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Abstract
This paper is devoted to the presentation of two elementary inequalities concerning poly-
nomial functions of one matrix. After having extended them to more general functions and
more general operators we give the proofs. Then we detail some applications to different
areas of mathematics.

Mathematical subject classification: 47A12 ; 47A25

Keywords: functional calculus, numerical range, spectral sets.

1 Introduction

Let A € C%? be a square matrix with complex entries ; its numerical range W (A) is defined by
W(A) = {(Af, f); f €C(f, ) =1},
where (f,g) = 2?21 [jg; denotes the inner product in C% and ||f|| = (f, f)'/? the associated

norm. Our first result is the following

Theorem 1. There exists a constant @ < 30.46 such that the inequality
Ip(Al <Q  sup |p(2)], (1)

zeW (A)

holds for all matrices A € C42, for all polynomials p : C — C and for all values of d € N*.

By definition Q will be the best constant such that the previous inequality holds. The proof
of this result will be the object of Sections 4, 5 and 6.
0
00
W(A) = D. Taking p(z) = z we get ||p(A)|| = ||A|| = 2 and sup.ew (a) [P(2)| = 1. This shows
that necessarily Q > 2.

Up to now I have failed to prove my conjecture Q = 2.

Remark. For A = <

> it is easily seen that its numerical range is the closed unit disk

The second theorem is the tensorial form of the previous result. If P : C — C™™ is a
polynomial with m x n matrix values P(z) = (pge(z)), we define P(A) € CImdn by :

fi g
if f= f2 ,g=1| are block-vectors with f, € C?%, g, € C%,  then
In 9m

g=PA)f  means ge=3 prel(Ad) fo k=1,....m.
/=1



Theorem 2. There exists a constant Q. < 30.46 such that the inequality

IP(Al < Qo sup [[P(2)], (2)
zeW (A)

holds for all matrices A € C*?, for all polynomials P : C — C™" and for all values of d,m,n €
N*.

We clearly have 2 < Q < Q.. We have also the conjectures that Q@ = Q. and Qg = 2.

Remark. In the language of operator theory, Theorem 1 means that the map p — p(A), act-
ing from the algebra of polynomials equipped with the norm sup,cy (a) Ip(2)| into the algebra
L(C4,CY), is bounded with the constant Q. Theorem 2 means that this map is “completely
7 bounded with constant Qg, the adverb “completely” points out that the constant Qg can be
chosen independently of m and n.

Remark. Let us consider now a matriz B, the unit disk D and the map p — p(B), from the
algebra of polynomials equipped with the uniform norm sup,cp |p(2)| into the algebra £L(C?, CY).
A famous conjecture due to Halmos was “bounded implies completely bounded”, but it has
been disproved by Gilles Pisier. Here we are not in the same situation ; we do not consider all
matrices B corresponding to a bounded map but, for each matriz A given, only the matrices with
W(B) = W(A).

The organisation of the paper is the following
We will not give the proof of Theorem 2, leaving to the reader the care to adapt the one of
Theorem 1. The tools which are used are Cauchy-Schwarz inequality in Theorem 6 and Lemmas

14, 16, 17, von Neumann inequality in Theorem 8 and Lemma 11; it is well known that these
inequalities are also valid in completely bounded form.

2 Some remarks on the numerical range

To the square matrix A € C%? we associate the two self-adjoint matrices B = %(A—!—A*) and
C= %(A—A*) ; so we have A = B +iC. Recall that the numerical range is defined by

W(A) = {5E p el f £ 0y = {(Af, )i f € CL(f. £y =1},
The following properties are easily verified :

e W(A) is compact and contains the spectrum o(A) of the matrix A,

WA+ pl) =AW (A) + p,
e if U is a unitary matrix, then W(U*AU) = W (A),

Now we give a simple proof of the result due to Toeplitz and Hausdorff



Lemma 3. The numerical range is convex.

Proof. Let A = % and p = % be two distinct points of W(A). Replacing if needed g by

e?q, we can assume that

(A-N19) ((A=NF9)  p s
= A = A ’
(A=Nf9) +(A=Ng. [) _ (A=Nfg)  (A"=NF9)  op (A=Ne. ) o
w—A w—A i— A p—A '

Then, for t € R, we set

(A(f+tg), f+tg) — Mf+tg, f+tg)
(=M)(f+tg, f+tg)
AA=NF9) +{(A-Ng. f) | o (9.9)
(=M)(f+tg, f+tg) (f+tg, f+tg)

Clearly the rational function ¢ is continue on R, and takes real values. One has (0) = 0,
p(00) =1, thus (0,1) C ¢(R). Noticing that

p(t) =

(A(f+tg), f+1g)
(f+tg, f+tg)
we deduce that the segment joining A to u is contained in W (A). O

(I=p)A + o) = A—p)p(t) + A =

€ W(4),

It is also easy to prove the following properties:
e if Ais a normal matrix, W (A) is the convex hull co(c(A)) of o(A),
e fC{=FE, @ --® E, is a orthogonal sum of subspaces E; which are invariant by A, then

W(A) =co(W(A1),...,W(A,)), (convex hull of the union of W(A4;) ,

where A; denotes any matrix which represents A (restricted to F;) w.r.t. an orthonormal
basis of Ej.

Remark on the algebraic character of the boundary OW (A) of the numerical range.

Let oy = xo+iyo = (Ag, g), with ||g|| = 1, be a point of this boundary. There exists a half-
plane 11 = {(z,y) ;ux + vy +w > 0} with ¢ € I (thus uzg + vyp + w = 0) which contains the
numerical range : 11 D W(A). We set

G(f) = u Re(Af, f) + v Im(Af, f) + w ([, f).

Then clearly G(g) = 0 and, since (Af, f)/{f,f) € I, G(f) > 0 for all f € C?. Recall that
A=B+1iC, we have

G(g+h) = G(g) + 2 Re (u(Bg, h) + v(Cg, h) +w(g, h)) + O(|[n|*),

which implies Re{(uB+vCHwl)g,h) =0, Yh € C%, and then the equality (uB +vC +wl)g = 0.
Since g # 0, we deduce

P(u,v,w) := det(uB + vC 4+ wl) = 0. (3)

Thus all the tangent lines (and even all the “ droites d’appui®) to the convexr subset W(A)
satisfy P(u,v,w) = 0 (furthermore, if P(u,v,w) = 0, the straight line with cartesian equation
ux + vy +w = 0 has at least a point belonging to the numerical range).



It follows that the numerical range W (A) is included in the algebraic curve C with tangential
equation P(u,v,w) = 0. The homogeneous polynomial P having the degree d, the curve C is said
of class d. Note also that, if A\ = x+iy is an eigenvalue of A, then P(1,i,—\) = det(A—XI) =0;
there exists a tangent to the curve C with slope i (i.e. an isotropic tangent) passing through the
point A. In short C is an algebraic curve of class d whose the foci are the eigenvalues of A ; from
the Pliicker formulas the degree of this curve is at most d(d—1) [17].

Now if H is a complex Hilbert space, with inner product (.,.) and associated norm |||/, and
if A€ L(H, H) is a bounded linear operator on H, we define similarly the numerical range of A

by
W(A) = {(Af, [); [ € Hf. f) =1}.

We obtain in the same way than before that W (A) is convex ; it is not necessarily closed (if H
is infinite dimensional) but now we have for the spectrum o(A) C W(A). Indeed, if A ¢ W (A),
we have

(A — A)v,v>| > d(\, W(A)|v]?, Vv e H,

which shows (Lax-Milgram lemma) that A belongs to the resolvant and provides the estimate

(A = A)7H| < 1/d(A\, W (A)).

For the applications it is important to consider the case where A is a closed linear operator
unbounded on H. We assume that A € L(D(A), H) has its domain D(A) C H dense in H ; we
then define the numerical range of A by

W(A) :={{Af. f);f € D(A),{f. f) =1}.

We also assume that the spectrum satisfies 0(A) C W(A). Then it is easily seen that (same
proof that previously) W (A) is convex and, if A ¢ W (A), the resolvant estimate ||(A — 4)7!|| <
1/d(\, W (A)) still holds.

Finally we describe a framework which is frequently met in the variational study of partial
differential equations. We assume that we have two complex Hilbert spaces V' C H, V dense in
H with a continuous imbedding, and a sesquilinear form af(.,.) which satisfies for some constants
a>0and M

Rea(v,v) > aHvH%, and la(v,v)] < MHUH‘Z/, Yve V. (4)
Then we define the operator A € L(D(A), H) by
D(A) ={v e V;3K, s.t. |a(v,w)| < K,||w|,,Yw e H} and (Av,w) = a(v,w).

It is an easy consequence of the Lax-Milgram lemma that A is an isomorphism from D(A) onto
H and that D(A) is dense in H and in V. If we define

Wy (4) = {a(v,v) ;v € V. [Jo]|; =1},

14

we have

W(A) C W, (A), and W(A) =W, (A).

Furthermore, using one more time the Lax-Milgram lemma, we see that o(A) C W(A).

Remark. Note that the assumptions (4) on the sesquilinear form give some informations on the
numerical range:

W(A) C Sg:={2€C;z=0o0r |argz| <0}, where 6 := arccos .



3 Extension to a more general context

Using the fact that the constants are independent of d, we will deduce that Theorems 1 and
2 are still valid for any bounded linear operator A € L(H) on any Hilbert space H. We
now consider the algebra C|[z] of polynomials p from W (A) into C, provided with the norm
[Plloc,4 = sup.ew (ay [P(2)], and, for a convex subset E of C, we introduce the algebra H,(E)
of continuous and bounded functions in E which are holomorphic in the interior of E. The
following statement shows the existence of a functional calculus based on the numerical range.

Theorem 4. Let H be a Hilbert space. For any bounded linear operator A € L(H) the ho-
momorphism p — p(A) from the algebra Clz|, with norm ||.|lsc,4, into the algebra L(H), is
bounded with constant Q. It admits a unique bounded extension from Hy(W (A)) into L(H).
This extension is bounded with constant Q and completely bounded with constant Q.p.

