Numerical range and functional calculus in Hilbert space
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Abstract

We prove an inequality related to polynomial functions of a square matrix, involving
the numerical range of the matrix. We also show extensions valid for bounded and also
unbounded operators in Hilbert spaces, which allow the development of a functional calculus.
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1 Introduction

In this paper H denotes a complex Hilbert space equipped with the inner product (., .) and
corresponding norm ||v|| = (v,v)"/2. We denote its unit sphere by Xy := {v € H;|jv|| = 1}. For
a bounded linear operator A € L(H) we use the operator norm ||A|| and denote by W (A) its
numerical range :

|A]| :== sup ||Av], W(A) :={(Av,v);v € g}
VEX

Recall that the numerical range is a convex subset of C and that its closure contains the spectrum
of A. We keep the same notation in the particular case where H = C% and A is a d x d matrix.

The main aim of this article is to prove that the inequality

Ip(A)]] <56 sup |p(z)
zeW(A)

(1)

holds for any matrix A € C%¢ and any polynomial p : C — C (independently of d).

It is remarkable that the completely bounded version of this inequality is also valid. More
precisely, we consider now matrix-valued polynomials P : C — C™" i.e., for z € C, P(z) =
(pij(2)) is a matrix, with each entry p;;(.) a polynomial C — C. Then the inequality

[P(A)]| <56 sup |[P(2)]], (2)
zeW(A)

holds for any matrix A € C%¢, any polynomial P : C — C™", and any values of d, m, n.

We now fix a matrix A € C%¢ and consider the algebra C[z] of polynomials p from W (A)
into C, provided with the norm ||pllcc,a = sup.cw(a)[p(2)|. The map p — p(A) is then a
homomorphism from the algebra C[z] into the algebra C%?. The inequality (1) means that this
homomorphism is bounded with constant 56, and the inequality (2) that it is complely bounded
with constant 56. These inequalities may be summarized in the following statement.



Theorem 1. For any matriz A € C4? the homomorphism p — p(A) from the algebra C[z], with
norm || ||oo,a, into the algebra C*4 is completely bounded, with constant 56.

It will be clear from the proof that the value 56 is not optimal. Denoting by Q and Q. the
smallest constants such that the inequalities

[p(A<Q sup [p(z)l,  IPAI<Qe sup [[P(z)], (3)
2eW(A) 2EW(A)

hold for any matrix A € C%¢, any polynomial p : C — C, P : C — C™" and any values of
d, m, n, we have

2<Q < Qu <56.

The lower bound is attained by the polynomial p(z) = z and the matrix A = <8 3), in which
case W(A) is the unit disk.

Using the fact that these constants are independent of d, we will deduce that the inequalities
(3) are still valid for any bounded linear operator A € L(H) on any Hilbert space H. For a
convex subset E of C we introduce the algebra H;(E) of continuous and bounded functions in
E which are holomorphic in the interior of E. The following statement shows the existence of a
functional calculus based on the numerical range.

Theorem 2. Let H be a Hilbert space. For any bounded linear operator A € L(H) the ho-
momorphism p — p(A) from the algebra Clz], with norm ||. |4, into the algebra L(H), is
bounded with constant Q. It admits a unique bounded extension from Hy(W(A)) into L(H).
This extension is bounded with constant Q and completely bounded with constant Q.p.

For many applications it is useful to consider unbounded operators. Assume now that A €
L(D(A), H) is a closed linear operator with domain D(A) densely and continuously embedded in
H. Tts numerical range is then defined by W (A) := {(Av,v);v € g ND(A)}. We assume that
the spectrum o (A) is included in W (A). The numerical range is still convex but unbounded and
we hence cannot apply polynomials. We therefore instead consider the algebra Cy(z) of rational
functions which are bounded on W (A), and provide it with the norm |[r{[oc,4 = sup, e (a) lI7(2) |-
We then have the following statement similar to Theorem 2

Theorem 3. For any closed linear unbounded operator A such that o(A) C W(A), the ho-
momorphism r — r(A) from the algebra Cy(z), with norm ||.| 0,4, into the algebra L(H), is
bounded with constant Q. It admits a unique bounded extension from the algebra Hy(W (A)) into
L(H). This extension is bounded with constant Q and completely bounded with constant Q..

