x).

Indeed, Y −γ′(X−x)−γ(x) = ±Γ(X,x) are the equations of the tangents to ∂Ω in the points
σ+ and σ−. Therefore the condition W (A) ⊂ Ω means 0 ≤ B ≤ 2 and

∀v ∈ H, ∀x ∈ (0, 2), |〈(C−γ′(x)(B−x)−γ(x))v, v〉| ≤ 〈Γ(B,x) v, v〉.
Thus Γ(B,x) ≥ 0 and the lemma follows from the generalized Cauchy-Schwarz inequality.

b) We note that, if X ∈ (0, 2), then

Γ(X,x) − γ′(x) (X−x)−γ(x) = −η′−(x) (X−x)−η−(x) > 0,

Γ(X,x) + γ′(x) (X−x)+γ(x) = +η′+(x) (X−x)+η+(x) > 0.

Therefore X+iY ∈ Ω implies |Y | ≤ 2Γ(X,x). We conclude as in part a).
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Lemma 15. We define

K1(λ) :=
(

∫ b

a

Γ(λ, x)

|x−λ−i η+−i h e−2iθ+ |2 dx
)1/2

.

Then we have, with ε = 4α
1+4α2 and η = 4β

1+4β2 ,

sup
λ∈[0,2]

(K1(λ))2 ≤ 1√
1 − ε2

(π

2
+ arctan

ε√
1 − ε2

)

+
(

∫ 4β

0
+

∫ ∞

1/β

) u2 + 4

u4 − 3u2 + 4
du+

∫ 1/β

4β

du

u2 + 1 − η u
.

Proof. We only look at the case λ ≤ 1, the other situation being symmetric. In order to lighten
the notations we will omit the subscript + in the proof. We have

|x−λ−i η−i h e−2iθ |2 = (x−λ−h sin 2θ)2 + (η + h cos 2θ)2

≥ (x−λ−h sin 2θ)2 + h2 cos2 2θ

= (x−λ)2 + h2 − 2h sin 2θ (x−λ).

Setting u(x) =
x− λ

h(x)
and v(x) = sin 2θ, we deduce

(K1(λ))2 ≤
∫ b

a

h′(λ−x) + h

(x− λ)2 + h2 − 2h v (x−λ)
dx =

∫ b

a

u′

u2 + 1 − 2u v
dx.

a) First case a ≤ λ ≤ 1. We note that for x ∈ (a, b) we have

−2β ≤ −2
h(x)

2−x ≤ tan θ(x) ≤ 2
h(x)

x
≤ 2β,

therefore −
4h(x)
c−x

1 + 4 h(x)2

(2−x)2
≤ v(x) = sin 2θ(x) ≤ 4h(x)

x

1 + 4h(x)2

x2

≤ 4β

1 + 4β2
.

• If a < x < λ. Then u(x) ≤ 0, h(x)
2−x ≤ α and v(x) ≥ − 4α

1+4α2 . We deduce, with ε = 4α
1+4α2 ,

∫ λ

a

u′

u2 + 1 − 2u v
dx ≤

∫ 0

−∞

du

u2 + 1 + 2 ε u
≤ 1√

1 − ε2

(π

2
+ arctan

ε√
1 − ε2

)

.

• If λ < x. Then u(x) ≥ 0 ; in any case we have v(x) ≤ η := 4β
1+4β2 . But we have also

h(x)
x ≤ h(x)

x−λ = 1
u . Thus

if u < 4β or u < 1
β , v(x) = sin 2θ ≤ 4u

u2 + 4
.

We deduce

∫ b

λ

u′

u2 + 1 − 2u v
dx ≤

(

∫ 4β

0
+

∫ ∞

1/β

) du

u2 + 1 − 8 u2

u2+4

+

∫ 1/β

4β

du

u2 + 1 − η u

≤
(

∫ 4β

0
+

∫ ∞

1/β

) u2 + 4

u4 − 3u2 + 4
du+

∫ 1/β

4β

du

u2 + 1 − η u
.
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a) Second case 0 ≤ λ < a. The proof is the same except that the first term is missing since
there is no x such that a < x < λ.

We introduce now the operator, for t ∈ [0, 1], x ∈ [a, b]

Ψ(t, x) = (Γ(B,x))1/2(τ̄ − i (1+e−2iθ+)h−B + i t C)−1

= (Γ(B,x))1/2(x− iη+ − i h e−2iθ+ −B + i t C)−1.

Lemma 16. We have for all u ∈ H

‖Ψ(0, .)u‖
L2(a,b)

≤ sup
λ∈(0,2)

K1(λ) ‖u‖,

‖Ψ(1, .)u‖
L2(a,b)

≤ exp(2
√

1+β2) ‖Ψ(0, .)u‖
L2(a,b)

.

Proof. Since, for t = 0, C does not appear in Ψ, we deduce from spectral theory

‖Ψ(0, .)u‖
L2(a,b)

≤ sup
λ∈[0,2]

K1(λ) ‖u‖.

We will bound now ∂tΨ(t, x)u

∂tΨ(t, x) = −iΓ(B,x)1/2(x−iη − i h e−2iθ−B+i t C)−1C(x−iη−i h e−2iθ−B+i t C)−1

= −iΨ(t, x)C Γ(B,x)−1/2 Ψ(t, x).

Using Lemma 14 we get

‖∂tΨ(t, x)u‖ = sup
‖v‖≤1

∣

∣〈∂tΨ(t, x)u, v〉
∣

∣

≤ sup
‖v‖≤1

∣

∣〈C Γ(B,x)−1/2Ψ(t, x)u,Ψ(t, x)∗v〉
∣

∣

≤ 2 ‖Ψ(t, x)u‖K2(t), (17)

with

K2(t) = sup
‖v‖≤1

‖Γ(B,x)1/2Ψ(t, x)∗v‖

= sup
‖v‖≤1

‖Γ(B,x)1/2(x+iη+i h e2iθ−B−i t C)−1Γ(B,x)1/2v‖.

