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1 Solutions for Exercise Sheet-1

Exercise 1.1. Prove the following:

(a) For any morphism of sheaves ¢ : F — G on a topological space X, show that
ker(p)p = ker(ep) and im(p)p = im(pp), for each point P € X.

(b) Show that ¢ : F — G is injective (resp. surjective) if and only if the induced
map on the stalks op : Fp — Gp is injective (resp. surjective) for all P € X.

(¢) Show that a sequence

i

N o By S BNy R AN
of sheaves and morphisms is exact if and only if for each P € X the corresponding
sequence of stalks is exact as a sequence of abelian groups.

Proof. Solution by Karl Christ

(a) Let (U, s) denote an equivalence class in Fp as characterized in the lecture. Then
wp((U, s)) is given by (U, vy (s)). Furthermore, it is obvious that

{U,s)|(U,eu(s)) = 0p} 2 {{U, s)|pu(s) = 0}.
For (U, s) with (U, py(s)) = 0p, IV C U s.t. pu(s)y = ¢v(s) =0. So
(

U, S> = <V, S> € {<U, S>|90U(3) = 0}7

which implies
{U,9)[(U,pu(s)) = 0p} S {{U,s)leu(s) =0}
Combining these observations, we find

ker(pp) = {{U, s)|lpp((U,s)) = 0p} = {{U,s) (U, pu (s)) = 0p} =

{(U,s)leu(s) = 0} = {(U, s)ls € ker(pp)} = lim ker(py) = ker(p) p
PeU

By observations analogous to the ones above, for (U,t) € Fp and (U, s) € Gp,
we find

im(pp) = {{U, )3, 1) : op((U, 1)) = (U, )} =
{{U )3, 1) - U, eu(t)) = (U, 8)} = {(U,8) 3 1) : pu(t) = s} =

{{U;s)]s € im(pp)} = lim im(pr) = im(p) p,

where the last step is on presheaves, but since the associated sheaf to a presheaf
and the presheaf itself coincide on stalks (as stated in the exercise class), this
gives the desired equality.

(b) ¢ injective:

ker(p) =0 < ker(p)p =0, VP € X &
ker(pp) =0, VP € X (by(a)) & ¢p injective, VP € X.

(p surjective:

im(p) =G < im(p)p=Gp, VP e X &
im(pp) =Gp, VP € X (by(a)) & ¢p surjective, VP € X.



(¢) Let us assume that a sequence of sheaves

i

. i—1 . . i+1
s FRLE L LA LR
is exact. Let ¢ denote the inclusion map

@ 1 im(p"1) = ker(p").
Then we get

im(p'™1) = ker(¢") < ¢ isomorphism <
@p :im(p" 1) p — ker(¢")p isomorphism VP € X (by(b)) &
im(¢" 1) p = ker(p')p, VP € X & im(p ') = ker(pb), VP € X (by(a)),

which implies that the corresponding sequences of stalks are exact.

Exercise 1.2. Prove the following:

(a) Let ¢ : F — G be a morphism of sheaves on a topological space X. Show that
p is surjective if and only if the following condition holds: For every open set
U C X and for every s € G(U), there is a covering {U;} of U and there are
elements t; € F(U;), such that o(t;) = s|Ui for all i.

(b) Give an example of a surjective morphism of sheaves ¢ : F — G and an open
set U C X such that p(U) : F(U) = G(U) is not surjective.

Proof. Solution by Karl Christ

(a) We use the following description of an associated sheaf to a presheaf (defined in
the exercise classes):

FHU) = {(sy) € MyeuFulVz €U, 3z € W CU and t € F(W) : s, = t,, Vo € W}
(1)

Suppose ¢ is surjective, and let U C X be an open subset and s € G(U). Then by
surjectivity of ¢, s € im(p). By the above description of an associated sheaf, we
find that VP € U , 3P € Vp C U, and t¥ € im(yy,, ) such that VQ € Vp, we have
sg = tg. This gives for every () an open neighborhood Vg, such that sy, = t{jQ.
Thus the Vi form an open cover of Vp. Since G is a sheaf, sy, = t’. Moreover
as t©' € im(pv, ), we can choose t; € F(Vp), such that oy, (t;) = tF' = sy,.
Varying P over U gives the desired covering.

Now let us assume the converse. Then for any s € G(U), there exists an open
covering {U;} of U, such that for every x € U, there exists a t; € F(U;) and
v, (t;) = sy,. This implies that ¢y, (t;). = s Yz € U;. Taking the ¢y, (t;) to
be the t and U; to be the W in the above description of an associated sheaf,
we derive that s € im(y).

(b) Let F be the sheaf of abelian groups under addition such that
F(U) ={f:U — C|f holomorphic on U}
and G be the sheaf of abelian groups under multiplication such that

G(U) ={f : U = C|f holomorphic on U and nowhere zero}



for any open subset U in the underlying topological space C\ {0}. Observe that
the map

o:f—ef,
is a sheaf-homomorphism.

We first show that ¢ is surjective, by checking it on stalks: Let (U, s) € Gp. Let
V' C s(U) and s(P) € V' be small enough such that a branch log is defined on
V. Put V = s~ 1(V'). Then we find that

er((Vilog(si))) = (V;s) = (U, s),

S0 @p is surjective, and hence ¢ is surjective.

On the other hand, for the section s(z) = z € G(C \ {0}), there is no preimage
under ¢. This of course is at the same time an example, where the image of a
sheaf homomorphism is not itself a sheaf.

O
Exercise 1.3. Prove the following:

(a) Let F' be a subsheaf of a sheaf F on a topological space X. Show that the natural
map of F to the quotient sheaf F/F' is surjective and has kernel F'. Thus, there
is an exact sequence

0—F —F—F/F —0.

(b) Conversely, if
0—F —F—F" —0

is an exact sequence, show that F' is isomorphic to a subsheaf of F and that F"
is isomorphic to the quotient of F by this subsheaf.

Proof. Solution by Albert Haase
(a) First we will the prove the following useful fact.
Claim: For any P € X we have the following isomorphism of groups

(F/F')p = Fp/Fp. (2)

Proof. When defining the sheaf Gt associated to a presheaf G on X we argued
that Gp = gjg for all P € X. Let U C X be open and define the presheaf

gU)=FU)/F(U).

Then for P € X, we have Gp = G by gef'n (F/F)p. If we let brackets (-,-)
denote the equivalence classes w.r.t. the relation which defines the stalk of G’ at
P then

Gp={(U,35)|PeUCX open,s€ F(U)/F'(U)}=
{{U, s+ F'(U))|PeUC X open, s € F(U)} = Fp/Fp
via the map (U, s+ F (U)) — (U, s) + Fp.



The statement in (a) is now a corollary of Exercise 1.1 and the above claim. For
all P € X we have the following exact sequence of abelian groups

0— Fp — Fp — Fp/Fp — 0.
Hence by Exercise 1.1 (c) we can conclude that the sequence
0—F —F—F/F —0
is exact.
(b) We would like to show that for an exact sequence of sheaves
0—F S FL FIF -0

on a topological space X, F’ is isomorphic to a subsheaf G of F and that
F" = F/G. Exercise I1.1.5 of [Har] goes to show that a morphism of sheaves is
an isomorphism if and only if it is bijective. (Recall that [Har] defines an isomor-
phism of presheaves as a morphism with right and left inverses.) By Exercise
1.1 (c) we have the following exact sequence of groups

0— Fp & Fp L (F/F)p — 0.

Then by the isomorphism theorem for groups and equation , we find that the
maps
Fp —im(¢p) and Fp/im(¢p) = (F/im(¢))p — Fp

are bijective. Hence, applying Exercise 1.1 (a) and 1.1 (b) we get bijective maps
F' —im(¢) and (F/im(¢)) — F”
which are isomorphisms. This concludes the proof of the exercise.
O

Exercise 1.4. For any open subset U of a topological space X, show that the functor
L'(U, ") from sheaves on X to abelian groups is a left exact functor, i.e., if

0—F —F—F'

is an exact sequence of sheaves, then
0 —IUF)—TUF) —TUF"

is an exact sequence of abelian groups. We note that the functor T'(U,-) need not be
exact.

Proof. Solution by Albert Haase

The exercise is to show that for any open set U C X, where X is a topological space,
I'(U,-) is a left exact covariant functor from the category of sheaves on X to the
category of Abelian groups.

We know from class that T'(U, -) sends sheaves F on X to groups F(U) and morphisms
¢: F — F' of sheaves on X to homomorphisms of groups ¢(U): F(U) — F'(U).

Now let

0 F HFLF (3)



be an exact sequence of sheaves on X. We would like to show that the following
sequence

0 DU, F) % 1WU,F) % rw,F) (4)

is exact.

Since ¢ is injective and ker(¢) = 0 is defined as the presheaf kernel U + ker(¢), it
must be the zero-sheaf. This implies that ker(¢(U)) = 0 and subsequently exactness
at T'(U, F'). Furthermore, because ¢(U) is injective, the presheaf image of ¢ is actually
a sheaf and hence it coincides with im(¢). By exactness of the sequence , we get

(U = im(¢(U))) = (U = ker(y(UV))),

which proves the exactness of the sequence . O



2 Solutions for Exercise Sheet-2

Exercise 2.1. Let k be an algebraically closed field. Let X C A™(k) be an irreducible
affine algebraic set and let R(X) = k[X1,...,X,]/I(X) denote its coordinate ring.
Let Ox denote the sheaf of regular functions on X. For f € R(X), prove the equality

Ox(D(f)) = R(X); C Quot(R(X)).
In particular, deduce that Ox(X) =T'(X,0x) = R(X).

Proof. Solution by Claudius Heyer

Since X is irreducible, I(X) is prime and hence R(X) is an integral domain. Therefore
Quot(R(X)) exists. Recall the definitions of D(f), R(X)y, and Ox (D(f)):

D(f) ={z € X[ f(x) # 0},

MXM{ﬂlgGRanGN*,

Ox(D(f)) = {(p: D(f) — k

Vo € D(f): 3U > x open: Jg,
h(y) #0Vy € U and ¢(y) = 7

-~

€ R(X): }
Y)
) Yy e U

>

It is obvious that R(X); C Ox (D(f)) (choose U = D(f)). It remains to show that
Ox (D(f)) € R(X)y.
Let ¢ € Ox (D(f)). For all z; € D(f), there exist ; € U; open and g;, h; € R(X),

such that h;(y) # 0 and p(y) = iig% ,Vy € U;. Since the sets of the form D(g),

g € R(X) form a basis for the Zariski topology, we may assume that U; = D(p;), for
all ¢ € I. For all i € I, we have D(p;) C D(h;), i.e. V(h;) C V(p;). From Hilbert’s
Nullstellensatz it follows that \/p; C v/h;. Therefore p} € (h;) for some n € IN, i.e.
pi = ¢ h; for some ¢ € R(X), and hence U; = D(h;).

Notice that we have - = Z—é on D(h;) N D(h;) = D(h;hj), for all 4,j € I, or equiva-

lently gih; = gjh; in R(X) (to see this, notice that 7= and Z—j_ are equal in R(X)p,n,; ).

Hence, by definition of localization and since R(X) is an integral domain, we get
gih; = g;jh; in R(X)]. By construction, we have D(f) € U,c; D(hi). From the
lectures, it follows that
= Z a;h;
=
for some finite J C I, n € IN and a; € R(X). Putting g := >

9" = Z aihig; = Z aihjgi = hjg,

i 0igis we get

icJ icJ
or equivalently, fin = Z—JJ on D(h;) for all j € J; and since the D(h;) cover D(f), we
get o = &, i.e. 9 € R(X)y. O

Exercise 2.2. Let X,Y be topological spaces and let f: X — Y be a continuous
map. Let all occurring (pre)sheaves be (pre)sheaves of abelian groups.

(a) For a sheaf F on X, we define the direct image sheaf f+F by
LFWV) =F(f71(V))
for any open subset V-C Y. Show that f.F is a sheaf on'Y.



(b) For a sheaf G on' Y, we define the inverse image sheaf f~1G to be the sheaf

associated to the presheaf

[rG U dim G(V),
VCYopen
VO£ (U)

where U C X is an open subset. Show that f~' is a functor from the category
of sheaves on'Y to the category of sheaves on X.

Proof. Solution by Claudius Heyer

(a)

Since f is continuous, f~!(V) is an open subset in X, for V an open subset
of Y. Therefore, f.F(V) = F(f~'(V)) is an abelian group. Furthermore,

LFO) = F(F1(0)) = F(0) = 0.

If the restriction maps of F are denoted by p’, then those of f.F are given by
pUV = plffl(U)ffl(V) for all open U,V C Y.

For W C V C U open subsets of Y, we have the following inclusion of open
subsets of X, f~Y(W) C f~Y(V) C f~Y(U). From this it is clear that pyy =
idf*]:(U) and PUW = PVW O PUV - Thus f*f is a prcsheaf.

Now let U C Y be an open subset, and U = J,;c; U; be an open covering of
U. Let s € f.F(U) such that s’U‘ = 0, for all ¢ € I. We may read this as

s € f(f_l(U)) and S’U~ € ]-'(f_i(Ui)) =0, for all i € I. Now f~1(U) =
1 (Uier Ui) = Ujer f71(U;) is an open covering. Since F is a sheaf s = 0,
which proves sheaf property (iv) of f,F

Now let s; € f.F(U;) = F(f~'(U;)) such that s; for all

|U7;ﬂU]‘ = Sj|U7;ﬂUj7
U) = U;e; f7H(U;) is an open covering and F a sheaf,
) = f* (U) such that 5|U_ = s;, for all ¢ € I. This

i,j € I. Again since f Y
we find an s € F(f~1(U)
shows sheaf property (v) of

For functoriality of f~!, we only need to show that for ¢ € Hom(F,G) (F,G
sheaveson Y'), f !¢ lies in Hom(f~'F, f~'G) and that f~! (o) = f~ o f~ 1
holds, whenever it makes sense.

So let ¢: G — G’ and ¥: G’ — G” be morphisms of sheaves on Y. Let
U C X be an open subset. For all W C V C Y open subsets such that
f7HV) D f~1(W) D U, by the definition of the direct limit, we have the follow-
ing commutative diagram

G(V) v g'(V)
~ , -
MV Hy

HILPE Ve
e 1r60) - o] o
>~ l
HW My
~ ~
G(w) o - g'(W)



Furthermore, the process of sheafification yields the following commutative dia-

gram
f6(u) frg'(u)
f71a(U) A

Putting these things together shows that the following diagram is commutative

@ P

g > g/ > g//

I3 m I3
\ + + 4
16— prg s g

Lt Ligtah Lirtarn

fflg e f—lg/ I f—lg//

and that f~1(pop) = f~%po f~1p. Hence, f~! is a covariant functor from the
category of sheaves on Y to the category of sheaves on X.

O

Exercise 2.3. Let F, G be sheaves of abelian groups on a topological space X. For
any open set U C X, show that the set Hom(]—"U, Q‘U) of morphisms of the restricted
sheaves has a natural structure of an abelian group. Show that the presheaf

U»—>H0m(.7—'|U,g’U)

where U C X is an open subset, is a sheaf. It is called the sheaf Hom and is denoted
by Hom(F,G).

Proof. Solution by Claudius Heyer
Note that for the inclusion i: U — X, for all V' C U open subsets, we have

F| =i 'F(V)=lim FW)=F(V).

WCU open
Woi(V)=V

v

For V C U C X open subsets, let ¢, € Hom(}"‘U, Q|U), then define

(e+v)v: Fl,(V) — G|, (V), s pv(s)+iy(s).
Since ¢ and v are morphisms of sheaves, for W C V' C U open subsets, and s €
f‘U(V), we have
(o +)w (‘W) ew (s )+wW(‘W)

|w
= (vl + (v ()|
(‘PV(S)"F'(/)V ‘W
= ((p+v) )’W

10



Therefore the following diagram commutes

(¢ +v¥)v
Fl,(V) 256, (V)

pPvw O Pw

FlyW) Gl,(W)

(¢ +¥)w

and ¢ + .7-'|U — Q‘U is a morphism of sheaves. Since every ¢ € Hom(}'|U,g|U)
induces a morphism of sheaves —: .F|U o Q|U (by setting (—¢)y := —t¢y for
V C U open), we see that 0 € Hom(f|U,g|U). Hence Hom(]—"|U,g|U) is a group. It
is abelian because Q|U(V) is abelian, for all V' C U open.

Equipped with the usual restriction maps, Hom(F,G) becomes a presheaf.

Now let U € X be an open subset, and U = | J,c; U; be an open covering of U.

Let ¢ € Hom(]:|U,g}U) such that g0|U1_ =0, for all # € I. We want to show that
¢ =0,1i.e ¢y =0 for all V C U open. Notice that <p|Ul_ = 0 implies

Yvnu; = (<P|Ui)vai =0, VV CU open.
For V' C U open subset, and s € .F}U(V) = F(V), we have
(v )|y nw, = v (slyny,) =0, Vi€l

Because V' = J,c; U; NV and g|U is a sheaf, it follows that ¢y (s) = 0. This shows
the sheaf property (iv) of Hom(F,G).

For i,5 € 1, let ; € Hom(}"’U_,Q|U‘) be given such that @i‘UﬂU‘ = Yilg.au.- We
want to find ¢ € Hom(]:|U,g‘U) such that <p|U‘ = ;, for all i € I.
Let V C U be an open subset and s € .7:|U(V). For i € I, put t; :== i vnu, (SIVﬂU') €

G|, (VN U;). With this definition, for all i,j € I, we have

ti|UmUj = $ivnu; (S|VﬂUi)

= i, VNU;NU; (8|V0UiﬁUj)

UiﬂUj

= @5,vnU;nU; (S‘VI’WUI‘QUJ’)
= @;,vnu; (5|vaj)

UiﬁUJ'

UiﬂUj

Since Q|U is a sheaf and V = J,.; U; NV, there exists t € g|U(V) such that

i€l
t|VﬂU.; = t’i = Yi,vnu; (S|VﬁUi)7 Vi el.