An outline of this paper is the following : in Section 2 we deduce Theorems 2 and 3 from the
inequality (3), and illustrate them by application to the theory of Cosine functions. Section 3
is devoted to an integral representation formula for P(A), which is the key to proving (2).
In Section 4 we prove some preliminary bounds which allow us to treat most matrices. The
remaining case, which corresponds to very thin numerical ranges, is more complicated and is
considered in Section 5. Section 6 is devoted to the proof of a geometrical inequality for convex
domains in the plane, which is needed in Section 4. Some concluding remarks are given in
Section 7.

The author conjectures that, in fact, @ = Q. = 2.



2 The extension to infinite dimension

Proof of Theorem 2. We assume that (3) is valid if H = C?, for all integers d. This implies
that (3) holds for any finite dimensional Hilbert space. Let now H be infinite-dimensional and
consider an operator A € L(H) and a polynomial p of degree n. For u € H given, we introduce
the Krylov space K,, = Span {u, Au,...,A"u} C H, denote by II,, the orthogonal projection
onto Ky, and set A,, := II,,A|x,. We clearly have p(A)u = p(A,) v and W(A4,) C W(A), and
A,, acts on the n+1 dimensional space K,,. We then deduce that
Ip(A) ull = llp(An) ul| < Q Sup p(2)] [lull < Q P p(2)] lull,
z

Ap z€

which implies ||[p(A)|| < Q@ sup |p(z)|. The same proof works also for polynomials with matrix
zeEW(A

values, thus the inequalities (3) are still valid.
The Mergelyan theorem states that C[z] is dense in Hy(W(A)), which completes the proof.
U

Proof of Theorem 3. We consider now a closed linear unbounded operator A such that o(A) C
W(A) and a rational function r bounded on W(A). It is clear that r(A) is well defined and
belongs to L(H) (write r in simple partial fraction form). In the case W(A) = C, the space
Hp(W(A)) is reduced to constant functions and Theorem 2 follows immediately (but has no
interest). In the other cases, changing, if needed, A to a + ¢ A, o € C, 6 € R, we have only

two possibilities to consider :

a) The numerical range is a strip : W(A) = {z € C;0 < Rez < a}, a > 0.
We then set A, = (1+eA*) L A(14+ecA4)7L, for e > 0.

b) {x;x >0} C W(A) C {z € C;Rez > 0}.
We then set A, = A(1+eA)~!, for ¢ > 0.

In both cases it is easy to verify that A. is a bounded operator and that W (A.) C W(A). Let
r be a rational function bounded in W (A), clearly r € Hy(W (A:)). From Theorem 2 we have

[r(Ae)l < Q sup [r(z)| <Q sup [r(2)]. (4)
zeW (A) zeW (A)

We now note that lim._,or(A:) = r(A), strongly on H. Indeed, it suffices to verify that
lim (A A)tu=\—A)"tu  forall A\ ¢ W(A) and all u € D(A).
We consider the case of a strip, the other situation being simpler. We have by a simple calculation
A=A)u—A=A)tu = —e(A\—A) 1 (14eA) LA+ A) 1 +eA) (A -A) T Au
—e(A—A-) N (1+eA%) T (AT ) (1+eA) TTAN-A) T Au.
The convergence to 0 of the second member follows from the bounds

JA+ A <20, [(1+eA) <1 [[(1+eAT) A < 1.

04971 < iy 104712 oy
4071 vy



Taking the limit as ¢ — 0 in (4), we obtain that the map r — 7(A) is bounded with constant
Q. The space Cy(2) is dense in the subset Hp (W (A)) of functions of Hy(W (A)) which have a
limit at oo. This therefore allows a first extension of the map to this subspace.

Let us consider now f € Hy(W(A)) and A ¢ W(A). With gx(z) = (A—2)"1f(2) we have
gx € Hpo(W(A)), and from the previous extension, gx(A4) € L(H) is well defined. If, in addition,
[ € Hpp(W(A)), then f(A) € L(H) and gx(A) = (A—A)"Lf(A). This shows that g)(4) €
£(H, D(A)) and £(4) = (A~ A)g5(A).

We return to the general case f € Hy(W(A)). Recall that we have assumed W(A) C {z €
C;Rez > 0}. From the inequality, with € > 0,

. z  f(2) Al
A0+ @l < Q sw |3 572 = @ grwiay

£ lloo, 45

< Q gty £ lloo.a and ga(4) €

(A=A)gx(A). Passing to the limit

we deduce, by taking the limit as ¢ — 0, that |4 gx(A4)]

|
L(H,D(A)). We can therefore define f(A) € L(H) by f(A)
in the inequality
A—z [f(z)

(e sl s |2 ST < Qo

we deduce [[f(A)|| < Q|| flloo,a. It is easily seen that our definition does not depend on the
particular choice of A.
The same arguments work for the complete bound.