Proof. We assume that (1) is valid if H = C¢, for all integers d. This implies that (1) holds
for any finite dimensional Hilbert space. Let now H be infinite-dimensional and consider an
operator A € L(H) and a polynomial p of degree n. For u € H given, we introduce the Krylov
space KC,, = Span {u, Au, ..., A"u} C H, denote by II,, the orthogonal projection onto C,, and
set A, :=1I, A, . We clearly have p(A)u = p(A,)u and W(A,) C W(A), and A,, acts on the
n-+1 dimensional space K,,. We then deduce that

Ip(A) ull = [lp(An) ul <Q  sup [p(2)] [ull < Q SIp )Ip(Z)I [[ull,

EW(Ap) ceWw (A
which implies ||[p(A)|| < Q sup [p(z)]. The same proof works also for polynomials with matrix
zeW (A)
values, thus the inequality (2) is also valid.
The Mergelyan theorem states that C[z] is dense in Hy(WW(A)), which completes the proof.
U

For many applications it is useful to consider unbounded operators. Assume now that A €
L(D(A), H) is a closed linear operator with domain D(A) densely and continuously embedded in
H. Tts numerical range is then defined by W (A) := {{Av,v);v € ¥gND(A)}. We assume that
the spectrum o(A) is included in W (A). The numerical range is still convex but unbounded and
we hence cannot apply polynomials. We therefore instead consider the algebra Cy(z) of rational
functions which are bounded on W (A), and provide it with the norm |7 oo, 4 = sup.cyw () [|7(2)]]-

We then have the following statement similar to Theorem 4

Theorem 5. For any closed linear unbounded operator A such that o(A) C W(A), the ho-
momorphism r — 1(A) from the algebra Cy(z), with norm || .||, into the algebra L(H), is
bounded with constant Q. It admits a unique bounded extension from the algebra Hy(W (A)) into
L(H). This extension is bounded with constant Q and completely bounded with constant Q..

Proof. We consider now a closed linear unbounded operator A such that o(A) C W(A) and
a rational function r bounded on W (A). It is clear that r(A) is well defined and belongs to
L(H) (write r in simple partial fraction form). In the case W(A) = C, the space Hy(W(A)) is
reduced to constant functions and Theorem 2 follows immediately (but has no interest). In the
other cases, changing, if needed, A to a4+ € A, o € C, 6 € R, we have only two possibilities to

consider :

a) The numerical range is a strip : W(A) ={z€ C;0 <Rez <a}, a>0.
We then set A, = (1+eA*) LA(1+eA)7!, for e > 0.



b) {z;x >0} C W(A) C {z € C;Rez > 0}.
We then set  A. = A(1+eA)~L, for ¢ > 0.
In both cases it is easy to verify that A. is a bounded operator and that W (A.) C W(A). Let
r be a rational function bounded in W (A), clearly r € Hy(W (A:)). From Theorem 2 we have

[r(A)ll < Q sup [r(z)| <Q sup [r(z)]. (5)

2eW (Ae) 2€EW(A)

We now note that lim._,or(A:) = r(A), strongly on H. Indeed, it suffices to verify that
lim (A — A)tu=\N—A)"tu  forall A\ ¢ W(A) and all u € D(A).
We consider the case of a strip, the other situation being simpler. We have by a simple calculation
A=A) T u—A=A) = —e(A=A) (1 4eA) LA+ A) A +eA) T (A= A) " Au
—e(A—A) N (1+eA%) N (eA")(1+A) TAN—A) ! Au.
The convergence to 0 of the second member follows from the bounds

JA+ AT <20, [A+eA) <L [A+ed) AT <L,

10-497 < ey 10-71 < Ty
14G=4)1 £ o

Taking the limit as ¢ — 0 in (5), we obtain that the map r — 7(A) is bounded with constant
Q. The space Cy(2) is dense in the subset Hy (W (A)) of functions of Hy(W (A)) which have a
limit at co. This therefore allows a first extension of the map to this subspace.

Let us consider now f € Hy(W(A)) and A ¢ W(A). With gx(z) = (A—2)"1f(2) we have
gx € Hpo(W(A)), and from the previous extension, g)(A4) € L(H) is well defined. If, in addition,
[ € Hpp(W(A)), then f(A) € L(H) and gx(A) = (A—A)"!f(A). This shows that g)(A) €
£(H, D{A)) and f(4) = (A~ A)ga(A).

We return to the general case f € Hy(W(A)). Recall that we have assumed W (A) C {z €
C;Rez > 0}. From the inequality, with € > 0,

. z  f(2) R
A+ @l < s T 2 S Tw )

[1flloo, 4,

we deduce, by taking the limit as ¢ — 0, that |4 gx(A4)]

|
L(H,D(A)). We can therefore define f(A) € L(H) by f(A)
in the inequality

< Q gty | flloe.a and ga(4) €
= (A=A)gy(A). Passing to the limit

_ A—z f(2)
1+eA)1f(A))<Q s SAELA LA oAy
0+t 1< Qs |22 SO < Q Il
we deduce [[f(A)|| < Q| flloo,a. It is easily seen that our definition does not depend on the
particular choice of .

The same arguments work for the complete bound.



4 Constants associated with a convex domain

Let © # () be an open convex subset of C. We introduce the following constants

C(9Q) = sup{[|r(A)[; W(4) C Q,|r(2)] < 1,¥z € O}, (6)

Cep() = sup{[|R(A)[; W(4) C Q, | R(2)]| <1,Vz € Q}. (7)

In (6) the supremum is taken over all matrices A € C%?, all values of d and all rational functions
r satisfying the prescribed constraints. In the second definition the rational functions R take
their values in C"™", the supremum is taken also over all m and n. Note that, in the case of a
bounded convex domain €2, we can replace rational functions by polynomial functions without
changing the values of the constants. Remark also that these constants are only depending on
the shape of €2, more precisely C(Q2) = C(f(2)) and Cp(Q2) = Cop(f()) if f(2) = Az + p or if
f(z)=Az+p, with0# A\, peC..

The oldest result is a classical inequality of von Neumann [16] which states that C'(II) =
Cy(IT) = 1 if IT is a half plane. My research on this subject has started after the reading of the
fundamental work of Bernard and Francois Delyon [8] where they have shown that C(€2) < oo
for all bounded convex domains. In [5] we have proved that C(S) < 242/4/3 if S is a strip or
a convex sector ; in [2] some other constants are estimated for particular domains, in particular
for the disk case D it is shown that C(D) = Cg(D) = 2. An estimate Cop(P) < 4.75 where P
is the interior of a parabola is given in [6].

Let us consider now a bounded convex domain © and a square matrix A € C%? satisfying
W(A) C 2. We denote by o € 99 a generic boundary point and v the outward unit normal in
o. To this point and the matrix A we associate the selfadjoint matrix

(o, A) = QL(V(U ~ A o — AT,

T
The following remark is of crucial importance
W(A)CQ < Voeod, u(e,A)>0. (8)
Indeed we have 2mu(0, A) = (0 — A)~H(v(0c — A) + v(6 — A*))(6 — A*)~!, and the median term
v(oc — A)+v(c — A*) is positive definite if and only if the numerical range W (A) is included in
the open half-plane, tangent in ¢ to 9€2, which contains §2.
To a rational function r bounded in 2, we associate a function 7 and a matrix 7(A*) defined

by

1 do 1
F(2) = =— if 2€Q, 74" =-— 5 — A*)da.
7(2) 271 o, r(o) = ifz € Q, T(A*) 371 o, r(o) (o ) do 9)

Let s be the arclength abscissa on 02 (which will be counterclockwise oriented); we have
do = —ivds. Using the Cauchy formula r(A) = (2mi) ! [, r(0) (0—A) ! do we deduce

r(A) = /8Q r(o) u(o, A)ds + 7(A*).

Remark. In general ¥ is not a rational function but an antimorphic function in z € Q. Taking
the limit as ¢ € € tends to z € L) in the relation

FO) = r(¢) - /a (o) darglo =) - (_ () - /8 (o) (o) ds)

s

7



We deduce that 7 admits a continuous extension to Q defined by

S(5) — ro‘w:— r(o)ulo, z)ds if z
i@ == o | reneas, itz eon.

™

We remark also that, from the mazimum principle, the positivity of the measure darg(c — z)
and the relation [y, darg(c — z) = m, we have

sup |7(z)| = sup |7(2)] < sup |r(z)]. (10)
z€Q) 2€00 2€00

The following theorem allows to replace the problem of the research of a bound for ||r(A)||
by that of a bound for [|7(A*)]|.

Theorem 6. Let Q2 be a bounded convexr domain of C, A a square matriz with W (A) C Q and
r a rational function with complex values satisfying |r(z)| < 1 for all in Q . Then (with 7(A*)

defined by (9))
[ (A < 2+ [I7(AT)]].

Proof. We have seen in (8) that (o, A) > 0 therefore we get, if u,v € C? satisfy ||jul| = |Jv|| = 1,
[((r(A)=r(A7)) u,v)| < /ag [(u(o, A) u, v)| ds
%/ (u(o, A) u,u)ds —l—%/ (u(o, A)v,v)yds = 2.
o0 o0

The last equality comes from [, p(o, A)ds = 21, which holds from the Cauchy formula. We
deduce

IN

[r(A) —r(A)]| < 2.
O

Remark. It can appear quite surprizing to look for a bound of ||7(A*)|| in place of a bound directly
on ||r(A)||, but it appears that the first bound seems easier to obtain. An instructive example
(which has been a guide for our investigations) is given by the case where S is the unit disk.
Then & = o~ and a simple calculation gives 7(A*) = —r(0) I. Thus, in the case of a disk D we
obtain in a simple way C(D) < 3.

Note that this result is not optimal ; a nice result due to Catalin Badea [2] states that C(D) =
Cewp(D) = 2, but the corresponding proof is very specific to the disk case. Note also that Theorem 6
cannot be used for proving my conjecture Q = 2.

It is natural now to introduce the following constants

D(Q) = sup{||F(A")[;W(4) C QIr(z)] <1,Vz €},
Day(2) = sup{|R(A")[;W(4) C @, |R(2)| < 1,V= € O}
The previous theorem implies that C'(Q2) < D(Q) + 2; similarly C,(Q2) < Dp(£2) + 2.

Conjecture. I have also the conjecture D(2) = Dy (Q) = 1.

