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Abstra
t

Avoiding singularities in the workspa
e of a parallel robot is an im-
portant issue. The 
ase of 3-RPR planar robots is an important sub-
je
t of theoreti
al studies. We study the singularities of planar 3-RPR
robots by using a new parameterization of the singular lo
us in a modi-
�ed workspa
e. This approa
h enables us to give a simple proof of a re
ent
result of M. Husty: the 
omplement of the singular lo
us in the workspa
e
of a generi
 3-RPR manipulator has two 
onne
ted 
omponents (
alled as-
pe
ts). The parameterization introdu
ed in this paper, due to its simple
geometri
 properties, proves to be useful for the study of the singularities
of 3-RPR robots.
Keywords: parallel robots, singularities

Introdu
tion

Planar 3-RPR manipulators have been extensively studied be
ause they meet

several interesting features su
h as potential industrial appli
ations, relative

kinemati
 simpli
ity and ni
e mathemati
al properties [1-11℄. Moreover, the

study of the 3-RPR planar manipulator may help to better understand the kine-

mati
 behaviour of its more 
omplex spatial 
ounterpart, the 6-d.o.f. o
tahedral

manipulator, as reported in [3℄. An important feature of these manipulators is

their ability to 
hange assembly mode without en
ountering a singularity [1-6℄.

Sin
e a parallel manipulator be
omes un
ontrollable on a singular 
on�gura-

tion, this feature is interesting as it 
an enlarge its usable workspa
e. Knowing

whether a parallel manipulator, or, more interestingly, a family of manipulators

has this feature or not is of interest for both the designer and the end-user. De-

termining the number of aspe
ts (singularity-free domain) may help answering

this question.

A well-known 
onje
ture in the kinemati
s 
ommunity was that a generi


3-RPR manipulator has two aspe
ts. Re
ently [6℄, M. Husty announ
ed a proof

of this 
onje
ture. Sin
e, in the same time, there are up to 6 assembly modes,

this shows that a generi
 manipulator has more than one assembly mode in one

∗supported by ANR proje
t SIROPA
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of its aspe
ts, thus showing that non-singular assembly-mode 
hanging motions

are possible. The proof by M. Hustyis rather te
hni
al and involved, and the

details of the proof are yet to appear in a joint paper with J. S
hi
ho. We

propose here a mu
h simpler proof whi
h is based on a parameterization of the

singular surfa
e di�erent from the one used by M. Husty and on arguments of

a simple topologi
al nature.

The rest of this paper is organized as follows. Se
tion 1 des
ribes a modi�ed

workspa
e and the new parameterization of the singular surfa
e in this modi�ed

workspa
e. Se
tion 2 introdu
es useful tools whi
h are the 
urves of zeros and

poles of this parameterization. Se
tion 3 is devoted to the proof that there are

generi
ally two aspe
ts; we also dis
uss the non-generi
 
ases.

The author thanks Philippe Wenger for his useful advi
e.

1 The parameterization of the singular surfa
e

1.1 Notations

In order to des
ribe the manipulator, we use here the following notations:

• The base triangle is A1A2A2 (with the dire
t orientation). We take bA =
A1A2 as the base of this triangle; the 
oordinates of the point A3 in

the dire
t orthonormal frame F with origin A1 and �rst 
oordinate axis

dire
ted and oriented by
−−−→
A1A2 are denoted by (dA, hA).

• The moving triangle is denoted by B1B2B3 where Bi is linked to Ai by a

leg of the manipulator (B1B2B3 may be in indire
t orientation). We use

the parameters (bB , hB , dB), analogous to the ones de�ned above for the

base triangle, to en
ode the geometry of the moving triangle. Note that

hB may be negative.

We assume that neither the base nor the moving triangles are �at, i.e. none of

bA, hA, bB and hB is 0.

1.2 The modi�ed workspa
e

The workspa
e W of the manipulator is the spa
e of planar rigid motions.