0

In order to illustrate the previous results, we describe the following application, which has
been mentioned previously in [3]. Assume that the unbounded operator A satisfies the hypothe-
ses of Theorem 3, and that there exists o > 0 such that

W(A) CP:={x+iyeC;y* <oz}

As a result of Theorem 3 the operators exp(itv/A) and cos(tv/A) are well defined for all ¢ € R
and strongly continuous in H. The problem

u’(t) + Au(t) =0, forteR, uw(0) = ug, u'(0) = vp,
with ug € D(A), vy € D(AY?) given, therefore admits a unique solution v € C?(R;H) N
CY(R; D(A)), which may be written
¢
u(t) = cos(tvVA) ug —i—/ cos(sv/A) vg ds.
0

Examples of such operators A can be found among the ones associated with convection diffusion
equations

Av := —div (aV v) + b.Vv + cv,

with suitable assumptions on the coeflicients a, b and ¢, and appropriate choices of the spaces
H and D(A). To our knowledge, until now no other methods have provided such an existence
result.



3 The representation formula

From now on, A will be a d x d matrix . Let 2 be a bounded convex domain of C such that
W(A) C ©; we assume that its boundary 0f2 is smooth and has a strictly positive curvature at
each point. We then deduce from (2) that

IP(A)|| < Qe sup ||P(2)]l, for any matrix-valued polynomial P. (5)
z2eQ

Conversely, if this estimate holds for all such convex domains, we easily obtain (2).
After the use of a similarity transformation, we can assume that there exist two functions
n+ € C°(]0,2]) N C°*((0,2)) such that
0,2 € 09, diam (Q) =2, Q={z+iy;0<z<2, n_(x) <y <ny(z)}.
We set h(x) = 3014 (@) — 1 (@),
We will distinguish two possible cases, which we refer to as ‘thin’ and ‘thick’.

(i) Thin domains : h(1) < 1075,
Then there exist unique a, b such that 0 < a <1 < b < 2 and h(a)/a = h(b)/(2—b) = 1/6. We
introduce the median curve

P={z=7(@)ia<w<b 7(@) =+ (x) +7-@)).

In order to make the figure more clear, we have enlarged the scale in the vertical direction.
(i3) Thick domains : h(1) > 1075, In this case we will use a = b = 1.

We denote by o the generic point of arclength s on the boundary 052, oriented counterclock-
wise, and set 0 = arg(‘fl—‘;) so that ‘Cil—‘; = €. Due to the strict convexity, the point o can be
considered as a C* function of §. We define the following functions of the real variable x :

o4 :(0,¢) — C is defined by o4(x) € 0Q,Imoy(z) > 0 and x = Reoy(x),
o_:(0,¢) — C is defined by o_(z) € 0Q,Imo_(z) <0 and x = Reo_(x),

do do_
Oy =arg(—=), 0 =arg(—=).
We also use the following notations
1d 1 et e
/1'(073) - ;%(arg(a_z)) - 2—7”(0,_2 - 5'—2)7

ez@
Iy = {z;p(o,2) >O}:{Z;Re7(5—2) > 0}.

5



£0,t) = to(0)+ (1—t)7(a) if Reo(d) < a,
to(d) + (1—t)7(Reo(f)) if Reo(d) € [a,b],

= to(0)+ (1—t)7(b) if Reo(0) >0,
I 98 *(a(0) - 2)
w09 = o [ WO G s e
1 b 7) e 210+ dr
Gep(2) = 2mi o T—zp—(z)(H—e 2i0+) h @dac
1 b p(T) e 20~ dr
G-p(z) = %/a 7F—Z+i(l+e20-)h dz

The proof of our main result, Theorem 1, is based on the following lemma.

Lemma 4. For any polynomial p and any z € Q, we have the representation formula

2T
pe) = [ plo)utoz)ds+ [ Ip(0.2) 8~ Gop() + Gopla) ©
0N 0
Furthermore,
sup |Jp(8,2)| < (3+|cot(0—1)]) sup [p(C)l, (7)
z€lly CeN
where

=< arg( 7)) ifa <Reo < b,

arg(o — 7(a)) if Reo < a,
{arg(a —7(b)) if Reo > b,

defined in such a way that 6— € (0, ).