Let us consider

w := Ψ(t, x)∗v = (x+iη+i h e2iθ−B−i t C)−1Γ(B,x)1/2v

and

∆ := 〈(x+iη+i h e2iθ−B−i t C)w,w〉 = 〈v,Γ(B,x)1/2w〉.
We deduce from Cauchy-Schwarz inequality

|∆| ≤ ‖Γ(B,x)1/2w‖ ‖v‖. (18)

We have also

|∆|2 = 〈(x−B−sin 2θ h)w,w〉2 + 〈(η+cos 2θ h−t C)w,w〉2 = |∆1|2 + |∆2|2.
Using that 〈C w,w〉 ≤ 〈(η+ η′(B − x))w,w〉 and η′ = tan θ, we deduce

∆2 = 〈(η+cos 2θ h−t C)w,w〉 ≥ 〈(cos 2θ h−tan θ (B − x))w,w〉.
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We introduce

X1 := 〈(B−x)w,w〉, and X2 := h 〈w,w〉,
then we have X2 ≥ 0 and

|∆1| = |X1+sin 2θ X2|, ∆2 ≥ cos 2θ X2−tan θX1, ‖Γ(B,x)1/2w‖2 = h′X1 +X2.

We consider the two possible cases

1st case : cos 2θ X2−tan θX1 ≥ 0. Then we have

|∆|2 ≥ |X1+sin 2θ X2|2 + (cos 2θ X2−tan θX1)
2

≥ (1 + tan2 θ)X2
1 + 2 tan θ X1X2 +X2

2

≥ (1 + (tan θ − h′)2)X2
1 + 2(tan θ − h′)X1 (X2 + h′X1) + (X2 + h′X1)

2.

Therefore

(1 + (tan θ−h′)2)|∆|2 ≥
(

(1 + (tan θ−h′)2)X1 + (tan θ−h′) (X2 + h′X1)
)2

+ (X2 + h′X1)
2,

which shows that

‖Γ(B,x)1/2w‖2 ≤
√

1 + (tan θ − h′)2|∆|.
Remark that | tan θ−h′| = 1

2 | tan θ+ − tan θ−| ≤ β, joint with (18) we deduce

‖Γ(B,x)1/2w‖2 ≤
√

1 + β2 ‖Γ(B,x)1/2w‖ ‖v‖,
and then

‖Γ(B,x)1/2w‖ ≤
√

1 + β2 ‖v‖.

2nd case : tan θ X1 > cos 2θ X2. Then we have

‖Γ(B,x)1/2w‖2

∆1
=

|h′X1 +X2|
|X1 + sin 2θ X2|

=
|h′X1 tan θ +X2 tan θ|
|X1 tan θ + 2 sin2 θX2|

≤ max(|h′|, |h
′ cos 2θ + tan θ|

|cos2θ + 2 sin2 θ| ) = max(|h′|, |h′ cos 2θ + tan θ|) ≤ 1.

This shows ‖Γ(B,x)1/2w‖ ≤ |∆| and consequently

‖Γ(B,x)1/2w‖ ≤ ‖v‖.

Going back to K2 we deduce

K2(t) = sup
‖v‖≤1

‖Γ(B,x)1/2Ψ(t, x)∗v‖ = sup
‖v‖≤1

‖Γ(B,x)1/2w‖ ≤
√

1 + β2,

and from (17)

‖∂tΨ(t, x)u‖ ≤ 2
√

1 + β2 ‖Ψ(t, x)u‖.
By integration of this differential inequality we deduce

‖Ψ(1, x)u‖ ≤ exp(2
√

1 + β2) ‖Ψ(0, x)u‖.
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Lemma 17. We have the estimate

D3(α, β) ≤
√

1 + β2

π
exp(2

√

1 + β2) sup
λ∈(0,2)

K1(λ)2.

Therefore D3(α, β) ≤ 8.085 if α ≤ 1
1000 and β = 1

10 .

Proof. We start from

2π‖Gr(A∗) −Gr(B)‖ =

sup
‖u‖≤1,‖v‖≤1

∣

∣

∣

∫ b

a
r(τ)e−2iθ

〈

(

(τ̄−ih(1+e−2iθ)−A∗)−1

−(τ̄−ih(1+e−2iθ)−B)−1
)

u, v
〉

dτ
∣

∣

∣

≤ sup
‖u‖≤1,‖v‖≤1

∫ b

a

∣

∣

∣

〈

C
(

(τ̄−ih(1+e−2iθ)−A∗)−1u, (τ+ih(1+e2iθ)−B)−1v
〉

∣

∣

∣ |dτ |.

We remark that |dτ | =
√

1 + γ′(x)2 dx ≤
√

1 + β2 dx. Using Lemma 14 we deduce

2π‖Gr(A∗) −Gr(B)‖ ≤ 2
√

1 + β2, sup
‖u‖≤1,‖v‖≤1

∫ b

a
‖Ψ(1, x)u‖ ‖Ψ(0, x)∗ v‖ dx.

Using Lemma 16 we get

2π‖Gr(A∗) −Gr(B)‖ ≤ 2
√

1 + β2 exp(2
√

1 + β2) sup
λ∈(0,2)

K1(λ)2.

Now we summarize the results obtained in this section. We make the choice β = 1
10 and we

assume τ ≥ 1001 then we have from Lemma 13

D(Ω) ≤ D1(α, β) +D2(α, β) + 2D3(α, β) ≤ 10.074 + 2.215 + 2 × 8.085 = 28.459.

Joint with the result of the previous section we have proved Theorem 1.

7 Domains which are symmetric with respect to the real axis

Note that if the matrix A ∈ R
d,d then its numerical range W (A) is symmetric with respect to

the real axis. This is also true if A ∈ L(D(A),H) corresponds to the complexification of an
operator defined on a real Hilbert space, which is a very common situation. Then it is natural to
consider only domains which are also symmetric w.r.t. the real axis ; that allows simplifications
and better bounds than in the previous sections, except may be if this domain is too thin in the
vertical direction.

More precisely we assume in this section that Ω is bounded convex and symmetric with
respect to the real axis and that 0 and 2 are the extremal point of Ω on this axis. As in the
previous section we set α = h(1). Here we will consider that Ω is thick if 1

7 ≤ α ≤ 7, and thin
otherwise. Using Theorem 8 we deduce in the thick situation

C(Ω) ≤ 11.18, if
1

7
≤ α ≤ 7.
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Now we look at the case where Ω is thin in the horizontal direction 0 < α < 1
7 . We use the same

notations that in Section 6, but now we choose the value β = .49. We have from (13)

r̃(A∗) =

∫ 2π

0
Jr(θ,A∗) dθ +G+r(B) −G+r(A

∗) +G−r(A
∗)

−G−r(B) − (G+r(B) −G−r(B)).