Usually, the position of the moving triangle with respe
t to the base triangle is

given by the 
oordinates (ϕ, x, y) where

• the angular 
oordinate ϕ measures the angle (
−−−→
A1A2,

−−−→
B1B2) modulo 2π,

• the 
oordinates (x, y) are the 
oordinates of B1 in the frame F de�ned

above.

We propose here to use a modi�ed workspa
e W̃ where the 
oordinates of

the translation part of the rigid motion are some kind of polar 
oordinates.

Pre
isely, the 
oordinates in W̃ are (ϕ, θ, r1) where

• ϕ is the same as above,

• θ ∈ [−π/2, π/2] and r ∈ R are su
h that the 
oordinates of B1 in the

frame F are (r1 cos(θ), r1 sin(θ)).

2



Figure 1: Parameters and 
oordinates

Note that r1 may be negative; its absolute value is the length of the �rst leg of

the manipulator. Moreover, we make the following identi�
ation : (ϕ, π/2, r1)
is identi�ed with (ϕ,−π/2,−r1). The angle θ is an oriented angle of lines (the

angle of lines (A1A2) and (A1B1), if B1 is distin
t from A1) and it is measured

modulo π.

It is in order here to 
omment the use of this modi�ed workspa
e W̃ . The


oordinates we shall use have the pe
uliarity that all triples (ϕ, θ, 0) with ϕ �xed

and θ varying 
orrespond a
tually to the same position of the manipulator. In

some sense, we 
hoose arbitrarily a dire
tion for the �rst leg of the manipulator,

although its length is null. From the algebro-geometri
 point of view, we have

blown-up the origin 0 ∈ R
2, getting thus the Moebius strip [−π/2, π/2]×R where

(π/2, r1) is identi�ed with (−π/2,−r1). The use of these 
oordinates may look

awkward at �rst sight, but it will enable us to obtain a useful parameterization

of the singular surfa
e in our modi�ed workspa
e, with r1 as a fun
tion of ϕ
and θ.

The modi�
ation from W to W̃ takes pla
e along the set x = y = 0 in

W . This set is 
ontained in the singular set (the 
on�gurations with B1 = A1

are singular). Hen
e, this singular set is 
hanged when passing from W to W̃ .

A
tually, this 
hange of the singular set makes easier to undestand its geometry.

However, we are primarily interested in the 
omplement of the singular set in

the workspa
e, and this 
omplement is not a�e
ted by the modi�
ation from W
to W̃ . Hen
e, the number of aspe
ts 
an well be determined by using W̃ .

We denote by T the torus R/2πZ×R/πZ with 
oordinates (ϕ, θ). We denote

by p : W̃ → T the proje
tion de�ned by p(ϕ, θ, r1) = (ϕ, θ). Note that, for ea
h

point (ϕ, θ) of the torus T , the �ber p−1(ϕ, θ) of the proje
tion is a line, but W̃
is not globally homeomorphi
 to the produ
t T × R; the blown-up workspa
e

W̃ is a
tually a nontrivial line bundle over T .

1.3 Parameterization of the singular surfa
e

The equation of the singular lo
us in the modi�ed workspa
e W̃ is obtained by

expressing the fa
t that the legs (A1B1), (A2B2) and (A3B3) are 
on
urrent or
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parallel. There is of 
ourse a fa
tor r1 in this equation (a result of the blowing-

up of the origin of R
2). The other fa
tor (whi
h is a
tually the equation of the

stri
t transform of the singular surfa
e by the blowing up) has the form

N(ϕ, θ) − D(ϕ, θ) r1 ,

where N(ϕ, θ) and D(ϕ, θ) are polynomials in the trigonometri
 fun
tions of ϕ
and θ. Pre
isely, we have:

N(ϕ, θ) = bB

(
(bA dB − hA hB − dA dB) (sin ϕ)2 − bA hA sin ϕ

+ (hA dB + bA hB − dA hB) sinϕ cos ϕ
)

cos θ

+
(
bA (hA dB − dA hB) cos ϕ + bA (dA bB − dA dB − hA hB) sinϕ

+ bA bB hB + bB (dA hB − bA hB − hA dB) (cos ϕ)2

+ bB (hA hB + dA dB − bA dB) cos ϕ sin ϕ
)

sin θ ,

(1)

and

D(ϕ, θ) =
(
(bA dB − dA bB) (sin θ)

2
+ (hA bB − bA hB) cos θ sin θ

)
cos ϕ

+
(
(dA bB − bA dB) sin θ cos θ − hA bB (cos θ)

2
− bA hB (sin θ)

2
)

sin ϕ .