Proof. From the Cauchy formula we have

o) =5 [ plo) 2

The relation (6) is therefore equivalent to

1 do

2T
o | 9057 = [ p(6.2) 0 - Ga(e) + Gt ®

We Erst note that Jp(0,z) is well defined, continuous and analytic in z, for all # € R and all
z € ). We set

Gl se L ple0n) o
2711 £(0,t) — o + €0 (5—2z) O’ 2mi £(0,t) — o + e20(5—2) 9O’

Using that 55 G(—o+e?(5-2)) =2ie?(6-2), we get

6v1 62}2 o 1 65 g —z)
90 o w o PEEn) (£(0,t) — o + €20(g—2))2”

and hence by Green’s formula,

2m 2m p1 2m 5m/2
/ Jp(0,2)do = / / div v dt df = / v2(0,1)do — / v2(0,0) df
0 0o Jo 0 /2

vl(ﬂ,t) = —

219 (

dive =



We clearly have

o _ 1 plo) 1 - o
/0 v2(6,1)d0— /3 d p( )_ —

o0mi Joo €20(6—2) 2w Jaq g—2
3m/2 1 0+(a) d
/ v(0,0)d) = — p(;)e T,
/2 2mi Jo, ) T—0+e*(o—z2) df
and thus, since 64 — T =7 — 04 = —ih,

3r/2 1 a p(T) 6_2i6+
/7r/2 v2(6,0) 27 /b T—z—i(l4+e20+)p T Gip(z)

Similarly,
5m/2
/ v2(6,0)d0 = G_p(2),
3m/2
which shows (8).

It remains to prove (7). From the maximum principle we have, if, for instance, a < Re(o) < b,
that, for z € Iy,

[Jp(0,2)] < sup|Jp(8,0 +ye”)|
yeR

o 252 |y
< sup [ p(e(o.0)| —

yeR t—1)75% + eify|?
< sup (7L s sup (o)
T yerJo  w[s%5% + eifly|? ¢e
o0 dr max(0 — ¢, m — 0 + 1)

< - - = .

< max [ oz 2 O] = LT s 9(0)
The estimate (7) then follows from the inequality max (u, 7—u) < § sin u+m|cosu|, which holds
for u = 0—1 € (0, 7). The other possible cases for o may be treated in the same way. [l

We consider now a square matrix A satisfying W(A) C Q. Then the operator

1 : .
(o, A) = 2—m(e’9(J—A)_1 - 6_16(5'—14*)_1)
is well defined and, it is easily verified that, for v € C%, (u(o, A)v,v) > 0. The operator u(o, A)
is thus positive semi-definite.

Theorem 5. Assume that W(A) C Q. Let P be a polynomial with values in C™". We then
have

2m
P(A) = / P(o) ® (o, A)ds + / JP(6, A*)db — G, P(A") + G_P(A"). (9)
oN 0
Proof. The relation (9) is a consequence of
_ 1 -1

P(A) = 57 /89 Plo)® (0—A)" " do,
and )

i, Po)® (6—A*)"tds = / JP(0,A*)df — GLP(A*) + G_P(A").

21 o0 0



The first equality is the Cauchy formula and the second follows from the relation (8), i.e.,

1 do 2 _ _ _
— P(o)- = JP(0,z)df — G+ P(z) + G_P(z),
2m o0 o—Zz 0
since each term in this relation is an analytic function of z, for z € Q2. O

Remark. Note that the representation formula (9) is valid for thin as well as for thick domains
2, but in the latter case we have the simplification G4 P(A*) = G_P(A*) = 0.

4 Some preliminary bounds

For the proof of Theorem 1, we have to bound each term on the right of (9). The following
lemma gives preliminary estimates for the first two terms.

Lemma 6. Assume that the polynomial P satisfies |P(z)|| < 1, Vz € Q. Then we have

H 2im [, PO @ (o 4) dsH <2, (10)

and

H/O%JP(G,A*)dHH Sﬂ—i—/o%lcot(é’—w)‘dw- (11)

(The relation between 6 and v was defined in Lemma 4.)

Proof. a) Since the operator u(o, A) is positive, we have the inequality

< | [ 1@ no.ayas
H/ (0,A) dsH sup || P(¢)

¢eq

P(o) @ u(o, A)ds

| o

IN

We conclude the proof of (10) by noticing that, by the Cauchy formula,

/ (o, A)ds = 2I.
o0N

b) From the von Neumann inequality [5] for the half-plane IIy and the estimate (7), we have
I7P(0, A™)|| < sup [JP(0,2)] < (3+]cot(0—1)]) sup [[P(C)]]-
z€lly CeN

Since

/|cot< B dO—) =0,
o0

we infer that
2

2 . 27r1
1| ape.ayal < [ G leor@=w)do <mt [ jeot(o - )l v,
O

The next lemma will complete the bound for the right hand side of (11) in the ‘thick’ case.