Using the notations of Lemma 10 and noticing that the spectrum of the symmetric matrix B is
included in [0, 2], we have

C(Ω) ≤ 2 +D(Ω) ≤ 2 +D1(α, β) +D2(α, β) + 2D3(α, β). (19)

We can also use the symmetry for improving the bound on the quantities D1(α, β) and D3(α, β).
For instance Lemma 11 may be replaced by

Lemma 18. We have

D1(α, β) ≤ 4

∫ γ′′

0
g(tanϕ) dϕ + 2

∫ π−2γ′′

0
g(tanϕ) dϕ,

where γ′′ = arccos
β

√

1 + β2
√

1 + β2 + 2αβ + α2
.

Therefore D1(α, β) ≤ 5.806 if α ≤ 1
7 and β = .49 .

Proof. The proof is the same that for Lemma 11 except that we have a better estimate for the
flatness τ

Ω′
. Indeed with the notations of this proof we have now τ(a) = a and

inf
σ∈∂Ω∩∂Ωa

|σ − τ(a)|
h(a)

≥ 1
√

β2 + 1
, and similarly inf

σ∈∂Ω∩∂Ωb

|σ − τ(b)|
h(b)

≥ 1
√

β2 + 1
.

Noticing that tan θ+(a) ≥ −α we deduce that the points σ ∈ ∂Ω ∩ ∂Ωa satisfy

0 ≤ Re(τ(a) − σ) ≤ a and

| Im(τ(a)−σ)| = | Imσ| ≤ h(a) + aα = a(α+β),

which shows

sup{|σ−τ(a)|
h(a)

;σ ∈ ∂Ω ∩ ∂Ωa} ≤
√

1+(α+ β)2

β
.

The same estimate holds for sup{ |σ−τ(b)|
h(b) ;σ ∈ ∂Ω ∩ ∂Ωb}, therefore

τ
Ω′

≤
√

1 + β2
√

1+β2+2αβ+α2

β
.

Lemma 19. We have the estimate

D2(α, β) ≤ 2

π
√

1 − β2
(
π

2
+ arctan

β
√

1 − β2
).

Therefore D2(α, β) ≤ 1.53 if β = .49 .
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Proof. We set θ = θ+ = 2π − θ− and uλ(x) := x−λ
h(x) , then

2π |G+r(λ) −G−r(λ)| ≤
∣

∣

∣

∫ b

a
r(x)

( e−2iθ

x−λ−2i h cos θe−iθ
− e2iθ

x−λ+2i h cos θeiθ
)

dx
∣

∣

∣

≤
∫ b

a

4|(x−λ) sin θ cos θ − h cos2 θ|
|x−λ|2 + 4h2 cos2 θ − 4h sin θ cos θ(x−λ)

dx

≤
∫ b

a

4u′λ(x)

u2
λ(x)(1+tan2 θ) + 4 − 4uλ(x) tan θ

dx,

Note that uλ is an increasing function in x and that, for x ∈ [a, b], | tan θ| ≤ β. Therefore

2π |G+r(λ) −G−r(λ)| ≤
∫ ∞

−∞

4

u2 + 4 − 4β |u| du

= 2
4

2
√

1 − β2
(
π

2
+ arctan

2β

2
√

1 − β2
).

Lemma 17 can be modified now in

Lemma 20. In the symmetric case we have the estimate

D3(α, β) ≤ e

2π
sup

λ∈(0,2)
K1(λ)2,

≤ e

2π

(
√

1 + β2
π

4
+

1 + β2

2
(
π

2
+ arctan β)

)

.

Therefore D3(α, β) ≤ 0.922 if β = .49.

Proof. Since τ(x) = x (i.e. γ(x) = 0) is real we deduce from Lemma 14 that the condition
W (A) ⊂ Ω is equivalent to : 0 ≤ B ≤ 2 and, ∀x ∈ (0, 2),

∀u, v ∈ H, |〈C u, v〉| ≤ ‖(Γ(B,x))1/2u‖ ‖Γ(B,x))1/2v‖.
Using this in Lemma 16 we obtain now

‖Ψ(1, .)u‖
L2(a,b)

≤ exp( sup
t∈[0,1]

K2(t)) ‖Ψ(0, .)u‖
L2(a,b)

.

Therefore the result will follow if we show that K2(t)) ≤ 1 for t ∈ [0, 1].

For that we use the same proof that for Lemma 16. We define in the same way

X1 := 〈(B−x)w,w〉, and X2 := h 〈w,w〉,
we have

|∆1| = |X1+sin 2θ X2|, ∆2 ≥ cos 2θ X2−tan θX1,

but now ‖Γ(B,x)1/2w‖2 = tan θ X1+X2. We have seen in the proof of Lemma 16 thatK2(t)) ≤ 1
if cos 2θ X2−tan θX1 ≤ 0, it remains to consider the other case : cos 2θ X2−tan θ X1 > 0. Then
we have

|∆|2 ≥ |X1+sin 2θ X2|2 + (cos 2θ X2−tan θX1)
2

≥ (1 + tan2 θ)X2
1 + 2 tan θ X1X2 +X2

2 ≥ ‖Γ(B,x)1/2w‖4,
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Therefore, using(18) we get

‖Γ(B,x)1/2w‖ ≤ ‖v which induces K2(t)) ≤ 1.

Recall that

(K1(λ))2 = (

∫ b

a

Γ(λ, x)

|x−λ−2 i h cos θ e−iθ|2 dx.

We have

|x−λ−2 i h cos θ e−iθ|2 = (x−λ)2 + 4h2 cos2 θ − 2 (x−λ)h sin 2θ.

Therefore, setting u(x) =
x− λ

h(x)
, we deduce

(K1(λ))2 =

∫ b

a

h′(λ−x) + h

(x− λ)2 + 4h2 cos2 θ − 2 (x−λ)h sin 2θ
dx

=

∫ b

a

u′

u2 + 4cos2 θ − 2u sin 2θ
dx

≤
∫ 0

−∞

du

u2 + 4
1+β2

+

∫ ∞

0

du

u2 + 4
1+β2 − 4β

1+β2 u
=

√

1 + β2
π

4
+

1 + β2

2
(
π

2
+ arctan β).

