A MODIFIED CRANK-NICOLSON SCHEME FOR THE VLASOV-POISSON SYSTEM
WITH A STRONG EXTERNAL MAGNETIC FIELD
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ABSTRACT. We propose and study a Particle-In-Cell (PIC) method based on the Crank-Nicolson time dis-
cretization for the Vlasov-Poisson system with a strong and inhomogeneous external magnetic field with
fixed direction, where we focus on the motion of particles in the plane orthogonal to the magnetic field
(so-called poloidal directions). In this regime, the time step can be subject to stability constraints related to
the smallness of Larmor radius and plasma frequency [21]. To avoid this limitation, our approach is based on
numerical schemes [9,10,12], providing a consistent PIC discretization of the guiding-center system taking
into account variations of the magnetic field.

We carry out some theoretical proofs and perform several numerical experiments to validate the method
and its underlying concepts.
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1. INTRODUCTION

The present paper focuses on the study of plasma confined by a strong external nonconstant magnetic
field, where the charged particles evolve under an electrostatic and intense confining magnetic field. This
configuration is typical of a tokamak plasma [1,19] where the magnetic field is used to confine particles
inside the core of the device. Kinetic models, based on a mesoscopic description of the various particles
constituting a plasma, and coupled to Maxwell’s equations for the computation of the electromagnetic
fields, are very precise approaches for the study of such thermonuclear fusion plasmas. Here we suppose
that collective effects are dominant and the plasma is entirely modeled with transport equations, where the
unknown is the number density of particles f = f(t,x,v) depending on time ¢ > 0, position x € Q C R?
and velocity v € R?, with d > 2.
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We consider a magnetic field acting in the vertical direction and only depending on x = (x1,z3) € R?
that is,

0
Bx) = -0 ,
=\ b(x)
where the function b describes the variations of the amplitude with b € W1>°(R?) and
(1.1) b(x) > by > 0.

The number € > 0 is a small parameter related to the ratio between the reciprocal Larmor frequency
and the advection time scale (see [8,17,18] and the references therein for more details on scalings). This
magnetic field is applied to confine a plasma constituted of a large number of charged particles, modeled
by a distribution function f; = f.(t,x,v) > 0, depending on time ¢ and phase space variables (x,v). More
precisely, in this paper we will focus on the long time behavior of positive ions in the orthogonal plane to
the external magnetic field.

Therefore, this distribution function is solution to the Vlasov equation coupled with the Poisson equation
for the electrical potential ¢. generated by the motion of these charged particles, that is (fz, ¢¢) is solution
to the two dimensional Vlasov-Poisson system with an external strong magnetic field,

ff+va (tx)—b(x)t Vife =0
(12) 8t XJe b € xXJe — 9
E. = —Vxoe, —Ax¢pe = pe,
where v = (—wv2,v1) € R? and the density p. is given by
pe(t,x) := fe(t,x,v)dv.
R2

Here we aim to construct numerical approximations for the Vlasov-Poisson system (1.2) using particle
methods (see [2]), which consist in approximating the distribution function by a finite number of macro-
particles. The trajectories of these particles are determined from the characteristic curves associated to
the Vlasov equation

dee =V
dt - €
1.3 dv v
(5) S B(tx) — bx) 2
(x:(0) :Xg7 ve(0) :Vga

where we use the conservation of f. along the characteristic curves, that is,

Felt, x<(t), ve(t) = fo(t",x2,v0).

In particular, we will focus on the construction of numerical schemes for the ODE system (1.3) where
the time step At is arbitrary and free of any stability constraint. Following the work of Filbet and
Rodrigues [10-12], the ODE system can be decomposed into fast dynamics, driven by fast variable v, and
slow dynamics, governed by the variables (X, e-), where e. = %vaHQ. This decomposition allows to design
a class of numerical schemes capturing precisely slow scale variables whereas faster scales are correctly
filtered, that is, when the intensity of the magnetic field is sufficiently large, i.e. when ¢ < 1, the scheme
provides a consistent approximation to the asymptotic model [10].

1.1. Formal asymptotic behavior for a given electromagnetic field. Before describing a numerical
scheme for the nonlinear Vlasov-Poisson system (1.2), we first briefly expound what may be expected from
the continuous model with a given electric field in the limit ¢ — 0. For this purpose, we consider a function
¢ € W3 such that for all x € R?, E(x) = —V,¢(x) and observe that System (1.3) has an Hamiltonian
structure associated with the total energy E.(t),

(t
[[ve()I*
(1'4) ge(t) 9 + ¢<x€(t))7 t>0,
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which is an invariant of the system. Therefore, to study the limit ¢ — 0, we first define the kinetic energy
as a slow scale variable

ealt) = glv-()I,

it yields to the augmented system

dx. Ve
dt ¢’
(1.5)
de
d—: = —E(xc) - v,
still coupled with the equation on v,
dv, -

(L6) = B(x:) — bx:) =,

“at
which describes the fastest scale. Of course the second equation of (1.5) is a consequence of (1.6) but the
point of (1.5) is that it retains from (1.6) only its slower part.
Following [11], one may prove that we prove that x.(t) — y(t) and e.(t) — g(t), as € — 0 where (y, g)
is solution to the so-called guiding center system,
dy E! Vib
- = —T(Y) + gbi‘g(}’)’

dt

(1.7)
dg vib
2 = gE. Y~

For the convenience of the reader we provide in Appendix A the main formal computations leading to (1.7).
Furthermore, we may identify the limit for the total energy £.(t), as ¢ — 0, this quantity converging to

Ege(t) = 9(t) + o(y (1)),

which is indeed an invariant of the guiding center model (1.7),

d&g. dyg dy Vib Vb
(1.8) % i Vyo(y) =Y 2 (y) — g 2 (y)

Furthermore, we may define the magnetic moment as
g
fge(t) = ——,

* b(y)

which is an invariant for the guiding center system (1.7) without counterpart for the original (1.3), thus
called an adiabatic invariant for (1.3). Indeed, (1.7) implies

Vib il Vib
(1.9) dgfc = (if(b(if)) = 9B —(y) - gvb%b(Y)' (‘E;)(YH'QZ));(Y)) =0.

Reproducing these properties at the discrete level is a target when designing a scheme for (1.3) preserving
asymptotics when € tends to zero.

1.2. Formal asymptotic limit of the Vlasov-Poisson system. We come back to the Vlasov-Poisson
system (1.2). Here one cannot anymore remain completely at the characteristic level (1.3). Moreover
whereas arguments of the previous subsection could be turned into sound analytic arguments (by slight
variations on [11]), to the best of our knowledge the present situation does not fall directly into the range
of the actually available analysis of gyro-kinetic limits. We refer the reader to the introductions of [11,24]
and references therein for a representative sample of such analytic techniques.

Nevertheless the known results and the previous subsection strongly suggests for (f¢, E®) solving the
Vlasov-Poisson system (1.2) that in the limit & — 0, the electric field E¢ and the following velocity-averaged

version of F*¢
B 1 2m
F*: (t,x,e) —~ o FE(t, %, V/2e(cos(0), sin(6))) do
T Jo
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converge to some E : (t,x) — E(t,x) and some! f : (t,x,e) — f(t,x,e) solving the following system
consisting in a transport equation supplemented with a Poisson equation,

af of

or TU VS ey =

=0,
(1.10)
—Axp=p, p=2m [ de,
R+
where the velocity field is given by
Vb .
U(t,x,e) = F(t,x) + e 2 (t,x), e = —divx (F)(t,x) e

with E = —V,¢, F = —E1/b. We remind the reader that U contains two classical components of the
guiding center velocity, the E x B drift and the grad B drift.