Lemma 7. Assume that h(1) > 1075. Then we have

21
/ | cot (6 — )| dyp < 48.83.
0

Proof. a) Recall that in the ‘thick’ case a = b = 1. With p(¢) = |0 — 7(a)|, we have the polar
representation o = 7(a) 4+ pe'?, and note that cot(§ — ) = —p'/p. Therefore,

/Ozﬂ | cot(0 — )| dip = /m |dlog |o—7(a)]| = TV(log|o—7(a)]).
We introduce the notations
R =sup{lo—7(a)|;0 € 902} and r =inf{lo—7(a)|;0 € ON}.
We conclude from Lemma 14, which will be stated and proved in Section 6, the estimate

R* R
/aQ ‘dlog ‘U—T(G)H § 2 IOg m, if ? Z 2, (S 610g2 otherwise).

b) We set d = h(a)/a = h(1). Since the diameter is 2 we have 107> < d < 1, and R < 2a.
We also deduce from the convexity that (2
contains the quadrilateral with vertices

0, o4(a), 2a, o_(a).

Therefore the r corresponding to € is greater
that the r, which would correspond to this
quadrilateral. The worst case corresponds to
n—(a) = 0, which gives r > ad/v4d?> +1,
and therefore R/r < 2+4d* 4+ 1/d.

Hence, by a simple calculation,

< 48.83.

8(4d* +1)?
dl — <2 log ———5——
/39 |dlog o —7(a)| < 10F512§§1 ©8 d?(7d? +2)

0

Recalling that the last two terms on the right of (9) vanish for thick domains. The two
previous lemmas immediatly imply the following.

Corollary 8. In the ‘thick’ case, i.e. when h(1) > 1075, we have
IP(A)|| <54, for all polynomials P with ||P(z)|| <1 in Q. (12)

5 Bounds for a thin domain

We turn now to the ‘thin’ case. From the convexity of Q we have, for o € 012,

I 1
[Imo]| _|Imo| } and |Imo| < 2h(Reo).

Reo '2—Rec

Recall that the numbers a,b with a < b have been defined by h(a)/a = 1/6 = h(b)/(2—b). This
implies the following remark which will be frequently used in this section.

| tan 0] < maX{

Remark. We have the estimate

1
| tan 0] < 3 as soon as a<Reo <hb. (13)



The next lemma will bound the right hand side of (11) in the ‘thin’ case.

Lemma 9. We assume that h(1) < 1075. We then have

2
/ | cot (0 — )| dyp < 7.551.
0

Proof. Similarly as in the previous lemma, we have, with d = h(a)/a = 1/6,

ad a
rq = inf{|lc — 7(a)|; /2 < < 37w/2} > = .
(lo = r(@li/2 < < 3m/2) > Lo = O
Using that tanf(a) > tanf, (1) > —2h(1),
we deduce that the points o € 0€) such that
Y € (m/2,31/2) satisfy

0<Re(r(a)—0)<a

and |Im(7(a)—0)| < %—i—?ah(l),

which shows

s 3T \/@
R, = sup{|o—7(a)l; 5 < P < 7} < s

In the same way we get for 7(b),

V38

b
rpi= inf [o—7(b)[=2-—= and Ry:= sup |o—-7(b)[<D '
ve(-5.5) 2V/10 ve(-5.5) 0

We now introduce the sets
O ={2€Q;Rez<a}U {T(a)+%(z—7(b)) ;2 € Q and Rez > b},
0y = {0 € 0N;Reo < a}, and O = {0 € 0Q2;Rec > b}.

It is easily seen that €2 is convex and that

27
| eotto—wta - /ma\dlog|o—f<a>|\+/mb\dlog|a—7<b>|\,

= / |dlog\0—7(a)]|.
o0

Furthermore, we have

V38

a
r1:= Inf |c—7(a)|> — and Rj;:= sup |loc —7(a)| <a—.
1 Jemll (a)] > Witi 1 Ueagll (a)| < 5

Applying Lemma 14 this yields
2

7.551.
368 x 9 <

2
/ | cot(0 — )| dy < 2log
0
U

We now write A = B+ iC, with B = (4 + A*) and C = 5(A — A*) self-adjoint. Note
that, from the assumption h(1) < 1072, it follows that ||C|| < 2.1075 and ||B|| ~ 2, thus A is
very close to B. We easily obtain a bound for ||P(B)|| by spectral theory. The following lemma
uses this for estimating ||P(A)||.