(2)

In the following, we shall 
all singular surfa
e the surfa
e in W̃ with equation

N(ϕ, θ) − D(ϕ, θ) r1 = 0 (3)

and singular lo
us the union of this surfa
e with r1 = 0.

Solving the equation (3) in r1 we get the parameterization rSing
1 (ϕ, θ) =

N(ϕ, θ)

D(ϕ, θ)
. Observe that we have rSing

1 (ϕ, θ + π) = −rSing
1 (ϕ, θ), whi
h agrees

with the identi�
ation made in the des
ription of the modi�ed workspa
e.

From an algebro-geometri
 point of view, the singular lo
us in the line bundle

W̃ 
onsists of two se
tions of this line bundle over T : the zero se
tion r1 = 0
and a rational se
tion given by rSing

1 (ϕ, θ). This relatively simple des
ription

will allow us to have a good 
ontrol on the topology of the 
omplement.

The parameterization rSing
1 (ϕ, θ) gives an in�nite value for rSing

1 when D(ϕ, θ) =
0, and the zero value when N(ϕ, θ) = 0. These two equations des
ribe 
urves on

the torus T whi
h is the spa
e of the angular 
oordinates (ϕ mod 2π, θ mod π).
The 
urve D(ϕ, θ) = 0 will be 
alled the 
urve of poles of the parameterization,

and the 
urve N(ϕ, θ) = 0 its 
urve of zeros. The two 
urves interse
t at points

whi
h are indetermination points of the parameterization rSing
1 (ϕ, θ). These

two 
urves will play a prominent role in the determination of the 
onne
ted


omponents of the 
omplement of the singular lo
us.

2 Poles and zeros of the parameterization

2.1 Example

We 
onsider the manipulator with parameters bA = 15.9, hA = 10, dA = 0,
bB = 17, hB = 16.1, dB = 13.2. These parameters 
orrespond approximately
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to the Inno
enti�Merlet manipulator [13℄. The �gure 2 shows the 
urve of zeros

N(ϕ, θ) = 0 in red dashed line, and the 
urve of poles D(ϕ, θ) = 0 in blue solid

line. The two 
urves interse
t in eight indetermination points indi
ated by green

diamonds.

Figure 2: Curves of poles and zeros for the Inno
enti-Merlet manipulator

Re
all that the spa
e of (ϕ, θ) is a
tually a torus T obtained by gluing the

left side of the pi
ture with the right side, and the bottom side with the top

side. Taking into a

ount these identi�
ations, we see that the 
urve of poles

has two 
onne
ted 
omponents (two bran
hes), visibly 
orresponding one to the

other in the translation ϕ 7→ ϕ+π (mod 2π), while the 
urve of zeros has only
one 
onne
ted 
omponent. The two bran
hes of the 
urve of poles 
ut the torus

T in two 
ylinders. The 
omplement of the union of the 
urves in T has eight


onne
ted 
omponents, among whi
h two represent almost all of T .

2.2 The 
urve of poles

The formula (2) for D(ϕ, θ) shows that D(ϕ, θ) = 0 
an be solved in tan ϕ.
Spe
i�
ally, we have

tan(ϕ) =
(hA bB − bA hB) sin(θ) cos(θ) + (bA dB − dA bB) sin(θ)2

hA bB cos(θ)2 + (bA dB − dA bB) cos(θ) sin(θ) + bA hB sin(θ)2
. (4)

This formula gives, for ea
h value of θ, two values of ϕ modulo 2π whi
h di�er

by π. This is rather 
lear from a geometri
 point of view, sin
e the �asymptoti
�

singular situations (i.e., those with rSing
1 in�nite) are 
hara
terized by the fa
t

that
ℓ(A1)ℓ(A2)