1.3. Particle methods for the Vlasov-Poisson system. To make the most of the previous discussions
in order to discretize the Vlasov equation (1.2), particle methods are particularly well suited since they
directly involve an approximation of the characteristic curves (1.3). Here we will consider Particle-in-
cell (PIC) method, for which trajectories are computed by the characteristic curves (1.3) while the self-
consistent electric field is computed using the Poisson equation on a grid of the physical space. We refer
the reader to [2,7] or [9] for a brief review of particle methods.

To keep notation as light as possible, we temporarily omit to denote the dependence of solutions on €.
The starting point is the choice of approximating f, solving (1.2), by a finite sum of smoothed functions,
seen as macro particles. More explicitly, in dimension d one computes

INEx V)= ) W Pa (x = X4(t) @ @a (v — Vi(t))
1<heN

where ¢, = a_dgo(‘ /) is a particle shape function with radius proportional to o — usually seen as a smooth
approximation of the Dirac measure §y — obtained by rescaling a fixed compactly supported mollifier ¢
whereas the set (xx, Vi)i1<p<n represents the position in phase space of N macro-particles evolving along
characteristic curves (1.3) from the initial data (x),v?),1 < k < N. More explicitly, (xx, Vg)i<k<n is
solution to

ka —v
dt = Vk,
ka V]Jc‘
= E — .
dt (tvxk) b(taxk) e
xx(0) = x7,  vi(0) = v},

where the electric field E is computed by discretizing the Poisson equation on a mesh of the physical space.

In recent years, several advanced methods have been developed to improve the stability properties of
Particle-in-cell (PIC) method? in the presence of a large inhomogeneous external magnetic field. Among
these, the earliest schemes were introduced by Boris [2, 3] for relativistic plasma simulation. It is a second
order explicit method often referred as an explicit PIC method, employing a time-centered electromagnetic
field and averaged phase-space representation (x,v) for (1.3). Later, this scheme has been extended by
Parker and Birdsall [20] to address the high magnetic field regime, aiming to accurately capture drift
motions of particle in three dimensions. However, this standard explicit PIC approaches still suffer from
temporal numerical stability constraint imposed by Courant-Friedrichs-Lewy (CFL) condition [2]. As a
result, despite their simplicity and computational efficiency, these schemes are drastically constrained for
high field regimes.

To overcome this lack of stability, several implicit PIC schemes have been developed to solve (1.3) and
to capture grad-b drifts in strongly magnetized plasma. We refer to Brackbill, Forslund and Vu [5,25],
who introduce an effective force into the velocity equation such that the scheme remains consistent to (1.3)
for small time steps. The scheme is formulated in a fully implicit manner as a modified version of the
Crank-Nicolson scheme. Alternatively, the magnetized implicit (MI) scheme proposed by Genoni, Clark

1We use distinct notation of variables for limiting functions to be consistent with asymptotic analysis at the characteristic
level. This is of course completely immaterial.
2For a discussion of some other classes of method we refer to the introduction of [12] and some references therein.
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and Welch [16], employs a two steps predictor-corrector approximation. However, these schemes overlook
the role of kinetic energy, which significantly contributes to particle motion when € — 0, as shown in (1.7).
Consequently, these schemes fail to capture the correct regime when for a fixed time step and as € — 0.

More recently, Ricketson, Chacén and Chen [6,21,22] built upon the Crank-Nicolson scheme with an
additional effective force designed to achieve two objectives. Firstly, they addressed the challenges that
arises in the regime ¢ < 1, by capturing grad-b drifts. Secondly, the additional force is designed to conserve
energy for all € > 0. However, this method still requires to adapt the time step when & becomes small. In
parallel, building on [4], Filbet and Rodrigues proposed a class of semi-implicit methods (IMEX) where the
position is updated explicitly whereas velocity is treated implicitly [9,10,12]. These schemes are developed
to solve the augmented system (1.5), which introduces additional variable to separate slow scale and fast
scale dynamics. As a result, in the regime ¢ — 0 and for a fixed time step, IMEX schemes accurately
describe the dynamics of both position and kinetic energy. This ensures a consistent approximation to the
guiding center system (1.5).

In this article, we propose to delve deeper and extend the strategy already proposed by Filbet & Ro-
drigues [9,10, 12] for Crank-Nicolson type schemes. On the one hand these schemes are widely recognized
in the computational physics community and are valued for their effective energy preservation of the
system [5,21,25]. On the other hand it is important to note that the schemes proposed by Filbet and Ro-
drigues, relying on IMEX methods that are more dissipative, can sometimes compromise their accuracy for
intermediate values of the parameter €. The present work aims to maximize their efficiency and robustness
by applying Crank-Nicolson schemes to the augmented system (1.5) to separate slow scale and fast scale
dynamics. Moreover, this numerical scheme is implemented in the framework of PIC methods for long
simulation of the Vlasov-Poisson system (1.2).

The rest of the paper is organized as follow. In Section 2, we recall and analyse several numerical schemes
based on Crank-Nicolson scheme, including those developed by Brackbill, Forslund and Vu [5,25], as well
as Ricketson and Chacén [21,22]. These schemes will be analyzed in the asymptotic limit € — 0 and fixed
time step to clarify the importance of decomposing the solution into fast and slow variables as in [9,10]. In
Section 3, we propose a new numerical scheme built upon Crank-Nicolson scheme, following the strategy
of Filbet and Rodrigues in [10], and we present its accuracy in the regime £ — 0. Finally, in Section 4, we
report on numerical experiments for the new scheme, both for the computation of one particle motion and
as a particle pusher in the PIC framework for the Vlasov-Poisson system.

Acknowledgement. KHT expresses his appreciation of the hospitality of IMT, Université Toulouse III,
during the preparation of the present contribution. FF and LMR are grateful to Luis Chacén for stimulating
discussions that have motivated the present piece of work.

2. REVIEW OF CRANK-NICOLSON SCHEMES

In this section, we aim to discuss the Crank-Nicolson method, applied in the frame of Particle-in-cell
methods for the Vlasov-Poisson system. In [23], the author show that the Crank-Nicolson scheme is second-
order accurate, unconditionally stable and energy-conserving for quadratic potentials when considering
the system for one particle motion (1.3). Later this scheme has been studied for the Vlasov-Poisson
system [6,21,22,25].

Here, we will review different modified Crank-Nicolson schemes proposed in the literature and discuss
their conservation properties and asymptotic behavior when € goes to zero, that is when the external
magnetic field becomes large. Our aim is to investigate the consistency of the numerical approximation
with the guiding center model (1.7) at the discrete level in the limit € — 0.

Let us start with the original Crank-Nicolson scheme and consider a time step At > 0 and " = n At, for
n € N, we define (x7, v]') as an approximation of the solution (x., v.) to (1.3). Applying the Crank-Nicolson
scheme, the sequence (xZ,vZ),en is given by

c xp - xp — yntl/2
At ¢ ’
(2.1)
+1/2\1
V?H—V? 1/2 1/2 (V? )
e Ve _ m(xH/2) - op(xntl/2y e
e (xH1/2) — prtt) L
where " "
mn n n n
v = Ye TY 2+ ve and  x0HY2 = r T 2+ %e

5



First, it is worth mentioning that this scheme gives a good approximation of the energy for a large variety

of values €. To be precise assume that the electric field derives from a given smooth potential ¢, E = —Vx¢
and define the discrete kinetic energy e = 3 ||v?||> and the total discrete energy as
(2.2) 1 = 4 o),  n>0.