10



Lemma 10. Assume that the polynomial P satisfies ||P(z)|] < 1, Yz € Q. Then we have the
estimate

IP(A)] <264+ |Gy P(A%) — G4 P(B)| + |G_P(4") — G_P(B)]|
Proof. We deduce from (9), applied to both A and B,

P(A) - P(B) = /Emp(a) ® p(o, A)ds — /BQ P(o) ® p(o,B)ds

27 2T
+/ JP(0, A*)df — / JP(0, B)dd
0 0
—G4P(A")+G4+P(B)+G_P(A") — G_P(B).
From spectral theory we have ||P(B)|| < 1, and, from Lemma 6 and Lemma 9,

P(o) @ p(o, A) dsH <2, P(o) ® p(o, B) dsH <2,

2m 2m
H/ JP(0, A dﬂH <10.7, H / JP(9, B) dGH <10.7.
0 0
The result stated now follows from the triangle inequality. 0

The following is the key tool for explaining how the numerical range enters into the proof.

Lemma 11. Let

I\ z):=H(z)(A—z) +h(z) and ~(z):=Im7(z), for x €(0,2).
Then the condition W (A) C  is equivalent to : 0<B<2and
((C—'(x) (B—2)—(2))u,0)| < |(D(B,2))"*ul| IN(B,)"v], Vu,ve H Ve (0,2).
This condition implies

(Cu,0)| < 2||(D(B,2))?ul |D(B,))"?0]l, Vu,veH.
Proof. a) We first remark that X +iY € () is equivalent to

0<X<2 and [Y—(2)X—2)—7(2) <T(X,z), Vzxe/(0,2).

Indeed, Y —+/(X —z)—~v(x) = £T'(X, z) are the equations of the tangents to 9Q at the points
o, and o_. Therefore the condition W (A) C Q means 0 < B < 2 and

{(C = (@)(B—2z)—v(2))v,0)| < (T(B,z)v,v), YveH Vae(02).
Thus I'(B, z) > 0 and the lemma follows from the generalized Cauchy-Schwarz inequality.
b) We note that, if X € (0,2), then
DX, z) =+ (2) (X —2)=v(z) = —n"(z) (X —2)—n_(z) >0,
D(X,2) + /() (X =) +y(2) =+ (2) (X =2) 471 (2) > 0.
Therefore X +iY € Q implies |Y| < 2T'(X,z). The proof is completed as in part a). O
We now introduce the operator, for ¢ € [0,1], = € [a, b],
U(t,z) = ((B,z)?(F—i(l+e 2+ h—B+itC)™! (14)
(T(B,2))Y?(x —iny —ihe 2%+ — B4+ itC)~h

The following technical lemma will be used to bound the third term on the right in (9).

11



Lemma 12. We have, for allu € H,
12, )ull 2, <133V lul, 1O )ull,,, < 10.93v/7 [|ul.

Proof. a) For brevity we will omit the subscript + in the proof. Since C' does not appear in ¥
for ¢t = 0, we deduce from spectral theory

. ) 1/2
(0 <K th K, = dz) .
90, )l < K, ith Ky = s A Ee—
We have
lz—A—in—ihe 2?2 (x—A—h sin20)* 4 (n + h cos 26)*
> (z—X\—h sin26)? + h?cos® 20
= (=N +h%—2hsin20(z—N\)
6
> (z— )\)Q—i—hz—g\x—)\]h.
Here we have used |sin 26| < 2, which follows from |tan 6| < %. Setting u(z) = L2 e deduce

h(x)

b / b /
A—x)h' 4+ h
K < / (A—2) a dm:/édm
a (@=A)24+h2—2]z=Ah o u2+1— 31yl

0 du 5t 5 3
2 _ = — 4 = tan — < 1.763 7.
[ Ol ~ 4 Tgreteny = LI0ST

IN

2

b) We will now bound 9;¥ (¢, ) u and note that
QU (t,z) = —il(B,z)Y?(x—in—ihe ?®—B+itC)"'Clz—in—ihe ?’—B+itC)™!
= —iU(t,2)CT(B,z) 2 U(t,z).