ℓ(A1)ℓ(A3)
=

ℓ(B1)ℓ(B2)

ℓ(B1)ℓ(B3)
,

where ℓ is a proje
tion parallel to the 
ommon dire
tion of the in�nite legs,

whi
h is given by θ; this is realized by two orientations of the moving triangle

with respe
t to the base (en
oded by the angle ϕ) whi
h di�er by π.
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Note that the 
urve of poles has no �horizontal� 
omponent, i.e. no 
ompo-

nent of the form θ = 
onstant. This 
ould happen only if the numerator and de-

nominator in (4) would both vanish for some value of θ. It 
an be easily 
he
ked

that this is never the 
ase, whatever values are given to bA, hA, dA, bB , hB , dB

(always assuming neither triangle is �at).

We have seen in the example that the 
urve of poles has two bran
hes (or


onne
ted 
omponents) one of whi
h is obtained from the other by the transla-

tion ϕ 7→ ϕ+π. This is always the 
ase. This point, whi
h will be of importan
e

later, is not a priori 
lear, sin
e there 
ould be only one bran
h possessing the

translation symmetry ϕ 7→ ϕ + π. But indeed the equation cos ϕ = 0, together
with D(ϕ, θ) = 0, is an equation of degree 2 in tan θ, pre
isely

bA hB (tan θ)
2

+ (bA dB − bB dA) tan θ + bB hA = 0 .

This equation has 0 or 2 solutions in θ. The fa
t that this number is even implies

that, if one follows 
ontinuously a determination of ϕ along D(ϕ, θ) = 0 when

θ varies from −π/2 to π/2, one returns to the same determination of ϕ modulo

2π. Hen
e, there are two disjoint bran
hes of the 
urve D(ϕ, θ) = 0. One of the
bran
h interse
ts θ = 0 in (0, 0) and the other in (π, 0) = (−π, 0).

The two bran
hes of the 
urve D(ϕ, θ) = 0 
ut the torus T in two 
ylinders

whi
h are image one of the other by ϕ 7→ ϕ + π (mod 2π). Denote by T1 the


ylinder 
ontaining (−π/2, 0) and by T2 the one 
ontaining (π/2, 0).

2.3 The 
urve of zeros

Considering the formula (1) for N(ϕ, θ), it appears that N(ϕ, θ) = 0 
an be

solved in tan(θ). Hen
e, we obtain a fun
tion ν : ϕ mod 2π 7→ θ mod π. This


an be explained from a geometri
 point of view : the angle θ is the angle from

the line (A1A2) to the line joining A1 to the interse
tion point of the legs (A2B2)

and (A3B3), when B1 = A1 and the angle (
−−−→
A1A2,

−−−→
B1B2) is equal to ϕ.

It may be the 
ase that the 
urve of zeros is not only the graph of the

fun
tion ν, but has also 
omponents whi
h are �verti
al� lines ϕ = 
onstant.

These spe
ial values of ϕ are those for whi
h the 
oe�
ients of cos θ and sin θ
in (1) both vanish. We shall return to these non generi
 
ases in se
tion 3.3.

2.4 Indetermination points

For a generi
 3-RPR manipulator, the two 
urves N(ϕ, θ) = 0 and D(ϕ, θ) = 0
on the torus T have no 
ommon 
omponent and interse
t in �nitely many points

whi
h are the indetermination points of the parameterization.

