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Exercise sheet 4

Exercise 4.1 (Ex. I1.2.1. of [Har])

Let A be a commutative ring with 1 and let X = Spec(A). Show that for f € A the
locally ringed space (D(f), OX|D(f)) is isomorphic to Spec(Ay).

Exercise 4.2

Let X and Y be schemes, and let {U;};c; be an open covering of X. Let f; : Uy — Y
(i € I) be a family of morphisms such that the restrictions of f; and f; to U; N U; coincide
for any ¢,j € I. Show that there exists a unique morphism of schemes f : X — Y such

that f|U‘ = f; forall ¢ € I.

Exercise 4.3 (Ex. I1.2.12. of [Har])

Let {X;}icr be a family of schemes. Suppose that for schemes X; (i € I) there exist open
subschemes U;; C X; (j € I) and an isomorphism of schemes ¢;; : U;; — Uy; (4,5 € 1)
such that

(1) Uy =X, and p; =id (i € I),

(2) pji=vy  (Ljel),

(3) iUy NUw) = U NUj, (i, 5,k € 1),
(4) o =wjopijonUy;NUy  (i,5,k €).

Show that there exists a unique scheme X, equipped with morphisms v¢; : X; — X (i € 1),
such that

(i) v yields an isomorphism from X; onto an open subscheme of X (i € I),

(i) X = U vi(X),

el
(it) s(Uig) = ¥i(Xa) Ny (XG) = o3(Uyi) (6,5 € 1),

We say that X is obtained by gluing the schemes X; along the isomorphisms ¢;;.

Exercise 4.4

Let k be an algebraically closed field. We consider two copies of the affine line A'(k), which



we distinguish by setting X; = Spec(k[s]) and Xy = Spec(k[t]). Let U := D(s) C X,
and Uy := D(t) C Xs. Let 12 : Ujg — Uy be induced by the isomorphism of rings

k[t,t7'] — k[s,s7]

sending t to s, and let ¢15 be induced by the isomorphism sending ¢ to s~!. Describe the
scheme X obtained by gluing X; and X, along the isomorphisms ¢5 and the scheme Y
obtained by gluing along 15 instead. Show that X and Y are not isomorphic.