Now put oy (s) := t. We still have to show that ¢ commutes with the restriction

maps. For i € I, W CV C U open subsets and s € f’U(V), by writing pv(s) = t,

t; = t’VmUi and gow(s‘w) =1t = £|WﬁUi’ we find

(t‘w)|mei = t|WmUi = ti|WﬂUi
= wi,VﬁUi (S|VﬁUi)
= @i,WﬁUi (S|WﬂU{,)

= 1.

wnu;

11



Again by using that Q|U is a sheaf and W = (J,.; Us "W, we get t W= t, i.e.

QDV(S)’W = ‘PW(S|W)'

Therefore ¢ is a morphism of sheaves with the desired properties. This shows the
sheaf property (v) of Hom(F,G). O

Exercise 2.4. Let X be a topological space and let 34 = {U;};er be an open cover of
X. Furthermore, suppose we are given for each i a sheaf F; on U; and for each pair
1,7 an isomorphism

~

Pij - ‘Fi‘UmUj —F;

UiﬂUj
of sheaves such that

(1) for each i: p;; = id,

(2) for each i,j,k: @i = @ji 0@y on U; NU; NU.

Show that there exists a unique sheaf F on X, together with isomorphisms of sheaves
(R }'|U_ = F; such that, for each i,j, the equality Y; = @i 0 ; holds on U; N Uj;.
We say that F is obtained by glueing the sheaves F; via the isomorphisms ;.

Proof. Solution by Claudius Heyer
Let U C X be an open subset. We define F via

FU) :=
{(Si)id € HE(U NU:) | Vi,jel: 8i|UnUmUj = $5,UNUNU; (Sj’UnUmUj)} )
icl
We show that F is a sheaf. F(f)) = 0 is clear. Observe that the restriction maps are
given by
vai]:(U) —>]:(V), (Si)ie] — (Si’\/)iel forVQUQXopen.

From this, it is immediate that pyy = idz @) and pyw = pvw o pyv. Hence F is a
presheaf.

Let U C X be an open subset and U = UjeJVj be an open covering of U. Let
s € F(U) such that s’v' =0, for all j € J. We have to show that s = 0. Notice that
J

(Si’\/j)iGI:S’Vj :OZ(O)ie[, i.e. S”VJ :0,
foralli eI, j € J. Because UNU; =
s; =0, for all ¢ € I, thus s = 0.

Let s; = (sij)ier € F(V;), where s;; € F;(V; NU;). Since F; is a sheaf, there
exists s; € F;(U NU;) such that s; Set s = (84)ics- It is obvious that

e V; NU; and F; is a sheaf, it follows that

|‘/‘7F]UL = Sij-

S|V_mU_ = s;, for all j € J. What is left to show is that s lies in F(U). So it suffices

to prove that

Sily,Au, = PRiUNUL (SklUmUk),Vz’, kel (6)

12



Recall that since ;i are morphisms of sheaves, we have the following commutative
diagram

Pik,U;NUy,

fi‘Uq‘,ﬁUk (UZ N Uk) > fk‘Uq‘,ﬁUk (UZ N Uk)

/
PU;NUL,V;NU; MU O PU;NUY, V;NU;NUy,

‘Fi|UimUk(‘/ijimUk) "FMUiﬂUk(‘/ijimUk)

@ik,vj NU; NUg

Thus, for i,k € I, j € J, we compute

Si

U,NUyg ‘/JmUlmUk |ijﬁUi

V;NU;NUy
= 5ij|vijmUk
= Phi,V;NUNUy, (SkJ'!anUmUk)

= Pki,V;NU;iNUy (Sk‘vijmUk)

= Pki,U;NU; (Sk; ’Uq‘,ﬁUk) V;NU;NUy '

Since F; is a sheaf and U; N U, = UjeJ V; NU; N Uy is an open covering, @ holds
true. Therefore, we have s € F(U) and thus, F is indeed a sheaf.

Fix i € I, let V C U; be an open subset, then define the isomorphism ), : ]-'}U’_ N
by setting '
Vi ]-'\Ui(V) — Fi(V), s=(8)ier — S

The inverse is given by

by Fi(V) — F

5 V) si— (iveu, (si»mj))jd.

Firstly, check that 1; !is well-defined. Using property (2) of the ¢;;’s, for j,k € I
and V C U; an open subset, we find that

Pijvau, (i ’Vnt) = @ijvau,nu; (i ’VﬁUjﬂUk)

VAU;NU},

= Pkj,VNU;NU, (@ik,VﬂUjﬁUk (Si|VmUjﬁUk))

= Pkj,VvnU;NU (@'k,VnU Si )
J J k 7 k( l|VﬂUk) VAU; U

But this is exactly the condition for gb;&(sz) to lie in ]:|U7~,(V)' By property (1) it
follows that 1; v 0¢;y, = idz,(v). Recall that for s = (s;)ies € ]—"|U1_(V), by definition
we get

Sj = Sj’vaj = ¥ij,vnu; (si‘VmUj)’ jel,

which proves ;- ‘1/ oYy = id]__ . By the very definition, ¢; (resp. ¥, 1Y commutes

b (V)

i

with the restriction maps (notice that the ¢;;’s commute as well). Therefore, 1; is
indeed an isomorphism of sheaves.

The fact that for all s = (s;)ier € F(U), we have
Si‘UiﬁUj = @ji,UiﬂUj (Sj‘UiﬁU]‘)’

13



implies that 1;[}1 = Y;i © 1/}j on U; N Uj.

One last thing still to prove is the uniqueness of F. Let G be another sheaf on X,
together with isomorphisms of sheaves ; : g] U — F; satisfying ¢; = ¢;; 0 ¢; on
U;NUj, for all 4, j € I. First of all, we get isomorphisms of sheaves

- o ]
o = o fin = g]w iel.
Hence, we get an isomorphism of sheaves
o F =g

given by oy : F(U) — G(U), (8i)ier — (O—i’U(Si))iEI for U C X an open subset.
Notice that ¢ commutes with the restriction maps, because v; and 1[)1- commute with
the restriction maps, for all 7 € 1. O

Remark. Note that another equivalent way of formulating the sheaf F described in

is
F(U):mfz(UmUz) (UQX, open).

3

Hence, the following maps (which exist from the definition of inverse limit)
F(V)— Fi(V), where VCU; C X,
define morphism of sheaves

i F

U; Fi

satisfying 1; = ;5 o 9 on U; N U;.

14



3 Solutions for Exercise Sheet-3

Exercise 3.1. Let X = C be equipped with the Fuclidean topology and consider the
following (pre)sheaves on X : the locally constant sheaf Z with group Z, the sheaf Ox
of holomorphic functions, and the presheaf F of functions admitting a holomorphic
logarithm. Show that

0—2mZ— Ox ZBF 0,

where 2wi Z — Ox is the natural inclusion, is an exact sequence of presheaves. Show
that F is not a sheaf.

Proof. Solution by Max Laum

Let X = C be equipped with Euclidean topology. It is to show that the following
sequence is an exact sequence of presheaves, and that F is not a sheaf.

2wl — Ox — F.

From Exercise we know that it suffices to prove the exactness at the level of stalks.

For x € C, consider the following sequence of stalks

2miZ, ~2 Ox .o —225 Fo, (7)

where i, denotes the map 2miZ, = 2miZ — Ox ,, taking the group of integers 2miZ
into the group of holomorphic functions at the point x. It is clear that ¢, is injective.

Claim: im(i,) = ker(exp,,).
For 7 C 7 we see that 2mik — 2mik — exp(2mik) = 1. Conversely, exp, (1) =
log 1 4 27ik. Hence im(i,) = ker(exp,,).

The map exp, is surjective because, by definition for every f that is holomorphic
at r and admits a holomorphic logarithm, there exists a function g such that g is
holomorphic at = and exp,(f) = g. This proves the exactness of the sequence (7).

To see that F is not a sheaf, look at the function z — 2z which has a logarithm on
U = C —Rgp and similarly on Uy = C — R, but not on the entire complex plane C
(see Exercise 1 .2(b)). O

Exercise 3.2. Let X, Y be topological spaces and let f : X —'Y be a continuous map.

(a) Let G be a sheaf on' Y. Construct explicitly an example such that the presheaf
fTG given by the assignment

U= lm  G(V) (UCX, open)
VY, open
f)cv
s mot a sheaf.

(b) Let F be a sheaf on X and let G be a presheaf on'Y . Show that there is a bijection

Homgy,(x)(f G, F) — Homp,esn(y)(G, £ F)

of sets.

15



Proof. Solution by Max Laum
Let X,Y be topological spaces and f : X — Y be continuous.
(a) Let G be a sheaf on Y. Define a presheaf fTG on X by:

VCY open
V2£(U)

We want to construct an explicit example to show that this is in general not a sheaf.

Set Y :={g,s,t} and a subset U C Y is defined to be open if U =@ or g € U. Let X
be the closed subspace X = {s,t} and G the sheaf associated to the presheaf U +— Z.

Let f: X — Y be the inclusion map. We observe that Y is connected, but X is not.
Then

HeX)=  lm GV)=12, (8)

VDO f(X) open

as Y is the only open set containing X (in the topology of V).
On the other hand, observe that

(f7G@)({s}) =Z and (f7G)({t}) = Z.
So by the glueing property of sheaves we would have that
(ffo)(X) =2* = (f1G)(X),
which contradicts (8)).
(b) Let F be a sheaf on X, and G a presheaf on Y. We show that the following map
is a bijection:
Homgy,(x)(f~'G, F) — Hompegn(y) (G, foF)
¢ — ¢’
lb# S Z/}a

where the maps are defined as follows.

Let ¢: f~'G — F be a morphism and ¢t € G(V) for some open V C Y. Since
F(f~Y(V)) C V, we have a restriction map G(V) — (f*G)(f~1(V)). Then, we have a
composition of maps:

GV) = fHG(f' (V) = G (V) = F(F (V) = £ F(V)
s dr-1v)(8),

and QS?/(t) is defined to be the image of ¢ under the above composition.

Conversely, let ¢: G — f.F be a morphism of presheaves on Y. For U C X open, an
element in the direct limit f*G(U) is represented by a pair (V,s) with s € G(V) and
V D f(U). Then ¢y (s) € (f.F)(V) = F(f~1(V)) and we define ¥ ((V,s)) € F(U)
to be the restriction 1y (s)|;.
To show the bijection, it remains to check that the above defined maps are inverse to
each other, which we leave as an exercise for the reader. This completes the proof of
the exercise. O
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Exercise 3.3. Let k be a field. Consider the projective space P*(k) := (k"T1\{0})/ ~,
where the equivalence relation ~ is given by

(o, .oy xn) ~ (24 .., xl) <= 3IN€k\{0}: z; =\a} Vi=0,...,n.

The equivalence class of a point (xg,...,x,) is denoted by [zg : ... : x,]. Fori =
0,...,n, we set

Uy = {[wo:...: 2] €P"(k) |z; #0} C P (k).

(a) We define the topology on P™(k) by calling a subset U C P™(k) open if U NU;
is open in U; for all i =0,...,n. Show that {U;}i=o,... n is an open covering of
P (k).

(b) Prove that the map U; — A™(k), given by

7o 7 Ty
[Xo:.. . 2p] — (—7...,—,...,— ,

s a bijection; here, the hat means that the i-th entry has to be deleted. By
means of this bijection we endow U; with the structure of a locally ringed space
isomorphic to (A™(k), Oan(k)) denoted by (U;, Oy, ).

(c) For an open set U C P"(k), we set
Opn(iy(U) = {f U = k| |y, € Ov,(UNTU)Vi=0,...,n}.

Show that

Opniy(U) ={f:U — k:Wx e U, dz €V CU open,
dg,h € k[Xo, ..., X,] homogeneous: deg(g) = deg(h),
h(v) # 0, f(v) = g(v)/h(v) Vv € V'}.

Conclude that (P"(k), Opn (1)) is a locally ringed space.

Proof. Solution by Max Laum

(a) Clearly, we have |J;_, U; C P"(k). Now let = [zg : ... : x,] € P"(k). Then, at
least for one i we have x; # 0, which implies that « € U;, and hence, P"(k) C |J!_, U;.
This proves that P"(k) = J;_, U;.

(b) It is to show that the map

is a bijection.
To show this, we will construct an inverse of g. Consider the following map:
g L A"(k) — U
(@gy -y @iyeveyan) — [ag: ... 10 Lot ay]
Then, g~ og =idy, and go g™ = idn (s, since [Zrtle s 2] =[mo ... 3y

in P (k). "
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(¢) We want to show that:

Opniy(U) ={f: U = k|Vox € U,3x € V C U open,
dg,h € k[Xo,...,X,] homogeneous : deg(g) = deg(h),
h(v) # 0, f(v) = g(v)/h(v) Vo € V.

First, we will look at the concept of homogenization. A polynomial f is called ho-

mogeneous of degree d (written f € k[Xy, ..., X,]®), if f is a sum of monomials of
degree d.
For any i € {0,...,n} the following map is a bijection (called dehomogenization):

'Y kX, ..., X, )@ — {g € k[To, ..., Ty, ..., Ty)| deg(g) < d}
f’—)f(To,...71,...,Tn).

To prove this we will construct an inverse (called homogenization). Let g be a poly-
nomial of the RHS and g = 25:1 g; its decomposition into homogeneous parts with

respect to Tp,...,T;,...,T,. So the g; € k[T, .. .T;,]9) and the map ¥, given by

d
\I}Ed) = ZXidijgj(X(h R ,XZ', ce ,Xn)
=0

is indeed an inverse of ®;.

The definition of ® can be extended to the field of fractions. Let Z be the subfield
of k(Xo,...,X,) that consists of elements that are of the form f/g, where f,g €
E[Xo, ..., Xn] are homogeneous and of the same degree. We then have a well-defined
isomorphism of k-extensions:

&;: 7 — k(Ty,..., Ty, ..., T,)
f%@z‘(f)

g9 Pi(g)
Then, the proof of the claim just becomes an application of this bijection.

Let f € Opn(x)(U) and o € P"(k). Then, there exists an 7 such that x € U; and
f|UmU’£ € Oy, (UNU;). Therefore, we have that f is regular in a neighbourhood
V of z, i.e. there exists a V. C U N U; open with z € V, such that there exists
G, h € k[Xo,...,X;,...,X,] with h # 0 and f = §/h on V. Applying the inverse of
®;, gives us the element ®;*(§/h) = g/h which is of the desired form.

Conversely, if f € RHS, it is locally given by g/h on UNU; with g, h € k[ Xy, ..., X,,](®,

for some d. Applying the map ®; we get that f is of the form g/h where g,h €
k[Xo,..., Xi,..., X,]. Hence, |, € Ouy,(UNU;). O

Exercise 3.4. A locally ringed space (X, Ox) is called an affine scheme, if there exists
a ring A such that (X, Ox) is isomorphic to (Spec(A), Ogpec(a)). A morphism of affine
schemes is a morphism of locally ringed spaces. The category of affine schemes will be
denoted by (Aff), the category of commutative rings with 1 by (Ring).

(a) Show that the assignment A — (Spec(A), Ospec(a)) induces a contravariant func-
tor Spec : (Ring) — (Aff).

18



(b) Show that the assignment (Spec(A), Ogpec(a)) — I'(Spec(A), Ogpec(a)) induces a
contravariant functor T : (Aff) — (Ring).

(¢) Prove that the functors Spec and T’ define an anti-equivalence between the cate-
gory (Ring) and the category (Aff).

Proof. Solution by Max Laum
(a) Tt is to show that the assignment
Spec: (Ring) — (Aff),
A —(Spec(A), Ospec(a))
is a contravariant functor.

Let ¢: A — B be a morphism of rings. Then, we have already seen that the induced
map

f: Spec(B) — Spec(A)
pre(p)
is a continuous map on the underlying topological spaces.

Now, we want to construct a morphism of sheaves f”: Ospec(a) = f«Ospec(p)- Observe
that {D(s)}sca form a basis for the topology on Spec(A). Hence, it suffices to define
f? on D(s) (s € A), such that the definition is compatible with restrictions to D(t) C
D(s). Now, for s € A, we have
Ospec(a)(D(s)) = A and
f*OSpec(B)(D(S)) = OSpeC(B) (fil(D(s))) = OSpec(B) (D(<p(s))) = Bcp(s)v

where the equality f~'(D(s)) = D(p(s)) is known by a proposition of the lecture.
Using the above equalities, we define the following ring homomorphism:

flb?(é’): Ospec(a)(D(5)) — f+Ospec(s) (D(8))
a . pla)
s )

It can be shown that this homomorphism is compatible with the restriction maps, and
thus we have a morphism of sheaves f: Ospec(a) = f+Ospec(B)-

For every prime ¢ € Spec(B) the induced homomorphism
. -1 — — —
£+ (£ Ospec (4)) g = Ospecay fa) = Ap-1(a) = Ospec(),a = Ba

is a local homomorphism (i.e. fg(mwl(q)) C my), where m, is the maximal ideal of
By. Therefore

Spec(p) := (£, f)
is indeed a morphism of affine schemes. Now, it is straightforward to prove that
Spec(ida) = 1d(Spec(A),05pec(a)) and that Spec(p2 o ¢1) = Spec(p1) o Spec(ps).

(b) Conversely, we show that the assignment

T': (Aff) —(Ring)
(SpeC(A)7 OSpec(A)) ’—>F(SpeC<A)7 OSpec(A))
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is a contravariant functor as well.

Let f: (X,0x) — (Y,Oy) be a morphism of affine schemes. Hence, we have a
homomorphism of rings fo: Oy — f.Ox, which we will denote by I'(f).

This map is obviously functorial in the sense that for any morphism of schemes
g: (Y,0y) — (Z,0z), we have a commutative diagram

HOHlAff(X, Y)

Homping (Oy, Ox)

Homag(Y, Z) Hompging (Oz, Oy),

where the maps on the vertical arrow on the left is given by composition with g and
on the right by composition with gbZ: 0Oy — g.Oy.
This shows that I' is a contravariant functor.

(c) We now show that the functors Spec and I' define an anti-equivalence between the
category of commutative rings with 1 and the category of affine schemes. For that we
need to show that the functor Spec is essentially surjective and fully faithful.