Then from (2.1) stems that the variation of the total energy is given by

Entl—gr et —el  p(xIT!) — p(x1)
(2:3) At a At + At ’

Xn+1 —x" XnJrl _ x"
_ —Vx¢(x?+1/2)- € A € + (Z)( € )At ¢( 5)

where E(xgﬂ/ 2) = —Vx¢(x?+l/ 2). Therefore, as is well-known this scheme conserves the discrete energy

only for quadratic potentials and for more general potential ¢ € W3, a based a Taylor expansion yields

n+1l _ n 3
(2.4) ¢(X?+1) _ ¢(X?) _ vx¢<xg+1/2) . (Xngl _X?) + At30 < % ) .
thus
gsn—i-l _ ggz _ 9 X?—i—l o X? 3
(2.5) a8l Ta | )

In other words, under our above assumptions and the further reasonable assumption that x! is bounded,
the variations of the total discrete energy is of order At?, which endows this scheme with a form of stability
for large time simulations and for all € > 0.

Now, concerning the asymptotic limit of the scheme (2.1) as € tends to zero, we have the following result.

Proposition 2.1 (Asymptotic behavior ¢ — 0 with a fixed At). Let ¢ € W3*>(R2), choose a sufficiently
small fized time step At and a final time T > 0. We set Ny = |T/At]. Assume that the Crank-Nicolson
scheme (2.1) defines a numerical approximation (X2, vZ)o<n<n, Satisfying

(i) for all 1 <n < Np, X2 is uniformly bounded with respect to € > 0;

)
(i) in the limit e — 0, (x2, 1||v2||?) converges to some (y°,¢°).
Then, we have

e for all1 <n < Np, (x2,e?) = (y" g"), as € — 0 with e? = 3||v?||> and the limit (y™, ¢")1<n<ny

solves
yn+1 _ yn EL /2
A )
(2.6) ntl . m
=9 .
At ’

e for all 1 < n < Nr, the total energy EF = el + ¢(x') converges to &y, := g" + ¢(y") as ¢ — 0,
which satisfies

n+1 n
Ege — Eqe

2.7 =0 (At?) ;
o defining the discrete adiabatic invariant u as
n_ _Ce
SECDR
(12)e>0 converges to pig. == b(g m as € = 0 such that
y
n+1 n 1
lu’ C - /’L (& E ' v b n
(2.8) thg = —QOTY(Y +1/2) +0 (At2) ,

where y" /2 s defined as
n+1/2 _ yn+1 +yn

y 2
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—1.n+1/2

Proof. From our first assumption and the first equation of (2.1) we derive that each (e~ vz )e>0 18
uniformly bounded with respect to ¢. By taking the limit ¢ — 0 in the triangle inequality ||| v2 || —||v2||| <
2Hv?+1/ ?|| one then deduces the convergence of €” and the second equation of (2.6), thus also a uniform

bound on (v)c>o.

Now, let us extract a subsequence still abusively labeled by ¢ such that x7 converges to some y™ as ¢
goes to zero. By using the derived boundedness one may then take first a limit in the second equation of
(2.1) to obtain

V?H/ 2 1

: _ Lynt+1/2
il_l’)l’(l) c b(yn+1/2)E (y )7

then take a limit in the first equation of (2.1) so as to conclude the derivation of (2.6). The latter uniquely
characterizes the limit of the subsequence, implying the full convergence. This is at this stage that we use
smallness of At (independent of T" and € though) so as to guarantee that the implicit scheme (2.6) is indeed
solvable.

Let us now turn to the evolution of the total energy &' and the adiabatic invariant p!'. For any
0 <n < Np—1, the convergence of (x7,e) to (y", ¢g") as € goes to zero implies the convergence of (€', u2)

to (Eges tge)- The total energy of the limiting system &7, satisfies

C

gntl _ ¢en n+l _ . n n+ly _ n n+l _ n

gc g 9 g p(y") — o(y") n+1/2 (v y") 2 2
At Ar T Al Vyo(y™ ' 7) - i + 0 (AF) = 0(AF)

as deduced from a Taylor expansion and the insertion of E(y"+1/2) = —quS(y"H/ 2) in the first equation

of (2.6). Similarly, the evolution of the discrete adiabatic invariant ug,. obeys for all 0 <n < Np — 1,

n+1
Hge

_:ugc B i gn—i-l B gn
At At \b(y™th) by

O

It is worth mentioning that Proposition 2.1, clearly indicates that as € goes to zero, the discrete guiding
center system (2.6) obtained by passing to the limit in the Crank-Nicolson scheme is not consistent with the
continuous system (1.7). Indeed, it fails to capture the correct drift V‘%,b/ b? for both position y and kinetic
energy g. Similarly, the evolution of the adiabatic invariant (ug.)nen derived from solution (y", g")nen is
not consistent with the continuous evolution. Even if the Crank-Nicolson scheme provides a second order
in time variation of the total energy uniformly with respect to ¢ > 0 as indicated by (2.5) and (2.7), the
variations of the discrete energy and discrete potential energy are not consistent.

Thus, several works have been devoted to modifications of the Crank-Nicolson scheme for (1.3) to obtain
a result of uniform consistency with respect to €. For instance, we mention the work of Brackbill, Forslund
and Vu [5,25] who first introduced an effective force into the equation on v in order to capture the Vib/b?
term in the limit e — 0. We also refer to the recent work of Ricketson and Chacén [21,22], who proposed
an alternative approach, which is expected to conserve energy within the Particle-In-Cell framework.

2.1. The Brackbill-Forslund-Vu scheme. The scheme developed by Brackbill, Forslund and Vu in [5,25]

incorporates an effective force into the second equation of the Crank-Nicolson scheme (2.1). This additional

force is designed to capture the correct drift Vib/b? when ¢ — 0. Obviously in the regime At < ¢, this

force is expected to be significantly small, actually of order O(At?/e?*), see [5] for instance. More precisely,

for a given time step At > 0, we define t" = nAt, for n € N and (x7, vl’), an approximation of the solution
7



(%2, ve) to (1.3) at time ¢", through

(
Xg-ﬁ-l _xn

e _ yntl/2
€ Az v, ,
2.9 v+l yn V”+1/2 1
Y VI Bt ) e
€
0 0
(e =x(0), ve=v(0),
where the effective force Fog is given by
+1/2 Vxb L/IvE2 + fvel?
(2.10) F /2 ._ —77n+1/QTX(X?+1/2), g2 = 2< e ; el _ ||V?+1/2||2 7
and we again use notation
viH/2 vt v /2 x¢H +xp
£ 2 ) € 2
We now define the discrete kinetic energy el = %HV?”Z and total energy as

& = el + o(x2),

in which ¢ is a given smooth function ¢ € W3°°(R?). Hence, we obtain the variation of the discrete kinetic
n+1/2

energy by multiplying the second equation of (2.9) by v, , which gives
entl _ on Vn+l/2 s VTL+1/2
2.11 ) [CVanTE) IR AR

Then, applying a Taylor expansion to the potential ¢, it ylelds that

el —gr _artl—er | grtl g
At At At ’

n+l _ n
Xe Xe

At

n+1 _ on
(2.12) =Py S Atm(

Using the definition of the effective force FZ;fr Y 2, we have

3>
1 AL\
nt+1/2) _ Zgntl _onp2 — [ 20 10) € € .
) = vt - = () o (| )
Then assuming that that for all n € N, the evolution of the discrete energy obtained by (2.9) is much worse
than the one (2.5) corresponding to the Crank-Nicolson scheme. Furthermore, we study the asymptotic

behavior of (2.9) as ¢ tends to zero.