It follows from Theorem 1 that we have C(€2) < 30.46 for all convex domains 2. Conversely,
if we prove D(£2) < 28.46, and consequently C(€2) < 30.46, for any bounded convex domain
which has a smooth boundary with a strictly positive curvature in each of its point, then we
deduce Theorem 1 by using the next lemma



Lemma 7. Let A be a matrix with complex entries. There exists a sequence of conver domains
Q, D W(A) such that Q,, — W(A), with respect to the Hausdorff distance, and satisfying the
constraints : the boundary 0§, is analytic and in each point of 0S), the curvature is stricltly
positive.

Proof. In the case where the interior of W (A) is empty, this is easily realised with a sequence
of ellipses. Otherwise, we can assume that the origin O is interior to W (A). Then let a be
the Riemann conformal mapping from the (open) unit disk D onto the interior of W (A). We
set D,, = (1—1/n)D; with an appropriate choice of &, — 0, Q, = (1+¢&,)a(D,,) fullfills the
requirements. Indeed classical calculations give that, for z = (1—1/n)e the curvature ¢(z) at
the point a(z) € da(D,,) is given by

Re(1+M),

a(z

1
G = Law)

The strict positivity of |z a'(2)] ¢(z) follows from the maximum principle. O
From this lemma, starting with |[p(A)|| < C(£2,) sup,cq, [p(2)|, we deduce that

[p(A)] < liminf C(2,) sup [p(2)],
n—00 2EW(A)

Therefore Q < liminf,, o, C ().

In order to prove Theorem 1 we will estimate the constants D(2) first in the case of smooth
thick domains, then in the more tricky case of thin domains.

5 The thick domain case

Let ©Q # () be a bounded convex domain of the complex plane. In order to avoid technical
difficulties without interest we will assume that its boundary is analytic and that in each point
of 0f) the curvature is strictly positive. We define the rate of flatness 7, by

max{|oc —w|;0 € 90}

= mi . 11
o T UES min{|oc — w|;0o € 00} (11)

We will say that the domain is thick if 7, < 1001, otherwise it will be considered as thin.

Theorem 8. Let Q # () be a bounded conver domain of the complex plane. We set

7 := arccos %, g(t) = (3 + M)\/l—%—f? and G(y) = /OPY g(tan @) dep.
Then we have

D) <4G(y) +2G(r—2v), if 17, >2, D(Q) <6G(5), otherwise.
In particular D() < 28.46, if 7, < 1001.

Proof. Without lost of generality we can assume that the minimum in the definition of 7, is
reached when w = 0 is the origin of the complex plane, that max,c9n = 1 and min,cyq = cos .
We will assume also 7, > 2. Thus we consider a matrix A with numerical range W (A4) C Q and
a rational function 7 satisfying |r(z)| <1 in Q. Now we introduce the angles 6 and 1) such that
(recall that s is the curvilinear abscissa)



e = ds
P =argo
Taking into account the conditions max,cyn = 1 and mingcpn = cosvy we can assume that

the determinations of 6 and 1 are choosed such that 0 < 5 —~v <60 —¢ < § + . From our
assumptions on the smoothness of the boundary and the strict positivity of the curvature, o can
be considered as a C* function of . Then we introduce

—o(0)

36,1) = 1 r(to())

2mi (t—1)a(0) + €20(5(0) —2) to' ()

= g(i’ge_%ea’w), and also

We have clearly for the second component v2(6,0) = 0, vy(6,1)

do = e~ ?Ydo. Therefore using the Green formula we have, if z € Q,

5 27
7(z) = L (o) _d _:/ (v2(6,1) — v2(6,0)) df

, r
2wt Jaq oc—Z 0
2m 1
= / / div (6, t) dt db.
0 0
Setting

oy oo g 20 7O@O)=2) [ r(t(0))
e, )'_/o divole, o) dt = /0 ((t—l)a(e)+62z‘9(5(9)_5))2 dt,

we deduce
2 2
7(z) = / Jr(6,z)de, and therefore 7(A*) = / Jr(6,A*)do.
0 0

We consider now the open half-plane II, tangent in o to €2, which contains (2. We remark that
Jr(0, z) is antiholomorphic for z € II,, bounded and continuous in II,, and that W(A) C II,.
Using a von Neumann inequality and then the maximum principle, we obtain
|Jr(6,A%)|| < sup |Jr(0,2)| = sup|Jr(0,d + ze )|
z€ll, zeR
' o] |]
< —— dt
= 225/0 Tt =)o — we]?
- o dr
= 28 o T|Te —eei?|2
max (60—, m—0+1))
= = g(tan(Z -6 .
T Sln(H—T,Z)) g( an(2 +’11Z)))
(We have used the change of variables 7 = (t—1)|o|/|z|). We deduce the estimate

2w

27
[7(4%)]| < /O g(tan(Z —6+1)) df = / g(tan(T—6+4)) dy.

0

10



If we consider p(y) := |o| as a function of 1), we have tan(0—1v) = p(¢0)/p'(v)). We have obtain
the bound

27 ,
D(Q) < /0 g([;((f))) dip.

Note that the function g is even and convex on R. It can be shown [7] that, with the constraints
cosy < p(¢) < 1, the right member is bounded by 4 [ g((tan(p)) dp+2 foﬂ_% g(tan(yp)) de. O

6 The thin domain case

We assume that the flatness of the convex domain € satisfies 7, > 1001 and that its diameter
is equal to 2. After a change of origin and a rotation of the axes if needed, we can assume that
there exist two functions n+ € C°([0,2]) N C*°(]0,2[) such that

0 € 99, 2 = diameter (2) € 99,
Q={z+iy;0<z <2, n_(x) <y <ny(z)}

We set h(z) = (4 (2) — ().

We set v = h(1); for f > « given, there exist unique a, b such that 0 < a <1 < b < 2 and

@ = ]21(—_[7,)) = (. We introduce the median curve

P={:=7()ia<w<bh 7(2) =2+ 2 (n(x) +1(@)}.

We have not respected the scale in order to make the figure readable.

As previously ¢ denotes a generic point of arclength s on the counterclockwise oriented
boundary 01, fl—‘; = ¢, Due to the strict convexity, the point o is a C* function of . We
define some functions of the real variable x € (0,2)

i) =ating (@), o (&) =z+in (2),
do do_

Oy =arg(—=), 0 =arg(——).

Note that o4 and o_ belongs to 02 and that o > 0 and o_ < 0.
We use also the notations

£0,t) = to(0)+ (1—t)7(a) if Reo() < a,
to(d) + (1—t)7(Reo(#)) if Reo(d) € [a,b],
= to(@)+ (1—t)7(b) if Reo(f) >0,

11



o€ e?9(5(0) — 2)
ot (£(0,t) —o(9) + e29(5(0)—z))?2

b o216+ e
Gir(z) = i/ ()( d—dw,
)
(

1
I,z = - /O r(e(0,1) 28 .

™

271 T—z—i(l4+e20+)h dx
1 b r(r

—2i60_
e dr
G.r(z) = — =
r() 2mi J, T—z+i(1+e20-)h dx

The estimation of the constant D(2) is based on the following lemma.

dz.

Lemma 9. For any rational function r bounded in Q and for any z € ), we have the represen-
tation formula

2
#(3) = / Jr(0,2)d6 — Gyr(3) + G_r(3). (12)
0
Furthermore if A is a square matriz with W(A) C Q, we have
2m
7(A") = / Jr(0,A*)d0 — Gir(A*) + G_r(A"). (13)
0

Proof. We first note that Jr(0, z) is well defined, continuous, analytic in z, for all # € R and all
z € Q. We set

o¢
1 r(£(0,1)) o
v(6,1) = 2mi £(0,t) — o + e29(5—%) %
Using that %( —o+e¥(5-2)) =2ie¥(—z), we get
. 10¢ e?(5 — 2)
dive =5 ") o o + P G2

Then, using the Green formula,

2 2 pl
/ Jr(0,z)df = / / div v dt df
0 o Jo

2w 5m/2
_ / 02(9,1)d9—/ vs(6,0) db.
0 /2

We clearly have

o 1 1 do
/ vy(0,1) do = 0 g L[ ) 27
0 21 Joq €29(5—7) 211 Jaq og—Z
3m/2 1 0+(a)
/ v2(0,0)d) = — r(;)@ T
/2 211 04 (b) T—0+ e (O'—Z) do
thus, using that 5, — 7 =7 — 0, = —ih,
3m/2 1 a 74(7_) o204
0,0)df = — : dr = —Gyr(2).
/7r/2 v2(6,0) 21 Jy T—ZzZ—i(1+e 20+)h T +7(2)
Similarly

5m/2
/ v2(0,0)d8 = G_r(Zz), which shows (12).
3m/2

The representation (13) follows immediately. O

12



Now we write A= B+ iC, with B = 2(A+ A*), C = Q%(A — A*) self-adjoint.
Lemma 10. We have the estimate

D(Q) < Di(e, B) + Da(av, B) + 2 D3(av, 3),

where
27
Di(a,8) = suwp{] /0 Jr(0, A*) b ;W (A) € Q, r(2)| <1 in Q)
Dof,§) = sup {IG4r(N) = G-r(A€ (0,2) r(2) < 1 in 2}
Dy(a,8) = sup{|Gir(A") = Gor(B)|;W(A) € Q, [r(2)] <1 in Q.

In these definitions the suprema are understood for all square matrices A € CH?, for all rational
functions r (satisfying the mentionned constraints), and all domains  with h(l) = « and
diameter (0,2).

Proof. We deduce from (13) that

2m
T(A*) = / Jr(0,A*)d0 — (Gir(B)) — G_r(B))
0
—(G4r(A%) = G1r(B)) + (G_r(A7) — G_r(B)).
From the spectral theory for the self adjoint matrix B we have, noticing that o(B) C (0, 2),
|G+r(B)) = G_r(B)|| < sup [G4r(A) — G_r(A)] < Da(e, B).