We have used 0 ≤ sin 2θ ≤ 2β
1+β2 and cos2 θ ≥ 1

1+β2 which follow from | tan θ| ≤ β.

Coming back to (19) we deduce in the horizontal thin symmetric case

C(Ω) ≤ 2 + 5.806 + 2 × 0.922 + 1.53 = 11.18 .

Coupling with the begining of this section, we deduce that the estimate C(Ω) ≤ 11.18 holds if
the symmetric domain satisfies α = h(1) ≤ 7.

8 Unbounded symmetric domains

We assume now that the domain Ω 6= C is convex, unbounded and symmetric with respect
to some axis. If Ω is a strip, it is known that C(Ω) ≤ 2 + 2/

√
3, see [5]. Otherwise, after a

rotation and a translation if needed, we can assume that R
+
∗ ⊂ Ω ⊂ {z ; Re z > 0}, and that Ω

is symmetric with respect to the real axis. We remark that

C(Ω) := sup{‖r(A)‖;W (A) ⊂ Ω, |r(z)| ≤ 1,∀z ∈ Ω}
= sup{‖r(A)‖;W (A) ⊂ Ω, |r(z)| ≤ 1,∀z ∈ Ω, and r(∞) = 0}.

Indeed we remark that if the rational function r satisfies |r(z)| ≤ 1, ∀z ∈ Ω ; then for ε > 0,
setting rε(z) := r(z)/(1 + εz) we have |rε(z)| ≤ 1, ∀z ∈ Ω, rε(∞) = 0 and limε→0 rε(A) = r(A).

From the assumptions made on Ω there exists a larger angle γ ∈ [0, π2 ] such that the closed
sector Sγ := {z ∈ C ; z = 0 or | arg z| ≤ γ} satisfies Sγ ⊂ Ω. The angle 2γ will be called the
aperture or Ω ; we will consider that Ω is thin if γ < π

50 otherwise we will say that it is thick.
The thick case can be treated by Theorem 4.1 in [2], which provides the estimate

C(Ω) ≤ 1 +
2

π

∫ π/2

γ

π − x+ sinx

sinx
dx.
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With γ ≥ π
50 that implies C(Ω) ≤ 7.76.

We turn now to the thin case γ < π
50 . There exists a function h ∈ C0([0,∞) ∩ C∞(]0,∞[)

such that

Ω = {x+i y ;x > 0,−h(x) < y < h(x)}, h(0) = 0 and lim
x→∞

h(x)
x = γ.

Let us fix β = 0.4. From the aperture asssumption there exists a unique a such that h(a)
a = β.

The figure of Section 6 becomes now

∂Ω

h
ψ

θ

Πθ

•x0
• •a

•

•

•

σ+

•σ
−

σ
•

We use also the notations

ξ(θ, t) = tσ(θ) + (1−t) a if Reσ(θ) ≤ a,

= tσ(θ) + (1−t) Re σ(θ) if Reσ(θ) ≥ a,

Jr(θ, z̄) =
1

π

∫ 1

0
r(ξ(θ, t))

∂ξ

∂t

e2iθ(σ̄(θ) − z̄)

(ξ(θ, t) − σ(θ) + e2iθ(σ̄(θ)−z̄))2 dt,

G+r(z̄) =
1

2πi

∫ ∞

a

r(x) e−2iθ+

x− z̄ − 2 i h(x) cos θ+e−iθ+
dx,

G−r(z̄) =
1

2πi

∫ ∞

a

r(x) e−2iθ−

x− z̄ + 2 i h(x) cos θ−e−iθ−
dx.

Note that we assume that the rational function r satisfies |r(z)| ≤ 1 in Ω and r(∞) = 0. This
last condition insures that the integrals are well defined.

Therefore we have in a similar way as previously

r(A) =

∫

∂Ω
r(σ)µ(σ,A) ds + r̃(A∗),

r̃(A∗) =

∫ 2π−γ

π+γ
Jr(θ,A∗) dθ +G+r(B) −G+r(A

∗) +G−r(A
∗) −G−r(B)

−(G+r(B) −G−r(B)).

Consequently

C(Ω) ≤ 2 +D1(β) +D2(β) + 2D3(β), with (20)

D1(β) = sup
{

‖
∫ 2π−γ

π+γ
Jr(θ,A∗) dθ‖ ;W (A) ⊂ Ω, |r(z)| ≤ 1 in Ω, r(∞) = 0

}

,

D2(β) = sup
{

|G+r(λ) −G−r(λ)| ;λ ∈ [0,∞) |r(z)| ≤ 1 in Ω, r(∞) = 0
}

,

D3(β) = sup
{

‖G+r(A
∗) −G+r(B)‖ ;W (A) ⊂ Ω, |r(z)| ≤ 1 in Ω, r(∞) = 0

}

.
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Lemma 21. We have

D1(β) ≤ 2

∫ γ′′′

0
g(tanϕ) dϕ +

∫ π−2γ′′

0
g(tanϕ) dϕ,

where γ′′′ = arccos
β

(1 + β2)
.

Therefore D1(β) ≤ 3.99 for β = 0.4 .

Proof. We have

‖
∫ 2π−γ

π+γ
Jr(θ,A∗) dθ‖ ≤

∫ 2π−γ

π+γ
g(tan(π2 −θ+ψ)) dθ

≤
∫ 3π/2

π/2
g(tan(π2 −θ+ψ)) dψ +

∫

∂Ω
g(tan(π2 −θ+ψ)) d(θ − ψ).

Note that in the last integral θ − ψ runs from π
2 + γ to π

2 − γ, therefore this integral is ≤ 0 and

‖
∫ 2π−γ

π+γ
Jr(θ,A∗) dθ‖ ≤

∫ 3π/2

π/2
g(tan(π2 −θ+ψ)) dψ.

We introduce now the sets Ω′′′ defined by symmetrisation

Ω′′′ := {z = x+iy ;x ∈ (0, a] and z ∈ Ω, or x ∈ [a, 2a) and 2a− z ∈ Ω}.