Xn+1 —_x"

Proposition 2.2 (Asymptotic behavior ¢ — 0 with a fixed At). Let ¢ € W3 (R2), choose a sufficiently
small fixed time step At and a final time T > 0. We set Np = |T/At|. Assume that the Crank-Nicolson
scheme (2.9) defines a numerical approximation (X2, vZ2)o<n<n, Satisfying

(i) for all 1 <n < Np, X2 is uniformly bounded with respect to € > 0;

()
(i) in the limit e — 0, (x2, 1||v2||?) converges to some (y°,¢°).
Then, we have

e foralll <n < Np, (x2,e?) = (y",g"), as € — 0 with e? = ||v2||*> and the limit (y", g")1<n<Ny

€9 7€
solves
n n 1
y*t -y _ _Ei n+1/2 o Vy?b n+1/2
’ gn+1 —g" .
At '

e for all 1 < n < Nr, the total energy EF = el + ¢(x') converges to &, := g" + ¢(y") as ¢ — 0,
which satisfies
+1 1
Ege — &g _ oE-Vyb

At I
8
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n
(3

b(x?)
n+1 n 1
/.L C _lu (& E v b n
(2.15) = —gOTy(y 2y 10 (A8).

where y"1/2 is defined as

e defining the discrete adiabatic invariant p = converges to fig. 1= as € — 0 such that

b(y™)

ntl/2 yn+1 4 yn
S —
Proof. The beginning of the proof of Proposition 2.1 applies word by word to the present case since it only
uses the first equation of the scheme. In this way one arrives at a stage where one knows that (sflvgﬂ/ 2) >0
is uniformly bounded with respect to € and a subsequence (xZ, e) converges to some (y”,g") as € goes to
zero, satisfying the second equation of (2.13).
Note that this also implies

y

li n+1/2 — 0
Jun g
so that when taking the limit € — 0 in the second equation of (2.9) one receives
n+1/2 1 L
. Ve _ E- oVyl i1
lim =—— = — = (y"") + g ("),

This is sufficient to complete the derivation of (2.13). As in the proof of Proposition 2.1 we conclude the
full convergence (and not only the convergence of a subsequence) from the fact that (2.13) defines a unique
solution.

We then proceed as in the proof of Proposition 2.1 for the evolution of the total energy £ and the
adiabatic invariant p, and derive

gnc+1 en n+l _ o n E-Vib
S =V e(y" ). (y V. >+O(At2) =" == (") 0 (ar)
and
prgdt — pg oly"tt—y") Vb nt1/2 2 oE-Vyb n1/2 2
a9 At B2 v ) +O(AF) =g b3 v ) +O(AF).

O

Here it is worth mentioning that Proposition 2.2 shows that the scheme with the effective force (2.9)
does not give a consistent approximation of slow variables (x.,e.) in the limit ¢ — 0. Indeed, in the
limite ¢ — 0, the scheme (2.9) exactly preserves the kinetic energy over time while this quantity should
vary according to the gradient of the magnetic field (grad-B drift). Therefore, neither the discrete guiding
center variable y™ nor the kinetic energy ¢" are consistent approximation of the guiding center system
(1.7). As a consequence, the evolution of the discrete adiabatic invariant 4. is also not consistent with
the continuous equation (1.9). Furthermore, the scheme (2.9) fails to preserve the second order accuracy
with respect to At of the total energy &£y, in contrast to the Crank-Nicolson scheme (2.1).

In order to overcome this drawback, an alternative numerical scheme, still based on the Crank-Nicolson
method has been proposed recently by Ricketson and Chacén [21].

2.2. The Ricketson-Chacén scheme. The numerical scheme proposed by L. F. Ricketson and L. Chacén
[21] still consists in adding a force term to capture the Vib/b? drift in the asymptotic limit ¢ — 0. More
precisely, the force Fgf}F 1/2 is chosen to be orthogonal to the velocity V5+1/ 2

with the evolution of the discrete kinetic energy. Explicitly as in [21], set

n+1/2 _ _n+l/2
+1/2 _ Ve ® Ve +1/2
(2.16) Fril <Id L G2,
g

so that it does not interfere

where G"1/2 is given by
2 I A

(2.17) G 1/2 = Anﬂ/z An+1/z
2 o . Id — RV
+1/2 2 +1/2 i

n+1/2
n+1/2 VE,. F

off otherwise

n+1/2
e

1_2



with

n+1/2 n+1/2 n+1/2 2
n+1/2 _Eij_ n+1/2 An+1/2 . VEa n+1/2 _ || ”
VEe b (Xe )’ VEe H n+1/2H € || n+1/2”2

whereas the effective force FZ&r 12 4 given in (2.10) and Id is the identity matrix. Then, the modified
Crank-Nicolson scheme now becomes [21]

n+1 _ n
Xe Xe

s = ynHL2)
(2.18) 6v2+1At— Vi E(x"12) 4 FrEl/2 _ p(xntl/2) (V?Jrgl/?) ’
x? = x(0), v?=v(0).
where again
vil2 V?+12+ V?7 X2 X?+12+ X
As we did previously, we define the kinetic energy el = 2||V"H2 and the discrete total energy as ' =
e + ¢(x?) for a given potential charge ¢ € W3>°(R?). Using that F?g;é/ is orthogonal to ng/ % thus to

”+ x?, we recover the same evolution of the discrete total energy as the one for the Crank-Nicolson

scheme: for all € > 0,
3)

gn—i—l gn
2.19 o TE = AP0
(219) N (
Note that strictly speaking, because of (2.16), when Vn+ /% is zero an alternative for F?J;é/ % should be
used.
Now, let us investigate the asymptotic limit of the scheme (2.18) when ¢ — 0 with a fixed At.

