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In this Note we give a proof of a generalized version of the classical
Budan-Fourier theorem, interpreting sign variations in the derivatives in
terms of virtual roots.

Introduction

The notion of virtual root was introduced in [5] in the case of polynomials.
The virtual roots provide d continuous “root fonctions” on the space all real
polynomials of a given degree d, with an interlacing property linking virtual
roots of P and virtual roots of P’. From a computational point of view, there
is no need to know the coefficients with infinite precision in order to compute
the virtual roots with finite precision: the discontinuity phenomenon of real
roots vanishing in the complex plane “disappears”. Another nice fact is that
all real roots of P are virtual roots and all virtual roots are real roots of P
or of one of its derivatives.

Theorem 2 of this note shows that the Budan-Fourier count always gives
the number of virtual roots (with multiplicities) on an interval (a, b]. So the
quantity by which the Budan-Fourier count exceeds the number of actual
roots is explained by the presence of extra virtual roots.
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The Budan-Fourier count of virtual roots is a useful addition to [5]. It
gives a way to obtain approximations of the virtual roots, by dichotomy,
merely by evaluation of signs of derivatives. .

We formulate and prove the results in a more general framework than
the one of polynomials, by introducing the notions of degree and successive
derivatives with respect to a sequence f of positive functions. The motivating
example for introducing this enlarged framework is given by “fewnomials”:
one takes into account the number of monomials (possibly with real expo-
nents), and not the actual degree. The framework can also be applied to
exponential polynomials, for instance.

The nice properties of virtual roots of polynomials remain essentially
the same for f-virtual roots. We have for instance the interlacing property
(Proposition 2). The main result is that the Budan-Fourier count (with
f-derivatives) gives the exact number of f-virtual roots on an interval, and,
hence, an upper bound on the number of actual roots (Theorem 1).

1 Generalized Budan-Fourier theorem

The number of sign changes, V(a), in a sequence, a = ag, - - - , ap, of elements
in R\ {0} is defined by induction on p by:

V(ag) =0

V(ai,---,ap)+1 if aga; <0
Viao, -+, ap) =

V(ai,---,ap) if apa; >0

This definition extends to any finite sequence a of elements in R by consid-
ering the finite sequence b obtained by dropping the zeros in a and defining
V(a) = V(b), stipulating that V of the empty sequence is 0.

In the following we fix an interval («, ), with o € RU {-o0}, § €
R U {400} and we denote by C>(«, 3) the ring of infinitely differentiable
functions on (a,3). Let G = go,91,...,9N be a sequence of elements of
C®(a, 3) and let a be an element of («, 3). The number of sign changes of
G at a, denoted by V(G;a), is V(go(a),...,gn(a)). Given a and b in («, 3)
we write V(G; a,b) for V(G;a) — V(G;b).

Let f = (fo, f1,...) be an infinite sequence of positive functions in
C*(a, ). For i € N, define the operator D; on C*(«a, 3) by D;g = (g/fi)".
By definition, a function g € C*(a, ) is of f-degree d if and only if

DgD;...Dgg=0 and D;...Dgg#0 (g#0incased=0).



The f-degree of a function might not be uniquely defined; we implicitely
assume in this case that the f-degree is given with the function.

Let g be a function of f-degree d. The list Derg(g) of f-derivatives of g is
by definition the list go, . .., g4, where g = g and g;_1 = D;g; fori =d, ..., 1.
Note that g; is of f-degree i. The f-multiplicity of a root a of g is the index
m such that gg(a) = ... = gg—m+1(a) =0, gg—m(a) # 0. In particular, if a
is not a root of g, its f-multiplicity is 0.

Note that g changes sign at a if and only if the f-multiplicity of a is odd.
This can be checked by induction on the f-multiplicity, using the variation

of g/fd

Example 1 Take (o,3) = R and f = (1,1,...). The D; are the usual
derivatives, and a function of f-degree d is, of course, a polynomial of degree
d. We recover the usual notion of list of derivatives of g and the usual notion
of multiplicity.

The following example is the motivating example for the introduction
of the f-degree and of the f-derivatives. Here the f-degree is the number
of monomials (possibly with real exponents) minus 1, and the successive
f-derivative decrease the number of monomials by one.

Example 2 We start with
9(2) = age™ + 412" 4+ aga”

where ag # 0 and (ro,...,rq) is an increasing sequence of real numbers. The
Junction g is in C*((0,+00)). Take

rq—Td—1—1 ,.rg—1—rq—2—1 ri—ro—1 .7
f= (gl 17t ghd-17rd=272 1 0 pmTroT gm0 1,
Then g is of f-degree d and its f-derivatives are

gd—l(ﬂﬁ') = ad(rd — ro)xm—ro—l + ad—l(rd—l o To)wrd_l_ro_l NI

+ai(r; — ro)x”_m_l

g1(x) = aa(ra—ro)(ra—r1)---(ra—rg_g)z" "2 +
ag—1(ra—1—10)(ra—1 — 1) -+ (rg_1 — rg_g)a’ -1 rd=2"1
go(z) = ag(rg—ro)(ra—r1)--(rg —rq_y)a’@ "1t
In particular we have V(Derg(g);x) = V(ao,a,...,aq) for every x > 0

sufficiently small.