The contravariant functor Spec is essentially surjective, by the definition of an affine
scheme. It remains to show that it is fully faithful, i.e. the assignments

Hompging (4, B) ﬁ?pec Homag(Spec(B), Spec(A)),

are inverse to each other.

Clearly, we have I o Spec = id. Just set s =1 in (a) to obtain
£y Ospec(r) (Spec(B)) = B — Ogpec(a)(Spec(4)) = A.

Conversely, let (f, f°): Spec(B) — Spec(A) be a morphism of affine schemes and
I'(f) = ¢: A — B be the induced map. We want to show that Spec(p) = (ﬁp,ffa)7
defined as above, equals our initial f.

For any prime q € B we have a commutative diagram

A—— B

|

Af(a) —ﬁ’ By.

q

This shows that ¢~!(q) C f(q). Since the map f§ is also a local ring homomorphism,
we find that

@) Ca=o(f(@) Ca=fa) Se (@) =¢ '(a) = fa).
Therefore, f and f, coincide set-theoretically (as continuous maps).

Now fqu by definition makes this diagram commute as well. Hence, fg = f&q, for all
q € Spec(B). It follows that f* = fé, and hence, f’ = f:, as morphisms of sheaves,
which concludes the proof. O
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4 Solutions for Exercise Sheet-4

Exercise 4.1. Let A be a commutative ring with 1 and let X = Spec(A). Show that
for f € A the locally ringed space (D(f), OX|D(f)) is isomorphic to Spec(Ay).

Proof. We need to construct a morphism ¢ : D(f) — Spec(Ay), and a morphism of
sheaves ¢ : Ospec(a;) — gb*OX’D(f), and show that ¢ is a homemorphism and that

¢ is an isomorphism.

For f € A, observe that the set of prime ideals in Ay are the prime ideals in A which
do not intersect f. So the elements which are mapped to prime ideals in A; under the
map A — Ay are the prime ideals in A which do not contain f, which by definition
is the set D(f). This shows that the map ¢ : D(f) — Spec(A;) induced by the map
A — Ay is a bijection.

Furthermore for p,q € D(f) prime ideals, we have p C q if and only if ¢(p) C ¢(q).
This shows that our map ¢ is a homeomorphism.

Now for any p € D(f), as f & p, we have the isomorphism A, = (Af)¢(p). Using this

isomorphism we can deduce that the morphism ¢° : Ospec(a;) = ¢*0X|D(f) induced
by the map ¢ is an isomorphism.

Hence, we can conclude that the locally ringed space (D(f),Ox| D( f)) is isomorphic
to Spec(Ay). O

Exercise 4.2. Let X and Y be schemes, and let {U;};cr be an open covering of X.
Let f; :U; =Y (i € 1) be a family of morphisms such that the restrictions of f; and
f; to Uy NUj coincide for any i,5 € I. Show that there exists a unique morphism of
schemes f: X — Y such that f‘U,- = f; foralliel.

Proof. There are many solutions available in the literature, for e.g. the solution given
by Marco Lo Giudice in his notes. It has been proven as a proposition in Section 2.3.2
titled “Gluing Morphisms” on page 53.

Giudice’s notes can be found at the following web-address http://magma.maths.
usyd.edu.au/users/kasprzyk/calf/pdf/My_Way.pdf. O

Exercise 4.3. Let {X;}icr be a family of schemes. Suppose that for schemes X;
(i € I) there exist open subschemes U;; C X; (j € I) and an isomorphism of schemes
Pij Uij — Uji (Z,j S I) such that

(1) Uiy = X and pi; =id (i € I),

(2) vji=¢;' (i,jel),

(3) ¢ij(Uij NUik) = U N Uj, (i, 4,k € I),
(4) ik = @jrowij on Uy NUy, (4,4, k € I).

Show that there exists a unique scheme X, equipped with morphisms ¢; : X; — X
(¢ € I), such that

(i) ; yields an isomorphism from X, onto an open subscheme of X (i € I),

(it) X = U 4i(Xi),

i€l

(i1i) ¥i(Uij) = ¥i(Xa) N 9;(X;) = ;(U) (3,7 € 1),

21


http://magma.maths.usyd.edu.au/users/kasprzyk/calf/pdf/My_Way.pdf
http://magma.maths.usyd.edu.au/users/kasprzyk/calf/pdf/My_Way.pdf

() i =jopi; on Uy (i, €1).
We say that X is obtained by gluing the schemes X; along the isomorphisms ;;.

Proof. For a very precise and elaborate solution, we again refer the reader to the lemma
on page 55 in Section 2.3.3 titled “The Gluing Lemma” of Giudice’s notes. O

Exercise 4.4. Let k be an algebraically closed field. We consider two copies of the
affine line A'(k), which we distinguish by setting X1 = Spec(k[s]) and X5 = Spec(kl[t]).
Let Uyg := D(s) C X1 and Uay := D(t) C Xs. Let @12 : Ura — Usy be induced by the
isomorphism of rings

klt,t™'] — k[s,s7 1]

sending t to s, and let $1 be induced by the isomorphism sendingt to s~1. Describe the
scheme X obtained by gluing X1 and X5 along the isomorphisms @12 and the scheme
Y obtained by gluing along ¢12 instead. Show that X andY are not isomorphic.

Proof. We refer the reader to Section 2.3.5 titled “ Gluing Affine Lines ” on page
58 of Giudice’s notes for the solution. O
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5 Solutions for Exercise Sheet-5

Exercise 5.1. Consider the following affine schemes:

Fori=1,...,4, describe the topological space X; and its open subsets, and compute
Ox, (U) for all open subsets U C X;.
Proof. Solution by Mattias Hemmig

Consider C[X] C C(X) and recall Spec(C[X]) = {(X —a) | « € C}U{(0)}. Hence to
determine Spec(C[X]/I) for any ideal I C C[X], it suffices to find the prime ideals in
C[X] that contain I.

By the very definition of a sheaf of rings we have Ox, (0) =0 for i = 1,2, 3, 4.
(a) X1 = {(X)} and Ox, (X1) = C[X]/(X?).

(b) X3 = {(X), (X —1)}. These ideals are clearly maximal and, hence, closed in X.
Therefore we have Top(X2) = {0, {(X)}, {(X — 1)}, Xo}.

e 0, (%)) = Ox, (D(X =) = (CX]/(X? — X))z,
g(C[‘XV](X 1)/<X X)( 71):C[X,L]/ )()%(C7

e Ox,((X—1)) = O0x,(D(X)) = (C[X]/(X*> - X
= ClX]x)/(X? = X)(x) = C[X, x]/(X —1) =
e Ox,(X3) = C[X]/(X? - X).

() X3 = {(X),(X —1)}. By the same reasoning as in (b), we get Top(X3) =
{0, {0} {(X =D}, X5}

* Ox,((X)) = 0x,(D(X - 1)) = (<C[X]/(X3 XQ))(X )

= C[X](x-1)/(X® = X?)(x-1) = C[X, = 1]/( ?) = CIX]/(x?)

For the last equality observe that (X —1)7! = —X — 1 in C[X]/(X?);
* Ox,((X —1)) = Ox,(D(X)) = (CIX]/(X® = X?)) %,

= C[X]x)/(X? = X?)(x) = CIX, x]/(X - )gC

o Ox,(X3) = C[X]/(X? - X?).
(d) Notice that R[X]/(X? +1) has the structure of a field, indeed R[X]/(X2? +1) = C
and so Xy = {(0)} and Ox,(X4) = C. O

Remark. Comparing examples (a) and (d), or (b) and (c), observe that the intro-
duction of nilpotent elements will give rise to more refined structure sheaves.

Notice further that in all of the above examples the underlying topological space carries
the discrete topology.
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Exercise 5.2. Let k be an algebraically closed field and let X = Spec k[X1, X2] be an
affine scheme. Show that U = X \ V(X1, X2) is an open subscheme of X, which is
not affine.

Proof. Solution by Mattias Hemmig

First observe that the ideal (X3,X5) C k[Xi, Xo] is maximal and hence the set
V(X1, X2) = {(X1,X>)} is closed in X = Spec(k[X1, X2]). Thus (U, Ox|y) is indeed
an open subscheme of (X, Ox) — the affine plane over k with the origin removed.

We proceed by showing that U cannot be affine in two steps:

(i) We show that the restriction k[X1, Xa] = Ox(X) 2% Ox(U) is indeed an iso-
morphism of rings.

Injectivity: k[X1, Xo] is an integral domain and hence, Spec(k[X7, X5]) is an integral
scheme. It is a general fact that the restriction maps on an integral scheme are
injective. For a proof consider the solution of Exercise 5.4.

Surjectivity: Let s € Ox (U). Since U = D(X;) U D(X3) we can find representations
5= s on D(X;) and 5 = % on D(X3) for some a, § € k[X1, X3] and m,n € Z>o.
1 2 -
On the intersection D(X;) N D(X2) = D(X1X3) we have & = % and hence the

1 2

equality a X3 = SX{". But k[X;, X5 is a unique factorization domain and we find that
X" | @ and X3 | B. Therefore there exists some v € k[X1, Xo] with v = & = %

1 2
and pxu () = 5.
(ii) Assume now that U = Spec(A) is affine. We then consider the open immersion
U — X and apply the functor I' yielding the morphism of rings

Ox(X) = k[X1, Xo] 225 Ox(U) = A,

which we know by step (i) to be an isomorphism. Applying now the functor Spec
induces an isomorphism of affine schemes

Spec(Ox (U)) = Spec(Ox(X)).

But this is clearly impossible as the inclusion U < X on the underlying topological
spaces is not surjective. O

Exercise 5.3. Let R be a commutative ring with 1 and R[X, ..., X,] the polynomial
ring in n variables over R. We define the affine space A%, of relative dimension n over
R by

&= Spec R[X1,...,X,].

Fori=0,...,n, let U; be the affine spaces A} of relative dimension n over R given
by
Xo X; Xn
vy om spec| X0, K )
PeC X, X, X,

Further, let
X
Uij := Dy, (Z) CU;
fori # j and Uy :=U; (i,j = 0,...,n). Finally, let ¢; = idy, and for i # j, let
wij : Uiy — Uj; be the isomorphism of affine schemes induced by the equality

Xi7.”7Xi"'.77i

— R RPN R et I
X, Xj Xj X’;

X, J X;

Xo X Xn] [Xo X, X
X0 . X0

l
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(a) Verify, that the given data constitute a gluing datum, i.c., they satisfy the as-
sumptions (1)-(4) of Exercise 4.3.

The scheme obtained by gluing the n + 1 copies of A} along the isomorphisms @;; is
called the projective space P% of relative dimension n over R.

(b) Show that for n > 0 the scheme P}, is not affine.

Proof. Solution by Mattias Hemmig

(a) We verify the gluing assumptions as given in Exercise 4.3:
Observe that U;; = Uj;, and the morphisms of affine schemes ¢;; : Uj; — Uj;, for
1,7 =0,...,n are just identities.

(1) Uy =U; and ¢;; = id, for i = 0,...,n is true by definition.

(2) @ij = cpj_il, fori,j =0,...,nis trivially true as these morphisms of affine schemes
are just identities.

(3) ¢i;(Ui; NUsk) = Ui NUjy, for 4,5,k =0,...,n as we have

1
Uij N Ui = Uji N Uji = Spec (R{XO’ oo Xns XXXkD ’
i)

and as the ;; are identities.

(4) ©ir = @jr o i on Uy NUy, for 4,5,k = 0,...,n is again trivial as all the
morphisms considered are identities.

(b) We need to show that P} is not affine. Define V; :=UyU...UU; fori=1,...,n.
Let s € O[P;l% (‘/1) Then

Xl Xn

XQ X2 Xn:|
X07...,X0

} > leUo(S) = leUl(S) €R|—

] PR
X1 Xy Xy

on Upy = Uy NU;y. But then py,y,(s) = pviu,(s) = r € R, and so s € R. Hence,
Opr (V1) C R and similarly one gets that Opn (Vi) C R, fori =1,...,n.

On the other hand consider s; € Opr, (Us) with s; = 7 € R. Then clearly py,u,,(s) =
pu,u;; (s) =1, for i # j. So by gluing one obtains R C Opy, (V;), for i =1,...,n.

Now if P} = V,, were indeed affine, then by the above considerations, one obtains P} =
Spec(R). Since Spec(R) & Spec(R[z1, ..., x,]) = AR, we arrive at a contradiction. [

Exercise 5.4. Let X be an integral scheme with generic point n and let U = Spec(A)
be an affine open subset of X. Recall that the local ring Ox , is a field, called the
function field K(X) of X.

(a) Show that Quot(A) = Ox,, = K(X).
(b) By identifying Ox (U) and Ox , with subrings of K(X), show that we have

Ox(U) = ) Ox. € K(X).

zeU

An element of K(X) is called a rational function on X. We say that f € K(X) is
reqular at x € X if f € Ox 5.
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(¢) Let k be an algebraically closed field. Describe the reqular and the rational func-
tions on A} = Speck[X1,..., X,].

Proof. Solution by Mattias Hemmig

Notice first that integral schemes are irreducible and hence a generic point n € X
exists.

(a) Since 7 is contained in any nonempty open subset of X, it is contained in the open
affine subscheme U, in which it also lies dense. By the integrality condition, the ring
A = Ox(U) is an integral domain, and 1 € U corresponds to (0) € Spec(A). Thus we
have

K(X) = OX,U = OU,n = A(O) = Quot(A)

(b) We prove (b) for an arbitrary open set U C X. We break down the proof into three
steps:

(i) Prove the statement first for an affine open set U = Spec(A):

(C): This is clear since Ox(U) = A C A, = Ox3, for all p € Spec(A) with
corresponding x € U.

(D): Let v € Nyey Ox .o Define the ideal
I'={acA|aye A} C A.

Now take p € Spec(A) corresponding to some = € U. By the equality Ox , = A,
we can find a representation v = % with @ € A and 8 € A\p. It follows that
B € I\p. Hence I is not contained in any prime (and in particular maximal)
ideal of A and so I = A. But this means that v € A.

(ii) We show now that the restriction maps Ox (V) 2% Ox(U) are injective for

any open sets ) # U C V C X. Indeed it suffices to show that the maps
Ox(U) EintiN K(X) are injective for all open sets § # U. For U = Spec(A)
affine, the map is simply the inclusion A < Quot(A) = K(X).

(iii) Now take a general open set U C X. U can be covered by a family of affine open
subsets {U; }icr. Using the injectivity of the restriction maps {pyv, }ier and the
sheaf properties of Ox, one immediately sees that Ox(U) = (),c; Ox(U;) C
K(X). Together with step (i) this finishes the proof.

(c) Recall that k[X1,...,X,] is an integral domain and hence Spec(k[X1,...,X,]) is
an integral scheme. So by part (b) the regular functions on A} are given by

ﬂ OAZ,x = OA}C‘(AZ) = k[Xl" - aXn];

TEAY
the rational functions are simply

K(X) = Quot(k[X1,..., Xn]) = k(X1,..., Xn).
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6 Solutions for Exercise Sheet-6

Remark. The soltuions to this exercise have not been double checked as of yet, due
to lack of time. However the solutions seem accurate, and we have put them up online
so as to assist the students in preparing for the final exam.

Exercise 6.1. Let R be a commutative ring with 1 and let n > 0 be an integer. Show
that the following assertions are equivalent:

(i) Spec(R) is reduced (resp. wrreducible, resp. integral).
(i1) A% is reduced (resp. irreducible, resp. integral).
(111) P is reduced (resp. irreducible, resp. integral).
Proof. Solution by Aaron Schoépflin

From Proposition 3.1 in Chapter 2 of Hartshorne, it follows that a scheme is integral if
and only if it is both reduced and irreducible. So it suffices prove the above equivalences
for the property of being reduced and for the property of being irreducible.

Equivalence of being reduced

Let X be a scheme. We say X is reduced if every local ring Ox , is reduced. Equiv-
alently X is reduced if for every open subset U, the ring Ox(U) has no nilpotent
elements.

Now we show (a) < (b):
Spec(R) is reduced < R is reduced & R[X7,...X,] is reduced <
Spec (R[X71, ..., Xp]) = A% is reduced.
Left to show (b) < (¢):
For ¢ =0,...,n let U; be the affine spaces A of relative dimension n over R given by
Xn}

%o Xn
X

X,
U; := Spec R[Xi s i, .

Then we have
% = Spec (R[X1, ..., Xp]) is reduced < R[X7,...X,] is reduced <

X, X; X, X X,
R| 22 — 0 }) is reduced <

Xn i
XX, X, is reduced < Spec (R |:«Xi’ XX,
U; is reduced for alli.

Therefore the equivalence (b) < (c) follows from the fact that the space P"(R) is
obtained from glueing the open sets U; together.

Equivalence of being irreducible

We now show (a) < (b) :

We have to show that Spec(R) is irreducible < Spec(R[X1, ..., X,]) is irreducible.
Since

R irreducible < Spec(R) is irreducible,
it suffices to show that

R is irreducible < R[X7,..., X,,] is irreducible.
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A ring is irreducible if its zero ideal is irreducible. Now the equivalence follows since
the zero ideal of R equals the zero ideal of R[X7, ..., X,].

Now we show (b) < (c) :

The equivalence follows from the fact that P™(R) is obtained from glueing the finitely
many affine open schemes A"(R) = U;, for all i = 0,...,n. Hence, we have shown
that

Spec(R) is integral < A' is integral < P%is integral.
0

Exercise 6.2. For a commutative ring A with 1, we denote by A,eq the quotient of A
by its nilradical.

(a) Let (X,0x) be a scheme. Let (Ox)rea be the sheaf associated to the presheaf
given by the assignment

U Ox(U)rea (U C X, open).

Show that Xieqa := (X, (Ox)red) s a scheme, called the reduced scheme associated
to X. Further, show that there is a morphism of schemes Xy.q —> X, which is
a homeomorphism on the underlying topological spaces.

(b) Let f : X — Y be a morphism of schemes, and assume that X is reduced.
Show that there is a unique morphism g : X — Yieq Such that f is obtained by
composing g with the natural map Yieq — Y.