A€(0,2)
We have clearly ||G1r(A*) — Gir(B)|| < Ds(a, () ; changing € in its conjugate and A in A*, we
obtain also |G_r(A*) — G_r(B)| < D3(a, ). O

We first begin with an estimation of Dj(a, 3).
Lemma 11. We have (using the notations of Theorem 8)

Di(e,f) <4G(H) +2G(m —27)
B
V1+462/1+ (B+2a)2

For the values o < ﬁ and 3 = %0 that gives Dy (c, 3) < 10.074.

where ~/ = arccos

Proof. In the same way as in the previous section we obtain the estimate

17r(0, A < sup [Jr(6, 2)] < g(3 —0+v),
zells

where

v = arg(c —7(a))if Reo <a, ¢ =arg(c—3a)ifa<Reo <b,
v = arg(c —7(b))if Reo >b.
The determination of v is chosen in such a way that §— € (0,7); II, denotes the half-plane

tangent in o to €2 which contains 2. Then we obtain
27

2T 2T
| wre.ayido < [ gtean(G-6+0)d0 = [ gttan(-o-+0))du.
0 0

0

13



We introduce now the sets Q,, Qp, Q' defined by
Q ={z+iyeQ;z<a}, O :={z+iy€Q;z>b},
QO = {z+iy;h(a)(z +iy) + 7(a) € Q} U{x +iy; h(b)(x +iy) + 7(b) € U}

QI

It is easily verify that Q' is convex and that the quantity f027r g(tan(5—0-+1))) dip for Q is the
same that this quantity defined in Theorem 8 for the thick domain '. Therefore the present
lemma holds with the constant v/ = arccos =—, where 7., is the flatness of . We have

Q

lo—7(a)| lo—7(b)|
max |o/| max(  sup ; sup b —)
seoy v,  h(a) oconmoa, (D)
Q — - _ _
B B S i COL (VAR it O/ 1

0edNdQ,  h(a) oco0na,  h(b)

We deduce from the convexity that €2, contains the triangle with vertices o_(a),0, o4 (a). There-
fore the inf,ecgnnan, |0 — 7(a)| is less than the inf for o belonging to the broken line o_(a),0,
o4 (a). The worst case corresponds to 1_(a) = 0, which gives,

— 1 —7(b 1
o — 7(a) > and similarly inf o = 7(0)] >

inf .
eauno0, h(a) = \/4p2+1 ceoono,  h(b) T \/Ap2 1

We have also from the convexity on the boundary 0f2

Imoy Imo_ Imo_
— T <tanf,. < <tanf_ < ———— 14
Reoy —2 — an +_Rea+’ Reo. — "= Reo — 2’ (14)

Imoy

|Imo| < 2h(Reo) and Vr e (0,2), h(r) <amax(z,2—x).
Using (14) at the points o4 (a), we also deduce that the points o € 9Q N 0N, satisfy
0 < Re(r(a) —0) <a and

| Imo(a)| <Ba(l+ 2a

|Im(7(a)—0c)| < h(a)+ (a—Reo) 2_a 2_¢a

).

which shows

sup{|o—7(a)| ;0 € 92NN} < a \/1+52 (

2+a>
_a :

14



Note that fa = h(a) < a(2—a) thus a < Zfﬁ, therefore

Sup{% Lo € 00N O, < %W

The same estimate holds for sup{ |(,_¢())‘ o € 0Q NI}, therefore

_ V1+48%/1+(B+2a)?

Ty < 3
O
Recall that 7, > 1001 ; the assumption a < ﬁ is then justified by the following lemma
Lemma 12. If the conver domain ) satisfies T, > 7.5, then we have o < T
To —
Proof. In the same way as in the previous lemma (but with 8 = «) we have
—7(1 1 —7(1 V14 9a2
inf o = ()] > , and  sup o = ()] < Tl .
seo0  h(1) VI+da2 scon  h(1) 04
Therefore
1+9a2V1+4a? 146502
ng\/+ a?Vi+da < ooa thus ¢(a) :=6.50% —a7+1>0.
o) a
It is clear that a < 1; since ¢(1) < 0, « is less than the smallest root of ¢. Since ¢(1/(7 —1)) =
(7.5 —7)/(1 —1)72 < 0, we deduce a < 1/(1 — 1). O

Lemma 13. We assume o« < 8 < %. Then we have the estimate

4
7T(51

( + arctan 26) 46 (\/_+ 26)

Dy(e, ) < 4,

with

5 — .3 5232 + 1634 5o 832 452 862 |9
TV T 2_1+462 1+462)'

. For the values oo < ﬁ and 3 = that gives Do(ar, ) < 2.215.

Proof. We have

1 b
Gir(N) —G_r(\) = — [ r(1)Ro(z,\) £ da,
2mi
672i9+ 20—
h R A) = : — .
where - Ro(z, %) T—A—i(l+e 20)h  F—A+i(1+e20-)h
Using that [r(7)] < 1 and |£| = /1+7/(2)2, we deduce

271 |Gir(N) — Gor(N)] < / |Ro(z, )|/ 14/ (z)? dx.

15



Now we introduce (recall that 7(x) =z + iy(x))

Do(z,A\) = (F—=A—ih(1+e 29)(F = X+ ih(14+e 20-)),
- —2i0+ _ o= 20— ih(14e210+) (14210~
Ri(z,)) = (z—\)(e e~20-) 4 ih(1+4e 20+ (14-¢ )7
Do(l', )‘)
. ’y(:c) (6—2i0+ _ 6—21‘9,) + h(x) (1 _ 6_2i6+6_2i9*)
RQ(.%',)\) = 2 DO(:C’)\)
Do(z, ) ’

and we note that

Ry = Ri + R».
Therefore we have

Gor(d) —Gr()] < Ti(N) + ().

where T;(\) = %/ab]Ri(x,)\)] V19 (2)2de, i=1,2.

a) Estimation of Ty. We first begin by a lower bound for |Dgy|. We have

ReDy = (z—X\)?—~?— (z—\)h(sin26, —sin26_)

+h?(14cos 20, +cos 20 +cos 2(4 +60_)) — v h (cos 204 —cos 20_).

Using that |y| < h we obtain

|Do| > Re Dy > (x—N\)? — |[z—\)| h|sin 20, —sin20_|

+h*(cos2(64+0_) + 2 min(cos 20, cos 20_)).

From the convexity of 2 we have

h h h — h —
—ﬂgtan9+§ el et ——Wg—tane_g 7.
2—x T 2—x T

This implies, for = € [a, b],
2h 2h
5 <tanf; —tanf_ < —, thus |[tanf; —tanf_| <2p.
-z x
We deduce

|(tan @4 — tan0_)(1 4 tan O tand_)|
(1+tan? 6, )(1+tanZ6_)

|sin260, —sin26_| =2 < 2|tan @, —tanf_| < 4 0.

Assume for instance that |sinf| > |sinf_|. Then, using that |tan 6| < 20,

cos2(04 +60_) + 2 min(cos 20, ,cos20_) = 3 —2sin®(0,+0_) —4sin®0, >3 —12sin® 6,
12 tan? 0 163
= _1—|—tan29tr_ (1_1+§ﬁ2)'
We obtain in this way the lower bound
|Do| > (z—N\)? =4S |z—N)|h+3h* (1 - 165° ). (15)
1+4p52

16



Note that the right member is always positive since it is assumed that 5 < 1/4. Now we remark
that

, 1/1— e*2i«9+ 1— 6721'49_ 9 672i€+ _ 6721'49_
20 =tanfy —tanf- = i (1 +e20+ 14 e—2i97) 7 (1 + e=2i0+)(1 4 e—2i0-)"
Therefore
; , —Mh' —h —Mh —h
IRy (2, \)| = |(1+ e 20+)(1 4 e~ %9-)] [ =MW = h| =4 cosfy cosf_ M
| Dol | Dol
We remark now that
1 1 sin(0; +6_)
! = —(tanf, —tanf_)=-—T "~
7 (@) 2( an b —tanf-) 2 cosfy cosf_
142 = 4cos? 0, cos?O_ +sin?(0, +0_)
4cos? 6, cos?6_
- 4cos? 6, cos?O_ + 2(sin® 6, cos? §_ +sin?0_ cos?6.,)
- 4cos26, cos?6_
2cos?6_ + cos? 6, 1
4cos260, cos26_ — cos?26, cos?f_"
This shows that (cos 64 cosf_)\/14+~+/'(x)? <1 and then
b /
MR —h
Ti(\) = —/\Rlx)\]\/l—i—’y 2dx < = / %dw
0
/
T Ja (x_)‘)Q - 46 ‘.YJ—)\)‘ h+ 3h? (1 - 1+4B2)
Now we set u(z) = m(;x))‘ and note that u is an increasing function of x. The previous inequality
becomes
2 b !/
Tl()\) S _/ “ (x) 16,@2 dm
TJa u(z 4ﬁ\u( )43 — 55e)
4 0 4 T 203
< ;/0 +52d W—él(§+arctanﬂ)
52032 + 1634
ith 6 = /3 — ———.

b) Estimation of T>. We have
| —v(x) (tan by — tan6_) + h(z) (tanO4 + tand_)|
[ Do(, M) ’
We deduce from tan 6, = h’' ++' and tan6_ = —h’' + 4/ that
| —v(x) (tan 0, —tan6_) + h(z) (tan Oy +tand_)| = 2|y'h — h'~|,

|Ro(x,\)| = 2 cosf; cosf_

and then

T DYIRY/ sgp < 2 [ D=0,

17



Now if we set
832 452 842 |9
0y = 5 + 2) )
1+40 1 + 40
we deduce from (15) that
—(1—62)((33—)\) +3h%) + |Do(z,\)| > da(x—N)* —4Blz—A|h + 3h* (52 — %)
= 0y (Jz—A| — 260/65)°

This shows that

1 1
<
[Do(z, )| = (1=02)((z—A)% + 3h?)’
and thus
2 * Wh=hY|
<
BO) = 71'(1—52)/ (x—A)2 + 3h? da
2
_— 1
= 7_‘_(1_52)(51()‘) + SQ()‘))7 ( 6)
where
A ’ h h ’ b ‘ "h— B ’
L g i ,: i i

From now we assume that A € [0,1]; by a symmetry argument it will be clear that our
estimate would be still valid if A € [1,2]. We remark that, if A\ € [0,a], then Ta(\) < Th(a).
Thus we have just to consider A\ € [a, 1].