Xn+1 s

(3
At

Proposition 2.3 (Asymptotic behavior ¢ — 0 with a fixed At). Let ¢ € W3*(R?) such that V¢ is
nowhere vanishing, choose a sufficiently small fized time step At and a final time T > 0. We set Ny =
|T'/At]. Assume that the Crank-Nicolson scheme (2.18) defines a numerical approxzimation (X2, V2)o<n<Ny
satisfying

(i) for all 1 <n < Nrp, x? is uniformly bounded with respect to € > 0;

(i) in the limit e — 0, (x¥, 1||v2|?) converges to some (y°,¢°).
Then, we have

e foralll <n < Np, (x2,e) = (y",g"), as € — 0 with e® = ||v2||> and the limit (y", g")1<n<ny

solves
n+1 n 1 .
(2.20) At b b* | E||
n+l _ n
g I
At '

e for all 1 < n < N7, the total energy EF = el + ¢(xI) converges to & := g" + ¢(y") as e — 0,
which satisfies

n+1 n
Ege ™ — Eqe

2.21 = 0 (A
e defining the discrete adiabatic invariant u? = —=— converges to Hge = J as € — 0, which
b(xz) b(y™)
satisfies
n+1 n 1 1
Hgc ~ — Hgc 0ET-Vyb i1 o2 (BT Vyb) (E-Vyb) n+1/2 2
2.22 = = —g ——— -2 O (At?).

where y" /2 is defined as

12 _ yn+1 4 yn

2
10



Proof. The beginning of the proof of Proposition 2.2 applies word by word to the present case since it

only uses the first equation of the scheme and the definition of FZ{; Y2 1 this way one arrives at a stage

where one knows that (zs*lV?H/ 2)5>0 is uniformly bounded with respect to € and a subsequence (x”,el)

converges to some (y™, g") as e goes to zero, satisfying the second equation of (2.20) and

. b
lim Fr /2 = —golby (y"T/2).

e—0

Note that since by assumption E is nowhere vanishing this also implies

lim g /2 =1

e—0
so that
lim G™U/2 = 2 Jim B2 = g 0 Vb oty
e—0 oo cff b .

_ 1/2
1v?+ /

This time the determination of the limit of € is much more complicated. By extracting further

. . 1/2 1/2
if necessary we may assume that it converges to some u"/2 and that vi ™+ / J|vEt / || converges to some

u"t1/2. By using that for any nonzero z
ZX®z zt @zt

Id - =
|12 |12

and taking a limit in the second equation of (2.18), we derive

1 1
ﬁn+1/2 (Hun+1/2|| _ 290 ﬁn+1/2 ) v};b(yn+1/2)> _ _E(yn+1/2)
b b

Since E is non vanishing, this implies that u"*t1/2 is colinear to EL and thus
1
_E(yn+1/2) 4200 B (yn 12 E. Vyb( nt1/2y

n+1/2 _
" b PE|[?

This completes the derivation of (2.20), which then may be used as before to upgrade the convergence to
the full convergence.

The rest of the proof for the variations of the total discrete energy and the discrete adiabatic invariant
is then analogous to the ones in the proof of Propositions 2.1 and 2.2. O

This latter Proposition shows that the modified scheme (2.18) does not provide a consistent asymptotic
limit when € goes to zero and At is fixed. It is worth mentioning that the Crank-Nicolson is well suited
to design an approximation preserving the total energy. In particular, we refer to [23] where the following
modified electric field

(2.23) E(x"+1/2) = B(x1H1) — H(x1)

m E(Xn+1/2).
(x2H — xn)  B(xIT?)

€

is applied ensuring exact preservation of the total energy, that is &% = £2, for all n € N. However, this
exact preservation does not help to provide a consistent approximation as € — 0 since the discrete kinetic
energy is not uniformly consistent with respect to . Actually, in [21], the authors propose an adaptive time
step procedure to overcome this drawback. Here our aim is to design a modified Crank-Nicolson scheme
which is asymptotically consistent when £ — 0.

3. A MODIFIED CRANK-NICOLSON SCHEME WITH AN ADDITIONAL VARIABLE

We now propose a new numerical scheme based on the Crank-Nicolson method (2.1), designed to be
asymptotically consistent with the guiding center model (1.7) as € — 0. To this aim, we apply the strategy
developped in [10] which consists in solving an augmented system incorporating the discrete kinetic energy
(e2)nen into the discrete system. Furthermore, as in the previous work, we add an effective force to capture

11



the drift Vib/b? in the limit ¢ — 0. More precisely, we reformulate the system (1.3) for (xc,v.) in an
equivalent manner for the new unknowns (x., we,e.) as

. dx. w
dt - ()
6% = E(Xs) We,
dt
(3.1) dw. Vb wi
€ Tl E(x:) — x (we,e:) b (xc) — b(xc) 75’
1
x = x(0), w!=v(0), €& = §||V(0)||27

where x is chosen as

1
X (w,e) = max <€2”W||2,0>, V(w,e) € R xR,

Then, we discretize this system applying a classical Crank-Nicolson scheme to (x7, wl,el),

r n+1l _ n
Xe Xe

A =W,
1
. e?JrAt— e _ E(x"1/2) . w2
(3.2)
n+1l _ N V. b n+1/2y |
e MELWE _ paert2) (w2, o) Yo ey ey (W)
At b €
1
xe = x:(0), w2 =ve(0), e = llve(0)[*,
in which
in whic W 4 oty
Wn+1/2 _ e € Xn+1/2 _ e e
&€ 2 ? € 2

At each time step, the velocity (vZ),en is given by
vl = /2l We .
[we |
As for the original Crank-Nicolson scheme (2.5), the variation of the discrete total energy obeys

n n n n n n 3
g€+1_gs _ €€+1—6 ¢s+1_¢s _ At20< )

13

_l’_
At At At

Therefore, under the reasonable assumption that x is bounded, the variation of the total discrete energy

is of order At2. Now, let us investigate the asymptotic behavior of the scheme (3.2) as € goes to zero.

n+l _ n
Xe Xe

At

(3.3)

Proposition 3.1 (Consistency in the limit ¢ — 0 for a fixed At). Let ¢ € W3>°(R?), choose an a priori
bound M and a final time T > 0 then a sufficiently small fixed time step At. We set Ny = |T/At].

Assume that the Crank-Nicolson scheme (3.2) defines a numerical approzimation (X2, w2, el)o<n<n, Sat-
isfying

(7) for all1 <n < Np, x2 is uniformly bounded with respect to € > 0 ;

(ii) in the limit e — 0, (x2,e2) converges to some (y°, g°) such that g° < M .

€Y V€

Then we have

o foralll <n < Nrp, (x,el) — (y",9"), as € = 0 and the limit (y", " )1<n<n, Solves

n+1 n 1 1
y -y E n n Vb n
T — _T(y +1/2) +g +1/2 b%<y +1/2>,
(3.4) B
gt —g" _ gn+1/2 E- vyb(yn+1/2)
At b? '

e for all1 <n < Nr, the total energy EF = el + ¢(x') converges to &, = g" + ¢(y") as e — 0,
which satisfies
5;?_1 - g_(?c

(3.5) N

= 0 (Ar),
12



n
66

e defining the discrete adiabatic invariant p = bx) converges 1o fig, = biy™) as € — 0 such that
1 n
N;l;_ - :U’gc 2
3.6 — = O (At
where (y"1/2, g"*t1/2) is defined as
w12 yn+1 +yn w2 gn+1 +gn
y = 5 g = —.
2 2

Proof. We again follow the lines of the proof of Proposition 2.1. To begin with, from the first line of (3.2)

_1W?+1/2)

we deduce that (e e>0 is uniformly bounded with respect to e. Combined with the second line of

(3.2) this implies that each (e?H/ 2){.;>0 is also uniformly bounded with respect to ¢.
Therefore, up to a subsequence (x7,el') converges to (y", g") as € goes to zero. One readily deduces that

n+1/2
€ /76

lim X(W ?+1/2) _ gn+1/2’

e—0

so that from the third equation of (3.2) stems

n+1/2 1 1
. We _ E n+1/2 n+1/2 Vyb n+1/2
lim —=—— = — (") + g" ("),

Inserting the latter in the first and second equations of (3.2) completes the derivation of (3.4). Then, again,
the convergence is upgraded from the convergence of a subsequence to full convergence by the uniqueness
of solutions to the limiting system, (3.4). Note that System (3.4) is more nonlinear from previously derived
asymptotic systems, which is why the required constraint on At depends here on a priori bound on ¢° and
T.