Example 3 Take
f=(1,1,1,1,1,e*,1,1,1,...) .
where a is a nonzero real number. Then a function
9(z) = P(z) + Qx)e” € C*(R) ,

where P,Q € Rlz] and deg(Q) =5 is of f-degree 6 + deg(P).
This example may be easily generalized in many ways.

We are going to prove the following result.

Theorem 1 (Generalized Budan-Fourier theorem) Let g € C*(a, f3)
be of f-degree d. Denote by n(g;(a,b]) the number of roots of g in (a,b]
counted with f-multiplicities. Then:

e n(g; (a,bl]) is not greater than V(Derg(g); a,b) (which is obviously < d).

e V(Derg(g); a,b) — n(g; (a, b)) is even.

The classical Budan-Fourier theorem [3, 4] is a particular case, corre-
sponding to the situation of Example 1. Generalized Budan-Fourier theorem
in the particular case of Example 2 was already known to Sturm [6].

A natural question is to interpret the difference V(Der¢(g); a, b)—n(g; (a, b]).
This is done through virtual roots. The consideration of virtual roots will
also provide a proof of Theorem 1.

2 Definition and properties of generalized virtual
roots

The notion of virtual root was introduced in [5] in the case of polynomials.

We generalize the definition of virtual roots and precise the notion of
virtual multiplicity in our context of f-derivatives. We first define the notion
of f-virtual multiplicity, proceeding by induction on the f-degree.

Definition 1 Let g be a function of f-degree 0. For every a € (a,3), the
f-virtual multiplicity of a as a root of g is 0.

Let g be a function of f-degree d > 0. Let a be a point in («,[3), and let
v be the f-virtual multiplicity of a as a root of Dgg. Then the f-virtual
multiplicity of a as a root of g is



o v+ 1 if g(x)Dgg(x) is negative for x < a close to a and positive for
x > a close to a (this means that g(x)/fa(x) goes away from 0 as x
leaves a in both directions, i.e., |g/ fa| has a local minimum at a),

e v if g(x)Dgg(x) does not change sign at a (this means that g(x)/ fq(x)
goes closer to 0 as x leaves a in one direction, and away from 0 as x
leaves a in the other direction, i.e., |g/f4| is monotone near a),

e v — 1 if g(x)Dgg(zx) is positive for x < a close to a and negative for
x > a close to a (this means that g(x)/fa(z) goes closer to 0 as x
leaves a in both directions, i.e., |g/ fa| has a local maximum at a).

Note that if a is a root of g, the f-virtual multiplicity of a as a root of g
is necessarily v + 1.

Example 4 Let us take an example in the case of polynomials (as in Ex-
ample 1). Let P be a polynomial of degree 2.

o [If P has two distinct real roots, they have virtual multiplicity 1 and the
virtual multiplicity is zero elsewhere.

e Otherwise, the root of P’ has virtual multiplicity 2 as root of P (even
if it is not a root of P), and the virtual multiplicity is zero elsewhere.

It is not obvious from the definition that the f-virtual multiplicity is
everywhere nonnegative. This follows from the next proposition.

Proposition 1 Let g be of f-degree d. For every a € («,3), the f-virtual
multiplicity of a as a root of g is not less than its f-multiplicity, and the
difference is even.

Proof: The proof is by induction on d. The claim obviously holds if d = 0.
We assume now that d > 0 and the claim holds for d — 1; in particular, it
holds for Dgg. We denote by v the f-virtual multiplicity of a as a root of
Dgg and by p its f-multiplicity; we have v > p and v — p even.

e If a is a root of g, then its f-virtual multiplicity as a root of g is v 41
and its f-multiplicity is u + 1. The claim holds in this case.

e If a is not a root of g and v and p are even, then Dyg does not change
sign at a and g/ f; is monotonic in a neighborhood of a. Hence, the
f-virtual multiplicity of a as a root of g is v and its f-multiplicity is 0.
The claim holds in this case.



e If a is not a root of g and v and p are odd, then Dgyg changes sign at
a. It follows that the f-virtual multiplicity of a as a root of g is v + 1
or v — 1, while its f-multiplicity is 0. The claim also holds in this case.

O
We can now define the f-virtual roots.

Definition 2 Let g be a function of £-degree d on («,3). A real a in (a, 3)
1s a f-virtual root of g if and only if it has a positive f-virtual multiplicity
as root of g.

Note that every root of g is a f-virtual root, and that every f-virtual
root of ¢ is an actual root of g or of one of its f-derivatives.

When g is a polynomial of degree d having d distinct real roots, Rolle’s
theorem implies that these roots are interlaced with the roots of the deriva-
tive ¢’. This interlacing property holds in all cases for virtual roots [5]. We
make precise this interlacing property in the context of f-derivatives.