Using Lemma 11 we get

|0 (t,z)u| = ”81”1p ‘((%\I/(t,x)u,vﬂ
v||<1
< sup [(CT(B,) 2 W(t,a)u, U(t,2)"v)|
lv] <1
< 20|0(t,2) ul Kalh), (15)
where
Kat) = sup [T(B,2)"/*U(t,a)"|
lofl<1
= sup |D(B,2)"?(z+in+ihe*® —B—it C)"'T(B,z)"?v].
lofl <1

Let us consider
w = U(t,x)v = (x+in+ihe*® —B—itC)"'I'(B, z)"%v
and
A= ((z+in+ihe?® —B—itC)w,w) = (v,T'(B,z)"?w).
We deduce from the Cauchy-Schwarz inequality
AL < I0(B, &) 2] o] (16)

12



We also have
IA]2 = ((x—B—sin20 h) w,w)? + ((n+cos 20 h—t C) w, w)* = |A1 > 4 |Ag|?.
Using that (C'w,w) < {((n+n'(B — z))w,w) and ' = tan 6, we get
Ay = ((n+cos20 h—t C) w,w) > {(cos 20 h—tan 6 (B — x)) w, w).
We introduce
X1 :=(B—x)w,w) and Xs:=h(w,w).
We then have X5 > 0 and
AL = | X1+sin20 Xs|, Ag > cos20 Xo—tand Xy, |T(B,2)Y?w|? = b X; + X,.

Assume first cos 20 X5 —tan 0 X; > 0. We then have
A2 > | X +sin20 X5|? + (cos 20 Xy —tan 6 X;)?
> (1+tan?0)X? 4+ 2tand X; X, + X2.

Therefore

10|A2=9|T(B, )Y ?w|* > (10(1+tan?8)—9A"*) X2 +2(10 tan 6 —9') X1 X2 + X3
> (X3 + (10tan® — 91/)X1)* + 10 (1 — 9(tan d — 1')*) X3
Using that |tan6 — h'| < 1/3 we find

IP(B,2) 2l < SIAP < 3 IT(B,2) 2wl o]

which implies |I'(B, z)/?w]|| < @ v -
Consider now the remaining case, tan 8 X; > cos 20 Xs. We then have
HP(B,x)l/QwH2 . ‘h/Xl +X2’ . ‘h/Xl tanf + Xo tan@\
Aq © Xy +sin20 X, | X tanf + 2 sin® 6 Xo|
h' cos 26 + tan 6|
|c0s26 + 2sin? 0

< max(!h’!,‘ ) = max(||, |’ cos 20 + tan §]) < 1.

This shows ||['(B,z)"/?w|| < |A| and consequently

V10

0
(B, ) 2wl < Jlvll < == o]l

Returning to Ky we hence deduce

" v 10
Ka(t) = sup [P(B,2)20(t, )70l = sup [T(B,2) 2wl < 5,
llv]I<1 lvlI<1

and from (15)

/i

10
1009 (4, 2) ul < 2 Y2 W (t,) ull

By integration of this differential inequality we conclude

V10

0
1901, 2)ull < exp(2 22 (0, 2) ull < 10937 u].

13



We are now able to bound the last two terms in (9).
Lemma 13. We have the estimate
|G+ P(A*) — G4 P(B)|| < 14.74.

Proof. As in the previous lemma we omit the subscript +. With u € H", v € H™, we start
from
27||GP(A*) — GP(B)| =
b
sup ‘/ e 29 P(r) ((?—ih(1+6_2’9)—A*)_1
lull<Ljvl<1 ' Ja

—(F—ih(14e720)— B)~1) u, v) dT‘

b
< sup / (C P(1) ((?—ih(l—i—e_Qw)—A*)_lu, (T+ih(1+€2i6)—B)_1U>‘ |dT|.
[ull<L[lvlI<1 Ja

We remark that |dr|/dx = |7'(x)] < /37/6. Recalling the definition (14) we obtain, using
IP(7)|]] <1 and Lemma 11,

b
on|GPAY) — GPB)| <2 Y3 sup / 10 (1, 2)u] [[%(0,2)" o] da

lull<1,llvlI<1

In view of Lemma 12 this yields

27||GP(A*) — GP(B)|| < 2 @ m1.33 x 10.93 < 27 x 14.74,

With a similar proof we find
|G_P(A*) — G_P(B)| < 14.74.

This inequality combined with Lemma 10 and Corollary 8 completes the proof of Theorem 1.