It is easily verify that Ω′′′ is convex and that the quantity
∫ 3π/2
π/2 g(tan(π2−θ+ψ)) dψ for Ω is half

of the similar quantity defined in Theorem 8 for the thick domain Ω′′′. Therefore the present
lemma holds with the constant γ′′′ = arccos 1

τ
Ω′′′

, where τ
Ω′′′

is the flatness of Ω′′′. We have

τ
Ω′′′

≤
max
σ∈∂Ω′′′

|σ′|
min
σ∈∂Ω′′′

|σ| =

sup
{ |σ − a|
h(a)

;σ ∈ ∂Ω,Re σ ≤ a
}

inf
{ |σ − a|
h(a)

;σ ∈ ∂Ω,Re σ ≤ a
}

.

As in Lemma 18 we have

inf
σ∈∂Ω Reσ≤a

|σ − a|
h(a)

≥ 1
√

1 + β2
.

Using that 0 ≤ tan θ+(a) = − tan θ−(a) we obtain easily

|σ−a| ≤ a
√

1 + β2,

which shows

τ
Ω′′′

≤ 1 + β2

β
.

Note that the estimate given by Lemma 20 is still valid

D3(β) ≤ e

2π

(

√

1 + β2
π

4
+

1 + β2

2
(
π

2
+ arctanβ)

)

.

Therefore D3(β) ≤ 0.86 if β = 0.4.
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Lemma 22. We have the estimate

D2(β) ≤ 1

2
+

1

π
√

1 − β2
(
π

2
+ arctan

β
√

1 − β2
).

Therefore D2(β) ≤ 1.19 if β = 0.4 .

Proof. We set θ = θ+ = 2π − θ− and uλ(x) := x−λ
h(x) , then

2π |G+r(λ) −G−r(λ)| ≤
∣

∣

∣

∫ ∞

a
r(x)

( e−2iθ

x−λ−2i h cos θe−iθ
− e2iθ

x−λ+2i h cos θeiθ
)

dx
∣

∣

∣

≤
∫ ∞

a

4|(x−λ) sin θ cos θ − h cos2 θ|
|x−λ|2 + 4h2 cos2 θ − 4h sin θ cos θ(x−λ)

dx

≤
∫ ∞

a

4u′λ(x)

u2
λ(x)(1+tan2 θ) + 4 − 4uλ(x) tan θ

dx,

Note that uλ is an increasing function in x and that, for x ∈ [a,∞)], 0 < tan θ ≤ β. Therefore

2π |G+r(λ) −G−r(λ)| ≤
∫ 0

−∞

4

u2 + 4
du+

∫ ∞

0

4

u2 + 4 − 4β u
du

= π +
4

2
√

1 − β2
(
π

2
+ arctan

2β

2
√

1 − β2
).

Coming back to (20) we have obtain

C(Ω) ≤ 2 + 3.99 + 1.19 + 2 × 0.86 = 7.9.

From the begining of this section, we deduce that the estimate C(Ω) ≤ 7.9 holds for all un-
bounded symmetric domains.

9 Application to error analysis of Krylov methods

In this section we want to show that our results are well suited for the study of Krylov subspace
methods. We consider such a method, for instance look-ahead BiCG, QMR, FOM or GMRES,
in order to compute an approximation of the solution for a linear system

Ax = b,

where A ∈ C
d,d is a non singular complex matrix of (large) dimension and b ∈ C

d a given
vector. The iterative method provides a sequence of approximations x(n) of the solution x, where
x(n) ∈ Span(b,Ab, . . . , An−1b). This means that we can write the residual vector r(n) := b−Ax(n)

on the form r(n) = qn(A)b for some polynomial function qn of degree ≤ n. Then it can be shown
[12] that the errror satisfies

‖x− x(n)‖ ≤ ‖A−1Pn‖ min
{

‖pn(A)b‖ ; pn(0) = 1, deg(pn) ≤ n
}

,

where Pn is some projection operator and pn runs among polynomial functions of degree ≤ n
satisfying pn(0) = 1. We deduce from Theorem 1

‖x− x(n)‖ ≤ Q δn(A) ‖A−1Pn‖ ‖b‖, where

δn(A) := min
{

‖pn‖L∞(W (A))
; pn(0) = 1, deg(pn) ≤ n

}

.
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We assume now that 0 /∈W (A) ; then let φ be a conformal mapping from the exterior ofW (A)
onto the exterior of the unit disk which sends ∞ to ∞. We consider the Faber polynomial φn
of degree ≤ n defined by φn(z) = (φ(z))n+O(1/z), as z → ∞, and choose pn(z) = φn(z)/φn(0).
From a theorem of Kövary and Pommerenke we know that

|φn(z) − (φ(z))n| ≤ 1, if z /∈W (A).

Thus |φn(z)| ≤ 2 on ∂W (A) and |φn(0)| ≥ |φ(0)|n − 1, which shows that δn(A) ≤ 2
|φ(0)|n−1 .

Therefore we have the estimate (recall that |φ(0)| > 1)

‖x− x(n)‖ ≤ 2Q
|φ(0)|n − 1

‖A−1Pn‖ ‖b‖.

This estimate is not the best possible. In particular it is possible to improve the previous
bound on δn(A), see [3]. If we set

r(A) = max
z∈W (A)

|z|, β = arccos
d(0,W (A))

r(A)
, γ = 2 sin

β

4 − 2β/π
,

(r(A) is called the numerical radius of A), it is shown in [3]

δn(A) ≤ min{2 + γ,
2

1 − γn+1
} γn.

Remark. Our method does not work if 0 ∈ W (A) since then δn(A) = 1. However, if 0 does not
belong to the convex hull of the spectrum σ(A), then it is possible to find an invertible matrix
H such that 0 /∈ W (H−1AH). It is easy to show that δn(A) ≤ δn(H

−1AH) ‖H‖ ‖H−1‖, which
allows to use the previous results.

In this section we have in fact consider an approximation of A−1 by a polynomial qn(A).
This can be generalized for other functions and we think that our results could be used for
improving some details in the analysis of the nice papers [9] or [11].