Proof. Solution by Aaron Schopflin

(a) Let us denote the presheaf given by U — (Ox (U))rea by (Ox).,, so that (Ox)red
is the sheafification of (Ox)? .

Claim: The stalks of (Ox)? ; (and thus of (Ox)rea) at any x € X are canonically
identified with (Ox ;)reqa; more precisely, the surjective presheaf morphism Ox —
(Ox)P 4 trivially induces a surjection on stalks Ox , — (Ox,z)> 4, and the kernel is
precisely the nilpotent elements of Ox ,.

Proof. For an element of Ox , represented by (U, s), let § denote the image of s in
(Ox)P 4(U). The claim then follows from the following equivalences:

(U, s) is nilpotent in Ox ,

< there exists some neighborhood V' of & contained in U such that s}y, is nilpotent in
Ox (V).

+ there exists some neighborhood V' of = contained in U such that s;; maps to zero
in (Ox)? (V).

red

< there exists some neighborhood V' of = contained in U such that 5, =0
< (U,5)=0in (Ox)2 4)z- O

Now since we have sheafified, it is automatic that (X, (Ox)req) is a ringed space, and
it suffices to show that it has an open cover by affine schemes. Given x € X, let U =
Spec(A) be an affine neighborhood of x € X. We want to show that (U, (Ox )reqjv) is
still an affine scheme, namely isomorphic to Spec(A,eq). As a first step we observe that
as topological spaces Spec(A,eq) and Spec(A) are canonically homeomorphic, since the
ideal of nilpotent elements is contained in all prime ideals, and any two ideals which
agree modulo the nilpotent elements have the same set of primes containing them.
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Claim: Taking the sheaf associated to a presheaf commutes with restriction to an
open subset, so it is enough to see that the structure sheaf of Spec(A;eq) is equal to

(OSpec(A) )red .

Proof. We observe that if p C A is a prime ideal, and p its image in A,qq, then the

surjection A — A,eq induces an isomorphism (Ap)red 5 (Ared)p. Indeed, because p is

the preimage of p we have an induced map A, — (Ayeq)s Which is surjective. So it

suffices to see that its kernel is precisely the nilpotens of A,. Given %, with a € A and
a

f ¢ p, suppose I the image of % in (Area)p is 0. Then by definition of the local ring,

there exists g ¢ p such that ga = 0 in A,eq. Choose any g € A mapping to g; we then
conclude that ga is nilpotent in A. Moreover g ¢ p implies that g ¢ p, so we see that

a is nilpotent in A,, and hence so is % as desired. O

Now we can compare the structure sheaf of Spec(Ayed) With (Ospec A)red-

We have morphisms

OSpec A (OSPGC A)fcd

and OSpCCA — OSpec(Ared)'

We also know that Spec(Aycq) is reduced, so nilpotent elements of Ogpec(4) On any open
subset U must be mapped to 0. So we conclude that the second map factors through
the first map, giving us a presheaf morphism (Ospec(a))req = OSpec(Areq)s Which then
by the universal property of sheafification induces a sheaf morphism (Ogpec(a))red —
OSspec(A,0q)- Finally, by our above calculation on stalks we see that the last two maps
induce isomorphisms on stalks, so we conclude, that the last map is an isomorphism
as desired.

We still want to show that there is a morphism of schemes X,.q — X, which is a
homeomorphism on the underlying topological spaces. To get the desired morphism,
take the identity map on the underlying topological spaces, and it suffices to produce
amap Ox — (Ox)rea of sheaves which induces local homomorphisms on stalks. Since
the underlying topological spaces are equal by definition, we may omit the pushfor-
ward. Now, the desired map is obtained by simply composing the canonical presheaf
surjection Ox(U) — (Ox(U))rea with the sheafification map. The sheafification is
an isomorphism on stalks, the presheaf map simply gives Ox , — (Ox 4)rea Which is
indeed a homomorphism of local rings.

(b) Obviously, f factors uniquely through Y;.q at the level of topological spaces, since
by definition the underlying space of Yieq is the same as that of Y. It thus remains to
show that f# : Oy — f.Ox factors uniquely through the sheaf map Oy — (Oy )red-
Note that since the latter map is surjective, in fact the uniqueness is immediate (this
one can see more easily at the level of stalks).

Now since X is reduced, for any open subset U C Y we have that f.Ox(U) :=
Ox(f~*(U)) has no nonzero nilpotents and we conclude that any nilpotents in Oy (U)
must map to 0 under f#. It follows that f# factors through the presheaf morphism
Oy — (Oy)P,, which is to say we have a presheaf morphism (Oy)?, — f.Ox
recovering f# after composition. Then by the universal property of sheafification, this
presheaf morphism factors through (Oy )2 ; — (Oy )red, giving the desired morphism
(OY)rcd — f*OX O

Exercise 6.3. Let k be a field, A :=k[X,Y,Z], and X := A} = Spec(A). Further, let
pl = (X7Y)7 po2 = (X7 Z)7 and a = Plp2-
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(a) Let Zy : =V (p1), Zo :=V (p2), and Y :=V(a). Show that Z, and Zy are integral
subschemes of X and show that Y = Zy U Zy (set-theoretically).

(b) Show that Y = V(a) is not reduced and describe Yieq.

Proof. Solution by Codrut Grosu

(a) We first show that Y = Z; U Z5 (set-theoretically).

Note that p1ps C p; N ps implies V(p1) UV (p2) C V(p1p2). For the reverse inclusion,
let q be an arbitrary prime ideal in V' (p1p2). Without loss of generality, we may assume
that po € q. Then there exists b € py not in q. As ab € q for any a € p;, we must
have p; C q, thus showing that g € V(p1) UV (p2). Hence Y = Z; U Z5 as claimed.

We will now show that Z; is an integral closed subscheme of X (the proof for Z5 is
similar and omitted). We will use the following assertion (for a proof, see [Hartshorne,
p. 85, Example 3.2.3] or Exercise 7.2).

Assertion: Let A be a commutative ring with 1 and a an ideal of A. Then V (a) is a
closed subscheme of Spec(A) isomorphic to the affine scheme Spec(A/a).

By above Assertion, Z; is a closed subscheme of X and Z; ~ Spec(A/p1). As A/p; is
an integral domain, Z; is integral.

(b) By above Assertion, we may identify Y with Spec(A/a).

Note that a = (X2, XY, XZ,YZ) and Va = \/p1 NP2 = p1 Np2 = (X, YZ). In
particular, nil(A/a) = /a/a is non-zero. Consequently Y is not reduced.

By Exercise 6.2, we know that Y;eq >~ Spec(A/v/a). O

Exercise 6.4. Recall that a primitive integer solution of the generalized Fermat equa-
tion

Xp+Yq:ZT (p7Q7T€Z>O)
is a triple (x,y,2) € Z3 satisfying xP + y? = 2" with ged(z,y, z) = 1.

(a) Show that the affine scheme SpecZ[X,Y,Z]/(X,Y,Z) can be identified with a
closed subscheme T' of the affine scheme S := SpecZ[X,Y,Z|/(XP +Y1— Z").

(b) Consider the open subscheme U := S\ T. Prove that
U(Z) := Hom(Spec(Z),U)
1s in bijection with the set of primitive integer solutions of XP +Y4 = 2",

Proof. Solution by Codrut Grosu
(a) Let a be the ideal (X,Y,Z)/(X? + Y9 — Z") in the ring A := Z[X,Y, Z]/(X? +
Y?—Z7). By the Assertion in the solution to Exercise V(a) is a closed subscheme
T in S isomorphic to Spec(A/a) ~ Spec(Z[X,Y, Z]/(X,Y, Z)).
(b) We define

F:={(a,b,c) € Z%, : (a,b,c) is a primitive solution to X? + Y7 — Z" = 0}.

We construct a map H : F — Hom(A, Z) by sending the triple (a, b, c) to the unique
homomorphism f : A — Z satisfying f(X) = a, f(Y) = b, and f(Z) = c¢. Then H is
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trivially injective. Also the ged condition on the components of a primitive solution
gives us the following

ImH ={f:A—Z:Vp CZ prime ideal, not all of f(X), f(Y), f(Z) are in p}
={f:A—=7Z:V¥pC7Zprime ideal, (X,Y,Z) Z f 1 (p)}.

Now recall the functors Spec and I" defined in Exercise [3.4] We refer the reader to the
solution of this exercise for the construction of the contravariant functors Spec and T'.
We shall use these two functors to construct a bijection between Im H and U (Z).

Note that for any homomorphism g € Im H the functor Spec gives us a morphism of
schemes

(f(9), f(9)%) : Spec(Z) — Spec(A).

By construction, f(g)(p) = g~ *(p) for any prime ideal p C Z. Hence, by our choice of
g we have Im f(g) C U. So we now define F(g) to be the restriction of (f(g), f(g9)%)
to U. This gives us a map

F:ImH — U(Z).

Now suppose we are given a morphism (f, f#) € U(Z). We compose it with the
inclusion morphism ¢ : U — S to get a morphism

(9,9%) : Spec(Z) — Spec(A).

Applying I', we obtain a homomorphism A : A — Z.

We claim h € Im H. Indeed, by construction we have for any prime ideal p C Z,
h=Y(p) = g(p) = f(p), and consequently (X,Y,Z) € h='(p). Then h € ImH, as
claimed.

We set G((f, f#)) = h, thus defining a map
G:U(Z)—ImH.
As Spec and T" are inverse to one another, we observe that
FoG=idygz) and Go F = idim u-

This shows that U(Z) is in bijection with Im H, which in turn is in bijection with F,
the set of primitive solutions, proving the desired claim. O

For completeness, we also prove the following assertions.

Assertion Let R be a commutative ring with 1 and X = Spec(R) be an affine scheme.
Then

1. X is reduced iff nil(R) = 0.
2. X is irreducible iff nil(R) is a prime ideal.
3. X is integral iff R is an integral domain.

Proof. Solution by Codrut Grosu

(a) If X is reduced then by the equivalent definition of reduced schemes, Ox(X) ~ R
must be a reduced ring, and so nil(R) = 0.
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Conversely, assume nil(R) = 0 and let p € X with Ox , ~ R, for some prime ideal p
in R. Let 5 € R, with (5) = 0. Then there exists a t € R\ p such that ¢f™ = 0.
So (tf)™ = 0. Then tf € nil(R). Hence tf = 0 and then 5 = 0in Rp,. Hence X is

reduced.

(b) Exercise 1.20 [Atiyah, MacDonald] tells us that the irreducible components of X
are the closed sets V(p), with p a minimal prime ideal of R. So X is irreducible iff
there is just one minimal prime ideal, which is equivalent to nil(R) being prime.

(c) This follows from the previous two statements and the fact that X is integral iff it
is reduced and irreducible. O
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7 Solutions for Exercise Sheet-7

Remark. The soltuions to this exercise have not been double checked as of yet, due
to lack of time. However the solutions seem accurate, and we have put them up online
so as to assist the students in preparing for the final exam.

Exercise 7.1. Prove the following:

(a) Let A be a commutative ring with 1, X := Spec(A), and f € A. Show that f is
nilpotent if and only if D(f) is empty.

(b) Let p : A — B be a homomorphism of rings, and let f : Y := Spec(B) —
Spec(A) =: X be the induced morphism of affine schemes. Show that ¢ is in-
jective if and only if the map of sheaves f° : Ox — f.Oy is injective. Show
furthermore in that case f is dominant, i.e., f(Y) is dense in X.

(c) With the same notation, show that if ¢ is surjective, then f is a homeomorphism
of Y onto a closed subset of X and f° : Ox — f.Oy is surjective.

(d) Prove the converse to (c), namely, if f : Y — X is a homeomorphism onto a
closed subset and f° : Ox — f.Oy is surjective, then ¢ is surjective.

Hint: Consider X' = Spec(A/ker(y)), and use (b) and (c).
Proof. (a) From the lectures we know that
Ox (D(f)) = Ay
The assertion follows from the fact that Ay = 0, iff f is nilpotent.

(b) Let the homomorphism ¢ : A — B be injective. For any g € A, the sets U = D(g)
form a basis for the topological space X. So for any g € A, it suffices to show that the
following map of rings is injective

P lv: 0x(D(9)) = Ay — [.0y(D(g)) = Oy (f ' D(g)) = By(y).-

Now the injectivity of the map f” |¢: Ay — Byg), follows from the injectivity of the
map .
Conversely let us assume that the map
£ lu: Ox — f.0y

is injective. Then we find that the map

Ox(X)=A— f.Oy(X)=B
is injective.
We now prove that the map f is dominant iff the map ¢ is injective. First let us
assume that ¢ is injective. Let U, be an open set in X\ f(Y), and x be any point in

Us,. Then the map of structure sheaves f’ : Ox — f.Oy is injective, from which we
derive that the following map of local rings is injective

2 0x . — (f.Oy),.

Now the point z € X corresponds to a prime p € A, so Ox, = Ap. As the set
Us C X\f(Y), we get

(f*OY)x = hir} OY(filU) =0,
xeU
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which leads us to a contradiction. Hence, we find that f(Y") is dense in X.

Conversely let us assume that the map f(Y") is dense in X. Observe that f(Y) is the
same as Spec(A/ker(p)). Since f(Y) = X, it follows that ker(¢) = 0, when the rings
A and B are reduced.

(c) Given the map ¢ : A — B is surjective. Then we find that A/ker(¢) = B. Using
which we derive that the following map of topological spaces is bijective

Spec(B) =Y — Spec(A/ker(y)).

Hence, we find that Y is homoemorphic onto the topological space Spec(A/ker(p)),
and the latter space corresponds to the subscheme V (ker(p)). It is left to prove that
the morphism of sheaves f° : Ox — f.Oy is surjective.

So for any g € A, it suffices to show that the following map of rings is surjective

£ lu: Ox(D(g)) = Ay — £.0y(D(g)) = Oy (f ' D(g)) = By(y)-

The surjectivity of the above map f |¢: Ay — By(g) follows from the surjectivity of
the map .

(d) Assume that the map f: Y — X is a homeomorphism onto a closed subset and
the morphism f° : Ox — f,Oy is surjective.

The map @ : A/ker(p) — B is injecitve. We need to show that ¢ is surjective. Put
X' = Spec(A/ker(p)). Now the map f factors in the following way

vy L x' 4ox,

where the map j is induced by the surjective morphism A — A/ker(y). So from (c)
it follows that X’ is homeomorphic onto a closed subset of X. Since the map ¢ is
injective, from (b) it follows that the image f(Y) is dense in X',

Since the map f(Y) is homemorphic onto a subset of X, it follows that f(Y) is a
closed subset of X', and hence f(V) = X".

Since the maps f and j are homemorphisms, even the map f is a homemorphism. Now
the map ¢ : A/ker(y) — B is injective, so from (b) we get an injective morphism of
sheaves

7 0x — f.0y.

Since the morphism A — A/ker(p) is surjective, so from (c) it follows that the
following morphism of sheaves is surjective

jb : Ox —>3*OX/~

Observe that the surjective morphism f° : Ox — f.Oy factors in the following
manner

b T fb o~
Ox 157,05 =15 75,0y

Since fE and j° are surjective, so is the map f >, Hence, we can conclude that the mor-
phism f” is an isomorphism. From which we derive that the map ¢ is an isomorphism,
which implies that it is surjective. This completes the proof of the assertion. O

Exercise 7.2. Let A be a commutative ring with 1 and a C A an ideal. Let X =
Spec(A) and Y = Spec(A/a).
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(a) Show that the ring homomorphism A — A/a induces a morphism of schemes
f:Y — X, which is a closed immersion.

(b) Show that for any ideal a C A, we obtain a structure of a closed subscheme on
the closed set V(a) C X.
In particular, every closed subset Y of X can have various subscheme structures
corresponding to all the ideals a for which V(a) =Y.

Proof. (a) From Proposition 2.3 in Hartshorne, it follows that the surjective morphism
of rings A — A/a induces a morphism of schemes f : Y — X. We need to show
that the morphism of schemes f:Y — X is a closed immersion.

To show that the morphism is a closed immersion, we need to show that f(Y) is a
closed subset of X, Y is homemorphic to f(Y'), and that the following morphism is
surjective

1 0x — f.0y.

Since the map A — A/a is surjective, from Exercise (c), it follows that Y is
homemorphic to the closed subset f(Y') and the morphism f? is surjective.

(b) We need to show that the closed subset V' (a) is a closed subscheme of X. From
(a), we know that the inclusion

i:Y = Spec(A/a) — X = Spec(A4)

is a closed immersion. We need to show that i.Oy = Ox/Z, for T a sheaf of ideals
T C Ox. As the morphism i is a closed immersion, it follows that the map i’ : Ox —»
i.Oy is surjective. So the kernel of the map ker(i”) is a sub-sheaf, from which it follows
that ker(i”) is a sheaf of ideals and 7,0y = Ox \ker(i’), which completes the proof of
the exercise. O

Exercise 7.3. A topological space X is a Zariski space if it is noetherian and every
(nonempty) closed irreducible subset has a unique generic point. For example, let R
be a discrete valuation ring and T = sp(Spec(R)) the underlying topological space of
Spec(R). Then, T consists of two points tg = the mazimal ideal of R, t; = the zero
ideal of R. The open subsets are (), {t1}, and T. This is an irreducible Zariski space
with generic point t1.

(a) Show that if X is a noetherian scheme, then sp(X) is a Zariski space.

(b) Show that any minimal nonempty closed subset of a Zariski space consists of one
point. We call these closed points.

(¢) Show that a Zariski space X satisfies the aziom Ty, i.e., given any two distinct
points of X, there is an open set containing one but not the other.

(d) If X is an irreducible Zariski space, then its generic point is contained in every
nonempty open subset of X.

(e) If xg, 1 are points of a topological space X, and if x¢ € m, then we say that
x1 specializes to xq, written x1 ~ xg. We also say xq is a specialization of x1 or
that x1 is a generalization of xg. Now let X be a Zariski space. Show that the
minimal points, for the partial ordering determined by x1 > xq if x1 ~> xg, are
the closed points, and the maximal points are the generic points of the irreducible
components of X. Show also that a closed subset contains every specialization
of any of its points. (We say closed subsets are stable under specialization.)
Similarly open subsets are stable under generization.
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(f) Using the notation of the lecture, show that, if X is a noetherian topological
space, then t(X) is a Zariski space. Furthermore, X itself is a Zariski space if
and only if the map o : X — t(X) is a homeomorphism.