We begin by an estimate of S;. For that we use that [y(z)| < h(z) < h(X)5=% < 2h(N).
From the convexity of 2 we have, for z € (a, \), |h/'(x) £+/(x)| < 28, thus [y'h — h'y| < 4Bh(N).
We also use the estimate h(z) > h(A)x/A. That gives

A 2 /)2
dz 48 (14 3h(N)2/A2)z — A7A
Si1(A) < 4h)\/ = —=arctan
e A VEE VTP Err P V) e
487
< —.
e

It remains to estimate Sy. We now use

W (x)y(z) = h(x)y' (z) = B (@) (y(2) =y(N)) = (h(z) =h(A)Y (x) + B (2)y(A) — h(A)Y/ (2),

therefore

|1 (2)y(x) = k(@) (2)] < B (2)(v(2) =y (N) = (A(z) = (X)) ()] + 2 B h(A).

We also remark that

which yields
1 (@) (1(2) =1 (V) — (h@) ~h() ()] < / "I () — (hE) R (1) dt
< 3 A (R ]+ RO - ) dt.

18



We note that h(z) > h(\)2=%, for x € (A,b), and |y"| < |h”], thus

b
Ss(N) < 2ﬁ/)/A ]h”(t)\(t—)\)ﬁdtdx
dr

b
+2 Bh(A )/ (x = A\2+3h(N2(2—2)2/(2 - \)?
< 2ﬁ/ / ‘h” t— ( _1)\) dx dt—i-%

Finally we have obtained

S0) < 26/ (1) \dt+§g
< 20— HE) + T <4+ 2L

Taking this estimate and the estimate of S; in (16) we obtain

o) < —2 _(va+ ),
1 —52 m

Before estimating the constant Ds(«, ) we need some technical lemmas

Lemma 14. We set

T\, 2):=H(z)(A—z) +h(z) and ~(z)=Im7(z), for x € (0,2).
The condition W (A) C Q is equivalent to : 0<B<2and Yz € (0,2),

Vuve H,  [{(C—(x) (B—z)=(@))u,v)| <[|(T(B,2))"?ull |T(B,x))"0].
This condition implies

Vuv e, [(Cuv)l < 20[(0(B,2)2ul [D(B,2))"20].
Proof. a) We first remark that X +iY € Q is equivalent to

0<X <2 and, Vze(0,2), |Y—(z)(X—z)—v(z)] <T(X, ).

Indeed, Y —+/(X —z) —v(z) = £I'(X,z) are the equations of the tangents to J¢2 in the points
oy and o_. Therefore the condition W(A) C Q means 0 < B < 2 and

Vv e H, Vz € (0,2), [{(C—+(2)(B—x)—~(z))v,v)| < (T(B,z)v,v).
Thus I'(B, z) > 0 and the lemma follows from the generalized Cauchy-Schwarz inequality.
b) We note that, if X € (0,2), then
I(X,2) =+ (2) (X —2)—v(2) = —n__(2) (X —2)—n-(z) > 0,
DX, 2) +/(2) (X =2)+7(2) =+ () (X =2) 474 () > 0.
Therefore X +iY € Q implies |Y| < 2I'(X,z). We conclude as in part a). O
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Lemma 15. We define

) 1/2
d .
/ |z — )\—zn+—zhe 20+ |2 x)

Then we have, with ¢ = 1+4a2 and n =

1+4ﬁ2 ’

sup (Kl()\))2 < !

93
A€[0,2] B \/1—62(2 \/1—62)

/45 / u? +4 p +/1/5 du
U —_—.
1/8 ut —3u2+4 5 ur+1-—nu

Proof. We only look at the case A < 1, the other situation being symmetric. In order to lighten
the notations we will omit the subscript + in the proof. We have

-+ arctan

lz—A—in—ihe 2?2 = (z—A—hsin20)? + (n+ h cos26)>
> (z—X\—h sin26)? + h? cos® 20
= (=A% +h%—2hsin20 (z—N\).
T — A

Setting u(x) =

and v(x) = sin 20, we deduce

h(x)
b W(A—z) + h f o/
w0 < [ oo enee e ) wriae

a) First case a < A < 1. We note that for x € (a,b) we have

h(x h
—-203< -2 ()<tan9()§2ﬁ§2ﬂ,
2—x T
pRiC) yucs 40
therefore — ——"— < wy(x)=-sin20(zr) < L < .
h(z)? = h( I 2
1+4(2_§)2 1+482° = 1+46
o Ifa<xz <A\ Then u(z) <0, % <aandv(z) > — 1+4a2 We deduce, with € = lffag,
/)‘ u P </0 du - 1 (7T+ . £ )
————dx — + arctan —).
o WH1—2uv = T J_ut4+14+2cu T 1 -£2"2 V1 — g2
e If A< x. Then u(x) > 0; in any case we have v(z) <7 := 1+462 But we have also
hz) ( ) =1 Thus
xT - - u
ifu<4Boru<i v(x) =sin26 < du
B’ u? +4
We deduce

b u p 45 9] du 1/8 du
—————dx < </ +/ >—+/ —
/A u2+1—-2uw 0 187 u? + 5212 43 w?+1-—nu
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a) Second case 0 < A < a. The proof is the same except that the first term is missing since
there is no x such that a < z < A. O

We introduce now the operator, for ¢t € [0, 1], x € [a, ]

U(t,z) = (O(B,z)Y2(F —i(l+e ?0+)h—B+itC)™!
= (O(B,z))"*(x —iny —ihe ¥+ — B4+ itC)™L.

Lemma 16. We have for all u € H

1w, )ull,,,, < sup Ki(A)|ull,
’ A€(0,2)
1w, ul,,, < ep@yVI+8) [0, )ull,,, -

Proof. Since, for t =0, C does not appear in ¥, we deduce from spectral theory

190, )ullo,, < sup Ki(A)full
’ [0,2]

)

We will bound now 9,V (¢, x) u
QU(t,x) = —il(B,z)"*(x—in—ihe 2 —B4+itC)'Ca—in—ihe ¥ —B+itC)™!
= —iU(t,z)CT(B,z) 2 U(t,z).

Using Lemma 14 we get

|0 (t, z)u| = ”81”1p ‘((%\I/(t,x)u,vﬂ
v||<1
< sup [(CT(B,2) V2 (t, 2)u, (t,)"0)|
flof|<1
< 2t ul Ko (). (17)
with
Ky(t) = sup |D(B,2)2U(t, )|
[lv]|<1

= sup |[0(B,2)Y2(z+in+ihe*® —B—itC)'T(B, z)" %)
lvll<1

Let us consider
w = W(t,z)*v = (x+in+ihe* —B—it C)'T(B, z)*v
and
A= ((z+in+ihe*® —B—it C)w,w) = (v,T(B,z)"?w).
We deduce from Cauchy-Schwarz inequality
A < T(B,z)" 2wl o] (18)
We have also
|A]? = ((x—B—sin20 h) w, w)? + ((n+cos 20 h—t C) w, w)* = |A1|* + | Ag)?.
Using that (Cw,w) < ((n+ (B — x))w,w) and 1’ = tan 6, we deduce
Ay = ((n+cos20 h—t C)w,w) > ((cos 20 h—tan§ (B — x)) w, w).
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We introduce

X1 = (B—x)w,w), and Xs:=h(w,w),
then we have X5 > 0 and

AL = |X1+sin20 X5|, Ag > cos20 Xo—tand Xy, ||D(B,z)Y?w|? = W X| + Xo.
We consider the two possible cases

1st case: cos20 Xo—tanf X7 > 0. Then we have

IAP> > |X;+sin260 X;|* 4 (cos 20 Xy —tan 6 X)?
> (1+tan?0)X? + 2tan 0 X1 Xo + X3
> (14 (tanf — h)?) X2 +2(tan 0 — 1) X1 (X + W X1) + (Xo + B/ X7)2
Therefore

(14 (tan §—1')?) A2 > (1 + (tan 6—1')?) X, + (tan 0—B') (Xo + W' X1))? + (Xo + B/ X1)?,
which shows that
IT(B,z)2w|* < /1+ (tanf — 1/)2|A.
Remark that |tan§—h'| = £ |tan 6, — tan6_| < 3, joint with (18) we deduce
IP(B, )" ?w|* < 1+ 62 D(B,2) 2w o],
and then

IT(B,2)wll < V1 + 62 |lu].

2nd case: tanf X7 > cos260 Xy5. Then we have

IT(B, z)Y?w]||? _ | X1 + Xo| _ |h' X7 tan 6 + X5 tan 6|
Ay | X1 +sin20 Xo| | X;tan® + 2 sin? 6 Xo|
R’ cos 26 + tan 6
< max(|h], [P c0s 20 + tan ’) = max(|h'], |h cos 20 + tanf|) < 1

|c0s26 + 2sin? 0|
This shows |T'(B, z)"/?w|| < |A| and consequently
IT(B, 2)"?w] < o]

Going back to Ko we deduce
Ka(t) = sup [D(B,2)"2(t,2)v] = sup [D(B,2)"2u] < /1 + 7,

ol <1 loll<1

and from (17)
1000 (¢, x)ull <21+ B> [¥(t,z)ull.

By integration of this differential inequality we deduce

W(1,2) ul| <exp(2v1+52)[¥(0,2)ul.
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Lemma 17. We have the estimate

Dy(0, ) < YL xpo /T ) sup K1 (V)2

T A€E(0,2)
Therefore Ds(c, 3) < 8.085 if a < ﬁ and 3 = 1—10 )
Proof. We start from

27||Gr(A*) — Gr(B)|| =

b
sup ‘/ T(T)€72i9< ((%—ih(l—l—efme)—A*)*l
[ull<L[lv|<t ! Ja

b
< sup /(
i<t o<1

We remark that |dr| = /1 ++/(z)?dz < /1 + % dz. Using Lemma 14 we deduce

b
27||Gr(A*) — Gr(B)|| < 2+/1+ 2, sup / | (1,2)ul ||¥(0,2)" v de.
| a

ull<1,[lv][<1

—(%—ih(l—l—efme)—B)*l) u, v> dT‘

C ((F—ih(14e 20y~ A") "Ly, (1 +ih(1+€*) - B) o)

|dT|.