9.1 New result

The previous study has just been nicely improved by Bernhard Beckermann [4]. He has noticed
that, for the Faber polynomials, one has, ‖φn(A)‖ ≤ 2. Consequently we obtain ‖pn(A)‖ ≤
2/|φn(0)| with pn(.) = φn(.)/φn(0) and then

‖x− x(n)‖ ≤ 2 ‖A−1Pn‖ ‖b‖
|φ(0)|n − 1

.

The proof is simple. We write, with z ∈ Ω, (Ω = interior of W (A)),
∫

∂Ω
φ(σ)n µ(σ, z) ds =

1

2πi

∫

φn(σ)
dσ

σ − z
+

1

2πi

∫

(φ(σ)n−φn(σ))
dσ

σ − z
− 1

2πi

∫

1

φ̄(σ̄)n
dσ̄

σ̄ − z̄
.

The second term is null since φ(σ)n−φn(σ) is analytic in σ in the complementary set of Ω and
vanishes at ∞. Similarly the third term is null since 1/(φ̄(σ̄)) is analytic in σ̄ and vanishes at
∞. Therefore we have

∫

∂Ω
φ(σ)n µ(σ, z) ds =

1

2πi

∫

φn(σ)
dσ

σ − z
= φn(z).

Arguing as in Theorem 6, we deduce

φn(A) =

∫

∂Ω
φ(σ)n µ(σ,A) ds, and thus ‖φn(A)‖ ≤ 2 sup

σ∈∂Ω
|φn(σ)| = 2.
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10 An application in probability : proof of the Burkholder

conjecture

Theorem 23. Let T = P1 . . . Pk be a finite product of conditional expectations with respect to
the σ-fields F1, . . . ,Fk Then, for all functions f in L2,

lim
n→∞

T nf = E[f
∣

∣F1 ∩ · · · ∩ Fk], almost surely.

This statement was known as the Burkholder conjecture and has been proved by Bernard and
François Delyon in the nice paper [8] which is at the origin of the present work. We essentially
follow their proof.

Lemma 24. The operators T and S := I − T satisfy

‖T − 2−k‖ = ‖S − rk‖ ≤ rk, and W (S) ⊂ Sθk
(21)

where rj = 1 − 1/2j , θ1 = 0, θj+1 = arctan
2 tan θj +

√

rj(2−rj)
2 − rj

, j = 1, . . .

and Sθk
:= {z ; z = 0 or | arg z| ≤ θk}.

Proof. Note that Pj = P ∗
j is an orthogonal projector and T a contraction in L2. The relations

are clearly satisfied if k = 1. Assume that they are satisfied for T and consider TP where P is
a orthogonal projector. Then we have

TP − 2−(k+1) = (T − 2−k)P + 2−k(P − 2−1), therefore

‖TP − 2−(k+1)‖ ≤ 1 − 2−k + 2−k2−1 = 1 − 2−(k+1),

which shows by induction the left estimate of (21).

Now we consider z = 〈(I−TP )u, u〉 ∈ W (I−TP ) ; it remains to show that z ∈ Sθk+1
. For

this we set v = (I−P )1/2u, w = Pu. Then noticing that

I − TP = I−P + P (I−T )P + (I−P )(I−T )P,

we deduce

z = ‖v‖2 + 〈Sw,w〉 + ζ, with ζ = 〈Sw, (I−P )1/2v〉, thus |ζ| ≤ ‖Sw‖ ‖v‖.
Note that

‖Sw‖2 = ‖(S−rk)w‖2 − r2k‖w‖2 + 2 rk Re〈Sw,w〉 ≤ 2 rk Re〈Sw,w〉.
We introduce the notations

x = ‖v‖, y =
√

Re〈Sw,w〉, ϕ = arg ζ, thus |ζ| ≤
√

2 rk xy.

From the induction hypothesis we have 〈Sw,w〉 ∈ Sθk
, thus

Re z ≥ x2 + y2 −
√

2rk xy | cosϕ| > 0, | Im z| ≤ y2 tan θk +
√

2rk xy | sinϕ|.
We deduce

| Im z|
Re z

≤ y2 tan θk
x2 + y2 −√

2rk xy
+

√
2rk xy | sinϕ|

x2 + y2 −√
2rk xy | cosϕ|

≤ tan θk
1 − rk/2

+

√
2rk | sinϕ|

2 −√
2rk | cosϕ|

≤ 2 tan θk
2 − rk

+

√
2rk

√

1 − rk/2

2 − rk
= tan θk+1.
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This shows that z ∈ Sθk+1
.

Proof of Theorem 23. It is known that

T nf → E[f
∣

∣F1 ∩ · · · ∩ Fk] in L2, and from Chacon’s theorem,

Anf :=
1

n

n−1
∑

k=0

T kf → E[f
∣

∣F1 ∩ · · · ∩ Fk], a.s.

Therefore it is sufficient to show that (An − T n)f → 0, (a.s.).
We have

An − T n =
1

n
(I + 2T + · · · + nT n−1)(I − T ),

sup
n≥n0

∣

∣(An − T n)f
∣

∣ = sup
n≥n0

1

n

∣

∣(I + 2T + · · · + nT n−1)(I − T )f
∣

∣

≤ sup
n≥n0

1

n
(1 + 2 + · · · + n)1/2

(

n
∑

j=1

j
(

T j−1(I − T )f
)2

)1/2

≤
(

∞
∑

j=1

j
(

T j−1(I − T )f
)2

)1/2
.

‖ sup
n≥n0

∣

∣(An − T n)f
∣

∣ ‖ ≤
(

∞
∑

j=1

j‖T j−1(I − T )f‖2
)1/2

.

We deduce from theorem 4 used with R(z) = (1 − z)(1,
√

2z, . . . ,
√
nzn−1) ∈ C

n that

(

n
∑

j=1

j‖T j−1(I − T )f‖2
)1/2

≤ Qcb sup
z∈W (T )

(

n
∑

j=1

j|zj−1(1 − z)|2
)1/2

‖f‖

≤ Qcb sup
z∈W (T )

|1 − z|
1 − |z|2 ‖f‖ ≤ Ck‖f‖.

Indeed we have seen in the previous lemma that W (T ) ⊂ B(2−k, rk) ∩ (1 − Sθk
). Therefore, for

all f ∈ L2 and all n0,

‖ sup
n≥n0

∣

∣(An − T n)f
∣

∣ ‖ ≤ Ck‖f‖.