The indetermination points 
an be 
omputed using the resultant of N(ϕ, θ)
and D(ϕ, θ) with respe
t to tan θ. This resultant has four fa
tors

F1(ϕ) = bA bB sin ϕ ,

F2(ϕ) = (dA hB − hA dB) cos ϕ + (hA hB + dA dB) sin ϕ

= A1A3 × B1B3 × sin(ϕ − α1 + β1) ,

F3(ϕ) = (dA hB − hA dB + bB hA − bA hB) cos ϕ

+ (dA dB + bA bB + hA hB − bB dA − bA dB) sin ϕ
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= A2A3 × B2B3 × sin(ϕ + α2 − β2) ,

F4(ϕ) = (−bA hB − bB hA) cos ϕ + (−bA dB + bB dA) sinϕ + bA hA + bB hB ,

where we use the angles α1 = (
−−−→
A1A2,

−−−→
A1A3), β1 = (

−−−→
B1B2,

−−−→
B1B3), α2 = (

−−−→
A2A3,

−−−→
A2A1)

and β2 = (
−−−→
B2B3,

−−−→
B2B1).

The vanishing of the �rst three fa
tors 
orresponds to the parallelism of the

sides [A1A2] and [B1B2] (respe
tively [A1A3] and [B1B3], [A2A3] and [B2B3]).
The fa
t that this gives rise to situations where the singular value of r1 is not

determined has an easy geometri
 interpretation: this is for instan
e the 
ase if

the two sides [A1A2] and [B1B2] are on the same line.

There is 
learly another situation where the singular value of r1 is not de-

termined : when the three legs of the manipulator are parallel. The 
onditions

for the parallelism of the se
ond and third legs with the �rst one are as follows:

bA sin θ = bB sin(θ − ϕ)

dA sin θ − hA cos θ = dB sin(θ − ϕ) − hB cos(θ − ϕ) .

Writing these equation in tan θ and taking the resultant with respe
t to tan θ
gives indeed the fourth fa
tor, up to sign.

Ea
h of these �rst three fa
tors has two solutions in ϕ modulo 2π whi
h di�er

by π. The last fa
tor may have or not two solutions in ϕ. Hen
e, for a generi


3-RPR manipulator, the parameterization has 6 or 8 indetermination points,

possibly 
ounted with multipli
ity. The non generi
 
ase is the 
ase when the

resultant of N(ϕ, θ) and D(ϕ, θ) with respe
t to tan θ is identi
ally zero. We

shall return to this 
ase in se
tion 3.3.

3 Proof that there are generi
ally two aspe
ts

We now pro
eed to prove that a generi
 3-RPR manipulator has two aspe
ts, i.e.

that the 
omplement of the singular lo
us in W̃ has two 
onne
ted 
omponents.

Re
all that this singular lo
us is the union of r1 = 0 and of N(ϕ, θ)−r1 D(ϕ, θ) =
0. Re
all also that the 
urve of poles D(ϕ, θ) = 0 in the torus T has two bran
hes

whi
h 
ut T in two 
ylinders T1 and T2.

3.1 The unbounded 
omponents above the 
ylinders Ti

Let us examine what happens in the part p−1(Ti) of the modi�ed workspa
e

W̃ whi
h is above the 
ylinder Ti. The se
tion rSing
1 (ϕ, θ) is de�ned over Ti

sin
e the denominator D(ϕ, θ) does not vanish on Ti, and the singular lo
us in

p−1(Ti) is the union of the two se
tions

(ϕ, θ) 7−→ r1 = 0

(ϕ, θ) 7−→ r1 = rSing
1 (ϕ, θ)

over Ti. Lo
ally, these two se
tions 
an be viewed as 
ontinuous fun
tions with

values in R and, in the 
omplement of their graphs, there is a 
onne
ted part

whi
h is �above� both and another 
onne
ted part whi
h is �under� both. Now

re
all that we have the identi�
ation of (ϕ, θ, r1) with (ϕ, θ + π,−r1). Hen
e,

when one makes one turn on the 
ylinder Ti going from θ = −π/2 to θ = π/2,
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the part of the 
omplement of the singular lo
us over Ti whi
h is �above� both

se
tions is glued with the part whi
h is �under� both se
tions. In 
on
lusion,

there is only one unbounded 
onne
ted 
omponent of the 
omplement of the

singular lo
us in p−1(Ti).

It remains to understand the bounded 
onne
ted 
omponents (those whi
h

are 
omprised between the two se
tions), and how these 
omponents are glued

together when passing from one 
ylinder to the other.