The rest of the proof, on the variations of the total discrete energy and the discrete adiabatic invariant,
is omitted as completely analogous to the corresponding one of Proposition 2.1. U

Proposition 3.1 shows that the modified scheme (3.2) is consistent uniformly with respect to ¢ and allows
to recover a consistent approximation of the guiding center system (1.7). Moreover, the new scheme also
preserve the second order accuracy for the total energy and the adiabatic invariant.

Let us also stress that a straightforward adaptation of the conservation trick (2.23) from [23] provides
a genuinely energy conserving version of the present scheme. Yet our numerical simulations, not reported
here, show no further significant improvement so that we have decided not to delve further into this
direction.

4. NUMERICAL SIMULATIONS

In this section, we provide examples of numerical computations to validate and compare the different
time discretization schemes introduced in the previous sections. We first consider the motion of a single
particle under the effect of a given electromagnetic field. It allows us to illustrate the theoretical results in
the limit € — 0 of the numerical schemes and their accuracy for multi-scale problems.

Then we consider the Vlasov-Poisson system with an external non uniform magnetic field. We apply
a classical Particle-In-Cell method with the time discretization technique based on the Crank-Nicolson
scheme (3.2) to describe the diocotron instability in a disk and also the stability of vortices in a D-shape
domain.

4.1. One single particle motion. We first investigate the motion of an individual particle in a given
electromagnetic field. We consider the electric field E = —Vy¢ where the potential ¢ is given by

22
(1) 66 = 2,
while the external magnetic field is
(4.2) b(x) =1+ |x|°.

The initial condition is chosen as x° = (2,2),v" = (3,3) and the final time 7' = 1. On the one hand,

we compute reference solutions (x., W, €:)e>0 and (y, g) to the stiff initial value problem (1.3) and to the

asymptotic problem (1.7) thanks to an explicit fourth-order Runge-Kutta scheme using a small time step

chosen according to the size of order O(¢?) for the initial system. On the other hand, for various time steps
13



At, independent of ¢, we compute approximate solutions (X a¢, We At, €c,A¢) using the modified Crank-
Nicolson scheme (3.2) and also compare the results with those obtained using (2.9) proposed in [5,25], and
(2.18) described in [6,21,22]. For completeness, we also compare our results with those obtained using an
IMEX2L for the augmented system (1.5) developped in [9,10]. To evaluate the accuracy, the numerical
error is measured as

Nr
At
ee,ae = xel| := = > X2 A — % ()]
n=0

At Oz
[%e,at =yl = T Z 12 A =y (),
n=0

At OF.
oot —gll = T3 leas — (™).
n=0

\

In Figure 4.1, we present the numerical error on ||x. A+ — Xc|| expressed with respect to ¢ in log-log scale
for various time steps At € {107%,--- 107!}, When ¢ > 107!, we observe the expected second order
accuracy of the different schemes. However, as € becomes smaller, the time steps are too large and the
numerical error for both schemes (2.9) and (2.18) increases. In contrast, the numerical error associated to
the modified Crank-Nicolson scheme (3.2) and the IMEX2L [10] decreases with respect to e. This behavior
is typical of an asymptotic preserving scheme for which the error becomes of order € when the time step
At is sufficiently large. It is worth mentioning that the behavior of the errors for (3.2) and the IMEX2L
differs significantly as ¢ < 1. Indeed, even with a large time step the modified Crank-Nicolson scheme
(3.2) remains so accurate that the error of order At? is negligible compared to the error with respect to
€. This phenomena can also be observed in Figures 4.2 and 4.3, where we report the errors compared
to the reference solution of the asymptotic model ||x. o+ — y|| and ||ec o+ — g||. Clearly the schemes (2.9)
and (2.18) do not capture a consistent approximation (y,g) to the asymptotic solutions (1.7) as € — 0.
These numerical experiments illustrate the lack of consistency proven in Propositions 2.2 and 2.3. In
contrast, both schemes (3.2) and the IMEX2L, based on the approximation of the augmented system (1.5),
successfully capture the limit with the correct convergence rate with respect to e (slope of order one). The
advantage of the scheme (3.2) is that, when ¢ < 1, the amplitude of the numerical error is much smaller
than the one corresponding to other schemes.

To illustrate this point, we also present the space trajectories corresponding to e = 0.01 and At = 0.1 for
large time simulations (with 7" = 30). In Figure 4.4, we observe that the particle trajectory forms a circular
motion under the effect of both drifts E+/b and Vib/b?, which appear explicitly in the asymptotic model
(1.7). The scheme (3.2) provides an approximation close to the reference solution, while other schemes fail
to get the correct position of the particle, since they do not capture correctly the drift Vib/b% in the limit
e —=0.

Furthermore, from the results presented in Figure 4.5, we observe that the IMEX2L and (3.2) schemes
accurately track the variations in kinetic and potential energy over a long period, unlike (2.9) and (2.18).

Finally, the time evolution of the adiabatic invariant approximation is presented and compared with a
reference solution in Figure 4.6. Let us emphasize that only the modified scheme (3.2) accurately describes
the amplitude of the fast oscillations of p. compared to the other schemes. Indeed, even if the time step
At is much larger than the fastest time scale of order €2, the quantity e At oscillates with the correct
amplitude of order 2.

As a conclusion, for the single particle motion, the modified Crank-Nicolson scheme (3.2) is much more
accurate than the schemes (2.9), (2.18) or IMEX2L, even when ¢ < 1, with a time step At independent
of . These elementary numerical simulations confirm the ability of the modified Crank-Nicolson scheme
(3.2) to capture the evolution of the ”slow” variables (x,e.) uniformly with respect to £ by essentially
transitioning automatically to the guiding center motion (1.7) when it is not enable anymore to follow the
fast oscillations of the initial system.

4.2. Vlasov-Poisson system. We now consider the Vlasov-Poisson system (1.2) on a domain Q C R?
assuming that the density is concentrated far from the boundary whereas the Poisson equation is solved
with homogeneous Dirichlet boundary conditions using a classical five points second order finite difference
method with ghost points to take into account the effect of the boundary conditions [15].
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Scheme (2.9) - || X, At - Xg || Scheme (2.18) - || Xg, at - Xe ||

100 [ ] T ] ' ] 100 [ T T T
107t - E 107t E
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10 ¢ 4 104 b 4
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- At =102 1 At = 1072 1
106 | At= 10-2 4 106 | At= 10‘31 4
r At =107 i P At =107 1
|At=1‘0'5.”9 i ; i ‘At=1‘05“.9 L L

103 102 10t 109 1073 1072 10t 109

IMEX2L - || Xg, ot - X || Scheme (3.2) - || Xg, at - Xe ||
100 O 1 Tl T ] 100 [ IR 1 T
10t - 3 101 ¢ 3
102 - = 1072 E
1073 - = 1073 | E
104 | 9 10% E
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r At = 107 ] [ At =10 ]
! At=‘10"5‘ﬁ9— o Lo | At=;10'|5‘79— L L
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FIGURE 4.1. One single particle motion: Numerical errors of discrete solution x. A¢, approximated by several
schemes: (2.9), (2.18), IMEX2L and (3.2), with reference solution x. of (1.3) for various € > 0 and At > 0.