Similarly starting from (An − T n)(I−T ) = 1
n(I + T + · · · + T n−1)(I − T ), we deduce

sup
n≥n0

∣

∣(An − T n)(I − T )f
∣

∣ ≤ sup
n≥n0

1

n
(1 + 1

2 + · · · + 1
n)1/2

(

n
∑

j=1

j
(

T j−1(I − T )f
)2

)1/2

≤
√

log(2n0+1)

n0

(

∞
∑

j=1

j
(

T j−1(I − T )f
)2

)1/2
,

which gives

‖ sup
n≥n0

∣

∣(An − T n)(I−T ))f
∣

∣ ‖ ≤ Ck

√

log(2n0+1)

n0
‖f‖.
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Now we remark that, since T is a contraction, Ker (I −T ) = Ker (I −T ∗). Consequently the
range of I − T is dense into the orthogonal of Ker (I − T ) and, for all f ∈ L2 and for all ε > 0
we can write

f = (I − T )g + h+ s, with g, h ∈ L2, ‖h‖ ≤ ε, s ∈ Ker (I − T ).

We have (An − T n)s = 0, thus

‖ sup
n≥n0

∣

∣(An − T n)f
∣

∣ ‖ ≤ Ck
(

√

log(2n0+1)

n0
‖g‖ + ε).

Since ε si arbitrary we deduce that (An − T n)f almost surely converges to 0.

11 Application to second-order time derivative problems

We assume here that we have two complex Hilbert spaces V ⊂ H, V dense inH with a continuous
imbedding, and a sesquilinear form a(., .) which satisfies for some constants 0 < α ≤ M , N ,
λ ∈ R and for all v ∈ V ,

α‖v‖2
V
≤ Re a(v, v) + λ‖v‖2

H
≤M‖v‖2

V
, and | Im a(v, v)| ≤ N‖v‖

V
‖v‖

H
. (22)

Then we define the operator A ∈ L(D(A),H) by

D(A) = {v ∈ V ;∃Kv s.t. |a(v,w)| ≤ Kv‖w‖H
,∀w ∈ H} and 〈Av,w〉 = a(v,w).

The Lax-Milgram lemma shows that A+x I is an isomorphism from D(A) onto H for all x ≥ λ ;
this implies that D(A) is dense in V and in H.

We define the parabolic domain Pω by

Pω = {z = x+ i y ;x > −ω2 +
y2

4ω2
} = {ζ2 ; ζ ∈ C, | Im ζ| < ω}.

We set ω = max( N
2
√
α
, λ) if λ > 0, ω = N

2
√
α

otherwise. Then it is easy to see that a(v, v) ∈ Pω if

‖v‖
H

= 1. That means that W (A) ⊂ Pω and implies that σ(A) ⊂ Pω.

Recall that from [6] we have C(Pω) ≤ 4.75. We consider now the function

ft(z) := cos(t z1/2), t ∈ R, z ∈ C.

Note that, since the function cos is even, ft is holomorphic for all z ∈ C and does not depend
on the choice of determination of the square root. Furthermore we have |ft(z)| ≤ eω|t|, for all
z ∈ Pω. From Section 3

C(t) := ft(A) ∈ L(H) is well defined for t ∈ R and ‖C(t)‖ ≤ C(Pω) eω|t|.

From the relations f0 = 1 and ft+h + ft−h = 2ftfh we deduce

C(0) = I and ∀ t, h ∈ R, C(t+h) + C(t−h) = 2C(t)C(h). (23)

Furthermore

∀u0 ∈ H, the function u(t) := C(t)u0 satisfies u ∈ C0(R;H). (24)

By definition, a function C(.) with values in L(H) which satisfies the conditions (23) and (24)
is called a cosine function on the Hilbert space H.
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Proof of (24). We set

st,h(z) :=
ft+h(z) − ft(z)

h(2ω2 + z)
= − z1/2

2ω2+z

∫ 1

0
sin((t+ sh)z1/2) ds.

It is clear that st,h is analytic in a neighborhood of Pω and we have the estimate

|st+h(z)| ≤
eωT

ω
, ∀ z ∈ Pω, ∀ |t| ≤ T and |t+ h| ≤ T.

From the relation ft+h(z) − ft(z) = h st,h(z)(2ω
2+z) we deduce, if u0 ∈ D(A),

u(t+h) − u(t) = h st,h(A)(2ω2u0+Au0),

thus ‖u(t+h) − u(t)‖ ≤ 4.75h
eωT

ω
‖2ω2u0+Au0‖.

That shows the continuity of u if u0 ∈ D(A). If we only have u0 ∈ H, then there exists a
sequence of un0 ∈ D(A) which tends to u0 in H. We set un(t) = C(t)un0 ; for |t| ≤ T we have
‖un(t)−u(t)‖ ≤ 4.75 eωT ‖un0−u0‖, which shows that the sequence of continuous functions un(.)
uniformly converges towards u(.) on [−T, T ], and whence u(.) is continuous.

From the previous part it is easy to see that, if u0 ∈ D(A), then, for all t ∈ R, u(t) ∈ D(A)
and Au(t) = C(t)Au0 ∈ C0(R;H). More generally we have u(t) ∈ D((λ+A)s) and (λ+A)su(t) =
C(t)(λ+A)su0 ∈ C0(R;H) as soon as u0 ∈ D((λ+A)s). That may be considered as a smoothness
result with respect to the spaces. With respect to the time we have

∀u0 ∈ D(A) the function u(t) := C(t)u0 satisfies u ∈ C2(R;H) ∩ C0(R;D(A))

and u′′(t) +Au(t) = 0, u(0) = u0, u
′(0) = 0. (25)

Proof of (25). It is sufficient to prove the relation (note that u(t) = u(−t))

u(t) = u0 −
∫ t

0
(t−s)Au(s) ds, ∀ t > 0.

For that we set, with fixed t > 0, n ∈ N, h = t/N and sn = nh,

Σh(z) =
(

ft(z) − 1 + h

N
∑

j=1

(t−sn)fsn(z)z
)

/(2ω2+z).