Proof. Solution by Jie Lin Chen

(a) Note that sp(X) is the underlying topological space of X. Since X is a noethe-
rian scheme we know from the lectures that its underlying topological space is also
noetherian.

So it is left to show that each irreducible closed subset Z has a unique generic point.
First we make an observation. For Z C X an irreducible and closed set, U C X
open, and 7) a generic point of Z, we find that either n € U or UN Z = ) (Assume
n¢ U= U°isclosed withn e U= {n} CU=UNZ=0).

-~

=z

Now we can reduce to the affine case. Let X = Spec(A) be an affine scheme, we then
find following bijection of sets

{Z C X|Z irreducible closed } JEEN {p C Alp prime ideal}.

So for each Z irreducible closed subset there exists a corresponding unique p € Spec(A)
with V(p) = Z (V(p) := {q € Spec(A)|q 2 p} as shown in the lecture). The point
corresponding to the prime ideal p is the unique generic point of Z.

(b) Let Z # () be a minimal closed subset of the Zariski space. Then we find that

Zariski space
——

Z minimal = Zirreducible 31y € Z such that{n} = Z.

property

Furthermore, we find that

Let x € Z

7 minimal }:{x}—Z:m—nforallx€Z.

So Z only contains one point and hence, is a closed point.

(c) Let z,y € X be two distinct points. Then define U := mc which is an open
set not containing x. So if y € U, then we are finished, so assume it is not, then
y € {x}. Furthermore if z € {y}¢ we are also done, so assume also that = € {y}.
Then {z} = {y} and = and y are generic points for the same irreducible closed set.
Since X is a Zariski space, it follows that z = y which contradicts the assumption,
that they are distinct. So if y € {z} then z € {y}© and the claim holds true.

(d) Let us assume not. n ¢ U = n € U® = {n} C U but {n} = X = U =
X=U=0.

(e) First we show that closed subsets are stable under specialization. Let Z C X be
closed and z € Z. Then we find that {z} C Z, so Z contains every specialization of
its elements.

We now show that the maximal points are the generic points of the irreducible com-
ponents of X. Let X = (JZ; with Z; irreducible components of X = for all ¢ the

1
Z;’s are irreducible, maximal and closed.

Let 1 be the generic point of Z;, and for any x € X let n € @ Then we find that

ne{z} = 7 C {z} 4k Zi:ngin:zﬁnismaximal.
maximal
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Conversely let 17 be maximal. Then there exists an ¢ so that n € Z;. Now let 7’ be
the unique generic point of Z;. Then n € {n’'} and since 7 is maximal it follows that
n=n.

Finally we show that the minimal points are the closed points. Let 2’ € X be minimal.
Let z € {2'}, which means ' ~» z. Then by the minimality of 2/, we get {2’} = {2’}
<, which implies that 2’ is a closed point.

(f) Note that S C X is closed <= () C t(X) is closed. So we can see immediately
that ¢(X) is also noetherian. So for ¢(X) to be a Zariski space we need to show that
every irreducible closed subset has a unique generic point.

Consider Z C X a closed irreducible set. The closure {Z} in ¢(X) is just {Z}, since
Z is closed and is the smallest closed subset of X containing Z. So every closed
irreducible set in ¢(X) is of the form {Z} with Z C X closed and irreducible. Hence,
its unique generic point is Z itself, so ¢(X) is a Zariski space.

Additionally if X is a Zariski space we get a bijection
{z € X} LN {closed irreducible sets in X} LN {closed irreducible sets in t(X)}

The continuity of the direction (for z € X) z — {z} holds, since for t(S) C #(X) closed
a1 (t(S)) = S is closed and the inverse is continuos since for every closed S C X the
image a(S) = {S} is closed. So we get that a: X — (X)) is a homeomorphism.

Conversely if «a is a homeomorphism it is clear that X is Zariski, since in this case
every irreducible closed subset corresponds to a unique generic point in X. O
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8 Solutions for Exercise Sheet-8

Remark. The soltuions to this exercise have not been double checked as of yet, due
to lack of time. However the solutions seem accurate, and we have put them up online
so as to assist the students in preparing for the final exam.

Exercise 8.1. Prove the following:
(a) Let k be a field. Show that
AR Xspec(e) A = AT

and show that the underlying point set of the product is not the product of the
underlying point sets of the factors (even if k is algebraically closed).

(b) Let k be a field and s, t indeterminates over k. Then, Speck(s), Speck(t), and
Spec(k) are all one-point spaces. Describe the product scheme

Spec k(s) Xspec(k) Spec k(t).

Proof. Solution by Fernando Santos Castelar and Imke Stiihring

Following the lectures (see proof of existence and uniqueness of fiber product), we note
that
AZ XSpcc(k) A;Cn = Spec (k[Xl, Ce ,Xn] Rk k[}/l, ey Ym])

Observing that
E[X1,. .., Xn] Qk k[Y1, ..., Y] 2E[Xy,..., Y],
we arrive at
Spec (k[X1,..., X, ®k k[Y1,...,Yy]) 2 Spec (K[X1,...,Y.]) = APT™.

Now we show that there exists no natural bijection between AZ“" and A} Xgpec(r) AL
Consider the natural injections:

k[Xla'“aYm]

k[ X1,..., X)) kY1,..., Y]
and the induced homomorphism
f:Spec k[Xy,...,Y,] — Spec (k[X1,...,X,] ®% k[Y1,...,Ym])
p = (i (p) 35" (p)-
Notice that (0) as well as (H?:l [, Xi Y+ 1) are both mapped to ((0),(0)).
Hence, we can conclude that the induced morphism f is not injective.

(b) For S = k[s]\ {0} and T = k[t] \ {0}, we have k(s) = S~1k[s] and k(t) = T~ k[t].
Using tensor product properties, it follows that

Spec k(s) Xspec(k) Spec k(t) = Spec (k(s) @y, k(t)) = Spec (S 'k[s] ®x T 'k[t]) =
Spec (ST'T'k[s] @4 k[t]) = Spec (S~ T 'k[s, t]).
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Hence, we arrive at
Spec k(s) Xspec(k) Spec k(t) = Spec (k(s) ®y k(t)) =

Prime ideals of the form {gfh’f € k[s,t], 0#£gekls], 0£h e k[t]}

These are all irreducible polynomials p € k[s, t] with p ¢ k[s] U k[t]. O
Exercise 8.2. Prove the following:

(a) Let f: X — S be a morphism of schemes and s € S a point. Show that sp(Xs)
is homeomorphic to f~'(s) with the induced topology.

(b) Letk be an algebraically closed field, X := Speck[Y, Z]/(Y —Z?), S := Speck[Y],
and f: X — S the morphism induced by sending Y — Y. Prove the following
assertions:

(1) If s € S is the point a € k with a # 0, then the fiber X, consists of two
points, with residue field k.

(2) If s € S corresponds to 0 € k, then the fiber X, is a non-reduced one-point
scheme.

(3) Ifn is the generic point of S, then X, is a one-point scheme, whose residue
field is an extension of degree two of the residue field of 7.

Proof. Solution by Fernando Santos Castelar and Imke Stiihring

(a) Let us first assume that X and Y are affine, i.e. we have X = Spec(A4) and
Y = Spec(B) for some rings A and B. This means that f is induced by a ring
homomorphism ¢ : B — A and the fiber product X,, can be written as Spec(A®gk(y)).
Since X and Spec(k(y)) are Y-schemes we obtain the following commutative diagram:

) Spec(A ®p k(y)) .
v N\

f~1(y) C Spec(4) ; Spec(k(y)) = {(0)}

Koo

y € Spec(B)

where p and ¢ are the homomorphisms of the fiber product and ¢((0)) = y.

We now define m¢ := ¢(y) to be the image of y in A. This gives rise to an isomorphism
A®pk(y) =2 A/m° ®p k(y) by mapping a ® b — [a] ® b (the inverse is well-definded
because for a € m®, b € k(y), we have a @b =0 ) @b=00-(1®b) =110 -b=0,
where a = ¢(V') and b’ € y). Furthermore, the image of p is contained in f~1(y)
because of the commutativity of the above diagram. This implies the existence of a
morphism p : Spec(A/m¢ ®p k(y)) — f~1(y) which is induced by p.

Claim: f~!(y) = {p € Spec(A) : m¢ C p}.
Proof. Let p € Spec(A4) with f(p) =y, and m,, m, denote the maximal ideals in the
local rings A,, B,, respectively. The morphism f induces a morphism of local rings

fé’ : Oy,m, — Ox m,- So it follows that fﬁ(my) C myp. Recalling the definition of
m¢, we can conclude that m¢ is contained in p.
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Conversely let p € Spec(A) with m® C p. We define an ideal a in A/m® ®p k(y) by

a:= {zn:[ai} ® bila; € p,b; € k(y)}

=0

This is a prime ideal since p is prime and we have p(a) = p. From the commutativity
of the diagram, we have f(p) = y. O

As a result we get a bijection between f~1(y) and Spec(A/m¢ @z k(y)), therefore p is
a homeomorphism.

By taking an affine open neighborhood of y without loss of generality, we can assume
that Y is affine, i.e Y = Spec(B). We now cover f~!(Spec(B)) with open affine
neighborhoods U;, where U; = Spec(A;). Then by the above arguments, we obtain
that (U;), is homeomorphic to f~!(y) N U;. Since X, is covered by the open sets
(U;)y, we can glue the homomorphisms to obtain a homeomorphism between X, and

().

(b) (1) Let y = (s — a) € Spec(k[s]), with 0 # a € k. We define a surjective ring
homomorphism by

p _ pla)
ck[sl(s—q) > Kk, = .
¥ 2 kls](s—a) q  qla)
Since ker(v) = m, with m,, being the maximal ideal we obtain k(y) = k[s](s—q)/my =

k.
X, is affine with X, = Spec(k[s, ]/(s — t*) @] k[s](s—a)/(s — a)), and we can char-
acterize the underlying ring as follows:
kls, 1]/ (s — %) @) kls](s—ay /(s — @) Z k[t]/(t* — a)
= k[t]/(t — V/a) & K[t} (¢ +v/a) = k & k
(where the first isomorphism is given by ¢ — ¢ ® 1 and the second is a result of the

chinese reminder theorem). We now conclude that X, consists of two elements which
correspond to ((0,1)) and ((1,0)).

(2) Let y = (s) € Spec(k[s]). As above, we have

X, = Spec(kls, 1] /(s — %) @y, k[s]/(s)) = Spec(k[t]/(%)).
Hence, it follows that X, = Spec(k[t]/(t?)) consists of only one point (¢), and is a
non-reduced scheme.

(3) Let 1 be the generic point of the scheme S (which corresponds to the zero ideal).
Then the residue field of S at 7 is given by k[s] (o) = k(s) = R™'k[s], with R = k[s]\{0}.
Using the fact that B®4 R~'A = R™!'B, we get

X, = Spec (k[&t]/(s — t2)) X Spec k[s] OPeC (R_lk[s]) =

Spec (k[s, t]/(s — t*) @y(s) R k[s]) = Spec (R™'k[s, t]/(s — t*)) =

Spec ((kls] \ {03) kls][t/ (s — 2)) = Spec (k(s)[f/(s — £2))
As (k(s)[t]/(s—t?)) is a field, X, is a one-point scheme. Next observe that the residue
field of n in X, is (k(s)[t]/(s —t*))(0) = k(s)[t]/(s —t?) which is a degree two extension

of the field k(s). Hence, we can conclude that the residue field of  in X, is a field
extension of degree two of the residue field of 1 in S. O
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Exercise 8.3. Let S be a scheme, X a scheme over S, and p,q: X xg X — X the
two projections. As usual, denote by A : X — X xg X the diagonal morphism giving
rise to the subset A(X) C X xg X. Further, consider the subset

Z:={z€ X x5 X|p(z) = q(2)}
of X xg X. Show that the obvious inclusion A(X) C Z need not be an equality.

Proof. Solution by Adeel Ahmad Khan

Consider the affine schemes X; = Speck[x] and X2 = Speck[y]. Between the open
subsets Uy = {(z —a) : a # 0} C X7 and Uz = {(y —b) : b # 0} C X there is a
natural isomorphism ¢ : Uy — Us. Let X be the scheme obtained by gluing X; and
X, along ¢. Topologically, its points are equivalence classes of the disjoint union of
X1 and X, where the point (z — a) is identified with its image (y — a), for a # 0.

To compute the fiber product of X with itself over Spec k, we follow the construction
of Hartshorne of the fiber product of general schemes. We first glue X1 Xgpec s X1 and
X2 Xgpeck X1 by certain open sets to obtain X Xgpecr X1, and we glue X Xgpect X2
and Xy Xgpeck X2 to obtain X Xgpecr X2, and then we glue these together to obtain
X Xgpeck X. Observe that X1 Xgpecr X1 = Spec (k[z] ® k[z]) = Speck[t1,t2] and
Xy % X1 = Spec (kly] ® k[z]) = Spec klts, ta].

Let pi1,p2 be the first projection maps associated with Xi Xgpeck X1, X2 XSpeck X2,
respectively. Note that p; maps the point {(z —a),(y — b)} € X; to (x —a) € X;.
Now consider the open set Ul = p; ' (Uy) = {(t; —a,ta —b) : a # 0,b € k}. Similarly
let Uy = py ' (Us) = {(t3 —a,ts — b) : a # 0,b € k}. Hartshorne shows that the result
of gluing X3 Xgpect X1 and Xo Xgpeck X1 via the natural isomorphism ¢’ : Uj — Uj
is the fiber product X Xgpecr Xi1. Topologically we find it is the disjoint union of
Xl XSpeck X1 and XQ XSpeck X1 with (tl — a,t2 — b) identified with (tg — CL,t4 — b)
for all @ # 0,b € k. Analogously we find X Xgpecr X2 to be the disjoint union of
X1 Xspeck Xo and Xo Xspec X2 with (61 — a, t2 — b) identified with (t3 —a,t4 —b) for
alla € k,b# 0.

Now we glue X Xspecr X1 and X Xgpec X2. Let ¢1 and g2 be the second projection
maps associated with X Xgpecr X1 and X Xgpec i X2, respectively. Note that ¢; maps
equivalence classes [(t; — a,ty — b)] and [(t5 — a,t4 — b)] to (z — b) € X; and similarly
g2 maps them to (y — b) € Xs.

Let U}’ = ¢; *U;. In this set the point (t; — a,ty — b) is identified with (t3 — a,ts — b)
for a # 0, b # 0. So Uy’ consists of equivalence classes [(t1 —a,t2 —b)] = [(t3 —a, t2 —b)]
for a # 0, b# 0, and [(t1,t2 — b)], [(t3,ts — b)] for b # 0.

Similarly let Uy = g5 'Uy consists of equivalence classes [(t; —a, to—b)] = [(t3—a, t4—Db)]
with a # 0,b # 0, along with [(¢; — a,t2)] and [(t3 — a,t4)] with a # 0. Thus, we have
an isomorphism ¢’ : Uy — U4 which maps [(t; — a,t2 — b)] — [(t1 — b, t2 — a)] and
[(ts —a,t4s —b)] — [(t3 — b, t4 — a)]. The result of gluing X x5 X; and X xj, X5 via ¢”
is the fiber product X xj X.

Note that we have the points [(t1,%2)] € X Xxj X1 and [(t1,12)] € X X X2 which
are not identified in X xj X. This implies that we have two distict classes, say
[[(tl,tg)]lL H(tl,tz)}g] € X x; X and similaﬂy [[(t3,t4)]1], H(tg, t4)]2] € X xi X. Now
note that the projection maps associated to X X X, say p and ¢, both map [[(¢1,t2)]1]
and H(tl,tg)]g] to [(I)] € X, and both map H(tg,t;l)h] and [[(tg,t4)]2] to [(y)] € X. We
therefore find that all four of these points are contained in the set Z = {z € X x, X :

p(z) = q(2)}-
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However, we can see that not all of them are in the image of the diagonal morphism
A: X — X X X. Observe that the morphism p is given by

Spec k[t1, ta] L Spec k[ts, t4] U Spec k[t1, ta] Ll Spec k[ts, t4] — Spec k[z] U Spec ky]
which maps (t; — a,t3 — b) — (z — ab) and (t3 —a,ts — b) — (y — ab);

and the map A takes (z — a) — (t1 —/a,ta —+/a) and (y — a) — (t3 — Va,t4 — Va).
So one can verify that po A = Idx (to be precise we take the image of (z — a) in the
first copy of Spec k[t1, t2] and the image of (y — a) in the second copy of Spec klts, t4]).
Therefore the image of A contains [[(¢1,2)]1] = A([(z)]) but not [[(1,t2)]2]; similarly
it contains [[(t3,%4)]2] = A([(y)]) but not [[(t3,¢4)]1]. Hence, we see that in general
A(X) C Z. O

Exercise 8.4. Prove the following:

(a) Show that closed immersions are stable under base extension, i.e., if f 1Y —
X is a closed immersion and if X' — X is any morphism of schemes, then
f1Y xx X' — X' is also a closed immersion.

(b) Let' Y be a closed subset of a scheme X, and give Y the reduced induced sub-
scheme structure. If Y’ is any other closed subscheme of X with the same under-
lying topological space, show that the closed immersion Y — X factors through
Y'.

We express this property by saying that the reduced induced structure is the small-
est subscheme structure on a closed subset.

(¢) Let f: Z — X be a morphism of schemes. Show that there is a unique closed
subscheme Y of X with the following property: the morphism f factors through
Y, and if Y’ is any other closed subscheme of X through which f factors, then
Y — X factors through Y' also.
We call Y the scheme-theoretic image of f. If Z is a reduced scheme, then'Y is
Just the reduced induced structure on the closure of the image f(Z).