3.2 The bounded 
omponents

Ea
h 
ylinder Ti is 
ut into �nitely many 
onne
ted 
omponents by the 
urve

of zeros. The se
tions r1 = 0 and r1 = rSing
1 (ϕ, θ) are de�ned, 
ontinuous and

nowhere equal on ea
h of these 
onne
ted 
omponents C. Hen
e, the 
omple-

ment of the singular lo
us in p−1(C) ⊂ W̃ has one bounded 
onne
ted 
ompo-

nent 
omprised between the two se
tions.

We make now the following generi
ity assumptions.

1. The 
urves N(ϕ, θ) = 0 and D(ϕ, θ) = 0 have no 
ommon 
omponent.

2. The 
urve N(ϕ, θ) = 0 has no �verti
al line� (ϕ = 
onstant) 
omponent.

We 
onsider the 
onsequen
es of the �rst generi
ity assumption. The 
urves

N(ϕ, θ) = 0 and D(ϕ, θ) = 0 have only �nitely many indetermination points

in 
ommon. When one 
rosses one bran
h of the 
urve D(ϕ, θ) = 0 outside of

these indetermination points, passing from the 
ylinder T1 to T2 or vi
e-versa,

then D(ϕ, θ) = 0 
hanges sign while N(ϕ, θ) keeps its sign. Hen
e, rSing
1 (ϕ, θ)

jumps from −∞ to +∞ or vi
e-versa. Hen
e, the unbounded 
omponent of the


omplement of the singular lo
us over T1 is glued with a bounded 
omponent


omprised between the se
tions r1 = 0 and r1 = rSing
1 (ϕ, θ) over T2, and vi
e-

versa (see Figure 3).

Figure 3: Crossing the 
urve of poles

We turn now to the 
onsequen
es of the se
ond generi
ity assumption. It

implies that the 
urve of zeros is 
onsisting only of the graph of the fun
tion

ν : ϕ mod 2π 7→ θ mod π. So it is topologi
ally a 
ir
le 
ontained in the torus T
and this 
ir
le 
annot bound (i.e., it is not homologi
ally trivial). Now 
onsider

a 
onne
ted 
omponent C 
ut by the 
urve of zeros in the 
ylinder Ti. This
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onne
ted 
omponent has in its boudary at least one segment of a bran
h of the


urve of poles. Indeed, otherwise C would have as its boundary the whole 
urve

of zeros, by Jordan's 
urve theorem; this is in 
ontradi
tion with the fa
t that

the 
urve of zeros is not homologi
ally trivial.

We 
an give an alternative argument to show that C 
annot be bounded

only by the 
urve of zeros, but must have at least one segment of a bran
h

of the 
urve of poles in its boundary. If one makes a turn on the torus, with

θ going from −π/2 to π/2, following a bran
h of the 
urve of poles, say on

its left side, then one has to 
ross the 
urve of zeros an odd number of times

sin
e rSing
1 (ϕ, π/2) = −rSing

1 (ϕ,−π/2). Hen
e, there are an odd number of

indetermination points, possibly 
ounted with multipli
ity, on ea
h bran
h of

the 
urve of poles (pre
isely, 3 or 5 following the dis
ussion in se
tion 2.4). This

implies that the 
urve of zeros has to 
ross ea
h bran
h of the 
urve of poles.

In 
on
lusion, ea
h bounded 
onne
ted 
omponent of the 
omplement of the

singular lo
us over a 
ylinder Ti is glued with the unbounded 
omponent over

the other 
ylinder through a segment of a bran
h of the 
urve of poles. We


ompleted the proof of the result of M. Husty:

Theorem 1 A generi
 planar 3-RPR manipulator has two aspe
ts.

3.3 Non-generi
 
ases

We now dis
uss brie�y the non-generi
 
ases. Re
all that we only 
onsider

manipulators where neither the base triangle nor the moving triangle are �at

(i.e. bAhAbBhB 6= 0).

