Université de Rennes Fall Semester 2024-2025

Hyperbolic equations Master 2-Fundamental Mathematics

Homework

Exercice 1. Let N € N*, k € N and p € [1, +o0o[ be such that k — % > 0.

1. Justify that the linear maps
Tr: WFPRYN) = L®°RY), u — XB(0,R)e U

are bounded uniformly with respect to R > 0. Note that in the foregoing definition, xp(o g)e

denotes the characteristic function of the complement of the ball centered at 0 and of radius R.

2. Deduce that for any u € WkP(RN)

i N o= 0.
Aim ffull L~ (B0, m)e)

Exercice 2. Let N € N*, ¢y € R,u € L} (RxRY;R), f € LL, (RxRM;RM)and g € L}, (RxRY;R).
We assume that

1. Opu+divy(f) = g in D'(R x RY;R), that is, for any ¢ € C°(R x RV;R)
// (o + f - Vap +g¢) = 0;
RxRN

2. t > u(t,-) is continuous at ¢y in D'(RY;R), in the sense that there exists ug € D'(R";R) such
that for any ¢o € C°(RM;R)

lim [ — </RN u(t,-)po — (uo; <P0>> | oo ((to—e,to+e)) = 0,

where (-;-) denotes duality pairing.

Prove that for any ¢ € C°(R x RY;R)
// (wOp+ 1 Vap+ g0) = —(uos plto, ) -
(to,00) xRN

Hint : use as a test function (¢,7) — x(t) ¢(t,7) with x. : t = e~ Ix((t — t9)/€), where x : R — R is a

smooth nondecreasing function such that x|_s,0 =0 and x|1,00) = 1.

Exercice 3. In the present problem, the norm on products is always chosen as the £?-norm. Let N € N*.

The Fourier transform on &'(R"), denoted as F, is normalized in such a way that
Fup(§) = / e ig® uo(z) dz, ¢ e RV,
RN

when ug € L*(RN).
For t € R, we define

¢l - 1)

sin(
S@t) : S'(RY;R? - S'(RY;R?), Uw F! cos(t [l -1l I F(U)
(-1

=l sin [ -[)  cos



1. Let UO = (u{” u{?) € 8/ (RN;R2) and set for t € R, U(t,-) = (ug(t,), w1 (¢,-)) := SH)UO),
(a) Show that if U € L2(RY;R?) then up € L2, (R; L*(RYN)) and for any ¢ € R,

loc
luo(t, )l 2@y < Jud 2y + [ 1ul” | 2y -

(b) Show that for any k € N*, if U® ¢ H*(RN) x H*-1(RN) then
U c L (R; HY(RN) x HF=Y(RY)) and for any t € R,

loc

|U(¢, ')HH’C(RN)XHk_l(RN) = HU(O)HHIC(RN)XHI@—I(RN)a

where, for £ € N,

-1 Fv) |

1
Vi =~ :
H HHZ(RN) (27_‘_)% L2(RN)

2. Let I be an interval containing 0, U(®) = (uéo),ugo)) € HYRM)xL>(RN) and F € LL (I; L*(RY)).
We define U € L (I; HY(RY) x L2(RYN)) by

loc

U, = (Z?EED - S(t)(U(O))Jr/OtS(t—s) <F(2’_)> ds, tel.

(a) Justify that U € CO(I; HY(RY) x L2(RY)), ug € C*(I; L2(RY)) with dyup = uy and, for t € I,

t
luo(t, M 2@y < b N2y + 1t 1 2@y + \ /0 [t — s| | F (s, )| 2 )ds

)

t
||U(ta‘)HH1(RN)XL2(RN) < ||U(O)||H1(RN)XL2(RN)+‘/O ||F(3,')||L2(RN)d5 :

(b) Prove that if moreover U®) € H2(RN) x HY(RN) and F € L\ (I; H'(RN))nc(I; L2(RN))
then uo € Npego,1,23 CHI; H>Y(RN)), up(0,-) = u(()o), Opup(0,-) = ugo) and OPug = Ayug+ F.
(c) Prove that ug is the unique function such that ug € C'(I; L*(RN) — weak), uo(0,-) = uo,
Opup(0,-) = ugo), and Q?ug = Agup + F in D’(IQ x RY).
In the foregoing, C*(I; L?(RY) — weak) denotes the set of functions v € L (I; L2(RY)) such
that, for any ¢ € L2(RY), the function I — R, t — [pnv(t,-) ¢ is C'.

3. Let k € N be such that k > N/2, f € C¥T1(R) with f(0) = 0.

(a) Prove that, for any M > 0, there exists Ths > 0 such that for any
UO = (uf”,u{") € H¥RN) x H*1(RY) with [[UO | gy gr-1 vy < M there exists a
unique u € (Vpego.1} CY[~Tar, T ); HF=4(RY)) such that

u(0,-) = uéo), Owu(0,-) = ugo), and 0*u = Agu+ f(u) in D'((=Tas, Tg) xRV
(b) Show that if U® = (u{”,u\”) € H*RYN) x H*-1(RN), T > 0 and

u € ( N cf([o,T);H“(RN))) NL>([0,T) x RY)

£e€{0,1}

are such that, for any 0 <t < T,

U N ) t s 0 s
() €9 = SO0+ [[56=9)(, ) 0
then (u, 0yu) € L>([0,T); H*(RN) x HF1(RN)).