For each time ¢ > 0, we may define the total energy &.(t) as
(4.3) E(t) = Kc(t) + UL(t),
where the kinetic energy K.(¢) and the potential energy U.(t) are given by

Koft) = 5 [ [ fxv) IvPavax

Q R2

U.(#) = ;/||Eg(t,x)||2dx.
Q

Assuming that the distribution function is compactly supported in the open set 2, the total energy E.(t)
is conserved for all time ¢ > 0.
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Scheme (2.9) - || Xg, At - Y ||

Scheme (2.18) - || Xg, at - Y ||
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L1 R . At= 10°° —— L o . AtF 105 -
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FIGURE 4.2. One single particle motion: Numerical errors of discrete solution x. A¢, approximated by several
schemes: (2.9), (2.18), IMEX2L and (3.2), with guiding center solution y of (1.7) for various € > 0 and At > 0.

We also define the adiabatic invariant for the Vlasov-Poisson system (1.2) given by

vii2
we(t) == ;//fs(t,x,v) U)()!) dv dx,

Q R2

(4.4) t>0

and expect that u.(t) is an invariant in time in the asymptotic limit e — 0 for the limit model (1.7).

For this section, we performed numerical experiments using the modified Crank-Nicolson scheme (3.2)
to approximate the particles trajectory corresponding to the Vlasov equation. Despite the fact that the
modified Crank-Nicolson scheme (3.2) does not conserves exactly the total energy, we expect that its
variations are of order O(At?) even when e tends to zero. Furthermore, the modified Crank-Nicolson
scheme (3.2) should capture correctly the asymptotic limit ¢ — 0, as it has been shown for the single
particle motion.

4.2.1. Diocotron instability. We first consider Vlasov-Poisson system (1.2) set in a disk Q@ = D(0,12)
centered at the origin with a radius R = 12 and a uniform grid of the square (—12,12)? with Az = 0.1.
16



Scheme (2.9) - || e, ac - 9 ||

Scheme (2.18) - || €, at- 9 ||
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FIGURE 4.3. One single particle motion: Numerical errors of discrete solution e. a¢, approximated by several
schemes: (2.9), (2.18), IMEX2L and (3.2), with guiding center solution g of (1.7) for various € > 0 and At > 0.

The simulation starts with a Maxwellian distribution in velocity, whose macroscopic density is a perturbed
uniform distribution in an annulus. More precisely, we choose

f(0,x,v)

where pg is given by

_ Po(x)
2T

exo (- IvIP
Xp

).

no(1 + a cos(70)), for 6 < ||x|| <7,
po(x) =
0, else,
in which ng = 0.25, @ = 0.001, and the angle 6 is defined as § = arctan(z2/x1) with x = (21, 2). Moreover,
we consider strong external magnetic field which is given by

2
b(t, x) = 0

/400 — [|x||2°
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Scheme (2.9) Scheme (2.18)
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FIGURE 4.4. One single particle motion: Trajectory of particle approximated by several schemes: (2.9), (2.18),
IMEX2L and (3.2) with € = 0.01, At = 0.1 and final time T = 30s.

Since b is not homogeneous, even in the asymptotic regime the kinetic and potential parts of the total
energy are not preserved separately, but the total energy corresponding to the Vlasov—Poisson system is
still preserved. Figure 4.7 shows that all these features are captured satisfactorily by the modified Crank-
Nicolson scheme (3.2) even on long time evolutions with a large time step At = 0.1 and small ¢ = 1072,
On the one hand, the variations of the total energy have an amplitude of order 10~%, which is satisfying
compared to the physical variations of the potential and kinetic energy of order 2x 1072. On the other hand,
the quantity s also varies around 104, which corresponds to the scale of €2 = 10™*. This phenomena has
already been observed for the single particle motion and will be discussed below.

In Figure 4.8, we visualize the corresponding dynamics by presenting several snapshots of the macroscopic
density at some specific times ¢t = 0, 50, 100 and 150. The numerical results obtained with our PIC methods
are in good agreements with those obtained with a finite difference scheme [15] for the asymptotic model
(1.10).

Furthermore, we performed simulations for various ¢ € {1072, 5.1072, 107!}, shown in Figure 4.9. On
the left hand side, we report the total energy variations, which are theoretically of order At?. However,
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FIGURE 4.5. One single particle motion: Variation of energy approximated by several schemes: (2.9), (2.18),
IMEX2L and (3.2) with € = 0.01, At = 0.1 and final time T = 30s.

when ¢ is small these variations decrease so that the totale energy is well preserved in the limit € — O.
On the right hand side, we present the variations of the adiabatic invariant u., which is not preserved by
the solution to the Vlasov-Poisson system but only by the asymptotic model (1.10). Here, we notice that
this quantity oscillates with an amplitude of order £2. Surprisingly, even with a large time step At, the
numerical scheme (3.2) is able to capture the correct amplitude. This can also observed on the variations
of both the potential and the kinetic energy in Figures 4.7. The slow variations definitively correspond to
the effect of the drifts E+/b and VEb/b?, but the fast oscillations and their amplitudes are more intricate.
In order to verify that these small oscillations are not a numerical artefact, we compute a reference solution
with a small time step for ¢ = 107! and 1072 and compare these results with the those obtained from
(3.2) with At = 0.1. Figure 4.10 clearly indicates that with such a time step, the scheme (3.2) described
accurately the amplitude of these fast oscillations. However, since At is much larger than the oscillation
period, the modified scheme can not describe the physical frequency.
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FIGURE 4.6. One single particle motion: Evolution of adiabatic invariant approximated by several schemes: (2.9),
(2.18), IMEX2L and (3.2) with ¢ = 0.01, At = 0.1 and final time T = 30s.

4.2.2. Vortex interaction. Finally we consider Vlasov-Poisson system (1.2) in a D-Shaped domain 2 C R,
described by a mapping from polar coordinates (r, ) to Cartesian coordinates x = (z1,x2) given by

x1 = a + r cos (0 4 arcsin(0.416) sin(f)) ,
x9 = b + 1.667 sin(6),
centered at the origin (a,b) = (0,0) where 0 < r < 10 and 0 < § < 2x. Then we consider a uniform grid of

the rectangle (—11,11) x (—17,17) with a space discretization Az = 0.1. We choose the initial distribution
function such that

5 — x0|? 2 2
(45) FO.xv) = {exp G@) T e (_ e o )} o (_ux;u ) |
with x¢ = (1.5, —1.5). Moreover, we consider a non homogeneous external magnetic field such as
20
b(t,x) =

1/400 — 93% — 22
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FIGURE 4.7. Diocotron instability: Time evolution of the variations of the relative potential U, and kinetic energy
K. (left) and adiabatic invariant p. (right) with ¢ = 1072 and (At,Az) = (0.1,0.1), using the modified Crank-
Nicolson scheme (3.2).