It is clear that Σh is analytic and bounded in a neighborhood or Pω. Thus we have

u(t) − u0 + h
N

∑

j=1

(t−sn)Au(sn) = Σh(A)(2ω2u0+Au0)

and ‖Σh(A)‖ ≤ 4.75 sup
z∈Pω

|Σh(z)|

≤ 4.75h sup
z∈Pω

∫ t

0

∣

∣

| cos s√z + (t− s)
√
z sin t

√
z|

|2ω2 + z|
∣

∣ds

≤ 4.75h
(t+ t2ω) eωt

ω2
.

(We have used a well-known error estimate for the rectangular rule). We obtain the result by
considering the limit as h→ 0.
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In order to treat an initial data u′(0) 6= 0, it is useful to introduce

gt(z) =

∫ t

0
cos(s

√
z) ds, t ∈ R, z ∈ C, i.e. gt(z) =

sin t
√
z√

z
, if z 6= 0.

This function is analytic for z ∈ C and we have, using the maximum principle,

∀ z ∈ Pω, |gt(z)| ≤ sup
z∈∂Pω

| sin t√z|
√

|z|
= sup

y∈R

| sinh t(ω+iy)

|ω+iy| ≤ e|t|ω

ω
.

Therefore we can define

S(t) := gt(A) ∈ L(H), and we have ‖S(t)‖ ≤ 4.75
e|t|ω

ω
.

Then we have, ∀u0 ∈ D(A) and ∀ v0 ∈ V ,

the function u(t) := C(t)u0 + S(t)v0 ∈ C2(R;H) ∩C0(R;D(A)) and satisfies

u′′(t) +Au(t) = 0, u(0) = u0, u
′(0) = v0. (26)

Proof of (26). We set v(t) = S(t) v0 =
∫ t
0 C(s)v0 ds. It is sufficient to prove that v ∈ C2(R;H)∩

C0(R;D(A)) and v′′(t) +Av(t) = 0.
This is a simple consequence of the previous part if v0 ∈ D(A). If we only have v0 ∈ V

we will use that (2ω+A)−1/2 is an isomorphism from H onto V and from V onto D(A) ; this
can be deduced from the assumptions (22) on the sesquilinear form, see [14]. Thus there exists

w0 = (2ω+A)−1/2v0 ∈ D(A). Setting ht(z) = sin t
√
z√

z

√
2ω + z, T (t) := ht(A) is well defined and

we have S(t) = T (t)(2ω+A)−1/2. This shows that v(t) = T (t)w0. Then we obtain the result
by mimicking the proofs of (24) and (25), but with ft replaced by ht.

Keeping the notations of this proof, we deduce from the definition of gt that v′(t) = C(t) v0 =
C(t)(2ω+A)−1/2w0 = (2ω+A)−1/2C(t)w0. This shows that v ∈ C1(R;V ).

Similarly we have

(C(t)u0)
′ = −

∫ t

0
AC(s)u0 ds = −AS(t)u0 = −(2ω+A)−1/2AT (t)u0

Since we have u0 ∈ D(A), then T (.)u0 ∈ C0(R;D(A)) and then C(.)u0 ∈ C1(R, V ). Alltogether
we have shown that u ∈ C1(R;V ).

In order to give a more general statement we introduce some spaces Hs
a, for real s ≥ 0

Hs
a := (2ω+A)−s/2H i.e. Hs is the image of H by the operator (2ω+A)−s/2.

Note that, if k is an integer H2k
a = D(Ak) and H

1/2
a = V .

Theorem 25. Assume that the sesquilinear form satisfies the assumptions (22) and that u0 ∈
D(A), v0 ∈ V . Then the problem

Find u ∈ C2(R;H) ∩ C0(R;D(A)) such that
u′′(t) +Au(t) = 0, u(0) = u0, u

′(0) = v0,
has one and only one solution which is given by u(t) := C(t)u0 + S(t)v0. Furthermore,

if u0 ∈ Hs+2
a and v0 ∈ Hs+1

a , then u ∈ Ck(R;Hs+2−k
a ), for each integer k ≤ s+ 2.
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Proof. a) Existence and smoothness. For k = 0, 1, 2, this follows from (25), (26) and from the
relations

C(t)(2ω+A)−s/2 = (2ω+A)−s/2C(t) and S(t)(2ω+A)−s/2 = (2ω+A)−s/2S(t).

For greater values of k, we use that Au = −u′′...
b) Uniqueness. It is sufficient to prove that, if u ∈ C2(R;H) ∩ C0(R;D(A)) satisfies
u′′(t) +Au(t) = 0, u(0) = 0, u′(0) = 0, then u = 0.

Replacing if needed u by (λ+A)−1u we can assume that u ∈ C2(R;D(A))∩C0(R;D(A2)). Then
we set

v(t, s) = C(s)u(t) − S(s)u′(t), w(t, s) = C(s)u′(t) + S(s)Au(t).

We deduce from the equality C(t)2 + S(t)2A = Id|D(A)
(which is valid on D(A)) that

u(t) = C(t) v(t, t) − S(t)w(t, t).

We have

∂v

∂t
(t, s) = C(s)u′(t) + S(s)Au(t),

∂v

∂s
(t, s) = −C(s)u′(t) − S(s)Au(t).

Thus

d

dt
v(t, t) =

∂v

∂t
(t, t) +

∂v

∂s
(t, t) = 0.

Joint together v(0, 0) = 0 that shows that v(t, t) = 0 for all t. Similarly we have w(t, t) = 0 for
all t and thus u(t) = C(t) v(t, t) − S(t)w(t, t) = 0.

Remark. We have seen that the problem (26) is well posed. This fact is equivalent to say that
C(.) is a cosine function on the Hilbert space H with generator −A. A deep result due to Markus
Haase [10] says that, if this situation occurs, then there exists an equivalent scalar product 〈., .〉0
and a real ω such that 〈Av, v〉0 ∈ Pω for all v ∈ D(A). Using this new scalar product and setting
a(u, v) = 〈Au, v〉0 , the assumptions (22) can be verified for some appropriate constants. That
shows that (in the hilbertian situation) our framework is general.

Remark. Note that the problem (26) can be well posed in a Banach framework. But there
is not plenty of interesting examples. For instance it is known that the Laplacian generates a
cosine function in Lp(Rd) if, and only if, either p = 2 or d = 1.
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