The most severe failure to generi
ity is the 
ase when the two 
urves N(ϕ, θ) =
0 and D(ϕ, θ) = 0 have a 
ommon 
omponent (i.e., our generi
ity assumption 1

is not ful�lled). The restri
tion of the line bundle to this 
ommon 
omponent is

entirely 
ontained in the singular lo
us, and this kind of �wall� forbides gluing


onne
ted pie
es of the 
omplement of the singular lo
us. This 
ase 
an be

determined by 
omputing resultants, and it o

urs pre
isely for the following

pe
uliar geometries of the manipulator :

• �Similar� manipulators where the moving triangle and the base triangle

are similar (i.e bB = λbA, hB = λhA and dB = λdA for some λ > 0).

An example is given in Figure 4 (left), where the 
ommon 
omponents (two

verti
al lines at ϕ = 0 and ϕ = ±π are indi
ated in thi
k green. It is known

[10℄ that there are four aspe
ts in this 
ase, and this 
an be 
he
ked on

the �gure: there are two 
onne
ted 
omponents of the 
omplement of the

singular lo
us over ea
h 
ylinder, one bounded and the other unbounded.

• �Symmetri
� manipulator where the moving triangle is the image of the

base triangle by an indire
t isometry of the plane (i.e. bB = bA, hB = −hA

and dB = dA).

An example is given in Figure 4 (right). Here the 
ommon 
omponent

indi
ated in thi
k green is des
ribed by ϕ−2θ = ±π. It is known [14℄ that

there are two aspe
ts in this 
ase.

9



Figure 4: Example of a �similar� manipulator (left) and of a �symmetri
� ma-

nipulator (right)

We now turn to the 
ases when the �rst generi
ity assumption is ful�lled,

but the se
ond is not, that is, when the 
urve of zeros has 
omponents whi
h are

verti
al lines ϕ = 
onstant. The existen
e of su
h values of ϕ 
an be dete
ted by


omputing the resultant of the 
oe�
ients of cos θ and sin θ in (1) with respe
t

to tan(ϕ/2). This resultant is a polynomial expression in bA, hA, dA, bB , hB , dB ,

whose fa
tors whi
h possibly vanish are the following

1. dAhB − hAdB , whi
h vanishes when the angles α1 = (
−−−→
A1A2,

−−−→
A1A3) and

β1 = (
−−−→
B1B2,

−−−→
B1B3) are equal modulo π,

2. bA − bB , whi
h vanishes when A1A2 = B1B2,

3. h2
A

+ d2
A
− h2

B
− d2

B
, whi
h vanishes when A1A3 = B1B3,

4. b2
A
h2

A

(
h2

B
+ (bB − dB)2

)
− b2

B
h2

B

(
h2

A
+ (bA − dA)2

)
, whi
h vanishes when

the height from vertex A1 in the triangle A1A2A3 is equal to the height

from vertex B1 in B1B2B3.

The presen
e of verti
al lines ϕ = 
onstant in the 
urve of zeros 
ould forbid

the gluing of a bounded 
omponent of the 
omplement of the singular lo
us

over one 
ylinder with the unbounded 
omponent over the other 
ylinder only

in the 
ase when two distin
t verti
al lines are 
ontained in the same 
ylinder.

A rather 
umbersome 
ase dis
ussion shows that this never happens, and we


on
lude with the following:

Theorem 2 The only non generi
 
ase when there are four aspe
ts instead of

two is when the base and moving triangles are similar (assuming neither is �at).

Con
lusion

The 
oordinates (ϕ, θ, r1) we used for the modi�ed workspa
e enabled us to ex-

press r1 as a fun
tion of the angular 
oordinates ϕ and θ on the singular surfa
e.

10



This des
ription of the singular surfa
e was then used in simple topologi
al ar-

guments to prove that, for a generi
 3-RPR manipulator, the 
omplement of the

singular lo
us in the workspa
e has two 
onne
ted 
omponents, i.e. the manip-

ulator has two aspe
ts. We also established that the only non generi
 
ase when

there are four aspe
ts instead of two is when the moving triangle is similar to

the base triangle (assuming neither triangle is �at).
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