Using Lemma 16 we get
21||Gr(A*) — Gr(B)|| < 2v/1+ (2 exp(2/1 + 32) sup Ki(\)2
A€(0,2)
O

Now we summarize the results obtained in this section. We make the choice § = 1—10 and we
assume 7 > 1001 then we have from Lemma 13

D(Q) < Di(a, B) + Da(e, B) + 2 Ds(ar, ) < 10.074 + 2.215 + 2 x 8.085 = 28.459.

Joint with the result of the previous section we have proved Theorem 1.

7 Domains which are symmetric with respect to the real axis

Note that if the matrix A € R%? then its numerical range W (A) is symmetric with respect to
the real axis. This is also true if A € L(D(A), H) corresponds to the complexification of an
operator defined on a real Hilbert space, which is a very common situation. Then it is natural to
consider only domains which are also symmetric w.r.t. the real axis; that allows simplifications
and better bounds than in the previous sections, except may be if this domain is too thin in the
vertical direction.

More precisely we assume in this section that € is bounded convex and symmetric with
respect to the real axis and that 0 and 2 are the extremal point of €2 on this axis. As in the
previous section we set @ = h(1). Here we will consider that € is thick if % < a <7, and thin
otherwise. Using Theorem 8 we deduce in the thick situation

1
C(Q) <1118, if-<a<T.
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Now we look at the case where €2 is thin in the horizontal direction 0 < o < % We use the same
notations that in Section 6, but now we choose the value § = .49. We have from (13)
2
7(A*) = / Jr(0,A*)d0 + G4r(B) — Gyr(A") + G_r(AY)
0
—G_r(B) — (G4r(B) — G_r(B)).

Using the notations of Lemma 10 and noticing that the spectrum of the symmetric matrix B is
included in [0, 2], we have

C(Q)) <24 D(Q) <2+ Di(a, B) + Da(a, 8) + 2 D3(cx, B3). (19)

We can also use the symmetry for improving the bound on the quantities D («, 3) and D3(«, [3).
For instance Lemma 11 may be replaced by

Lemma 18. We have

1" 1

gl T2y
Dy(a, B) < 4/ g(tan @) do + 2/ g(tan p) de,
0 0

8
VI+PV1+ 5+ 200+

Therefore D1(a, 5) < 5.806 if o < % and 3 = .49 .

where ~" = arccos

Proof. The proof is the same that for Lemma 11 except that we have a better estimate for the
flatness 7,. Indeed with the notations of this proof we have now 7(a) = a and

inf o = 7(a) > ! , and similarly inf lo = 7(®)] > ! .
0€oQnd.  h(a) VAZ+1 oeo0nd,  h(b) VAZ+1
Noticing that tan 64 (a) > —a we deduce that the points o € 9Q N 0, satisfy
0 <Re(r(a) —0) <a and
| Im(7(a)—0)| = |Imo| < h(a) + aa = a(a+p),

which shows

lo—7(a)| 1+(a+ )
sup{—————;0 € 00N IN,} < ¥———"—.
{ h(a) J B

The same estimate holds for sup{ |0;(rl§)b I.oeonn 08}, therefore

- V1+ B2 /14+32+2aB+a?

Q' — /3 .

U
Lemma 19. We have the estimate
2
Dy(a, ) < ——— (E + arctan L)

SIS E 2 Nz

Therefore Do(a, ) < 1.53 if B = .49 .
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Proof. We set 0 =0, =271 — 0_ and uy(x) := fl(;m))‘, then

x—\—2i hcos fe— m—)\—i—QihcosHe“’)
4|(z—\) sin @ cos @ — hcos® 0|
o |[T=A?+4h?cos?0 — 4 h sinfcosf(z—N)

o |Gor(N) — G_r(\)| < ‘/br(:v)( e A dw‘

IN

dx

/b Auy () d
o U3 (z)(1+tan20) +4 — 4uy(z) tan b “

Note that u) is an increasing function in = and that, for = € [a, b], |tan 6| < 3. Therefore

o0 4
_ < S A A2
:2 4 (W—i—arctani)-

1— 2 2¢/1 - 32

Lemma 17 can be modified now in

Lemma 20. In the symmetric case we have the estimate

Ds(e,8) < — sup Ki(\)?,
2T e (0,2)

e i
< —(V1+p2 =
< 27T( + 8 7t

Therefore Ds(a, 3) < 0.922 if 5 = .49.

1 ‘252 (g -+ arctan ﬁ))

Proof. Since 7(x) = = (i.e. vy(z) = 0) is real we deduce from Lemma 14 that the condition
W(A) C Q is equivalent to 0<B<2and,Vz € (0,2),
Vuv € H,  [(Cu,0)| < |(D(B,2))ull [D(B,2))?0].

Using this in Lemma 16 we obtain now

(L, )ull,,,,, < exp( sup Ka(t)) [ W0, )ull,, .
te[0,1] '

Therefore the result will follow if we show that Ky (t)) <1 for t € [0, 1].
For that we use the same proof that for Lemma 16. We define in the same way
X1 = ((B—2)w,w), and Xs:=h(w,w),
we have
|A1| = | X1+sin20 Xo|, Ay > cos20 Xo—tan X,

but now ||[T'(B, z)'/?w||? = tan § X;+X5. We have seen in the proof of Lemma 16 that Ko(t)) < 1
if cos 20 Xo—tan 6 X; < 0, it remains to consider the other case: cos 26 Xo—tanf X7 > 0. Then
we have

|A)? | X1 +sin 20 X|? + (cos 20 Xy —tan 6 X;)?

>
> (1+tan?0)X? + 2tan 0 X, Xy + X2 > ||0(B, ) 2w]|*,
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Therefore, using(18) we get
ID(B,2)2w|| < |lv  which induces Ky(t)) < 1.

Recall that

b
'\ z)
Ki(\)? = : = d.
(F ()" = ( o |[T=A—=2ih cosfe |2 v
We have
lz—A—2ih cosOe > = (x—A)2 + 4h?cos® O — 2 (x—\) h sin 26.
Therefore, setting u(x) = %, we deduce

b W(A—z) + h
Ki(\)? = d
(E1 (V) /a (x = X)2+4h2cos?0 —2(x—\) h sin 26 ’

b /
u
= - dx
o U2+ 4cos?f —2u sin 20
0 d 00 2
U du m 1 7r
< —_— :\/1—|—ﬂ2——|—+76(—+arctanﬁ).
0o u?+ 2 45 4 2

2 4
—o0 UT+ g w57 T Y 2

We have used 0 < sin 20 < % and cos? 6 > 1+162 which follow from |tan 6| < g.

Coming back to (19) we deduce in the horizontal thin symmetric case
C(Q) <2+5806+2x0.922+1.53=11.18 .

Coupling with the begining of this section, we deduce that the estimate C'(2) < 11.18 holds if
the symmetric domain satisfies « = h(1) < 7.

8 Unbounded symmetric domains

We assume now that the domain 2 # C is convex, unbounded and symmetric with respect
to some axis. If  is a strip, it is known that C'(Q) < 2 + 2/v/3, see [5]. Otherwise, after a
rotation and a translation if needed, we can assume that R} € Q C {z;Rez > 0}, and that
is symmetric with respect to the real axis. We remark that

C(Q) = sup{|lr(A)[;W(A) € Q[r(z)] <1,¥z € Q}
= sup{||r(A)|;W(A) C Q,|r(z)| < 1,Vz € Q, and r(c0) = 0}.

Indeed we remark that if the rational function r satisfies |r(z)| < 1, Vz € Q; then for ¢ > 0,

setting r.(2) := r(2)/(1 + €z) we have |ro(2)| <1, Vz € Q, r.(c0) = 0 and lim. o 7.(A4) = r(A).
From the assumptions made on €2 there exists a larger angle v € [0, §] such that the closed

sector Sy := {2z € C;2 = 0 or |argz| < ~} satisfies S, C . The angle 2y will be called the

aperture or 2; we will consider that € is thin if v < Z; otherwise we will say that it is thick.
The thick case can be treated by Theorem 4.1 in [2], which provides the estimate

c) <1+ -—

™

2/“/27T—x+sinx
—dx.
.

sin x
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With v > £ that implies C'(Q2) < 7.76.

We turn now to the thin case y < Z5. There exists a function h € C?([0,00) N C*(]0, ool)
such that

Q={z+iy;z>0,—-h(zx) <y <h(x)}, h(0)=0 and lim —= =1.

Tr—00

Let us fix 6 = 0.4. From the aperture asssumption there exists a unique a such that @ = 0.
The figure of Section 6 becomes now

We use also the notations
£0,t) = to(@)+(1-t)a if Reo(f) <
= to(f#)+ (1—t) Rec(#) if Reo(d) > a,

N i3 (o (0) — =

Jr(0,z) = p /0 r(&(6,1)) At (£(0,t) — o(6) + €2 (5(0)—z))2 .
I B r(z) e

Gyr(z) = o o T—Z—2ih(x) cosfe 0+ -
I r(z) e

G_r(z) = i /a x—Z+2ih(x) cosf_e - e

Note that we assume that the rational function r satisfies |r(z)| < 1 in Q and r(co) = 0. This
last condition insures that the integrals are well defined.

Therefore we have in a similar way as previously
") = [ rlo)u(o Ayds +7(A),
o0

FA%) = /QM Jr(0, A*)d0 + Gyr(B) — Gor(A*) + G_r(A*) — G_r(B)
Tty
—(G4r(B) — G_r(B)).
Consequently

C(Q)

IN

2+ Di(B) + D2(B) +2D3(B),  with (20)

27-‘-7
Di(B) = sup{H /+ ! Jr(0, A*)do|| ;W(A) C Q, |r(2)] <1in Q,r(c0) = O},
Ty

Dy(B) = sup{|Gr(X) — G_r(N)]; X € [0,00) |r(z)] <1in Q,r(c0) =0},
Ds(B) = sup {HGﬁ“(A*) —Gyr(B)||;W(A) C Q, |r(2)] <1in Q,7r(c0) = 0}.
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Lemma 21. We have

1 1

T—27

)
Dy(5) <2 /0 gltan @) dip + /0 g(tan o) do,

/
where ~" = arccos ———.

(14 5%)
Therefore D1(8) < 3.99 for f=10.4 .