Proposition 2 Let g be a function of £-degree d > 0 on («, 3), and assume
that Dgg has at least one f-virtual root. Order the f-virtual roots of Dgg as

by <by<...<by,
with repetitions according to f-virtual multiplicities.

o Assume g(x)/fa(x) goes away from 0 as x leaves by on the left side, or
g has a root in (a,by). Assume also that g(x)/fq(x) goes away from O
as x leaves by, on the right side, or g has a root in (by,3). Then there

are n + 1 f-virtual roots a1 < ... < apy1 of g counted with f-virtual
multiplicity, and they are interlaced with the f-virtual roots of Dgg as
follows:

ar <by<ax<by<...<ap <b, <apgt.

o If g(x)/fa(x) goes closer to 0 as x leaves by on the left side and g has
no root in (a, by), delete ay.

o If g(x)/fa(x) goes closer to 0 as = leaves b, on the right side and g
has no root in (by, 3), delete any1.



Proof: First, recall that a f-virtual root ¢ of Dgg of f-virtual multiplicity
v contributes for v — 1 to the f-virtual multiplicity as a root of g, plus one
for each side of ¢ along which g(x)/fs(x) goes away from 0 as x leaves c.

Now consider distinct consecutive f-virtual roots ¢ and d of Dgg. The
function g/ f; is monotonic on (¢,d). Hence, either there is a root of g in
(c,d), or g(x)/fa(x) goes away from 0 as x leaves ¢ on the right side, or
g(x)/ fa(x) goes away from 0 as x leaves d on the left side, and these three
possibilities are exclusive.

The interlacing property follows from these considerations. O

Note that we have a property of alternation of signs: Thereiso € {—1,1}
such that, for every = € (a,3) such that a; < z < a;4+1, the sign of g(x)
is (—1)’o (it is understood that 0 < i < d and that the corresponding
inequality is deleted when a; or a;+1 does not exist). This follows from
the relation between the change of sign of g(x) and the parity of the f-
multiplicity of roots, and from the fact that the difference between f-virtual
multiplicity and f-multiplicity is even.

3 Virtual roots and sign variations in derivatives

We denote by v(g; (a, b]) the number of f-virtual roots of ¢ in (a, b], counted
with f-virtual multiplicities. By Proposition 1, we have v(g; (a, b]) > n(g; (a,b]),
and the difference is even. The section is devoted to the proof of the follow-
ing result.

Theorem 2 Let g be a function of f-degree d, and let a < b be real numbers
in (o, 3). Then:

v(g; (a,b]) = V(Derg(g); a,b) .
In particular, the number of f-virtual roots of g counted with f-virtual mul-
tiplicities is at most d.

The generalized Budan-Fourier theorem (Theorem 1) follows immedi-
ately from Proposition 1 and Theorem 2. The following lemmas are the key
to the proof of Theorem 2. In these lemmas, ¢ is a function of f-degree d,
and we denote by g4 = ¢, 9d-1,---, 90 the f-derivatives of g.

Lemma 1 Leta € (o, 3). There is e > 0 such that, for every x € (a,a+¢),

V(Der¢(g);a,2) = 0,
v(g; (a,z]) = 0.



Proof: The first part of the assertion is the only one which deserves a
proof. If g;(a) # 0 for i = 0,...,d, the claim is obvious. If g;(a) # 0 and

giv1(a) = ... = gire(a) = 0, then git1(z), ..., gi+e(x) all have the same sign
as gi(z) for z > a close to a; hence the number of sign changes remains the
same, and the claim is proved. O

Lemma 2 Let ¢ € (o, 3) have f-virtual multiplicity w as a root of g. Choose
a and b such that « < a <c<b< f and no g;, 0 < i <d, has a root in
[a,c) U (c,b]. Then

V(Der¢(g);a,b) = w .

Proof: The proof of the claim is by induction on the f-degree d of g. The
claim obviously holds if d = 0. Now assume d > 0 and that the claim
holds for d — 1. If v is the f-virtual multiplicity of ¢ as a root of Dgyg, we
have V(Derg(Dgg);a,b) = v by the inductive assumption. We check the
different cases, using the definition of f-virtual multiplicity by induction on
the f-degree.

o If g(x)Dgg(x) is negative for a < z < ¢ and positive for ¢ < x < b, we
have w = v 4+ 1 and V(Der¢(g);a,b) = V(Derg(Dgyg); a,b) + 1.

e If g(z)Dgg(x) does not change sign at ¢, we have w = v and V(Der¢(g); a,b) =
V(Derg(Dgg); a,b).

o If g(x)Dgg(x) is positive for a < z < ¢ and negative for ¢ < x < b, we
have w = v — 1 and V(Der¢(g); a,b) = V(Derg(Dgyg); a,b) — 1.

The claim follows in each of these cases. O

Theorem 2 follows from the preceding lemmas and from the obvious
additive property: for every c € (a,b),

v(g; (a,b]) = w(g;(a,c]) +v(g;(cb]),
V(Der¢(g);a,b) = V(Derg(g);a,c) + V(Derg(g);c,b) .
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