Proof. Solution by Adeel Ahmad Khan

(a)
x X'

N
A

Let X = Spec A be an affine scheme. Then we must have that Y is affine and the
closed immersion f : Y — X is induced by a surjective homomorphism ¢ : A — B,
where Y = Spec B. Then B 2 A/I where I = ker¢. If X’ = Spec A’ is also affine,
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then we have the commuting diagram

AT A

where I’ denotes the ideal ((I)).

It follows that Y x x X’ = Spec B4 A’ = Spec A’/I’ A’ and the map ' : Y xx X' — X’
is induced by the natural surjection A’ — A’/I’A’. Thus f’ is a closed immersion.

/\

For the general case, we use the following lemma.

Lemma. (1) If f: Y — X is a closed immersion, then the restriction f~1(V) — V
for any open subset V' C X is also a closed immersion.

(2) If f:Y — X is a morphism and {V;}; is an open cover of Y such that each
restriction f; : f~1(V;) — V; is a closed immersion, then f is a closed immersion.

Proof. The assertions follows from the fact that a closed immersion is local on the
target. O

Suppose {V;}; is an affine open cover of X such that f=1(V;) xv, ¢~ 1(V;) — g~ *(V})
are closed immersions.
Y X x X’

N
\/
/ng\
\/

Note that these maps are just the restrictions f’ and g to open sets f'~1(¢g~1(V;)) and
g 1(V;), respectively. Furthermore, the open sets {g~*(V;)}; cover X’. By the above
lemma it follows that f” is a closed immersion.
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Next, suppose X affine and let {V/}; be any affine open cover of X'.

YXXV;-/

N
S A

Since Y xx V/ = f/=1(V/), the second projection map f'~1(V/) — V/ is a closed
immersion by the affine case demonstrated at the beginning. By the lemma it then
follows that f’ is also a closed immersion.

Finally, suppose X is an arbitrary scheme and {V;}; is an affine open cover for X. By
above, f=1(V;) xv. g7 (Vi) = g~ 1(V;) is a closed immersion for each i, and therefore
it follows that f’ is a closed immersion.

(b) Suppose X is affine with X = Spec A. Then since f : ¥ — X is a closed immersion,
Y is affine (Y = Spec B) and there is a surjective homomorphism ¢ : A — B that
induces f. Therefore we can write Y = Spec A/I, where I = ker ¢. We must also have
Y affine, say Y’ = Spec B’ = Spec A/J for some ideal J C A. Topologically, Y =Y’
which implies that Spec A/I = Spec A/J from which we conclude that Rad(l) =
Rad(J). But since Y is reduced, I = Rad([), so I = Rad(J). Then A — A/I
factors as A — A/J — A/Rad(J) = A/I and correspondingly ¥ — X factors as
Y -V — X.

For X an arbitrary scheme, let {V;}; be an affine open cover of X. Give each f~(V;)
the induced reduced subscheme structure associated to Y, and let f; : f _1(\/;) — Vi,
be the restriction of f to f=1(V;). Observe that {f~1(V;)}; is an affine cover for Y.
As Y’ is homemorphic to Y, we can find an affine open cover {U;}; of Y’ such that U;
is homeomorphic to f~1(V;), and f; factors through U; for each i.

Gluing these morphisms together, we derive that f:Y — X factors through Y.

(c) First assume X is affine, X = Spec A. Then f : Z — X is induced by a homo-
morphism ¢ : A — Oz(Z). Counsider the closed immersion g : Spec A/ ker ¢ — Spec A
induced by the natural projection A — A/ker¢. It is clear that f : Z — Spec A
factors through Spec A/ker ¢, and if f factors through another closed immersion
Spec A/I — Spec A, then we must have I C ker¢. This implies that g also fac-
tors through Spec A/I — Spec A. It follows that Spec A/ ker ¢ is the scheme-theoretic
image of f.

Finally let X be an arbitrary scheme. Let {V;}; be an open cover of X. Let g; :
Y; — V; be the scheme-theoretic images of f‘f”(‘/})’ given by the above. Then, also
by the above, we get the scheme-theoretic image of f~1(V; N V;) = ViNV; to be
both g;* (Vi N V) and gj_l(Vi NV;). By uniqueness there must be an isomorphism
¢ij : g; ((Vin Vi) = g5 '(Vin'Vj) for each i,j. Then we can glue the Y;’s together
and the g;’s together along ¢;; to get a scheme Y and a unique morphism g : ¥ — X,
respectively. One can verify that this is the scheme-theoretic image of f. O
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9 Solutions for Exercise Sheet-9

Remark. The soltuions to this exercise have also not been double checked as of yet,
due to lack of time. However the solutions seem accurate, and we have put them up
online so as to assist the students in preparing for the final exam.

For the convenience of the reader, Balthasar Grabmayr and Marie Sophie Litz, the
students who solved this exercise sheet would like to recall a few definitions and their
equivalent reformulations.

Definition. A morphism f : X — Y is locally of finite type if there exists a covering of
Y by open affine subsets V; = Spec B;, such that for each i, f~*(V;) can be covered by
open affine subsets U;; = Spec A;;, where each A;; is a finitely generated B;-algebra.

Definition. A morphism f : X — Y is of finite type if there exists a covering of Y
by open affine subsets V; = Spec B;, such that for each i, f~1(V;) can be covered by
a finite number of open affine subsets U;; = Spec A;;, where each A;; is a finitely
generated B;-algebra; equivalently if the statement holds for every open affine subset
V = Spec B of Y; equivalently if f is locally of finite type and quasi-compact (by
exercise I1.3.3 in Hartshorne).

Definition. A scheme is locally noetherian if it can be covered by open affine subsets
Spec A;, where each A; is a noetherian ring.

Definition. A scheme is noetherian if it is locally noetherian and sp(X) is quasi-
compact.

Definition. A morphism f : X — Y of schemes is quasi-compact if there is a cover
of Y by open affine V; such that f=1(V;) is quasi-compact for each i. Equivalently,
if for every open affine subset V. .C Y, f~1(V) is quasi-compact (by exercise 11.3.2
Hartshorne).

Definition. A closed immersion is a morphism f : X — Y of schemes such that f
induces a homeomorphism of sp(X) onto a closed subset of sp(Y), and furthermore
the induced map f* : Oy — f.Ox of sheaves on Y is surjective.

Definition. Let S be a fixed scheme (base scheme) and S’ another base scheme, if
S’ — S is a morphism, then for any scheme X over S, we define X' = X x g5’ which is
a scheme over S’. We say X’ is obtained from X by making a base extension S’ — S.
One says a property P is stable under base extension if the following holds: For every
f: X — S with the property P and every base extension S’ — S, the induced scheme
/' X" — S’ also has this property.

Exercise 9.1. A morphism f : X — Y of schemes is locally of finite type, if there
exists a covering of Y by open affine subsets V; = Spec(B;) such that for each i, the
open subschema f~(V;) can be covered by open affine subsets U;; = Spec(A;;), where
each A;; is a finitely generated B;-algebra.

The morphism f : X — Y is of finite type, if in addition each f~1(V;) can be covered
by a finite number of the open affine subsets U;;. We say that X is of finite type over
Y.

Prove the following assertions:

(a) A closed immersion is of finite type.

(b) A quasi-compact open immersion is of finite type.
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(¢) A composition of two morphisms of finite type is of finite type.
(d) Morphisms of finite type are stable under base extension.

(e) If X and Y are schemes of finite type over S, then X xgY is of finite type over
S.

(f) If f : X — Y and g : Y — Z are two morphisms, if go f is of finite type, and
if f is quasi-compact, then f is of finite type.

(9) If f : X — Y is a morphism of finite type, and if Y is noetherian, then X is
noetherian.

Proof. Solution by Balthasar Grabmayr and Marie Sophie Litz

(a) Let f: X =Y be a closed immersion. Take an open affine cover {U;}; of Y with
U; = Spec A;. The restriction f\f,l(Ui) : f7H(U;) — U; is still a closed immersion, so it
follows from Exercise 3.11 in Hartshorne that f~1(U;) is affine, say f~1(U;) = Spec B;.
Since the morphism f? of structure sheaves is surjective, the morphism at the level of
stalks (A;)p — (Bi)g-1(p) is surjective for every prime p € Spec A; (¢: B; — A;). From
this we conclude that A; — B; is surjective. Hence, each B; is a finitely generated
A;-algebra.

(b) Let f: X — Y be a quasi-compact open immersion and let {V;}; be an open affine
cover of Y with V; = Spec B;. Then f~1(V;) is quasi-compact for each i (see Exercise
3.2. of Hartshorne). Since f is an open immersion, it induces a homeomorphism
X = U, where U C Y an open subset. So f~1(V;NU) = f~1(V;). Since V; N U
is an open subset of V;, we can write V; N U = (J, D(fa). Let Wy = f~HD(fa))-
As f is a homeomorphism onto U, so we have W, = Spec(B;y, ). Since f~1(V;) =
F7HUa D(fa)) = Ug £ H(D(fa)) = Uy Wa, {Wa} is an open affine cover of f~!(V;).
Since f~'(V;) is quasi-compact we can take a finite subcover f~'(V;) = J; W;. As
each (Bj;)y, is a finitely generated Bj-algebra (e.g. generated by 1 and f—lj), we can
conclude that f is an open immersion.

(c)Let be f: X - Y and ¢g: Y — Z be morphisms of finite type. Let {V;}; be an open
affine cover of Z with V; = Spec B;. By Ex. 3.3 of Hartshorne g=1(V;) can be covered
by finitely many open affine set W;; = Spec A;;, where each A;; is a finitely generated
B;-algebra. Since f is of finite type, f~!(W;;) can be covered by finitely many open
affine sets U;jr = Spec Cjjx, where each Cjjy, is a finitely generated A;j-algebra. So
(go f)~Y(V;) = Uj,k Uijk, and Cyji is a finitely generated A;j-algebra which in turn is
a finitely generated B;-algebra. Hence, we can deduce that Cjjy, is a finitely generated
B;-algebra, which implies that the morphism g o f is of finite type.

(d) Suppose that f: X — S is a morphism of finite type and let g : S — S be a base
extension. We have to show that ¢q: X xg 8" — S’ is of finite type.

First let us assume that X, S and S’ are affine. Let X = Spec(A4), S’ = Spec(B) and
S = Spec(C). Since X — S is of finite type, A is a finitely generated C-algebra, so
A®c B is a finitely generated B-alebra, using which we deduce that ¢ is of finite type.
If S, S’ are affine then the claim holds true, since a finite open affine cover U; C X

leads to a finite open affine cover {U; xg S’}; of X xgS’. As we have just noted, if
U; is of finite type over S, then U; xg S’ is of finite type over S".

Now suppose that just S is affine and let {V;}; be an open affine cover of S’. Then
each X x gV is of finite type over V;. Since {V;}; cover S" and X x g V; is the preimage
of V; in the map X x5 V; — V;, we see that X xg S’ is of finite type over S’.
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So the only case left is when S is not affine. In this situation, take an open affine
cover {U}; of S with U; = Spec 4;, and let S! = ¢~ (U;) and X; = f~1(U;). From
the above considerations we see that X; x, S; is of finite type over S;. But this is
the same morphism as X xg S, — S’ and so we have found an open cover on which ¢
is of finite type.

(e) X xsY = {(z,y) € X xY|f(z) = g(y)}, so we can consider X xg¥ — S as
the composition X xg Y =5 Y % §. The first map (the projection on the second
coordinate) is a base extension of f : X — S and therefore of finite type by 9.1 (d).
As g is of finite type, using 9.1 (c), we can conclude that the composition ¢ = 7wy o g
is of finite type.

Alternative proof: Take an affine open cover {Spec 4;} of S. Since f and g are of
finite type over S, using exercise 11.3.3 in Hartshorne, we have that for every i the
preimages f~!(Spec A;) and g~ (Spec A4;) can be covered by a finite number of open
affine subsets Spec F; and Spec G, respectively. Here each of the rings Fj;, Gy are
finitely generated A;-algebras.

From the proof of the uniqueness of the fibre product, we know that Spec F;; Xg
Spec G, = Spec(F;j ®@a, Gi). As Fij, Gy are finitely generated A;-algebras, the fiber
product Spec Fj; X g Spec Gy, is of finite type over Spec A;. Since Spec Fj; x g Spec Gy,
form an open affine cover of X xg Y, therefore X xg Y is of finite type over S.

(f) By exercise 11.3.3 in Hartshorne, we need to show that f is locally of finite type (as
f is quasi-compact). Take any open affine cover {SpecC;} of Z. As go f is of finite
type, we get a finite affine open cover {Spec 4;;} of the preimage (g o f)~!(SpecC;)
for all 7. Let {Spec B;;} be an open affine cover of g~1(Spec C;).

Recall that an affine scheme Spec A can be covered by the principal open sets {D(al) =
Spec Aal} with a; € A. So for each i,k we get an open covering of f~' Spec B;j, of
the form {Spec((Aij)q,ji1)} which gives us a sequence of ring homomorphisms C; —
Bir, = (Aij)a,;,- The local rings (A;j)a,;, are finitely generated C;-algebras, generated
by the generators of the Cj-algebra A;; (which are finitely many because g o f is of
finite type) and one more element, namely %ﬂ

In particular there are finitely generated B;-algebras (with the same set of generators).
Thus we conclude that f is of finite type.

(g) Let {Spec B;} be a finite affine open cover of ¥ (which we get because Y is
noetherian) with B; noetherian for every i. Let {Spec A;;}; be an finite affine open
cover of f~!Spec B; with A;; a finitely generated B;-algebra for all j. By a corollary
of Hilbert’s Basis Theorem, we see that the A;; are noetherian. Since {Spec A;;};; is
a finite open affine cover of X, it follows that X is noetherian. O

Exercise 9.2. Assume that all the schemes in the subsequent statements are noethe-
rian. Under this hypothesis, prove the following assertions:

(a) A closed immersion is proper.
(b) A composition of two proper morphisms is proper.
(¢) Proper morphisms are stable under base extension.

(d) If f : X — Y and ' : X' — Y’ are proper morphisms of S-schemes, then
fxf:XxgX —Y xgY’ is also proper.
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(e) If f: X — Y and g : Y — Z are two morphisms, if go f is proper, and if g
1s separated, then f is proper.

(f) A morphism f: X — Y is proper, if and only if Y can be covered by open sub-
schemes V; such that f=1(V;) — V; is proper for all i. We say that properness
1s local on the base.

Proof. Solution by Balthasar Grabmayr and Marie Sophie Litz

(a) From Exercise 9.1 (a) a closed immersion is of finite type. We also know that a
closed immersion is separated (by corollary in lecture class). It remains to show that
a closed immersion is universally closed.

From Exercise 3.11 (a) in Hartshorne, we know that closed immersions are stable
under base extension. Hence, we can conclude that a closed immersion is proper.

(b) Let f: X — Y and ¢g: Y — Z be proper morphisms. Since both are of finite
type, also the composition is of finite type (by Ex. 9.1. (b)). Now we can apply the
valuation criterion for being proper:

Let R be any valuation ring and K its quotient field. Set U = Spec(R) and T =
Spec(K) and let «: T — X and 8: U — Y be morphisms such that the diagram

T X

U——Y

commutes. Since g is proper, there exists an unique morphism 6,: U — Y such that
the diagram

aof

7' ———Y

7 gopB
U—-———12

commutes. Now consider the following commutative diagram.

r— % . x

U Y

Since f is proper there exists an unique morphism 67: U — X such that the whole
diagram commutes. All in all we get the commuative diagram
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7 gop
vg——-—7

and by valuation criterion g o f is proper.
(c) Let f: X — S be proper morphism and let S — S be a morphism. We have to
show that f’: X xg S’ — S’ is proper.

By Ex. 9.1. (d) f' is of finite type and we apply again the valuation criterion for being
proper. Let R be any valuation ring and K its quotient field. Set U = Spec(R) and
T = Spec(K) and let «: T — X and : U — Y be morphisms such that the diagram

T X

U——Y

commutes. Since f is proper, there exists an unique morphism 6;: U — X such that
the diagram

T XXSSI b /WX
N, | T
A f
U= s’ s ()

commutes. Now consider the following commutative diagram.

U S’

X—S

By the universal property of the fiber product X x .5’ there exists an unique morphism
U — X xg S’ such that the diagram @ commutes, which finishes the proof.

(d) The morphism f x f’ is obviously of finite type. As X xg X’ can be considered as
a subset of X x X', it is therefore noetherian. So we can use the valuation criterion
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for properness.

Given the following commutative diagram, we o X xg X'
want to find the unique morphism 6* : U — A

X xg X' that makes the whole diagramm com- e ,
mutative. The maps o* and 8* can be seen as * ,>>*,// I
tuples of maps o : T — X, o : T — X’ and .
B:U =Y, 8 :U — Y’ which induces two U——Y xgY’
commutative diagrams with f and f’. Due to p

properness of f and f’, there exist two unique a o ,
morphisms 6 : U — X and 6 : U — X, re- L 1X r 1X
spectively, which make the diagrams commuta- L7 L7
tive. Hence, from the universal property of the ; ,3% o ;o \s_z‘,/,// I
fiber product, there exists a a unique morphism s i
* . 1 : 7z .
0*: U — X X ¢ X' that makes the first diagram U v U v
commutative. 8 B
«
(e) X is noetherian, so in particular, it is quasi-compact. So T ——— X
every morphism starting in X is quasi-compact. Using 9.1 (f) 7
we see that f is of finite type. We use the valuation criterion. ;| & .* f
. L A
Given some commutative diagram for f, we want to find the s

unique morphism 6 : U — X that makes the whole diagram 2
: U——Y
commutative.

Look at the corresponding commutative diagram for g o f. Due to properness, there
exists a unique morphism 6 : U — X which makes the diagram commutative. This
induces a diagram for g. There exist two maps from U to X which make the diagram
commutative, namely f o6 and 8. By seperatedness of g, wo conclude fof = 5. Now
we see that § makes the first diagram commutative. In pictures:

T X T—2 Ly T—% . x
PN P L A g =il
Z U Z U Y

gop gop fol=p

(f) The statement holds for seperatedness (by Cor. 4.6), so we only need to check the
properties "universally closed” and ”of finite type”.