As expected for such a configuration, since b is not homogeneous, even in the asymptotic regime the
kinetic and potential parts of the total energy are not preserved separately, but the total energy corre-
sponding to the Vlasov—Poisson system is still preserved. In addition, the quantity p. is an invariant for
the guiding center model but oscillates with a high frequency for the Vlasov-Poisson system with a small
amplitude. Indeed, Figure 4.11 shows that all these features are again captured by the scheme (3.2) even
on long time evolutions with a large time step. Furthermore, in Figure 4.12, we visualize the correspond-
ing dynamics by presenting several snapshots of the time evolution of the macroscopic charge density for
e =102 at time ¢t = 0, 80, 160, 240, 320 and 400. Since ¢ < 1, the conservation of e/b(x) offers coercivity
jointly in (x,e) allowing to confine the density in the D-shape domain. Such a confinement is indeed ob-
served, jointly with the expected eventual merging of two initial vortices in a relatively short time. We also
observe small filaments at low density, which generate a "halo” propagating into the domain as already
observed in [15]. Finally, from Figure 4.13, similarly to diocotron instability experiment in Section 4.2.1,
the relative variations of the total energy & and the adiabatic invariant p. show the ability of preserving
these parameters (&, jte) in the limit € — 0.

In summary, the modified Crank-Nicolson scheme (3.2) integrated into Particle-In-Cell (PIC) method
shows consistency and stability of long time simulations with a coarse time step, even for small ¢ < 1.
Moreover, the solutions (&, ic) of these numerical tests preserve the structure of the limit system e — 0
and provide accurately the amplitude of these variations.

5. CONCLUSION

In this paper, we propose a modified Cranck-Nicolson time discretization technique for particle-in-cell
simulations. Our approach guarantees the accuracy and stability of small-scale variables, even when the
magnetic field amplitude becomes large, thus correctly capturing their long-term behavior, including in
cases of inhomogeneous magnetic fields and coarse time grids. Comparison with previous contributions on
Cranck-Nicolson and semi-implicit schemes demonstrates the effectiveness of our approach, with accuracy
improving by several orders of magnitude. Even for large-time simulations, the resulting numerical schemes
provide acceptable accuracy on physical invariants (total energy for all e, adiabatic invariant when ¢ < 1),
while fast scales are automatically filtered when the time step is large compared to £2.

As a theoretical validation, we have proven that, under certain stability assumptions on the numerical
approximations, the slow part of the approximation converges when € — 0 to the solution of a limit scheme
of asymptotic evolution, preserving the initial order of precision. A complete analytical study (including
proofs of stability) in the spirit of [14] is currently under investigation [13].
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FIGURE 4.8. Diocotron instability: Macroscopic density evolution at some specific time T' = 0, 50, 100, 150 with
e =10"2 and (At, Az) = (0.1,0.1), using the modified Crank-Nicolson scheme (3.2).

From a practical point of view, the next natural step would be extensions to realistic genuinely three-
dimensional geometries in the spirit of [12].

APPENDIX A. FORMAL ASYMPTOTIC BEHAVIOR FOR A GIVEN ELECTROMAGNETIC FIELD

For the convenience of the reader, we provide here the main algebraic manipulations of equations (1.3)
leading to the guiding-center system (1.7). The system is well-known and no details of the derivation is
needed in the rest of the paper but consistency with (1.7) is crucially used in our evaluations of numerical
schemes.

To begin with, in order to eliminate ¢ ~!v. from (1.5), we observe that equation (1.6) may be replaced
with
(A1) S 4 <VL) _Efx) (vxb@cs) .VE> ol Ve

dt \ b(xc) b(x:) b?(xc) © €

In order to characterize the asymptotic dynamics of the slow variables (x.,e.) when ¢ — 0, we notice that
their equations depend linearly on v, hence as in [11] we write for all ¢ € R* and any linear operator L(t)

G <L(t)b<v>i>> -5 b(ﬁ) +H (E:(fcx) (T )W E)
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FIGURE 4.9. Diocotron instability: Time evolution of the variations of the relative total energy &£ (left) and
adiabatic invariant pe (right) with different e = 10~1, 5.1072 and 10~2 with (At, Az) = (0.1,0.1), using the modified
Crank-Nicolson scheme (3.2).
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FIGURE 4.10. Diocotron instability: Time evolution of the variation of the potential energy U in a short time
interval with e = 0.1 (left) and £ = 0.01 (right) using the modified Crank-Nicolson scheme (3.2).

Therefore, applying the latter to Ly(t) : u € R? — u € R? and L.(t) : u € R? — E(x.) -u € R and
inserting the outcome into the system of slow variables (1.5), we obtain

it (= <ate) = et + Gy )

%(es—eE(xs) - b("—:)> = (Ve V) (%) (%) vE.

This latter system may replace (1.5) and is not stiff with respect to e < 1, but it also suggests the
introduction of new variables, as the guiding center variable x. —e& vg' /b(x.). However, these new equations

still involve at leading order quadratic terms in v, on the right hand side. Hence, following [11], we turn
23
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FIGURE 4.11. Vortex interaction: Time evolution of the variations of the relative potential U, and kinetic energy
K. (left) and adiabatic invariant pe (right) with e = 1072 with (At, Az) = (0.1,0.1), using the modified Crank-
Nicolson scheme (3.2).

our attention to bilinear operators A (¢) and derive

(A.3) 52% (A(t) <vb(V:)>> _ eQd‘Z‘f) <va,b(v}i)> +eA() (ij((;‘;)),vj>

+ eA(1) <v(E , E;f;:?) —¢ (vb};?f:;) -VE) A(t)(ve,ve)

— AWMz, Vo) + A)(Ve, ve).
Since (ve, vZ) is an orthogonal basis of R? (when v, is non zero), introducing the operator Tr one observes
that
Ivel? Te(A(8) = A(t)(ve,v2) + A(t)(ve, ve).

Therefore, one may reformulate (A.3) as

dt (t,XE,VE) + E?]A(t,XE,VE),

A(0)(ve,ve) = 5 Vel Tr(A®) + €

where kp and na are given by

ve
= LX) o A®) (vg,vé) - ;dﬁit) (Vf’ b(x5)>

- <A(t) <f((:)),vé) + A1) (Ve’ E:(ix))» |

xb
To apply the latter to the bilinear maps Ax(t) : (uj,uz) € R? x R? u%_vbz(fcxi) -u; € R? and
€
E(x.)
b(x)

L X,
T () = S50

A (t): (ug,up) € R?2 x R? i (uy - Vy) < > -uy € R, we compute

and Tt (A.(t)) = divyx <—E;_(X5)) .
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FIGURE 4.12. Vortex interaction: Macroscopic density evolution at some specific time T with ¢ = 1072 with

Time = 80s
T

(At, Az) = (0.1,0.1), using the modified Crank-Nicolson scheme (3.2).

Then we may replace (A.2) with the new
d . v
S x e
de \"° b(xc)

VL

- 62 ng(taxsavs)) = -

E-+ (xc)
b(xc)

Vb
€Ce b2

(Xs) + €Nx. (t7X€aV€)a

) E!
+&2 Ke. (t,xg,v6)> = e.divg (b) (xc) — €Ne. (t,xe, Ve)
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FIGURE 4.13. Vortex interaction: Time evolution of the variations of the relative total energy & (left) and adiabatic
invariant pe (right) with different ¢ = 101, 5.1072 and 102 and (At, Az) = (0.1,0.1), using the modified Crank-
Nicolson scheme (3.2).

coupled with (1.6) for v, and k, and 74, for o € {xc, e.} are short-hand for ko, and ka_,.

This last formulation easily allows to characterize the asymptotic limit as € — 0 of the slow variables

(xe, e:) provided one already knows that the fast variable v, remains bounded. Note in particular that E

is

[1
[2

3
4
5

6

curl-free thus E-+ is divergence-free.
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