6 Appendix: an inequality for plane convex domains
We set B(w,r) ={z € C;|z—w| < r}.

Lemma 14. Let Q be a convex domain in the complex plane satisfying B(w,r) C 2 C B(w, R),
and let R > 2r. Then we have

R4
/o—eaQ ‘dlog lo—w| ‘ < 2log 773(}22— 57" (17)

This estimate is best possible.
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Proof. 1t is sufficient to consider a polygonal convex domain §2. Using a counterclockwise ori-
entation of the boundary, we denote by oy, 015015+, 01 1,0nt1 = 00, the points on 92 cor-
(C‘

responding to the successive local maxima “|o; —w|” and local minima w|” of |o—wl.

Note that n > 2. We then have

Tjpl—

n

loj—w| |oj+1—w|
() := dl —w|| = g log —L " 4 Jog LT~ —1
() /89 { og|o—uw| { < 0g 0g )

= |O'j+% —w| |Jj+%—w|
= |log J(a)| + [log J(B)],

where we have set

0541 —wl 041 —w] -
Qj = arccos 2 ,  pBj =arccos —2——, J(a) = H COS (.
|oj—wl |oj41—w] o
We remark that, with v = arccos %,
T
n
Oj4+1 — W
0<aj+ﬂj§arg7;j_w . D (e + ) <2m

§=0

Since ®(Q2) = —2log J(«), the inequality (17) is equivalent to
r?(R?— 2r?)

R* '
Note that, with ag = a1 = o = 01 =7, as = B2 = ™ — 27, n = 2, equality is attained in (18),
and thus also in (17), which shows the “best possible part” of the lemma.

J(a) > cos’y cos(m—2v) = (18)

We can assume that Y 7 o a; < 7 (otherwise we exchange a and ). We then set

n
Jo :min{J(a);Zaj <7, 0<a; <, for j=0,1,...,n}.
j=0
It is easily seen that the minimum is attained and, since n > 2,
n
Jo :min{J(a);Zaj =7, 0<a; <7, for j=0,1,...,n}.
§=0
From the optimality conditions we have, at a minimizing point «,
—Jo tana; + A =0, for all j such that 0 < a; <7,
where ) is the Lagrange multiplier related to the constraint 0y =T We deduce that

: A . .
either aj =0, or o; = arctan — (¢ times), or a; = (k times).
0

We consider the only three different possibilities for & :

RS0 e 123 and ) = (e )2 (o) =

o k=1, then [ > 2 and J(a)zcosy(cos7T
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T—2

o k=2, then I > 1 and J(a) = cos®y (cos V)K > cos?y cos(m—27).

Hence

1
J(a) > min (g,cosw (cos T 7)2, cos?y cos(m—27)) = cos?y cos(m—27).

This shows (18) and thus completes the proof. O

7 Some concluding remarks

Remark 1. The estimate Q. < 56 obtained in this paper is not optimal. There is no doubt
that refinements are possible in Lemmas 9, 12, 13, and especially in Lemma 10, which would
decrease this bound. We know how to replace 56 by 34 but we have favoured simplicity in the
proofs. We are convinced that our estimate is very pessimistic, but to improve it drastically
(recall that our conjecture is Q. = 2), it is clear that we have to find a completely different
method. In the simple case when () is a disk, the constant 2 in the inequality (5) has been
obtained using a sophisticated representation formula due to Ando (cf. [2]).

Remark 2. We have shown that the map u4 from the algebra of rational functions bounded
on W(A) into the C*-algebra L(H), defined by ua(r) = r(A), is completely bounded with a
complete norm ||ual|ep < Q- A direct application of Paulsen’s theorem, see [4], gives:

There exists an invertible operator S € L(H) such that ||S|| [|S7Y| < Qa4 and

[r(STIAS)|| < sup |r(z)], for any rational function r bounded in W (A),
(4)

zeW(A

or, equivalently, W (A) is a spectral set for the operator S~!AS. Note that we have a reduction
of the numerical range: W (S™1AS) C W(A).

Remark 3. We also deduce from a result due to Arveson (see [1], [4]) that there exist a larger
Hilbert space K, containing H as a subspace, and a normal operator N acting on K, with
spectrum o(N) C OW (A), such that

r(A) = S Pgr(N)|g S, for any rational function r bounded in W (A),

where Py denotes the orthogonal projection from I onto H. In other words A is similar to an
operator having a normal OW (A)—dilation.
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