< The scheme X is noetherian, therefore quasi-compact, so f is quasi-compact. The
right hand-side gives that f is locally of finite type, so it is of finite type by Exercise
I1.3.3. f is also universally closed which we see by the following argument:

Take a finite covering of Y by open subschemes {V;}. Let f': X’ — Y’ be obtained
by base extension. Let U’ C X’ be closed in sp(X’). Then

! /—1 ! /!
: Vi) =V,
B SR

is closed in Y. So in particular

' n vy

!
/ Fr=rwvi)

is closed. The union of these sets (over finite 7) is f/(U’) and it is again closed.

50



= Trivial. ]

Exercise 9.3. Let A= @ Ay be a graded ring and M = @ My a graded A-module.
d>0 dez
Show that the following three conditions for a submodule N C M are equivalent:

(i) N= @ (NnM,).
dEZ

(ii) N is generated by homogeneous elements of M.
(i1i) For allm € N, all its homogeneous components belong to N.
We say that the submodule N of M is homogeneous.

Proof. Solution by Balthasar Grabmayr and Marie Sophie Litz

(1) = (i) Each basis element generates a N N My, so all generators of N are homoge-
neous.

(15) = (i7) Let n € N C M = @ My, so n can be uniquely written as a sum of
homogeneous components my € M. It can also be generated by homogeneous ele-
ments {n;} in N. So grouping together the elements of same degree, we get equations
mg = Y, ni,. So each homogeneous component is generated by those n;, € N and
therefore lies in n itself.

(iii) = (i) NN Mg C N for all d, so @ ., (N N Mg) C N. The other inclusion follows
directly from (4i7). O

Exercise 9.4. Let A be a graded ring. Prove the following assertions:

(a) Let p,p’ C A be relevant prime ideals. If p. =y, then p = p’. A homogeneous
ideal a C Ay is of the form p4 for some relevant prime ideal p of A if and only
if for all homogeneous elements a,b € Ay \ a one has ab ¢ a.

(b) Let S C A be a multiplicative set. Then, the set of homogeneous ideals a C Ay
with S Na = ( has mazimal elements and each such mazimal element is of the
form p for a relevant prime ideal p.

(c) Let a C Ay be a homogeneous ideal. Then, \/a, = +/aN Ay is again a homo-
geneous ideal. Moreover, \/a+ is the intersection of Ay with all relevant prime
ideals containing a.

Proof. Solution by Balthasar Grabmayr and Marie Sophie Litz
We suggest that the reader also looks up at Goértz/Wedhorn.

(a) Recall that a homogeneous prime ideal p C A is called relevant if it does not
contain Ay, ie. ifpy & AL,

Let a & A, be a homogeneous ideal and let f € A, \ a. If a is of the form p we have
po={a€Ay|a "€ argegs forall r>1}.

This shows the uniqueness statement in (a).

It remains to show that a = pg @ a is a prime ideal. It is clear that a is an ideal. Let
9,9 € A\ a. Write g and ¢’ as a sum of homogeneous elements:

g=go+--+gn and ¢ =go+ - +gh.
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Since a is homogeneous, it suffices to show that gy, - g, ¢ a. If h # 0, A’ # 0, this
follows from the hypothesis. If h = 0 (resp. A’ = 0) we multiply g (resp. g;,) with a
power of f and again use the hypothesis.

To show the converse let a,b € Ay \ a,s0 a,b ¢ a. Assume a-b € a=py Cp. Then
a€p\pyorbep\py (since a,b ¢ py), which leads to a contradiction (note that
dega # 0 and degb # 0).

(b) The existence of maximal elements follows from Zorn’s lemma. We now use the

equivalence of (a). Let be a,b € A4\ a,s0a,b ¢ a. Hence, a & a+ (a) and a & a+ (b),
so by maximality of a we get

(a+(a)NS#0D# (a+ (b)NS.

Say t = am +p, t' = bn+q with t,t' € S and p,q € a. We have tt' € S. If ab € qa,
then tt’ = ambn + amp + pbn + pg € a, which is not possible because S Na = @. Thus
ab ¢ a.

(c) It suffices to show that 1/a is the intersection p of all relevant prime ideals containing
a (then v/a and hence \/a are homogeneous). We replace A by A/a and can therefore
assume a = 0. Clearly we have \/a = Npespec(a) P € p. Conversely, if f ¢ V/a, then an

ideal maximal among those properly contained in A, and not meeting {1, f, 2,...}
is a relevant prime ideal by (b). Thus f is not contained in the intersection of all
relevant prime ideals. O
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10 Solutions for Exercise Sheet-10

Remark. The soltuions to this exercise have also not been double checked as of yet,
due to lack of time. However the solutions seem accurate, and we have put them up
online so as to assist the students in preparing for the final exam.

Notation In the following, let A = @ ,., Aq be a graded ring and denote by Proj A
the set of relevant ideals of A. We denote by A, the homogeneous ideal ., Aq and
for a homogeneous ideal a C A we set ay := an A;. All rings considered shall be
commutative and unitary.

Exercise 10.1. Let A = @ Ay be a graded ring and Proj(A) the set of relevant
d>0
homogeneous prime ideals of A. For a homogeneous ideal a C A, let

Vi(a) := {p € Proj(A) ‘p Da}
denote the set of all relevant homogeneous prime ideals of A containing a.

(a) Show that the sets Vi(a), where a ranges over the homogeneous ideals of A,
satisfy the azioms for closed sets in Proj(A).

(b) Show that V (a)NProj(A) = V, (a"), where a” is the homogeneous ideal generated
by a. This shows that Proj(A) carries the topology induced from Spec(A).
Proof. Solution by Isabel Miiller and Robert Rauch
(a) Clearly V. (0) = Proj A and, since p 2 A, for all p € Proj A, we have V (Ay) = 0.

If (I;); is a family of homogeneous ideals in A, then ). I; is homogeneous by Exercise
9.3 and for p € Proj A, we have

pe OV+(L‘) &pD UIi epeV, (ZI) , e ﬂw(fi) =V, (ZI) .
1 K3 3 K3 K3 (10)

Finally, if I, J C A are homogeneous ideals then we claim that

Indeed: if p € V4.(I) UV (J), then either I C p or J C p, in any case I N J C p, thus
p € Vi(INJ). On the other hand, if INJ C p and I ¢ p, then we may fix some
a € I'\p and for any b € J we have ab € I NJ C p, hence b € p because p is prime
and a € p.

Remark. As pointed out during the exercise class, what we have just proved follows
trivially from the affine case, since Vi (a) = Proj ANV (a) for all (homogeneous) ideals
aC A

(b) If p € V, (a"), then clearly p € ProjA and p D a” D a, thus p € V(a) N Proj A.
Conversely, p € V(a) N Proj A means that p is relevant and p O a, hence p” D a”. But
p is homogeneous, thus also p = p”, i.e. p € Vi (ah). O

Exercise 10.2. Let A = @ Ay be a graded ring, Ay := @ Aq, and ay :=anN Ay
d>0 d>1
for a homogeneous ideal a C A. Further, for a subset Y C Proj(A), define

Li(Y):=([]p) NAL.

pey

Prove the following assertions:
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(a) If a C Ay is a homogeneous ideal, then I, (Vi (a)) =+/a . IfY C Proj(A) is a
subset, then V(14 (Y)) =Y.

(b) The maps
Y—=I1.(Y) and a— Vi(a)

define mutually inverse, inclusion reversing bijections between the set of homoge-
neous ideals a C Ay such that a = \/a__ and the set of closed subsets of Proj(A).
Via this bijection, the closed irreducible subsets correspond to ideals of the form
Py, where p is a relevant prime ideal.

(c) If a C Ay is a homogeneous ideal, then Vi (a) =0 if and only if /a = Ay. In
particular, Proj(A) = 0 if and only if every element in Ay is nilpotent.

(d) The sets
D (f) == Proj(A)\ Vi(f)

for homogeneous elements f € AL form a basis of the topology of Proj(A).

(e) Let (fi)i be a family of homogeneous elements f; € Ay and let a be the ideal
generated by the f;. Then, we have

D+ (fi) = Proj(4) = Va, = Ay

Proof. Solution by Isabel Miiller and Robert Rauch

(a) The first statement is a consequence of Exercise 9.3, since for any homogeneous
ideal a C A4, we have

Va, P2 AL 0 Vila) S L (Vi ().

To see the second statement, first note that for any homogeneous ideal a C A and any
subset Y C Proj A, we have

aC(){p|p€Projd acp}t =1 (Vi(a)) (11)
Y C{plpeProjA,[{alae Y} Cp}=Vi(I(Y)),

Therefore Y C Vi (I.(Y)), as Vi (I.(Y)) is closed by definition. Conversely, let
Vi(a) C Proj A be any closed set containing Y. Applying I} on this inclusion and
using part (b) gives I} (Vi (a)) C I.(Y), hence a C I, (Y) by (1I). Applying V; on
this inclusion therefore yields

Vi(a) D Vi (14(Y)),

which means that V. (1 (Y)) is the smallest closed set containing Y, i.e. Vi (I, (Y)) =
Y.

(b) Well-definedness: For any a € Rad(A) the set V. (a) is closed by definition. Con-
versely, assume Y C Proj A to be closed. We have to show I, (Y) € Rad(A), i.e.
I.(Y) C Ay is homogeneous and /I (Y) = I, (Y). The first is immediate as arbi-
trary intersections of homogeneous ideals form a homogeneous ideal. As Y is closed,
there is a homogeneous ideal a C Ay such that Y =V (a). Thus

L(Y) = I (Vi(a)) 2 Va,.
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As taking the radical of ideals is idempotent, we get

\/I+(Y)+ = \/I+(Y) = \/a+ = \/a+ =1.(Y).
Vi and I are mutually inverse: Assume Y € Cl(A). Then

(a) = Y cl_osed

Vi) Yy Y.

On the other hand for a € Rad(A) arbitrary, we get

a €Rad(A
(Vi (a) 2 Va " g

The maps are inclusion reversing: Assume a,b € Rad(A) with a C b. Then

b
Vi(a)={peProjA|acCyp} S {p € ProjA|bCyp}=V,(b).
Further for any Y7,Ys € Cl(A) with Y7 C Y, it holds that

Y1CY?
L(v)= () pNAy 5 [ pNAL=1(Ya)

pPEY] peEY?

It still remains to show that the closed irreducible subsets correspond to ideals of the
form p, where p is a relevant prime ideal.

We first show that one can restrict the given maps to the corresponding sets, i.e.
{p+ | p € ProjA} C Rad(A4) and {Y C Proj A | Yclosed, irreducible} C Cl(A4). The
latter is obvious. For the first statement take p,. with p € ProjA. We can apply
Exercise 9.4 (a) to conclude for all @ € A and n € N that a € py if and only if
a” € py,ie py =./p;. Thus we have p, € Rad(A).

To show: V4 (p) is irreducible for all p € Proj A. Suppose that there is a decomposition
of Vi (p4+) into two closed sets, i.e. there are a,b C A homogeneous such that

Vi(ps) = Vi(a) UV (b).

We want to show that one of the right-hand sets is all Vi (py). As p € Proj A and
p D ps, we get that p € Vi (py) = Vi(a) UV(b). Assume without loss of generality
that p € Vi (a), i.e. p D a. Note that /py, = /p,. So from above we conclude

p+€Rad(A)

Vay Vi = Ve,

On the other hand as Vi (a) C Vi (p4) it follows that

P+

(a) (1)(3) (1)(2)
Vag = Li(Vi(a)) D Li(Vi(ps)) = pe

Hence p; = +/a, and

Vi(py) = Vi (Vay) @ Vi (vVi(@) "2 Vi (a).

It remains to show that for all Y C Proj A closed and irreducible there is a p € Proj A
such that I, (Y) = p;. Because of Exercise 9.4 a it suffices to show the following:

Va,b € A homogeneous: ab € I, (Y) iff atleast one of a orb € I (Y).

55



As Y is closed, there is a homogeneous ideal a such that Y = V4 (a). Thus

Lo(Y) = I (Vi(a) = Va, 2% (\{p € ProjA | a C p} N A4

Hence ab € I.(Y) if and only if ab € p; for all a C p € Proj A. In particular, as the p
are prime ideals, we get that a € p or b € p for all p € Proj A containing a. Thus we
have

Y =Vi(a) = Vi((aU{a})") UVi((aU {0})").

As Y is irreducible, we conclude that one of the sets on the right hand-side has to be
all Y. Assume without loss of generality that Y = V., ((aU {a})"). Then

a€Va=1I(Vi(a) = L.(Y).
So I (Y) is of the desired form.

(¢) By Exercise 9.4¢, we have

Va, =40 ﬂ q.

qeV(a)

Therefore v/a = Ay if and only if (,cy(q) 4 O A+, which is equivalent to V; (a) = 0,
by definition of relevant prime ideals. In particular, we get

ProjA=0<V,(0)=0 < V0, =A, < Nild, = A, & A, C NilA.

(d) Let U be open in Proj A, i.e. there is a homogeneous ideal I C Ay such that
U = Proj A\ V4 (I). Choose a system (f;) of homogeneous generators of I, then by

we get

(VWVelfi) = Vi), e [JDy(fi) = Proj A\ Vi.(I) = U.

(e) Recall that V, (A} ) = (. Thus, by taking complements and applying I, we get
UDs(fi) =ProjA & (Vi(fi) =0 & Vi(a) = Vi (Ay)
< \/a+ = A++7
but /A4 = Ay by part (c). O
Exercise 10.3. Let A = @ Aq be a graded ring. With the previous notations, we
d>0

define a presheaf of rings on Proj(A) by setting

Oproj(a) (D+(f)) = Ay) (12)

for a homogeneous f € Ay and then defining

Oprojay(U) :== lim  Oppojay(D+(f))
feAL, homog.
Dy (f)CU

for an open subset U C Proj(A).
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(a) Prove that (Proj(A), Opyoj(a)) is a ringed space.
(b) Prove that Proj(A) is a seperated scheme.
Elaborate every step of your proof as detailed as possible.

Proof. Solution by Isabel Miiller and Robert Rauch

As we have seen, the system B = {D,(f) | f € At homogeneous} forms a basis
of Proj A as a topological space. Since the category of rings has inverse limits,
specifies a presheaf of rings on Proj A, provided we specify restriction mappings

Prg  Argy = Oproj a(D1(f)) = Oproja(D1(9)) = Ag)

whenever D, (f) D D4 (g), i.e. the pyy are morphisms of rings satisfying the cocycle
conditions pgp © prg = psn and pyy =id. In fact, D4 (f) D D4 (g) implies

Vi(f) CV+(g)<:>\/?+ DV9,= g¢"=af forsomen € N,a€ A,

this means that { is invertible in A, with inverse % = ;in (and a slight abuse of

notation). Now, we can define pyq : A¢p) = A(g) by

a a fi9)
— H —_— 77
g
where d(f), d(g) denote the degree of the elements f, g, respectively.

Now check that the ps, obtained this way are in fact morphisms of rings satisfying
the cocycle conditions from above. In particular, this implies that Ay = A, via
prg whenever Do (f) = D4 (g), so that is indeed well-defined. To prove that
(Proj A, Opyoj 4) is also a sheaf, you need to prove the sheaf axioms (locality and the
gluing-property) for U = |J, U; with (U;) C B (see Gortz/Wedhorn, proposition 2.20).

The crucial step is to establish an isomorphism of sheaves
Of : (D+(f), Oproj alp (1)) = (SPec Ay, Ospec ) 5

proving that Proj A is a scheme. At the level of topological spaces, ® is given by
Dy (f) = D(f) = Spec Ay — Spec A¢yy, ie. pr Py,

you need to verify that ® is in fact continuous, open and that p sy € Spec A(y). The
inverse of ®; (as a set-theoretic map) is then given by
a

Here, it is not obvious that €,, p, is actually in D (f) (hint: use exercise 9.4a). What
is missing now is the isomorphism @? at the level of sheaves.

Spec A(y) > q— @pn € Dy(f), wherep, = {a €A,

n>0

(b) By definition, Proj A is separated iff Proj A — SpecZ is separated. The open
affine cover ProjA = @ D (f) has the property that D, (f) N D4(g) = D+(fg) is
affine, so by a proposition from the lecture, Proj A is separated if and only if for any
f,g9 € AL homogeneous, the map

F(D+(f), OProjA) ®7z I‘(D+(g), OPrOjA) — F(D+(fg)7 OProjA)
st — 3|D+(fg) 't|D+(f9)
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is surjective — yet another task for the reader. Notice that this map is given explicitly
by

a b ab
— I—)*EA(fg).

A(y) ®z Ag) 3 7 ® g fRg
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11 Solutions for Exercise Sheet-11

Exercise 11.1. Let F be a sheaf on a topological space X, and let s € F(U) be a
section over an open subset U C X. The support Supp(s) of s is defined to be

Supp(s) :={z € U|s, # 0},

where s, denotes the germ of s in the stalk F,. Show that Supp(s) is a closed subset
of U. We define the support Supp(F) of F as

Supp(F) :={z € X | F,, # 0}.
Show that Supp(F) need not be a closed subset of X .
Proof. Solution by Peter Patzt and Emre Sertoz
Let F be a sheaf on X, U C X open and s € F(U). We now want to show that
X \ Supp(s) =U := U V,
V open in U
S|v=0
which implies that Supp(s) C X is closed.

Let z € X \ Supp(s), i.e. there is an open subset V' C U that contains z with s|y = 0.
In particular

reV C U V.

V open in U
sly=0

Let z € Uand z € V C U open with s|ly = 0. Now obviously s, = 0, thus z ¢ Supp(s).
We also want to show that there is a sheaf F such that
Supp(F) = {z € X | 5 # 0}

is not closed. For this let X = {1,2} with the open sets 0, {1},{1,2}. We now define
the rings
F({1}) =7 and F({1,2}) =0.

With the unique homomorphisms this forms a sheaf. But 7, = Z and F3 = 0. Thus
Supp(F) = {1}
is not closed. O

Exercise 11.2. A sheaf F on a topological space X is flasque if for every inclusion
V C U of open subsets, the restriction map F(U) — F(V) is surjective.

(a) Show that a constant sheaf on an irreducible topological space is flasque.