Proof. We have

2m—y 2m—y
1] reaas) < [ gtan(s-0+0) a0
T+ T+

IN

3m/2
[, stanGoseavs | gtan(g—o+) a0 —v)
Note that in the last integral 6 — ) runs from 7 + v to § — =, therefore this integral is < 0 and
2m—ry 3m/2
1] reaas < [ gtan(g-0+0) dv.
T+ w/2
We introduce now the sets Q" defined by symmetrisation
Q" :={z=x+iy;x € (0,a] and z € Q, or z € [a,2a) and 2a — z € Q}.

It is easily verify that Q" is convex and that the quantity fj;;/ 2 g(tan(5—0-+1)) dy for €2 is half

of the similar quantity defined in Theorem 8 for the thick domain Q. Therefore the present

lemma holds with the constant " = arccos %, where 7, is the flatness of Q. We have
Q///

—a
max |0’ sup{%;aé@Q,Reaga}

oced"
Tam = min |o| B lo — al ’
e inf {7 ;0 € 00,Reo < a}
h(a)
As in Lemma 18 we have
lo — al 1

inf .
JE@(%III%eUSa h(a) T V/14+ ﬁQ

Using that 0 < tanf(a) = —tan_(a) we obtain easily

lo—al <av/1+ 32

which shows

1 2
TQ/// S Lﬁ .

Note that the estimate given by Lemma 20 is still valid

1%_762(E + arctan (3)

Dy(B) < 5= (VI+ B T+ ——(5 ).

™

2
Therefore D3(3) < 0.86 if 5 = 0.4.
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Lemma 22. We have the estimate

Dy(B) < ! ! (z +arctani).

Sy 2 Ny
Therefore Do(3) < 1.19 if 3 =04 .

Proof. We set 0 =0, =271 — 0_ and uy(x) := i(;w))‘, then

o0 020 £2i0

27 Gr(V) = Gr(V)] < | _— 7) d|

m|Gir(A) rl = /a 7a(ﬂv)(gn—)\—%hcosé?e_le x—)\—i—Qihcoseew) ’
/‘x’ 4|(z—\)sin @ cos @ — hcos® 0|

o lz=A2+4h%cos?20 —4h sinfcosb(x—N\)

IN

dx

/°° 4wy (x)
dx,
o U3(x)(1+tan?60) + 4 — 4uy(z) tan

Note that u) is an increasing function in x and that, for x € [a,00)], 0 < tané < (3. Therefore

0 4 o0 4
_ < T2 A AR
27T|G+7'()\) G,T(A)| _/oo u2+4du+/0 u2—|—4—4ﬂudu
4 T 20
+ — (= + arctan ———————).
W G QM)

Coming back to (20) we have obtain
C(€) <2+3.99 + 1.19 + 2 x 0.86 = 7.9.

From the begining of this section, we deduce that the estimate C(€2) < 7.9 holds for all un-
bounded symmetric domains.

9 Application to error analysis of Krylov methods

In this section we want to show that our results are well suited for the study of Krylov subspace
methods. We consider such a method, for instance look-ahead BiCG, QMR, FOM or GMRES,
in order to compute an approximation of the solution for a linear system

Ax = b,

where A € C%? is a non singular complex matrix of (large) dimension and b € C? a given
vector. The iterative method provides a sequence of approximations z(™ of the solution z, where
PAONS Span(b, Ab, ..., A"~1b). This means that we can write the residual vector P = p— Az
on the form (™ = qn(A)b for some polynomial function ¢, of degree < n. Then it can be shown
[12] that the errror satisfies

lz — 2| < AT Pyl min {[|pa(A)b]; pa(0) = 1, deg(pa) < n},

where P, is some projection operator and p, runs among polynomial functions of degree < n
satisfying p,,(0) = 1. We deduce from Theorem 1

|l =™ < Qou(A)|[AT P [B]l,  where
(5n(A) = min {HanLoo(W(A)) 7pn(0) = 1, deg(pn) S n}
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We assume now that 0 ¢ W (A) ; then let ¢ be a conformal mapping from the exterior of W (A)
onto the exterior of the unit disk which sends oo to co. We consider the Faber polynomial ¢,
of degree < n defined by ¢,,(2) = (¢(2))"+0(1/2), as z — 0o, and choose p,(2) = ¢, (2)/dn(0).

From a theorem of K&évary and Pommerenke we know that
0n(2) = (¢(2))"[ <1, if 2 ¢ W(A).
Thus |¢,(z)] < 2 on OW(A) and |¢,(0)| > |#(0)]™ — 1, which shows that 6,(A) < W.
Therefore we have the estimate (recall that |¢(0)] > 1)
@ < 29
[oO)" — 1

This estimate is not the best possible. In particular it is possible to improve the previous
bound on 6,,(A), see [3]. If we set

- AT BBl

|z —

r(4) = max |z, 6= arceos N0V (A

Sk I el VA — 9¢j
2eW () Ay 0 T

8
4-28/n’

(r(A) is called the numerical radius of A), it is shown in [3]
. 2 n

Remark. Our method does not work if 0 € W(A) since then 6,(A) = 1. However, if 0 does not
belong to the convex hull of the spectrum o(A), then it is possible to find an invertible matrix
H such that 0 ¢ W(HYAH). It is easy to show that 6,(A) < 6,(H *AH) ||H|| ||[H ||, which
allows to use the previous results.

In this section we have in fact consider an approximation of A~! by a polynomial g,(A).
This can be generalized for other functions and we think that our results could be used for
improving some details in the analysis of the nice papers [9] or [11].

9.1 New result

The previous study has just been nicely improved by Bernhard Beckermann [4]. He has noticed
that, for the Faber polynomials, one has, ||¢,(A)|| < 2. Consequently we obtain |p,(A)| <

2/|én (0)| with pp(.) = én(.)/Pn(0) and then

2||A Py [[0]
lz — 2| < o0 —1
[9(0)[™ —
The proof is simple. We write, with z € Q, (2 = interior of W(A))
n 1 n
o0 9(0)" (o, 2) " 2mi /(ZS 2m ($(0)"=¢nlo) 0 —z  2mi qS ng—z

The second term is null since ¢(o)™ —¢n(0) is analytic in o in the complementary set of Q and
vanishes at co. Similarly the third term is null since 1/(¢(d)) is analytic in & and vanishes at
00. Therefore we have

[ o0y o2y ds = 5 [ on(o) 2 = 6(2)
Arguing as in Theorem 6, we deduce
on(A) = d(0)" u(o, A)ds, and thus |[|¢,(A)|| <2 sup [¢"(0)] = 2.
oN o€
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10 An application in probability : proof of the Burkholder
conjecture

Theorem 23. Let T = Py ... P, be a finite product of conditional expectations with respect to
the o-fields Fi,...,F, Then, for all functions f in L?,

lim T"f = E[f‘]:l NN Frl, almost surely.

n—oo

This statement was known as the Burkholder conjecture and has been proved by Bernard and
Francois Delyon in the nice paper [8] which is at the origin of the present work. We essentially
follow their proof.

Lemma 24. The operators T and S := I — T satisfy
|7 =27k = IS —ril| <7y and W(S) C So, (21)

2 tan6; 4+ /7;(2—r;)

2—7“j

where rj=1—1/27, 0, =0, 6;,; = arctan j=1,...

and Sy, :={z;2=0 or|argz| <O}

Proof. Note that P; = P7 is an orthogonal projector and 7" a contraction in L?. The relations
are clearly satisfied if £ = 1. Assume that they are satisfied for 1" and consider T'P where P is
a orthogonal projector. Then we have

TP —2~*+D — (7 _27F)p L 27F(p— 271 therefore

TP —2~®+D|| < 1 9k 4 9-ko=l 1 _ 9=(k+1),

which shows by induction the left estimate of (21).
Now we consider z = ((I—TP)u,u) € W(I—TP); it remains to show that z € Sp, . For
this we set v = (I—P)Y?u, w = Pu. Then noticing that
I-TP=1-P+P(I-T)P+(I-P)(I-T)P,

we deduce

o= ol + (Sw,w) + ¢, with ¢ = (Sw,(I-P)20), thus [¢] < [|Swl] [lo]]
Note that

| Sw||? = |(S—rp)w|* = ri|lw|® + 27 Re(Sw,w) < 271, Re(Sw, w).
We introduce the notations

r=|v|, yv=+RelSw,w), ¢p=argl, thus |(|<2rpay.
From the induction hypothesis we have (Sw,w) € Sp,, thus

Rez > 22 +y* — /2rpzy|cosp| > 0, |Imz| < y?tanby 4+ /2r zy|sin¢|.
We deduce

| Tm z| - y? tan 6y, V27 2y | sin |
Rez = a2+9? —2rpay 22 +y? —/2rpzy|cos ¢l
- tan 6, V27 | sin
S 2 Vs cos g
< 2 tan 0y, N V21 /1 — 1 /2 — tan Oy,
2 —rg 2 —rg
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This shows that z € S, ;. O

Proof of Theorem 23. It is known that
™f — E[f|]:1 N---NFin L?, and from Chacon’s theorem,

n—1

1
Anf = EZT’“J‘ — E[f|[Ain-nF], as
k=0
Therefore it is sufficient to show that (A4, —T™)f — 0, (a.s.).
We have
1
A, —T" = —(I+2T+---+nT”’1)(I—T),
sup|A —T”)f| = sup—‘I+2T—|— +nT"71)(I—T)f|
n>ng n>ng 1
< sup S(14 24 4m)? <Zn:j(le(I—T)f)2)l/2
o n>n0n =1
1/2
< (Z] 97T - T)f))

oo ) 1/2
I sup |4, =] | < (3 dIT (= T)|?)
n>no 7j=1

We deduce from theorem 4 used with R(z) = (1 — 2)(1,v/2z,...,y/nz""1) € C" that

oo 1/2
(St -mE)” < e s (g0 o) s
= zeW(T) =1
< |1 ?| C
< Qp sup Sl < Gl Al
zew(r) 1 — |2