() If0 — F' — F — F”" — 0 is an exact sequence of sheaves and if F' is
flasque, then for any open subset U C X, the sequence

0— F(U)— FU)— F'(U) —0
of abelian groups is also exact.

(¢) If0 — F — F — F’" — 0 is an exact sequence of sheaves, and if F' and
F are flasque, then F" is flasque.
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(d) If f : X — Y is a continuous map of topological spaces and if F is a flasque
sheaf on X, then f.JF is a flasque sheaf on Y.

(e) Let F be any sheaf on X. We define a new sheaf G, called the sheaf of discon-
tinuous sections of F as follows. For each open subset U C X, the abelian group
G(U) consists of the set of maps

8:U—>U]:m
xzeU

such that for each x € U, we have s(x) € F,. Show that G is a flasque sheaf,
and that there is a natural injective morphism of F to G.

Proof. Solution by Peter Patzt and Emre Sertoz
(a) Let X be irreducible and F the constant sheaf on X with abelian group A. That

1S

F(U)={s: U — A continuous}

with the discrete topology on A. With the next claim it is clear that s: U — A is
constant, thus F(U) = A for every non-empty open U C X. This also means that the
restriction maps are identity maps on A and thus surjective.

Claim If X is an irreducible topological space and U C X is open, then U is connected.

Proof. Assume U = V U W with non-empty open V,WW C U and VNW = (). Then
V, W are also open in X and

X=X\ (VnW)=(X\V)u(X\W),

where both X\ V and X\ W are closed sets with empty intersection in X, contradicting
the irreducibility of X. O

(b) Given that F’, F, and F" are sheaves on X satisfying the short exact sequence

0 F' F F 0,
with F’ a flasque sheaf. Then by Exercise 1.4, we already have exactness of

Yu

0—— F'(U) F(U) F'(U),

for all open U C X. It is enough to show the surjectiveness of the induced map
1y. Henceforth we can assume that F’ is a subsheaf of F, which follows from the
injectiveness.

Let s € F'(U). We now consider the pairs (V,¢) with open subsets V' C U and
sections t € F(V) such that ¢y (t) = s|y. Let S be the set of all these pairs. On this
we introduce the partial order

(Vit) > (V',t') i <= V' CVand t|y =1t

Now on § we want to apply Zorn’s Lemma. As the induced map Fp — FF is surjective
for every P € U, we find an open neighborhood P € V' C U on which 1 is surjective
and thus S # (0. Let (V;,t;) be a chain of elements in S, then {V;} is certainly a cover
of V :=JV;. On the other hand, we also have for (V;,¢;) > (V},t;) the implication

mﬂ‘/J:‘/J - ti%ﬂ\/j_tj%ﬂ\/j :ti|Vj_tj:O-

60



Thus by the second sheaf property of F we find a ¢t € F(V') with t|y, = t;. Now since

(1/1\/(15) - 5|v)

v Vv, (i) — slv, =0,
we achieve

’l/JV (t) — S|V = O
by the first sheaf property.
This accumulates to the existence of a maximal element of S. Now assume that this is
(Vit)and V #U. Let P € U\ V. Now as before there is an open subset P € W C U
and a u € F(W) such that (W, u) € S. Observing that

Yvaw (t|VnW — U|VOW) =0,

we find that
t‘VﬁW — U|VﬂW S ]:/(V N W),

and we therefore get a v € F/'(V) with
vlvew = tlvaw — ulvow
because of the flasqueness of F'. The pair (W, u — v) is also an element of S as
dw (v —v) = Yw(u) = slw
which follows from the fact that v € F'(W) = ker(¢w). Now observe that
thvaw = (u —v)lvaw,
which implies the existence of £ € F(V U W) satisfying the following condition

tly =t and ftlw =u—v.
Hence, we conclude that (VUW,t) € S. This follows from the first property of sheaves

again. But since (V UW,t) = (V,t), we have a contradiction to the maximality of the
latter. This leaves us with surjectivity of 1y .

(c) Given that F', F, and F” are sheaves on X satisfying the short exact sequence

0—=F = F o pr——,

with 7', and F are flasque sheaves. Then by (b) we have the following commutative
diagram of two short exact sequences.

0 F(U) FU) - Uy ——0
00— F(V) — F(V) 2 F/(vV) —>0

The restriction pyy is surjective by falsqueness of F. Therefore ¢y o pyv = piy oYy
is surjective, in particular so is pf}y, .

(d) Let U C V be open subsets of Y, and p, p* the restriction maps of F, f..F, respec-
tively. Then

PUV = P-1(U)f-1(V)
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is surjective.
(e) Let G be the sheaf of discontinuous section of the sheaf 7 on X. Then
gU) =1 7w)
zeU

for any open U C X. And the restriction is simply the restriction on the index set.
Quite obviously this describes a presheaf structure. But we can also prove the two
additional sheaf conditions.

Let U C X open and {V;};er an open cover of U. Let s € G(U) such that for every
i € T the restriction s|y, = 0. It is to be shown that for every & € U the projection
s = 0. This holds true as every x € U is covered by some V; and

For every ¢ € I let s; € G(V;) such that

Vi,j €l s;

vinv; = Sjlviny;-

We need to find an s € G(U) that will comply with the restrictions
sly, = s;.

We take s € G(U) with

Sy = (Sz)z
for some ¢ € I that satisfies x € V;. If j € I is another index such that z € Vj, then
xz € V;NV;. Thus

(5:), = (si

and s|y, = s; for every i € I.

vinv; ), = (silvinv; ), = (54),

The restrictions for V' C U open in X are surjective because for some ¢t € G(V'), we
may take s € G(U) with
{tm, if x € V;
Sg =

0, otherwise
as its preimage.
At last we want to investigate the natural homomorphism
FU)—=GU)
s (U, 8)z)zeu-

Assume that for every x € U the germ (U, s), = (U, t),. That means for every z € U
we find an open set V,, C U with (s — t)]y, = 0. But since {V, },cv is an open cover
of U, we get s —t = 0. O

Exercise 11.3. Let Z be a closed subset of a topological space X, and let F be a sheaf
on X. We define T'z(X,F) to be the subgroup of I'(X,F) consisting of all sections
whose support is contained in Z.

(a) Show that the presheaf given by the assignment
Vs Tzav(V,F|,) (VS X, open)
is a sheaf. It is called the subsheaf of F with supports in Z, and is denoted by
HY(F).
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(b) LetU =X\Z, and let j : U — X be the inclusion. Show that there is an exact
sequence of sheaves on X

0 — HY(F) — F — ju(F|,)-
Furthermore, if F is flasque, the map F —> j*(]-"U) 18 surjective.

Proof. Solution by Peter Patzt and Emre Sertoz
(a) Let G be the subpresheaf of F with the assignment

GU)=Tzav (U, Flv) ={s € F(V) | Supp(s) C Z}.

As a subpresheaf we can take the first additional condition for sheaves for granted.

Let U C X be open and {V;};cr an open cover of U and s; € G(V;) such that

Vi,j €1:s;

vinv; = 8jlviny;-

Now take s € F(U) with s|y, = s;, for every i € I. It suffices to show that Supp(s) C
Z.

Let x € Supp(s), i.e. (U, s), # 0. Let i € T with « € V;. Since
<‘/;'7 81>CD - <U, s>:r 7& 07
we derive x € Z.

(b) Let H%(F) be the sheaf G as described above. Furthermore, let U = X \ Z and
j: U — X be the inclusion map. We now want to prove the exactness of

0 —> HY(F) 2> F —> j.(Flv),

where ¢ and ¢ are the natural morphisms.

The injectivity of ¢ is clear. Now the image of ¢ is H%(F), i.e.
(imp)(V) = {s € F(V) | Supp(s) C 2},
as it is a subsheaf of F. The kernel of ¢ is determined by
(ker)(V) ={s € F(V) | slunv = sly\z = 0}.
These two sets coincide because of the sequence of equivalences
sz =0 <= VzeV\Z:(V,s), =0 <= Supp(s) C Z.
Finally if F is flasque, we find that the map
FV) = j(Flo)(V) = F(UNV)
is surjective for every V' C X open. Now this implies that
F = ju(Flu)

is surjective since already the presheaf image of ¥ is j.(F|v). O
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12 Solutions for Exercise Sheet-12

Exercise 12.1. Let X be a topological space, x € X a point, and A an abelian group.
Define a sheaf i,(A) on X by the assignment

A, ifxelU,

U CX, open
0, otherwise. e pen)

L (A), = {A, if y € {=},

0, otherwise;

whence the name skyscraper sheaf originates. Show that the skyscraper sheaf could also
be described as i.(A), where A denotes the constant sheaf A on the closed subspace
{z} andi: {z} — X is the inclusion.

Proof. Solution by Irfan Kadikoylu

Let y € {z} and U be an open set containing y. If x ¢ U then X\U is a closed set
containing x, hence {x} C X\U implying that y € X\U, which is a contradiction.
Therefore x € U. So we can deduce that

i0(A), = lim i, (A)(U) = lim i, (A)(U) = lim A= A.
Uex Uex Uex

If on the other hand y ¢ {z}, the set X\{z} is an open set containing y and
iz(A)(X\{z}) = 0. Moreover for any open set V C X\{z} st y € V, we have
i(A)(V) = 0 Hence, i,(A4), =0 as desired.

For the second claim observe that

L (A0) = {g‘ HTEED )
, otherwise
because clearly UN{z} #0 < z € U. O

Exercise 12.2. Let X be a topological space, Z C X a closed subset, andi: Z — X
the inclusion. Further, let U = X\ Z be the complementary open subset and j : U —
X its inclusion.

(a) Let F be a sheaf on Z. Show that for the stalk (i.F), at a point z € Z, we have

(i F). = {.7:27 if z € Z,

0, otherwise;

hence, we call the sheaf i+ F the sheaf obtained by extending F by zero outside
Z.

(b) Let F be a sheaf on U. Let ji(F) be the sheaf on X associated to the presheaf
given by the assignment

F(V), ifvCu,

V C X, open).
0, otherwise; Ve pen)

WF)NV) = {
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Show that for the stalk j,(F). at a point x € U, we have

) = {]—;, ifveu,

0, otherwise;

furthermore, show that ji(F) is the only sheaf on X which has this property, and
whose restriction to U is F. We call ji(F) the sheaf obtained by extending F by
zero outside U.

(c) Let F be a sheaf on X. Show that there is the following exact sequence of sheaves
on X
0 — ji(F|,) — F — i(F|,) — 0.

Proof. Solution by Irfan Kadikoylu
(a) Let z ¢ Z. Then X\Z is an open set containing z. Hence,

F(X\Z)=F(i "(X\2)=F@®) =0

Moreover, i, F (V') = 0 for any other open set V' C X\ Z. containing z. So (i..F), = 0.

Now let 2 € Z. Then clearly i, F(U) = F(i~1(U)) = F(U N Z). Using this fact, we
find
lim i, F(U)= lm FUNZ)= Ilm =F{U)=7F .

zeU zeU zeU
Uopen in X Uopen in X Uopen in Z

(b) Let F denote the presheaf on X, mentioned in the question. Let 2 € U, then using
the fact that a presheaf and its sheafification have the same stalk at every point, we
have

H(F)e=Fp= lim FV)= lm FV)= lm FV)=7F,.
zeV zeV zeV
Vopen in X Vopen in U Vopen in X

Now let © ¢ U. Then for any open set V C X s.t z € V, we have V ¢ U and hence,
F(V) = 0. Using this, we get

#(F)e=F,= lm  F(V)=0.

zeV
Vopen in X

For the uniqueness statement, let G be another sheaf with the mentioned properties.
Then since G|; = F we can define a map f : F — G as fy = idy V open sets
V C X and fy = 0 for all other open sets V. Then by the universal property of the
sheafification there exists a map ¢ making the following diagram commutative:

F—5 i(F)

Foi
L P
\\v

g

Now clearly for any P € X, the maps ip and fp are bijective and so is pp by the
commutativity of the corresponding diagram on the stalks. So we conclude that ¢ is
bijective.
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(¢c) By the first exercise sheet, exactness of this sequence is equivalent to the exactness
of the sequence of the stalks at P, VP € X. So let P € U. Then i.(F|,)p = 0 by (a),
and we need to show that the map 5 (F|,)p — Fp is bijective.

Let F|,, denote the presheaf corresponding to F/|;; as in part (b). Define f : F|, — F
as fy = idy if V C U and 0 otherwise. Again using the sheafification property and
bijectivity of fp (as in part (b)) we conclude that ji(F|,)p — Fp is bijective.

Now let P ¢ U. Then by (b) ji(F|,;)p = 0, so we need to show that the map
Fp — i(F|,)p is bijective. Clearly for every open set V' C X, we have a natural
map i, (F|,)(V) = Fp, and it is easy to show that these maps satisfy the direct limit
axioms (D1) and (D2). So by the direct limit property we get a map i.(F|,)p = Fp
which is clearly an inverse to the map in the given sequence. O

Exercise 12.3. Recall the notions of support of a section of a sheaf, support of a
sheaf, and subsheaf with supports from exercise sheet 11.

(a) Let A be a ring, M an A-module, X = Spec(A), and F = M. For any m €
M =T(X,F), show that Supp(m) = V(Ann(m)).

(b) If A is a noetherian ring and M a finitely generated A-module, show that
Supp(F) = V(Ann(M)).

(c) Show that the support of a coherent sheaf on a noetherian scheme is closed.

(d) Again, let A be a ring and M an A-module. For an ideal a C A, we define the
submodule T'y (M) of M by

Lo(M):={meM|3neN: a"m=0}.

Show that if A is noetherian, X = Spec(4), and F = ]T/f, we have an isomor-
phism of Ox -modules

Pa(M) = HY(F),
where Z =V (a) and H%(F) is defined in Ezercise 11.5.
(e) Let X be a noetherian scheme and Z C X a closed subset. If F is a quasi-

coherent (respectively, coherent) Ox-module, then H%(F) is also quasi-coherent
(respectively, coherent).

Proof. Solution by Ana Maria Botero

(a) Recall that Supp(m) := {p € Spec(A4) : my # 0}. Note that this condition is
equivalent to asking sm # 0 for all s ¢ p.

D: If p € V(Ann(m)) then p D Ann(m) which implies sm # 0 for all s ¢ p. Hence,
p € Supp(m).

C: If p € Supp(m) then sm # 0 for all s ¢ p which implies that Ann(m) C p.

(b) By definition Supp(F) := {p € Spec(A) : M, # 0}.

C: Suppose that p € Supp(F). If p ¢ V(Ann(M)) then p 2 Ann(M) so there exists
s € Ann(M) such that s ¢ p. This means that sm = 0 for all m € M and hence
M, =0, a contradiciton. Hence, p € V(Ann(M)).

D: Suppose p ¢ Supp(F). Then M, = 0 which implies that for all m € M, there
exists s,, € A—p such that ms,, = 0. In particular, if {m;} is a finite set of generators
for M, then II;s,,, € A — p, and II;s,,, € Ann(M). Hence, p 2 Ann(M).
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(c) Note that Supp(F) = |, Supp(F|v,), where {U;} is an open cover of X.

Now take an affine covering {U;}, where U; = Spec 4; such that F|y, = ]\Z, for
some finitely generated A;-modules. Then, by part (b) of this exercise, Supp(F|y,) =
V(Ann(M;)) is a closed subset. By noetherianity, this covering can be chosen to be
finite. It follows that Supp(F) is a finite union of closed subsets and is thus a closed
subset of X.

(d) Let Z C X be a closed subset of X, and F a sheaf on X. Recall that the subgroup
I'z(X,F) C T'(X,F) is defined as the set of global sections of F whose support is
contained in Z. Also recall that HY is the sheaf V' — T'zqy (V, Fly) (see Exercise
11.3]).

Now let U = X — Z and let j : U — X be the inclusion. By Exercise [I1.3] we have
the following exact sequence of Ox —modules

0= HY(F) = F = 5. (Flv).

Since A is noetherian, X = Spec(A) is a noetherian scheme. By definition F is
quasi-coherent, and also by noetherianty it follows that j is quasi-compact. Hence,
by a proposition in the lecture, we conclude that j.(F|y) is quasi-coherent. Hence,
H%(F), being the kernel of a morphism of quasicoherent sheaves is quasi-coherent.
Hence, it suffices to show that the modules of global sections are isomorphic. That is,
we want an isomorphism between the following two modules:

Fo(M)(X)=To(M)={meM:a"m=0, for some n > 0}

and
HY(F)(X) =Tz(F(X)) =Tz(M) = {m € M : Supp(m) C Z}.

C: Suppose m € ', (M). Then o™ € Ann(m) for some n > 0. Hence,
Z =V(a) =V(a™) D V(Ann(m)) = Supp(m),
where the last equality follows from part (a) of this excercise. Hence, m € H%(F)(X).
D: Let m € I'z(F). So Supp(m) C Z = V(«). Hence, we have
V(Ann(m)) = Supp(m) C V(«).
Since the radical of an ideal is the intersection of all prime ideals containing that ideal,

we have
VAnn(m) D va D a.

Now since A is noetherian, the ideal « is finitely generated, say by n elements {a;}.
Since & C y/Ann(m) there exists a j; for each ¢ such that a}' € Ann(m). Let N :=

max{j;}.
Observe that every element of « is of the form

n
Zciai with ¢; € A.

i=1

Hence, every element of o™ is of the form

ks ks
E CivigeigQy, @ " (Ciyigeiy € A, kiy €N),

tq
1<i1<ig-<ig<n
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where nIN = Z?’Zl k;;. Hence, one sees that every monomial contains a factor of the
form a¥ where k > max{j;} > j;. It follows that o™ C Ann(m), which implies that
a™™m = 0 which shows m € Ty (M).

(e) Let {U;} be an affine open cover of X on which F is locally of the form M;, where
M; is an A;-module. Since X is noetherian we apply part (d) of this excercise to

—_—

find that H%(F) = T, (M;), where «; is the ideal corresponding to the closed affine
subscheme Z N U; of U;. This shows that ’H% (F) is quasi-coherent. The same proof
works for the coherent case by taking the M;’s to be finitely generated. O
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