Indeed we have seen in the previous lemma that W (T') C B(27%,7;) N (1 — Sp,). Therefore, for
all f € L? and all ng,

| sup [(An = T")f] || < Cill £l

n>ng

Similarly starting from (4, — T")([-T) = (I + T+ -+ T 1) (I = T), we deduce

sup | A - Tn)(I T)f‘ < sup (1 —|' + - %)1/2 (Zn:](TJI(I _ T)f)2>1/2

n>ng n>ng T

j=1
\/log (2no+1) [ — o 1/2
< 0 (Z;T?lf n)*) "
7j=1
which gives
" log(2no+1)
| sup |(An = T™)(I=T)f| |l < Ci —HfH

n>ng
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Now we remark that, since T is a contraction, Ker (I —T) = Ker (I —T™). Consequently the
range of I — T is dense into the orthogonal of Ker (I — T') and, for all f € L? and for all € > 0
we can write

f=I-T)g+h+s, with gheL?|h|<escKe((I-T).
We have (4,, —T™)s = 0, thus

log(2np+1)
| sup [(An = T™) ||| < O (F——lgll +2).
n>ng no
Since ¢ si arbitrary we deduce that (A, —T")f almost surely converges to 0. O

11 Application to second-order time derivative problems

We assume here that we have two complex Hilbert spaces V' C H, V dense in H with a continuous
imbedding, and a sesquilinear form a(.,.) which satisfies for some constants 0 < o« < M, N,
A€ R and forallv eV,

allvll} <Rea(v,v) + Alol}, < Mljoll},  and  |[Ima(v,0)] < Noll, Joll,.  (22)
Then we define the operator A € L(D(A), H) by
D(A) ={v e V;3K, s.t. |a(v,w)| < K,||w|,,Yw e H} and (Av,w) = a(v,w).

The Lax-Milgram lemma shows that A+« I is an isomorphism from D(A) onto H for all x > \;
this implies that D(A) is dense in V and in H.
We define the parabolic domain 7, by

2
Pw:{z:x+iy;x>—w2+4y?}={f2;CG(C, | Im (| < w}.

We set w = max(%, ANifA>0,w= % otherwise. Then it is easy to see that a(v,v) € B, if

[v]l;; = 1. That means that W (A) C R, and implies that o(A4) C P,
Recall that from [6] we have C(R,) < 4.75. We consider now the function

fi(z) ==cos(tz?), teR, zeC.

Note that, since the function cos is even, f; is holomorphic for all z € C and does not depend
on the choice of determination of the square root. Furthermore we have |fi(2)| < e“!l, for all
z € R,. From Section 3

C(t) := fy(A) € L(H) is well defined for t € R and ||C(t)|| < C(R,) el

From the relations fo =1 and frip + fion = 2f1 fr, we deduce

C(0)=1 and Vt,heR, C(t+h)+C(t—h)=2C(t)C(h). (23)
Furthermore
Vug € H, the function u(t) := C(t)ug satisfies u € C°(R; H). (24)

By definition, a function C(.) with values in £(H) which satisfies the conditions (23) and (24)
is called a cosine function on the Hilbert space H.
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Proof of (24). We set

_ 1/2 1
stn(2) = ftzféi)? +f;§Z) N _252+z /0 sin((t + sh)z'"%) ds.

It is clear that s; 4 is analytic in a neighborhood of P, and we have the estimate

wT
Isen(2)] < % VzeR, V[t| <T and |t +h| < T.

From the relation fiy5(2) — fi(2) = h sy n(2)(2w? +2) we deduce, if ug € D(A),

u(t+h) —u(t) = hsyp(A)(2w?ug+ Aug),
wT
thus [Ju(t+h) — u(t)]| < 4.75h S ||2wug+ Aug||.
w

That shows the continuity of w if ug € D(A). If we only have uy € H, then there exists a
sequence of u,g € D(A) which tends to ug in H. We set u,(t) = C(t)uno; for [t| < T we have
|t (1) —u(t)| < 4.75 €T ||uno—ug||, which shows that the sequence of continuous functions wu,,(.)
uniformly converges towards u(.) on [—T,T], and whence u(.) is continuous. O

From the previous part it is easy to see that, if ug € D(A), then, for all t € R, u(t) € D(A)
and Au(t) = C(t)Aug € C°(R; H). More generally we have u(t) € D((AM-A)*) and (M-A)Su(t) =
C(t)(M-A)*ug € CO(R; H) as soon as ug € D((A+A)®). That may be considered as a smoothness
result with respect to the spaces. With respect to the time we have

Vug € D(A) the function u(t) := C(t)ug satisfies u € C*(R; H) N C°(R; D(A))
and u”(t) + Au(t) =0, u(0) = ug, u'(0) = 0. (25)

Proof of (25). Tt is sufficient to prove the relation (note that u(t) = u(—t))
t
u(t) = ug — / (t—s)Au(s)ds, Vt>D0.
0

For that we set, with fixed t >0, n € N, h =t/N and s, =nh,

N
nz) = (fil2) =1+ h D (t=s0)fon ()2 ) /(202 42).
j=1

It is clear that X is analytic and bounded in a neighborhood or P,. Thus we have

N
u(t) —ug+h Y (t—sn)Au(s,) = Sh(A) (2w ug+Au)
j=1

and [|X,(A)|| < 4.75 sup |Xp(2)]

zGPw
t _ .
< 475 sup / | | cos sv/z + (t2 s)y/zsint/z| ds
267%; 0 ’2('() +Z‘
t t2 wt
< apsp T
w
(We have used a well-known error estimate for the rectangular rule). We obtain the result by
considering the limit as h — 0. O
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In order to treat an initial data «/(0) # 0, it is useful to introduce

t .
t
gt(z) = / cos(sy/z)ds, teR, z€C, ie gz)= o \/E, if z#0.
0 ve
This function is analytic for z € C and we have, using the maximum principle,
sinty/z sinh t(w+1 eltlw
Vie P la(z)] < sup BRWVEL g [sinhietiy) o
2€0R, K yeR  |lwtiyl w
Therefore we can define
eltlw

S(t) :=gi(A) € L(H), and we have [S(¢)]| <4.75 —

—
Then we have, Vug € D(A) and Vvg € V,

the function u(t) := C(t)ug + S(t)vo € C*(R; H) N C°(R; D(A)) and satisfies
u’(t) + Au(t) =0, u(0) = ug, u'(0) = vp. (26)

Proof of (26). We set v(t) = S(t) vy = f(f C(s)vo ds. It is sufficient to prove that v € C?(R; H)N
C°(R; D(A)) and v"(t) + Awv(t) = 0.

This is a simple consequence of the previous part if vg € D(A). If we only have vy € V
we will use that (2w+A)~'/2 is an isomorphism from H onto V and from V onto D(A); this
can be deduced from the assumptions (22) on the sesquilinear form, see [14]. Thus there exists
wy = (2w+A)"Y2vy € D(A). Setting hy(z) = %\/Qw +z, T(t) := hy(A) is well defined and
we have S(t) = T(t)(2w-+A)~'/2. This shows that v(t) = T(t) wg. Then we obtain the result
by mimicking the proofs of (24) and (25), but with f; replaced by h;.

U

Keeping the notations of this proof, we deduce from the definition of g; that v'(¢t) = C(t) vy =
Ct)(2w+A)"Y2wy = (2w+A)~/2C(t) wy. This shows that v € C*(R; V).
Similarly we have

(C(t)up) = —/0 AC(s)ugds = —AS{t)ug = —(2w+A)"Y2AT(t) ug

Since we have ug € D(A), then T'()ug € CY(R; D(A)) and then C(.) ug € C*(R, V). Alltogether
we have shown that u € C'(R; V).
In order to give a more general statement we introduce some spaces H;, for real s > 0

HS := (2w+A)"*/2H ie. H®is the image of H by the operator (2w+A4)~*/2,

Note that, if k is an integer H2* = D(A*) and Hy/* = V.

Theorem 25. Assume that the sesquilinear form satisfies the assumptions (22) and that ug €
D(A), vo € V. Then the problem

Find u € C*(R; H) N C°(R; D(A)) such that

u’(t)+ Au(t) =0, u(0) = ug, u'(0) = vy,
has one and only one solution which is given by u(t) := C(t)ug + S(t)vo. Furthermore,

if ug € H3*2 and vg € HETY, then u € CH(R; H3Y27F),  for each integer k < s + 2.
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Proof. a) Existence and smoothness. For k = 0, 1,2, this follows from (25), (26) and from the
relations
CH)(2w+A)"? = 2uw+A)"*2C(t) and SE)(2w+A)"/? = 2w+A)"25(¢).

For greater values of k, we use that Au = —u”...

b) Uniqueness. It is sufficient to prove that, if u € C?(R; H) N C°(R; D(A)) satisfies

u’(t) + Au(t) =0, u(0) =0, ¥/(0) =0, then u=0.
Replacing if needed u by (A\+A)~'u we can assume that v € C%(R; D(A))NC°(R; D(A?)). Then
we set

v(t,s) = C(s)u(t) — S(s)u'(t), w(t,s) = C(s)u'(t) + S(s)Au(t).
We deduce from the equality C(t)% + S(t)?A = Id),,,, (which is valid on D(A)) that
u(t) = C(t)v(t,t) — S(t)w(t,t).

We have
ov , ov ,
5 (18) = Cls)u'(t) + S(s)Ault),  5-(t,5) = ~C(s)u'(t) — S(s)Au(t).
Thus
d ov ov
Joint together v(0,0) = 0 that shows that v(t,¢) = 0 for all £. Similarly we have w(t,t) = 0 for
all ¢ and thus u(t) = C(¢t) v(t,t) — S(t) w(t,t) = 0. O

Remark. We have seen that the problem (26) is well posed. This fact is equivalent to say that
C'(.) is a cosine function on the Hilbert space H with generator —A. A deep result due to Markus
Haase [10] says that, if this situation occurs, then there exists an equivalent scalar product (., .),
and a real w such that (Av,v), € R, for all v € D(A). Using this new scalar product and setting
a(u,v) = (Au,v),, the assumptions (22) can be verified for some appropriate constants. That
shows that (in the hilbertian situation) our framework is general.

Remark. Note that the problem (26) can be well posed in a Banach framework. But there
is not plenty of interesting examples. For instance it is known that the Laplacian generates a
cosine function in LP(R?) if, and only if, either p =2 or d = 1.
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